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ELEMENTS OF ELEMENTARY MATHEMATICS

LECTURE NO.1. REAL NUMBERS

POINT 1. SETS

POINT 2. SETS OF REAL NUMBERS
POINT 3. NUMBER INEQUALITIES
POINT 4. ABSOLUTE VALUE OF A REAL

POINT 1. SETS

Set 1s the most general mathematical notion. It hasn’t definition. There are
synonyms of this notion: totality [tou-], aggregate, assemblage, assembly, class,
collection, ensemble, family, manifold, plurality.

Sets are denoted by capital letters (4, B, C ...) and their elements by small
letters. If a is an element of a set 4, one writes a € A (a belongs to A, A contains a).
If a 1sn’t an element of a set 4, one writes a ¢ A (a doesn’t belong to 4, A doesn’t
contain a).

Def. 1. A set having no elements is called the empty one. It’s denoted by @.

Ex. 1. (Example 1) The set of real roots of the equation x> +1=0 is empty
one.

Def. 2.Every part B of a set 4 1s called its subset (B — 4, A D B, B is included

in A4, 4 includes B). The empty set is subset of any set.

Ex. 2. If A={1,2,3,4} and B={1,2} then Bc 4, A > B.

Def. 3. Two sets are called equal if they contain the same elements.

Def. 4. A set C'is called a union (a sum) of sets 4 and B, C = 4 U B, if every
element of C belongs at least to one of the sets 4, B.

Def. 5. A set D is called an intersection (a product) of sets 4 and B, D =
=4 1 B, if every element of D belongs to both sets 4, B.
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Def. 6. A set E is called a difference of sets 4 and B, E = A\ B, if it contains
all the elements of 4 which aren’t the elements of B.

Ex. 3. Let 4=1{1,4,7,10}, B=1{3,4,8,10}. Then C =4 U B={1,3,4,7,8, 10},
D=ANB=1{4,10}, E=A\B = {1,7}.

POINT 2. SETS OF REAL NUMBERS
Set of real numbers

There are natural, integer, rational, irrational, real and complex (see Lecture
No. 3) numbers.

Def. 7. Numbers 1, 2, 3, 4, ... are called those natural.

The set of all natural numbers is denoted by the letter V,

N={1,2,3,4,...}.

Def. 8. Numbers 0, £1,£2,+3, +4,... are called those integer [integral], or
simply integers.

The set of all integers [the set of all integer [integral] numbers] is denoted by
the letter Z,

Z={0,+£l1,£2,43,+4, ...}.

Def. 9. A rational number [a rational] is called a number which can be repre-
sented as a ratio of an integer m to a natural number 7.

The set of all rationals is denoted by the letter Q.

The next numbers are those rational: a) all natural numbers; b) all integers;

c) all common [simple] fractions; d) all finite decimals; e) all non-terminating perio-

dic decimals.
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Ex. 4. Numbers 4 =4/1, 3/7, 2.43=243/100, 0.2)=0.222...=2/9 are ra-
tionals.
Def. 10. An irrational number [an irrational] is called a number which can

be represented by an infinite non-periodic decimal.

Ex.5. 7=3, 14159..., Euler’s number e = lim(1+1/n)" =2,718281828..., ~/2,

n—>0

\/3 are irrational numbers.

The set of all irrationals can be denoted by the letter 1.

Def. 11. The union of the sets of all rationals @ and irrationals I is called the
set of all real numbers [the set of all reals], and every number of this latter set is
called a real number [a real].

The set of all reals is denoted by the letter R. By definition
R=Q UL

Geometrical representation of reals

Reals [real numbers] can be represented by points of a coordinate [number]
axis.

Def. 12. A coordinate axis [a number axis] is called an infinite straight line
on which are chosen: 1) a certain point O (the origin); 2) the positive direction indi-

cated by an arrow; 3) an unit of length [of measurement] (fig. 1).

0

'/é(/ Theorem 1. There exists one-to-one

3;5 X correspondence between the set of all reals
Fig. 1 and the set of all points of a coordinate
[number] axis.

It means: a) to each real x there corresponds unique point of the coordinate axis
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that is the point M (x) with coordinate x; b) to every point M (x) of the coordinate

axis there corresponds quite definite real, namely its coordinate x.
By this reason we can identify reals and corresponding points of the coordinate
axis.

Multidimensional points and spaces

Def. 13. Ordered systems of two, three, n reals is called correspondingly two-,

three-, n-dimensional points,
(x, y), (x,y,z), (x], Xys Xspeens xn).
Each two-dimensional point (x, y) is represented geometrically by the point
M (x; y) of the xOy -plane, and each three-dimensional point (x, v, z) is represented
by the point M (x; y;z) of the Oxyz -space.
Def. 14. The sets of all two-, three-, n-dimensional points are called corres-

pondingly the two-, three-, n-dimensional spaces and are denoted by R, R>, R".

Geometrically the two-dimensional set R” is the set of all points of the xOy -

plane, and the three-dimensional set R’ is the set of all points of the Oxyz -space.

POINT 3. NUMBER INEQUALITIES

Def. 15. One says that a number a is greater than a number b if their difference
a—b is positive, a>b if a—-b>0.

Properties of number inequalities

1.Ifa > b, then b < a.

2.1fa> b, b > c, then a > c (transitivity).

3. If a > b, then for any number ¢ one has a + ¢ > b + ¢ (regularity).

Corollary. One can transpose any term of an inequality from one side to the
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other taking it with opposite sign.

m For example let a + b > c¢. Adding to both sides of the inequality the number
- b we geta > c - b. It’s equivalent to transposing of b from the left to the right with
opposite sign.m

4. 1f a > b, then for any positive number m one has am > bm, that is one can
multiply both sides of an inequality by the same positive number without changing
the sense of the inequality.

5. If a > b, then for any negative number m one has am < bm, that is one can
multiply both sides of an inequality by the same negative number changing the sense
of the inequality.

6.1fa>b,c>d, thena + c > b + d, that is one can termwise add inequalities
of the same sense.

7.1fa> b, c <d, thena—c > b —d (termwise subtraction of inequalities of
opposite senses).

8. If a, b, ¢, d are positive numbers and a > b, ¢ > d, then ac > bd, that is one
can termwise multiply inequalities of the same sense with positive terms.

9. If a, b are positive numbers and a > b, then 1 /a < 1 /b. If two positive
numbers are connected by an inequality of one sense, then reciprocal of them are
connected by the inequality of opposite sense.

10. If a, b, ¢, d are positive numbers and a > b, ¢ < d,thena/c > b/d (term-
wise division of inequalities of opposite senses with positive terms).

11. If a, b are positive numbers and a > b, then for any natural number »n one
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has a” > b", that is one can raise to any natural power both sides of an inequality with
positive terms.

Corollary. If 0<a <b, then a”" <b" .

12. If a, b are positive numbers and a > b, then for any natural number »n one
has %/a >%/b , that is one can extract a root of any natural power of both sides of an
inequality with positive terms.

Corollary. If 0 <a <b, then 2fa < 4/b.

13. If a, b are positive numbers, then their arithmetic mean (a +5)/2 is grea-

ter than or equal to their geometrical mean ab ,

a;bz\/ﬁ.

The equality holds if and only if these numbers are equal. Analogous inequality is

true for arbitrary number of positive numbers,

a+a,+..+a
L “>nla -a,...-a, .

n

Number intervals

Let’s denote by
{x:P(x)} or {x‘ P(x) }
the set of all reals which possess a property P(x).
Later on we’ll use various intervals of reals. Let’s enumerate some of them.
A segment (a closed bounded interval) [a, b]= {x:a < x <b}, the set of all reals

not less then a and not greater then b.

An interval (an open bounded interval) (a, b)= {x:a < x < b}, the set of all
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reals which are greater then a and less then b.
Semiclosed [or semiopen] bounded intervals
[a,b)z{x:a£x<b},(a,b]={x:a<x£b}.
Points a, b of all these bounded intervals are called end points, a is the left one

and b is the right one.

(—o0,a)={x:x < a} a set of all reals which are less then a.
[b,0)={x:x>b} aset of all reals which are greater then or equal b.

b, = {x:x >0} the set of all non-negative reals;

Ri = {x DX > O} the set of all positive reals;

a .a 4
/' > . o p_ = {x:x <0} the set of all non-positive
bﬂ/ f’ - _2 reals;
174 ) .
C'/ Fo T~ x R = {x:x <0} the set of all negative reals;
= -z < > -

ay%; & _/:__g\,% 2 p:(—oo,oo):{x:—oo<x<oo} the set of all

z - & X, 2,7E reals.

Fig. 2 All number intervals can be represented by

corresponding point sets on the coordinate axis. For example a segment [a, b] 1s re-
presented by a segment with end points 4(a), B(b) including them (fig. 2 a), an inter-
val (a, b) by the same segment excluding the points A(a), B(b) (fig. 2 b).

Def. 16. A neighbourhood U, of a point x, is called any (open) interval con-
taining this point (fig. 2 ¢). In particular an ¢ - neighbourhood U , of a point is cal-

led an interval U, , = (x, — &, x, + &) of the length 2¢ centered at this point (fig. 2 d).

POINT 4. ABSOLUTE VALUE OF A REAL

Def. 17. Absolute value [or modulus] of a real number x is called the same

number, if it is non-negative, and the opposite number otherwise,
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H_ X, lf x2>0;

= -x,if x<0O.

Ex. 6. ‘3‘:3’_8‘:—(—8)=8,x—5‘={x_5’ lf x-5>0,x>5;
—x, if x-5<0,x<35.

Properties of absolute values

1. [x|> 0 (the absolute value is a non-negative quantity).

2. |x|=|- x| (opposite numbers have the same absolute value).

3. —|x| < x < |4 (every number x ranges from —|x| to |x|).

4. |x+ y|<|x|+|y| (the absolute value of a sum of two numbers doesn’t outnum-

ber the sum of their absolute values).

x|, |x — y‘ > Hx‘ — ‘ yH (the absolute value of a diffe-

5 = y]= = =2 v -

3 3

rence of two numbers isn’t less than the difference of their absolute values).

6. ‘x . y‘ = ‘x‘ . ‘ y‘ (the absolute value of a product of two numbers equals the pro-

duct of their absolute values).

a

= ‘—, y # 0 (the absolute value of a quotient of two numbers equals the
y

X

7. |-
Y

quotient of their absolute values).

8. For any natural number » one has [x"|= ‘x‘n (absolute value of a natural

power of a number equals the same power of the absolute value of this number).
9. For any natural number n one has */x*" = ‘x‘ . In particular +/x* = ‘x‘

x+4if x+4>0,x>—4;

Ex. 7. \(x+4) =[x +4|= .
—x—41f x+4<0, x <—4.
10. For any positive number a the next inequalities ‘x‘ <a,—a<x<a are

equivalent,

Va>0:((]x‘<a)<:>(—a<x<a)).
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Corollary. For any positive ¢ the &-neighbourhood U, = (x,—&,x,+¢) ofa
point x, can be represented by the inequality ‘x — xo‘ <g,

Ve>0:U, E(xo—g,xo+8)E{x:xo—8<x<x0+8}:{x:‘x—x0‘<8}.

mBy virtue of the property 10 the inequalities x, —& <x<x,+¢, |x — xo‘ < g are

equivalent. Indeed,

(x—s<x<x+e)o(e<x-x<g) o (x—x|<c)m

11. For any positive number a an inequality ‘x‘ > a 1s equivalent to the union
of two inequalities x < —a, x> a,

Ya> O:((M > a)<:> ((x< —a)/\(x > a)))z{

x<-a,

X >a.



REALS: basic terminology RUE

1. AOCoONOTHAA BEJIUYUHA
yucia

2. beckoHeuHas aecsTUY-
Has JpoOb (mepuoauyec-
Kasi, Hemepuoandeckas)

3. BBITb DKBHBAJICHTHBIM
[paBHOCHIIBHBIM | uemy

4. bbITh [ABHATBCS] 3i1€-
MEHTOM MHOYECTBa (X€.X,
x (manoe) [mamoe x| sB-
JISIETCS AIIEMEHTOM MHOYKe-
ctBa X (0ombIioro) [6ob-
moro X]; x ¢ X, x He sAB-
JSETCA DJIEMEHTOM MHO-
xectBa X )

5. BemecTBeHHOE YHCIIO

6. B3zauMHO oOfHO3HAYHOE
COOTBETCTBHUE (Mmexmy
MHO>XECTBOM BCEX Bellle-
CTBEHHBIX YHUCEN U MHO-
KECTBOM BCEX TOYEK 4YHC-
JIOBOM [KOOpAMHATHOM |
OCH)

7. Hecartuunas apoOb

8. Eaununa nmuHbl/M3Me-
peHus

9. UntepBan (OTKPBITHIN
OTpaHUYEHHBIA WHTEPBAI)
(a,b)=]a,b]

10.nTepBan, cumMmeTpud-
HBIIl OTHOCUTEJIBHO TOYKH

11.AppaurioHanibHOE  4H-
CJI0

12.Konenr unTepBana (Jie-
BBIII/TIpaBbIii)

13.KoHneuHnas naecsaTU4YHaAS
IpoOb

14.KoopauHaTa TOUKH
15.KoopaunarHasi och

AOCOJIFOTHA BEJIMUYMHA YHUC-
j1a

HeckinueHHUNA TEeCATKOBHUIA
apid (mepioguyHUil, Heme-
PIOANYHMIN)

Bytu exBiBaJleHTHUM [piB-
HOCWJIBHUM | YOMYCb

ByTn enemMeHTOM MHOXHHU
(x € X, x (mane ) [mane x] €
3JIEMEHTOM MHOXHUHH X
(Benukoro) [Benukoro XJ;
x¢ X, X HE € DJIEMCHTOM
MHOXUHU X)

JliicHE YHCII0
B3aemHO-01HO3HAYHA BIJ-
MOBITHICTh (MK MHOXH-
HOIO BCIX JIMCHHUX YHCEJI Ta
MHO>KMHOIO BC1X TOYOK YH-
CJI0BO1 [ KOOpAMHATHOI |
oci)

JlecatkoBuit a1piod

OnuHULA  JTOBXWHH/BUMI-
pIOBaHHS
IntepBan (BigkpuTHil 00-

MEXeHHU 1HTepBan) (a, b)
=]a,b|
InTepBan,  cumeTpuyHHM

BIJHOCHO TOYKH

IpanionanpHe yncio

Kineup inTepBana (iBuii/
npaBuil)
CKiHYeHHUI  JeCATKOBUM
npio

Koopaunara Touku
KoopnunartHa Bich

Absolute value [magnitude,
modulus] of a namber
Nontérminating (périddic,
non-périodic) décimal/po-
int fraction

Be equivalent to smth

Be an ¢lément of a set (x €
X, small x is an ¢élement of
a set capital X; x ¢ X, small
x isn’t an élement of cépital

X)

Réal nimber

One-to-one correspondence
[bijection] (betwéen the set
of all réal nimbers and the
set of all points of the nim-
ber [coodrdinate] axis)

Décimal/péint fraction
Unit of
ment

length/measure-

Interval (béunded 6pen in-
terval) (a, b)=] a, b |

Symmétric interval with
respéct to a point

Irrational nUmber [irra-
tional]

(Left(-hand)/right(-hand))
end /endpoint of an interval
Términating décimal/point
fraction

Coordinate of a point
Coordinate axis
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16.MHOXeCTBO
17.MHoxecTBO, 001a1a10-
1ee HEKOTOPbIM CBOMCT-
BOM

18.Monaynb uncna

19.HatypanpHoe uncio
20.Hayasno koopauHaT

21.HeueTtHoe uncio
22.06paTHOE YHCIIO
23.00beaunenre (cymma)
MHOXECTB X u ¥, X U Y,
Xwm Y
24.00bIKHOBEHHAs 1POOb
25.0KpecTHOCTh TOYKH
26.01pe3ok/cerMeHT (3aMm-
KHYTBII  OTpPaHUYCHHBIN
uHTepBa) [a, b]
27.0TpUnaTENBbHOE YUCIIO
28.Ilepeceyenue (mpous-
BEJICHNEC) MHOXECTB X U Y,
XnY,XuY

29.11o Mmoaymto
30.IlongMHOXXECTBO  MHO-
)kectBa. MHoXkecTtBo X —
IMOJMHOKECTBO MHOKECT-
BaY, XcVY YolX
31.11omoxkuTELHOE
paBIICHHE
32.11o10XKUTENBHOE YHCIIO

HaIll-

33.IlpencraBasatbes, OBITH
MIpeJICTaBICHHBIM (B BUJIE)

34.IlpuHanyiexxaTb MHOXKeE-

MHuoxuHa

MHoOXuHa, sika Ma€ JesKy
BJIACTHUBICTH

Monayne yucia

Harypanbne yucino
ITouaTrok KoopauHAT

Henapne yucno

O6epHeHe yucio
O6"ennanHs (cyma) MHO-
KuH X1Y, XUY XunY

3BuyaitHuil 1pid

OxkiJ1 TOUKH
Binpizok/cermeHT (3aMkHe-
HUN OOMEXEHHUH 1HTepBai)
[ a, b]

Bin"emue uncino

[lepepiz (100yTOK) MHO-
kxkmHXTa Y, XNY, X1Y

3a moxyneM

[TitMHOXMHA ~ MHOXXHUHH.
Muoxunna X € IiAMHOXU-
HOIO MHOXHHHU Y, X C Y,
YoX

JlonatHuit Hanpsim/Hanpsi-
MOK

JlogaTtHe 4uciIo

[Ipencrasnsrucs, OyTun
npeacraBieHuM (y BHUIJIS-
i)

Hanexxatn MHOXMHI. x €

ctBy. x € X, x (manoe) X, x (mane) [(mane) x] Ha-

[(Manoe) x] TpUHAIICKUT
MHOecTBY X (O0sbIIOMY)
[(GonbiOoMYy) X |

JIEKUTh MHOXHHI X
(Benukomy) [(Benukomy)X]

Set
Set hdving/posséssing a
(certain) property

Modulus (p/ moduli) of a
nimber

Natural namber [natural]
Origin of codrdinates; Ori-
gin

Odd nimber

Invérse (of a) namber
Union (sum) of (the) sets X
and Y, XU Y, XorY

Common/simple fraction
Néighbourhood of a pdint
Ségment (béunded closed
interval) [ a, b]

Négative number
Interséction (product, com-
position) of (the) sets X
and Y, XN Y, Xand Y
In médulus [médulo (lat)]
Subset of a set. The set X 1s
the subsét of the set Y,
XcY YoX

Positive diréction

Positive nimber
Be represénted (in
form)

the

Belong to [be contained in]
a set. x € X, (small) x be-
longs to [is contdined in] a
set (capital) X; x ¢ X,
(small) x does not belong to

(capital) X)
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35.1IpoTHUBOMOJIOKHOE YHU-
CJI0
36.IIpoTUBOMNOJIOKHBIN
3HAK/CMBICII

37 Ilpsimas (TuHUA)
38.IlycToe MHOXKECTBO
39.PanimoHanbHOE YHUCIIO
40.CwmbICIT HEpaBEHCTBA

41.ConpepxaTh 4TO-JIHOO.
MHo)xecTBO Y COIEpKUT
MHOXeCTBO X, Y D X

42.ConepxaTbCsi BO MHO-

xKecTBe (0 MHOXKECTBE).
MnuoxectBo X coxep-
J)KUTCSI BO MHOXKECTBE Y,
XcY

43.CooTBETCTBOBaTh  Be-
IIECTBEHHOMY 4uciy (o
TOYKE YHCIOBOM OCH)

44.CooTBETCTBOBaTh TOY-
Ke 4YHCIOBOM ocu (O Be-
IIIECTBEHHOM YHCJIC)

45.CtaBUTh B COOTBETICT-
BHUE KaXJIOMY BEIICCTBCH-
HOMY 4YHUCJYy BIIOJIHE OII-
pENeNEHHYI0 TOUKY YUCIIO-
BOM OCH

46.Ctpenka

47.11enoe uncio
48.Y&étHoe gncio

49.Yucnosas oCch

50.OxBUBaJIEHTHOE/paBHO-
CHWJIbHOE HEPaBEHCTBO
51.OnemeHT  MHOX)eECTBa

52.O1Ccun0H-0KPECTHOCTh
[ £&-OKpECTHOCTB| TOUKH

IIpoTunexue 4ucio

[IpoTunexHuil 3HaK/ceHC

[Tpsima (iH1s)
[ToposxHsT MHOXKMHA
PairionanpHe 4nciio
CeHc HEpIBHOCTI

Mictut 1mock. MHOXKHUHA
Y MICTUTh MHOXHHY X,
YoX

Mictutucss 'y  MHOXHHI
(mpo MHOXUHY). MHOXHHa
X MICTUTBECS B MHOHUHI Y,
XcY

BigmoBigatu TIACHOMY
guciay (Ipo TOYKH YHUCIIO-
BOi OC1)

BigmoBimaté TOYIl YHUCIIO-
BOi oci (ITpo J1iCHE YUCIIO)

CraBuTH Yy BIJNOBIIHICTD
KOXHOMY JIHCHOMY YHCITY
LIJIKOM TMEBHY TOYKY YHC-
JI0BOi OcCi

Crpinka
Iine gucio
ITapHe uncno
Yucnoa BiCh

ExBiBasieHTHa/piBHOCHIIbHA
HEPIBHICTh
EnemenT MHOXMHU

Encinon-okin [g-okin] Tou-
KH

Opposite niimber

Opposite/invérse/contrary
sign/sense

Straight line

Empty set

Rational number [rational]
Sense/méaning/significance
of an inequality
Include/contdin smth. Thé
set Y includes/contains the
setX, Yo X

Be included/contédined in a
set. Thé set X is included/
contdined in the set Y,
XcY

Correspond to a réal num-
ber (of a péint of the niim-
ber/numérical axis/scéle)
Correspond to a point of
the nimber/numérical axis/
scéle (of a réal number)
Assign/associate quite défi-
nite pdint of the nimber/
numérical  axis/scale  to
¢ach réal nimber

Arrow

[nteger/entire (nimber)
Even number
Number/numérical axis/
scale

Equivalent inequality
Element/mémber of a set

&-néighbourhood of a point



REALS: basic terminology ERU

1. Absolute value [méagnitude,
modulus] of a nimber

2. Arrow

3. Assign/assdciate quite défi-
nite point of the nimber/ nu-
mérical axis/scale to éach réal
nimber

4. Be an ¢élément of a set (x €
X, small x is an ¢élement of a
set capital X; x ¢ X, small x
isn't an ¢élement of capital X)

5. Be equivalent to smth

6. Be included/contained in a
set. Thé set X is included/con-
tained intheset Y, X Y

7. Be
form)

represénted (in  the

8. Belong to [be contdined in]
a set. x € X, (small) x belongs
to [is contdined in] a set
(capital) X; x ¢ X, (small) x
does not belong to (cépital) X)
9. Coémmon/simple fraction
10.Codrdinate axis
11.Codrdinate of a point
12.Correspond to a pdint of
the number/numérical axis/
scéle (of a réal number)
13.Correspoénd to a réal num-
ber (of a pdint of the nimber/
numeérical axis/scale)
14.Décimal/point fraction

AOCOJIFOTHAS BEJIMYMHA YHU-
cla

Crpeinka
CraBuTh B COOTBETCTBHUE
KOKJIOMY  BEIIECTBEHHOMY

YUCIIy BIIOJHE ONpEIEIEH-
HYIO TOUYKY YUCJIOBOU OCH

beiTh  [sBHATHCA] BIeMeH-
TOM MHOXecTBa (xeX, x
(manoe) [manoe x] siBIsieTCs
3JIEMEHTOM MHOXecTBa X
(6ompmoro) [Oombiioro XJ;
x ¢ X, x He sABIACTCA
AJIEMEHTOM MHOXeCTBa X )
BbITh SKBUBaJICHTHBIM [paB-
HOCWJIBHBIM | uemy
ConepxaTbCsi BO MHOMXKEC-
TBe (0 MHOXecTBe). MHo-
KeCTBO X CONEPKHUTCS BO
MHOXecTBe ¥, X C ¥
[IpencraBnarses, OBITH
MIPECTaBICHHBIM (B BUJIE)

[TpuHaIe)KaTh MHOKe-
CTBY. X € X, x (Mmanoe) [(ma-
aoe) x| MIPUHAJICKUT
MHOXecTBy X (OoJsblIOMY)
[(GonbomMy) X |

OObIKHOBEHHAs APOODH
Koopnunathas och
Koopaunara Touku

CoOOTBETCTBOBATh TOYKE M-
CIOBOM OcH (0 BEIECTBCH-
HOM YHCIIC)

CoOTBETCTBOBATh  BEIIECT-
BEHHOMY 4YHCly (0 TOUKe
YUCJIOBOM OCH)

Hecstuunast 1poOb

AOCOJIFOTHA BEJIMUYMHA YHUC-
j1a

Crpinka
CraBuTd y BIIMNOBIAHICTH
KOXKHOMY JIHCHOMY YHUCITY

JIKOM TICBHY TOYKY
YHCJIOBOI OCl1

ByTn enemMeHTOM MHOXHHU
(x € X, x (mane ) [mane x] €
3JIEMEHTOM MHOXHUHH X
(Benukoro) [Benukoro XJ;
x¢ X, X HE € DJIEMCHTOM
MHOXUHU X)

Bytu exBiBaJleHTHUM [piB-
HOCWJIBHUM | YOMYCb
Mictutucss 'y  MHOXHHI
(mpo MHOXUHY). MHOXHHa
X MICTUTBCS B MHOKHUHI Y,
XcY

[Ipencrasnsrucs, OyTun
npeacraBieHuM (y BHUIJIS-
i)

Hanexatn MHOXMHI. X €
X, x (mane) [(mane) x] Ha-
JIeXuTh MHOXHMHI X (Be-
nukomy) [(Benukomy) X]

3BuyaitHuil 1pid
KoopnunartHa Bich
Koopaunara Touku

BigmoBimaté TOYIl YHUCIIO-
BOi oci (IIpo J1iCHE YUCIIO)

BigmoBigatu TIACHOMY
guciay (Ipo TOYKH YHUCIIO-
BOi OC1)

JlecatkoBuit a1piod
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15.Element/mémber of a set
16.Empty set

17.End/endpoint (left [left-
hand], right [right-hand]) of an
interval
18.Epsilon-néighbourhood [é-
néighbourhood] ofa point
19.Equivalent inequality

20.Even namber

21.In médulus [médulo (Zat)]
22.Inclade/contdin smth. Thé
set Y includes/contdins the set
X, Yo X

23.Integer/entire (nimber)

24 Interséction (préduct, com-
position) of (the) sets X
and Y, XN Y, Xand Y
25.Interval (bounded 6pen in-
terval) (a, b)=] a, b |

26.Invérse (of a) nimber
27.Irrational nimber
28.Modulus (p/ moédduli) of a
nimber

29.Natural nimber
30.Négative nimber
31.Néighbourhood of a pdint
32.Nontérminating (periddic,
non-périodic)  décimal/podint
fraction
33.Number/numérical  axis/
scale

34.0dd nimber

35.0ne-to-one correspondence
[bijection] (betwéen the set of
all réal nambers and the set of
all pdints of the number [co-
ordinate] axis)

DJIEMEHT MHOKECTBA
ITyctoe MHOXECTBO

Konen wuHTepBana (JieBbId/
MIPaBBIif)

OICUIOH-OKPECTHOCTD
OKPECTHOCTh | TOUKH

[&-

DOKBUBaJICHTHOE/PAaBHOCHUIIb-
HOE HEPABEHCTBO

YértHoe uncio

[To mopmymto

Copepxatb umo-1ubo. MHuo-
XKECTBO Y COIEPKUT MHO-
)kectBo X, YO X

Llenoe uncmo

[lepeceuenue (mpousBeje-
HHE) MHOXECTB X ® 7Y,
XnY,XnY

WuTepBan (OTKpBITHIA  OT-
paHUYEHHBIN MHTEpBaN)
(a,b)=]a b|

O6paTHOE YKCIIO
HppaunronansHoe 4nciio

Monayne yucia

Harypanbnoe uucio
OTpuiatenbHOe YUCIIO
OKpecTHOCTh TOUKHU
beckoneunas  jpecsaTHUYHAS
npoOb (mepuoauueckas, He-
nepuonyecKkas)

Yucnosasg oCh

HeueTHOE unciio

B3aumHO onHO3HAaYHOE CO-
OTBETCTBHE (MEXAy MHO-
KECTBOM BCEX BEIIECTBEH-
HBIX YHCEI W MHOXXECTBOM
BCEX TOYEK YHUCIOBON [KO-
OpJIMHATHOM | OCH)

EnemenT MHOXMHU
[TopoxHsT MHOXKHHA
Kineup inTepBana (iBuii/
npaBuil)

Encinon-okin [g-okin] Tou-
KH
ExBiBanieHTHa/piBHOCHIIbHA
HEPIBHICTh

ITapHe uncno

3a moayneM

Mictutn woco. MHOXHUHA
Y MicTUTh MHOXUHY X,
YoX

Iine gucio

[lepepiz (100yTOK) MHO-
xkmHXTa Y, XNY, X1Y

IntepBan (BigkpuTHil 00-
MEXXEHU 1HTEpBaI)
(a,b)=]a b

O6epHeHe yucio
IpanionanpHe yncio
Monayne yucia

Harypanbnae uucmno
Bix"emHe yncio
OK1JI TOYKH

HeckinueHHUN IEeCATKOBHUIA
apid (mepioguyHuUil, Heme-
PIOANMYHMIN)

Yuciosa BiCh

Henapne yucino

B3aemHO-01HO3HAYHA BIJ-
MOBITHICTh (MK MHOXH-
HOIO BCIX JIMCHHUX YHCEJI Ta

MHOXHHOIO BCIX TOYOK
YUCTIOBOI  [KOOPAMHATHOL1|
oci)
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36.0pposite nimber
37.0pposite/invérse/contrary
sign/sense

38.0rigin of codrdinates; ori-
gin

39.Positive diréction

40.Positive namber
41.Rational nimber

42 .Réal nimber

43.Ségment (bounded closed
interval) [ a, b]

44.Sense/méaning/significance
of an inequality

45.Set

46.Set  having/posséssing a
(certain) property

47.Straight line

48.Subset of a set. The set X is
the stbsét of the set Y, X c ¥,
YoX

49.Symmétric interval with
respéct to a point
50.Términating décimal/pdint
fraction

51.Union (sum) of (the) sets X
and Y, XU Y,XorY

52.Unit
ment

of length/measure-

IIpOoTHBOMIOJIOKHOE YUCIIO

[IpoTHBOIONOXKHBIM ~ 3HAK/

CMBICJI

Hauano xoopaunar

[TomoxxuTenpHOE HaIpasJie-
HUE

[HonmoxuTeabHOE YHUCIIO
PanmonanbHOE YKCIIO
BemiecTBeHHOE YHCIIO
OTtpe3ok/cerMeHT (3aMKHY-
TBIA OIPAaHUYECHHBIN HHTEP-
Bal) [a, b]

CwmpbICIT HEpaBEHCTBA

MHOXecTBO

MHuoxecTBo, o0iaaaroniee
HEKOTOPBIM CBOWCTBOM
[Tpsimast (JiuHMS)
ITonMHOKECTBO MHO-KECT-
Ba. MHoxkecTBO X — TOX-
MHOJKECTBO MHOXeCTBa Y,
XcY YolX

WNHtepBan, CcUMMETPUYHBIN
OTHOCUTEJIBHO TOYKHU

Kouneunasa
IpoOb

ACCATHYHAA

O0beauHeHue (Cymma) MHO-
kectBXu Y, XU Y, Xum Y

Enununa nounel/uszmepeHus

IIpoTunexue 4ucio
[IpoTunexHuil 3HaK/ceHC

ITouaTok KoopauHaT

JonatHuit HanpsiM/Hanpsi-
MOK
JlogaTtHe 4uciIo

ParionanpHe ynuciio
JlificHEe 9muCI0

Binpizox/cermeHT (3aMkHe-
HUN OOMEXEHUH 1HTepBai)
[ a, b]

CeHc HEpIBHOCTI

MHoxuHa

MHoOXWHa, siKa Ma€ JesKy
BJIACTHUBICTH

[Tpsima (iH1s)
I[linMHOXMHA  MHOXWHH.
Muoxnaa X € [OigAMHO-

JKUHOIO MHOXHUHU Y,
XcY YoX

InTepBan,  cumeTpuyHHM
BIJHOCHO TOYKH
CkiHYCHHUH  JCCITKOBUM
npid

O6"ennanHs (cyma) MHO-
KuH X1Y, XUY XunY

OnuHULA  JTOBXWHH/BUMI-
pIOBaHHS



LECTURE NO. 2. MAPPINGS AND FUNCTIONS. BASIC ELEMENTARY
AND ELEMENTARY FUNCTIONS

POINT 1. MAPPINGS AND FUNCTIONS

POINT 2. POWERS AND ROOTS. POWER AND EXPONENTIAL
FUNCTIONS

POINT 3. LOGARITHMS. LOGARITHMIC FUNCTION

POINT 4. TRIGONOMETRICAL FUNCTIONS

POINT 5. INVERSE TRIGONOMETRICAL FUNCTIONS

POINT 6. ELEMENTARY FUNCTIONS

POINT 1. MAPPINGS AND FUNCTIONS

Def. 1. Let there be given two sets 4 and B. A mapping [a map] of the set 4
with values in the set B is called a rule [a law] according to which every element

a €A is assigned to certain (and unique) element b EB.

If we denote a mapping by a letter /', we can write

b=f(a)or f|a —b.

The latter designation is read as follows: a mapping f assigns an element b B to an
element a €4.

Def. 2. The element b= f(a) EB is called an image of the element a €4 in
the mapping f, and the element a €4 is called a preimage of the element b = f(a).

Def. 3. A set of images of all the elements a €4 is called an image of the set
A and is denoted f(A4).

Def. 4. If the image f(A4) of the set 4 is a proper part of the set B ( f(4) CB
but f(4) #B), the mapping fis called that of 4 in [into] B. If the image f(A4) coin-

cides with the whole set B, the mapping fis called that of 4 on [onto] B.
Ex. 1. Let a mapping f of a circle 4 in a straight line B be defined with the
help of rays radiating from a point M (fig. 1), and MC, MD be the tangents to the
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circle with tangency points P, Q. We have a mapping of the circle on the segment CD

7 of B. Every point b €CD, distinct from C and D, is an
image of two preimages a,, a,, and the points C, D have
only one preimage, P, O respectively.

Let’s consider an important case of a mapping of a

set 4 on a set B when it sets one-to-one correspondence
A : between the sets 4 and B. In this case not only every ele-
Fig. 1 ment of 4 has unique image in B but also every element of
B has unique preimage in A. It’s useful to call such the mapping as one-to-one map-
ping.
Ex. 2. A mapping of a straight line 4 on a straight

£ line B, determined by rays radiating from a point M (fig. 2),
A sets one-to-one correspondence between A and B and is the
one-to-one mapping.
Y, . Def. 5. Let there be given an one-to-one mapping f of
Fig. 2 a set 4 on a set B (that is a mapping which sets one-to-one
correspondence between 4 and B). A mapping assigning an element a €4 to an ele-

ment b €B, for which b= f(a), is called an inverse mapping for fand is often de-

noted by .
By the definition of the inverse mapping
fB)=aif f@=bs f(fl@)=a f(rB)=b.
Y, Ex. 3. An inverse mapping for the mapping of
:#g- x) Ex. 2 is determined by the same rays: every point b B

5/ / is assigned to certain point a A4 with the help of corres-
f

ponding ray.
x Def. 6. A function (a number function) f with a
2¢) . . domain of definition DU ) and a set of values E U ) CR

Fig. 3 = (— 0, oo) is called a mapping f of the set DU ) on the
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set EU) (fig. 3).

The domain of definition of a function can be some part: a) of the set of all

Mappings and Functions

reals R; b) of the two-, three-, n-dimensional space. Respectively we deal with a

function of one, two, three, n variables

y=f)y=ry)u=fleyz)u=flxx,..x,).
The set of values of a function of any variables is every some part of the set of

all reals R or the whole R (E(f) CR).

Def. 7. A function y = f(x)of one variable x is called increasing, non-decrea-
sing, non-increasing, decreasing on an interval U D( f ) if for any two values of the
variable x, e U, x, e U, such that x, < x,, one has correspondingly

SOn) < fx) f(6) < £00) f(6)2 £00) £()> f(x,).
Theorem 2 (sufficient condition of existing of an inverse function for a func-

Wi T ]”w } tion of one variable). If a function y = f (x) of one varia-

ja,' {(1) ble increases or decreases on some interval U of its do-

g |

L 8¢ %
il

main of definition (U < D(f) < Ox), then it has an in-

verse function x = f _'(y) which is defined on the image

x

Oy

ol a z ¥ X f (U ) c Oy of the interval U and correspondingly increa-

Fig. 4 ses or decreases on f(U).

m For example let a function y = f(x) increase on an interval U = (a, b)
(see fig. 4). Being a mapping it sets one-to-one correspondence between the interval
U = (a, b) and its image f (U ) = (c, d ) and therefore possesses an inverse mapping
x=f"(y) of f(U)=(c,d) on U =(a, b). This mapping is the inverse function for
f (x) Increase of the inverse function is obvious: if y, < y, for two arbitrary values
yefU)y,eflU) then x, = £ (y)<x,=f"(y,).m

For a function y = f(x) and its inverse one x = f'(y) we have

D(f)=E( ") E() =Dl ) (0= (1) = x.
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Functions y = f(x) and x = f"(y) have the same graph (fig. 5). But if we
substitute x by y and y by x in the relation x = ' (y), the graphs of the functions
y=f (x) and y=f"' (x) be symmetric with respect to the straight line y = x (fig. 5).

Def. 8. Let a domain of definition of a function f'be

the set of all natural numbers /NV. Such the function is called

that of natural argument. The set of all its values is called a

[‘3) number sequence and is denoted as follows

x, = f(1)x,= f(2)....x, = f(n)... or {x, = f(n)}.

g ~ Numbers x,, x,,..., x,,...are called terms of the sequence, and
Fig. 5 the number x, is called its general term.

A number sequence is the mapping of the set /V of all natural numbers in the set
of all reals R.

Def. 9. A number sequence {x,} is called increasing, non-decreasing, non-in-
creasing, decreasing if for any two natural numbers »n,, n, the inequality », <n, im-

plies respectively the inequalities

POINT 2. POWERS AND ROOTS. POWER AND EXPONENTIAL
FUNCTIONS

Powers

Def. 9. If n is some natural number (n € N) then
a"=a-a-a-...-a (ntimes).
Def. 10. Zero power of a real number:
a’=1,a#0.

Def. 11. A power with negative index:

- 1
a ”=—n, a#0, ne N.
a
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Def. 12. A power with rational index. For any rational number m/n € R

m
a" =%a",a>0.

Definition of an irrational power of a number a > 0 is given in complete cour-
ses of mathematical analysis.

Properties of powers

1. a™-a" :am+n 2. 4" a"=a"" 3. (am)” =a™ 4.q™-p" :(ab)m 5 a" b :(%j

6. If 0 <a < b then for any natural number n a”" <b".

Remarkable formulas
1. (a+b) =a*+2ab+b*,(a—b) =a’ —2ab+b’.
2.a>~b*=(a+b)a-b).
3. (a+b) =a’ +3a’h+3ab’> +b* =a’ + b’ + 3ab(a +b),
(a—b) =a* -3a’b+3ab> —b* =a* —b* —3ab(a—b).
4.4 +b =(a+b)a’ —ab+b*) ' —b =(a—b)a* +ab+b).
Roots

Def. 13. A number b is called the nth root of a number a, namely
fa=b.
if b"=a.
Properties of roots

L yab=xa-45 2 4=V 3 g =fa a4 Wa) =N 5. W =N

b b
6. Xa*" =a,\/a72=‘a‘ 7. "V=a=-"a

8. If 0 <a < b then for any natural number n 2fa <4/b.

A power funcion
Def. 14. A function y =x“, where « is a real number is called a power one.

Properties and the graph of a power function depend on the value of the index
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of a power. Graphs of power functions fora =3, @ =4, o = -2, a = -3 are represented
on the figure 6.

! y

y=x* 1
y=32 . Y=

Fig. 6. Power functions for ¢ =3, a =4, =-2, a0 =-3

Let’s study the case a =2 that is the function y = x’ (see

fig. 7). Its domain of definition D(y)=R =(—o0, ®0) is the set of

g

all reals and the set of values E(y)=R, =[0, »0) is the set of all

z

nonnegative reals. The function takes on the value 0 at the point

#+ x =0, decreases on the interval (—oo, 0], increases on the inter-
Fig. 7 val (~a0, 0], has a local minimum 0 at the point x=0.

The graph of the function (it’s called a quadratic parabola) passes through the

origin O(0; 0), is descending one for x < 0 and ascending one for x > 0, is concave

one for all x, has the lowest point O(0; 0), hasn’t inflexion points.

] The function has two inverse functions x =./y, x = —\/;

with domains of definition
Dl(x)z R = [O, oo)c Oy, Dz(x)z R = (— 0, O]c Oy

+

respectively and the same set of values E,(x)= E, (x)=[0, ).

The first inverse function increases, and the second one decrea-

Fig. 8 ses. Changing x by y and y by x we get the functions y = +/x
the graphs of which are symmetric to the graph of the function y = x* with respect to

the straight line y = x (fig. 7). The function y = Jx isa power one with a =1/2.
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By analogous way one can formulate properties of power functions for o =3,

a =4, a=-2, a =-3 and properties of their graphs. Do this yourselves.

2
The graphs of a power function y =x?* (for & =2/3) and two its inverse

3 3
y=x?,y=—x? are represented on the fig. 8. State yourselves properties of these

graphs and corresponding properties of the functions. Let’s remark that the graph of

2

the function y = x* hasa cuspidal point namely the origin O(0; 0), and the graphs of

three functions haven’t inflexion points. The graphs of the first and third functions

are those convex, and the graph of the second function is concave one.

An exponential function

Def. 15. A function y =a", where a is a real number such that 0 <a #1, is
called an exponential one.

The domain of definition of an exponential function D(y) =R= (— 0, OO) is the
set of all reals and the set of values E(y)=R_ =(0, ) is the set of all positive reals.

The function takes on the value 1 at the point x =0, increases for a >1 and decreases
for O0<ax<l.

The graph of the function lies in the upper semi-plane y >0, passes through
the point (O; 1), is ascending one for a > 1, descending for 0 < a <1, concave in both

cases (see fig. 9a, 9b).

y=a*
0<a<!
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POINT 3. LOGARITHMS. A LOGARITHMIC FUNCTION

Logarithms
Let
a®"=b (1)
A number c is the index of a power to which it’s necessary to raise a number a to get
a number b.
Def. 16. Logarithm of a number b to a base a is called the index of a power to

which it’s necessary to raise the base a to get the number b. It’s denoted aslog b.
On the base of the definition 8 and the equality (1) we can write
c=log, b. (2)

1 1 1
Ex. 4. log,8 =3 because of 2° =8; log, ' —2 because of 37 =—=—

39
We’ll always suppose that a base of a logarithm satisfies the next conditions
O<a=l. (3)
In such the supposition logarithms of positive numbers always exist, but the zero and
negative numbers don’t possess logarithms.

Def. 17. Logarithm to the base 10 is called the decimal one and is denoted /g.
Ex. 5. Ig100 =log,,100 =2 because of 10° =100, /g 0.003 = -3 because of

107 =0.001.

Def. 18. Logarithm to the base e = lim(l + lj ~2.718281828459045... is cal-

noe\ o
led the natural one and 1s denoted by /n: Inb=1log,b.
Ex. 6. Solve an equation /og; (S’C +x>=Tx+ 6): X.
Solution. On the base of the definition of a logarithm
5+ x> =Tx+6=5,x"-Tx+6=0,x,=1,x,=6.

Properties of logarithms
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1. The basic [principal, fundamental] logarithmic identity follows from the
equalities (1), (2) namely
a”"=b. (4)
Ex. 7.
¢ = b, 10" =b, 370 = (302 =25 =32, 4 =20t =7t = gt = 1!
2. Logarithm of the unity equals zero,
log,1=0,
because of ¢° =1 forany a (0<a #1).
3. Logarithm of a base equals the unity,
log,a=1,
because of a' =a.

4. Logarithm of a product of two positive numbers equals the sum of their lo-

garithms,
log, bc=1log, b+log,c (b>0,c>0).

mlet log, b=m,log, c=n,log,bc=p,thatis b=a",c=a",bc=a”. We get

m+n m+n

bc=a"" and bc=a",so a™" =a”, p=m+n,log,bc=Ilog, b+log,c .m
Ex. 8. Solve an equation lgx+lg(x—4)=lg5.

x>0,
Solution. It’s must be x > 4. By the property 4
x—4>0,

Igx(x—4)=1Ig5,x(x-4)=5x*-4x-5=0,x, =-1<0,x, =5.
The check shows that the number 5 is the solution of the equation.

5. Logarithm of a quotient of two positive numbers equals the difference of

their logarithms,
log, b =log b—log,c (b>0,¢>0).
c

Prove this property yourselves.

Ex. 9. Solve an equation lg(SOx + 25)— lgx=2.
Solution. Let’s notice that 2 =/g100. By the fifth property
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2 25 1
1g 20525 _ 10100, 2925 _ 100, 50x + 25 = 100x, 50x = 25, x = 2> = 1
X X 50 2

Ex. 10. Prove that for any even natural number 2n and positive a, b (0 <a #1)

1
log? —=loo™" b .
8. b 8.

2n
mlog”” é = (loga %) = (loga 1-log, b)zn = (— log, b)zn =log’" bm

6. Logarithm of a power of a positive number equals the product of the index

of the power and the logarithm of the base of the power,
log, b" =nlog,b (b>0).
mlf log b= p,log, b" =q, then
b=a”,b"=a",b"=a",a” =a’,q=np,log,b" =nlog,bm
Ex. 11.
log, 25" =10l0g,25=10-2=20; 3log, /49 =log,(/49) =log,49=2.
Ex. 12. Prove that for any positive numbers a, b, ¢ (0 < a # 1) the equality
blogac — clogab

is true.
mlt’s sufficient to prove that logarithms to the base a of the left and right sides
of the equality are equal. We have
log, b =log, c-log, b,log, c'*" =log, b-log, c=log, c-log, bm
7. Logarithm of a root of a positive number equals the logarithm of this number

divided by the index of the root,
log, 2/b = log,b = lloga b (b>0).
n n

1

mlt’s sufficient to notice that 4/b = b” and to use the preceding property.m

1 1
Ex. 13. log,%/81 =%log381=%-4=5; §log4169 =log,N16° =log,16=2.
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bc’

d*Je’

Ex. 14. Take a logarithm to the base a of the next expression x =

Solution.
log, x =log, (b305 )— log, (dZ\/Z): log, (b3)+ log, (c5 )— (logd (d2)+ log, (\/Z)):
=3log,b+5log,c—-2log, d —%logd e.
Ex. 15. Exponentiate the next expression (that is find an expression which lo-
garithm 1s known) log, x=4log, b—"Tlog, c+ %logd d—-S5Slog,e.

Solution.

log, x=log, b* +log, d - (logd ¢ +log, e5)= log, (b‘“{/E)— log, (c7e5)=
b*id b*id

ce C7€5

= log

a

8. It’s possible to pass to a new base of logarithms by the next formula,

log b= log.b

a

(5)

log,a’

according to which the logarithm of a number b to the base a equals the logarithm of

b to the new base ¢ divided by the logarithm of the preceding base to the new base.
mlet log,b=m,log.b=n. Then

b=a" =c",log. a" =log, c",mlog,a=nlog, c,log blog.a=Ilog b,
whence it follows the equality (5).m

log,32 _ 5

Ex. 16. Passing to the base 2 we obtain log,, 32 = =—.
log, 64 6
Ex. 17. Prove that for any numbers a, b such that 0 <a #1,0<b #1

1

log,a

log, b=

m It’s sufficient to pass to the base b:
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Ex. 18. Prove that for any positive numbers a, b, 0 < a #1, and two arbitrary

numbers n, m
m m
log ,b" =log, b,log ,b" =—log, b.
a a n

Some corollaries.

1. If functions f(x), g(x) have the same sign, then

glx): log, % = log,

g(x).

f(x)-log,

f(x) +log,

log,(f(x)g(x))=log,

2. If 2n be an even natural number, then
log, 1" (x)=2n-log,|f(x).

Ex. 19. Solve an equation /og, (x + 2)6 + log3‘x + 2‘ =14.

Solution.

6log|x+2|+logy|x+2|=14,7logy|x + 2| =14, logs|x + 2| =2, |x + 2| =25, x + 2 =25,
X, =—27,x,=23.
3.1f 2n—1 be an odd natural number, then for any positive function f(x)
log, [ (x)=(2n-1)-log, f(x).

4. For any even natural numbers 2n, 2m

Zong"(x) gZVl (x) = log‘f(x)‘ ‘g(xx, long"(x) g2m (x) _ %Zogf(x)

g(x).

A logarithmic function

Exponential function y =a”, being increasing (for a > 1) or decreasing (for

0<a<1) on its domain of definition D(ax): R = (— o0, o), possesses an inverse
function, namely the logarithmic function x =/log, y. Replacing, as usually, by pla-

ces x and y we get the function y =log, x with the graph symmetric to that of the

function y =a”about the straight line y = x (fig. 10).
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The domain of definition of logarithmic function D(log, x)=R" = (0, ) coin-
cides with the set of values £ (ax) of corresponding exponential function a*, and the
set of values E(log, x)=R =(—o0, ) coincides with the domain of definition D(ax)

of the function a”. The function takes on the value 0 at the pointx =1, increases for
a>1 and decreases for 0<a<1.

The graph of the function y =log, x lies in the right semi-plane x > 0 passes

UJ\ y=a” y=x .

— ulk
y=logg x e
a1
) y- i'oQG X 2
7 &
; (0
/ . \ e y=loga z
= I x 0 N 2 -
-1+ =1

Fig. 10
through the point (1,' O), is ascending and convex one for a > 1, descending and

concave one for 0 <a <1 (fig. 10).
POINT 4. TRIGONOMETRIC FUNCTIONS

Trigonometric functions of an acute angle (in a right triangle)

Let’s consider a right triangle ABC with the right angle C and
an acute angle a = ZBAC(fig. 11). Aleg b= AC'is called adjacent

[N

4 c one and a leg a = BC opposite one to the angle « .

Def. 19. Sine of the angle « is called the ratio of the opposite

C ~ pleg to the hypotenuse,

. B
Fig. 11 sinaz—czg.
AB ¢

Def. 20. Cosine of the angle « is called the ratio of the adjacent leg to the

hypotenuse,



32 Mappings and Functions

COSOt =——=—.
c

Def. 21. Tangent of the angle « is called the ratio of the opposite leg to adja-

cent one,

BC a
tanoa =g = ——=—.
AC b

Def. 22. Cotangent of the angle « is called the ratio of the adjacent leg to op-

posite one,

AC
cota =ctga =——=—
BC a

Trigonometric functions of an arbitrary number argument

/ S We'll always consider so-called standard position of an an-
S\B T,

gle x when its vertex O (fig. 12) coincides with the origin of coor-

R
/ A 4 dinates, an initial side OA lies on the positive semi-axis of abscis-

Q/a *sas and a terminal side OP is the result of a rotation about the ori-

gin O.

Fig. 12 Let’s take into consideration so-called trigonometric(al) cir-

cle bounded by the unit circle [unit circumference] centered at the origin O (fig. 12).
The tangent A4S to the circle is called the tangent line (or the tangent axis), and the
tangent BT the cotangent line (or the cotangent axis). The radius O4 of the trigono-
metric circle (the initial side of all angles) is called fixed one, and the radius OP (the
terminal side of an angle x) is called mobile one. The prolongation of the mobile ra-
dius OP crosses the tangent line at the point S and the cotangent line at the point 7.

Def. 23. Sine of the angle x (sin x) is called the ordinate of the end point P of
the mobile radius.

Def. 24. Cosine of the angle x (cos x) is called the abscissa of the end point P
of the mobile radius.

Def. 25. Tangent of the angle x (zan x or #gx) is called the ordinate of the po-
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int S, that is the ordinate of the intersect point of the prolongation of the mobile radius

OP with the tangent line.
Def. 26. Cotangent of the angle x (cot x or ctgx) is called the abscissa of the

point 7, that is the abscissa of the intersect point of the prolongation of the mobile ra-

dius OP with the cotangent line.

An angle x terminated in the first quadrant is represented on the fig. 12. For it
sinx =0R =QP, cosx =00, tanx = AS, cot x = BT .
Angles which terminate in the second, third, fourth quadrants and correspon-

ding trigonometric functions with their signs are represented on the fig. 13 — 15.

77 4 819 7 o gl
—a
K —p /(
N
¥ \ a \4
Qe o x x
R
NS
Fig. 13 Fig. 14 Fig. 15
sinx=QP >0, sin x = —QP <0, sinx=-QP <0,
cosx =—-00 <0, cosx =—-00 <0, cosx =00 > 0,
tanx =—AS5 <0, tanx = AS >0, tanx = —AS <0,
cotx=—-BT <0 cotx=BT >0 cotx=—BT <0

All properties of trigonometric functions can be stated with the help of the tri-
gonometric circle. For example sine and cosine are periodic functions with the least
positive period [or simply period] 27w, and tangent and cotangent are periodic with
the period . It means that

sin(x + 27[) = sinx, cos(x + 27[) = COS X, z‘an(x + 7r) =tlanx, coz‘(x + 7r) =cotx.
On the other hand cosine is even function, and the other functions are odd, that is
cos(—x)=cosx, sin(—x)=-sinx, tan(—x)=—tanx, cot(—x)=—cotx.

The trigonometric circle allows to get formulas for solving so-called simplest
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trigonometric equations
sinx=a; cosSx=a; (gx=a; ctgx=a.

To begin with the next particular cases

sinx=0,x=7m;sinx=1,x=%+27zn; sinx=—1,x=—%+2ﬂn (neZ)

cosx=0,x=%+ﬂn;cosx=1,x=27zn;cosx=—1,x=7r+27zn (ne?)
tgx=0,x=ﬂn;ctgx=0,x=§+ﬂn (neZ)
In general case we have
1) sinx=a(a#0,a#%1),
X =arcsina+2mor x=nx —arcsina+2m(neZ),
or simply

x=(-1)"arcsina+nk (keZ),
where arcsina (arcsine a) is an angle of the segment [—%,%} , sine of which equals

the number a.
2) cosx=a(a¢0,a¢il),
x=xarccosa+2m(neZ),

where arccosa (arccosine a) is an angle of the segment [0,71'], cosine of which equals
the number a.
3) tgx=a (a # O),

X=arctga+m(neZ),
: : T :
where arctana (arctangent a) is an angle of the interval (— E,EJ , tangent of which

equals a.
4) ctgx=a (a # O),
X=arccota+m(neZ),

where arccota (arccotangent a) is an angle of the interval (O, 7r), cotangent of which
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equals a.

One can also say that arccosa (corr. arcctga) is the least positive angle, cosi-

ne (corr. cotangent) of which equals a; arcsina (corr. arctana ) is the least in modu-

lus angle, sine (corr. tangent) of which equals a.

FUNDAMENTAL TRIGONOMETRIC IDENTITIES

1. RELATIONS BETWEEN TRIGONOMETRIC(AL) FUNCTIONS OF THE

SAME ARGUMENT
1
1) sin® x+cos’ x=1;2) 1+tan® x = sec’ x = —
cos” x
3) 1+ cot’ x =cosec’x = ; 4) tan _ Sy ;5) cotx = C?SX;
sin’ x cosx Sinx

6) sinx=tanx-cosx ; 7)cosx=cotx-sinx ; 8)tanx-cotx=1
2. ADDITION FORMULAS
1) sin(xiy)=sinx-cosyicosx-siny; 2) cos(xiy)=cosx-cosy$sinx-siny ;

tan x + tan y

) tan(Xiy):1$tanx-tany

3. DOUBLE-ARGUMENT FORMULAE
1) sin2x=2sinx-cosx ; 2)cos2x=cos’ x—sin’ x=2cos’ x—1=1-2sin’x ;

2
3) tan2x __stanx

1—tan® x

4. HALF-ARGUMENT FORMULAS

/1— /1+
1) s1n—:i cos X ; 2) cos— cos X ; 3)1—cosx=2sin’
M-
4) 1+ cosx= 2 cos’ —; 5) tan—:i 1—cosx
2 2 1+ cosx

5. POWER REDUCTION FORMULAE

NI><
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— 1 2
I —cos2x 2) cos” x = + cos2x

1) sin® x =
2 2

6. TRANSFORMATION FORMULAS OF A SUM/DIFFERENCE OF
(CO)SINES (IN)TO A PRODUCT.

+ - . . +y . X—
1)sinx+siny=2sinx Y cos? y; 2)s1nx—smy=2cosx Y sin 2 y;
2 2 2 2
+ —
3) cosx+cosy=2cosx Y cos T2
2 2
+ — +y . x-—
4) cosx—cosy=2sinx Y sin? "= 2sin XY gin Y
2 2 2 2
7. REDUCTION FORMULAS
) , ) : T 3n
1) Functions of 7 + x doesn’t change their names. Functions of 3 +x,—=tx

are changed by cofunctions.

2) The sign + or — to the right is defined by the sign of the function to the left if
one supposes the angle x as acute one.

8. SINE THEOREM. Sides a, b, ¢ of an arbitrary triangle are proportional to
the sines of opposite angles a, S, v, that is

a b c 2R,

sinar sin 3 - sin y
where R is the circumradius of the triangle.
9. COSINE THEOREM. Square of a side ¢ of an arbitrary triangle equals
sum of squares of the other sides minus double product of these sides and the cosine

of the angle y between them, that is

¢’ =a’+b* —2absiny .

Graphs of trigonometric functions are represented on fig. 16 — 19. Enumera-

te yourselves properties of these functions and properties of their graphs.
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Fig. 18

POINT 5. INVERSE TRIGONOMETRIC FUNCTIONS

: . . L. T
Function arc sine. The function y = sin x increases on the segment [—55}

and has one-to-one image [—1, 1] of this segment. Therefore it possesses the inverse
function x = arcsin y, or (after interchanging by places x and y) y = arcsinx.

The function y = arcsinx has the domain of definition D(y)=[-1,1], the set

of values E(y) = [—%%} , Increases on [— 1, 1]. Its graph (fig. 20, 21) rises from left

to right, is convex over the interval (-1, 0), concave over the interval (0, 1), has an in-

flection point, namely the origin O(0; 0).

y ¥ uh ¥
g ‘;we ______ %

x y=arcsin x
5
y=sin x

| R

I
1
l
! ;
i
1

I
|
i
1

>

|
|

1
n
z

e SR 0
2

|
|
l-/ ——t-1
ywslny

x
y=x y=arcsin x 2 : (

Fig. 20 Fig. 21
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- 1] y [
| g=tonx| W ’ Iy-x
| i - S e N N H % ____7/_
x i
! ! . y=m {
R . 7 :
I i y=arctanx = |
—x 5 5; 7R - ' L < 0 X X
y=arcton X i ¥ |
i
:ﬁ —-5 1 -1 {
| ; }
U S - - I e 1 el
Fig. 24 Fig. 25 Fig. 26

Function y = arccosx (arc cosine, fig. 22, 23) is introduced by analogous way
(do it yourselves). Its domain of definition and set of values are the segments D(y) =
=[-1,1], E(y)=]0, 7], it decreases on the domain of definition. The graph of the
function is concave over the interval (~1,0), convex over (0, 1), has an inflection
point O(0; 0).

Function arc tangent. The function y =fanx is increasing one on the interval
T : .
(_EEJ and establishes correspondence this interval and the set of all reals ‘R.

Hence it possesses the inverse function x = arctan y, or (after substitution y by x and
xbyy) y=arctanx.
The function y = arctanx has the domain of definition D(y) =R= (— 0 oo),

b

the set of values E(y)= (—%%) , Increases on the domain of derinition. Its graph

(fig. 24, 25) rises from left to right, is concave over the interval (— 0, O), convex over
the interval (0, ), has the origin O(0; 0) as an inflection point.
Introduce yourselves the function y = arccotx (arc cotangent, fig. 26),

enumerate its properties and properties of its graph.

POINT 6. ELEMENTARY FUNCTIONS. WAYS OF DEFINITION OF A
FUNCTION

Def. 27. A power function, an exponential function, a logarithmic function, tri-
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gonometric functions, inverse trigonometric functions and a constant function y =C
(C - const) form the class of basic elementary functions.

Def. 28. Let the set of values E(¢) of a function u = ¢(x) be a subset of the
domain of definition D(f') of a function y = f(u). The function y = f(¢p(x)) is cal-
led the composite one or the function of a function, or the superposition of func-
tions y = f (u) and u = qo(x). The function u = qo(x) is called inner [interior] one or
an intermediate argument.

Ex. 20. Let y = f(u) =lnu,u= qo(x) = sin x, sinx > 0. Then the superposition
of y=f(u) and u = @(x) is y = f(p(x))=Insinx.

Def. 29. Elementary function is called a function which is a basic elementary
one or can be represented by means of finite number of arithmetical operations and
superpositions on basic elementary functions.

Ex. 21. Polynomial of the n-th degree

P(x)=a, +ax+ax’+ax’+.+ax" a #0,
where a,,a,,a,,a,,...,a, are coefficients, a, is a leading [highest, highest degree]

coefficient, @, (the coefficient of x”) is usually called a free [a constant, an absolute]
term.

Ex. 22. A rational function [a rational fraction] that is a function which can be
represented as the ratio of two polynomials.

Ex. 23. Hyperbolic functions: a) hyperbolic sine

sinh x = e -e’ (fig. 27),
b) hyperbolic cosine
coshx = ¢ te’ (fig. 27),
c) hyperbolic tangent
tanh x = sinhx = ei —e:i (fig. 28),

coshx e +e

d) hyperbolic cotangent
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X

coshx B e +e

cothx = — —— (fig. 29).
sinhx e —e
.- o y
sf @ ————— — ——
§§°$ g y=tanhx
/v
7a RN |
(A arper Bk s
x Fig. 28

" Fig. 29
Fig, 27 '8

Enumerate yourselves properties of these functions and properties of their
graphs.
There are many non-elementary functions. Some of them we’ll study in integ-

ral calculus.

Ways of definition of a function:

1. Analytical way: with the help of some formula.

¥ Ex.24. y=x*, y=x"+x,, y=x_+x, +x,.
y—i) 2. Graphical way (for n = 1, 2): with the help of
n=l some graph(ic).
- x All is clear for n =1 (see fig. 30).
Fig. 30

N NSy, %) Let n =2 that is
| 278,
é> y=f(x)=f(x,x,).

L4 For any (x,,x,)e D(f) we get the point M (x,,x,,»)

| |
| |

|
l i
f }

% of the space Ox,x,y, where y = f(x,,x,). Set of all
D 3 172 1 2
ay) X

L such the points M forms some surface S which is called

Fig. 31 the graph of the function y = f(x,,x,) (fig. 31).

A function of two variables can be geometrically represented by so-called level

lines [level curves, equiscalar lines]
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f(x,,x,)=C, C - const
that is lines along which the function takes on constant values.
Ex.25. Level lines of a function
y=x+x
are determined by the equation
x;+x2=C;C>0.
For C = 0 we have x, = x, =0 that is one point (the origin) O(0;0). If C > 0, the le-

vel lines are circles with radii R =~/C centered at the origin 0(0,0).

A function of three variables can be geometrically represented by so-called
level surfaces [equiscalar surfaces]

f(xl,xz,x3)= C,C—const.
Ex. 26. The level surfaces of a function
y=x+x+x;
are the next
xi+x+x2=C;C>0.

For C = 0 we have the origin O(0;0;0). For C > 0 the level surfaces are spheres

centered at the origin 0(0,0,0) with radii R = JC.

3. Tabular way (for n = 1, 2): with the help of some table.

For n =1 see for example tables of trigonometrical functions, of logarithms etc.
There are double entry tables [two-input tables] for n = 2, three-entry tables [three-
input tables] for n = 3 etc.

4. Description way (with the help of some description).

Ex. 27. Definition of trigonometric functions of arbitrary argument with the
help of trigonometric circle.

5. Algorithmic way (with the help of a program for a computer).



FUNCTIONS: basic terminology RUE

1. AHaJIUTUYECKUI CITO-
co0 3a7aHus [peacTaBiie-
HUs| QyHKIIUN

AprymeHT
ApPKKOCUHYC
ApPKKOTaHEHC

ApKcUHYC
ApKTaHIeHC

Buemnss yHkius
BuyTtpennsst pyHkuus

XN AN BN

9. Bornytslii rpadux
byHKIIIH
10.Bo3pacrtarts (0 pyHK-
11 )

11.Bo3pacraromas ¢pyHk-
st

12.Bocxoasmmuii (cineBa
HaIpaBo) rpauk
13.BoinykJiblii rpaduk
byHKIIIH
14.T'unepbonuueckas
byHKIMSA

15.I'paduk pynkumu

16.I'paduueckuit cnocod
3a7aHus [onpeaesIeHus,
npecTaBIeHNs | ) YHKIIUU

17.3aBucumast nepemMeHHast
18.3HaueHne aprymeHra
19.3nayenue GyHKIUU B
TOYKE a

20.Kocunyc
21.Kocunycounna
22.KoraHreHc
23.KoraHreHcouna

24 KodyHkuus
25.Koapdunment
26.JIorapudmuueckas
byHKIMSA

27.MakcumyMm QyHKIIUN

AnaniTuyHMi crnocib 3a-
JaHHS [BU3HAYEHHS, T1O-
JaHHS, IPEICTaBICHH |
byHKITIi

AprymeHT

APKKOCUHYC
ApPKKOTaHI€HC

ApKcuHYC

ApKTaHTEHC

30BHIIIHA QYHKIISA
Buytpimasa ¢yHKiis
VYrayTuii [Braytuii] rpadik
byHKITIi

3pocTaTu (Mpo PyHKIIIO)

3pocTatoya GyHKIIsA

Bucxinnuii (311Ba Hampa-

BO) rpadik
Onyxnuii rpadik GyHKIii

[Nnep6omniuna QyHKILis
I'padix dpynKuii

['padiunnii crioci6 3a1aH-
HS [BU3HAYCHHS, TTOJIaHHS,
npeacTaBlieHHs | QyHKIIT

3aJie’kHa 3MIHHA
3HauYEHHS apIyMEHTY
3HadeHHs QYHKIT B TOYL
a

Kocunyc

Kocunycoina
Koranrenc
Koranrencoina
Kodynkiis

Koedimient
Jlorapudmiuna GpyHKILis

MakcumyM pyHKIIIT

Analytic(al) way [méthod,
mode] of representation
[définition, detérmination,
répresénting] a function
Argument

Arc cosine

Arc cotangent

Arc sine

Arc tangent

Outer [extérior] fanction
[nner [intérior] fanction
Concave graph of a func-
tion

Incréase (of a function)

Incréasing finction

Ascénding graph (from left
to right)
Convéx graph of a finction

Hyperbdlic function

Graph of a function, plot-
ted finction

Graphic(al) way [méthod,
mode] of detérmination
[definition, representation,
répreséning] of a finction
Depéndent variable
Vilue of an 4rgument
Value of a finction at a
point a

Coésine

Cosinusoid, cosine curve
Cotangent

Cotangent ctrve
Coflnction

Coefficient

Logarithmic function

Maximum of a function
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28 MuHUMYM QYHKIIUU
29.MHorouneH (n-i cTe-
TICHU)

30.MHOX€ECTBO 3HAUYECHUN

byHKIIIHN
31.MonotoHHas QyHKIUSA

32.HeBo3pacraromas
byHKIMSA

33.He3aBucumas nepemMeH-
Hasi

34.HeyOniBatomias GpyHK-
st

35.Heuetnas pyHkuus
36.HeuetHocTh pyHKIIUU
37.Hucxoauts/omyckaTbes
(cneBa HampaBo) (o rpadu-
Ke, PyHKIMH)
38.Hucxonsimuii (crieBa
HaIpaBo) rpauk
39.00nacTh 3HaYeHUN
byHKIIIHN

40.0O06nacTp onpeaeaeHus
byHKIIIHN

41.00603Ha4aTh [0003Ha-

YUTh| (PYHKIHIO)
42.00603Hauatbcs

43.00603Hauenue (GpyHK-
11 )

44.006pa3 saeMeHTa
45.00paTHasi TPUTOHOMET-
puueckas GpyHKIuUs, apK-
byHKIMSA

46.00paTtHas QyHKIMS

47.06paTtHO€E oTOOpaxe-
HUE

48.0011uit 4JieH YUCI0BON
MOCTIEI0BATEIIHHOCTH
49.0cHOBHas 3y1eMeHTap-
Hast QyHKIMS
50.01o0paxeHue

MiniMyMm ¢yHKITIT
MHorousieH (n-ro CTeneHs )

MHox1Ha 3Ha4eHb (PyHK-
il
MonoToHHa GyHKIIis

HespocTtatoua ¢pynkiis
Hezanexna 3mMiHHa
Hecnagna ¢ynxkuis

Henapna ¢ynkiis
Henapnicte ¢pyHKii
Cnanaru/onyckatucs/
cryckaTHcs (3/11Ba Hall-
paBo) (mpo rpadik, KpuBy)
Husxinauit (3;11Ba Hampa-
BO) rpadik

O6nactb 3Ha4YeHb PYHKITIT

O6nactb BU3HaYeHHs QyH-
KIIii
[To3HaunTH [MO3HAYaTH |

(bynkiio)
Ilo3Hauatucsa

[lo3nauenns (pyHkKIii)

O6pa3 enemeHTa
O6epHeHa TPUTOHOMETPHU-
yHa QYHKIIS, apK-QyHKIISA

O6epHena QyHKIIis
OO6epHeHe BiI0OpakeHHS

3arajJbpbHHI YICH YUCIOBO1
ITOCI1JTOBHOCTI

OcHOBHa ejleMeHTapHa
byHKIIsA

Bino6paxxenus

Minimum of a function
Polynomial (of degrée n,
n-th degrée polynomial)
Set of values of a finction

Monotone [ménotonic]
finction
Non-incréasing function

Indepéndent vériable
Non-decréasing finction

Odd [unéven] function
Oddness of a finction
Descénd [drop, come
down] (from left to right)
(about a graph/curve)
Descénding graph (from
left to right)

Domain of values of a
finction

Domain/range of defi-
nition of a finction
Denote [désignate] (a
finction)

To be denodted, to be dé-
signated

Notation [designation,
sign, symbol] (of a finc-
tion)

fmage of an élement
Invérse [reciprocal, con-
verse] trigonométric(al)
function

Invérse [reciprocal, con-
verse] function

Invérse [reciprocal, con-
verse] mapping [map]
Géneral term of a numéri-
cal/nimber séquence
Bésic ¢leméntary function

Mapping [map]
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51.01o0paxenne MHO-
*ecTBa X B/HAa MHOKECTBO
Y

52.1lepemenHas
53.1lepuon pynkumu
54.1lepunonnueckast pyHK-
st

55.1leppouyHOCTD PYHK-
1012078

56.Tloguumathcs (ciaeBa
Harpano) (o rpaduke/Kpu-
BOM)

57.1lopHUMATHCS, BOCXO-
UTh (CieBa Harpao) (0
KpUBOH, 0 rpaduke)
58.IlokazaTenbHast pyHK-
st

59.1locTostHHas GyHKUMS
60.Ilpuaumats 3HaueHue b
B TOUKe a (0 pyHKIIM)
61.1IpoMexyTOUHBII apry-
MEHT

62.1Ipoo6pa3 rnemeHTa
63.Ilpsimas (TuHUsA)
64.PaBHOCHIIBHBIN/PKBHUBA-
JICHTHBIA TEPMUH
65.PacrnionoxeHnne KpuBou

66.PanrionanpHas QpyHk-
IUs [paroHaTbHas
IpoOb]

67.CBOOOIHBII YJIeH

68.Cunyc

69.Cunycouna
70.CnoxHast QyHKIMS

71.Cnoco6 3amanus [omnpe-
NETICHUS, IPEJICTABICHUS |
byHKIIIN

72.CTaBUTh B COOTBETCT-
BHE DJIEMEHTY X € X dJie-

Bino6paxeHHs MHOXUHU
X B/Ha MHOXHUHY ¥

3MiHHa
[lepion pynkii
[lepionnuna GyHKIIis

[lepionuyHicTh HyHKIIIT

[TigniMaTucs (3711Ba Harmpa-
BO) (11po rpadik/KpuBy)

Cxoautu/migiiMaTrucs
(3:11Ba HampaBo) (Mpo KpH-

BY, Mo Tpadik)
[TokaznukoBa QyHKIIis

Crana ¢pyHkuis
HaGyBaTu 3naueHHs b B
Toulll a (Mpo GyHKIIIO)
[IpoMixkHMIA apryMEHT

[IpooOpa3 enemenTa
[Tpsima (iH1s)
PiBHOCHIBHUI/EKBIBAJICHT-
HUHN TEpPMiH

PosramyBanHst kpuBoi

PanionansHa GpyHKIIsA
[partionansHui 1pio]

BuibHuil wieH

Cunyc
Cunycoina
Cknanena yHKIIis

Crnocib 3amaHHs [BU3HA-
YEeHHs, OJIaHHs, MIPEC-
TaBJeHHs | QyHKIIIT

CraBuTH y BIJNIOBIIHICTh
€JIeMEHTY X € X €JIEMEHT

Mapping of a set X in(to)/
onto a set ¥

Variable
Périod of a fanction
Périodic(al) fnction

Périodicity of a function

Ascénd (from left to right)
(about a graph/curve)

Rise [ascénd, come up]
(from left to right) (about a
curve/graph)

Exponéntial fanction

Constant function

Take on the value b at the
point a (of a function)
ntermédiate argument

Preimage of an élement
Straight [right] line
Equivalent term

Position [disposition] of a
curve

Rational function [rational
fraction]

Constant
term
Sine
Sinusoid, sine curve
Coémposite [compdsed,
complicated] function
Way [méthod, mode] of
detérmination [definition,
répresentation, represent-
ting] a finction
Assign/associate the ele-
ment y € Y to the élement

[absolute, free]
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MEHT Y € ¥
73.Crapuuit kor¢ duim-
€HT

74.CrenenHast QyHKIMS
75.Cynepnio3unus QpyHuui

76.Tabnuiia 3HaYCHUH
byHKIIIH

77.TabnuuHblil cnocoo
[MeTon] 3ananus [onpenae-
JICHUS1, IPE/ICTaBIICHNUA |
byHKIIIH

78.Tanrenc
79.Tanrencounna
80.Touka neperuda Kpu-
BOH, rpaduka GyHKIUU

81.Touka nepeceyeHus
KpuBOH, rpaduka GpyHKIKUN
C uem-1ubo

82. TpuronomeTpuueckas
byHKIMISA

83.Y6niBath (0 GyHKUIKN)
84.YoriBatomias GpyHKUMN
85.DyHKuus

86.DyHKIMUSA OT GyHKUIUU
87.YerHast pyHKIUSA
88.YetHOCTh QyHKIIMH
89.YucaoBas mmocieaoBa-
TEJIbHOCTD

90.Onemenr y € Y coor-
BETCTBYET JJIEMEHTY X € X
91.OnemenrapHas QpyHk-
s

92.Onementy x€ X cra-
BUTCSI B COOTBETCTBUE dJIe-
MEHTY € Y

yeY
Crapmumii koeiieHT

CreneneBa QyHKIIIs
Cynepno3uiiis ¢yHKIIHA

Tabnuis 3HaYeHb GyHKITIT

Tabanyuuii crocid 3amaH-
HS [BU3HAYCHHS, MTOJIaHHS,
npeacTaBiieHHs | QyHKIIT

Tanreuc

Tanrencoina
Touka rneperuHy Kpusoi,

rpadika ¢pyHKIii

Touka rnepeTuHy KpuBoi,
rpadika ¢pyHKUIi 3 yumCchb

Tpuronomerpuuna ¢pyH-
KITist

Cnanatu (npo GyHKIIO)
Cnanna QyHkiis
OyHKITIs

Oynkist Bif GyHKIT
[Tapna ¢pynkuis
[apuicTe GpyHKIIIT
YucrioBa mociiIoBHICTh

Enement y € Y Binnosinae
eleMeHTy x € X
Enementapna QyHkIIis

Enementy x€ X ctaBUTHCS
y BIATIOBITHICTH €JIEMEHT
vyeyY

xekX

Léading [highest (degrée)]
coefficient

Power finction
Superposition [composi-
tion] of finctions

Table of values of a finc-
tion

Tabular way [méthod, mo-
de] of detérmination [defi-
nition, répresentation, reé-
presénting] a finction
Tangent

Tangent curve
Infléction/infléxion pdint,
point of infléction/inflé-
xion of a curve, of a graph
of a finction

Intersection point [cros-
spoint, cross point, inter-
cept, intersection] (of a
curve, of a graph of a flinc-
tion) with smth
Trigonométric(al) flnction

Decréase (of a function)
Decréasing function
Function

Function of finction
Even function

Evenness of a finction
Numérical [namber]
quence

Element y € Y corresponds
to an element x € X
Eleméntary fanction

sé-

Element y € Y is assigned
to an élement xe X



FUNCTIONS: basic terminology ERU

1. Analytic(al) way [mé-
thod, mode] of represen-
tation [définition, detérmi-
nation, répresénting] a
finction

Arc cosine

Arc cotangent

Arc sine

Arc tangent

Argument

. Ascénd (from left to
r1ght) (about a graph/cur-
ve)

8. Ascénding graph (from
left to right)

9. Assign/assdciate the
element y € Y to the ¢le-
mentx € X

10.Basic eleméntary func-
tion

11.Coefficient
12.Coflnction
13.Composite [composed,
complicated] function
14.Concave graph of a
finction
15.Constant
free] term
16.Constant finction
17.Convéx graph of a fun-
ction

18.Cosine

19.Césinusoid, cosine cur-
ve

20.Cotangent
21.Cotangent curve
22.Decréase (of a function)
23.Decréasing function
24.Dendte [désignate] (a
finction)

25.Depéndent variable

N v s L

[absolute,

AHaIMTHYECKHUI c11oco0
3a/1aHus [IIpeacTaBIe-
HUs| QyHKIIUN

APKKOCUHYC
ApPKKOTaHEHC

ApKcuHYC

ApKTaHIeHC

AprymeHT
IToguumaThbcs (cieBa Ha-
npaso) (o rpaduke/Kpu-
BOM)

Bocxoasmmii (cieBa
HaIpaBo) rpaduk
CtaBUTb B COOTBETCTBUE
3JIEMEHTY X € X 3JIEMEHT
yeY

OcHoOBHas 3yeMeHTapHas
byHKIMISA

Koadpumment
Kodynkuus

CrnosxxHast QyHKIUS

BornyTtsiit rpaduk ¢pyHK-
1012078
CBoOOIHBIN UJIeH

[locTosiHHas GpyHKUUA
Boimyxosiii rpaduk GyH-
KIIUU

Kocunyc

Kocunycounna

Kortanrenc
Koranrencounna
VY6niBath (0 GyHKIKN)
VYosiBaromias GpyHKUNUN
O603Hauath [0003HA-
YUThH |

3aBucuMast IepeMeHHasI

AHaTITHYHUHA CI10CiO 3a-
JaHHS [BH3HAYEHHS, I10-
JaHHS, TIPEICTABIICHHS |

byHKITIi

ApPKKOCUHYC
ApPKKOTaHI€HC

ApKcHUHyC

ApKTaHI€HC

AprymeHT

[TignimMaTucs (3711Ba Ha-
npaso) (mpo rpadik/kpu-
BY)

Bucxinnuii (311Ba Hamnpa-
BO) rpadik

CrtaBuTH y BIJTIOBIIHICTH
€JIeMEHTY X € X €JIEMEHT
yeY

OcHoBHa ejleMeHTapHa
byHKIIsA

Koedimient

Kodynkiis

Cknanena yHKIIis

VYruyTtuil [BrayTHil | Tpa-

Gbik hyHKITIT
BinsHUI 4ieH

Crana ¢pyHkuis
Onyxnuii rpadik ¢yHKIii

Kocunyc
Kocunycoina

Koranrenc
Koranrencoina

Cnanatu (npo GyHKIIO)
Cnanna yHkiis
[To3HaunTH [Mo3HaYaTH |

(byHkiio)
3ajie;xHa 3MIHHA
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26.Descénd [drop, come
down] (from left to right)
(about a graph/curve)

27.Descénding graph
(from left to right)
28.Domain of values of a
finction

29.Domain/range of defi-
nition of a flinction
30.Element y € Y corres-
ponds to an element x € X
31.Element y € Y is as-
signed to an ¢lement xe X

32.Eleméntary fanction
33.Equivalent term

34.Even function
35.Evenness of a function
36.Exponéntial finction
37.Flanction

38.Flnction of function
39.Géneral term of a nu-
mérical/number séquence
40.Graph of a function,
plotted finction
41.Graphic(al) way [mé-
thod, mode] of detérmina-
tion [definition, represent-
tation, répreséning] a flinc-
tion

42.Hyperbolic function

43.Image of an élement

44 .Incréase (of a flnction)
45 Incréasing flnction
46.Indepéndent variable

47 Infléction/infléxion po-
int, point of infléction/in-
fléxion of a curve, of a
graph of a flnction

Hucxoauts/omyckaThCst
(cneBa HarpaBo) (o rpa-
¢buke, QyHKIIMH)

Hucxonsmuii (cieBa Ha-
npaso) rpadux

O6nactp 3HaueHU PyH-
KIIUU

OO6nacTp onpeesIeHUs
byHKIIIH

DJIeMEHT y € Y COOTBET-
CTBYET JJIEMEHTY X € X
DneMeHTy x € X CTaBUTCS
B COOTBETCTBHUE IJIEMEHT
vyeyY

OnemenTapHas GyHKUUSA
PaBHOCWIIBHBII/AKBUBA-
JICHTHBIA TEPMUH
YerHast pyHKIUSA
YetHocTh QyHKIMH
[loka3zarenbHast QyHKIUS
OyHKIUA

OyHKIMSA 0T PYHKIIUU
OO61mumii YieH YnuciaoBon
MOCJIEI0BATEILHOCTH
I'padux pynxum

['padpuueckuii cnoco6
3a7aHusl [onpeaeIeHus,
npejacTaBiieHus | QyHK-
1012078

['unepOonuueckast pyHK-
s

O6pa3 sneMeHTa
Bospacrtats (0 pyHKINN)
Boszpacraromas QyHkims
HezaBucumas nepemen-
Has

Touka nepernda KpuBOH,
rpaduka GyHKIHN

Cnanaru/onyckatucs/
cryckaTHcs (311Ba Hall-
paBo) (mpo rpadik, Kpu-
BY)

Husxinauit (3;11Ba Hampa-
BO) rpadik

O6unactb 3HaUYEHb PYHK-
i

O6nacTb BU3HAYEHHS
byHKITIi

Enement y € Y Bianosi-
J1a€ eJIEMEHTY x € X
Enementy x€ X craBuTh-
Csl y BIJTIOBITHICTB eJIe-
MEHTY € Y
Enementapna QyHKIIis
PiBHOCHUITIbHUI/€KB1Ba-
JICHTHUH TepMiH

[Tapna ¢ynkuis
[apuicTe GyHKIIIT
[Toka3HukoBa QyHKIIis
OyHKI1I1

Oynkist Bif GyHKITT
3araJibHUI 4WICH YHCIIO-
BOi IIOCITIJTOBHOCTI
I'padix dpynKuii

['padiunuii criocid 3a-
TaHHS [BU3HAYCHHS,
MOJIaHHS, TIPE/ICTaBIICH-
Ha| QyHKITIT

[Nnep6osniuna QyHKILis

O6pa3 enemeHTa
3pocTaTu (Mpo PyHKIIIO)
3pocTatoya GyHKIIsA
Hezanexna 3mMinHa

Touka neperuHy Kpusoi,
rpadika ¢pyHKIii
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48.Inner

tion

[intérior] flnc-

49.Intermédiate drgument

50.Intersection point [cros-
spoint, cross point, inter-
cept, intersection] (of a
curve, of a graph of a flinc-
tion) with smth

51.Invérse [reciprocal,
converse] function
52.Invérse [reciprocal,
converse] trigonométric(al)
function

53.Invérse [reciprocal,
converse| mapping [map]
54.Léading [highest (deg-
rée)] coefficient
55.Logarithmic finction

56.Mapping [map]

57 .Mapping of a set X
in(to)/onto a set ¥
58.Maximum of a function
59.Minimum of a finction
60.Monotone [monotonic]
finction
61.Non-decréasing func-
tion

62.Non-incréasing function

63.Notation [designation,
sign, symbol] (of a finc-
tion)

64.Numérical [number] sé-
quence

65.0dd [unéven] fanction
66.0ddness of a fanction
67.Outer [extérior] finc-
tion

68.Périod of a finction
69.P¢riodic(al) function

BuyTtpennsist yHKuus

IIpomexxyTOUHBIN apry-
MEHT

Touka nepeceyeHus Kpu-
BOH, rpaduka GyHKIUU C
yem-1oo

OO6patHas QyHKIUSA

OOpatHas TPUTOHOMET-
puueckas pyHKIHUs, apK-
byHKIMSA

O6patHoe oToOpaxkeHue

Crapmmii ko3 punueHT

Jlorapudpmuueckas QyH-
KITHSI

OtobpaxkeHue
OTobOpa>keHre MHOXKECT-
Ba X B/HA MHOXECTBO Y
MakcumyM pyHKIIUM
Munumym GyHKIMH
MonotoHHast GyHKLIHS

HeyOb1Baromas pyHKIms

Heso3zpacratomas QpyHk-
st
O603Hauenue (HyHKIIIM)

Yucnosast nocienoBare-
JBHOCTD

HeueTtnas ¢pynkuus
HeueTHocTh pyHKITUN
Buewmnss yHkius

[lepuon dyHkMH
[lepuonnueckas QpyHk-
s

Buytpimasa ¢yHKiis
[IpoMixkHMIA apryMEHT

Touka rnepeTuHy KpuBoi,
rpadixa pyHKUIi 3 yumMCchb

O6epHena QyHKIIIs

O6epHeHa TPUTOHOMET-
pu4Ha QYHKIIS, apK-
byHKIIs

OO6epHeHe BiIoOpakeHHs

Crapmmii koeiieHT

Jlorapudmiuna GpyHKILis

BinoGpaxenus
Bino6paxeHHs MHOXUHU
X B/Ha MHOXHUHY Y
MakcumyM pyHKIIIT
MiniMyMm ¢yHKITIT
MonoToHHa GyHKIIIs

Hecnagna ¢ynxkiis
HespocTtatoua ¢pynkiis

[lo3nauenns (pyHKIii)

YuciioBa OCI1I0BHICTD

Henapna ¢ynkiis
Henapnicte ¢pyHKii
30BHIIIHA QYHKIIS

[lepion pynkii
[lepionnuna GyHKIIis
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70.Periodicity of a function

71.Polynémial (of degrée
n, n-th degrée polynomial)
72.Position [disposition]
of a curve

73.Power finction
74.Preimage of an élement
75.Rétional finction [ratio-
nal fraction]

76.Rise [ascénd, come up]
(from left to right) (about a
curve/graph)

77.Set of values of a flinc-
tion

78.Sine

79.Sinusoid, sine curve
80.Straight [right] line
81.Superposition [compo-
sition] of finctions
82.Téble of values of a
finction

83.Téabular way [méthod,
mode] of detérmination
[definition, répresentation,
répresénting] a function
84.Take on the value b at
the point a (of a finction)
85.Tangent

86.Tangent curve

87.To be denoted, to be dé-
signated
88.Trigonométric(al) func-
tion

89.Value of a flnction at a
point a

90.Vélue of an argument
91.Variable

92.Way [méthod, mode] of
detérmination [definition,
répresentation, represent-
ting] a finction

[leproanuHOCTh PYHK-
1015051
MHorouneH (n-# crere-
HH)

Pacnionoxxenue kpuBou

CrenenHas QyHKIUsA

[Ipoo6pa3 anementa
PanmonanbHas QyHKIus
[parmoHanbHas 1pook |
IlogauMaThECs, BOCXO-
TUTh (CieBa Harpao) (0
KpUBOM, 0 rpaduke)
MHOkeCTBO 3HAUYCHU
byHKIIIH

Cunyc

Cunycouna

[Tpsimast (JiuHMS)

Cynepno3utus ¢yHIIuR

Tabnuua 3nauenuit GyH-
KIIHH

Tabmuunbiii crioco6 [Me-
TOJ] 3aaHusd [onpenene-
HUS, TIPEJICTaBIICHUS |
byHKIIIHN

[TpuauMath 3Ha4YeHHE b B
TOukKe a (0 PYHKIUN)
TaHrenc

Tanrencouna
O0o03Ha4aTsCs

Tpuronomerpuueckas
byHKIMISA

3HadeHue PyHKIMU B TO-
4Ke a

3HaYeHUe apryMeHTa
IlepemenHas

Crnioco6 3amanus [omnpe-
JIeJIeHHUs], TIpeJICTaBIIe-
HUs| QyHKIIUN

[lepionuyHicTh HyHKIIIT

MHorouneH (n-ro cremne-
HS)

Po3ramryBanHsl KpuBO1

CreneneBa QpyHKIIIs

[Ipoo6pa3 enemenTa
PanionansHa GyHKIIsA
[partionansHui 1pil]
CxoauTu/migiimaTucs
(3:11Ba Hampagro) (Tpo
KpHUBY, Npo Tpadix)
MHoxuHa 3Ha4eHb QyH-
KIIii

Cunyc

Cunycoina

[Tpsima (iH1s)
Cynepno3utlisi GyHKIIiH

Tabnuus 3HaueHb QyHK-
il

Ta0muunwnii cnociO 3aaa-
HHS [BH3HAYCHHS, I10/IaH-
Hs1, TIpE/ICTaBIICHHS | QDyH-
KIi1

HaGyBatu 3HauenHs b B
Toulll a (Mpo GyHKIIIO)
Tanrenc

Tanrencoina
Ilo3nauatucs

Tpuronomerpuuna ¢pyH-
KITist

3HadeHHs QYHKIi B TOY-
ui a

3HauYEHHS apIyMEHTY
3MiHHa

Crnocib 3amaHHs [BU3HA-
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POINT 1. COMPLEX NUMBERS IN ALGEBRAIC FORM

Non-sufficiency [deficiency] of the set of all reals for solving many problems
can be illustrated by the next example.
Ex. 1. An equation x> +1=0 hasn’t real roots.
It’s necessary to extend the set of reals. We’ll introduce a new number set, the
set of complex numbers, introducing one new element, namely an imaginary unit.
Def. 1. The imaginary unit ; is defined by the next equality:
i’ =-1. (1)
Def. 2. A complex number (an imaginary number) is called the next expres-
sion:
z=Xx+1y , (2)
where x, y are real numbers and i is the imaginary unit.

Def. 3. The number x is called a real part of the complex number (2) and is
denoted by
x=Rez= Re(x+iy).
Def. 4. The number y is called an imaginary part of the complex number (2)
and is denoted by
y=Imz= ]m(x + iy).
Every real number x can be written as a complex one,

x=x+0-1.
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It means that the set of all reals is a subset of the set of all complex numbers.

Def. 5. Modulus of the complex number (2) is called the next real number

‘z‘:‘x+iy‘=w/x2+y2 (3)
Ex. 2. [3-2i]=+/3* +(-2) =+13.

Def. 6. A complex number

Z=x+iy=x—1iy (4)

is called that conjugate for the complex number (2).

Ex.3.3-2i=3+2i.
Arithmetical operations on complex numbers

Def. 7. Operations of addition, subtraction and multiplication on complex
numbers are defined similarly to corresponding operations on polynomials, that is if
Z, =X, tiy,,z, =X, +1y,
be two complex numbers, then
z,+z, = (x, +iy, )+ (x, +iy,) = x, +iy, +x, +iy, = (x, +x, ) +i(y, + ¥, );
z, -z, =[x, +iv,)—(x, +iy, )= x, +iy, —x, —iy, = (x, —x,)+i(y, = »,);
22y = (x4 iyy)- (6, +i,) = %, +ix,y, +ix,p, +i0y,y, =7 =—1]=
= x,x, + (=D, y, +ilx,y, + 5,9, ) = (x,x, = y,3, ) +i(x, 3, + x,¥,).
Ex. 4.
(4=5i)+(=3+6i)=4-5-3+6i=1+i;
(=7+3i)-(6-5i)=—7+3i—6+5i =—13+8i;
(-2-4i)5+i)=-10-2i—20i —4i* =" =—1|=-10—4-(~1)-22i = -6 - 22i.

Ex. 5. /-1 =+i, because of (J_ri)2 =(+ 1)2 -i* =1-(—=1)=—1. Therefore the

equation

has two complex roots, namely x, , =i .
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Ex. 6. By the way of Ex. 5 prove yourselves that v—4 =22i,+/-7 = +i/7 .

Ex. 7. Solve a quadratic equation x> +2x +14 = 0 (with negative discriminant

D=-52=-4-13).

—2++—-4- — 2492
. 24+-4-13 _ 2_21\/52_&“@‘

2 2

Ex. 8. Product of two mutual conjugate numbers is equal to the square of the

modulus of each of them. Indeed,
z-z =(x+iy)-ix+iyi= (x+iy)-(x—iy)= x? —(iy)2 :‘iz :—1‘ =x>+y° :‘2‘2 :‘2‘2.

=l =Pf" (5)

N|

Z .
For example, (—4+2i)~4-2i)=|-4+2i =|-4-2i =16+4=20.
Def. 8. Division of complex numbers by definition is reduced to multiplication,
namely

4 _Z'Z4 %45

2 = (6)

_ 5 -
Zy Iy 4 ‘22‘

Ex. 9.

3+4i _ (3+4i)-5+6i) _—15+18i—20i+24i> -39-2i -39-2i 39 2.
—5-6i (=5-6i)-5+6i) -5-6i 25+36 61 61 61

POINT 2. GEOMETRIC REPRESENTATION, TRIGONOMETRIC AND
EXPONENTIAL FORMS OF A COMPLEX NUMBER

Every complex number z = x+1iy can be represented by a point M (x,' y) or by a
vector OM on so-called complex plane xOy (see fig. 1 - 4). The Ox-axis of this
plane is called the real axis, and the Oy -axis the imaginary axis. Real numbers x are
represented by points of the real axis, and pure imaginary numbers iy by points of the
imaginary axis.

A vector OM , representing a complex number z = x + iy, forms an angle ¢

with positive direction of the real axis which is called an argument (Argz) of this
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number.

¥ |;/\/ ! oL x
Fig. 1 Fig. 2
N @) g V@

Fig. 3 Fig. 4
Any complex number has infinitely many arguments which differ one from
another by an integer number of 27 . To fix the idea we’ll always consider so-called

principal value ¢ = arg z of an argument which is contained in the interval (— T, 7r] g
If a point M (x,' y), that is a geometrical representation of a complex number

z=x+1y, is in the first quadrant (fig. 1), then

Qp=argz= arctanz .

X

If M (x; y) lies in the second [third, fourth] quadrant (fig. 2 [corresp. 3, 4]),

then respectively

=qar z:7r+arctan1 corresp. ® = ar z:—7r+arctanl, =ar z:arctanl .
® g . p. @ g . ® g .

ma) For 7/2 <@ < (fig. 2) one has

p=r-a,

' One can also suppose that Qe [O, 271').
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where o is an acute angle in a right triangle OMN , and
tana = MN/ON = y/|x| = y/(-x)=—y/x, a = arctan(- y/x)=—arctan(y/x),,
@ =m—a=n+arctan(y/x).
b) If ¢ e (-7, — 7/2) (fig. 3), then
o=-n+y, tany =|y|/|x|= y/x, y = arctan(y/x),¢ = -7 + arctan(y/x).
c) For p €(-7/2,0) (fig. 4) ¢ =—B,tan B =|y|/x =-y/x, B = arctan(- y/x)=
= —arctan(y/x), ¢ =—p = arctan(y/x).m

Thus, we can write the next general formula for the principal value of an

argument of a complex number z=x+1iy:

arctan’., if —7/2<p<n/2,
X
p=argz= 7r+arctanl, if 7/2<p<mr, (7)
X

—x+arctan, if —w << —7/2.
x

We can see (fig. 1 - 4), that the length of the vector OM equals the modulus of

a complex numberz = x +iy,

‘O_M‘=OM=1/x2 +y? =‘Z

)CZ‘Z‘COS(,D, y :‘z‘sin(p,

b

and therefore this number can be expressed in the next form (trigonometric form of
a complex number):
z:‘z‘(cosgo+isin(p). (8)
Let’s take for granted (as definition) the next famous formula (Euler' formula)
e =cosx+isinx (9)

By virtue of Euler formula we can write

cosp+ising =e' (10)

' Euler, L. (1707 - 1783), a great scientist (a Swiss by birth). He spent most of his life in Russia and died in St.
Petersburg. L. Euler contributed many outstanding results to mathematical analysis, celestial mechanics, shipbuilding
and other divisions of science.
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and introduce so-called exponential form of a complex number
z:‘z‘e“”. (11)
Ex. 10. Represent in trigonometric and exponential forms the next numbers:
z,=5,z,=-4,2,=2i,z,=-3i,z, =-2+3i .
It is evident that moduli of the numbers z,, z,, z,, z, are

‘21‘25’

22‘:4,

23‘:2,

24‘ =3,
and their arguments respectively equal
o =argz,=0,0,=argz, =m,0,=argz, =n/2,0, =argz, =—1/2.
Therefore,
z,=5(cos0+isin0)=5e", z, = 4(cos m +isinm)=4e",
z, =2(cos /2 +isinm/2)=2e"*, z, = 3cos(— /2) +isin(-7/2)) = 3¢

At least let z; = -2+ 3i. The modulus of the number ‘z‘ =(-2) +3* = V13,

A point M (— 2; 3) of the complex plane, corresponding to the number, lies in the

second quadrant. Hence by the formula (7)
argz=m+ arcz‘an(3/(— 2)) = — arcz‘an(3/2),

z, = =2 +3i =/13(cos(n — arctan(3/2))+ i sin(z — arctan(3/2))) = 713/ 7 er32)
Let there be given two complex numbers represented in trigonometric or expo-
nential form

i,

ip — T o7 —
, 22 —‘22‘(005'(,02 +1Sln(02)—‘22‘e .

z, = ‘zl ‘(cos @, +isinQ, ) = ‘zl ‘e
Their multiplication and division can by fulfilled in correspondence with the next ru-
le.
To multiply two complex numbers it’s sufficient to multiply their moduli and
add arguments. To divide these numbers it’s sufficient to divide their moduli and

subtract arguments. By this rule
2172, = ‘ZIHZZ‘(COS((DI +(02)+iSin((P1 +(P2)):‘Zluzz‘ei(%+%)o (12)

2 el )<l =)= e (13)
2

Z3 ‘Zz‘
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mWe’ll prove, for example, the formula (12) ((13) prove yourselves).
z,-2, =|z,|z,|(cos @, +ising, )cosp, +ising, )=
= ‘zl sz‘((cos @, Cosp, —sing, sin@, )+ ] (sin @, COsQ, +CcosQ, singQ, )) =

=|z|z:[(cos(o; +@,) +isin(p, +¢,))m

Ex. 11. For numbers z,, z, from Ex. 10

2,2, =8(cos(z + /2) +isin(r +n/2))=8(cos 3m/2 +isin3r/2) = 8e*™*,

e %(COS(?Z’ —1/2)+isin(r —m/2))=8(cos /2 +isinm/2)=8e"*".
23
Ex. 12. Let
z= ‘z‘(cos Q+ising)= |zle” .
Then

2’ =Z|(cos p +ising)z|(cos p +ising)= ‘z‘z (cos2¢ +isin2p)= ‘z‘z e’

2} =27z =[7[ (cos2¢ +isin2¢)z|(cos ¢ +ising) = |z[ (cos 3¢ +isin 3p) = |z[ ¥

In general, as can be proved by induction, the next formula (Moivre' formula)
2" =lz|'(cosnp +isinng)=|"e"” (14)
is valid.
Ex. 13. For the number z; from Ex. 10 Moivre formula gives
f=(-2+3i) = (\/E )4 (cos4(rr —arctan(3/2))+isin4(x —arctan(3/2))) =
=169(cos 4(z —arctan(3/2))+isin4(x — arctan(3/2))) = 169¢* (32
With the help of Moivre formula it can be proved that the n-th root from a

complex number
z=l|z|(cosp +ising)=|zle”

equals

' Moivre, A. (1667 - 1754), an English mathematician
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2nk . . @+271k A
Nz=1n z(cosLﬂsm jzn zle ", k=0,12,.,n-1. 15
4z = cos 2 i (15)

n

On the base of (15) we see that n-th root of a complex number has n values.

Ex. 15. For the number z, = 4(cos7 +isinm)=4e™ (Ex. 10) the formula (15)

27k
gives 3z, = i/Z(cos r +32”k tisinZ +32”k j —4¢ * , k=0,1,2.
Putting £ =0,1,2 we successively get

(3\/2)0 = W(cosg+isin%j = 4el%; (3\/2)1 = 3\/Z(cowr +isinm)=4e",
St

(3\/2)2 = i/z(coss?ﬂ +1isin S?ﬁj —4¢ 3.

POINT 3. ELEMENTS OF POLYNOMIAL THEORY

We’ll study here polynomials with (in general) complex coefficients.
Theorem 1 (division of polynomials with remainder). For any n-th degree po-
lynomial
P(x)=ax"+a, x"" +a, ,x"*+.+ax+a,(a, #0)

and any m-th degree polynomial
O (x)=bx"+b _x""+b x"*+..+bx+b, (b #0)

m—1 m—2

there are two polynomials S(x), R, (x)(k < m) such that the next identity holds:
P,(x)=0,(x)S(x)+ R, (x). (16)
The polynomial P (x) is called the dividend, O, (x) the divisor, S(x) the quo-
tient, R, (x) the remainder [the residue]. One can fulfill division by the well known

method (division by corner)

Ex. 16. Let
P(x)=2x"—7x’ +4x* —x+7,0,(x)=x> = 3x> + 5x - 6.

Then
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S(x)=2x—-1,R(x)=-9x* +16x+1,
and
2x* 7% +4x* —x+7= (x3 - 3x +5)C—6X2x—1)+(—9x2 +16x+1).
If R, (x) =0, it means that P, (x) is divided by QO (x)[or P (x) contains Q (x)],
and therefore P, (x) is represented as a product
P,(x)=0,(x)S(x) (17)
Ex. 17. x’ +a’ is divided by x+a and by x* —ax+a’, that is
X’ +a= (x+a)(x2 —ax+a2).
Let a divisor be a linear binomial
0,(x)=x—x,. (18)
Dividing P,(x) by Q,(x)=x—x, we obtain
P(x)=(x~x,)S,,(x)+R, (19)
where a quotient
S (x)=b_x""+b x"?+b X" +..+bx+b, (20)
is the (n -1)-th degree polynomial, and a remainder R is some number.
Theorem 2 (Bezout' theorem). Remainder R of division of a polynomial P, (x)
by a linear binomial x — x, equals the value of the polynomial at the point x, .
mPutting x = x, in (19) we get P,(x,)=R =
Def. 9. A number x, is called a root of a polynomial P,(x) if P (x,)=0, that
is if the value of the polynomial at the point x, equals zero.
Corollary. A number x, is a root of a polynomial P, (x) if and only if the po-
lynomial is divided by x —x, .
ma) If x, is a root, P.(x,)=0, then R =0 in (19), and the polynomial is divided
by x—x,.

b) If the polynomial is divided by x —x,, then R = 0, whence it follows that

' Bézout, E. (1730 - 1783), a French mathematician
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P

n

(x)=(x=x,)S,,(x) and P,(x,)=0.m

It can be easy proved (see below) that the coefficients of the quotient S (x)

and the remainder R in (19) can be determined by so-called Horner' scheme

n—1

n—-2

a,

a,

=a | b

n—1 n n-2

= xObn

Lta, | b

n-3

:xo

bn—2 + an—2

b, =x,b, +q,

R=xb, +a,

x=1,x=-2 and its roots.

Ex. 18. Find the values of a polynomial P(x) =x’ —3x” +5x —6 at the points

a) At first, on the base of Bezout theorem, we’ll find remainders of division of

the polynomial by x -1, x — (— 2) =x+2. Using twice Horner scheme, we have

1 -3 5 -6

1| 1] 1-1+(-3)=-2 1-(-2)+5=3 R=1-3+(-6)=-3=P(1)

201 [ (=2)1+(-3)==5 | (~2)-(-5)+5=15 | R=(-2)-15+(-6)=-36 = P(-2)
Thus, P(1)=-3, P(-2)=-36.

b) With the help of the same scheme we find numbers such that to have R = 0.

Testing the numbers — 1, 2, 3, -3, 6, - 6 (divisors of the constant term of the polyno-

mial; divisors 1 and — 2 were already tested, and they aren’t roots) we obtain

1

-3

5

-6

2

1

2:1+(-3)=-1

2-(-1)+5=3

R=P(2)=2-3+(-6)=0

P(2)=0, an so the first root x, = 2. To find the rest of roots of the polynomial we

represent it in the form

P(x)=x3—3x2+5x—6=(x—2)(x2—x+3)

(coefficients of the second factor equal 1, -1, 3 by Horner scheme). Solving the quad-

ratic

x*—x+3=0,

' Horner, W.G. (1786 - 1837), an English mathematician
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we get

_lE-I 11

%23 2 2 27

Theorem 3 (main theorem of the algebra). Every n-th degree polynomial
P(x)=ax"+a, x""'+a x""+. . .+ax+a, (a #0) (21)
for n > 0 possesses at least one (generally complex) root.

Proving of this theorem is very difficult. We’ll confine ourselves to some im-

portant corollaries.
Some corollaries of the main theorem

1. A polynomial (21) can be represented as a product of linear binomials
P(x)=a,(x—x Yx-x,).(x—x,). (22)
mHaving a root x,, the polynomial can be represented in the form
P,(x)=(x-x)0,.,(x).
If n— 1> 0, a polynomial Q, (x) has a rootx, , hence
0,.1(x)=(x-x,)0, ,(x)and P, (x)=(x - x Jx - x,)0, , ().
Ifn—2 >0, we get by the same way
P, (x)=(x = x Jor =x, Jox = x,)0, 5 (x),
an so on. Finally we obtain the expansion (22).m
2. Some factors in (22) can coincide. We’ll collect all them together and come
to expansion of the next form
P(x)=a,(x—x ) (x—x,)" (x—x )" (x—x )", (23)
where
ki +k,+..+k +..+k =n. (24)
Def. 10. A root x; in the expansion (23) is called simple one if £, =1 and

multiple (&, -tuple [ £, -fold, &, -th]) root otherwise.
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3. It follows from (24) that every n-th degree polynomial has » roots if one

takes into account &, times the k, -tuple root.

4. If two polynomials are equal (that is identically equal), then their coefti-
cients of the same powers of x coincide.
5. Every polynomial with real coefficients can be factorized into linear and

quadratique (with negative discriminants) factors, namely

lm

Pn(x)zan(x—xl)k‘...(x—xs)k“ (x2 +plx+ql)ll...(x2 +p1x+q1) .

Linear factors correspond to real roots of the polynomial, and those quadratique to

(25)

imaginary roots.
Ex. 19. Factorize the next polynomial x* + x> + 4.
Solution. x* +x* +4=x"+4x>+4-3x" = (x2 + 2)2 —~ (\/gx)z =

:(x2 +2+\/§xXx2 +2—\/§x)=(x2 +\/§x+2x ? —\/§X+2).

Ex. 20. Prove Horner’s scheme.

mlet
P,(x)=(x-x,)S,.,(x)+R,
where
P(x)=ax"+a, x""'+a, _,x""+..+tax+a,,
S (x)=b,_x""+b x"+b _x""+..+bx+h,.
Therefore,

n n-1 n-2 _
ax"+a, x" +a, ,x""+.+ax+a,=
=(x—x, )(bn_lxn_1 +b _x"?+b X" +..+bx+b, )+ R;
n n—1 n-2 _
ax"+a, x"" +a, X" +..+ax+a,=
n—l1 n-2
=b, x"+ (bn_2 -x,b0, )x + (bn_3 -x,0, , )x +...+ (b0 —x,b, )x + (R — xobo).
Equating the coefficients of the same powers of x in two last polynomials we get
a,=b,,a,,=b,,-xb, .a,,=b_,-xb,,,..a, =b—xb,a,=R-x,b,,
whence it follows that

b =a,b ,=xb ,+a, ,b ,=xb ,+a, ,,.,by=xb+a,R=xb,+a,n

nd> ~“n-2 n—1% “n-3
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POINT 4. RATIONAL FRACTIONS

As we know, a rational fraction is a ratio of two polynomials

n

B 0, (x) B b, x" +Z')m_1x'”_1 +...+bx+b, ’

n n—1
R( )_ p(x) _ax"+a, x" +..+ax+a, a #0,b #0. (26)

> " m

Def. 11. Rational fraction (26) is called proper one if n < m and improper
otherwise (n > m).

Theorem 4 (extraction of integer part of an improper rational fraction). Every
improper rational fraction can be represented as a sum of some polynomial (so-called
integer part) and a proper rational fraction.

mLet n > m . Dividing the numerator P,(x) by the denominator Q_(x) we get

0,(IS() +r(x) _ ¢/ ()
0,(x) 0,(x)

where polynomials S(x), 7(x) are a quotient and a remainder respectively and

r(x)/Q, (x)

P,(x)=0,(®)S(x)+r(x), R(x)=

is a proper rational fraction.m

Ex. 21. Extract an integer part of an improper rational fraction

2
X

R0 = x+1

a) The first (theoretical) way. After division of x> by x+1 we get
X =(x+1)x=1)+1,S(x)=x-1,7(x)=1,

2
X :(x+l)(x—1)+1:x_l+L
x+1 x+1 x+1

b) The second way. Subtracting and adding 1 in the numerator we’ll have

2 2 2
¥ w141 (x _1)+1=x—1+L
x+1 x+1 x+1 x+1

There are partial [simplest, elementary] fractions of 1- 4 types.

1 4
Cax+b’
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A
2. ——k ;
(ax+b) °N
3B (popgac <o),
ax“ +bx+c
Ax+ B
4, ke D=b*—-4ac<0).
(ax2+bx+c)k N ( )

Theorem 5 (a partial decomposition of a proper rational fraction). Every

proper rational fraction can be represented as a linear combination of partial fractions.

For example

Ax+ B P o
(ax+b)(cx+d): ax+b+cx+d’

Ax* +Bx+C P Ox+R
(ax+b)(cx2 +dx+c): ax+b+cx2 +dx+c’
Ax’ +Bx* +Cx+ D P 0 Rx+S

= + + .
(ax+b)2(cx2+dx+c) (ax+b) ax+b ox’ +dx+c

Here P, Q,R, S are some unknown numbers (undetermined coefficients), which one
can find by so-called method of undetermined coefficients.

Ex. 22. Do a partial decomposition of a proper rational fraction

x*=27x+14
(x—3)(4—8x—x2)'
x*—=27x+14 A Bx+C 5
= (x-3)4-8x-
(x—3)4-8x—x?) X3 4 8 [ (¢ N4 —8x—x*),
x> =27x+14 = A(4—8x—x* )+ (Bx + C)x-3). (+%)

Assigning three arbitrary values to x in (**), for example x =3, x=0,x =1, we geta
system of linear equations in 4, B, C,
x=3 —-58=-294, A=2,

2
x=0 14=44-3C, C=2.— X 27x—|—142 _ 2 N 3x 22‘
(x—3)(4—8x—x) x-3 4-8x-x
x=1||-12=-54-2B-2C; B=3;




COMPLEX NUMBERS AND POLYNOMIALS: basic terminology RUE

1. AnreGpaundeckas dop-
Ma KOMIUIEKCHOTO YrCIIa

2. ApryMeHT KOMIUIEKC-
HOTO yucia
3. BemecTBeHHas oCh

4. BemniecTBeHHAs 4acTh
KOMILJIEKCHOI'O YHCJIa

5. B3auMHO conpsixkéH-
HbIE€ KOMIUICKCHBIC YK CIa
6. Bo3Bejaenune B cTeNIeHb
KOMILJIEKCHOI'O YHCJIa

7. BO3BeCTH B CTEINEHDb
KOMILJIEKCHOE YUCIIO

8. Bprunranmne KOMILIEKC-
HBIX YHCell

9. JleneHue KOMILIEKC-
HBIX YHCell
10.1306pakeHue KoMmri-
JIEKCHOT0 YHcia (Ha KOM-
MIJIEKCHOM IJTIOCKOCTH)
11.1M300pa3uTth KOMILIEK-
CHOE 4YHrcIIo (Ha KOMILISK-
CHOM TIIIOCKOCTH)
12.KoMmiekcHas 1ioc-
KOCTh

13.KoMmiekcHOE YHuCiIo

14.KoMmIekcHo-conpsi-
KEHHOE YHCIIO (KOMILICK-
CHOTI'0 YHCJIa)

15.MHuumas enuauIa

16.MuuMas ocb

17.MuuMasa 4acTh KOMII-
JIEKCHOTO 4UHcCJia
18.MHaUMOE Ynciio

19.Monynb
KOMILJIEKCHOTO YHCJIa

Complex numbers

Anre6puuna gopma KOM-
IUIEKCHOT'O YKciia

ApPIryMEHT KOMIUIEKCHOTO
qucia

JliticHa Bich

JlificHa YacTHHA KOMILICK-
CHOTO YHucCJya

B3aemHo cripsixeH1 KOMII-
JIEKCH1 YHcIia

[linHeceHHs 10 cTeneHs
[cTeneHIOBaHHS | KOMII-
JIEKCHOTO YHCIIa
[ligHecTu 10 cTeneHs
[cTerneHoBaTH | KOMILIEK-
CHE YHUCJIO

BigHiMaHHS KOMIIIEKCHUX
qucesn

JliieHHST KOMIUIEKCHHUX
qucesn

300pakeHHsI KOMILJIEKCHO-
ro yrcia (Ha KOMILUICKC-
HI{ TUTOIIMH1)

300pa3uTi KOMILJIEKCHE
guCyI0 (Ha KOMIUICKCHIN
TUJTOIIIMHI)

KommnekcHa miomuHa

KoMriekcHe uuciio

KomrmnekcHo-cripsikeHe
9UCII0 (KOMIUIEKCHOTO YH-
cia)

VYsaBHA OQUHULI

VsaBHA BICH

VYsaBHA yacTUHA KOMILJIEK-
CHOT'0O YHCJIa
VYaBHE UnCII0

Moaynp KOMIUIEKCHOTO
qucia

Algebraic form [algebraic
representation] of a comp-
lex nimber

Argument of a complex
namber

Réal axis, axis of réals

Réal part of a complex
namber

Mutual conjugate com-
plex nimbers

Raising of a complex
nimber to a power

Raise a complex number
to a power

Subtraction of complex
nimbers

Division of complex num-
bers

Reépresentation of a coOm-
plex nimber (on the com-
plex plane)

Represént a complex nim-
ber on the complex plane

Complex plane

Complex nimber

Complex conjugate num-
ber (of a complex nimber)

Iméginary unit, unit ima-
ginary number

Iméginary axis

Iméginary part of a comp-
lex nimber

Iméginary nimber
Modulus (p/ moduli) of a
complex nimber



65

Complex Numbers and Polynomials

20.ITokazaTensHas Gpopma
KOMIIJIEKCHOTO YHClIa

21.CnoxeHue KOMILIEKC-
HBIX YHCel
22.ConpsixE€HHOE KOMII-
JIEKCHOE YHUCIIO
23.Tpuronomerpuyeckas
dhopma KOMIUIEKCHOTO YH-
cna

24.YMHOXEHUE KOMILICK-
CHBIX YHCeN

25.@opmyna Myaspa,
Ditnepa

26.Y1cT0 MHUMOE YUCIIO

1. AnreGpamdeckoe ypa-
BHEHHE NIEPBOM [BTOPOH,
TPEThEH, n-0i| CTENEHU

2. BBITh pa3noxuMbIM B
MIPOU3BEICHUE MHOTOUJIC-
HOB CTEIICHU HE BHIIIIEC
BTOpPO# (0 MHOTOUJICHE)

3. Jlenurens (cBOOOAHOTO
YJicHa)

4. JIMCKpUMHWHAHT KBaJI-
paTHOTO YpaBHEHUS

5. KBagpartHoe ypaBHe-
HUE [KBaJpaTHOE HEpa-
BEHCTBO |

6. KBamgpatnblil TpéxuieH
7. Kopens [HyJb] MHOTO-
YJieHa

8. KpaTHslil KOpeHb

9. MHorowieH nepBoi
[BTOpOM, TpeThEH, 1-0il |
CTEICHH

[TokaznukoBa popma KOM-
IUIEKCHOTO YHCIIa

JlonaBaHHS KOMIUIEKCHUX
qucen

ChpskeHe KOMILTEKCHE
YHCII0

Tpuronomerpuuna ¢popma
KOMILJIEKCHOT'O YHCIIa

MHOXEHHS KOMIUIEKCHUX
qucen

®opmyna Myaspa, Eine-
pa

Hucro ysBHE 4UCII0

Polynomials

AnreGpuyHe piBHAHHS
MEpIIOro [pyroro, Tpe-
THOTO, 1-TO] CTENEeHs

Bbyrtu po3knaaaum B 100y-
TOK MHOTOYICHIB CTCIICHSI
HE BHIIIE APYToro (mpo
MHOT'OYJICH)

JliTbHUK (BUTBHOTO WICHA)

JIMCKpUMIHAHT KBaapaT-
HOT'O PIBHSHHS

KBaapathe piBHSHHS
[KkBazipaTHA HEPIBHICTH |

KBaapatuuit TpuuneH
Kopius [Hynb] MHOTOUJIE-
Ha

Kpatuuit kopinb

MHoOrouseH nepuoro
[Apyroro, TpeThOro, 1n-1o|
CTEeTeHs

Exponéntial form [répre-
sentation] of a complex
namber

Addition of complex nim-
bers

Cénjugate complex nim-
ber

Trigonométric(al) form
[répresentation] of a com-
plex nimber
Multiplication of complex
nimbers

Moivre(’s), Euler(’s) for-
mula

Pure imaginary nimber

Algebraic equétion of the
first [second, third, nth]
degrée. First- [second-,
third-, n-th] degrée alge-
braic equation

Be factorable into [can be
written as] a product of
polynomials of degrée not
higher than two (of a poly-
ndémial)

Divisor (of the constant
[absolute, free] term)
Discriminant of a quadra-
tic equation [of a quadra-
tic]

Quadratic equation; quad-
ratic; quadratic inequality

Quadratic trinomial

Roéot [zéro] of a polyno-
mial

Multiple [repéated] root
[zéro]

Polynomial of the first
[second, third, nth] degrée.
First- [second-, third-, n-
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10.MHoOTOWIECH ¢ €NUHNY-

HBIM CTapuIUM K03 duiiu-
CHTOM

11.MHoOrouieH ¢ nejJIpIMu

Koap pureHTamMu

12.11Ipocroii [onHOKpAT-
HbI | KOPEHb [HYJIB|

13.Pa3jioxxeHrue MHOTO-
YJIeHa Ha MHOXXHUTEIN

14.Pa310XuTh MHOTOWICH
Ha JIMHEWHbIC U KBaJpa-
TUYHBIE (C OTPHUIIATEIb-
HBIMU JTUCKPUMHUHAHTAMHU )
MHOKUTEIN
15.Pa3m0xuTh HA MHOXKH-
TSN

16.Crapunit koad duim-
EHT

17.Crapiuuit unen (MHO-
roYJICHA)

18.Yranare kopeHb
19.1enb1ii KOpEeHb MHOTO-
YJieHa C IeabIMU Kodhu-
LEHTaMU

20.9H-KpaTHbIH (n-
KpaTHBIN) KOPEHb [7-
KpaTHBIN HYJIb |

MHorousieH 3 OJUHUYHUM
cTapiuM KoediieHToM

MHoro4ieH 3 HUIMMH KO€-
dbinieHTaMu

IIpocTuii [01HOKpaTHUH,
OJIHOPA30BHi1 | KOP1HB
[HyB]

Po3knaganHs MHOrowieHa
Ha MHOXXHHUKHU

Po3kimacTtu MHOTOYJICH Ha
JHIAHI ¥ KBaapaTUyHI (3
Bi1"€MHUMU JUCKPUMHU-
HaHTaMH ) MHOKHHUKH

Po3kinactu Ha MHOXKHUKHU

Crapmmii koeiieHT

Crapuuii, roJIOBHHI [OC-
HOBHUM | ujieH (MHOTOYJIE-
Ha)

Branatu xopinb

[inuit KopiHb MHOTOYJIE-
Ha 3 [UIMMU KoeiIieH-
TaMH

En-xpatHuii (n-xpaTHuil)
KOPIHB [#-KpaTHUN HYJIb |

th] degrée polynomial
Monic [nérmalized] poly-
némial

Polynomial with integer
coefficients; integral poly-
ndémial

Simple [anrepéated, sing-
le] root [zéro]

Factorization/fActoring/
expansion of a polynomial
(into factors)

Factor [factorize, expand]
the polynomial into linear
and quadratique (with né-
gative discriminants) fac-
tors

Féctor [factorize]; expand
[decompose] into factors
[compOnents]; présent in a
factor form

Léading [highest (degrée)]
coefficient

Léading [highest (degrée)]
term (of a polynomial)

Guess [tell] a réot
Integer réot of a polyno-
mial with integer coeffi-
cients [of an integral po-
lynomial]

n-th root/zéro, n-tuple
root/zéro, n-fold root/zéro

Rational functions [rational fractions]

1. Bblgenenue uenou yac-
TH HETIPAaBWILJILHOM pariu-
OHAJILHOM Apo0OU

2. Bobimenuts uenyo
4acTh HEMPABUIbILHOU
palnroHaIbLHON Apodu

Buninenss 101 yacTUHU
HEeIMpaBUWIBHOTO pallioHa-
JLHOTO Ipo0y

BuainmuTu 1ty yacTuny
HEIMpaBUWJIBLHOTO pallioHa-
JLHOTO Ipo0y

Extraction of an integral
part of an improper frac-
tion

Extract an integral part of
the improper fraction
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3. JaBaTh/mpumnuceIBaTh
(yacTHbIC) 3HAUYECHHUS APTy-
MEHTY

4. JlpoOGHO-panrioHabHAs
byHKIMISA

5. Meton HeonpeneneH-
HBIX KO3 PUIIMEHTOB

6. HenpaBunbHas pamuo-
HaJbHas IpoOh

7. OTHOILLIEHHUE ABYX MHO-
TOYJICHOB

8. Tlopoxnats k (ipoc-
TeHIux) aApodei Buaa. ..
(0 MHOXXHTENIE 3HAMEHATe-
JIs1 IPaBUWJIBHOW paliMoHa-
JBLHOU Apo0u)

9. IlopoxnaTe mpocTeil-
Y10 pallMOHAIBHYIO
IpoOb BUAA ... (O MHOXKH-
TeJe 3HaMeHaTess IPaBU-
JIBHOM pallMOHAIbHOU
podu)

10.1IpaBunpHas panyoHa-
JbHAs ApoOb
11.1IpuBenenue nqpobent K
o011IeMy 3HaMEHaTEI0

12.Ilpusectu n1podu K 00-
eMy 3HaMEeHaTENI0
13.TIpupaBHuBanue (4uc-
nuTenen, KoahPUIMeHToB
MIPU OJJMHAKOBBIX CTETIe-
HAX X)

14.1IpupaBHATb (UKCIUTE-
7M1, K03(PULKUEHTHI TpU
OJIMHAKOBBIX CTETICHSX X)

15.I1pocreiimiast (37eMeH-
TapHas) paloHaIbHasA
IpoOb MepBOro (BTOPOTO,

JlaBaTu/HagaBaTh/IPUIIU-
cyBaTH (4aCTUHHI) 3Ha-
YEeHHS apryMEHTY
HpoGoBo-paitioHaibHa
byHKIIsA

MeTo1 HEeBU3HAYEHHUX KO-
ediieHTIB
HenpaBunbsHuit paiiona-
JBHUN JIpi0

BinHomeHHs ABOX MHOTO-
YJICHIB

[HopomxyBatu k (HalTIpo-
CTIIIMX) APOOIB BUTIISIAY...
(Mpo MHO>KHUK 3HAMEHHHU-
Ka MPaBUIILHOTO pallioHa-
JLHOTO JIpo0Y)
[HopomxyBaT HaUMpPOCTI-
mui apid BUTISAY... (TIpo
MHO>XHUK 3HAMEHHHKa
MPaBUIILHOTO pallioHaIbH-

ro Jpody)

[IpaBunbHU palioHab-
HUU Jpi0
[IpuBeneHHs/3BeACHHS
Jpo0iB 10 CIIUTLHOTO
3HAMEHHHKA
[IpuBecTtu/3Bectu aApodu
710 CTIILHOTO 3HAMEHHHKA
[IpupiBHIOBaHHS (YKCETb-
HUKIB, KOE(ILIE€HTIB NPU
OJIHAKOBHX CTEIEHSX X)

[IpupiBHATH (UUCETBHUKH,
Koe(DILIEHTH MPU OJIHAKO-
BHX CTCIICHSX X)

Haiinpocrimmuii (enemeH-
TapHUil) palioHATbHUN
npib mepioro (apyroro,

Give/assign (particular)
values to the argument

Fractional rational finc-
tion

M¢éthod of tiindetérmined
coefficients

Improper rational fraction

Ratio of two polyndmials

Génerate [give, rise to,
induce] k& (simplest) frac-
tions of the form ... (ofa
factor of a dendminator of
a proper rational fraction)
Génerate [give, rise to, in-
duce] the simplest fraction
of the form ... (of a factor
of a denominator of a pro-
per rational fraction)

Proper rational fraction

Reduction of fractions to
the common/same deno-
minator

Reduce the fractions to the
common dendminator
Equalize [equating, équa-
lization, sétting équal,
identification, idéntifying]
(the numerators, the coef-
ficients of équal (of the sa-
me) degrées/poéwers (in li-
ke powers) of x)

Equate [set équal, idén-
tify] (the nimerators, the
coefficients of équal (of
the same) degrées/powers
(in like powers) of x)
Partial/simplest/¢leménta-
ry rational fraction of the
first (second, third, fourth)
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TPETHETO, YETBEPTOTO)
TUTIA

16.Paznoxenue npaBuiib-
HOM paIMoHaILHOW 1poOoHu
B CYMMY MPOCTCHIIINX
(npo0eit)

17.Pa3noxuTh nMpaBuiib-
HYI0 PallMOHATBHYIO
IpoOb B CyMMY MPOCTEM-
mux (apo0Oeit)

18.PannonansHas 1pooh
19.PannonansHas GpyHK-
st

20.CreneHpb YUCIUTEIIS
(He) MeHblIIEe CTENEHU
3HaMeHaTess
21.YMHOXUTH 00€ 4acTH
pPaBEHCTBA/TOXAECTBA HA
oOLIui 3HaMeHaTelNb
22.1lenas panuoHanbHas
byHKUMA (MHOTOYJIEH)

23.11lenas 4yacTh HENPABU-
JIBHOM pallMOHAIBHOU
apobu

TPETHOT0, YETBEPTOTO)
TUTTY

Po3BrHEHHS IPaBUIIBHOTO
paiioHaJIbHOTO Ipo0y Ha
HaWMpocTilIl/eeMeHTap-
H1 (B CyMy HaWIpOCTIMINX
/eneMeHTapHUX IPoOiB)

Po3BunyTH IpaBUIBHUN
paiioHaJIbHUI JIpi10 B Cy-
My HalnpocTimux (apo-

01B)

Pamionansauii 1pid
PanionanbHa GyHKIIsA

Creninb ynceabHUKA (HE)
MEHIIIEC CTETICHSI 3HAMEH-
HHKA

IToMHOXUTH 0OMIBI Yac-
TUHU PIBHOCTI/TOTOXHOCTI1
Ha CIUTbHUM 3HAMEHHUK
[ina panioHanbHa QyHK-
Iis1, MHOTOUYJIEH

[ina yacTUHA HENIPaBUJIb-
HOT'O PallioHaJIBHOTO JAPO-

Oy

type/kind [first/second/
third/fourth type ~]
Resolution [expansion, de-
véloppement, décomposi-
tion] of a proper rational
fraction into (a sum of)
partial/simplest/¢leménta-
ry fractions [partial frac-
tion décomposition of...]
Resolve [expand, devé-
lop, decompdse] a proper
rational fraction into par-
tial/simplest/¢leméntary
fractions [fulfill partial
fraction décomposition]
Rétional fraction
Réational finction

The degrée of the nimera-
tor is (not) less than the
degrée of the dendéminator
Multiply two members of
the equality/idéntity by the
common dendminator
Entire [integral] rational
fanction, rational integral
fanction; polynomial
[ntegral part of the impro-
per rational fraction
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1. Addition of complex
nimbers

2. Algebraic form [algeb-
raic répresentation] of a
complex nimber

3. Argument of a comp-
lex nimber

4. Coémplex conjugate
number (of a complex
nimber)

5. Complex nimber

6. Complex plane

7. Conjugate complex
nimber

8. Division of complex
nimbers

9. Exponéntial form [ré-
presentation] of a complex
namber

10.Iméginary axis
11.Imaginary niimber

12.Iméginary part of a
complex number
13.Imaginary unit, unit
imaginary number
14.Moédulus (p/ médduli) of
a complex nimber
15.Moivre(’s), Euler(’s)
for-mula

16.Multiplication of com-
plex nimbers

17.Mftual conjugate coOm-
plex nimbers

18.Pare imaginary nimber

19.Raise a complex num-
ber to a power

20.Raising of a complex
number to a power

21.Réal axis, axis of réals

CnoxeHne KOMIUIEKCHBIX
qrcen

Anrebpandeckas popma
KOMIUIEKCHOTO YHCa

AprymMeHT KOMIUIEKCHOTO
yuciaa
KomrnekcHo-conpskEn-
HOE YHUCJIO (KOMIUIEKCHOTO
qyucya)

KommiekcHoe 4nucio

KoMIuiekcHas miocKoCThb

ConpsikEHHOE KOMILIEKC-
HO€ YHCJIO

JleneHne KOMIUIEKCHBIX
YHCen

[TokazarenbHas hopma
KOMILIEKCHOT'O YMCJia

MHuMas och
MHuMoOE 4uciio

Muumast yacTh KOMIIJIEKC-
HOI'O 4yHucia
Muumas equHHUIA

Moaynp KOMIUIEKCHOTO
qyucia

®opmyna Myaspa, Ditne-
pa

YMHOKEHNE KOMILUIEKC-
HBIX YHUCell

B3aumHO conpsk€HHBIE
KOMILJIEKCHBIE YUCIIa
Hucro MEUMOE YHUCIIO

Bo3BecTu B cTeneHb KOM-
THNNICKCHOC YHCJIO

Bo3Benenue B cTenieHn
KOMILUIEKCHOT'O YUCIa

BemecrBennas ocb

JlonaBaHHS KOMIUIEKCHUX
qucen

Anre6puuna gopma KOM-
IUIEKCHOTO YHCTIa

ApPIryMEHT KOMIUIEKCHOTO
qyucina
KomrmnekcHo-cripsikeHe
9UCII0 (KOMIUIEKCHOTO YH-
cia)

KowmrnekcHe uncio

KomruiekcHa rutommaa

ChpskeHe KOMILTEKCHE
9HCIIO

JIUIeHHSI KOMIUIEKCHUX
qucell

[TokaznukoBa popma KOM-
IUIEKCHOTO YHCIIa

VsaBHA BICH
YsaBHE uncio

V4aBHA yacTUHA KOMILIEK-
CHOTI'O YHCJIa
YsaBHA OOUHULI

Moaynp KOMIUIEKCHOTO
qyucna

®opmyna Myaspa, Eine-
pa

MHOXEHHS KOMIUIEKCHUX
qucen

B3aemHo cripsixeH1 KOMII-
JIEKCHI Yucia

Yucro ysBHE 4UCIIO

[linHecTu 10 cTeneHs
[cTeneHIOBaTH | KOMILICK-
CHE YHCJIO

[linHeceHHs 10 cTeneHs
[cTeneHIOBaHHS | KOMILIE-
KCHOTO YHCJIa

JliticHa BiCh
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22.Réal part of a complex
namber

23.Répresént a complex
nimber on the complex
plane

24 Répresentation of a
complex nimber (on the
complex plane)
25.Subtraction of complex
nimbers
26.Trigonométric(al) form
[répresentation] of a com-
plex nimber

1. Algebraic equation of
the first [second, third,
nth] degrée. First- [se-
cond-, third-, n-th] degrée
algebraic equation

2. Be factorable into [can
be written as] a product of
polynomials of degrée not
higher than two (of a poly-
ndémial)

3. Discriminant of a qua-
drétic equation [of a quad-
ratic]

4. Divisor (of the constant
[absolute, free] term)

5. Factor [factorize, ex-
pand] the polynomial into
linear and quadratique
(with négative discrimi-
nants) factors

6. Factor [factorize]; ex-
pand [décompose] into
factors [compoOnents]; pré-
sent in a factor form

7. Factorization/factoring/
expansion of a polynomial
(into factors)

8. Guess [tell] a réot

BemecrBenHnas yacthb
KOMIUIEKCHOTO YUCIa
N300pa3uth KOMIUIEKCHOE
YuCyI0 (Ha KOMIUICKCHOM
TIJIOCKOCTH)
N3o0paxeHnne KOMILIEKC-
HOTO yucia (Ha KOMILIEK-
CHOM IIJTIOCKOCTH)
BbrauTanue KOMIUICKCHBIX
qucesn
Tpuronomerpuueckas ¢o-
pMa KOMIUIEKCHOTO YHciia

Polynomials

AnreGpandeckoe ypaBHe-
HUE TIEPBOM [ BTOPOM, Tpe-
ThEH, n-0l| cTenEeHU

BBITh pa3i0KUMBIM B TIPO-
W3BE/ICHHEC MHOTOUYJICHOB
CTCTICHHU HE BBIIIEC BTOPOU
(0 MHOTOUJICHE)

JIMCKpUMHUHAHT KBaJpaT-
HOT'O YPaBHEHHUS

Henutens (cBOOOIHOTO
YJicHa)

PazioxuTh MHOTOWIIEH Ha
JUHEHHBIC U KBaApaTHU-
HbIC (C OTPUIIATETLHBIMH
JTUCKPUMUHAHTAMHU ) MHO-
KUTEIIN

PazoxuTh Ha MHOXKHUTE-
hivvt

PaznoxeHue MHoOrodjaeHa
Ha MHOKHUTCIIN

Yranatb KOpeHb

JlificHa YacTHHA KOMILICK-
CHOTO YHucJya

300pa3uTi KOMILJIEKCHE
quCyI0 (Ha KOMIUICKCHIN
TIJTOIIMHI)

300pakeHHsI KOMILJIEKCHO-
ro yrcia (Ha KOMIUICKC-
HIH TUTOIIMHI)

BigHiMaHHS KOMILJIEKCHUX
qucesn

Tpuronomerpuuna gpopma
KOMIUIEKCHOTO YUCIa

AnreGpuyuHe piBHAHHS
MEpIIOro [Ipyroro, Tpe-
THOTO, 1-TO] CTENEeHs

Bbytu po3knagaum B 100y-
TOK MHOTOYJICHIB CTCTICHSI
HE BHIIIE APYToro (mpo
MHOT'OYJICH)

JIMCKpUMIHAHT KBaapaT-
HOT'O PIBHSHHS

JliTbHUK (BUTBHOTO WICHA)
Po3knactu MHOroujieH Ha
JIHIMHI i KBagpaTHuHI (3
Bi1"€MHUMU JUCKPUMHU-

HaHTaMI/I) MHOXHUKHN

Po3kinactu Ha MHOXKHUKU

Po3knaganus MHOTro4aeHa
Ha MHO>KHHUKH

BragaTtu xopinb
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9. Integer root of a poly-
ndémial with integer coeffi-
cients [of an integral po-
lynomial]

10.Léading [highest (de-
grée)] coefficient
11.Léading [highest (de-
grée)] term (of a polyno-
mial)

12.Monic [nérmalized]
polynomial

13.Multiple [repéated]
root [zéro]

14.n-th root/zéro, n-tuple
root/zéro, n-fold root/zéro
15.Polynémial with inte-
ger coefficients; integral
polynomial
16.Polynomial of the first
[second, third, nth] degrée.
First- [second-, third-, n-
th] degrée polynomial
17.Quadréatic equation;
quadratic; quadratic in-
equality

18.Quadratic trindmial
19.R06ot [zéro] of a poly-
ndémial

20.Simple [Unrepéated,
single] root [zéro]

I{esb1ii KOpEHb MHOTOYJIE-
Ha ¢ 1eJabIMu KodduiieH-
TaMH

Crapmmii ko3 puueHT

Crapmmii 4ieH (MHOTO-
YJicHa)

MHorousieH ¢ eAMHUYHBIM
cTapmuM Kodhuimen-
TOM

Kpartsslii KOpeHb

OH-KpaTHBIN (1-KpaTHBI)
KOPEHB [7-KPATHBIN HYJIb |
MHorousieH ¢ ueiabIMu Ko-
s puneHTaMu

MHorouieH nepBoit [BTo-
poil, TpeTbei, n-oii] cre-
IIEHU

KBangpaTHoe ypaBHEHUE
[KBaJpaTHOE HEPABEHCT-
BO]

KBanpaTHslil TpEXuieH
Kopensb [Hynbp]| MHOTOUIIE-
Ha

IIpocToii [0AHOKPATHBIH |
KOPEHB [HYJIb |

[inuit KopiHb MHOTOYJIE-
Ha 3 [UIMMU KoeiIieH-
TaMU

Crapmmii koeiieHT

Crapiuuii, roJIOBHUH [OC-
HOBHUM | ujieH (MHOTOYJIE-
Ha)

MHorousieH 3 OJUHUYHUM
cTapiuM KoediieHToM

Kpatuuit kopiab

En-xpatHuii (n-xpaTHuil)
KOPIHB [#-KpaTHUN HYJIb |
MHorouieH 3 HJIMMU KOe-
dbinieHTamMu

MHOTOWIEH NepIoro
[Apyroro, TpeThOro, 1n-1o|
CTEeTeHs

KBaapathe piBHSHHS
[KBazipaTHA HEPIBHICTH |

KBaapartuuit TpuuneH
Kopius [Hynb] MHOTOUJIE-
Ha

IIpocTuii [01HOKpaTHUH,
OJIHOPA30BHi1 | KOPIHB
[HyB]

Rational functions [rational fractions]

1. Entire [integral] ratio-
nal finction, rational inte-
gral finction; polynomial
2. Equalize [equéting,
équalization, sétting équal,
identification, idéntifying]
(the numerators, the coef-
ficients of équal (of the
same) degrées/poéwers (in

[lemas parmoHaibHAs
byHKUMA (MHOTOYJIECH)

[IpupaBHuBaHue (4uCIu-
Teneit, k03P hUIUeHTOB
MIPU OJJMHAKOBBIX CTETIe-
HAX X)

[ina panioHanbHa GyHK-
Iis1, MHOTOUJIEH

[IpupiBHIOBaHHS (YKCETb-
HUKIB, KOE(ILIE€HTIB NpU
OJIHAKOBHX CTEIEHSX X)
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like péwers) of x)

3. Equate [set équal, idén-
tify] (the nimerators, the
coefficients of équal (of
the same) degrées/powers
(in like powers) of x)

4. Extract an integral part
of the impréper fraction

5. Extréaction of an integ-
ral part of an improper
fraction

6. Fractional rational fin-
ction

7. Génerate [give, rise to,
induce] k& (simplest) frac-
tions of the form ... (ofa
factor of a dendminator of
a proper rational fraction)
8. Génerate [give, rise to,
induce] the simplest frac-
tion of the form ... (of a
factor of a denominator of
a proper rational fraction)
9. Give/assign (particular)
values to the argument

10.Improper rational frac-
tion

11.Integral part of the im-
proper rational fraction

12.Méthod of undetérmi-
ned coefficients
13.Multiply two members
of the equality/idéntity by
the common dendminator
14.Partial/simplest/¢le-
méntary rational fraction
of the first (second, third,
fourth) type/kind [first/se-
cond/third/fourth type ~]
15.Proper rational fraction

[IpupaBHSITE (UHCIUTEINH,
Kod(pPULIMEHTHI TPU OTU-
HAKOBBIX CTETICHSX X)

Beigenuts uenyro 4yacte
HEIMpaBUIBJIBLHON panuo-
HaJBLHOU ApoOHU
Brinenenue nenoi yactu
HEIpaBUIBJIBHON panuo-
HaJBLHOU ApOoOH
JIpoOHO-parmoHanbHas
byHKIMISA

[Topoxnats k (rpocteii-
mux) apodeit Buaa... (o
MHOXKHTEJIE 3HaMeHaTes
MPaBUILHOM parMoHalb-
HOU Apo0u)

[TopoxaaTe NpOCTEUIITY IO
palMoHaNIbHYIO 1po0b
BUJA ... (O MHOXUTEIE
3HaMeHaTes MPaBUIbLHOM
paloHaIbLHON apo0u)
JlaBaTh/TIpUIIUCHIBATH
(yacTHbIC) 3HAUECHUS ApPTy-
MEHTY

HenpaBuibsHas parmona-
JbHAs ApoOb

I{esast yacTh HENIPABUIIb-
HOU parMoHaILHON 1poOHu

Merton HeonpeaEIIEHHBIX
ko3 puLreHTOB
YMHOXUTH 00€ 4acTH pa-
BEHCTBA/TOXECTBA Ha 00-
1Y 3HaMeHaTeIb
[IpocTteitmas (3emMeHTap-
Has) palMoHaIbHas IpoOh
MepBOro (BTOPOTO, TPETh-
€ro, 4eTBEpPTOT0) TUIIA

[TpaBuibHas parKoHab-
Has IpoOb

[IpupiBHATH (UUCETBHUKH,
Koe(DILIEHTH MPHU OJIHAKO-
BHX CTCIICHSX X)

BuainuTu 11y yacTuny
HEeIMpaBUWJIBLHOTO pallioHa-
JLHOTO Ipo0y

Buninenss 101 yacTUHA
HEeIMpaBUWJIBLHOTO pallioHa-
JLHOTO Ipo0y
HpoGoBo-pairioHaibHa
byHKIIsA

[HopomxyBatu k (HalTIpo-
CTIIIMX) APOOIB BUTIISIAY...
(Mpo MHO>KHUK 3HAMEH-
HUKa MPaBUIILHOTO PaIlio-
HaJILHOTO JIpo0Y)
[lopomxyBaT HaUMpPOCTI-
mui apid BUTISAY... (TIpo
MHO>XHUK 3HAMEHHHUKa
MPaBUIILHOTO pallioHAIbH-
ro JIpody)
JlaBaTu/HagaBaTh/IpUIIU-
cyBaTH (4aCTUHHI) 3Ha-
YEeHHS apryMEHTY
HenpaBunbsHuit paiiona-
JBHUN P10

[ima yacTUHA HEMIPaBUJIb-
HOTO paIlioHaJILHOTO JIPO-
Oy

MeTo1 HEeBU3HAYEHHUX KO-
ediieHTIB

[TomHOXUTH 0OUIBI Yac-
TUHU PIBHOCTI/TOTOXHOCTI1
Ha CIUTbHUI 3HAMEHHUK
Haitnpocrimmuii (enemeH-
TapHUil) palioHaATbHUN
npi6 mepioro (apyroro,
TPETHOT0, YETBEPTOTO)
TUTTY

[IpaBunbHU palioHab-
HUU Jpi0
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16.Réatio of two polyno-
mials

17.Réational fraction
18.Réational finction
19.Reduce the fractions to
the common dendminator
20.Reduction of fractions
to the common/same de-
ndéminator

21.Resolution [/expansion,
devéloppement, décompo-
sition] of a proper rational
fraction into (a sum of)
partial/simplest/¢leménta-
ry fractions [partial frac-
tion décomposition of...]
22.Resolve [expand, devé-
lop, décompdse] a proper
rational fraction into par-
tial/simplest/¢leméntary
fractions [fulfill partial
fraction décomposition]
23.The degrée of the nu-
merator is (not) less than
the degrée of the denomi-
nator

OTHOIIEHHE TBYX MHOTO-
YJICHOB

PanmonansHast 1po0b
PannonanpHas GyHKINS
[IpuBectu npobu K 0d1IIE-
My 3HAMEHATEIIO
[IpuBenenue apobdeii k 00-
HIeMy 3HaMEHaTEeI o

Paznoxenne npaBuiIbHON
panMoHaNbHON ApoOH B
CYMMY MPOCTEUIINX (IpO-
oeit)

Pa3noxuth npaBUIbHYIO
palroHaIbHYIO IpOOh B
CyMMY IpOCTeHImuX (Ipo-
oeit)

CreneHb yucauTens (He)
MEHBIIIE CTETICHU 3HaMe-
HaTens

BigHomeHHsT ABOX MHOTO-
YJICHIB

Pamionansauii 1pid
PanionansHa GpyHKIIsA
[IpuBecTtu/3Bectu aApodu
710 CTITbHOTO 3HAMEHHHKA
[TpuBeneHHs/3BeICHHS
Jpo0iB J10 CIUILHOTO 3HA-
MEHHHUKA

Po3BrHEHHS IPaBHIBHO-
ro palioHaJIbHOTO JpOo0y
Ha HaWMpOCTIlIi/eTeMeH-
TapHi (B cyMy HalllipocTi-
HINX/EJIeMEHTAPHHUX JPO-

01B)

Po3BunHyTH IpaBUIBLHUN
paiioHaJIbHUI JIpi10 B Cy-
My HalnpocTimux (apo-

01B)

Creninp yncenbHUKA (HE)
MEHIIIE CTETICHS 3HaMCH-
HHKA



LINEAR ALGEBRA
LECTURE NO. 4. DETERMINANTS AND SYSTEMS OF LINEAR
EQUATIONS

POINT 1. DETERMINANTS AND THEIR PROPERTIES

POINT 2. SYSTEMS OF N LINEAR EQUATIONS IN n UNKNOWNS.
CRAMER RULE

POINT 3. ARBITRARY SYSTEMS OF LINEAR EQUATIONS. GAUSS
AND JORDAN-GAUSS METHODS

POINT 4. SYSTEMS OF LINEAR HOMOGENEOUS EQUATIONS

POINT 1. DETERMINANTS AND THEIR PROPERTIES

Def(inition) 1. The second order determinant is called the next expression:

ay  Ap| 1
=a,,d,, — a4, ( )

a, a,
Here: a; is anelement of the i-th row and j-th column; a,,,a,, are the ele-
ments of the first row (briefly the first row), a,,,a,, are those of the second row (the
second row), a,,,a,,, 4,,,4,, are those of the first, correspondingly second column
(the first and second columns); a,,,a,, are the elements of leading [main, principal]

diagonal (leading [main, principal] diagonal), a,,,a,, are those of secondary diagonal

(secondary diagonal).
Ex. 1.
2 3
5= 2-5-3-(-4)=10+12=22.
Def. 2. The third order determinant is called the next expression:
all alZ al3
Ay Ay Ay3| =0 Aylys + A05,0y, T 0,,03,0,3 = Q305,03 = A0y 0y = 3054 ( 2 )

sz dz  dsg
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Summands of the right side of the formula (2) can be calculated with the help of the
next scheme
«t» «»

a

a1 a2

1 42

Ex. 2. Calculate the third order determinant
-1 0 3 -1 0 3 -10
®=/2 1 0(=92 1 0 2 1;=C-D-1-(-2)+0-0-0+3-2-4-
0 4 -2 0 4 -2 0 4
-3-1:0-(-1):0-4-0-2-(-2)=2+0+24-0-0-0=26
By special rule one can define n-th order determinant (n =4, 5,...).
Def. 3. Transposition of a determinant is called its transform(ation) such that
every its row becomes a column with the same number (and vice versa).
Result of transposition of a determinant D we’ll denote by D'
Ex. 3 (see Ex. 2).
-1 2 0 -1 2 0 -1 0
=0 1 4(=30 1 4 0 4 ;=(-1)-1(=2)+2-4-3+0-0-(-2)—
3 0 -2 3 0 -2 3 -2
-0-1-:3-(-1):4-0-0-0-(-2)=2+24+0-0-0-0=26

Def. 4. Minor M p of the dement a of a determinant is called a determinant

obtained from given one by crossing out of the i-th row and the j-th column.

Ex. 4. Minors of all the elements of the determinant ® (see Ex. 2)

10 2 0 2 1
-1 0 3 - 0 - 0
0 3 -1 3 -1 0
@=(2 1 0| M,= =—12 M, = =2 M, -4
0 4 _» 4 -2 0 -2 0 4
- 03, It TR o Y
T oo Y2 o0 o2
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Def. 5. Cofactor [signed minor, algebraic complement, algebraic supplement,

algebraic adjunct] 4; of the element a; of a determinant is called the minor of this

element taken with the sign (~1)"/ that with the same sign if i + ; is even number

and with opposite sign otherwise
o + M, if i+ jis even number,
4,=(-1)"M, = |
4 P - M,

; 1f i+ jis odd number

Ex. 5. Cofactors of all the elements of the same determinant ® are
-1 0 3 A, =M, =-2 A4A,=—M,=4 A,=M,=8
=2 1 0 Ay=-M, =12 A,=M,, =2 A,=-M, =4
0O 4 -2 Ay =M, =-3 A4A,=-M,,=6 A,=M,=-1

PROPERTIES OF DETERMINANTS

1. Determinant D doesn’t change after transposition that is D' = D.

For example we’ve seen in examples 2, 3 that @ = 0.

The property states equal status of rows and columns of a determinant. It
means that every property of a row is valid for a column and vice versa. By this
reason we’ll name a row or a column of a determinant by common term a series.

2. Determinant with zero series (that is with zero row or column) equals zero.

For example

0 0 O 0 0 O
1 2 4=41 2 4 1 4;,=0-2-64+0-4-3+0:1:6-0-2-3-0-4-1-0-1-6=0
316 (31 6 3 6

3. Interchanging of two series of a determinant changes its sign but its modu-
lus.

Let’s for example interchange the second and the third rows in the determinant
® from the example 2:

-1 0 3 -1 0 3 -10
0 4 -2([=40 4 -2 0 4;=(-1)-4-0+0-(-2)-2+3-0-1-
2 1 0 21 0 2 1
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~3.4:2—(=1)-(=2)-1-0-0-0=0+0+0-24-2-0=-26=—0

4. Determinant with two equal series is equal to zero.
For example a determinant with two equal columns

3 2 3 3 2 3 3 2
1 5 1/=<1 5 1 1 5:=3-54+2-1-4+3-1-1-3-5-4-3-1-1-2-1-4=0
4 1 4 4 1 4 4 1
5. If all elements of some series of a determinant have a common factor then it
can be taken out the determinant sign

For example

—4 0 3| 41D 0 3 -1 0 3
8 1 O0|=42 1 0|=104 and 4-]2 1 0|=4-0=4-26=104.
0 4 -2 |40 4 -2 0 4 -2

6. If all elements of some series of determinant are sums of two summands,
then this determinant equals the sum of two determinants: the first contains the first
summands, the second — the seconds summands in corresponding series and the other
elements of both determinants are the same as in the given determinant.

For example

2+(-3) 3+5 —-4+1 -1 8 -3 2 3 -4 -3 5 1
3 6 -2 1=|/3 6 =-21=-74,3 6 -2[+/3 6 -2|=-74
0 4 1 0 4 1 0 4 1 0 4 1

7. If we add all elements of one series of a determinant multiplied by any num-

ber to corresponding elements of the other series, the determinant will not be chan-

ged.
For example
2 -3 1 2 -3 1 2 -3 1
5 6 §=27and 5 6 8 =5 6 §=27
4 -6 3 4+2-(-2) —-6+(-3)-(-2) 3+1-(-2)) 0 0 1

We’ve added elements of the first row multiplied by (-2) to corresponding elements
of the third row.

This property is often called “creator of zero”.
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8 (expansion of a determinant with respect to a series). Determinant equals sum
of products of elements of any series by their cofactors.

Expansion of the n-th order determinant D

Gy e 4y ay,

Ay Ay e Gy, s,
D=

azl ai2 al] . am

a, G, .. a, .. a,

with respect to the i-th row is
n
D=a, A ,+a, A,+a,-A,+..+a, A = Zaik )
k=1

Its expansion with respect to the j-th column is

n
D=a,-A4;+a,,- 4, +ay;- 4y, +..+a, -4, = Zaki
k=1

Ex. 6. Expansions of the determinant ® (Ex. 2, 5) with respect to the first and
second rows and with respect to the second and third columns

O=(-1)-A,+0- A, +3- A, =(-1)-(-2)+0-4+3-8 =26

-1 0 3
ol 1 o @=2-A, +1- A, +0-4, =2-12+1-2+0-4=26
- O@=0-A,+1- A, +4-4,=0-4+1-2+4-6=26
0 4 -2

O=3-A,+0- Ay +(-2)- Ay, =3-8+0-4+(-2)-(~1) =26

Ex. 7. Calculation of determinant which we’ve said in the property 7 about

2 -3 1 2 -3 1 2 -3 1

5 6 8= 5 6 8 |=5 6 8=

4 -6 3 [4+2-(=2) —6+(=3)-(-2) 3+1(=2) [0 0 1
2 -3

=0AN+0AQ+LAﬁ=AB=M5=‘ ‘:27

5 6

9 (Lagrange' theorem). Sum of products of element of one series by cofactors

of corresponding elements of the other series is equal to zero.

' Lagrange, J.L. (1736 - 1813), an outstanding French mathematician and astronomer
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For example for the determinant ® (Ex. 2, 5, 6)
a,-A,+a, -A,+a, A, =(-1)-4,+2-4,+0-4,=(-1)-4+2-2+0-6=0.

Ex. 8. Calculate the fourth order determinant

2 -2 0 1
2 3 1 -3
D= .
3 4 -1 2
I 3 1 -1

The first step. We transform the determinant so that to annul three elements in
some its row or column. For example we’ll add the fourth column multiplied by — 2

to the first column and multiplied by 2 to that second. By virtue of the property 7 of

determinants
O o0 O 1
8 -3 1 -3
D=
-1 8 -1 2
3 1 | |

The second step. We expand the transformed determinant with respect to the
first row which contains three zeros, namely
D=0-4,+0-4,+0-4,+1-4,=4,=-M,, =

8§ -3 1 8§ -3 1 8 -3
=—-1 8 -l=<-1 8 -1 -1 8 ,=-53.

It’s better to calculate 4,, = —M, generating zeros in some row or column. For

example,
g8 -3 1 8—1 —-3+8 1-1 7 5 0
My=—-1 8 —l=-{-1 8 —l|l=—|-1 8 —ll=—(-1)4,=
31 1 3-1 1+8 1-1 2 9 0

A

14 —

‘75

=-53.
29



POINT 2. SYSTEMS OF n LINEAR EQUATIONS IN n UNKNOWNS.
CRAMER RULE.

Let there be given a system of m linear algebraical equations (SLAE) in n un-

knowns x,, x,, x;,..., x, (SLAE mxn)

a, X, +a,x, +a; x;+...+a,x, =b,
J— n
Ay X, +ayX, +a,x, +...+a, x, =b,, ) P (7)
0 a;x, =b,i=1,m
------------------------------------------------------ 1:1
aml‘xl + an12x2 +am3x3 +"'+amn‘xn = bm’

Here a,,i=1,m, j =1,n be coefficients, b,,i :L_m be free [absolute] terms.

i
Def. 6. Solution of a system of linear algebraical equations (SLAE) in n un-

knowns is called an ordered set of n numbers (x,,, X,,, ..., X,,) Which satisfies every

equation of the system that is turns each its equation into exact equality.

In the case of two unknowns x,, x, we say about ordered pair (x,,, X,,) of

numbers and in the case of three unknowns x,, x,, x, about ordered triplet of numbers

(X105 X505 X39)-
Def. 7. SLAE is called compatible [consistent, solvable, decidable] one if it
possesses at least one solution and non-compatible [inconsistent, non-solvable, unde-
cidable] otherwise.
Def. 8. Compatible SLAE is called that determined [determinate, defined] one
if it has only one solution and undetermined [indeterminate, undefined] otherwise.
In this point we’ll study only the case m = n when the number of equations
coincides with the number of unknowns. The general case see in the next points.
Let to fix the idea m = n = 3 that is we deal with a system (SLAE 3x3)
a,x, +a,x, +a;x;=b, |4, |4,|4;
A, X, +a,X, +a,,x, =b,, |4, |4y, |4 (8)
Ay X, + AypX, +asx, =by. |4y |4;, |45

Let’s introduce the next determinants: principal [main, system] determinant,

which is formed by coefficients of unknowns
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ay ap 4y
A=lay a, ay|=a,-4,+a, 4, +a, -4, (9)
a; 43 dy
and three auxiliary determinants
b a, a;
Ay =lb, a,, ay|=b-4,+b, -4, +b;-A4y; (10)
by, ay ay

a bl a; a, ap, bl
Az =|dy bz Ay, A3 =|dy Ay bz . ( 11 )
as by asy a, a; b

One gets A, (A,, A,) substituting the first (second, third) column by the column of
free terms in A. We’ve expanded A and A, with respect to the first column to prove

one of cases of the next theorem.
Theorem 1 (Cramer’s' rule). If the main determinant A isn’t zero then the
system (8) is compatible and determined one and it’s solution is given by the next

formulas:
X, =—", x,=—2, x,=—2> (12)

m (Proving). Let’s multiply the equations of the system (8) by 411, 421, A3

correspondingly and termwise add:

?11'A11+a21'A21+a31'A31 X+ ?12'A11+a22'A21+a32'A31 "X, +

=A =0

+ ?13"411 +a23'A21 +a33'A31 "Xy :{71 'All +b2'A21 +b3'A31

-0 =A,

In this equality the coefficient of x; is equal to A and the right member equals A, by

the 8-th property of determinants. Coefficients of x; and x; are equal to zero by the

9-th property. Therefore, we get (two last equalities are obtained analogically)

! Cramer, G. (1704 - 1752), a Swiss mathematician
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Ax,=A, Ax,=A,, A-x,=A, (13)

In the case A # 0 we get the formulas (12) which mean that the solution of the system
is unique one if it exists. By testing we can prove that the formulas (12) indeed repre-
sent the solution. m (which it was required to be proved; g.e.d. - quod erat demonst-
randum lat).
Ex. 8. Solve a SLAE 3x3
6x, +2x, —5x, =1,
X, +3x,+2x, =2,
X, +4x, —x; =35.
Solving. Principal and auxiliary determinants are equal to
6 2 -5 [6+(-6)-1 2+(-6)-3 —-5+(-6)-2| 0 —-16 -17
A=l 3 2|= 1 3 2 =1 3 2 |=
1 4 -1 [I+(-D-1 4+C-D-3 —-1+(-1)-2f 0 1 -3

-16 -17
=04, +1- 4, +0-4; = A4y =—M,, =~ 1 3 =
I 2 -5 6 1 -5 6 2 1
A=12 3 2|=48, A,=]1 2 2|=84; A,=]1 3 2/=37.
5 4 -1 I 5 -1 I 4 5
Therefore
A, _48. A, 84 _ﬁ 37

X, —; X, =—; Xy=—S=—.
A 65 A 65 A 65
Ex. 9. Investigate a system of equations
3x, +4x, —x; =3,
2x, —x, +ax; =11,
5x,+3x,+3x,=b
depending on values of parameters a, b.
Principal determinant of the system equals A =1 l(a — 4), and the system has
unique solution if a # 4.

For a =4 the system takes on the form
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3x, +4x, —x; =-3,

2x,—x, +4x, =11,

5x,+3x,+3x,=b
with auxiliary determinants A, =15(h—8), A, =14(h—8),A, =11(8—b). If b#8 the
system is non-compatible one because of the equalities (13). For »=8 (and a =4)
we have the system

3x, +4x, —x; =-3,

2x,—x, +4x, =11,

5x, +3x, +3x; =8.

Its third equation can be omitted because of it is the sum of two first equations, and

we get
3x, +4x, —x; =-3, 3x,+4x, =x, -3,
r
2x, —x, +4x, =11, 2x, —x, =11-4x,,
whence
3 4 x-3 4 3 x-3
A= =—1L A = =15x, -4L A, = =39 -14x,,
2 -1 11-4x, -1 2 11-4x,
A, 41-15x, A, 14x,-39
:_:—7x2__:—‘
A 11 A 11

Assigning to x, arbitrary values x, = ¢, we find infinitely many solutions of the sys-

41-15¢ 14¢-39 Cj

tem, namely ,
11 11
Thus the system is compatible determined for a # 4, compatible undetermined

for a =4, b =8 and non-compatible for a=4,b # 8.

Ex. 10. A company produces items of three types 4, A,, A3 utilizing raw stuff
of three kinds §i, S, S3. It’s known norms for consumption of every kind of raw stuff
per one item of every type and the general consumption of raw stuff of every kind per
diem (see the table 1). Find the daily volume of output of every type of items.

Let the company produces daily x,, x,, x, items of the first, second, third types

respectively. By conditions of the problem we get a system of linear equations in un-
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knowns x,, x,, x,

5x, +3x, +4x, = 2700,
2x, +x, + x; =900,
3x, +2x, +2x, =1600.

Table 1
Kind of a | Norms for consumption of a raw | Consumption of a raw
raw stuff stuff per one item (in c.u.") stuff per diem (in c.u.)
A, A, A,
S 5 3 4 2700
S, 2 1 1 900
S, 3 2 2 1600

Principal and auxiliary determinants of the system equal
A=1,A, =200,A, =300,A, =200,

A
and therefore x, = AL 900, X, = A2 _ 300, X, = =2 =200.
A A A

POINT 3. ARBITRARY SYSTEMS OF LINEAR EQUATIONS. GAUSS
AND JORDAN-GAUSS METHODS

Let there be given a system (7) of m linear algebraic equations in » unknowns.
There are two general methods of its solving, namely those of Gauss and Jordan-
Gauss.

Gauss’ method (method of successive exclusion of unknowns).

1. The first step (exclusion of one unknown). Let a,, # 0 (otherwise we can

interchange two equations or unknowns). We divide the first equation by «,, and get

"In c.u. — in conventional units
? Gauss, K.F. (1777 - 1855), a great German mathematician, astronomer, physicist, and land-surveyor
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! ! ! !
X, +a,x, +a;x;, +...+a,x, =b,
Ay X, + Ay X, +ayX, +...+a, x, =b

a,x +a,x,+a x,+.+a, x =b ,

ml mn~’n m

r r r r __
where a), = a,/a,,,a, =a,,/a,,...,a,, =a,,/a,,b =b/a, . Then we add the first

equation, multiplied by - a,,,~a,,,...,—a,,, to the second, third, ..., nth equations

ml 2

respectively excluding x, in these equations and obtaining the system of the form

4 4 4 !
X, +a,x,+a;sx; +...+a,x, =b,

’ ’ ’ o
Ay X, +A5X, +...+a,,x, =b,,

n

’ ’ ’ o
a .x,+a .x,+..+a x =b

m*

r_ ' r_ _ ' '
Here a;, = a, —a,a,,a; =a;-a,a;,....q,

1 n

_ 4 r__ ro.
=a, —a,a,,b=b—a,b,i=2,m.

In> ~i i

2. The second step (exclusion of the other unknown). Let a), # 0 (otherwise
after interchanging two equations or unknowns). By the same way we exclude x,
from the third, fourth, ..., mth equations obtaining a system of the form
X, +a,x, +a,x, +...+a,x, =b,
X, +ayx,+..+a, x, =b),
Ay Xy +...+a; x, =b),

"
m?

X, +..+a, x, =b
and so on.

After some steps we can get one of three cases.

1) Some equation takes on the form 0=d,, d, # 0. It means that the system
(7) is non-compatible one

2) System (7) is reduced to a triangular form
X, +a,X, +a;x; +...+a,x, =b|,

X, +ayx,+..+a, x, =b),
Xy +...+ayx, =by,
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In this case we step by step find x ,x, ,,x, ,,..., X;,X,,x,, and the system (7) is com-

patible determined one.

3) System (7) is reduced to a trapeziumform

’ ’ ’ ’ ’ A
X, +anXx, Fasx; +otagx, tag X, et ax, =b),
" " " " "

X, +ayx; to.tayx, tay, X, +..+ay,x, =b,

n m n _ n

Xyt ayx, tag, X, et agx, =bg,

X +Crpia Xy Tt X, = d,.

In this case the system is compatible undetermined one. We regard x, _,,..., x, as free
unknowns, assign them arbitrary values (x,,, =4,,,,..., x, =4, ) and write the system

in the form
’ ’ ’ — ’
X, +a,xX, +a;sx; +...+a,x, =b (al’,m/”tk+l +..+a A, ),
" ! 14 ! "
X, +ayX; +...+ayx, =b) —(az’,m)bk+1 +...+a, A, ),
! _ " _ ! "
X, +...+a;x, =b; (613’,”1/1,{+1 +...+a3n/ln),

x, =d, _(ck,k+1/1k+l +---+Ckn’ln)

Now we step by step express Xx,, X, , X, ,,..., X3, X,, X, iInterms of 4,,, 4,,,,..., 4.

Jordan'-Gauss method

According to this method, which is a simple modification of Gauss method, we
exclude unknowns x, from all equations excepting the ith one.

If a,, # 0, the first step of the method gives the same system as in Gauss one.
If a’, # 0, the second step leads to the system of the form

" " "

X, tasx;+...+a . x, =b,
" " o

X, +ayx, +..+a, x, =bj,

" " A
X, +...+a; x, =b;,,

a.x,+..+a x =b"

mn~"n m?

! Jordan, M.E.C. (1838 - 1922), a French mathematician
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with excluded x, in all equations excepting the second one, and so on. As result of

several steps we get one of three cases which are represented in very simple form.

1) The case of incompatibility when some one of obtained equations has a form

0=d,,d, #0.

2) The case of compatibility and definiteness when the system is reduces to the

triangular form

We at once obtain unique solution of the system (7), namely (dl 7 S dn).

3) The case of compatibility and undeterminedness when we come to a system

of the trapezoidal form

X, € Xy Tt ey, X, = d,,
X, +Cypn Xy Tt €y X, = d,,
X, +Cy Xy Tty X, = d,,

Xy FC Xy tetCnx, = d,.

Putting x, ., = 4,,,,..., x, = A, we at once find the values of x,, x,,..., x, interms of

j“k+l > j“k+2»---a A

Note 1. We can begin Gauss (or Jordan-Gauss) method from any unknown. Its
coefficient is called leading [solving, resolving] one.
Note 2. All operations of both methods concern only to coefficients and abso-
lute terms. Consequently we can write only those (using corresponding tables).
Ex. 11. Solve a system of linear equations by Jordan-Gauss method
3x, —x, +2x, =4,
6x, +x, —3x, =2,
5x,—2x, +x; =4.
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We represent the system and process of its solving by the next sequence of

tables (with corresponding comments below).

X, X, X, X, X, X, X, X, X,

3 1] 2| 4 3 -1 2| 4 0 [ -1 | 7|32
6 | 1 | 3] 2 o [ 0 | -1 | =2 0 | 0 |-281106
5 1211 | 4 a0 | 3] 12 Q0 | 3] 12
X X, X5 X X, X5

0 | 1 | 7 -32 o | 1 | o0 |-112

0 | 0 | 1 |—-53/14 0 | 0 | 1 |—-53/14
Lo 3 -12 1| o | o | -914

1. The first step. We choose the coefficient a,, = —1 as leading one in the first
table, and we add the elements of the first row multiplied by 1, -2 to the second and
third rows respectively. As result we get the second table.

2. The second step. In the second table we take the leading coefficient a,, =-1
and add the third row multiplied by 3, 9 to the first and second rows respectively. The
result is in the third table or (after multiplying of the first and third its rows by -1 and
dividing the second row by -28) in the fourth table.

3. The third step. In the fourth table we take the leading coefficient a,; =1 and
add the second row multiplied by -7, -3 to the first and third rows respectively. The
last fifth table represents the solution of the system, namely

x, ==9/11,x, =-11/2,x, =—53/14.

Ex. 12. Solve a system of linear equations by Gauss and Jordan-Gauss methods

2x—=2y +t = -3,
2x+3y+z-3t = -6,
3x+4y—z+2t = 0,

x+3y+z—-t = 2.

1. Solving the system by Gauss method.
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The first step. We choose the coefficient a,, =1 as leading one in the table 1,

and we add the elements of the fourth row multiplied by - 2 to the first and second
rows and multiplied by - 3 to the third row. We get the table 2. Then we add the ele-

ments of the second row multiplied by - 3 to the first row and obtain the table 3.

1. 2. 3.
X y z t X y z t X y z t
2 1210 1| -3 0 |-8]-2]3|-7 0 1 1 6 | 23
213 I |-3]-6 0O |-3]-1]-1]-10 0| 3 1 I |10
3 4 | -1 2 0 0 |-5]-4]|5]-6 0O |-5]-4]5]-6
1 3 I | -1] 2 1 3 I | -1] 2 1 3 I |-1] 2

The second step. Choosing as the leading coefficient a,, =1 in the table 3 we
add the elements of the first row multiplied by - 3 and 5 to the second and third rows
respectively (see the table 4).

The third step. We add the elements of the third row multiplied by 2 to the se-
cond row (the leading coefficient is a,, =1). As result we get the table 5 or, after di-

vision of the third row by 53, the table 6.

4. 3. 6.
X y z t X y z t x|y z t
0 1 1 6 | 23 0 1 1 6 | 23 0| 1 |1 6 23
0|0 |-2/-17]-59 0] 0 0 |53]|1I5 0] 0] 0 1 3
O] 01 35109 00 1 | 35109 00| 1| 35| 109
1 3 I | -1} 2 1 3 I | -1 | 2 Ly 3 1] -1 2

The final form of the system is

y+z+6t=23,
t=3,
z+35t=109,
X+3y+z—-t=2,

whence it follows that

t=3,2=1090-35t=4,y=23—z—-6t=1, x=2-3y—z+t=-2.
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Answer: {— 2:1; 4; 3}.

2. Now we’ll solve the system by Jordan-Gauss method.

The first step is the same as in Gauss method.

The second step. We fulfil preceding operations of Gauss method and in addi-
tion add the elements of the first row multiplied by - 3 to the fourth row. We get the
table 4 of the other form then above.

The third step. Using the table 4 we add the elements of the third row multip-
lied by - 1 to the first row and multiplied by 2 to the second and fourth rows (the lea-

ding coefficient is a,; =1). We obtain the table 5 or, after division of the second row

by 53, the table 6.

4 5 6
X y z t X y z t x|y z t
0 1 1 6 | 23 0 1 0 |-29]-86 O 1|0]-29] -8
0|0 |-2/-17]-59 0] 00 |53]|15 0] 0] 0 1 3
O] 01 35109 00 1 |35 (109 00| 1| 35| 109
1 0| -2 ]-19|-67 1 0| 0 |51 151 1| 0] 0] 51 | I51

The fourth step. Adding the elements of the second row multiplied by 29, - 35,

- 51 respectively to the first, third and fourth rows we come to the last table

X|\ylz|t
0[1/0]0]1
0/0]0]1]3
0(0[1]0] 4
1/0]0]0]-2

which gives x =-2, y =1,z =4, ¢ =13 that is the same result as in Gauss method.

Ex. 13. Solve the system of linear algebraic equations
2x+y—x—t+u = 1,

X—y+z+t—2u = 0,
3x+3y—-3z-3t+4u = 2,
4x+5y—-5z-5t+7u = 3.
The first step. The system in question is represented in the first of three tables.

We add the second row multiplied by — 2, - 3, - 4 to the first, third, fourth rows cor-
respondingly and obtain the second table. Dividing the third and fourth rows by 2, 3
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respectively we get the third table with the same first, third and fourth rows.
The second step. Adding the first row multiplied by — 1 to the third and fourth

rows we annul them and reduce the given system to that with two equations

X|ylz|t|u X y z t u X y z t u
211 ]-1}-1]1]1 O[3 |-3|-3]S5 1 O3 |-3|-3]|5
I{-1}11/-2]0 I |-1|1 1 {20 I |-1 |1 1| -2
313 (-3]-314 2 0|6 |-6|-6]10| 2 O3 |-3|-3]|35
4|15 1-5|-5|71|3 0719199153 O3 |-3|-3]|35

3y-3z-3t+5u = 1,
X—y+ z+t-2u = 0.
In this latter we consider z, ¢, u as free unknowns and transpose them to the right,
3y = 1+3z43t-5u,
xX—y = —z—t+2u.
Finely we express y from the first equation and then x from the second one in terms
of the free unknowns,

1+3z+3¢t—5u 1+u
= 3 ,X=y—z—t+2u=

y

Answer. The system has infinitely many solutions

_1+u
3

1+3z+3¢t—5u
X =

, Y , Where z, ¢, u are arbitrary numbers .

POINT 4. SYSTEMS OF LINEAR HOMOGENEOUS EQUATIONS

Def. 9. If in a system (7) all absolute terms are equal to zero (bl. =0,i= I,_m),

then it’s called a system of linear homogeneous equations (SLHE) or homogeneous
system of linear equations,

a; x, +a,x, +a;x; +...+a,,x, =0,
Ay X, + Ay Xy + Ay Xy +...+a,,x, =0,

(8)

a X :O)

mn--n

X ta,x,+a, x,+..+a

ml
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System of linear homogeneous equations (8) is always compatible one because

of it always has the trivial [zero] solution x, = x, =x, =...=x, =0. The main problem

consists in follows: in what conditions there are nontrivial solutions of the system.

Theorem 2. If in a system of linear homogeneous equations (8) the number n
of unknowns is greater then a number m of equations then the system always has non-
trivial solutions.

mThere always exist free unknowns in this case. Therefore we can get infinitely
many nontrivial solutions by Gauss (Jordan-Gauss) method.m

Theorem 3. If in a system of linear homogeneous equations (8) the number n
of unknowns and the number m of equations coincide (7 = m), then the system has
nontrivial solutions if and only if its principal determinant equalf zero (A = O).

m1 (necessity). All auxiliary determinants of a system (8) equal zero, and in the
case A #0 the system has only the trivial solution. Therefore nontrivial solutions can
exist only if A=0.

2 (sufficiency). This part will be proved below.m

Such the situation we’ve met in Ex. 9 for the case a =4,b5=8.



DETERMINANTS AND SYSTEMS OF LINEAR
EQUATIONS: basic terminology RUE

1. AnreGpamyeckoe  Jo-
MIOJIHEHUE BJIEMEHTA OIlpe-
JNETUTENS

2. BcmomoraTtenbHBIN OII-
penenuTens CUCTEMBI JIU-
HEHHBIX anre0pamyecKux
ypaBHEHUH

3. BobluepkuBanue (cTO-
O1a u CTPOKH, B KOTOPBIX
HAXOJUTCS JJIEMEHT)

4. BpruepkHyTh (cTOn0€11
U CTPOKY, B KOTOPBIX Ha-
XOAHUTCS DJICMEHT)

5. Boruucnuth  (ompene-
JUTENb), UCHIOB3YsI, C MO-
MOIIBIO ...

6. I'maBHas
onpeeIuTeNs

IMaroHallb

7. T'maBHBIA  OIpeneIn-
TeJIb CHUCTEMBI 7 JIHUHEH-
HBIX anreOpandecKux ypa-
BHEHHUM C 7 HEU3BECTHBI-
MH

8. Nnpaexc

9. Koadduuuent npu He-
H3BECTHOM

10.Meton (mocnemoBate-
JBHOTO HCKJIIOUEHHUs He-
u3BecTHhIX) [aycca mis
pelIeHns CUCTEeMbI JIMHEH-
HBIX anreOpandecKux ypa-

AnreObpuyHe JOTOBHEHHS
eJIeMEeHTa BU3HAYHHKA

JIOTTIOMI>KHMIT BHU3HAYHHUK
CHCTEMH JIHIMHHUX anreo-
PUYHUX PIBHSAHB

BukpecntoBanus (psnaka i
CTOBIISA, B SIKHX 3HAXO-
TUTHCS €JIEMEHT)

Buxkpecnutu (psiiok i cTo-
BIICIlb, B SKUX 3HAaXOIU-
ThCSI €JIEMEHT)

OGuucnuTy (BU3HAYHUK),
BUKOPUCTOBYIOUM, 3a JIO-
MOMOTH, 3 JOTIOMOT0I0. ..

l'omoBHA J[laroHajip BU3-
HAYHUKA

I'onoBHUIT BU3HAYHUK CH-
CTEMHU 7 JIHIMHHAX aJre-
OpUYHUX PIBHSIHB 3 1 He-
BIZIOMUMH

Ianexc

Koedimient (mpu HeBimo-
MOMY)

Meton (ITOCiI0BHOTO BH-
KIII0YeHHs HeBimomux) [a-
ycca g po3B"sa3aHHS CH-
CTeMU JIHIMHUX anreOpu-
YHUX PIBHSHb

Cofactor [signed minor,
algebraic(al) coOmplement
[determinant, supplement,
adjunct]] of an élement of
a detérminant

Auxiliary detérminant of a
system of linear algebraic
equations

Striking out [delétion, de-
léting, créssing out] (of
the row and column in
which an élement stands
[is, 1s found])

Strike out [deléte, cross
out] (the row and column
in which an ¢élement
stands [is, is found])
Calculate [evaluate, com-
pute] (a  detérminant)
using [by méans of, with
the help of, making use of,
applying, utilizing] ...
Principal [main, léading,
positive]  didgonal of a
detérminant

Principal [main, system]
detérminant of a system of
n linear algebriic equa-
tions in #» unkndéwns

fndex (p/ indeces, inde-
Xes)
Coefficient
known)
Gaussian (succéssive exc-
lusion of unknowns) mé-
thod [méthod of Gauss]
of solution [of s6lving] a
system of linear algeb-

(of an un-
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BHEHUU
11.Munop (nepBoro [BTo-
poro, TpeThero, n-roj mo-
psiaKa)

12.MuHop »nemeHTa oOm-
peaennrens
13.HeuzsectHoe
14.Heonpenenennast cuc-
TeMa ypaBHEHUH

15.HecoBmecTHas cucre-
Ma ypaBHEHUM

16.HerpuBuanbHo€ [HEHY-
JIEBOE| pellIeHue
17.Hy>xHUN HHAEKC

18.06pamarp  (Kaxmoe)
ypaBHCHHE B BEpHOC pa-
BEHCTBO

19.0nH0pOoaHas cucrema
JIMHENHBIN ypaBHEHUN
20.0mpenenénnas  cucre-
Ma ypaBHEHUM

21.0mnpenenutens (nepBo-
ro [BTOpOro, TpeThero, n-
ro] mopsiaka)

22.TloboyHass auaroHalb
ONpEeNEINUTENS
23.1IpaBuno Kpamepa niis
pEUIEHNs CUCTEMBI 1 JIW-
HEHHBIX aireOpanvdecKux
YpPaBHEHUN C 1 HEU3BECT-
HBIMHU

24.PaznoxeHue ompeje-
JUTENS TO  BJIEMEHTaM
IIEpBOM [BTOpPOM, TPETHEM,
i-i] CTPOKHU U MEPBOTO

MiHop (mepiioro [apyro-
ro, TpEThOT0, 1-I'0 | TOPSIA-
Ky)

MiHop enemMeHTa BU3HAY-
HHUKa

Hesinome

HeBusnauena cucrtema pi-
BHSHbD

HecymicHa cucrtema piB-
HSHb

HerpusiansHuii [HEHYIHO-
BUI1| po3B"A30K
Hwxniit iHACKC

[lepeTBOproBaTH (KOXHE)
PIBHSIHHS Y BIpHY PIBHICTh

OnnopinHa cucrema Jii-
HIMHUX PIBHSHD
Busnauena cucrema pis-
HSHB

Bu3HauHuk (meprroro
[Apyroro, TpeThoro, n-1o]
MOPSIAKY)

[To6iuyna pgiaroHanb (BU-
3HAYHUKA)

IIpaBuno Kpamepa s
pO3B"sI3aHHA CHUCTEMHU 7
JHIAHUX ~ aNreOpUYHUX
PIBHSIHB 3 71 HEBIJOMUMU

Po3BuHeHHS [po3knan]
BU3HAYHHUKA 32 €JIEMEH-
TaMu TEPUIOTO [IpYyToro,
TPETHOTO, I-rO| psAKa Ta

raic(al) equations

Minor (of the first [se-
cond, third, n-th] order);
(first-[second-, third-,n-th]
order) minor

Minor of an élement of a

detérminant

Unknéwn

Undetermined  [indeter-
minate, undefined] sys-
tem of equations
Non-compatible  [incon-

sistent, nonsolvable, unde-
cidable] system of equa-
tions
Non-trivial [non-zéro] so-
lution
Lower index (p/ indeces,

indexes)
Turn [convért, change,
transform]  (éach) equa-

tion into exact [correct,
precise] equality
Homogéneous system of
linear equéations
Detérmined [detérminate,
defined] system of equa-
tions

Determinant (of the first
[second, third, n-th]
order);  (first- [second-,
third-, n-th] o6rder) deter-
minant

Sécondary [négative] did-
gonal (of a detérminant)
Cramer’s rule, rule of
Cramer for solution [for
solving] a system of n
linear algebréic equations
in n unknowns

Expansion of a deter-mi-
nant with respéct to the
first [second, third, i-th]
row [column]; first [se-
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[BTOpOro, Tperbero, i-roj
cTono1Ia

25.Pa3noxuth onpeaenu-
TeJdb MO 3JEMEHTaM Iep-
BOH [BTOPOM, TpETbEM, i-i1]
CTPOKH, TEPBOTO [BTOPO-
ro, TPEThero, i-ro] cToiuod-
na

26.Pemienne  [paspere-
HUE| CUCTEMBbI JIMHEHHBIX
anredpanyeckux ypaBHe-
1505071

27.Pemienre cucTeMsbl JIu-
HEWHBIX anreOpandyecKkux
ypaBHEHUM (pe3ysbTar)
28.Pemuth cucremy Jim-
HEWHBIX anreOpandecKux
ypaBHEHUH

29.Psapa onpenenurens
30.CBoOoaHBIN ujieH ypa-
BHCHUS

31.CBoMCTBO ompeaenure-
T

32.Cucrema m JIWHEHHBIX
anredpanyeckux ypaBHe-
HMI C 7 HEU3BECTHBIMU
33.Cucrema  JUHEHHBIX
OJTHOPOJIHBIX YPaBHEHUM
34.CoBMecTHAs cUcTeMa

35.Cronbern; ompenenure-
s

36.Ctpoka onpeaenurens
37. TpuBnansHoe [HyJe-
BO€]| pelieHue
38.OnemMeHT nepBoM [BTO-
poOH, TpeTheH, i-il] CTPOKHU
U MEPBOTO [BTOPOro, Tpe-
TBEro, j-ro] cToJab1a

MIEPIIOTO [IPYroro, TPETh-
0T0, i-T0] CTOBIIIIS

Po3Bunytn  [po3kiactu]
BU3HAYHUK 3a €JIEMEHTa-
MH TEpHIOro  [Apyroro,
TPEThOro, i-ro] psjaka,
MIEePIIOTO [IPYroro, TPETh-
0T0, i-T0] CTOBIIIIA
Po3B"s3anHs  [po3B"s3y-
BaHHS| CHCTEMH JIHIMHUX
anreOGpUYHUX piBHSIHb

Po3B"s30k cuctemu JniHIN-
HUX anreOpuyHux piB-
HSIHB (pe3yJibTar)
Po3s"s3aTn cucremy -
HIMHUX anreOpuYHuX piB-
HSIHb

Psn Bu3znaunuka

BinbHuii wieH piBHSIHHS

BnacTuBicTh BUZBHAUYHUKA

Cucrema m NHIMHUX ai-
reOpuYHUX pIBHSIHB 3 7
HEB1JIOMUMU

CucreMa JHIMHHUX OIHO-
PIAHUX PIBHSAHB

CywmicHa cuctema

CTOBH@HB BHU3HaAYHHUKA

Psinok Bu3HauHUMKA
TpuBianbHUil [HYIHOBHIA]
po3B'"' 130K

Enement mepmoro [apy-
roro, TpeTboro, i—To] psa-
Ka 1 Mepuioro [apyroro,
TPETHOTO0, j—TO] CTOBIILS

cond, third, i-th] réw [co-
lumn] expansion of a de-
términant

Expand a detérminant
with respéct to the first
[second, third, i-th] réw
[cOlumn]

Solution [solving] a sys-
tem of linear algebraic(-
al) equations (action)

Solation of a system of
linear algebraic equations
(result)

Solve a system of linear
algebraic(al) equations

Séries of a detérminant
Constant [free, absolute]
member [term] of an equa-
tion

Property of a detérminant

System of m linear alge-
braic(al) equations in n
unknowns

System of linear homogé-
neous equations

Compatible  [consistent,
solvable, decidable] sys-
tem

Column of a detérminant

Row of a detérminant
Trivial [null, zéro] solu-
tion

Element of the first [se-
cond, third, i-th] row and
the first [second, third, j-
th] column



DETERMINANTS AND SYSTEMS OF LINEAR
EQUATIONS: basic terminology ERU

1. Auxiliary detérminant
of a system of linear alge-
braic(al) equations

2. Calculate [evaluate,
compute] (a detérminant)
using [by méans of, with
the help of, making use of;
applying, utilizing] ...

3. Coefficient (of an un-
known)

4. Coféctor [signed mi-
nor, algebraic(al) comple-
ment [determinant, sUp-
plement, adjunct]] of an
¢lement of a detérminant
5. Column of a detérmi-
nant

6. Compatible  [consis-
tent, sélvable, decidable]
system

7. Constant [free, absolu-
te] member [term] of an
equation

8. Cramer’s rule, rule of
Cramer for solution [s6l-
ving] a system of n linear
algebraic equations in n
unknowns

9. Determinant (of the
first [second, third, n-th]
order);  (first- [second-,
third-, n-th] o6rder) deter-
minant
10.Detérmined
nate, defined]
equations
11.Element of the first [se-
cond, third, i-th] row and
the first [second, third, j-

[detérmi-
system of

BcniomorarenbHbil - onpe-
NENUTeNIb CHUCTEMBI JIU-
HEWHBIX anreOpandecKkux
ypaBHEHUH

Boruucnute  (onpenenu-
TeJb), UCIIOIB3YSs, C TTOMO-
GO ...

Koadumment (npu Heus-
BECTHOM )
AnreGpandeckoe JOMOJ-
HEHUE DJIEMEHTa oIpe/e-
JUTENs

Cronben onpenenuTes

CoBMecTHas cucTeMa

CBOOOHBIN YJIeH ypaBHe-
HUSI

IIpaBuno Kpamepa s
pELIeHUs] CUCTEMBbI # JIH-
HEHHBIX anreOpanvdecKux
YpPaBHEHUU C 71 HEU3BeEC-
THBIMU

Onpenenutens  (MepBOro
[BTOpOro, TpeThero, n-ro|
MOpsIAKa)

OmnpenenénHas  cucrema

ypaBHEHUH

DJIEeMEHT TIEPBOM [BTOPOI,
TpeTheH, I-ii] CTPOKU U
MEPBOTr0 [BTOPOTrO, TPETh-

JIOTTIOMI>KHMIT BHU3HAYHHUK
CHCTEMH JIIHIMHHUX anreo-
PUYHUX PIBHSAHB

OGuucnuTy (BU3HAYHUK),
BUKOPUCTOBYIOUH, 3a JIO-
MIOMOTH, 3 JOTIOMOTOI0. ..

Koedimient (mpu HeEBimo-
MOMY)

AnreObpuyHe JOTOBHEHHS
€JIeMEeHTa BU3HAYHUKA

CTOBH@HB BHU3HaAYHHKA

CyMicHa cuctema

BinbHuii uieH piBHSIHHS

IIpaBuno Kpamepa s
pO3B"sI3aHHA CHUCTEMHU 1
JHIAHUX ~ aNreOpUYHUX
PIBHSIHB 3 71 HEBIJOMUMU

Buznaunuk (meprroro
[Apyroro, TpeThoro, n-1o]
MOPSJIKY)

Busnauena cucrema pis-
HSIHb

Enement mepmoro [apy-
roro, TpeTboro, i—roj psaa-
Ka 1 Mepuioro [apyroro,
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th] column

12.Expand a detérminant
with respéct to the first
[second, third, i-th] réw
[column]

13.Expéansion of a deter-
minant with respéct to the
first [second, third, i-th]
row [column]; first [se-
cond, third, i-th] réw [co-
lumn] expansion of a de-
términant

14.Gaussian  (succéssive
exclusion of uUnknowns)
méthod [méthod of Gauss]
of solution [of s6lving] a
system of linear algebraic
equations
15.Homogeéneous
of linear equations
16.Index (p! indeces, inde-
Xes)

17.Léwer index (p/ inde-
ces, indexes)

18.Minor (of the first [se-
cond, third, n-th] order);
(first-[second-, third-,n-th]
order) minor

19.Minor of an ¢élement of
a detérminant
20.Non-compatible

system

[in-

consistent,  nonsoélvable,
undecidable]  system of
equations

21.Non-trivial [non-zéro]
solution

22.Principal [main, Iéa-

ding, positive] diagonal
of a detérminant
23.Principal [main, sys-

tem] detérminant of a sy-
stem of n linear algebraic

ero, j-ro] cronbia
Pa3noxuTs onpeneauTeb
[0 DJEMEHTaM IepBOU
[BTOpOil, TpeTheH, i-H]|
CTPOKH, TEPBOTO [BTOPO-
ro, TPEThero, i-ro] cToiuod-
1a

Paznoxxenue  ompenenu-
TeJs MO 3JEeMEHTaM Iep-
BOH [BTOPOM, TpEThEM, i-i1]
CTPOKH, TIEPBOTO [BTOpPO-
ro, TPEThero, i-ro] cToiuod-
1a

Meron  (mocnenoBaresb-
HOTO HCKJIIOUCHHSI HEU3-
BecTHBIX) ["aycca s pe-
HIEHUS CHCTEMBI JIMHEH-
HBIX aJIredpanyecKkux ypa-
BHEHUU

OnHopoaHas cucTema Ju-
HEWHBIN ypaBHEHUN
NHunexe

Hwxuuit uanexc

Munop (mepBoro [BTOpO-
ro, TPEThETO, 1-T0] MOPSAA-
Ka)

MuHop 3nemeHTa onpene-
JIUTEIS
HecoBmecTHas
ypaBHEHUH

CHUCTCMa

HerpuBnansHoe [HeHyIe-
BO€]| pelieHue

I'maBHasg nuaronans omnpe-
JENUTENS

I'maBHBI  ompenenuTenb
CUCTEMBI 71 JINHEUHBIX aJl-
reOpanyeckux ypaBHEHHI

TPETHOTO, j—TO]| CTOBMIIA
Po3Bunytn  [po3kiactu]
BU3HAYHUK 3a €JIEMEHTa-
MH TEpHIOro [Apyroro,
TPETHOTO, i-Ir0]  pslKa,
MEpUIOro [IpYyroro, TpeThb-
0T0, i-T0] CTOBIIIIA
Po3BuHeHHS [po3knan]
BU3HAYHUKA 32 €JIEMEH-Ta-
MH TEpHIOrO  [Apyroro,
TPETHOTO, i-Ir0]  pslKa,
MEpUIOro [IpYyroro, TpeThb-
0ro, I-ro| CTOBIILIA |

Meton (ITOCiI0BHOTO BH-
KIII0YeHHs HeBimomux) [a-
ycca g po3B"sA3aHHS CH-
CTeMU JIHIMHUX anreOpu-
YHUX PIBHSHb

OnnopinHa cucrema Jii-
HIMHUX PIBHSHD
Innexc

Huxuil iHIekc

MiHop (mepiioro [apyro-
ro, TPETBOrO, M-ro| Io-

pAZKY)

MiHop enemMeHTa BU3HAU-
HUKa
HecymicHa cucrtema piB-
HSHb

HerpusiansHuii [HEHYIHO-
BUI1| po3B"A30K

['omoBHa miaronanbp BU3-
HayHHKA

1'0J10BHMIT BU3HAUHUK CH-
CTEMH 7 JIIHIMHUX aJre-
OpUYHUX PIBHSIHb 3 1 He-
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equations in n unknéwns
24.Property of a detérmi-
nant

25.Ro6w of a detérminant
26.Sécondary  [négative]
diagonal (of a detérmi-
nant)

27.Séries of a detérminant
28.Solation [s6lving] a sy-
stem of linear algebraic
equations (action)
29.Solation of a system of
linear algebraic equations
(result)

30.Solve a system of li-
near algebraic equations

31.Strike out [deléte, cross
out] (the row and column
in which an ¢élement
stands [is, is found])
32.Striking out [delétion,
deléting, créssing out] (of
the row and column in
which an élement stands
[is, 1s found])

33.System of linear homo-
géneous equations
34.System of m linear al-
gebraic(al) equations in n
unknowns

35.Trivial [null, zéro] so-
lution

36.Turn [convért, change,
transform]  (éach) equa-
tion into exact [correct,
precise] equality
37.Undetermined [indeter-
minate, undefined] sys-
tem of equations
38.Unknéwn

C 7 HEU3BECTHBIMU
CBOMICTBO ONpeaeIUTENs

Ctpoka omnpeaenuTens
[loOoyHass auaroHajib OII-
peacIuTens

Psn onpenenurens
Pemienne  [pazpeunienue]
CUCTEMBbl JIMHEHHBIX ajre-
OpanyecKkuX ypaBHEHHI
Pemenue cucremsl  Ju-
HEHHBIX anreOpanvyecKux
ypaBHEHUM (pe3ysIbTar)
Pemmth cucremy JuHER-
HBIX aJiredpanyecKkux ypa-
BHEHUU

Boruepknyth (cTonben u
CTPOKY, B KOTOPBIX Haxo-
JTUTCS DJIEMEHT)

BrruepkuBanue (cTosnbia
U CTPOKH, B KOTOPBHIX Ha-
XOAHUTCS DJICMEHT)

Cucrtema JTHHEHHBIX OJTHO-
POJHBIX YpaBHEHHIMA
Cucrema m JIMHEUHBIX
anredpanyeckux ypaBHe-
HUI C 7 HEM3BECTHBIMU
TpuBnanbHoe [HYyJIEBOE]
peleHne

OO6pamate (Kaxaoe) ypas-
HEHHE B BEpHOE paBeH-
CTBO

Heomnpenenennas cucrema
ypaBHEHUH

HeusBecTHOE

BIZIOMUMH
BactuBicTh BU3HAYHHKA

Psinok Bu3HauHUMKA
[To6iuyna pgiaroHanb (BU-
3HAYHUKA)

Psn Bu3znaununka
Po3B"s3anHs  [po3B"s3y-
BaHHS| CHCTEMH JIHIAHUX
anreOGpUYHUX piBHSIHb
Po3B"s30k cuctemu JiHIN-
HUX anreOpuyHux piB-
HSIHB (pe3yJbTar)
Po3s"s3aTn cucremy -
HIMHUX anreOpuYHuX piB-
HSIHb

Buxkpecnutu (psiiok i cTo-
BIICllb, B SIKMX 3HAXOJU-
ThCSI €JIEMEHT)

BukpecntoBanus (psnaka i
CTOBIIISA, B SIKHX 3HAXO-
TUTHCS €JIEMEHT)

CucreMa JHIMHHUX OIHO-
PIAHUX PIBHSAHB

Cucrema m nHIMHUX ai-
reOpuYHUX pIBHSIHB 3 7
HEBIJOMUMU
TpuBianbHuil [HYIHOBHIA]
po3B'"' 130K
[lepeTBOproBaTH (KOXHE)
PIBHSIHHS Y BIpHY PIBHICTh

HeBusnauena cucrema pi-
BHSIHb

Hesimome
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POINT 4. ADDITIONAL QUESTIONS

POINT 1. MATRICES AND OPERATIONS ON THEM

Def. 1. A matrix of the dimension m x n is called a rectangular table contai-

ning m rows and n columns.

a,, d4p a,
a a a
| %2 22 2n _( ) _( )._ .
A= =g, mxn—ay,l—l,m,]—l,n. (1)
aml amZ oo amn

We’ll denote matrices [matrixes] by capital letters and their elements by small
letters with two inferior indeces [subindeces]. As a rule we’ll consider number matri-
xes (with number elements).

Ex. 1. A matrix

(al, a,,..., an)
is called a row matrix [one-by-n row matrix, single-row matrix (with n elements)]
(of dimension1xn). It can be also called as n-dimensional row vector.

Ex. 2. A matrix

is called a column matrix [one-by-m column matrix, single column matrix (with m

elements)] (of dimension m x1). It can be called as m-dimensional column vector.
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Ex. 3. A matrix (O)mxn with zero elements is called a zero [null] matrix.

Def. 2. If a number m of rows coincides with a number n of columns (m =n),

a matrix
a, a, a,
A= Gr o :(ay‘)nxn =(ay.),i=1, nj=Ln, (2)
a, 4, A

is called the nth order square matrix (with principal diagonal a,,,a,,,...,a,, and

> nn

secondary diagonal a,,,a,,_,,...,a, ). It possesses a determinant denoted by ‘A‘ or

det4 .

Ex. 4. A square matrix

1 0 O 0
0
E=/0 0 1 0 (3)
0 0 0 .. 1
is called the unit [the unity] matrix. Its determinant is equal to 1,
1 0 ... 0
0O 1 .. 0
|E| = detE = =1. (4)
0 0 .. 1

Def. 3. A square matrix is called regular one if its determinant doesn’t equal

zero and singular one otherwise.

Linear operations on matrices

1. Multiplication of a matrix by a number k, when every its element is

multiplied by «.

a b c k-a k-b k-c
Ex. 5. k- = )
d e f k-d k-e k-f
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2. Addition of matrices of the same dimension, when one adds all correspon-

ding elements of these matrices.

a b m n a+m b+n
Ex. 6. + = )
c d P q c+p d+gq

Properties of linear operations on matrices are analogous to those on real num-
bers. For example
A+B=B+A4,(A+B)+C=A+(B+C), (ki)A=k(14) = I(kA),
k(A+B)=kA+kB, (k+1)A=kA+IA.

Multiplication of matrices

Def. 4. Let there be given two matrices 4=(a, ) ,B= (b,g. )nxp such that a

number of columns of the matrix 4 coincides with a number of rows of the matrix B.

A product 4B of these matrices is called a matrix C, for which an element ¢, of the

ith row and the jth column is calculated by the next rule:

n
¢, =ayb, +anb,, +..+ab, +. . +a,b, = ab,, (5)
k=1
or schematically
b
b,
C =AB = ail ai2 alk ain b = cl] =
ki
----------------- (6)
e b,
------------------------------------------------------------------------ r‘["“““""““‘
=|.. aub;+ayb,, +..+a,b,+...+a,b, ..|=|.. Zaikb,g.

Thus, an element ¢; of the ith row and the jth column of the matrix C equals the sum

of products of corresponding elements of the ith row of the matrix 4 and the jth co-
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lumn of the matrix B.

1 0 -2 3
Ex.7.Let 4= ( 5 j B= ( 0 J. Find the products 4B, BA and

compare them.

AB:(I 0 -2 3}2( 1-(~2)+0-0 1-:3+0-(-1) J:(—z 3}

-2 300 -1) ((-2)(-2)+3-0 (-2)-3+3-(-1) 4 -9

BA=(_02 3Y 1 oj:((—z)-n?,-(—z) (—2)-0+3-3j:(—8 9J¢AB'

0-1+(=1)-(-2) 0-0+(-1)-3 2 -3

Properties of matrix product

p—

AB # BA generally speaking (anticommutativity).
. (4B)C = A(BC) (associativity).
. (A+B)C=AC+BC, A(B+C)= AB+ AC (distributivity).

2
3
4. k(AB)=(kA)B = A(kB) for any real number k
5. AE = EA = A if these products AE, EA exist.
6

. For two square matrices 4, B

A-B=|a[5

that is the determinant of a product of two square matrices is equal to the product of
their determinants.

All these properties can be verified on examples. We’ve tested the first proper-
ty in Ex. 7. Let’s verify the property 6 with the help of the same matrices 4 and B.
Namely,

b

2
sl

- 0
=3
¢ el

B\:“z 3‘;2:\A.B\:6:\A\.\B\.
0 -1

Test yourselves the other properties.

POINT 2. INVERSE MATRIX

Def. 5. A matrix A~ is called that inverse for a matrix 4 if the next equality
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A-A'=4""A=E (7)

holds.
Theorem 1. The inverse matrix of a regular square matrix (2) is given by the

next formula

T

11 In All 21 nl

-1 1 A21 A22 A2n — L A12 A22 An2 ( 8 )
A A
Anl An2 Ann Aln A2n Ann

We have to prove that the matrix
T
A—l :L(All AIZJ :i(All AZIJ
‘A‘ AZl A22 ‘A‘ AlZ AZZ
1S an inverse one, that is
AA—I :(all ale L(All AZIJ :E, AIA_(L(AH Alljj(all ale :E
) Ay ‘A‘ Alz Azz ‘A‘ Alz Azz a, 4y

We’ll prove the validity of the equality 44~ = E. By virtue of the properties 8, 9 of

determinants
AA—I :(all ale L(All AZIJJZL(CZH alZJ(All A j
a, dy ‘A‘ Alz Azz ‘A‘ a, dy 12 A 22
:L(allAll +a12A12 allAZI +a12A22j (‘A‘ J ( J
‘A‘ aZIAll + azzAlz a21A21 +a22A22 ‘A‘ ‘A‘
Prove yourselves the validity of the second equality 44 = E .m

Rule for finding an inverse matrix

To find the inverse matrix for a given square regular matrix 4 we:

1) calculate the determinant ‘A‘ of the matrix A4;

2) substitute all the elements of the matrix 4 by their cofactors and transpose
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the obtained matrix;

3) multiply this latter matrix by 1/ ‘A‘

Ex. 8. Find the inverse matrix for a given third order matrix

2 -1 -1
A=]3 4 -2
3 -2 4

Solution. 1) The determinant of the matrix

2 -1 -1
4=]3 4 -2/=60.
3 -2 4

2) Cofactors of all the elements of the matrix 4

4 =2 3 - 3 4
AH:Mll__z 4 =12 4, = 12__3 =-18 ‘413:]\/[13_3 _2:_18
-1 -1 2 -1 2 -1
4, =-M,, = _9 4 =0 Ay =My, 3 4 =11 Ay = 23 _3 _2:
-1 -1 2 -1 2 -1
Ay =M, = 4 _2:6 A4y = 32__3 _2: Ay = 33_3 4 =11
3) The inverse matrix is
1 A, A, AY 1 12 -18 -18)" 1 12 6 6
o A =—1 6 11 1 =—|—-18 11 1
‘A‘ AZ] 22 A23 60 60
A4, 4, A 6 1 11 -18 1 11
POINT 3. MATRIX EQUATIONS. MATRIX METHOD FOR SOLVING
SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS nxn
Let there be given a matrix equation
AXB=C, (9)

where A, B, C are known matrices, and X is that unknown.
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1) At first we suppose that the equation (9) possesses a solution. Let’s multiply

both sides of (9) by A" from the left and by B from the right. Making use of the pro-
perties of matrix product we get
A (4xB)B' = 47'CB™', (4 'A)X(BB"")= 4"'CB"', EXE = 4"'CB "',
X=4"CB". (10)
Thus, if an equation (9) has a solution, then it is represented by the formula (10) and

SO 1s unique one.

2) To prove existence of the solution of the equation (9) we’ll substitute the
expression (10) in (9) and get
Ala"'cB")B=(44")c(BB )= ECE=C,C=C.
Therefore the matrix equation (9) possesses the unique solution (10).

Ex. 9. Solve a matrix equation

2 4\ (3 -2 1 6
X = :
(—3 lj (5 0 j (4 —J
Solving. Here

2 4 3 -2 1 6
A= . B= C= :
-3 1 5 0 4 —1
A—IZL All A21 :Ll —4 B—lzi 0 2_
1414, A4,) 14\3 2 ) 10{-5 3/
I -4A\Y1 6Y1(0 2Y)
3 204 —1)\10l=5 3)]
1 ({1 —4Y1 6 2) 1 (-15 100 2) 1 (=50 0
140003 2 M4 —1)l=5 3) 140\ 11 16)\=5 3) 140\ -80 60/

1(-5 0
Answer. X =— .
14{-8 6

A =14,

B|=10;

Theory of matrix equations can be applied to systems of linear algebraic equa-
tions with the same number of equations and unknowns.

Let’s consider a system of n linear equations in #» unknowns
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a, X, +a,x, +a;x,+..+a,x, =b,
Ay X, +ayX, +a,x, +...+a, x, =b,,

(11)

a,x,+a,x,+a,x,+..+a, x, =b .
We can reduce it to a matrix equation introducing the system matrix (the matrix of

coefficients of unknowns) and column matrices (or column vectors) of unknowns and

constants terms

a,, dp a, X b,
a, A4y a,, X, b,

A= X = ,B= . (12)
anl an2 ann xn bn

It is obviously, that the system (11) is equivalent to a matrix equation
AX =B, (13)
which has the unique solution
X=A4"B (14)
(prove it yourselves!).
Ex. 10. Solve by the matrix method a system of equations
2x,—x, —x, =4,
3x, +4x, - 2x, =11,
3x, —2x, +4x, =11.
The system matrix, column matrices (column vectors) of unknowns and cons-
tants terms are
2 -1 -1 X, 4 12 6 6
A=|3 4 -2, X=|x,|B=|11[4" ==% —18 11 1 | (Ex.8)
3 -2 4 X, 11 -18 1 11

the equivalent matrix equation and its solution are
AX=B,X=A4"B,

hence
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X, | 12 6 6)\|4 . 12 6 6\4 . 180 3
X=|x,|=|—|-18 11 1 ||1l|=—-18 11 1 |11|=—] 60 |=|1].
60 60 60

X, -18 1 11))11 —-18 1 11711 60 1

Answer. (3,1,1).
POINT 4. ADDITIONAL QUESTIONS

Linear transformations of unknowns and matrices

We’ll limit ourselves to two unknowns. In general case reasonings are analo-
gous.
Def. 6. A linear transformation of unknowns is called a change [overpass,

transition] from unknowns x,,x, to unknowns y,,y, in which old unknowns are
linearly represented through new unknowns by formulas

{xl =ap)y, +a,y,, (15)

X, =4y, tayy,.

If we’ll introduce matrices X, Y of unknowns and a matrix (transformation matrix) 4,

X:(xl}Y:(yl}A:(an alzj’ (16)
X, ) A, A4y

we’ll can represent the transformation (15) in a matrix form

X =AY . (17)

namely

Let's fulfill a linear transformation from y,,y, to z,, z, with transformation
matrix B after the linear transformation (15) (or (17)) from x,,x, to y,,y,, that is
{yl =byz,+by,z,, B= (bn bl2j, 7 - (21 } Y =BZ. (18)
Yy =byz, +byz,, b, b, Z;
In this case we can overpass from x,,x, to z,, z,. Indeed, by virtue of the formulas

(17), (18) we have
X =AY = A(BZ)=(4B)Z, (19)
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that 1s a linear transformation with the matrix

C= (Cn Clzj _ 4B = (anbn +a,b, a,b,+a,b, } {xl =4 +01222" (20)
C

21 022 a21b11 + a22b21 a21b12 + a22b22 x2 = CZIZI + 02222 .
Def. 7. Result of successive fulfillment of two linear transformations is called a
product of these transformations.
A product of two linear transformations with transformation matrices 4 and B
is also a linear transformation with transformation matrix C = AB.

Ex. 11. Product of linear transformations

x1:3y1_y2’A: 3 -1 X = AY- W=z 12, B= 11 Y=RB7-
X, =y, +5y,, 1 5) "y, =4z +2z,, 4 2f ’

1s a linear transformation with the matrix

3 1)1 1 -1 1 X, =-z,+z,,
C:AB: = ,X:CZ,
1 S \4 2 21 11 x, =21z, +11z,.

Def. 8. Proceeding of a linear transformation (15) from x,,x, to y,,»,, we can
fulfill the passage from y,, y,to x,,x,. Such the passage is called an inverse trans-

formation for the given one.

Inverse transformation for a linear transformation with a matrix 4 is also a li-

near one with the matrix A4~".

aV =AY (ylj_(i(/ln Azljj(xlj {yl :All/‘A‘xl_'_AZl/‘A‘xZ’.
, Y ‘A‘ 4, A4, X, , yzzAlz/‘A‘xl"'Azz/‘A‘xz-

Ex. 12. The inverse linear transformation for the transformation

x1:3y1_y2’A: 3 -1 X =AY
X, =Y +5y,, 1 5)

Y=A'1X= L All A21 X:L 5 IX ,
4\ 4, 4, 16{\-1 3

v (516 1/16) x, y, =5/16x, +1/16x,,
y,) \=1/16 3/16 \ x, ) |y, = —-1/16x, +3/16x,.

1S
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Quadratic forms and matrices

Def. 9. Quadratic form of two, three, n unknowns are called the next expres-

sions
2 2.
F(xl’xz):allxl +2a12x1x2 +daynX,, (21 )

_ 2 2 2 .
F(xl, X, x3)— a,X; +a,,X; +a;x; +2a,X,x, +2a,,x,x; +20,,X,x;; (22)

n
F(xl, xz,...,xn)z Zay.xl.xj, a,=a;. (23)

i,j=1
Forms (21), (22) are particular cases of a quadratic form (23).
Quadratic form is completely determined by its matrix A.
For the form (21) it is the next one

A= (an alz} a,, =a,, orsimply 4 = (a” alzj ; (24)

a21 a22 al2 a22

for the form (22) it is
a,, dp 43| 4 =dy, a,
a; Q3 Ay ) Ay =04y a;; Gy A4y

In general case of the quadratic form (23) it is a matrix symmetric with respect

to the principal diagonal

a,  ap Ay, | Gy = Ay a, a, .. a,
a a ..o a a,=da a a ..o a
2 Ay 2 13 =3 1 Oy 5
A= ", or simply A4 = 1. (26)
a, a, a,, i~ all ’ a,, 4, a,,

It is easy to prove that

a a X
F(xl,x2)=anx12 +2a,x,x, +6122x22 =(xl xz)( ! lzj(xl} (27)
2

a12 a22

. 2 2 2 .
F(xl, X,, x3)— a,X; +a,,X5 +a;,x; +2a,X,%, +2a,,%,x; +20,,X,X; =
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all alZ al3 xl

:(xl Xy X3) Q1 Gy Ay || X, (28)

ay  ap A, | %
" a, a weay, |l x
12 22 2n 2
F(x, x,,...,x, )= Zayxl.xj =(x, x, .. x .(29)
= e e e e
aln a2n ann xn
If we denote respectively
xl
X T T
a)Xz( j,X =(x1 xz); b) X=|x, || X =(xl X, x3);
X
2
X3
X
X
2 T
c) X = , X :(‘xl X xn)
X

than a quadratic form of any number of unknowns can be represented in a matrix
form as follows
F=X"4X (30)
Ex. 13. Let F(x,,x,)=3x] +12a,,x,x, + x>. Then
a,=3a,=12a,=12,a,=a, =6,

and the matrix of the quadratic form is

A= (3 6j = F(xl, xz): 3x7 +12a,x,x, + x5 = (x1 xz)(3 6j(x1 j

6 1 6 1)\x,

Def. 10. Quadratic form (23) is called positive (negative) definite if it takes on
only positive (negative) values for any values of x,,x,,...,x, (with the exception of
the casex, =x, =...=x, =0).

Def. 11. Principal minors of the matrix (26) of the quadratic form (23) are cal-

led its diagonal minors
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a,, dp A a, dp a,
a a a a a a a a
1 12 21 2 2k 21 2 2n
4, =ay, 4, oy Ay = s A, =
a, a, ot PO
akl ak2 akk anl an2 ann

Theorem 2 (Sylvester'). Quadratic form (23) is positive definite if and only if
all its principal minors are positive,
A, >0,A,>0,A,>0,..,A >0. (31)
It is negative definite if and only if these minors have alternating signs in the
next manner
A, <0,A, >0,A; <0,A, >0,....
Ex. 14. Quadratic form F(x,, x,, X, )= 5x; +x2 + 5x7 +4x,x, — 8x,x, — 4x,x,

with a matrix

5 2 -4
A= 2 1 =2
-1 -2 5

is positive definite because of the principal minors

5 5 2 -4
4 =5>0, 4, = =1>0,4,=/2 1 -=-2/=1>0
1 2 2 1 3
-1 -2 5

are positive.
Ex. 15. Quadratic form F(x,, x,)=3x} +12a,,x,x, + x> of Ex. 13 is neither po-

sitive nor negative definite because of signs of the principal minors, namely

3
4,=3>0,4, =

6
1‘=—33<0.

! Sylvester I.J. (1814 - 1897), an English mathematician
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LECTURE NO. 6. MATRIX RANK AND SYSTEMS OF LINEAR
ALGEBRAIC EQUATIONS

POINT 1. MATRIX RANK

POINT 2. KRONECKER — CAPELLI THEOREM

POINT 3. SYSTEMS OF LINEAR HOMOGENEOUS EQUATIONS
POINT 4. EIGENVALUES AND EIGENVECTORS OF A MATRIX

POINT 1. RANK OF A MATRIX

Def. 1. Let’s take any £ rows and k columns of some matrix 4. Elements, lying
on the intersection of these rows and columns, form a determinant, which is called
the k-th order minor of the matrix 4.

Ex. 1. Principal minors of a quadratic form (see Lecture No. 5, Point 4).

Def. 2. Rank of a non-zero matrix 4 ( RankA) is called the highest order of its
NON-zero minors.

Ex. 2. Find the rank of a matrix

2 3 5 4
4 1 -1 0
2 -2 -6 -4|
-8 -2 2 0

The matrix has many non-zero minors of the first and second order, for example

2 3
M =a,=2#0,M, = =—10%0.
4 1

All the third order minors of the matrix equal zero. For example

2 3 5 2 3 4 3 5 4
M, =4 1 -1=0M,=/4 1 0|=0,M, =1 -1 0[=0.
2 -2 -6 2 -2 -4 2 -6 -4

Test yourselves that the rest of the third order minors equal zero. As result the fourth

order minor of the matrix, that is M, = ‘A‘ equals zero (what one can easy see if he’ll
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expand the minor with respect to any its row or column).

Therefore RankA=2.

As the rule we find matrix ranks with the help of so-called elementary trans-
formations.

Def. 3. Elementary transformations of a matrix are called:

1) multiplying of any its series (that is of all elements of any row or column) by
non-zero number;

2) interchanging any two series;

3) addition (of all elements) of any series, multiplied by arbitrary non-zero
number, to (corresponding elements of) any other series;

4) casting-out [deletion, dropping] of null-series [null-rows, null-columns]

Theorem. Elementary transformations don’t change the matrix rank.

Ex. 3. Find the rank of the same matrix of Ex. 2.

2 3 5 4 2 3 5 4 2 3 5

1
4 1 -1 0| |4 1 10| |4 1 -10]_
12 -2 -6 -4 |4 1 -10| |0 0o 0 0
-8 -2 2 0) \-8 -2 2 0) \-8 -2 2 0
0 0 0 1) (00 0 1
|4 1 -1 0/ |41 10| (000 1) (01
[0 0 00:0000:(0100}(1 oj'
-8 -2 2 0) (0 0 0 0

The rank of the latter matrix equals 2, and therefore RankA=2.

We’ve used the next elementary transformations: 1) addition of the first row to
the third one; 2) addition of the second row, multiplied by -1, to the third row and
division of the fourth column by 4; 3) addition of the fourth column, multiplied by -2,
-3, -5, to the first, second, third columns correspondingly; 4) addition of the second
row, multiplied by 2, to the fourth row; 5) addition of the second column, multiplied
by -4, 1, to the first, third columns respectively and casting-out the third and fourth
zero-rows; 6) dropping the first and third zero-columns. The sign = means hear the

equality of ranks of matrices.
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POINT 2. KRONECKER-CAPELLI THEOREM

Let's suppose that we study a system of m linear algebraic equations in n un-

knowns

a, X, +a,x, +a,x; +..+a,x, =b,
Ay X, + a,,x, +ayx;, +...+a, x, =b,,

(1)

a, x +a,x,+a x,+..+a, x =b .

ml

Let’s introduce the next two matrices:

all a12 aln all a12 aln bl

ay dyp ay, N ay dyp a,, b,
A= i, A=

aml amZ amn aml amZ amn bm

The first of them is the system [leading, principal, coefficient] matrix, and the second
one is the so-called extended [augmented, dilated] matrix. It is obviously that the rank
of this latter can't be greater than the rank of the system matrix.

Theorem (Kronecker'-Cappelli®). A system of linear algebraic equations (1) is
compatible if and only if the rank of the system matrix 4 equals the rank of the exten-
ded matrix A .

We’ll omit the proving of this theorem and concentrate upon its applications.

Starting the solving a system (1) of linear algebraic equations we at first find
the ranks of its system and extended matrices. If RancAd < RancA , the system is non-
compatible one.

Let’s consider the main case, namely RancA = RancA = k . By virtue of the de-

finition of a matrix rank there is at least one k-th order non-zero minor M, of the ma-

trix 4 (and therefore of the extended matrix A ), and all /-th order minors of both mat-

rices (for [ > k) are equal to zero. This minor M, which we can call the basic one,

! Kronecker, L. (1823 - 1891), a German mathematician
? Capelli, A. (1855 - 1910), an Italian mathematician
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defines equations and unknowns of the system, which we also can call those basic. If,

for example,

a, 4ap a
a, dy Ay

M, =] i =0,
Ay Ay, Ay

the first k£ equations and k& unknowns (x,,x,,...,x, ) be those basic.

The number m of equations of the system (1) isn’t less then the common rank &
of the matrices 4, A .If m > k, we leave k basic equations and throw away the other
m — k non-basic equations, because of, as it follows from the theory, the base equa-
tions are independent, and the other equations are their corollaries and must be dele-
ted.

Thus we get a system of k& equations in n unknowns, and n > k. Two cases can
occur here.

If n = k, we have a system of k& equations in &£ unknowns with non-zero determi-

nant M, . Such the system possesses a unique solution.

If n > k, we leave k basic unknowns from the left and transpose the rest n — k
unknowns to the right. We consider those transposed as arbitrary numbers [or free
unknowns] and express the basic unknowns in terms of free unknowns. In this case
the system (1) is compatible undetermined, and we get its so-called general solution.

Remark. All positions of the aforesaid theory can be fixed by Gauss method
(see Lecture No. 4, Point 2).

If RancA < RancA , Gauss method leads to at least one equation of the form

0=d,, where d, #0.

If RancA=RancA=k, m=>k, k=n, it leads to a triangular system, what means
that a system in question has a unique solution (it’s compatible determined).

If RancA=RancA =k, m=>k, k<n, it leads to a system of a trapeziumform,

and so the given system has infinitely many solutions (it’s compatible undetermined).
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Ex. 4. Investigate for compatibility and solve a system of linear algebraic

equations
2x,+3x, +5x, +4x, = 6,
4x, +x, — x, = 1
2x,—2x,—6x;,—-4x, = -5
—8x, —2x, +2x, = -2

The system and extended matrices be

2 3 5 4 2 3 5 4 6

4 1 -1 0| ~ |4 1 -1 0 1
A= , A= .
2 -2 -6 -4 2 -2 -6 -4 -5

-8 -2 2 0 -8 -2 2 0 =2
The rank of the first one equals 2 (see Ex. 2, 3), the second has the same rank (verify

yourselves!), so RankA = RankA =2, and the system of equations is compatible un-

determined one.

We choose M, = ‘4 1‘ =—-10#0 as the basic second order minor and therefore

the first and second equations and the first and second unknowns as those basic. De-
leting the third and fourth equations and transposing x,, x, to the right we get
{2x1 +3x, = 6-5x;,—-4x,,
4x,+x, = 1+x,.
If we add the second equation, multiplied by - 3, to the first one, we’ll get
{ ~10x, = 3-8x,-4x,,
4x, +x, = l+x,,
whence it follows that
x,=—03+0.8x;+04x,,x, =1+x, —4x, =2.2-2.2x, - 1.6x,.
Answer: the general solution of the system in question is

(—0.3+0.8x, +0.4x,,2.2-2.2x, —1.6x,, x;, x, ),

where x;, x, are arbitrary numbers.
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Note. One can put x; =, x, =  and represent the general solution of the sys-
tem in the next form
(-0.3+0.8a+0.4p3,2.2-2.2a -1.68,a, B),
where «, [ are arbitrary numbers.
Ex. 5. Investigate for compatibility a system of equations’
3x, +4x, —x; =-3,
2x, —x, +ax; =11,

5x,+3x,+3x, =0

The system and extended matrices are

3 4 -] 3 4 -1 -3
A=|2 -1 al| A=|2 -1 a 11|
5 3 3 5 3 3 b

The matrix 4 has the second order non-zero minor

3
M. =
4

2

2
‘z—ll;ﬁO.

Its single third order minor (which is simultaneously the principal determinant 4 of

the system)

3 4 -1
M,=4=2 -1 a|=11(a—4).
5 3 3

If a#4, A+0= RankA= RankA =3, and the system has unique solution.

Fora=4
3 4 -1 3 4 -1 -3
A=|2 -1 4| 4=|2 -1 4 11
5 3 3 5 3 3 b

the third order minor M, of the matrix 4 equals 0, hence RancA=2.It’s necessary to

investigate the extended matrix A for its rank. We’ll do it with the help of elementa-

ry transformations (explain the next transformations yourselves!).

' We have already studied this system (see Lecture No. 4, Point 2)
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3 4 -1 -3 0 0 -1 0 0 0
A=12 -1 4 11|=|14 15 4 -1 |=|1 1
1 1

5 3 3 b 14 15 3 b-9 b-9
0 01 O 0 01 O 0 1
1 1 0 1 |1 00 O |zl O :
0 0 0 »-8 0 0 0 »-8 0 0 b-8
For the last matrix of this chine of matrices (of the same rank!)
01 0 _
0 1 0 ifb=3§,
M, = =120, M,=]1 0 0 [=8-b= _
1 0 8—b=0if b#8.
0 0 b-8

Thus if b#8(and @ =4), then RankA =3 > RankA, and the system is non-compa-

tible one. It’s compatible (and undetermined) for a =4,b =8.

POINT 3. SYSTEMS OF LINEAR HOMOGENEOUS EQUATIONS

In the case of a systems of linear homogeneous equations

a; x, +a,x, +a;x; +...+a,,x, =0,
Ay X, +AypXy +ApX; +...+a, x, =0,

(2)

a, x +a ,x,+a x,+..+a, x =0,
we have
all a12 aln all a12 aln O
ay dyp ay, N ay dyp a,, 0
A= i, A= e, ,
aml amZ amn aml amZ amn O

whence RankA = RankA =k, and the system is compatible one. Let M , be the men-
tioned above k-th order non-zero minor of the system matrix A4, and non-basic equa-

tions are deleted (see Point 2 of this lecture).

If n = k, the system has only a trivial solution because of its principal deter-

minant is distinct from zero.
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If n > k, the system has infinitely many solutions. One can find its general
solution by the method of preceding Point. But homogeneity of the system permits to

go somewhat further because of properties of its solutions.
Properties of solutions of a system of linear homogeneous equations

1 If (x,, %0000, ), (X3, X,5,...,X,, ) be two solutions of the system (2), then

»nl

their sum, that is (x,, + X,,, X, + X,,,....x,, + X, ), is also solution.
2. 1f (x,, X,9,-.., X, ) is @ solution of the system (2), then its product by any

number k, namely (kx,,,kx,,.....kx,, ), is also solution.

By virtue of these properties a corresponding theory says that all solutions of a
system of linear homogeneous equations can be obtained from so-called fundamen-
tal system of solutions. One gets it if he assigns successively the values

(1,0,0,...,0),(0,1,0....,0),(0,0,1,...,0)....,(0,0,0,...,1)
to free unknowns in the general solution of the system.

Ex. 6. Find the fundamental system of solutions of the next system of linear ho-
mogeneous equations

3x, +4x, = 5x; +7x, =

-

2x, —3x, +3x;, —2x, =

-

4x, +11x, —13x;, +16x, =

-

o o o o

Tx, —2x, +x,+3x, =

A system matrix of the system

3 4 -5 7
2 -3 3 =2
4 11 -13 16
7 -2 1 3

has the rank & = 2 (verify!), we can choose as the basic minor the next one:

4
=-17=#0,
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and so the basic equations and unknowns are those first and second. We delete the
third and fourth equations and transpose x;, x, to the right, hence

3x,+4x, = 5x,-Tx,,
2x,—-3x, = —3x;+2x,.

13 19 20

—X,, —X,——X,, X5, X, |.Puttin
17°%177° 1777 j .

The general solution of the system 1s (% X, —

successfully x, =1,x, =0, x, =0, x, =1 in the general solution we get the fundamen-

S B 0o] [-2-2 1),
17717 17" 17

tal system of solutions

POINT 4. EIGENVALUES AND EIGENVECTORS OF A MATRIX

Let there be given a set M of all n-dimensional column vectors (that is' the set
of all column matrices of dimension nx1) and a mapping f of M in M determined by

the n-th order square matrix

all alz aln
ay dyp ay,
A= i
anl an2 ann
It means that to every vector

X

x2
X = eM

X

there corresponds a unique vector

! See the beginning of the Lecture 5, Ex. 2
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M
Y= lem
Y
such that
Y=f(X)=4X.

(3)

The next interesting problem arises: is there a non-zero vector X (eigenvector)

for which

f(X)=AX,0or AX =X

where A is some number (eigenvalue)?

(4)

Let an eigenvalue A and an eigenvector X exist, and the question consists in

finding them. On the base of (4) we have
AX —AX =0, AX —AEX =0,

(4-AE)X =0,
a, —A a,, a, X 0
a4 ay — A s, X | 0
- ’
anl an2 ann - l xn O
or in extensive form

(a11 - )b)x1 +a,X, +...+a,,x, = 0,

ayx, +(ay, — A, +..+a,x, = 0,

ax,+a,x,+.+(@ —A)x = 0.

For existing non-trivial solutions of the system (in x,, x,,..., x, ) its principal

determinant must be equal zero,

a, — A a a,
-A
|A—AE|=Det(d-2E)=| “ oo,
anl an2 ann - l

(5)

(5a)

(6)

(7)
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Opening the determinant we get the n-th degree equation in an eigenvalue 4.

Let A =4, be a root of the equation (7). We substitute it in (6) (or in (5 a)) and

obtain the system

(a11 —)bo)x1 +a,x,+...+a,x, = 0,

ay X, +(ay, — A ), +..4a,x, = 0, (8)

)X, = 0

n

a,x +a,x,+..+(a

nn

to find coordinates of one or several eigenvectors corresponding to the eigenvalue 4, .

It’s useful to take into account that the rank of the system matrix of the system (8) is
less than n.
By the same way we do as to other eigenvalues.

Ex. 7. Find eigenvalues and eigenvectors of a matrix

7 -4 =2
A=|-2 5 =2/
0O 0 9
Solving the problem.
1 00 A 0 0 7-4 -4 =2
E={0 1 0,AE=|0 A O A-AE=| -2 5-41 =2 |
0 0 1 0 0 4 0 0 9-4
7T-4 -4 =2 . 4
|[A—AE|=Det(A-AE)=|-2 5-1 -2 =(9—/”t)( 5 s l‘=(9—}t)2(}t—3).
0 0 9-4

On the base of (7) we solve the equation
(9-2)(A-3)=0=4,,=9,1,=3.
Let at first A =9. Substituting the value 9 in (5 a) instead 4 we get
-2 -4 =2)\x 0 —2x,—4x,-2x;, = 0,
-2 -4 -2|x,|=|0] §-2x,—-4x,-2x; = 0,
0 0 0 Nx 0 0-x,+40-x,+0-x; = 0.

It is obvious that the system of equations in x,, x,, x; reduces to one equation
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X, +2x,+x,=0
with the basic unknown x; and free unknowns x,, x,. It directly follows also from

the theory, because of (verify!) the rank of the system matrix equals 1,

-2 -4 -2
Ranc| -2 -4 -2|=1,
0 0 0

because of all its second order and unique third order minors are equal to zero.

Putting x, =1, x, =0 and then x, =0, x, =1 we obtain the fundamental system
of solutions (~2,1,0), (—1,0,1) of the system and therefore two eigenvectors

-2 -1

Now let A =3. For this value a system (5 a) takes on the form
4 -4 -2\ x 0 4x, —4x,-2x, = 0,
-2 2 =2|x, =0} {-2x +2x,-2x, ,
0 0 6 \x 0 0-x,+0-x,+6x; = 0.

The rank of its coefficient matrix equals 2':

4 -4 -2 2 -2 -1 2 0 -1
Rank| -2 2 -2 |=Rank|-1 1 —1|=Rank|-1 0 -1|=
0O 0 6 0O 0 6 0 0 1
2 00 0 0 0
=Rank|1 0 O|=Rank|1 0 O =Rank(1 Oj=2.
0 0 1 0 0 1 01

Therefore the fundamental system of solutions of the system contains only one solu-

tion (for x, =1), namely (1, 1, O), and so we get only one eigenvector

! We find it with the help of elementary transformations. Evaluate it making use of matrix minors.
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-2 -1 1
Answer. X, =| 1 | X,=| 0 |for A=9, X,;=|1|for A=3.
0 1 0

Ex. 8. The same problem for a matrix

5 -3 2
A=|6 —4 4.
4 -4 5
Solution.
5-1 =3 2 5-4 -3 2
A-2E=| 6 —-4-1 4 ||A-JE|=0=| 6 -4-1 4 |=
4 -4  5-1 4 -4 5-1

= (=62 +114-6)=-(A-1)21-2)(A=3)=0,4 =1, 4, =2, 4, = 3.
For A =1 we must solve the next system of equations with the rank 2 of the
system matrix (verify it yourselves), and so
4x,—-3x,+2x;, = 0,
6x,—5x, +4x, = 0, {

X=X, +x; = 0,{xl—x2 = —X,
4x, —4x, +4x, =

4x,—-3x,+2x;, = 0; [4x,—-3x, = -2x,.

bl

Putting x, =1, we get x, =1, x, =2 and the eigenvector
1
X, =|2].
1

For A =2 we have by analogy
3x,-3x,+2x; = 0,
6x,—6x,+4x, = 0, {

3x,-3x,+2x; = O, {3xl +2x, = 3x,,
4x, —4x,+3x; = O

4x, —4x, +3x;, = 0; |4x, +3x,

4x,.

Putting x, =1, we get x, =1, x; =0 and the eigenvector

At least for A =3 we obtain by the same way
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2x,—3x, +2x, = 0,
{2xl ~3x,+2x, = 0, {2xl —-3x, = -2x,,

6x,—7x,+4x, = 0,
6x,—7x,+4x, = 0;|6x,—7x, = -4x,.

4x, —4x,+2x, =

bl

Putting x; =1, we get the values of the other unknowns (x, =1/2, x, =1) and

the eigenvector

In all three cases the rank of corresponding system matrix equals 2, and the
fundamental system of solutions contains only one solution.
Answer.
1 1 1/2
X, =|2|forA=1, X,=|1|for A=2, X,=| 1 | for A=3.
1 0 1
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MATRIX AND SYSTEMS OF LINEAR
ALGEBRAIC EQUATIONS: basic terminology RUE

1. Cnoxenue matpuil (0]1-
HOTO U TOTO e pa3Mepa)

2. PacmmpenHass marpuua
(cuctembl JIMHEWHBIX ypa-
BHECHMI)

3. ba3zucHblii/TaBHBIN
MUHOP

4. Ba3ucHble CTPOKH/CTO-
J01Bl TJIAaBHOW MAaTPUIIBI
[MaTpHIBl CUCTEMBI, MaT-
PpULIBI K03 pUIeHTOB
IIPU HEU3BECTHBIX |

5. basuchHas Heu3BeCTHAs
6. Marpuna ko3¢ duim-
€HTOB (TIPY HEU3BECTHHIX )

7. Matpuria-ctoyioelr cBo-
OOJIHBIX YJICHOB

8. Marpuna-cronder; He-
H3BECTHBIX

9. Martpuna-croodei
(mx1, c m sneMeHTamMNn)

10.Onpenenurens
pPaTHOM MaTPULIbI
11.23nemeHnTapHoe mpeood-

KBaJI-

pa3zoBaHue
12.MuHOp  HaWBBICIIETO
MOpsSiAKA, OTJIMYHBIA  OT
HYJIS

13.Equanunas Matpuua

14.00patHoe  NHMHEWHOE
npeoOpa3oBaHUE HEU3BEC-
THBIX

15.00paTHas maTpuiia

16.I' naBHas UaroHajb
KBaJIpaTHOM MaTpHUIIbI

JlonaBanust Matpuip (0j-
HOTO i TOTO X PO3MIpY)

Pozmupena marpuns (cuc-
TEMU JIHIHHUX PIBHIHB)
basucHuit/ronoBHuit  Mi-
HOp

ba3ucHi psiaku/cTOBIII T'O-
JIOBHOI MaTpHill [MaTpuill
CUCTEMH, MaTpulll Koedi-
IIEHTTIB IPU HEB1IOMUX |

ba3ucua HeBimoma
Marpuns KO3(IIIEHTIB
(py HEB1IOMUX )

Martpuiis-cToBnenb Biib-
HUX YJICHIB
Martpuiis-cToBnenb HeEBi-
JOMHX
Martpuis-croBnens (mx1,
3 m €JIEeMEHTaMH )

Buznaunuk
MaTpHuIli
Enementapne neperBopeH-
HA

MiHOp HaWBHIIIOTO MOPSII-
KY, BIAMIHHUAN B1Jl HYJIS

KBaJpaTHOT

OIII/IHI/I‘{Ha MaTpHUuIA

OOGepHene JiHINHE TEpeT-
BOPEHHS HEBIIOMUX

O6epHena matpuls
I'osmoBHa miaroHanab KBaj-
paTHO1 MaTpuIli

Addition of matrices (of
the sdme dimension [order,
extént])

Augménted [dilated, ex-
ténded] matrix (of a sys-
tem of linear equations)
Bése/basic/principal minor

Base/béasic  réws/codlumns
of a principal/léading mat-
rix [system matrix, matrix
of coefficients of un-
knéwns]

Base/basic unkndéwn
Coefficient matrix; matrix
of coefficients (of un-
knéwns)

Column matrix of 4ab-so-
lute [free,constant] terms
Column matrix of Un-
knowns

Column matrix [one-by-m
cOlumn matrix, single-
cOlumn matrix] (with m
¢lements)

Detérminant of a square
[quadratic] matrix
Eleméntary  transforma-
tion

Highest 6rder nonzéro mi-
nor [nonzéro minor of the
highest order]

Unit [anity, idéntity] mét-
rix

Invérse linear transforma-
tion of unknowns

Invérse matrix

Principal [léading, maAin,
positive]  diagonal of a
square [quadratic] matrix
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17.'maBHast MaTpuia cuc-
TEMBI

18.JIuneiinas
HaJl MaTpULIaMHU
19.JIuneitHoe mpeoOpazo-
BaHUE HEU3BECTHBIX
20.Marpuia

oreparus

21.MaTtpu4Hoe ypaBHEHUE
22.Marpuna pasmepa m x
n

23.MaTtpuua JHHEHHOTO
npeoOpa3oBaHusl HEU3BEC-
THBIX

24 .Matpuna ¢ m CTpO-
KaMH U 1 CTOJIOLaMu
25.MuHop (mepBOro, BTO-
poro, TPETBETO, N-TO TO-
psZIKa) MaTPUILIbI

26.YMHOXEHUE MAaTpULIbI
(Ha yucino, Ha MaTpULy
(cneBa, cripaBa))

27.YMHOXUTh  MAaTpHUILy
(Ha yumcno, Ha MaTpuLy
(cnea, cripaBa))

28.0TpunaTenpHoO onpene-
JIeHHast KBagpaTtudHas ¢o-

pma
29.110o510KUTENBHO  OIpe-
NeJIEHHAss  KBaJpaTU4YHAasd
dbopma

30.I'nmaBHBII MUHOp KBaJ-
paTu4HOM (HOpPMBI
31.I'naBHblli  [0a3UCHBIN]
MUHOP

32.1lpousBeneHre Martpu-
bl (Ha YHUCII0, HA MATPHUILY
(cneBa, cripaBa))
33.IIpousBenenune JHHEN-
HBIX MpeoOpa3oBaHUN He-

I'onoBHa MaTrpunsa CUCTC-
MU

Jliniiina onepariist HaaA Ma-
TPUISIMU
JliniliHe mepeTBOPEHHs He-
BIJIOMHUX
Martpuis

MatpuuHe piBHAHHS
Matpuist po3mipy m X n

Matpuis JaiHIHHOTO Tepe-
TBOPEHHS HEBITOMUX

Matpuis 3 m pankamu 1 n
CTOBMISIMU
Minop (mepiioro, Ipyro-
ro, TPETbOro, 1-Ir0 MOPSJI-
Ky) MaTpulii

MHuoxenHss Matpuili (Ha
YKCIIO, HA MATpULIO (3J1i-
Ba, CIIpaBa))

[TomHOXUTH MaTpuilio (Ha
YHCIIO, HA MATpULIO (3J1i-
Ba, CIIpaBa))

Bin"emHO Bu3HaueHa KBa-
JIpaTU4yHa [kBampaTHa|
dbopma

JlogaTHO BH3HA4Y€Ha KBa-
ApaTtuyHa [KBaapatHa| ¢o-
pma

['onoBHMII MIHOp KBajapa-
TUYHOI [KBaapaTHOi] dop-
MU

['onmoBHuii [6a3ucHMit] Mi-
HOD

JoOyTok Matpuili (Ha 4u-
CJI0, Ha MaTrpuIlo (3JiBa,
cripaBa))

JIoOyTOK JNIHIAHUX TEepeT-
BOPEHb HEBIJOMUX

Principal [léading, sys-
tem] matrix, matrix of a
system

Linear operation on matri-
ces

Linear transformation of
unknowns

Matrix (p/ matrices [matri-
xes])

Mitrix equation

Mitrix of dimension [Or-
der, extént] m x n

Matrix of a linear trans-
formation of unknowns;
transformation matrix
Mitrix with m rows and n
cOlumns

Minor (of the first, se-
cond, third, n-th order)
[(first-, second-, third-, n-
th 6rder) minor] of a ma-
trix

Multiplication of a matrix
(by a number, by a matrix
(from the left [right]))
Multiply a matrix (by a
nimber, by a matrix (from
the left [right]))

Négativ définite quadratic
form

Positive définite quadratic
form

Principal minor of a quad-
ratic form

Principal [base] minor

Product of a matrix (by a
nimber, by a matrix (from
the left [right]))

Product of linear transfor-
mations of unkndéwns
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U3BECTHBIX
34.IIpousBeeHNE MATPHUI]
35.KBagparuunas popma

36.Panr maTpuisl
37.HeBbIpOKAEHHAS
ocoasi| MaTpuiia
38.Pe3ynbpTar mocieaoBa-
TEIBHOTO BBITTOTHEHUSI
(n1ByX) JMHEHWHBIX MPEOO-
pa3oBauii HEU3BECTHBIX

[HE

39.Martpura-ctpoka (1 x
n, C 1 DJIEMEHTaMH )

40.BbpIpoKJIeHHAas MaTpu-
ma

41.KBanpatHas MaTpuua
(mepBoro, BTOpOro, TPETh-
€ro, n-ro MmopsiaKa)

42.Matpuna CUCTEMBbI

43.HauBbIiclinid  MOPSIOK
MUHOpPOB (OTJIMYHBIX OT
HYJIS1)

44. TpancnoHUpOBaHHAas
MaTtpuia

JloOyTOoK MaTpUIlh
KBanparnuna [kBagpaTHa]
dbopma

Panr matpuii
Heupomxena/neocobiu-
Ba MaTpPHUIIs

Pe3ynbTaT 1mMOCHIAOBHOTO
BUKOHAHHS (BOX) JIiHIMN-
HUX TIEPETBOPEHb HEBIIO-
MHUX

Martpunsg-psaaok (1 x n, 3 n
€JIEMEHTaMH )

Bupomxena/ocobnuBa Ma-
TpHILA

KBanparna marpurs (miep-
IOTO, JIPYroro, TPEThOTO,
n-TO TIOPSIAKY)

Matpuiist cucteMu
HaliBumuii nopsigok  Mi-
HOpIB (BIAMIHHUX Bil HY-

TI51)

TpaHCHOHOBaHa MaTpUuIAa

Product of matrices
Quadratic form

Rank of a métrix

Régular [nénsingular] mat-
rix

Result of succéssive [se-
quential, consécutive] rea-
lization [fulfillment, ac-
complishment] of (two) li-
near transformdations of un-
knowns

Row matrix [one-by-n row
matrix, single-row matrix]
(with n élements)

Singular matrix

Squére [quadratic] matrix
(of the first, second, third,
n-th order); (first-, second-
, third-, n-th 6rder) square
[quadratic] matrix; n-by-n
matrix

System matrix, matrix of a
system

The highest order of (the
non-zéro/non-null, the dif-
ferent from zéro/null) mi-
nors

Transposed matrix [trans-
poOse of a matrix|
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MATRIX AND SYSTEMS OF LINEAR
ALGEBRAIC EQUATIONS: basic terminology ERU

1. Addition of matrices
(of the sdme dimension
[order, extént])

2. Augménted  [dilated,
exténded] matrix (of a sys-
tem of linear equations)

3. Base/basic/principal
minor

4. Bése/basic réws/co-
lumns of a principal/léa-
ding matrix [of the system
matrix, of the matrix of co-
efficients of inknowns]

5. Base/basic unknown

6. Coefficient matrix; ma-
trix of coefficients (of un-
knéwns)

7. Column matrix of ab-
solute [free,constant] terms
8. Column matrix of un-
knowns

9. Column matrix [one-
by-m column matrix, sing-
le-cOlumn matrix] (with m
¢lements)

10.Detérminant of a square
[quadratic] matrix
11.Eleméntary transforma-
tion

12.Highest order nonzéro
minor [nonzéro minor of

the highest 6rder]
13.Unit [Unity, idéntity]
matrix

14.Invérse linear transfor-
mation of unknowns

15.Invérse matrix
16.Principal [Iéading, ma-
in, positive] didgonal of a
square [quadratic] matrix

Cnoxenue Matpuil (0JHO-
r'0 U TOTO XK€ pazmepa)

Pacmupennas ~ marpuua
(cuctembl JIMHEWHBIX ypa-
BHECHMI)
bazucHblii/T1aBHBIN
HOD

basucHble CcTpOKH/CTOJIO-
bl TTITABHOW MaTpHIIbI [Ma-
TPUIIBI CUCTEMBI, MATPHIIBI
KO3 (PUIIMEHTOB TIpU He-
M3BECTHBIX |

ba3ucHas HensBecTHas
Matpuiia k03¢ dumreH-
TOB (IIpU HEU3BECTHBIX)

MHU-

Matpuia-cronbern cBo6O-
THBIX YICHOB
Martpuria-cronber; Hen3Be-
CTHBIX

Marpuna-cronoer (mxl1, ¢
m 5JIEMEHTaMHU )

Onpenenurens  KBaapar-
HOW MaTpPHUIIbI
DOnemeHTapHOe Mpeodpa-
30BaHUE

MI/IHOp HauBBICHICTO IIO-
paaka, OTJIMYHBIN OT HYJIA

Ennnnynas matpuna

OO6paTHOE NHHEIHOE Tpe-
oOpa3oBaHHWE  HEU3BECT-
HBIX

OO6paTHas MaTpuiia
['maBHasi AuaroHan b KBaJ-
pPaTHOM MaTPULIbI

JlonaBanus Matpuip (0j-
HOTO ¥ TOTO X PO3MIpY)

Pozmupena matpuns (cuc-
TEMU JIHIHHUX PIBHIHB)
basucHuit/ronoBHuit  Mi-
HOp

baszucHi psiaku/cTOBIII T'O-
JIOBHOI MaTpHill [MaTpHuill
CUCTEMH, MaTpulli Koedi-
I[IEHTIB TIPU HEB1IOMUX |

basucua HeBimoma
Marpuns KO3(IIIEHTIB
(Ipy HEB1IOMUX )

Martpuiis-cToBnenb Bilib-
HUX YJICHIB
Martpuiis-cToBnenb HEBi-
JOMHX
Martpuis-crosnens (mx1,
3 m €JIEMEHTaMH )

Buznaunuk
MaTpHuIli
Enementapne nepeTBopeH-
HA

MiHOp HaWBHIIIOTO MOPSII-
KY, BIAMIHHUN B1Jl HYJIS

KBaJpaTHOT

OIII/IHI/I‘{Ha MaTpHUuIA

OOGepHene JiHINMHE TEpeT-
BOPEHHS HEBIIOMUX

O6epHena matpuls
I'omoBHa milaroHajnab KBaj-
paTHO1 MaTpuIli



130

Matrix Rank and Systems of Linear Equations

17.Principal [léading, sys-
tem] matrix [matrix of a
system]

18.Linear operation on
matrices

19.Linear transformation
of unknowns
20.Matrix  (p/ matrices
[matrixes])

21.Matrix equation
22.Matrix of dimension
[order, extént] m x n
23.Matrix of a linear trans-
formation of unknowns;
transformation matrix

24 .Matrix with m rows and
n cOlumns

25.Minor (of the first, se-
cond, third, n-th order)
[(first-, second-, third-, n-
th 6rder) minor] of a ma-
trix

26.Multiplication of a ma-
trix (by a nimber, by a
matrix (from the left
[right]))

27 Multiply a matrix (by a
nimber, by a matrix (from
the left [right]))
28.Négativ définite quad-
ratic form

29.Positive définite quad-
ratic form

30.Principal minor of a
quadratic form

31.Principal [base] minor

32.Product of a matrix (by
a number, by a matrix
(from the left [right]))

33.Product of linear trans-

I'maBHasg marpuna cucre-
MBI

JluHeriHas omnepauuss Hax
MaTpULIAMHU

Jluneiinoe mnpeoOpasoBa-
HHUE HEU3BECTHBIX
Martpuna

MarpuuHoe ypaBHEHHUE
Martpuua pasmepa m X n

Marpuna JuHENHOro Ipe-
oOpa3oBaHUs  HEU3BECT-
HBIX

Marpuna ¢ m CTpoKaMu U
n cTonlduamMu

Munop (mepBoro, BTOpPO-
ro, TPETbEro, n-TO MOPSJI-
Ka) MaTpHIIbI

YMHOKEHHE MaTpuIlbl (Ha
YUCJI0, Ha MaTpuIly (cie-
Ba, CIIpaBa))

YMHOXHTh MatTpuily (Ha
YUCJI0, Ha MaTpuIly (clie-
Ba, CIIpaBa))

OtpunarenbHo  ompene-
JIeHHasi KBajpaTu4Has ¢o-
pma

[lonoxurenbHo  ompee-

néHHas KBajpatuuHas ¢o-
pMma

I'maBHBIN MHMHOpP KBajpa-
TUYHOU (POPMBI

['maBHBIN [0a3UCHBIN] MU-
HOD

[IpousBenenue MaTpHIlbl
(Ha yucino, Ha MaTpULly
(cneBa, cripaBa))
[IpousBeneHue JTUHEHHBIX

I'onoBHa MaTpunsa CUCTC-
MU

Jliniiina onepartiist HaaA Ma-
TPUISIMU
JliniliHe mepeTBOPEHHs He-
BIJIOMHUX
Matpuis

MaTtpuuHe piBHAHHS
Matpuis po3mipy m X n

Matpuis JiHIHHOTO Tepe-
TBOPEHHS HEBITOMUX

Matpuis 3 m panKkamu 1 n
CTOBMISIMU
MiHop (mepiioro, apyro-
ro, TPETbOro, 1-Iro MOPSi-
Ky) MaTpulii

MHuoxenHs wMarpuii (Ha
YHCIIO, HA MATpULIO (3J1i-
Ba, CIIpaBa))

[TomHOXUTH MaTpuilio (Ha
YHCIIO, HA MATpULIO (3J1i-
Ba, CIIpaBa))

Bin"emHO Bu3HaueHa KBa-
JIpaTU4yHa [kBampaTHa|
dbopma

JlogaTHO BH3HA4Y€HaA KBa-
ApaTtuyHa [KBaapatHa| ¢o-
pma

['onoBHMII MIHOp KBajapa-
TUYHOI [KBaapaTHOi] ¢op-
MU

['onmoBHuii [6a3ucHMit] Mi-
HOp

JloOyTok Matpuili (Ha 4u-
CJI0, Ha MaTrpuIlo (3JiBa,
crpaBa))

JIoOyTOK JNIHIHHUX TEepeT-
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formations of unknowns

34.Product of matrices
35.Quadratic form

36.Rank of a matrix

37.Régular [noénsingular]
matrix
38.Result of succéssive

[sequential, consécutive]
realization [fulfillment, ac-
complishment] of (two) li-
near transformations of tin-
knowns

39.Row matrix [one-by-n
row matrix, single-row
matrix] (with n élements)
40.Singular matrix

41.Square [quadratic] ma-
trix (of the first, second,
third, n-th O6rder); (first-,
second-, third-, n-th 6rder)
square [quadratic] matrix;
n-by-n matrix

42.System matrix, matrix
of a system

43.The highest order of
(the non-zéro/non-null, the
different from zéro/null)
minors

44, Transpdsed matrix
[transpOse of a matrix]

npeoOpa3oBaHUN HEU3BE-
CTHBIX

[IpousBenenue MaTpuIl
KBangpatuunas popma

Panr maTpuis

HeBbipoxkneHHass [Heoco-
as| maTpuua
PesynpTaT mocnemoBare-

BHOT'O BBITIOJTHEHHS (IBYX)
JUHEWHBIX MpeoldpaszoBa-
Wi HEU3BECTHBIX

Matpuma-ctpoka (1 x n, ¢
n DJIEMEHTaMU)
Bripoxxaennas Mmatpuiia
KBanpartnas MaTtpuia

(mepBoro, BTOpOro, TPETh-
€ro, n-Tro MmopsiaKa)

ManI/II_Ia CHUCTCMBI

Hawusbiciinii nopsiiok Mu-
HOpPOB (OTJIIMYHBIX OT HY-
TI51)

TpancnoHupoBaHHasi Mart-
puna

BOPCHB HCBiI[OMI/IX

JloOyTOoK MaTpHUIlh
KBanparnuna [kBagpaTHa]
dbopma

Panr matpuii
HeBupomxena/neocobiu-
Ba MaTpPHUIIS

Pe3ynbTaT mMOCHIAOBHOTO
BUKOHAHHS (BOX) JIiHIMN-
HUX TIEPETBOPEHb HEB1IO-
MHUX

Martpunsg-psaaok (1 x n, 3 n
€JIEMEHTaMH )

Bupomxena/ocobnuBa Ma-
TpHILA

KBanparna marpurs (mep-
I0TO, JIPYroro, TPEThOTO,
n-TO TOPSIAKY)

Martpuiist cucteMu
HaiiBumuii mopsiok Mi-
HOpIB (BIAMIHHUX Bil HY-

JIsT)

TpaHCHOHOBaHa MaTpUuIAa
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ANALYTIC GEOMETRY
ANALYTIC GEOMETRY ON THE PLANE

LECTURE NO. 7. A STRAIGHT LINE AND A CIRCLE

POINT 1. LINE EQUATION. CIRCLE

POINT 2. A STRAIGHT LINE

POINT 3. MUTUAL DISPOSITION OF TWO STRAIGHT LINES
POINT 4. EXAMPLES

POINT 1. LINE EQUATION. CIRCLE

Analytic geometry is a branch of mathematics where geometric problems are
solved by analytical methods. In the basis of all these methods lies the conception of
coordinate system (coordinate method). Foundations of analytic geometry have laid
Viéte', Fermat® and Descartes’.

Let be given so-called Cartesian rectangular coordinate system on the xOy -

plane, which is generated by two mutually perpendicular

axes Ox, Oy with the same unit length [unit measure] (see

/ fig. 1). We’ll give at first examples of application of

f
s W _ __ﬁé”y* ) coordinate method to two simplest problems.
ol =, g * Ex. 1. Find the distance between two points A(x,; y,)
Fig. 1 and B(xz; yz) with known coordinates (fig. 1).
By Pythagorean theorem

AB=~CB* +CA*; CB=|x, - x,

and therefore

,CB’ :‘xz _xl‘z =(x2 _xl)zf cA’ :(yz _y1)2>

! Viéte, F. (1540 - 1603), a French mathematician
? Fermat, P. (1601 - 1665), a famous French mathematician
? Descartes, R. (1596 - 1650), a famous French mathematician and philosopher
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AB=\/(x2—xl)2+(y2—yl)2. (1)
Ex. 2. Find coordinates of a point M (x; ) which divi-
des a segment with end points A(x,, y, ), B(x,; ,) in the gi-
¢ venratio A, that is (fig. 2)

AT 5.
MB
Fig. 2 By corresponding geometrical theorem
AM AN _x X, x:xl+}tx2’_AM:AE:y—yl:l:y:yl+/ly2
MB NC x,-x 1+A MB ED y,-y I+

coMtAn o it Ay,

. 2
1+4 YT A (2)
If in particular a point M (x,; y,) divides a segment A(x,; y,)B(x,; y,) in half,
then A = 1 and the coordinates of the point M (x,; y,) will be equal

P ML S 5.
&/ 2 2
Def. 1. Equation of the form
Z 1 F (x, y) =0 (3)
; A ~ is called that of a line L on the xOy - plane (fig. 3) if coordi-

Fig. 3 nates of each point M (x; y) of the line, and only coordina-

tes of such points, satisfy this equation.

wk o A point M (x; y) is an arbitrary [current] point of a line L,

Mt’?-y)

and its coordinates are called those current. Equation of any line

must contain at least one current coordinate.

Mo(xo - Yo) Ex. 3. Let a line L is determined by an equation 2x+ y =3.
0

~J1 —""% Apoint M(I;1) belongs L because of 2-1+1=3 that is its coordi-

Fig. 4 nates satisfy the line equation, but a point N (2; — 3) doesn’t
belong to it for 2-2+(—3)=1#3.
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Ex. 4. Write an equation of a circle (circumference) of a radius R and a centre
M, (x,; v,) (fig. 4).
For an arbitrary point M(x; y) of a circle we can write
MM?=R".
Using further the distance formula (1) we obtain the equation
(x=x ) +(y=y,) =R® (4)
which is called the canonical equation of a circle.

Ex. 5. A particular case of the equation (4)
x*+y’ =R’ (5)
is the equation of the circle of radius R centered at the origin. Resolving the equation

with respect to y an then to x we get

a) the equation of the lower semi-circle y =—VR* —x* ;
b) the equation of the upper semi-circle y =+ R* —x* ;
c) the equation of the left semi-circle x = —/R> —y” ;

d) the equation of the right semi-circle x =+ R” — > .

Ex. 6. Let x> —4x+ y* +10y +5=0. Which line describes this equaton?
Completing the squares,
X —4x+4+y" +10y+25-4-25+5=0,(x =2 +(y+5) =24,

we conclude that the given equation is that of a circle with the radius R = 24/6 and
the centre M (2;—5).

To find the intersection point of two lines /,, [, which are represented by
equations

[ : E(x y)= 0, IL: Fz(x, y)= 0

it’s sufficient to solve a system of equations

{F](x,y)=0,

F,(x,y)=0. (6)
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POINT 2. A STRAIGHT LINE

Def. 2. Let o is an angle a straight line / forms with positive direction of the
Ox -axis (fig. 5). Tangent of this angle is called the slope [the angular coefficient] of
the straight line and is denoted by
k=tana . (7)

Equation of a straight line with angular coefficient [slope intercept (form of
the) equation of a straight line].

j / If B(0; b) is the intersection point of a straight line /
— J 7 “27/ with the Oy -axis, then the equation of the line / is
z@i =, Vi 8) y=hkx+b. (8)
J x x mLet M (x; y) be an arbitrary point of a straight line,
Fig. 5 then (see fig. 5)
=tana =ﬂ— y=b = kx=y-b,y=kx+b.

BN  «x
Ex. 7. Equation of a straight line passing through a point B(O; — 7) € Oy under

the angle a = /3 to the Ox-axis is

y:\/§x—7(k:tan7r/3:\/§,b :—7).
Ex. 8. Equation of the Ox-axis is
y=0(k=b=0).

Equation of a straight line which is perpendicular
; 4 / £ ; / to the Ox-axis and passes through a given point
Let a straight line / is perpendicular to the Ox-axis

! %/ Zoja%') and passes through a point M (x0 ; yo) (fig. 6) (the slope

0 Yo X of such the straight line doesn’t exist). Abscissa x of an ar-

Fig. 6 bitrary point M (x; y) of line always equals x,, therefore
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the line equation is

X=X, (9)

General equation of a straight line
The equations (8), (9) are particular cases of an equation of the next form:
ax+by+c=0.
my=kx+b=hke+(-1)y+b=0;,x=x,=1-x+0-y+(-x,)=0m
Inversely an equation
ax+by+c=0 (a2+b2¢0) (10)

in which at least one of coefficients a, b isn’t zero (otherwise a” +b° =0), is the
equation of a straight line.

ml) Let at first b # 0. The equation (10) yields

by=-ax—c,y=—alb-x—c/b,

that is the equation of a straight line with angular coefficient

k=——. (11)

a

2) If now b =0, then (by a” +b5>#0) a # 0, and the equation (10) takes on the
form ax+c =0, whence it follow the equation

x=-c/a

which is that of a straight line perpendicular to the Ox-axis.m

One can say that there is one-to-one correspondence between the set of all
straight lines on the xOy-plane and the set of all equations of the form (10).

Equation (10) (with additional condition a” +b” # 0) is called the general
equation of a straight line on the xOy-plane.

Ex. 10. It follows from the general equation of a straight line S5x+ 6y =30 that

its slope equals k£ =—5/6, because of 6y =30—5x, y =—5/6x+5.
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Equation of a straight line passing through a given point in a given
direction

Let a straight line / passes through a point M (x,, y,) and has a given slope
k =tana (fig. 7). For any point M (x,' y) of the line the equation (8) holds.
2 Coordinates of the given point M (x,, y,) satisfy this

J

u{/éffaf /”,,] equation, namely y, = kx, +b. If we subtract termwise [term

by term, term-by-term] this equality from the equation (8),

A

7ﬂ x we’ll get
y=y, =(kx+b)=(kx, +b), y = y, = kx —kx,,

Fig. 7 and therefore the equation in question is the next one:
y—y, =k(x—x,). (12)
Ex. 11. Equation of a straight line which passes through a point M (2, —3) and
forms an angle 3/47 with positive direction of the Ox-axis is
y—(=3)=tan3/4n-(x—2), y+3=—(x—2)or finally x + y +1=0

Def. 3. A set of all straight lines, which pass through a

|
|
I
|
|

point M (x,, y,) (fig. 8) is called a pencil [a bunch, a bundle]

’(%/i”/
- of straight lines with the centre M (x,, y, ).

I
|
|
|
|
|
|
|

VAR REEE Equation (12) gives all straight lines of the pencil exclu-

Fig. 8 ding the line x = x, which is perpendicular to the Ox-axis and

hasn’t a slope. By this reason this equation often is called the equation of a pencil of

straight lined with the centre M (x,, y, ).

Equation of a straight line passing throught two given points [two pdint
(form of the) equation of a straight line].
Let it’s necessary to write the equation of a straight line pas-
//3/7"// sing through two given points M, (x,; y,), M,(x,; y,) (fig. 9).
4 /’[aj/ Using the equation (12) for the first point M, (x,, y,) we at first ha-
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Fig. 9 ve y—y, = k(x — X, ), and 1t’s needed to determine the slope of the
straight line M M. But the coordinates of the point M, (x,, y,) must satisfy the
equation, hence

o=y =klx,~x,)

and therefore the slope in question is

p=22"N (13)
Xy =X

Substituting the found value of the slope we get

y=y =22 (- x) (14)
X, =X

or (after dividing both sides by y—y,)

x_xl:y_yl (15)
Xy =X Vo= W

Ex. 12. Find the centre of gravity of a triangle with vertices 4(3; —4), B(S, 6),

C(7; -8).
The centre of gravity of a triangle is the intersection point of its medians.

Coordinates of the midpoint D of the side BC of the triangle are

X, :xB;xC :5;7:6;'yD :yB;yC — 6+(_8)=—1,'D(6,'—1),

and the equation of the median 4D, by virtue of the equation (15), is

X=X, _ Y=Y, X=3_ y—(—4) x-3_y+4
Xp =Xy yD_yA,6_3 _1_(_4), 3 3

, x—y=T7=0.

By the same way we find the midpoint E(5; —6) of the side AC and the

equation of the median BE

X—X5 _ Y=Vs x-=5_  y-6 x—5:y—6

» - ) ,X—SZO.
Xp—Xg Yp—Vg 3-5 —6—(—6) 0 -12

To find the intersection point M of the medians AD and BE, we solve the

system of equations
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x—y-7=0,
x—=5=0,

whence x =5, y=-2. The centre of gravity of a triangle is the point M (5; — 2).

Ex. 13. Set up an approximate equation of the bisector of an inner angle at a
vertex 4 of a triangle with vertices A(-1,5), B(-2,;-2), C(5; 5).

Solution of the problem consists in three steps.

1. The sought bisector intersects the opposite side BC of the triangle in certain
point D. It divides BC in the ratio BD:DC which is equal to A = AB: AC. By the
formula (1)

AB=\(x,—x,F + (v, =, ) =(c1=(2)} +(5-(=2)f =+/50, 4C =6,
)b:ﬁ:@zl_z_ '
AC 6
2. On the base of the formula we find the coordinates of the point D, namely
Xp+Ax, —-2+1.2-5 Vvg+Ae —-2+1.2-5
Xp = ~ ~ 18, Yp = ~
1+ A 1+1.2 1+A4 1+1.2

~1.8; D(1.8;1.8).
3. Finally we write the approximate equation of the bisector AD as that of the
straight line passing through two given points A(— 1, 5), D(1.8,' 1.8); by (15)

x-x, _y-y, x—(=1) _ y-5 x+l_ y-5 32x+28y-10.8=0,
X,—X, vp—v, 1.8=(-1) 1.8-5 28 -32" 8x+7y-27=0.

Equation of a straight line in segments [two-intercept (form of the) equation

of a straight line]
d[/ Let a straight line / cuts segments OA4, OB from the
f\ ﬁ/ﬂ-’ﬁ y axes Ox, Oy correspondingly, and A(a; O) € Ox,B(O;b) € Oy
' fig. 10).
7 e We use the equation (15) for two given points 4 and
Fig. 10 B of the straight line and obtain

x—a:y—O, X +—azz,_£+lzz
O-a b-0 —-a —a b a b

b
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Xy
4= =1. 16
P (16)

Ex. 14. Find the area of a triangle bounded by a straight line 3x+5y+30=0

and the coordinate axes.
Let’s reduce the equation of the straight line to two-intercept form (16),

3 5 X y
3x+ 5y =30, + 1 Y 1 (a=-10h=—6).
Y —307 2300 " Z10 -6 (a )

The sought area equals

S = l‘a”b‘ = L. 10-6 =30 (units area).
2 2

POINT 3. MUTUAL DISPOSITION OF TWO STRAIGHT LINES
Angle between two straight lines

Let be given two straight lines /, [, with slopes k, =tana,, k, =tanca, (fig. 11),
and it’s required to find the angle ¢ between them. We see from the figure 11 that
p=0,—a,

“ whence it follows that

)_ tana, —tana, _ k, -k,

tanp =tan\a, — ., )= = .
(@, —a, l+tano tana, 1+kk,

Thus the angle ¢ between two straight lines is given by

the next formula:

kz _kl
1+kk,

tanp =

(17)

Ex. 15. Find the angle between two straight line represented by their general
equations: (,):3x—4y=12; (1,):2x+5y=20.

Evaluating the slopes of the straight lines we use after that the formula (17).
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3 2
)y =3 (k,=0.75);(1,): y = EFRAL (k, =—0.4);

(— 04)—075 ~-1.6> O~ —arctanl.6.
1+(~0.4)-0.75

tan@ =

Parallelism and perpendicularity conditions of straight lines
Formula (17) permits to establish necessary and sufficient conditions for
parallelism and perpendicularity of two straight lines.
Two straight lines are parallel if and only if their slopes are equal,
L], &k =k,. (18)
Two straight lines are perpendicular if and only if their slopes satisfy the next
condition:
[ L, < kk,=-1. (19)
Ex. 16. Compile an equation of a straight line passing through the vertex 4 of
the triangle ABC of the Ex. 13 parallel to its side BC.
The slope k of the desired line equals &k =k, . The formula (13) gives

k=k :yC_yB_S_(_Z) 7
o x—x, 5-(-2) 7

an in correspondence to the formula (12) we have
y—y,=k(x—x,),y-5=1-(x=(=1)), y-5=x+1,x-y+6=0.
Ex. 17. Set up an equation of the altitude of the same triangle ABC dropped
from the vertex A.

If we denote £, the slope of desired altitude, then by virtue of the

perpendicularity condition

kall kBC - 1
whence it follows that
1 1
Ky =—7—=—7=-1,
ke 1

and the equation of the altitude, by the equation (12), will be
y—y, =k, (x—x,) y-5=-1-(x—(-1)), y-5=—x—-1,x+y—-4=0.
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POINT 4. EXAMPLES

Ex. 18. Find a point Q which is symmetric to a point P(— 8, 12) about a straight
line passing through two given points A(2; — 3), B(— 5; 1) (see fig. 12). Find the

distance of the point P(—8;12) from the straight line 4B.

Fig. 13
1. We set up the equation of the straight line AB (by (15))

xox, _ yoy, x=2 _y={=3) XTI Ty 1320,k =
Xp =Xy YV~ V4 (_5)_2 1_(_3) =7 Y 7

2. We write the equation of the straight line PQ which is perpendicular to 4B

and passes through the point P(— 8, 12). On the base of perpendicularity condition

1 . . .
ro Ky ==L kpy = B % Using the equation (12) we obtain

AB

k

Y=y, =kPQ(x—xP),y—12=%(x—(—8)),4y—48=7x+56,7x—4y+104=0.

3. Let’s find an intersection point M of the straight lines PO and AB. Solving

the corresponding system of equations

4x+7y+13=0,
Tx—4y+104=0,

weget x=x,, =-12,y=y,, =5:>M(—12; 5).
4. To find the point Q in question we take into account that the found point
M (— 12, 5) is a middle [a midpoint] of a segment PQ and so

Xp+x
Xy = ¢

= x, =2x,, —x, =—24—(-8)=-16,y, =2y, -y, =10-12=-2.
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Thus the required point is Q(~16, —2).
5. To find the distance of the point P(~8,12) from the straight line 4B it’s
sufficient to calculate the distance of the points P(—8;12) and M (-12;5),

dp s :PA/[:\/()CP_XM)2 +(yP_yM)2 :\/((—8)—(—12))2 +(l2—5)2 =

— 4% +7* =/16+49 =/65 ~ 8.06.

i o Note. Distance of a point M (x,, ¥,) from a straight line
~N ///{(% represented by its general equation
o ax+by+c=0
0 < (fig. 15) can be calculated with the help of the next general for-
Fig. 15 mula
d=d,, :‘ax0+by0+c‘- (20)

Na’ +b’
It’s a particular case of more general formula what will be proved below.
Ex. 19. Let there be given vertices A(4; —5), B(7;1), C(~2, 6) of a triangle

ABC (see fig. 13). Set up yourselves equations of the height BD, the median CE and
the bisector BF. Compile the equation of the circumcircle [of the circumscribed

circle] of the triangle.

Let a point M (a;b) be the centre of the circumcircle. It means that
MA=MB, | MA> =MB?, |(a—4) +(b+5) =(a-7) +(b-1),
MA=MC; |MA> =MC*; |(a—4) +(b+5) =(a+2) +(b-6).

We come to the system of equations in coordinates of the centre M (a,b). Squaring

and collecting similar terms we reduce it to the next system of linear equations

{ 2a+4b =3, 35

. 17
12a-22b=1;, 46

0.76,b =—~0.37.
46

The square of the radius of the circumcircle equals
R? = MA* ~(0.76—4) +(0.37+5)" = 39.33.

Approximate equation of the circumcircle in question
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(x=0.76) +(y—0.37)* =39.33.
Ex. 20. Two vertices A(3; 6), B(— 4, —3) and the intersection point K(4;1) of
altitudes of a triangle ABC are given (fig. 14). Find coordinates of the vertex C.
Solution.
1. We find the slope £, of the altitude AK knowing the coordinates of the
points 4, K and using the formula (15):

k _yK_yA_1_6__
AK - -
Xy—x, 4-3

2. With the help of the perpendicularity condition & ,, - k,. = —1 of the straight
lines AK, BC we find the slope k. of the staight line BC,
1

1
ky =——=—.
BC kAK 5
3. Now we compile the equation of the straight line BC using the equation (12):

y:y3+%(x—x3), y=—3+%(x+4), x-5y-11=0 (BC)

4. By the same way we compile the equation of the straight line AC:

I+3 1
:—; AC:——:—Z‘
Xe—X;, 444 2 k gy

y=y,-2x-x,), y=6-2(x-3), 2x+y-12=0 (4C).

[E—

kBK:yK_yB _

5. Finally we find the coordinates of the point C as the intersection point of the

straight lines BC, AC , is we'll solve the system of equations of these lines.

{x—Sy—lle, {x—Sy—lle, 10 71 C(71. 10)

y=——=2x=1l+5x=—=C| —;——
2x+y—-12=0; 11y+10=0; 11 11 11

Answer. The point C in question is

C 7—1;—& )
11 11

Ex. 21. Write equations of the tangents to a circle x*> + y° = R*> drawn [lined]

from a point M (x,; 0) of the Ox-axis (‘xo‘ >R).
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We find the tangents in the form (12)
y=k(x-x,).
At first we seek intersection points of the lines y = k(x — x, ) with the circle solving a

system of equations
{xz + y2 = R?,
y=k(x—x,)
Substitution of the value of y in the equation of the circle gives
XAk (x—x,) =R, x>+ k%" =2k xx, + k*x] —R* =0,
(1 +k* )x2 —2k*xx, +k’x; —R* =0.

To get the tangency (not intersection) of the circle and the straight lines we
must equate the discriminant of the quadratic equation to zero, whence it follows that
k2 —(14+ B2 ka2 = R?)=0, k*x2 —k°x2 + R? —k*x? + KR =0,k*(x2 = R*)=R?,

R? R?

kz:xg_Rz’ k== W (Jxo‘>R).

The sought equations of the tangents to the given circle are

R2
y== Y2 _R2 '(x_xo)'
0

Ex. 22. Compile the equation of a circle which touches [tangents] a given
straight line 5x—9y+3 =0 and is centered at a point A(— 4; 7).
A radius of the circle equals the distance of the point A(—4, 7) from the line

5x-9y+3=0. We make use of the formula (20), and so

R_\s.(—4)—9-7+3\ _|-80] 80 g2 _ 6400 _ 3200

(9P V106 4106 106 53

The equation of the circle is

(=P +(r=7P =222, (c+4) +(v-7)

2 3200
53
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1. AOcmucca TOUKH

2. ABamutHyeckas
reoMeTpus (Ha TIOCKOCTH)
3. Bzaumnoe
[coBMecTHOE]
PacCIIOIOKEHHE IBYX
JIMHUMN

4. JlexapToBa cucrema
KOOpJAWHAT

5. JlexapToBsl
(MpsIMOYTOJTBHBIE)
KOOPIUHATHI

6. JlemeHue oTpe3ka B
JaHHOM OTHOILIEHUU
7. Jlenenue orpeska
H0TI0JIaM

8. KBangpanr

9. Komnen otpeska

10.Koopaunara Touku
11.KoopnuHatHas och

12.KoopnunatHas
MJI0CKOCTh
13.KoopinHaTHBIN yroj
14.JIunus, KpuBas TMHUS
15.Hakion (npsimoii k
OCH)

16.Hauano koopauHat
17.HeobOxomamumoe 1 gocra-
TOYHOE yclioBUE (TIapal-
JENbHOCTH,
NEePHEeHAUKYISIPHOCTH
MIPSIMBIX )

18.00611ee ypaBHEHHE TIPsI-
MOU

19.0xpyxHOCTB paanyca
R ¢ uentpom (B Touke) A4

AoOcmuca Touku

AHaniTu4Ha reoMeTpis (Ha
TUJTOIIIHMHI)

B3aemue [cymicHe] po3Ta-
IIYBaHHS JBOX JIHIH

JlekapToBa cucTteMa Koop-
JTUHAT

JlexapToBi (MPSIMOKYTH1)
KOOpJMUHATH

[Toxin BigpizKka B JTaHOMY
BITHOIIIEHH]
[Toxin Bigpi3Ka HABMII

KBanpant
Kinenp Bigpizka

Koopaunara Touku
KoopaunaTtHa Bich

KOOpJII/IHaTHa IJI0OIIMHAa

KoopaunatHuii Kyt
Jlinis, kpuBa JiHisA
Haxwun (mpsimoi 10 oci)

[ToyaTox KOOpAMHAT
HeoOxiaHa 1 JocTaTHS
yMOBa (IapayesbHOCTI,
MEPICHINKYIIPHOCTI TPsI-
MHX )

3aranpHe pIBHSHHSA NMPSAMOi

Koo paniyca R 3 nieHTpom
(B TOuIIi) 4

Abscissa (pl abscissas,
abscissae) of a point
Analytic(al) gedmetry (on
the plane)
Mutual/reciprocal disposi-
tion [position] of two lines/
curves

Cartésian codrdinate sys-
tem [Cartésian system of
coordinates]

Cartésian (orthogonal/
rectangular/grid)
coodrdinates

Division of a ségment in
the given ratio

Division of a ségment in
half [in halves]

Quadrant

End [éndpoint] of a
ségment

Coordinate of a point
Axis (pl 4xes) of coordi-
nates, coordinate axis
Coordinate plane

Coordinate angle

Line, curved line
Inclination, slope (of a
straight line to an &xis)
Origin of codrdinates
Nécessary and sufficient
condition (for parallelism/
pérpendiculdrity of straight
lines)

Géneral equation of a
straight line [géneral
straight line equation]
Circamference [circle]
with a rddius R and with a
céntre (at the point) 4
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20.0Okpy)HOCTb paanyca
R ¢ nentpom B Hayasne
koopauHar (B O)

21.0KpyXHOCTBb,
Kacarouasics mpsmoun

22.0nycTuTh
NepHeHauKyIsp (Ha oChb)
23.0Opaunata b TouKH
[epeceyeHust IpPsIMOU C
oceto Oy

24.0OpavuHaTa TOYKH

25.0cp abcumce, och Ox

26.0cb opauHat, ock Oy

27.01pe3ok
28.11apamienbHas npsMmas
29.ITapannenbHOCTh
MPSIMBIX
30.Ilepnenaukymsip
31.1lepnenaukynspHas
npsimas
32.1lepneHANKYISAPHOCTD
MPSIMBIX

33.Ilnockocts Oxy
34.IIpoBecTn
NEePHEeHANKYIIAP
35.IIpousBosibHas TOUKa
36.1IpoxoauTts yepes
JaHHYIO TOYKY (B JaHHOM
HaIpaBJICHHUH)
37.1IpoxoauTs yepe3 ABe
TOYKHU

38.Ilpsimas (TuHUsA)
39.I1lpsamas, napasienbHas
IpsAMOM, OCHU

40.1Tpsmas,
NepHeHANKYIIIpHas
IpsAMOM, OCHU

Koo paaiyca R 3 ueHTpoM
B [IOYATKy KOOPAHUHAT (B

0)

Komo, sxe moTUKaeThes
psAMO1

OnycTtuTH NeprneHIuKyIsp
(Ha BICB)

Opaunata b Touku nepe-
TUHY NpAMOI 3 Biccio Oy

OpauHata TOYKH

Bicw abciucce, Bich Ox

Bicw opaunar, Bice Oy

Binpizok
ITapanenbHa npsima
[lapannenbHICTh TPIMUX

IleprienuKyIsIp
ITepnienuKyIsipHa npsima

[leprieHAUKYISIPHICTD TIPS-
MHUX

[Tnomuua Oxy

[IpoBectu nepneHAUKYIISAP

JloBlIbHA TOYKA
IIpoxonutu yepes nany
TOUKY (B 3a/1aHOMY Harl-
psMKY)

[Ipoxonutu yepes ABi TO-
YKU

[Tpsima (iH1s)

[Ipsima, sika € mapasnmiesnb-
HOIO TIpsIMiA, oci

[Ipsima, sika € nepneHAnKy-
JISIPHOIO MPSAMIH, oci

[céntered at (the point) A]
Circumference [circle] of/
with a rddius R céntered at
the origin of coordinates
(at O)

Circumference [circle]
tangent [touching] a
straight line

Drop a perpendicular (to
the &xis)

y-intercépt b of a straight
line

Ordinate [y-coérdinate] of
a point

Axis (pl axes) of abscis-
sas/abscissae, x-axis, Ox-
axis

Axis (pl axes) of ordina-
tes, y-axis, Oy-axis
Ségment

Pérallel straight line
Pérallelism of straight
lines

Pérpendicular
Pérpendicular straight line

Pérpendicularity of straight
lines

Oxy-plane

Draw a pérpendicular

Arbitrary point
Pass through a given point
(in the given diréction)

Pass through two pdints

Straight line

Straight line parallel to a
line, to an axis

Straight line pérpendicu-
lar to a straight line, to an
axis
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41.1Ipsamas, npoxoasas
4yepe3 JaHHYIO0 TOUKY (B

JTAHHOM HaIpaBJICHUH )

42.Ilpsamas, npoxoasas
yepes BE JJaHHBIE TOUKHU
43.1Ipsmas, npoxonsias
yepe3 Hayajao KOOpAuHAT

44 1IpssmoyronbHas
CUCTEMA KOOpJWHAT
45.11y4ok npsiMbIX (C TIEH-
TpoMm O)

46.Pa3nenutb OTpE30K B
JaHHOM OTHOILIEHUU
47.Pa3nenutb OTpe30K
IION0JIaM

48.PaccTosiHrE MEXKIY
JIBYMsI TOUKAMHU
49.PaccTosiHME OT TOUYKHU
10 TIPSAMOU

50.Cepenuna oTpeska

51.Cucrema (eKapTOBBIX
MPSIMOYTOJIbHBIX) KOOP-
IUHAT

52.Tekymine KOOpANHATHI
TOYKH

53.Touka nepeceyeHus
JIMHUMN

54.Touku, HE JeKaIue Ha
OTHOM IIPSAMOU
55.¥YrnoBoit ko3 dunreHt
IPAMON

56.Y1ioBoit ko3 duLreHT
IPAMON

57.Yronm Mexay nByms
PSIMBIMU

58.¥Yron mexay npsMou u
OCBIO

59.¥Yron HakioHa (psMoi

[Ipsima, sika MPOXOIUTH
yepe3 IaHy TOUKYy (B 3aja-
HOMY HaIpsIMKY)

[Ipsima, sika MPOXOIUTH Ye-
pe3 ZIB1 1aH1 TOUKHU

[Ipsima, sika MPOXOIUTH Ye-
pe3 MoYaToK KOOPAUHAT

IIpsmoxkyTHa cucrema
KOOpPJMHAT

ITy4ok [>kMyTOK, B"s13Ka |
npsmux (3 uertpom O)
[ToxinuTu BiIpi30K B Ja-
HOMY BiIHOIIEHHI
[loninuTy BiIPI30K HABMLI

Bigcranes M 1BOMa TOY-
KaMu

Bincrause Big TOYKH 110
MPsIMOT [TOYKH BiJl IPSIMOT]

Cepenuna otpeska

Cucrema (gexapToBUX
MPSIMOKYTHUX) KOOPJUHAT

[ToTouni [3MiHHI] KOOp-
JIUHATH TOYKU
Touka nepeTuny JiHii

Touku, K1 He JieKaTh Ha
OJIHIN TpsIMiid

KyroBuii kordiieHTt
psAMO1

KyroBuii kordiieHTt
psAMO1

Kyt Mix aBOMa npsaMumMu

KyT Mix npsimoro 1 BicCio

Kyt naxuny (mpsiMmoi 10

Straight line passing
through a given point (in a
given diréction)

Straight line passing
thréugh two given pdints
Straight line passing
through the origin of coor-
dinates

Rectangular coordinate
system

Bundle [pencil] of straight
lines (with the céntre O)
Divide a ségment in the gi-
ven ratio

Halve/bisect [divide in
half/halves] (a ségment)
Distance betwéen two
points

Distance of a point from
[betwéen a point and] a
straight line

Middle [midpoint, bisé-
cting point] of a ségment
System (of Cartésian or-
thogonal/rectangular/grid)
codrdinates, (Cartésian
rectangular) coordinate
system

Current [méving] coor-
dinates of a point
Interséction/cross point
[pdint of interséction] of
lines/curves

Non aligned points

Angular coefficient [slope]
of a straight line

Slope [angular coeffi-
cient] of a straight line
Angle (included) be-
twéen two straight lines
Angle of/betwéen a
straight line and an axis
Slope angle, angle of
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K OCH)

60.Y 10BIETBOPATH
YPaBHEHMIO JIMHUU
61.YpaBHeHUE JTUHUY,
KpUBOH

62.YpaBHEeHUE NPSMOU B
OTpe3Kax Ha OCU

63.YpaBHEHUE NIPSMOU €
YII0BBIM KO3 PuImeHTom

64.YpaBHEHUE NPSAMON,
IIPOXOISIIEH Yepes
JAHHYIO TOUYKY B 3aJJaHHOM
HaIpaB-JICHUH
65.YpaBHEHUE IPSAMON,
MPOXOAIIEH Yepe3 IBE
JaHHBIE TOUYKU

66.YpaBHEHNE ITyUYKa
TPSIMBIX

oci)

3a/10BOJIHHATH PIBHSAHHSA
JHIT
PiBHsIHHS MiHIT, KPUBOT

PiBHSIHHS TIpsIMOT Y BiJI-
pi3Kkax Ha oci

PiBHSIHHS TIpsIMOT 3 KyTO-
BUM KO€(]IIIEHTOM

PiBHsIHHS TIpsiMOT, siKa
IIPOXOJIUTH Yepe3 NaHy TO-
YKY B 33JaHOMY HAIIpsAMKY

PiBHsIHHS TIpsiMOT, siKa

MPOXOJIUTH Yepe3 /Bl JAaHi
TOYKHU

PiBHSIHHS ITydKa OpSIMHUX

inclination (of a straight
line to an 4xis)

Satisfy an equation of a
line/ctrve

Equation of a line/ctrve

Equation of a straight line
in ségments, two-intercépt
(form of the) equation of a
straight line

Equation of a straight line
[straight line equation]
with an angular coeffici-
ent, slope intercépt form of
the equation of a straight
line

Equation of a straight line
which passes through a
given pdint in a given diré-
ction

Equation of a straight line
passing through two given
points, two point form of
the equation of a straight
line

Equation of a bundle
[pencil] of straight lines
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1. Abscissa (pl abscissas,
abscissae) of a point

2. Analytic(al) gedmetry
(on the plane)

3. Angle (incladed) be-
twéen two straight lines
4. Angle of/betwéen a
straight line and an axis
5. Angular coefficient
[slope] of a straight line
6. Arbitrary point

7. Axis (pl axes) of abs-
cissas/abscissae, x-axis,
Ox-axis

8. Axis (pl axes) of coor-
dinates, coordinate axis
9. Axis (pl axes) of ordi-
nates, y-axis, Oy-axis
10.Bundle [pencil] of
straight lines (with the
céntre O)

11.Cartésian (orthogonal/
rectangular/grid) coordi-
nates

12.Cartésian codrdinate
system [Cartésian system
of codrdinates]
13.Circamference [circle]
of/with a radius R céntered
at the 6rigin of coordinates
(at O)

14.Circimference [circle]
tangent [touching] a
straight line
15.Circamference [circle]
with a rddius R and with a
céntre (at the point) 4
[céntered at (the point) A
16.Codrdinate angle
17.Codrdinate of a point
18.Codrdinate plane
19.Clrrent [moving] coor-

AoOcmucca TOYKH

AHanuTH4ecKas reoMeT-
pust (Ha MIIOCKOCTH)
Yron mexay AByMs Ipsi-
MBIMU

Yron mexay npsaMou u
OCBIO

VYrnoBoit ko3 dunreHt
PsAMON

[IpousBosbHAS TOUYKA
Ocp abcrucc, ocs Ox

Koopaunathas och
Ocb opaunat, ock Oy

[Ty4ok npsMBIX (C TIEHT-
pom O)

JlexapToBbl (IPSIMOYTOJIb-
HBIE) KOOPJIUHATHI

JlekapToBa cucTteMa Koop-
JTUHAT

OKpyXHOCTB paguyca R ¢
LIEHTPOM B Hayaje Koop-
nuHart (B O)

OKpyXHOCTb, Kacaronas-
Cs psIMOU

OKpyXHOCTB paauyca R ¢
IIEHTPOM (B Touke) A

KoopaunaTtHslit yron
Koopaunara Touku
KoopaunaTHas miockocTh
Texymue KOOpAMHATHI TO-

AoOcmuca Touku

AHaniTu4Ha reoMeTpis (Ha
TUJTOIIIHMHI)
Kyt Mixx 1BOMa npsiMUMH

KyT Mix nipsimo1o 1 BicCio

KyroBuii kordimieHt
psAMO1

JloBiIbHA TOYKA

Bicw abcmucce, Bick Ox

KoopaunaTtHa Bich
Bicw opaunar, Bice Oy

ITy4ok [>kMyTOK, B"s13Ka |
npsmux (3 uertpom O)

JlexapToBi (MPSIMOKYTH1)
KOOpJMHATHU

JlekapToBa cucTteMa Koop-
JTUHAT

Koo paaiyca R 3 ueHTpoM
B [IOYATKy KOOPAUHAT (B

0)

Komo, sxe moTUKaeThes
psAMO1

Koo paniyca R 3 nieHTpom
(B TOuIIl) 4

KoopaunaTtHuii Kyt
Koopaunara Touku
KoopaunaTtHa riomuna
[ToTouni [3MiHHI] KOOp-
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Straight Line and Circle

dinates of a point
20.Distance betwéen two
points

21.Distance of a point
from [betwéen a pdint and]
a straight line

22.Divide a ségment in the
given ratio

23.Division of a ségment
in half [in halves]
24.Division of a ségment
in the given ratio

25.Draw a perpendicular
26.Drop a pérpendicular
(to the éxis)

27.End [éndpoint] ofa
ségment

28.Equation of a bundle
[pencil] of straight lines
29.Equation of a line/ctrve

30.Equation of a straight
line [straight line equation]
with an angular coeffici-
ent, slope intercépt form of
the equation of a straight
line

31.Equation of a straight
line in ségments, two-in-
tercépt (form of the) equa-
tion of a straight line
32.Equation of a straight
line passing through two
given podints, two pdint
form of the equation of a
straight line

33.Equation of a straight
line which passes through
a given point in a given
diréction

34.Géneral equation of a
straight line [géneral
straight line equation]
35.Halve/bisect [divide in

YKU
PaccrosiHne Mexny nByms
TOYKAMU

PaccrosiHue ot TOUKHM 10
IPSAMON

Paznenuts oTpe3ok B naH-
HOM OTHOIIICHUH
Jlenenue oTpe3Ka nomnosiam

Jlenenue oTpe3ka B JaH-
HOM OTHOILIEHUU
[IpoBecTu nepneHuKyIIsIp
OnycTuTh NEepHeHAUKYIISIP
(Ha och)

Konern orpeska

VYpaBHEHHE MydKa IPSMBIX

YpaBHeHUE JIMHUU, KPU-
BOU

VYpaBHeHUE NPSIMOU € yT-
JIOBBIM KO3 PuIImeHTOM

VYpaBHEeHME IPSIMOH B OT-
pe3Kax Ha OcH

VYpaBHeHue npsMou, npo-
XOJSILEN yepes JIBE JaH-
HBIE TOUKHU

VYpaBHeHue npsMou, npo-
XOJSAIIEHN yepes3 JaHHYIo
TOYKY B 33/IaHHOM Harpas-
JICHUU

OO6mee ypaBHEHUE TIPsi-
MOM

Paznenutn OTPC30K II0II0-

IUHATHA TOYKHA
Bincranes M 1BOMa TOY-
KaMu

Bincradp Big TOYKH 110
MPsIMOT [TOYKH BiJl IPSIMOT]

[ToainuTu BiIpi30K B Ja-
HOMY BiIHOIIIEHHI
[lonin Bigpizka HaBILI

[Toxin BigpizKka B JaHOMY
BITHOIIIEHH]

[IpoBectu nepneHAUKYISAP
OnycTUTH NEePIICHIUKYIISIP
(Ha BICB)

Kinenp Bigpizka

PiBHSIHHS ITydKa OpSIMHUX
PiBHsIHHS MiHIT, KPUBOT

PiBHSIHHS TIpsIMOT 3 KyTO-
BUM KO€(]IIIEHTOM

PiBHSIHHS TIpsIMOT Y BiJI-
pi3Kkax Ha oci

PiBHsIHHS TIpsiMOT, siKa
MPOXOJIUTH Yepe3 /Bl JAaHi
TOYKHU

PiBHsIHHS TIpsiMOT, siKa
IIPOXOJIUTH YepeE3 NaHy TO-
YKy B 33JaHOMY HaIpsMKY

3aranpHe pIBHSHHA NMPSAMOi

[loninuTy BiIPI30K HABMLI
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Straight Line and Circle

half/halves] (a ségment)
36.Inclination, slope (of a
straight line to an 4xis)
37.Interséction/cross point
[pdint of interséction] of
lines/curves

38.Line, curved line
39.Middle [midpoint, bi-
sécting pdint] of a ségment
40.Mutual/reciprocal dis-
position [position] of two
lines/curves

41.Nécessary and suffi-
cient condition (for paral-
lelism/pérpendicularity of
straight lines)

42 Non aligned points

43.Ordinate [y-codrdinate]
of a point

44.Origin of codrdinates
45.0xy-plane

46.Parallel straight line
47.Parallelism of straight
lines

48.Pass through a given
point (in the given diréc-
tion)

49.Pass thréugh two pdints

50.Perpendicular
51.Pérpendicular straight
line

52.Pérpendicularity of
straight lines

53.Quadrant
54.Rectangular codrdinate
system

55.Satisfy an equation of a
line/curve

56.Ségment

57.Sl6pe [angular coef-
ficient] of a straight line

Jaam
Haxkson (nmpsiMmoit k ocn)

Touka nepeceueHus Jiu-
HUN

HI/IHI/IH, KpuBas JIMHHUA
Cepez[I/IHa OTPC3Ka

B3anmHoe [coBMecTHOE |
PacCIIONIOKEHHE IBYX JIU-
1505071

HeobOxonumoe u gocra-
TOYHOE yclioBUE (TIapal-
JETBHOCTH,
MePIEHIUKYIIPHOCTH
MIPSIMBIX )

Touku, HE Nexalue Ha
OJTHOM IIPSAMOU
OpauHata TOYKH

Hauasno koopaunar
ITnockocts Oxy
[TapannenbHas npsmas
[TapannenbHOCTD IPSAMBIX

[IpoxoauTe yepe3 TaHHYIO
TOUYKY (B JaHHOM HarmpaB-
JICHUM)

IIpoxoauTk yepes 1Be TOY-
KH

IleprienguKyIsIp
IlepnenaukyisipHas nps-
Masl
[lepneHAUKYISPHOCTD
MIPSAMBIX

KBanpant
IIpssmoyronpHas cucreMa
KOOpIHHAT

VY 10BIIETBOPSATH YpaBHE-
HUIO JINHUU

OTtpesok

VYrnoBoit ko3 dunreHt
IPAMON

Haxwun (mpsimoi 10 oci)

Touka nepeTuny JiHii

Jlinis, kpuBa JiHisA
CepenuHa oTpe3ka

B3aemue [cymicHe] po3Ta-
IIYBaHHS JBOX JIHIH

HeoOxiaHa 1 JocTaTHS
yMoOBa (IapayesbHOCTI,
MEPICHINKYIIPHOCTI MPsI-
MHX )

Toukwu, iK1 HE JIeKaTh HA
OJTHIM TpsIMiid
OpauHata TOYKH

[loyaTrok koopaMHAT
[Tnomwmna Oxy
ITapanenbHa npsima
[TapannenbHICTh TPIMUX

[Ipoxoautu yepes nany
TOUKY (B 3a/1aHOMY Harl-
psAMKY)

[Ipoxonutu yepes ABi TO-
YKU

IleprienquKyIsIp
ITepnienuKyIsipHa npsima

[lepnieHAMKYISAPHICTD MPSi-
MUX

KBagpant

IIpssmokyTHa cucrema
KOOpJMHAT

3a/10BOJIHHATH PIBHSHHSA
JHIT

Binpizok

KyroBuii kordimieHt
psAMO1
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58.Slope angle, angle of
inclination of a straight
line to an axis

59.Straight line parallel to
a line, to an axis
60.Straight line passing
through a given pdint (in a
given diréction)
61.Straight line passing
through the origin of coor-
dinates

62.Straight line passing
thréugh two given pdints
63.Straight line pérpendi-
cular to a straight line, to
an axis

64.Straight/right line
65.System (of Cartésian
orthogonal/rectangular/
grid) codrdinates, (Car-
tésian rectangular) codrdi-
nate system
66.y-intercépt b of a
straight line

Yros HaKJIOHA HPSIMOU K
ocH

IIpsamas, napajuienbHas
[psAMOM, OCHU

IIpsamas, npoxoasias ye-
pe3 JaHHYIO TOUKY (B AaH-
HOM HarpaBJIEHUN )
IIpsamas, npoxoasiuas ye-
pe3 HavaJio KOOpAUHAT

IIpsamas, npoxoasias ye-
pe3 ABe TaHHbIE TOYKU
IIpsmas, nepneHIuKysp-
Hasl IPSIMOM, OCH

[Tpsimast (JiuHMS)
Cucrema (IeKapTOBBIX
MPSIMOYTOJIbHBIX) KOOP-
IUHAT

Opaunata b Touku nepe-
CEUYEHHUS IIPSIMOU C OCBIO
Oy

Kyt naxuny npsamoi 10 oci

[Ipsima, sika € mapasnmiesnb-
HOIO TIpsIMiH, oci

[Ipsima, sika MPOXOAUTH
yepe3 JIaHy TOUKYy (B 3aja-
HOMY HaIpsIMKY)

[Ipsima, sika MPOXOAUTH
yepe3 MoYyaToK KOOpAUHAT

[Ipsima, sika MPOXOAUTH
4yepe3 JBi JJaH1 TOYKH
[Ipsima, sika € nepneHAnKy-
JISIPHOIO MPSMIH, OC1

[Tpsima (iH1s)
Cucrema (gexapToBUX
MPSIMOKYTHUX) KOOPJUHAT

Opaunata b Touku nepe-
TUHY NpAMOI 3 Biccio Oy



LECTURE NO. 8. SECOND ORDER CURVES (CONICS)

POINT 1. SECOND ORDER CURVES (CONICS)

POINT 2. POLAR COORDINATES

POINT 3. TRANSFORMATION OF COORDINATES
POINT 4. WAYS OF REPRESENTATION OF CURVES

POINT 1. SECOND ORDER CURVES (CONICS)

As it’s known an equation of the form
ax+by+c=0 fora’+b>#0
is the general equation of a straight line. It’s called the general equation of the first
order line.

The second degree equation in two variables x and y
Ax* +2Bxy+Cy> +2Dx+2Ey+ F =0 (1)
is called the general equation of the second order curve.
Let A=C (for example A=C=1)and B=0,
x*+y° +2Dx+2Ey+F =0. (2)
After completing the squares we get
x*+2Dx+ D’ +y* +2Ey+E*=D*+E* - F,
(x+D) +(y+E) =D*+E*-F (3)
Equation (3) is that of a circle if D? + E* — F > 0. It gives only one point (— D;— E)
if D* + E> —F =0. Inthe case D’ + E* — F <0 there isn’t any line corresponding to
this equation.
Ex. 1. Recognize a curve x° + y> —8x+12y +1=0.
Let’s complete the square,

X’ —8x+16+ )" +12y +36+1=52= (x—4) +(y+6) =51.
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The given equation is that of the circle of the radius R = 51 centered at the
point M (4,' — 6).
Circle, ellipse, hyperbola and parabola are the major cases of the second order

curves. We’ll introduce and study these last three curves.

The ellipse
v P ﬁu;// Def. 1. The ellipse is callf?d a plane curve. whic.h posse-
sses the next property: sum of distances of any its point to
/ /\ = two given points F,, F, (foci) is constant one.
Gy ¢ gkl Let M (x,' y) be an arbitrary point of an ellipse, its foci
Fig. 1 lie on the Ox-axis such that F(~c; 0),F,(c;0), and 2c is the

distance between the foci (focal distance) (fig. 1). By definition
MF, + MF, = const =2a (MF, + MF, > F.F,,2a>2c,a>c),

Jr+ef +37 +4(x—c) +3* =2a. (4)

We’ll simplify the ellipse equation (4) using the same transformations as for solving

irrational equations.

w/(X+C)2 +y2 =2a- (x—c)2 +y2,

(x+c)2 +y2 =4q* —4a (x—c)2 +y2 +(x—c)2 +y2,

x> +2cx+c?+y* =4a’ -4a (x—c)2+y2+x2—2cx+cz+y2,
4ar/(x—c) +y* =4a* —4ex, a/(x—c) +y* =a® —cx,

az(x2 —2cx+c’ +y2)= a*—2a’cx+c’x’,

2 2 2.2 4 2 2.2 2.2 2.2 2.2 4 2 2
c +a’'y ' =a"-2a’cx+cx,ax —c’x +a’y =a —a’c’,

(az—cz)x2+a2y2:az(az—cz). (5)

2
a’x* =2a’cx+a

Let’s introduce the next notation
a’—c’=b*ora’-b*=c’,a’ =b>+c’. (6)
Hence

b2x2+a2y2 :a2b2’
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and after division both members by a’h> we get so-called canonical equation of an

ellipse

X2 y2
?-Fb—z:l. (8)

An ellipse is symmetric about the coordinate axes because of if a some point

M ,(x,; v,) belongs to an ellipse, that is

x2 y2
B4k,
a b

then the points M, (x,; — v, ), M, (= x,; v, ), M, (= x,; — v, ) also belong to it.

Thus the coordinate axes are those of sym-

£
C/_.q)-g/ e~ N\ o/ metry of an ellipse (8).

'“@?W x Let’s find vertices of an ellipse (8), namely its
6-4)

2¢) metry, and the origin O(0; 0) is the centre of sym-
2t)

~4 intersection points with the coordinate axes. Taking

Fig. 2 y =0, then x =0 in the equation (8) we obtain
respectively x =+a, y = =b, and the vertices are 4(a, 0), B(0;5), C(~a, 0), D(0; —b)
(see fig. 2).
The number a is called a longer [major] semiaxis [semimajor axis], b a shorter
[minor] semiaxis [semiminor axis] of an ellipse.

Def. 2. Eccentricity of an ellipse is called the next number

e="0<e<l. (9)
a

It’s the measure of flatness of an ellipse. Indeed, by (6)

a’ - b J B> (bjz
€= = -2 = 1-12] .
\/ a2 a2 a

Let a 1s fixed. If b — a, that is the form of an ellipse tends to that of a circle, then

e—0.
If, of the other hand, b — 0, that is all points of an ellipse go to the segment AC, then

cg—1.
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Ex. 2. Compile the canonical equation of an ellipse passing through two given

points M, (4,' - \/5) M, (2\/5 3).

We seek an equation of the form (8). Points M, (4,' NE ) M, (2\/5 3) must sa-
tisfy the equation, hence must be

LA ') P | CONE T N mel o]
a’ b* ) , 82 [792 , Let a12 ’then {16m+3n:1, 6112 210’
232 +3__1 S 2=l E— 8m+9n =1, n=—=—.
e bz_ ’ b b b 15

The equation in question is

LA
g 20 15
% Ex. 3. Prove that the equation 9x” +4y” =36 is that of an

2 x Dividing both members of the equation by 36 we get
rSf: 2 2 2 2

Y X Y
_+_—1,_+ =1
9

4
k)
C/ Y ellipse. Represent it on the xOy-plane, find its vertices and foci.
-9 K
ge

4 9 22 3 7
Fig. 3 that is the equation of an ellipse with a =2, 5 =3. But in this
case b =3 is the longer semiaxis, a =2 is the shorter semiaxis, the formula (6) must

be written in the other form > —a> =¢*, ¢* =9-4=5¢c= J5 , and the foci of the

ellipse lie on the Oy-axis, F (O,' —5 ) F, (O,' NG ) (fig. 3).

The hyperbola
Def. 3. The hyperbola is called a plane curve which possesses the next pro-
/.3 7 Lgg) perty: difference of distances of any its point from two

given points F, F, (foci) is constant one.

Let M (x,' y) be an arbitrary point of a hyperbola,

Gewg 9 %G9 s foci E(=c¢;0),F,(c; 0) lie on the Ox-axis symmetrical-

Fig. 4 ly with respect to the origin , and 2c¢ is the focal distance
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(fig. 4). By definition
MF, — MF, = const =+2a (MF, — MF, < F,F,,2a<2c,a<c),

\/(x+c)2+y2—\/(x—c)2+y2=i2a. (10)
By analogy with the case of an ellipse
Jax+ef +y* =82a—+/(x—c) +)°,
(x+c)2 +y> =4a’ t4a (x—c)2 +y? +(x—c)2 +y?,

x'+2ex+c’+y  =4a’ i4aq/(x—c ’ +17+x" =2cx+c’ + )7,
t4ar(x—c)f +y* =4a’ —4ex, tar(x—c) +y* =a’ —cx,

az( > —2cx+c’ +y2)= a*-2a’cx+c’x’,
a’x’ =2a’cx+a’c® +a’y* =a* -2a’cx+c’x’ a’xt —c’x* +a’y' =at —a’c?,
(az—cz)x2+a2y2:az(az—cz). (11)
If one denotes
a’—c*=-b*orc’=a’+b*, (12)
then

2.2 2.2 212
-b°'x"+a’y =-a’b",

and after division both members by (— azbz) we get the canonical equation of a

hyperbola
x2 y2
A hyperbola is symmetric with respect to the coordinate axes and the origin. If
5 ‘ - we’ll seek its vertices, then the equation (13) gives
' ' ",/-‘/ " x=zafor x=0 and y* =-b".for y=0. It means
" //,’ j//:z;j/ )
7 that a hyperbola has only two vertices A(a;0),
A %
“ Glo C (—a;0), it doesn’t intersect the Oy-axis and con-
//"—’—/' 9“::\.\\ - sists of two branches (fig. 5).
& 43 N The number a is called a real semiaxis [semi-

Fig. 5 transversal [semitransverse] axis], b an imaginary
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semiaxis [semiconjugate axis] of a hyperbola.

Straight lines x =a, x =—a, y = b, y = —b generate so-called major rectangle of

a hyperbola, and its diagonals

y=t—x (14)

Q|

are called asymptotes of a hyperbola. Sense of the term asymptote consists in
following. If a point of a hyperbola recédes into infinity, it approaches one of its
asympto-tes.

mLet for example a point M (x; y) moves into infinity and is situated in the

first quadrant. We express y in terms of x from the equation (13),

2 2 2 2 2 2
=2 X _r-e ,y2=b—2(x2—a2))y=é\/x2—a2 (for y >0)
a a

2 =522 2
a b= b a

and then see that for x —» +o0 a difference

b b 5 b S > b(x—\/xz—aZXx+\/x2—a2) b a’
—Xx——Ax" —a" =—x—+x" —a |=— =—-
a da a a x+x’—d’ a x+-x’—d*

tends to zero.m

Def. 4. Eccentricity of a hyperbola is defined by the same formula as that of an

ellipse, namely:
e=S e>1. (15)
a

Remark. A curve with the equation
yox
=1 (16)

it -- is also a hyperbola (see the dotted [dashed-line, broken] line

TR

D 4 on the fig. 5), it is called a conjugate hyperbola for that

defined by the equation (13).
Ex. 4. Find the distance of the focus F,(c, 0) of the

0 A N
a c hyperbola (13) from its asymptotes (14).

Fig. 6 Let’s find for example the distance F,E from the
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asymptote y = éx (fig. 6).
a

The right triangles 0F,E, OAD are equal because of equal hypotenuses

OF, =c,0D=+a’+b* =c

and common acute angle 4OD. Therefore F,E = AD =b.

p 7 1 s Ex. 5. Write the canonical equation of an ellipse the
4l ber
vertices of which are located at the foci of the hyperbola
o VX 2 2
I\_%\ % I S
5 4 7

and the foci at its vertices (fig. 7).
Fig. 7 Let’s write the canonical equations of the hyperbola

and an ellipse in the next form

a, :\/g,

Xy Xy
___2—1, bh:2’ —+—:1

We see from the fig. 7 and formulas (6), (12) that

_ _ _ _ _ 2 2 _ 2 2 _ _
a,=c,=3,¢,=aq, —\/g’bel—\/ael_cel —\/Ch —a, =b, =2,

and therefore the required equation of the ellipse is

2 2

X
9 4

The parabola

vk _ Def. 5. The parabola is called a plane curve every point

N(-F.4) rM(xy)  of which is equidistant from a given point F' (focus) and a gi-

/ ven straight line (directrix).

(o] 9 B We choose the coordinate axes such that the focus is the

Fig. 8 point F (% Oj and the directrix is the straight line x = —g

(see fig. 8). Here p is some positive number which is equal to the distance between
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the focus and directrix and is called the parameter of a parabola. For arbitrary point

M (x; y) of a parabola

2
MF = MN, WhereN(—g;yj, or \/(x—EJ +y° :x+£.

Squaring and reducing similar terms we get

2 2 2 2
p 2 p 2 p 2 2 V4
X—= | +y =lx+= | X —px+—+y =x"+px+—,
(x=2] 4y (5L = per Loyt =t e &
y* =2px. (17)
, Equation (17) is the canonical equation of a parabola (fig. 9).
- Parabola is symmetric with respect to the Ox-axis and the origin is its
' vertex.
N ™ p P
-z \ Choosing the focus F' (—5 0) and the directrix x = 5 we ob-
Fig. 9 tain the canonical equation of a parabola of the form

Y =-2px. (18)

Ex. 6. Find the parameter, the focus and the directrix of a parabola y = —6x".

Answer. y=-2-3x", p=3, F(O; —éj y= E
2 2
Ex. 7. Write the canonical equations of parabolas for which foci are situated

on the Ox-axis and the parameter equals the distance of the focus of the hyperbola

2 2

X Y

5 4
to its asymptote.

On the base of Ex. 3 p=b=2, hence y° =+2px, y* = +4x.

POINT 2. POLAR COORDINATES

A position of a point M on the plane is completely determined by its polar
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coordinates with the next elements: a pole, a polar axis, a polar radius and a polar
angle.

Let be a point O and a ray Op which are called the pole and the polar axis
respectively (fig. 10). The distance p = OM of a point M from the pole is called a
polar radius of the point, and an angle ¢ between the polar radius and the polar axis
is cal-led a polar angle of the point M. Now we can represent this point with its polar

coordinates, namely M (p; ¢ ) (fig. 10).

RGN sy
Bl5E) J ' 2 ’é/ﬁjﬂ

Y. 4 J/0/ 5”/ 93, %)

/ N 5|,
o o CONe 0 2
Fig. 10 Fig. 11 Fig. 12

Let be a point O and a ray Op which are called the pole and the polar axis
respectively (fig. 10). The distance p = OM of a point M from the pole is called a
polar radius of the point, and an angle ¢ between the polar radius and the polar axis
is cal-led a polar angle of the point M. Now we can represent this point with its polar
coordinates, namely M (p; ¢ ) (fig. 10).

To construct a point M (' p,, ¢,) by its polar coordinates p,, ¢, it’s necessary
to draw a ray from the pole at the angle ¢ = ¢, to the polar axis and to plot a polar ra-
dius [radial distance] OM, = p, of the point on this ray.

Ex. 8. Construct points by their polar coordinates

A(3;0), B(5;7/6), C(4; 7/2), D(3;57/6), EQ2; n), F(3;—x/3), G(1; —x/2) (fig. 11).

Change [transition] from Cartesian rectangular coordinates to those polar
and vice versa
Let’s coincide the pole and the origin of Cartesian rectangular coordinates and

the polar axis with positive semiaxis of the Ox-axis (fig. 12). If x, y and p, ¢ be

Cartesian and polar coordinates of a point M respectively (M (x; y), M(p,p)), then
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“P“?“”} (19)
y=psing

(transition formulas from Cartesian to polar coordinates) and

x2+y2:p2
(20)
tgp ==
X

(transition formulas from polar to Cartesian coordinates).

Equations of some lines in polar coordinates.

1. Ray starting from the pole under the angle ¢, to the polar axis (fig. 13).
For any point M ( p,p ) of the ray we have
P =9, (21)
2. Circle with the radius R centered at the pole (fig. 14).
For any point M ( p,¢ ) of the circle we have
pP=R. (22)

3. Circle p =2acos @ (fig. 15).

[ 0 |+xn/6 | +tx/3|+tn/2 Assigning the values 0, £ /6, £+ /3,

cos@ | 1 \/5/2 1/2 0 +7/2 to ¢ we find corresponding values of p

p 2a | 4 \/3 a 0 and corresponding points of a curve. Then we

i join them b th line.
Point | 4 | B,,B, | C,,C, 0 join them by a smooth line

12

Let’s write an equation of the line in

"L{@f c, ] ﬁl :
A
é@ﬂ / Lo\ P
a  fla x
2 N | 4
0 ¥ . % C, |
Fig. 13 Fig. 14 Fig. 15

Cartesian coordinates. For this purpose we multiply both its members by p,
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p’ =2apcoso,
and take into account the formulas (19), (20),

X*+y? =2ax, x> —2ax+y* =0,x" —2ax+a’ +y’ =a’, (x—a) +y* =a’.
We obtain the equation of a circle of a radius a with the centre M (a; O).

4. Cardioid p = a(1+cosg). With the help of the table we plot some points of

0° | £60° | £90" | £120° | £180°
® 0 |+7/3|+x/2|+27x/3| +nx
cos @ 1 ) 0 -1/2 -1
1+ cosop 2 372 1 ! 0
P 2a | 32a a 12 a 0
Point A B,B,| C,C, | D,D, 0

the cardioid and then the whole line (see fig. 16).
: \\ s #

Fig. 16 Fig. 17

sof

5. Bernoulli' lemniscate

(x2 +y2)2 = 4czz(x2 —yz).
The line is symmetric about Ox, Oy-axes, so we’ll study it in the first quadrant. It is
evident that x* — y* >0, x> > »*, y < x. Passing to polar coordinates we obtain
(,02)2 = 4a2((p cosp) —(psing) ) p’= 4c12(cos2 ¢ — sin’ qo), p’ =4a’ cos 2o,

0 =2a./cos2p .

We assign the values 0, 7/12, /8, 7/4 to ¢, compile the next table and plot
the lemniscate (fig. 17).

6. Construct yourselves Archimedean' spiral p = ag (fig. 18).

' Bernoulli, Jacob (1654 - 1705), the famous Swiss mathematician
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7. Conics in polar coordinates. If we place the pole at the left focus of an

elliple, at the right focus of a hyperbola, at the focus of a parabola respectively and

®° 0° 15° 22,5° 45°

0 7/12 7/8 n/4

2¢ 0 /6 n/4 n/2
cos 2@ 1 0.9 0.7 0
m 1 0.94 0.8 0
P 2a 1.9a 1.6 a 0
Point A B C (0]

direct the polar axis from the left to the right focus of the ellipse and the hyperbola
and from the vertex to the focus of the parabola (see fig. 19, 20, 21) then all three

curves will have the same polar equation.

mlet, at first, M (p, (p) is arbitrary point of the ellipse. Then
FM=p, FM=2a-p,
and by virtue of cosine theorem
FEM* =FM* +FF} —2FM -FF,cosp,(2a—p) = p> +(2c) —4cpcos o,
4a’ —4ap+p° = p° +4c* —4epcos o, 4(a2 - cz): 4ap(1 —%cos (pj,
B2
a(l-gcosp)

b* =ap(l-ecosp), p =

Let’s introduce the next value (so-called parameter of the ellipse)

b2
pP=—-
a
The polar equation of the ellipse is
_ 4
l—&gcoso ’

where the eccentricity ¢ satisfies the inequality 0 <& <1.

! Archimedes (=287 B.C. - ®212 B.C.), an ancient Greek mathematician, physicist, and mechanic
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For the hyperbola we deduce by the same way the same equation but for & > 1
(do it yourselves).
In the end we have for the parabola (fig. 21)

p=OM=MP=§+AN=§+(AO—NO)=§+(§—pcos(ﬁ—¢)j=p+pc0sq0,

__ P
l1—cosg’

M
w |
/NG T2

Fig. 19 Fig. 20 Fig. 21

that is the same equation with £ =1.m

POINT 3. TRANSFORMATION OF COORDINATES

General equation of the second order curve (1) can be reduced to the canonical
form by transformation of coordinates.

There exist two types of transformations: 1) translation [parallel displacement]
of the coordinate axes when a new origin O’ is placed in a point with coordinates

X,, ¥, in an old coordinate system and new axes O'x’, O'y" are parallel to old axes Ox,

Oy respectively (fig. 22); 2) rotation of coordinate axes through an angle a about the

origin of coordinates O with appearance of new coordinate axes Ox’, Oy' (fig. 23).

Let x, y be coordinates of a point M in the xOy coordinate system (old

coordinates) and x’, y' coordinates of the same point M in the new coordinate system

(new coordinates). It’s necessary to set up the relation between old and new
coordinates.
In the case of the translation of coordinate axes such the relation is obvious

(see fig. 22):
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X=x,+x,
, (23)
Y=y ty.
/ 1 Hy) |
j / ‘,///7}// ‘ U?; Y }/zﬁ jfﬁ'
0,0
7, 4 e
( I &t j'
g N1
V4 X, % x i x X
Fig. 22 Fig. 23

In the case of the rotation of coordinate axes we do as follows (fig. 23)
Xx=0ON=0OR—-NR=0OR-PQ=0Qcosa—QMsina =x"cosa —y'sina;
y=NM = NP+ PM = RO+ PM =0Q0sina + QM cosa = x'sina + y'cosa.

Thus,

x=x'cosa—y'sina,

. , (24)

y=x'sina+y'cosa.

Formulas (24) represent a linear transformation of unknowns (see Lecture 5,

Point 4) with the matrix
cosa —sina _ X cosaa —sina \ x'
A=| | and so we can write =| -
sinaa  cosa y sina  cosa N\ y

Ex. 9. Recognize a line y =x* +4x+9.

{- Vj ; Let’s fulfill the translation of coordinate axes (23) with so
] & far unknown coordinates x,, y, of a new origin O'. Substituting x
i i and y by x, +x', y, + ' we’ll have (verify!)
2] o Y =x"+(2x, +4)x'+(x02 +4x, +9—y0).
Fig. 24 Let’s choose values x,, y, such that to annulate the

coefficient of x’ and the free term,
2x,+4=0,x; +4x,+9—y, =0 whenceit follows that x, = -2, y, =5.
Therefore the translation in question is
x=-2+x

y=5+y,
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and the given line has the equation of usual parabola
y! — x!Z
in the new coordinate system (fig. 24).

Ex. 10. Putting x—3=1x', y—4 =)' in the equation

//
AL N\ (=3 (=4 _
1N ”,/// 25 9 ’

7 = that is fulfilling the translation of coordinate axes

Fig. 25 x=3+x,y=4+),

we recognize the ellipse which has the canonical equation

25 9
in x'O"y" coordinate system (fig. 25).
Ex. 11. Let’s take the well known from the school equation of the hyperbola
xy =2a’
and fulfill a rotation (24) of coordinate axes through an angle o so
far unknown

(X' cosa — y'sina \x'sina + y'cos o) = 2a°,

: 2 .2 2 2
x'zsmacosa+(cos o — sin a)x'y'—y' sinacosa =2a”.

We choose the rotation angle o to annulate the expression in the

Fig. 26 parentheses, namely « = /4. Hence

12 12
T T T T X
5 . 2 . 2 2 2 2
x' szn—cosz—y' sznzcos2=2a X" =y =4a”, S A

(2a) (2a)

In x'Oy" coordinate system our hyperbola has the canonical equation. The Ox, Oy

axes are its asymptotes.

POINT 4. WAYS OF REPRESENTATION OF CURVES

A curve can be represented:
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1. In Cartesian coordinates:

a) by explicit equation which is resolved with respect to y or x (for example a
1 :
parabola y =ax’ +bx +c, x =2—y2 ,acircle y =+2Rx—x",x=—/2Ry —y*);
P

b) by implicit equation which isn’t resolved with respect to y or x (for example
all the canonical equations of a circle, an ellipse, a hyperbola, a parabola);

c¢) parametrically, by equations (parametric equations) of the form

x=g(t), y=9(t)

where ¢ 1s some auxiliary variable, so-called parameter.

2. In polar coordinates (see Point 2 of this Lecture).

We’ll give some examples of parametrically represented curves.

Ex. 12. Parametric equations of a circle x* + y* = 7> of a radius r centered at the
origin (see fig. 27) are

X=rcost,y=rsint, (25)

where ¢ 1s an angle between a radius OM (M (x,' y) is an arbitrary point of the circle)

and the Ox-axis.

2

. . X
Ex. 13. Parametric equations of an ellipse — +-— =1 are
a

Vv
2
xX=acost,y=bsint. (26)
mLet a > b . We consider two circles of radii a, b centered at the origin O(0; 0)
(fig. 28). For an arbitrary point M (x,' y) on an ellipse (for the sake of simplicity we
take it in the first quadrant)
x=0P=0Bcost=acost,y=PM =QC =0Csint =bsint.m
Test yourselves that the vertices A(a; 0), B(0;b), C(—a; 0), D(0; —b) of an
ellipse correspond to the values 0, 7/2, 7, 3/2 7 of the parameter ¢.

Ex. 14. An astroid is the trdjectory of a point of a circle of a radius » rotating
along the inner side of a circle of a radius a =4r (fig. 30). The parametric equations

of an astroid are
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x=acos’t,y=asin’t. (27)

¢ [0] z/6 | n/a | x/3 | x)2 It has also an implicit equation, namely

2 2 2

0.65a | 0.35a | 0.13a| 0 X} +yd=ad. (28)

a
y 101]0.13a0.35a | 0.65a | a | On the fig. 29 we show plotting of the first
A E | part of the astroid with the help the table

D
Ly 2?_! 8 :
¢ & ?
M)
t NGO
0 7

Fig. 27 Fig. 28 ' Fig. 29 Fig. 30

Ex. 15. A cycloid is the trajectory of a point of a circle rotating along a straight
line without slide [sliding] (fig. 31). If a radius of a circle equals a, then the
parametric equations of a cycloid are

x=al(t—sint), y = a(l-cost) (30)
where ¢ 1s the rotation angle of a radius MC of a rotating circle.

mWe see from fig. 31 that for an arbitrary point M (x,' y) of a cycloid

x=0OP=0B—-PB=at— MK =at—asint =alt - sint),
y=PM =BK =BC—-KC=a—acost=a(l-cost)
Ex. 16. Parametric equations of an evolvent [involute] of a circle of a radius a

centered at the origin (fig. 32) are

x=a(cosz‘+z‘sinz‘),y=a(sint—z‘cost) (31)
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1. Acumnrora
runepOoIIbl

2. bosbias noayock
AIUIATICA

3. Bepmmuna

4. BeTBb runepOOIIbI
(yteBasi, ipaBasi, HUOKHSIA,
BEPXHsIS)

5. BemecTBeHHas
[monepeuHasi, pokaabHasl,
rJ1aBHAs | TOJYyOCh
rUnepOoIIbl

6. T'unepOona

7. JluaroHajib OCHOBHOT'O
MPSIMOYTOJILHUKA

8. Jlupekrtpuca

9. KanoHuueckoe
ypaBHEHHE KPUBOI
BTOPOTO TOPsIAKA

10.Kornueckoe ceueHue

11.KpuBas Broporo no-
psaKa

12.JIy4, ucxoaqmuii u3
nosroca (o1 yriioMm ¢ K
MOJIAPHOI OCcH)
13.Manas nonyoch
AITUIICA

14.Mepa cruirocHyTOCTH
AITUIICA

15.Muumas [He
nornepeyHas, He
(dboxkanpHasi| HOIYOCh
runepOoIIbl

16.HoBas koopaunHata
17.HoBas cucrema
KOOpJUHAT

18.HoBoe Hauasio
(xoopauHAT)

AcumnToTa rinep0oiau

Benuvka miBBICH eJirica

Bepmuna
Bitka rinep6oinu (i1iBa,
npaBa, HUKHSI, BEPXHS)

HilicHa [monepeyHa,
¢doxanbHa, TOJIOBHA |
MBBICH TinepOoIH

INnep6ona

JliaroHajab OCHOBHOI'O
MPSIMOKYTHHKA
Jlupekrpuca

KanoHiuHe piBHSHHSA
KpPHUBOI APYroro nopsiaKy

Koniunnii nepepi3
KpuBa gpyroro mopsaky

[IpomiHb, SKW BUXOIUTH
3 nosroca (Mg KyToM @)
710 TIOJIIPHOT OC1

Maja miBBICH €JIirca

Mipa CIUTIOIIEHOCTI
eJnirnca

VsBHa [HE nonepeyHa, He
(dbokanbHa] MiBBICH
rinep6oau

Hoga xkoopaunara
Hoga cucrema koopaunar

HoBuit nmowatok (koopau-
HaT)

Asymptote of a hypérbola

Longer [m4jor] semiaxis
[semim4jor axis] of an el-
lipse

Vértex (pl vértices)
Branch of a hypérbola
(left(-hand), right(-hand),
léwer, Gpper)

Réal sémiaxis [sémitrans-
vérsal [sémitransverse]
axis] of a hypérbola

Hypérbola (p/ hypérbolae,
hypérbolas)

Didgonale of the ma4jor
[main, principal] réctangle
Diréctrix (p/ directrices)
Canonical equation of a
quadratic [quadric,
sécond-degrée/order]
curve

Conic séction/curve; co-
nic

Quadratic [quédric, sé-
cond degrée/6rder] clrve
Ray coming/starting from
the pdle at the angle ¢ to
the polar axis

Minor semidxis [semimi-
nor axis] of an ellipse
M¢éasure of flatness [of
flattining] of an ellipse
Imaginary semiaxis
[sémicOnjugate axis] of a
hyperbola

New coordinate
New coordinate system

New origin
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19.0xpyxHOCTB paanyca
R ¢ uentpom (B Touke) A4

20.0ntuueckoe
[bokanbHOE,
reOMETPUUECKOE |
CBOMCTBO

21.0OcHOBHOM NpSIMOYTO-
JLHUK

22.0ch cuMMETpUHA

23.0TH0XHUTh OTPE30K HA
Yém-.

24.Tlapabomna
25.ITapannenbHblid
MepeHOC KOOPAUHATHBIX
ocen

26.I1apametp [dokanbHBIM
napameTp| napadob
27.1ToBopoT
KOOPJIMHATHBIX ocel (Ha
yroJl 0L OKOJIO Hayasia
KOOP/IMHAT)
28.1ToryoKkpyKXHOCTh
(JteBasi, ipaBasi, HUOKHSIA,
BEP-XHSAS)

29.1Tonroc

30.ITonsipHas och
31.IlonsipHas cucrema
KOOpJMHAT

32.IlonsspHOE ypaBHEHNE
33.IlonsipHblE
KOOPIMHATHI

34 IlonsapHbIi pagnyc
TOYKHU

35.11onsspHBIN yrOa TOUYKU
36.1IpeobGpazoBanue
KOOpJUHAT

37. Ilpubnuxarbcs K
ACUMIITOTE
38.IlpuBenenue o6IIerO
ypaBHEHHS KPUBOI

Koo paniyca R 3 11eHT-
pom (B Toulli) 4

OnTuuna [(pokanbHa, reo-
METpHUYHA| BIACTUBICTD

OcHOBHUHM TPSIMOKYTHHK
Bics cumerpii

Binknactu Biipi3ok Ha yo-
MYCb

[Tapabomna

[TapanenbHui IIEPEHOC
KOOPJAMHATHUX OCEH

[Tapamerp [okanbHUM
napameTp| napadonu
[ToBOpPOT KOOpAWHATHUX
ocell (Ha KyT O HaBKOJIO
MOYaTKy KOOPIMHAT)

ITiBkosno (miBe, mpase,
HIDKHE, BEPXHE)

ITomroc

[TomsipHa Bich
ITonspHa cucrema
KOOpAMHAT

[lonsipHe piBHSAHHSA
[lonsapHi KOOpAUHATH

[onsapHuii paaiyc TOUKU

ITonsspHUI KyT TOUKHU
IlepeTBOpEHHS KOOpAUHAT

Ha6mmxatucs 1o
aCUMIITOTU

3BeJICHHS 3arajbHOro piB-
HSTHHSI KPUBOT IPYTOTo T0-

Circimference [circle]
with a radius R and a cén-
tre (at the pdint) 4 [cén-
tered at (the point) A4
Optic(al) [reflection, fo-
cal, geométric(al)] proper-
ty

Mijor [main, principal]
réctangle
Axis  (p/  é4xes) of

symmetry, symmetry axis
Draw/plot a ségment on
smth

Parabola

Translation of codrdinate
axes

Parameter [focal pardme-
ter] of a parabola
Rotation of codrdinate
axes (through an angle o
about the origin of
coordinates)

Sémicircle (left(-hand),
right(-hand), lower, Gpper)

Pole

Polar axis

Polar coordinate system,
system of pdlar coordina-
tes

Polar equation

Polar cooérdinates

Polar radius of a point

Polar 4ngle of a pdint
Transformation of codr-
dinates

Approach the asymptote

Reduction of the géneral
equation of a sécond-order
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BTOPOTO MOPSIIKA K
KaHOHUYECKOMY BUAY
39.1IpoBecTH nyu U3
MOJIt0CA MO YIJIOM @ K
MOJISIPHOM OCH
40.PaBHoOOYHas
runepooia
41.PaBHOOTCTOAIINI OT
yezo

42.CBs3b MEXOY
MOJIAPHBIMU U
J€KapTOBBIMU
PSIMOYTOJIbHBIMU
KOOpJMHATaMU

43.CBs13b MEXAY CTapbIMU
Y HOBBIMH KOOpAMHATaMU
44.CoBmecTuTh (MOJIIOC €
HaYyaJIoM KOOpJMHAT,
MOJIIPHYIO OCh C OChIO
adcimcc)

45.CoBnagatsb (0 TOUKaX,
HayaJlax KOOpJMHAT U JIp.)
46.Conpsx€HHas
runepoona (s JTaHHOM
rUnepOoIbl)

477. CIUTFOCHYTOCTh
AITUIICA

48.Crapas koopauHaTta
49.Crapas cucrema
KOOpPJMHAT

50.Crapoe Hauano
51.Ypansatecs B
0ECKOHEYHOCTh
52.YuporieHue o611ero
ypaBHEHHUS
53.DokanbHBIN pagnyc
54.@okyc

55.DokycHOE pacCTOsTHUE

56.1lenTp cummeTpun

57.9KCIEHTPUCUTET
58.0munc

PAIKY 10 KAHOHIYHOTO BH-
ISy

[TpoBecTu mpomiHb 3
TMIOJTFOCA TT1JT KyTOM ( JI0
MOJIAPHOT OCi

PiBHOO14Ha TinepOoa

PiBHOBI1gIaIE€HUIT BiJ
Y020Ch

3B”S30K MK MOJISIPHUMH 1
JIE€KapTOBUMU
MPSIMOKYTHUMU
KOOpJMHATaMU

3B"S30K MDK CTapuMH 1
HOBHMH KOOpPJIUHATAMH
Cywmictutu (nomtoc 3
MOYaTKOM KOOPJIMHAT,
MOJIAPHY BICH 3 BICCIO
a0cImc)

36iraTucs (Ipo TOYKH, MO~
YaTKH KOOPJIWHAT TOIIIO)
Cnpspxena rinepOona (s
JaHo1 Tinepoon)

CIUTIOILIEHICTH eJTinca

Crapa xoopauHarta

Crapa cucrema
KOOpJAWHAT

Crapuii moyaTok
Bignamstucsa B HECKIHUEH-
HICTD
CopoieHns
PIBHSIHHS
doxkanpHUM pajiiyc
dokyc

dokycHa BiJICTaHb

3araJbHOI o

LenTtp cumeTpii

Excuentpucurer
Eminc

curve to the candnical
form

Draw a ray from the pole
at the angle @ to the pdlar
axis

Equilateral hypérbola

Equidistant from smth

Relation(ship)  betwéen
polar and Cartésian ortho-
gonal/rectangular/grid co-
ordinates

Relation(ship) betwéen
new and old codrdinates
Superpése (the pole and
the origin of codrdinates,
the polar axis and that of
abscissas/abscissae )
Coincide (abdéut points,
the origins of codrdinates)
Coénjugate hypérbola of
the given hypérbola

Flatness/flattining of an
ellipse

Old coordinate

Old coordinate system

Old origin

Recéde [retire, move]
to/into infinity
Simplification  of  the

géneral equation
Focal raduis (p/ radii)
Focus (p/ foci)
Fécal distance,
betwéen the foci
Céntre of symmetry, sym-
metry céntre

Eccentricity

Ellipse

distance
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1. Approach the
asymptote
2. Asymptote of a
hypérbola
3. Axis (p/ 4xes) of

symmetry, symmetry axis
4. Branch ofa hypérbola
(left(-hand), right(-hand),
léwer, Gpper)

5. Canonical equation of
a  quadratic  [quadric,
sécond-degrée/order]
curve

6. Céntre of symmetry,
symmetry céntre

7. Circamference [circle]
with a rddius R and a
céntre (at the pdint) A
[céntered at (the point) A
8. Coincide (about points,
the origins of codrdinates)

9. Coénic
conic
10.Conjugate hypérbola of
the given hypérbola
11.Didgonale of the major
[main, principal] réctangle
12.Diréctrix (pl directri-
ces)

13.Draw a ray from the
pole at the angle ¢ to the
polar axis

14.Draw/plot a ségment
on smth

15.Eccentricity

16.Ellipse

17.Equidistant from smth

séction/curve;

18.Equilateral hypérbola
19.Flatness/flattining of an
ellipse

[TpubnuxaThcs K aCUMII-
TOTE
AcumntoTa runepooJbl

Ochk cummeTpun

BetBb runep6oisbl (JeBasd,
TpaBasi, HUKHSIS, BEPXHSIS)

Kanonuueckoe ypaBHEHHE
KPHUBOU BTOPOIO MOpsiIKa

IenTp cummerpuun

OKpyXHOCTB paauyca R ¢
IIEHTPOM (B TOouke) A

CoBnagats (0 TOUKax,
HayaJlax KOOpJMHAT U JIp.)

Kouunueckoe ceucHue

Conpsoxénnas runepoosa
(nJ1 TaHHOM TUTIEPOOJIBI)
JlnaroHaiab OCHOBHOTO
MPSIMOYTOJIbHUKA

Jlupekrpuca

IIpoBecTu ny4 U3 noJroca
MOJ] YTJIOM (@ K TIOJISIPHOM
ocHu

OTnOXUTH OTPE30K HA
YEM-J1.

OKCUEHTPUCHUTET

E)18)1701 (¢
PaBHOOTCTOSAIIUM OT Ye2o

PaBHoOoOuHas runepOoa
CIUTIOCHYTOCTB 3JUTHTICA

HaGmmxatucs no
ACUMIITOTH
AcumnToTa rinep0oiau

Bics cumerpii

Bitka rinep6oinu (iiBa,
npaBa, HUKHSI, BEPXHS)

KanoHiuHe piBHSHHSA
KpPHUBOi APYroro nopsiaKy

LenTtp cumeTpii

Koo paniyca R 3 11eHT-
pom (B Toulli) 4

36iraTucs (Ipo TOYKH,
MOYaTKH KOOPAMHAT
TOIIO)

Koniunuii nepepi3

Cnpspxena rinepOona (s
JaHoi rinepooJn)
JliaroHaab OCHOBHOTO
MPSIMOKYTHHKA

Jlupekrpuca

[TpoBecTr MPOMiHB 3
TMIOJTFOCA TT1JT KyTOM (P JI0
MOJIAPHOT OCi
Binknactu Binpi3ok Ha yo-
MYCb

Excuentpucurer

Eninc
PiBHOBI1gIaIE€HUIT BiJ
Y020Chb

PiBHOO14Ha TinepOoa
CIuTIoneHICTh efirnca
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20.Focal distance, distan-
ce betwéen the foci
21.Foécal raduis (p/ radii)
22.Focus (pl foci)
23.Hypérbola
hypérbolae, hypérbolas)
24 Imaginary semiaxis
[sémicOnjugate axis] of a
hyperbola

25.Longer [major] semi-

(pl

axis [semimajor axis] of
an ellipse
26.M4jor [main, principal]
réctangle

27.Méasure of flatness/
flattining of an ellipse
28.Minor semiaxis [semi-
minor &xis] of an ellipse
29.New coordinate
30.New coordinate system

31.New origin

32.01d codrdinate
33.0ld codrdinate system

34.01d o6rigin

35.0ptic(al)  [reflection,
focal, geométric(al)] pro-
perty

36.Parébola

37.Parameter [focal para-
meter] of a parabola
38.Pdlar angle of a point
39.Polar axis

40.Polar codrdinate sys-
tem, system of polar coor-
dinates

41.Polar codrdinates
42.Polar equation
43.Polar radius of a point
44.Pole

45.Quadratic [quadric, sé-
cond degrée/6rder] clrve

CDOKYCHOC PacCTOAHUC

DOoKaIbHBIN PaINYC
dokyc
['unep6ona

MHuumMmas [He nonepeyHas,
He (oKkanbpHasi| IOJIyOoCh
runepOoIIbl

bonbmas monyock
AITUIICA

OcHOBHOM

MPSAAMOYT OJIbHUK

Mepa crumrocHyTOCTH
IUIUICA

Manas noayoce 3ymnca

HoBas koopannara
HoBas cucrema
KOOpJMHAT

HoBoe navano
(KoopUHAT)

Crapas koopuHaTa
Crapas cucrteMa
KOOpJMHAT

Crapoe Hayaso
OnTtuueckoe [poxanbHOeE,
r€OMETPUYECKOE |
CBOWCTBO

[Tapabomna

[Tapametp [hokanbHBIM
napameTp| napadob
ITonspHBIN yroyu TOYKU
ITonspHas oce
ITonspHas cucrema
KOOpJMHAT

ITonsspHBIE KOOPAUHATHI
[TomapHoe ypaBHEHUE
ITonspHbIN pagryc TOYKHU
ITomroc

Kpusas BTOporo nopsiaka

dokycHa BiJICTaHb

doxkanpHUM pajiiyc
dokyc
INnep6ona

VsBHa [HEe onepeyHa, He
(dhokanbHa] MiBBICH
rinepboau

Benuka miBBich eninca

OcCHOBHHI IPIMOKYTHHK

Mipa crutoieHocTi
eJirnca
Maja miBBICH €JIirca

Hoga xkoopaunara
Hoga cucrema koopaunar

HoBuit mowatok (koopau-
HaT)

Crapa xoopauHarta
Crapa cucrema
KOOpJMHAT

Crapuii moyaTok
OnTuuna [(pokasbHa, reo-
METpHUYHA| BIACTUBICTD

[Tapabomna

[TapameTp [dokanbHui
napameTp| napadonu
ITonsspHUI KyT TOUKHU
[TonsipHa Bich
ITonspHa cucrema
KOOpIHHAT

[lonsapHi KOOpAUHATH
[onsipHe piBHSAHHSA
[onsapHuii paaiyc TOUKU
Iomroc

Kpusa apyroro nopsaky
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46.Ray coming/starting
from the pdle at the angle
¢ to the poélar axis

47.Réal sémiaxis
[sémitransvérsal
[seémitransver-se] axis] of
a hypérbola

48.Recéde [retire, move]
to/into infinity
49.Reduction  of  the
géneral equation of a
sécond-order curve to the
canodnical form
50.Relation(ship) betwéen
new and old codrdinates
51.Relétion(ship) betwéen
polar and Cartésian ortho-
gonal/rectangular/grid co-
ordinates

52.Rotation of codrdinate
axes (through an angle a
about the origin of
coordinates)

53.Sémicircle (left(-hand)
right(-hand), lower, Gpper)
54.Simplification of the
géneral equation
55.Superpése  (the pole
and the origin of coodrdina-
tes, the polar axis and that
of abscissas/abscissae)
56.Transformation of
codrdinates

57.Translation of
codrdinate axes

58.Vértex (p/ vértices)

Jly4, ucxomsamuii us
nostroca (o1 yriioMm ¢ K
MOJIAPHOI OCcH)
BemectBennas [monepeu-
Has, (hoKanbHas, IJ1aBHas |
MOJIyOCh TUIIEPOOIIBI

Vnanarecst B 0ecKoHeu-
HOCThH

[IpuBenenue obuiero
ypaBHCHHS KPUBOI
BTOPOTO MOPSIIKA K
KaHOHUYCCKOMY BUY
CBsI3b MKy CTapBIMH U
HOBBIMH KOOpIAMHATAMHU
CBs13b MEKTY MOJSIPHBIMA
U JICKapTOBBIMU
PSAMOYTOJIbHBIMU
KOOpJIMHATAMU

[ToBOPOT KOOPAMHATHBIX
oceil Ha yroJ oL OKOJIO
Hayaja KOOpJuHaT

[Tonmyoxpy>kKHOCTH (JieBasl,
npaBasi, HUKHSIS, BEPXHSIS)
VYupouenue o01iero
ypaBHEHUS

CoBMecTuTh (IOJTIOC C Ha-
9aJioM KOOPJUHAT, MOJISIP-
HYI0 OCh C OChIO a0cIHUCC)

[IpeobpazoBanue
KOOpIHHAT
[TapannenbHblii IEPpEHOC
KOOPJAMHATHBIX OCer
Bepmuna

[IpomiHb, SKUH BUXOIUTH
3 nosroca (Mig KyToM @)
710 TIOJISIPHOT OC1

HilicHa [monepeyHa,
(dhokasibHa, TOJIOBHA |
MBBICH TinepOoIH

Bignanstucsa B HECKIHUEH-
HICTh

3BeZICHHS 3arajbHOro pPiB-
HSIHHS KPUBOI IPYTOro Mo-
PAAKY 10 KAHOHIYHOTO BU-
WL NG

3B"S30K MDK CTapuMH 1
HOBUMH KOOpPJIMHATAMU
3B”S30K MK MOJISIPHUMH 1
JIE€KapTOBUMU
MPSIMOKYTHUMU
KOOpJMHATaMU

[ToBOpOT KOOpPAMHATHUX
ocel Ha KyT O HaBKOJO
MOYaTKy KOOPAUHAT

ITiBko:no (iBe, mpase,
HUKHE, BEPXHE)
CrpolieHHst  3arajgbHOTO
PIBHSIHHS

Cywmictutu (nomtoc 3
MOYaTKOM KOOPJIMHAT,
MOJIAPHY BICH 3 BICCIO
a0cCIIwC)

[lepeTBOpEeHHS KOOpAUHAT

[TapanenbHui IIEPEHOC
KOOPJAMHATHUX OCEM
Bepmuna
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SPACE ANALYTIC GEOMETRY
LECTURE NO. 9. VECTORS

POINT 1. VECTORS AND LINEAR OPERATIONS ON THEM

POINT 2. PROJECTION OF A VECTOR ON AN AXIS

POINT 3. BASES. DECOMPOSITION OF A VECTOR WITH RESPECT
TO A BASE

POINT 4. COROLLARIES

POINT 5. DIVISION OF A SEGMENT IN A GIVEN RATIO

POINT 1. VECTORS AND LINEAR OPERATIONS ON THEM

There are scalar variables (scalars) which are completely defined only by a
number value (number of some things, human weight and height, atmospheric
pressure and so on) and vector variables (vectors) completely defined nor only by a

number value but also by a direction (force, speed, acceleration and so on).

3 Def. 1. A vector a = AB is called a directed segment (see

fig. 1). The point 4 is its origin, B its extremity, and a number

N

= JZZ? ‘5‘ = ‘E‘ its length (or modulus).

Def. 2. A vector with unit length is called that unit [unita-

Fig. 1 ry] or normalized.

73 _ Def. 3. A vector with zero length is called that zero. Its
@’ origin and extremity coincide

CA Def. 4. A unit vector of the same direction as a vector a

Fig. 2 (fig. 2) is called the unit vector of this vector and is denoted by

a®.
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Def. 5. Vectors of the same modulus and direction

are called equal (¢ and b on fig. 3).

Y Def. 6. Vectors ¢ and —a of the same modulus and
opposite directions are called those opposite (fig. 3).
Fig. 3 Def. 7. Vectors are called those collinear if they lie
on one straight line or are parallel to the same straight o
2 TE line (fig. 4). % -
z—" To notice that two vec- € e
2_2———/\5/ tors have the same direction Fig. 4
-~z there is a symbol 11 (a 115 on fig. 4), for vectors of op-

Fig. 5 posite directions there is a symbol 1] (@ 1| con fig. 4).
Def. 8. Vectors are called those coplanar [complanar] if they lie in one plane or

are parallel to the same plane (see fig. 5).

Linear operations on vectors

There are two linear operations on vectors namely addition [adding,

composition] of vectors and multiplication of a vector by a number (by a scalar).

%)
€ C
c
g P
S
Fig. 7 Fig. 8
Fig. 6

Def. 9. Sum of vectors is defined by some rules: polygon rule for arbitrary
number of vectors (AE =a+b+c+d, fig. 6), parallelogram rule for two vectors
(fig. 7), parallelepiped rule for three vectors (OD = a+b +c, fig. 8).

Def. 10. Product ka ofa vector a by a number k is called the vector of the
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length ‘k”;‘ which has the direction of the vector @ if k > 0 and opposite direction

otherwise,
b=ka ifa) b=

9 4 3 c Ex. 1. AC=2.54B, AD =-24B on the fig. 9.
Fig. 9 Theorem 1. Any vector equals the product of its

length and its unit vector

az‘a

a®. (1)

Theorem 2. Two vectors a, b are collinear if and only if they differ by certain
scalar factor, that 1s
al|lbe3k:b=ka . (2)
mlf ¢ || b and vectors have the same direction (a 11 ), then

_A-

a°=b° = \b k—U

g

b° = \b

\b\‘ W

If a,b have opposite directions (a 1| b), then
- H

b
#= G-

Def. 11. A vector ¢ is called the difference of vectors

@‘

b°=—a°=b=|pp°= -

a and b (¢ = a—>b) if the sum of vectors b and ¢ equals the

vector a (fig. 10).
It’s seen from the fig. 9 that

a-b=a+(-)b=a+(-b).

Properties of linear operations on vectors
I. Properties of addition
1) a+b =b+a (commutativity, additive commutation).
2) a+ (I; + Z) = (5 + 5)+ ¢ (associativity, additive association).

3) a+0=a for any vector a.
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4) a+ (— E) =0 for any vector a.

I1. Properties of multiplication of a vector by a number

5) 1-a = a for any vector a.

6) (~1)-a = —a for any vector a.

7) 0-a =0 for any vector a.

8) k-0 =0 for any number k

9) (kl)a = k(la)z [ (ka) for any numbers &, / and vector a.

III. Common properties of addition and multiplication by a number

10) (k+1)a = ka +Ia for any numbers k, / and vector a.

11) k(g + 5) = ka +kb for any number k and vectors a,b.

POINT 2. PROJECTION OF A VECTOR ON AN AXIS

Def. 12. Let there be given some axis # with unit vector u” and a vector AB.

Let 44, L u and BB, L u (fig. 11). The vector A4 B, is called the component of the

vector AB along the axis u [u-component of the vector AB].

B B
& 3
# 640.. 4
«w
. (22 . 72 72
.% . ‘ ﬁ/ ;?/ C/ )Z Cf 'ﬁ/
Fig. 11 Fig. 12 Fig. 13

Def. 13. Projection (orthogonal projection, normal component, rectangular

component) of the vector AB on the axis u is called the modulus ‘A]B1 ‘ of its

component A4 B, if the latter has the same direction as the unit vector u° of the axis

and opposite number (- ‘AI B, ‘) otherwise,
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(3)

u

o 75 4B if 4B 1",
O ~[4B] if 48N u’.

Ex. 2. For vectors AC, AB represented on fig. 12

Pr, AC =|A,C/|=4, Pr, AB = |4 B,|=-3.

Def. 14. An angle between a vector and an axis, between two vectors is called
the angle between their unit vectors.
Theorem 3. Projection of the vector on the axis equals the product of the

length of the vector and the cosine of the angle between the vector and the axis,
Pr, 4B =[4B|cos ¢, p = (4B u) (4)
mLet for simplicity 4,5, ™ u° (fig. 11). We draw AC HAB whence it follows

that

Pr, AB = ‘E‘ = A Ccosp = ‘AlC‘coscp = ‘E‘cosgo.

The case of 4,B, T u° consider yourselves.m

Theorem 4 (relationship between the projection of a vector on the axis and the

component of this vector along the axis).

AB, =Pr, AB-u’ (5)
Properties of projections

1. Projection of a sum of two vectors equals the sum of their projections,

Pru(5+5):Pru5+PruE.

mLet for example AC = AB+ BC (fig. 13). Then

Pr,(4B + BC)=Pr, 4C=[4C|=|4B8|-[B.C|=|4B|+([-[B.C])=

=Pr, AB+ Pr, BCw
2. Scalar factor k can be taken outside the projection sign,

Pr,(k-a)=k-Pr,a
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POINT 3. BASES. DECOMPOSITION OF A VECTOR WITH RESPECT
TO A BASE

Arbitrary bases

Def 15. A base in the plane is called any ordered pair e, e, of non-collinear
vectors with common origin O (fig. 14).

Def 16. A base in the space is called any ordered triplet e_l, g, g of non-co-

planar vectors with common origin O (fig. 15).

~

A

OT

Fig. 14 Fig. 15 Fig. 16

oy
N

Fig. 17
Theorem 5 (decomposition of a vector with respect to a base). Every vector a

can be uniquely represented in the next form
a= ale_l + azg (in the plane) (6)
Ezale_l+azg+a3g (in the space) (7)
where a,, a, (correspondingly a;, a,, as) are some numbers (which are called the
coordinates of the vector ¢ in the given base).
mProving for the base e_l, gon the plane. Let a vector in question a = OA4 (see
fig. 16). We draw 4B || Z, AC || e_l to meet the straight lines of the vectors g,e_l at
the points B, C correspondingly. OB || e_l , OC || Z , S0 by the theorem 2 there are
two numbers a,, a, such that OB = q, -e_l, oC = a, -Z. Therefore a =04 = OB +
oC = a, -e_l + a, -Z and the equality (6) is proved.
If it were another decomposition a = a, e_l + a;g of the vector a =04 we

would have
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ale_l+ aze_z = a;e_l + a;ga (al - a;)gl +(a, - a;)e_z = 69 a, — a; =0,a, - a; =0,q, = a;>a2 = a;
by virtue of non-collinearity of the vectors e_l, Z N
By analogous way we can prove this theorem for the space (see fig. 17).
Corollary. Two vectors are equal if and only if their correspondent coordinates

are equal.

A base e,e,on the plane (e,e,,e, in the space)

generates the coordinate system Oxy on the plane (Oxyz in

the space) with units of scale [of measurement, of

3 3 3

measuring] ‘e] e, 63‘) on every axis Ox, Oy (Ox,

e/ (e

0 e [{ 3 =z

Fig‘. 18 Oy, Oz) respectively.
Ex. 3. A point M in the coordinate system represented by fig. 18 has coordina-
tes 3 and 2, M (3; 2). The same coordinates has the vector OM , because of
OM =3¢, + 2e, .

Def 17. A vector OA is called a radius vector of a point A.

Theorem 6. Coordinates of any point coincide with coordinates of its radius
vector.

mWe have seen validity of the theorem in Ex. 3. In general case the proving is
similar.m

Very important case of a base is that Cartesian.

Cartesian (orthonormal, orthonormalized] base
Def. 18. Cartesian base (orthonormal [orthonormalized] base) in the plane (in

the space) is called the base which is made up by two (three) unit mutually

perpendicular [orthogonal] vectors ;,} (i, j, k),
i ==l =1 iLljilkjLk.
Cartesian base generates so-called Cartesian rectangular [orthogonal, grid] co-

ordinate system Oxy on the plane (Oxyz in the space). It consists of two (three)
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mutually perpendicular (orthogonal) axes Ox, Oy, Oz with the same unit of scale [of

measurement, of measuring] M = ‘ j‘ = ‘k‘ =1.

Theorem 7. Coordinates of a vector @ in Cartesian base i, } (i, j, k) areits
projections on coordinate axes,
a, =Pr,, a,a, = Pry, a (a, = Pr,, a,a,= Pr,, a, a,=Pr,, a),
and so the decomposition of a vector with respect to this base has the next form
Ezax-f+ay-}, where aszrOXE,aszrOyE (8)
on the plane and

a=a,ita, j+a, -k where a,=Pr, a,a,=Pr,a,a. =Pr,a (9)

in the space.

s % m (for the plane and the case a = 04, fig. 19). a=04 =
2 = OA, +OA,, where OA,, OA, be the components of the vector
N . a = OA along the axes Ox and Oy correspondingly. By the
T 2 g = - ~ formula (5)
Fig. 19 ﬁzPrOXE-;':ax-f,%zProyE-izay-},

and therefore

a=04= axf+ay}, a, =Pr, a, a,=Pr,, a.m
POINT 4. COROLLARIES

1. To linear operations on vectors there correspond the same operations on
their coordinates, i.e. (id est zam) if
a=aye +a,e, +a,e,,b=he +be, +be,
then
a+b=(a,+b e +(a, +b,)e, +(a,+b,)es, k-a=ka, e, +(ka,)e, + (ka, e, .
mBy virtue of corresponding properties of linear operations on vectors

a+b= (ale_l+ aze_2+a3e_3)+ (ble_1+b2;+b3e_3):(al +b1)e_1+(a2 +b2)e_2+(a3 +b3)e_3’
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ka= k(ale_l + aze_2 + a3e_3): (kazl )e_l + (kaz2 )g + (kaz3 )e_3 u
Corollary. As to [as for, as concerns, concerning] linear operations we identify

a vector and a row of its coordinates, and we’ll write as usually

a :(a1>a2>a3)

instead

Ex. 4. Decompose a vector m= (0,6,3) with respect to the next three vectors
a= (4,1,3), b= (-1,4,2), c= (2,—1,4). Do the vectors 5, Z,E constitute a base of the
space?

Solution. We must find three numbers x, y, z to have

m=x-a+y-b+z-c.
But
x-a+y-b+z-c=x-(413)+y - (-1,4,2)+z-(2,-1,4) =
=(A4x—-y+2z,x+4y—2z,3x+2y+4z); m= (0,6,3).
Equating corresponding coordinates of the vectors x-a+ y- b+z-c and m we get a

system of linear equations in x, y, z

4x—-y+2z=0,
x+4y—z=06,
3x+2y+4z=3.

The principal determinant of the system 4 =159 # 0, and so it possesses unique
solution (27/59,78/59,—15/59). Therefore the decomposition in question is

27 — 78 - 15 -
=—-a+—-b——-c.
59 59 59

3 |

The same problem can be solved for arbitrary spatial vector, because of the
solving leads to a system with the same left sides and the principal determinant 4 =

=59 # 0. Therefore any vector of the space can be decomposed with respect to the

vectors 5, 5, E, and so they constitute a base in the space.
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2. Necessary and sufficient condition for collinearity of two vectors is
proportionality of their corresponding coordinates.

m Let vectors a = (a,, a,, a;), b = (b, b,, b,) be collinear. By the theorem 2 the-

re exists a number & such that B:k-&, (b,b,,b,)=(k-a,,k-a,, k-a,), from which
b=k-a,b,=k-a,,b,=k-a, and b :a,=b,:a,=b,:a,=k.
Let inversely b,:a, =b,:a, =b,:a, =k. Then

b, =ka,, b, = ka,, b, = ka,, b= (ka,, ka,, ka,)=k(a,, a,, a,) = ka,
and by virtue of the same theorem EHE N

Y 3. To find a vector AB knowing coordinates of its origin
A(x,,y,,z,) and end point B(x,,,,z,) it’s necessary to subtract the
coordinates of the origin from corresponding coordinates of the end

2 A point (fig. 20),
Fig. 20 E:(xz—xl,yz—yl,zz—zl). (10)
mThe fig. 20 shows that
AB=0B—-0A.
The vectors OA, OB are the radius vectors of the points 4, B. On the base of the

theorem 6

04 = (xlf Vi 2 )’ OB = (xzf Yas 22)’
hence

AB=0B-04= (xzf Vs Zz)_(xlf Vs Zl): (xz —Xp V) TV 2, _Zl)‘.
Additional corollaries as to vectors represented in Cartesian base

4. Length [modulus, absolute value] of a vector equals the root of the sum of

squares [the root-sum squares, the root of sum-of-squares] of its coordinates in

ax;+ay}‘ = \Ja; +a; on the plane, (11)

Cartesian base,

| =
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= \/min the space. (12)

m Let for example a vector g on the plane is one at the origin (a = OA, fig.19).

‘a‘z ai+a,j+ak

Its length equals the length of the diagonal of the rectangle which dimensions are

< : equal to moduli of the projections a,, a, of the vector on the
7 | _
_ coordinate axes. By analogy the length of a space vector a (see
7 ~ fig. 21) equals the length of the diagonal of the rectangular
£ 7 parallelepiped with dimensions |a_|,|a, | |a_|=
B
Fig. 21 Def 19. Direction cosines of a vector a are called the
L 12 cosines of the angles a., 3, ¥y which the vector forms with the
z
coordinate axes Ox, Oy, Oz respectively (fig. 22).
V4 _
P 2 5. Direction cosines of a vector a are given by
Z
L “s__ formulae
7 O0~J J
q, ax ay az
/ cosa =—=,cos B =—=,cosy =—=, (13)
X ‘a ‘a ‘a
Fig. 22 because by virtue of the formula (4)

a,=Pr,, a= ‘E‘COSOC, a,=Pr, a= ‘E‘COS B.a,=Pr, a= ‘E‘COSQ/ .
6. Sum of squares of direction cosines equals 1,
cos’ a +cos’ f+cos’y =1. (14)
mOn the base of formulas (13), (12)
2 0% 4 g2 ‘2
a,+a, +a;

cos’ o +cos> B+cos’ y = =

‘5‘2 =].m

2

SERENY

Corollary. The unit vector of a vector ¢ which is determined in Cartesian base
1s
a" =cosa-i+cosf-j (orsimply a® =(cosa, cos 3)) on the plane,
a" =cosa-i+cosf- j+cosy-k (or simply a’ =(cosa, cos 3, cosy)) in the space.

7. Distance between two space points A(x,, y,,z ), B(x,, y,,2, ), by virtue of the
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formulas (10), (12), equals the square root of the sum of squares [to the root-sum

square, to the root of sum-of-squares] of differences of their coordinates

AB=|4B|=[4B/=/(x,~x} + (3, -3} +(z, -z . (15)
For two points A(x,,, ), B(x,,v,) of the plane

ABz\/(xz—xl)z—l-(yz—yl)z, (16)

In conclusion we’ll enumerate three main ways [methods, modes] of represent-

ting [representation, definition, determination] of a vector: a) by its coordinates in so-
me base; b) by coordinates of its origin and end point; ¢) in Cartesian base — by its
length [modulus] and direction cosines.

Ex. 5. A vector is given in Cartesian base by its origin A(1; 0; —2) and end
point B(3; —4; 4). Find the vector E, its modulus, unit vector, direction cosines,
distance between the points 4 and B. Then find a vector x of opposite direction ha-

ving the length 12.
Solution. The formula (10) yields

AB=(3-1—-4-0;4—(-2))=(2;-4;6); AB=(2;—4;6).
By the formulae (15), (13), (1)

‘E‘:\/22+_(—4)2+62=\/%= ,'cosa—f os B = \/4— Sy = \/6—
o_ 4B _ _ _ (2 4 6
AB" = =7 (cosa; cos B; cosy) (\/% N \/—j \/—( ,6),

=-AB°

R 2(;{_\/_\/_j 8 72
e O I =T

POINT 5. DIVISION OF A SEGMENT IN A GIVEN RATIO
Def. 11. One says that a point M divides a segment AB in a given ratio A if an

equality
AM =2 -MB (17)



190 Vectors and Linear Operations on Them

3 holds (fig. 23).

Y/ For space segment A(x,,,,z,)B(x,,y,,z,) coordinates
7 of a point M(x, y, z), dividing the segment in the ratio A4, are
Fig. 23 given by the formulas
:xl+ﬂ,-x2’ :yl+/”t-y2’Z:zl+/”t-z2 (18)
1+4 1+ A4 1+4

mAM :(x_xl’y_yl’z_zl)’M_B:(xZ —X ), W5 _Z)w
2 MB = (A(x, = x). Ay, = »). Alz, - 2)).
Equating corresponding coordinates of the vectors AM, A- MB we get successively

x—x=Mx,=x),y=-y =My, -y)z—z, =Mz, - z),
x(1+2)=x +Ax,, y(1+A) =y, + Ay, z(1+ 1) =z, + Az,,

xt+Ax, oyt A-y, Z_zl+/”t-z2
1+4 1+ 1+ A
Remark. If a point M lies between the points 4 and B (and therefore A >0) one

can write more simply, namely ‘AM ‘ / ‘MB‘ = A, instead (17).

If a segment 4B is divided in half by a point M(x, y, z), we have A =1, and so

_NTX Nt Zzzl+zz -
2 2 2
Ex. 6. A point C(2; —1; 6) divides in halves a segment AB with known end po-

(19)

X

int A(- 3,4, 5). Find coordinates of the point B.
Solution. Applying the formulae (19) we have

_ X, X :yA+yB - :ZA+ZB

Xe = 5 Ve 5 c 5 JXp =2Xe =X, Vp=2Ye— V4 Zp =220~ 2,

whence it follows that
X,=2-2-(3)=7,y,=2-(-1)-4=-6,2,=2-6-5=7;, B(7,-6;7).
Ex. 7. Find a median BK and a bisector AL of a triangle with known vertices
A(—4;5:3), B(3; -2, 4),C(2; -4, 6) (fig. 24).
By the formulas (19) and (15)
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_ZitzZc

Yaty
:_l’yK :%:O_S,ZK _TZIS7

BK =(xg —x, ) + (v — vy ) + (24 — 2, ¥ =4 +2.5° +2.5” =~/28.50 ~5.3.
By (15)
AB = (xy —x,F + (v =9, F +(z,—2,F =7 +7 41 =499,
AC=(xe ~x, ) +(ye =y, ) +(ze —2,) =67 +9*+3* =/126.

6

Hence
L BL:LC=AB: AC=./99/126 ~0.89.
P K . C Now by the formulas (18)
Fig. 24
i = at A _3+089:2 o0 ystAye —2+O.89-(—4)z_2.94,
1+ A 1.89 1+4 1.89
7, = zZ,+ Az, _4+0.89-6 ~4.94,
1+ A 1.89
and then by (15)

AL=(x, = x, P} +(y, =y, P +(z, —z,F =653 +7.94* +1.94* =./109.44 ~10.5.
Answer. The median BK ~ 5.3, the bisector AL ~10.5.



LECTURE NO. 10. PRODUCTS OF VECTORS

POINT 1. SCALAR PRODUCT
POINT 2. VECTOR PRODUCT
POINT 3. n-DIMENSION VECTORS

POINT 1. SCALAR PRODUCT

Def. 1. A scalar [a dot, an Euclidean, an inner, an interior, an internal] product
of two vectorsa, b is called a number which equals the product of the lengths of these
vectors and the cosine of an angle between them,

ab=a-b=(a,b)=dlblcosp, o = (a’ )= (e 2°) (1)

In accordance with the formula (4) of the preceding lecture we can write

513:\5\Pra5=\5\13rb5 or Egz‘E‘Pr;l;:‘l;‘PrBE, (2)
where a (corr. b) 1s the axis determined by the vector a (corr.

¢ _ _ _
/ by b), briefly the axis of the vector a (corr. b) (see fig. 1).
_ 7 Thus, a scalar product of two vectors equals a product of the

z° length of one vector and the projection of the other on the axis
4

z ' ¢ of the first one (or simply on the first one).

Fig. 1 Ex. 1. Let the lengths of vectors a,b equal |a| =5, b =8
g

and the angle between them is ¢ = /3. On the base of the definition 1 and the

formula (2)
55:‘5“5‘005*%:5-8%—20 Prba E_B —§—2.5 P aE—@— 20 =4
‘ ‘ 8 ‘a‘ 5
Ex. 2. For the vectors of Cartesian (orthonormal) base i, j, k
i j=ik=k-j=0,

because of cos(f?})z cos(fA%)z cos(}?% = cos(r/2)=0.

B
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Properties of a scalar product

1. ab = ba (commutativity).
mThe property is obvious from the definition 1 (see the formula (1)).m
2. (a+bk = ac+be (distributivity).
mBy virtue of the formula (2) and the corresponding property of projections
(a+b) =|c|Pr,(a+B)=[cl(pr. a+ Pr. b) = [c| Pr. a-+[c| Pr. b = ac + be .m
3. For any number (scalar) £
kla-b)=(ka)b=a-(kb).

s .
4. Scalar square a = a-a of a vector equals the square of its length,

—2 PR — —2
a :a-a:‘a‘ .

(3)

—2 JRE— —

ma =a-a= ‘Eua‘cos(afg): ‘5‘2 cos(0 = ‘5‘2 .

5. Two non-zero vectors are orthogonal if and only if their scalar product is
equal to zero.

ma)If ¢ L b, then ¢ = (E,Al;)z (E?F)z 7/2 or ¢ =31/2 = cosp =0; hence
a-b=0.

b)Ifa-b=0and a=0,b#0, then by (1) cos ¢ = cos(&?g)z 0,anda L b.m

Ex. 3. Lengths of vectors a,b are equal to ‘5‘ =5, ‘5‘ = 8, the angle between

them 2?7[ Find the length of the vector 3a —2b .

On the base of the properties 4, 2, 3 of a scalar product
3028 =(3a-2b] =(3a-2b)3a~2b)=9a" +4b" ~12ab=
_ 9\5\2 +4\B\2 ~12[a] cos(E,“B)z 9-25+4-64—12-5-8-cosz?7r _ 481 —480-(—%) _ 721,

\35 - 25\ — 721 269,
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Expression of a scalar product of vectors in terms of their coordinates in

Cartesian (orthonormal) base

Let vectors a, b be decomposed with respect to Cartesian (orthonormal) base
i, j, k, that is
a=a,i+a,j+akb=bi+b j+bk orbriefly a=(a, a, a.)b=(b,b,b.).
In this case a scalar product of the vectors equals the sum of products of their corres-
ponding coordinates,
ab=ab, +ab +ab.. (4)
mBy virtue of the properties 2, 3, 4 of a scalar product
ab= (axf +a,j+ aj)- (bxf +b,j+ bj)z (axbx)(f : Z)+ (axby )(f : })+ (ab, )(Z : %)+
(a,b )5 -)+(a,b, \j- )+ a,b, Nj-k)+(ab, )(% i)+ (ab, Y- })+ (azbz )(% k)=
—(a,b,)i" +(a,b,)-0+(ab,)-0+(a,b,)-0+(a,b )(J )

(a.b,)-0+ (azby)- 0+ (ab, )%2 =(ab, )1+ (ayby)- 1+(a.b,) 1=ab, + ab,+ab, m
Some applications of a scalar product

1. Finding an angle between two vectors. By virtue of the formula (1)

COS(EA,B)Z a-b (5)
alb

2. Finding a projection of one vector onto (an axis of) the other vector. On the

base of the formula (2)

ol

:Pr;[;:a'

(6)

Y
S|

Z
3. Scalar product in economics. Let a shop realizes daily
a, items of the first kind with a unit price p,,

a, items of the second kind with a unit price p,,
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a, items of the third kind with a unit price p;,.

A vector

a :(al’aZ’a3)

represents the set of products, and a vector

p= (pl’ P> p})
is that of price. Then the daily proceeds of sales S of the shop is the next scalar pro-
duct
S=a,p, +a,p, +a;p; = 5;
Ex. 4. Whether a triangle with given vertices A(2; 3; 1),

B(4; 7, - 1), C (1; 2; O) (fig. 2) 1s the right one? Find its inner and

~outer angles at the vertex 4.

| Solution. The sides of the triangle ABC are equal to
AB =2+ 4 +(=2) =24, AC =/(-1)’ +(=1)" +(-1)’ =43,
Fig. 2 BC =/(=3) + (=5 +1> =+/36.

BC? =36, AB> + AC?> =27; BC* # AB*> + AC”,

and so the triangle isn’t that right. To find angles in question we introduce vectors
AB=(2,4,-2), AC=(-1,-1,-1), AD=-AC=(1,1,1) .

Using the formula (5) we get

cosazcosBACzAB‘AC:2.(_1)4_4'(_1)4_(_2)'(_1): —4 :_ﬁz—0.47;
AB|AC AB- AC V24 .43 3
AB-AD 2-1+4-1+(-2)-1 4 V2
BAD = = = = ~0.47;
o AB|AD AB- AC J24 .43 3

o = Z/BAC = arccos(—0.47)~118°, ZBAD =~ arccos 0.47 = 62°.

Ex. 5. Find a vector of the length 14 if it’s perpendicular to two given vectors

a=(3,22)b=(18,-22,-5) and forms an acute angle with the Oz-axis.

Let we must find a vector x = (x, v, z). By conditions (; 1 5, xL 5 ;‘ =14, an

angle ()_CAOZ) is acute one) we get
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a-x=3x+2y+2z=0b-x=18x-22y-5z=0,x| =x’+ )y’ +2z>=196,z>0,

‘2

hence we have to solve the next system of equations

3x+2y+2z=0,
18x—-22y—-5z=0,
x*+y*+2°=196,z>0.

From two first equations we can express x and y through z, namely

3x+2y=-2z, 3 2 — 2 3 -2z
A= =-102, 4, = =34z, 4, = =51z,
18x-22y =5z, 18 —-22 5z =22 18 5z
and by Cramer rule
4, 34z 1 4, Slz 1
= — = :——Z,y:—: = ——7Z
4 -102 3 4 -102 2
Now the third equation gives
LY (1Y), Lo 1, :
——z| +|——z| +z2°=196,—z"+—2z2"+2" =196,z =144,z=12>0,
3 2 9 4

andso x=-1/3z=-4,y=-1/2,z=-6 .
Answer: x = (— 4, -6, 12).
Ex. 6. Find a vector perpendicular to given vectors a= (4, -3, 1), b= (1, 4, — 2)
- 3
if 1ts projection on (the axis of) a vector ¢ =(2, 5, —6) equals —.
proj ( ) ( ) eq N

Let, by analogy with the preceding example, x = (x, v, z). Then in accordance

with the property 5 and the formula (6)

a-x=0, 4x-3y+z=0, 4x-3y+z=0, x=-6/65,
_ bx=0, x+4y-2z=0, x+4y-2z=0, y=-27/65,
cx_ 3 |2x#5y=62_ 3 . |2x45y-62=3; z=-57/65.
\c\ J65 J65 J65

Answer. x = e
( 65 65 65)



197 Products of Vectors

POINT 2. VECTOR PRODUCT

Def. 2. An ordered triple of three non-coplanar vectors a,b,¢ with common
origin is called the right-handed triple of vectors if a rotation of the first vector a to
the second vector b by the shortest route is seen from the end point of the third vec-
tor ¢ as performed anticlockwise (fig. 3).

Henceforth we’ll consider only the right-
handed Cartesian (orthonormal) base i, j,k and

the right-handed Cartesian coordinate system ge-

nerated by this base (see fig. 4).

Fig. 3

It’s evident that for the right-handed triple
i, j, k the other triples j, k,i and k, i, j are also those right-handed.

Def. 3. A vector [a cross, an exterior, an outer] product axb= [5 EJ of vectors
a, b is called a vector which possesses the next three properties:

a) it is perpendicular to the vectors a, b;

b) its length equals the product of the lengths of the vectors a, b and the sine of
an angle between them:

axb|=[alB|sing, o = (aB);
¢) the vectors @, b and ax b form the right-handed triple of vectors.
Ex. 7. The table of pairwise multiplication of the basic vectors i, j, k
ixj:k,jx%=;,%x;:},}x;:—k,k><j:—i,ixk:—j. (7)

mLet’s prove the equalitiesfx} =k, ;xi = —k . Prove the other equalities
yourselves.

a) (;x;)L i, (;x})L}, (}x;)L i, (}x;)L }, SO (Zx}}

b) ‘Z X ;‘ = Hm sin/2=1,

k;

K, (jxi)

jxi|=[jfilsinw/2=1, 50 ix j =k or ixj =k,

jxi=kor jxi=—k;
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o e c) the vectors i, j, k and j,i,—k form the
A )z
right-handed triples, and therefore
ixj=k, jxi=—k.m
K K L .
To remember the “multiplication table” (7) ob-
Fig. 5 tained in Ex. 7 we’ll introduce the next scheme (fig. 5).
Properties of a vector product
1. axb=—-bxa (anticommutativity).
mVectors a xb and bxa have the same length and the opposite directions.m
- 2. The length of a vector product numerical equals
T Xx Z
© the area of the parallelogram constructed on these vectors
. as the sides.
V'—'/ a, g/
z mThe area of such the parallelogram equals
&
&~ S = ‘aHb‘ Sin(a,Ab): ‘a X b‘ ]
Fig. 6 On the base of this property and definition of a

vector product we can represent this product with the help of a fig. 6.
3. (5+5)><E —axc+bxc,ax (l;+5): axb+axc (distributivity).
4. k(g X 5)= (ka)x b=ax (kg) for any number (scalar) £.
5. Two non-zero vectors are collinear if and only if their vector product equals

ZEero vector.

ma) If afp then (¢ B)=0 0 aB)= 7, sinla B}~ 0,

5><5‘=0,5><5=6;

b) if now axb=0 , then ‘5 X l;‘ =0, Sin(E,A l;): 0 and therefore EHE ..

Expression of a vector product in terms of coordinates of vectors in Cartesian

(orthonormal) base

Let vectors a, b be decomposed with respect to Cartesian (orthonormal) base
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i, j, k,thatis

a= ax;+ay}+aj, b= bx;+by}+bj or simply a = (ax, a, az),g = (bx, b,, bz).

In this case their vector product equals the third order determinant

i j k
Exgzax a, a.|, (6)
b, b, b,

the first row of which consists of the basic vectors i, j, k, the second row contains

coordinates of the first vector and the third row contains those of the second vector.

mUsing at first the properties 3, 4 of a vector product and then the table (5) of
pairwise multiplication of the basic vectorsi, 7, k . we get
axb=ai+a,j+a.k)x(bi+b,j+b.k)=
i), 7)o ol b, ) o, )
b e, Y NEE) a0, (e,

~(a,b Je+(a,b, )0+ (a,0. ) +(a.b,)j = (b, +(a.b. )0 =

= — i — — ¥ _ )7 — N _ ax z| ™. ax ay - _
B (aybz azby)l (axbz asz )] +(axby abe)k y bz : bx bz J+ bx by k
i j ok
=la, a, a,m
b, b, b.

Ex. 8. Find the area and the altitude BK drawn from a vertex B of a triangle

with vertices A(1; 3; 5), B(2; -4; 6), C(0; -2; 3) (fig. 7).

y j((/ ' Solution. Let’s introduce two vectors AB = (1, -7, 1)
/\/2 and AC = (— 1,-5,—- 2). The area of the triangle ABC
/ - % .f/ equals one half of the area of the parallelogram ABDC
Fig. 7 constructed on the vectors A_B, AC as the sides. This lat-

ter area on the base of the property 2 of a vector product equals
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b

S e =|[AB X 4C

and so
Sapc = %‘E X E‘ :

To find the altitude BK we take into account that

l— — 19— ABx AC
S,uc =~|ABx AC|=—|AC|- BK, BK = .
2 2 AC
By the formula (6)
ik
ABxAC=|1 -7 1|=19i+j—12k,
-1 -5 -2

[ABxAC| =197 +1* +(~12) =~/506 ~22.49.

Therefore

SAABC=1\/506z11.25,BK= : ”5062 — = 06 411,

2 JEy ez Va0
\ JZ x Ex. 9. Find the volume of a triangular pyramid with given
B¢ vertices A(1; 3; 5), B(2; -4; 6), C(0; -2; 3), D(-2; 1; 5) (fig. 8).
1 1 11— — —
Vise =5 SuscH =5 E‘AB x AC|H, H =|Pr.; . AD|=
¢ (ABx AC)- AD {1 .
# _ ! ) V ipen = || 4B x AC). AD|
ABx AC 6
Fig. 8 From the preceding example we know that
AB=(1,-7,1), AC=(~1,-5,-2), ABx AC=(19,1,-12).

Hence

(4BxAC)- 4D =(19,1,-12)-(=3,-2,0)=19-(=3)+1-(=2)+(~12)-0 = =59,

(4Bx4C)-4D|=59,V,,., = % ~9.8,

Ex. 10. With the help of a vector product solve the problem which we’ve sol-

ved in Ex. 5 (find a vector of the length 14 if it’s perpendicular to two given vectors
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a=(3,22)b=(18,-22,-5) and forms an acute angle with the Oz-axis).

Solution. A sought vector x, being perpendicular to the vectors a,b,is

collinear to their vector product

i

j ok
axb= 2 2
-2

=34i+51-102k =17(2i + 3 - 6k)
2 -5
or to the vector
m=(2,3,-6).
This latter forms an obtuse angle with the Oz-axis, hence the unite vector of the

vector x equals

Finally we get

)_c:14x_°:14(—g,—§,§j:(—4,—6,12).
777

Ex. 11. Solve the problem of Ex. 6 with the help of a vector product (find a

vector which is perpendicular to given vectors a= (4, -3, 1), b= (1, 4, — 2) if its

projection on (the axis of) a vector ¢ = (2, 5, —6) equals =N )

V65

Solution. By analogy on the preceding example the unknown vector x must be

collinear to the vector product

ik
axb=[4 -3 1
1 4 -2

=2i+9;/+19k

and so must have the next form
x=klaxb)=k(2,9,19)=(2k, 9%, 19k)

where & is some unknown number. By the condition
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202
~ x-¢ 2k-2+9k-5+19-(—6) —65k —65k 3 3
Prx=>C= - ; = —65k=3k=—",
CTH T eselep Vss ss Ves 65
therefore

x=—2(2,9,19)=(-& 2T 5T,
65 65" 65 65

POINT 3. n-DIMENSIONAL VECTORS

Def. 4. n-dimensional vector is called an ordered set of » numbers.

There are n-dimensional vectors-rows

a=(a,a,,..a,)

and n-dimensional vectors-columns

a,, 4y a,
a, dy a,,
a amZ amn

1s the set of m n-dimensional vectors-rows and n m-dimensional vectors-columns

a, :(all’aIZ""’aln)’ y
a, :(aZI’aZZ""’aZn)’ b = ay b
1~ P

a

a, = (aml’amZ""’amn )’. ml

m

It’s possible to consider such a matrix as mn-dimensional vector

Ex. 13. One can treat solutions
(x xiz,...,xin)

i1’

of a system of m linear algebraic equations in » unknowns
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a, X, +a,x, +a x;+...+a, x, =b,
Ay X, +ayX, +a,x, +...+a, x, =b,,

a

X, +a,,x,+a,,x;+..+a, x, =b ,

ml mn~"n m

as n-dimensional vectors-rows. The system by itself can be written in the vector form.

Indeed, let’s introduce the next m-dimensional vectors-columns:

a, a, a, b,
— ay | — a,, — a, | T bz
a, = sa, = . |..,a = ,b=| .
aml amZ amn bm

The system passes in a vector equation
x,a,+x,a,+..+x.a =b.

Linear operations on n-dimensional vectors

Let
a=(a,.a,...a) b=(b,b,..b,).
Then by definition a vector
ka = (ka,, ka,,... ka,)
is the product of a vector a by a number (scalar) k, and a vector

a+b=(a,+b,a,+b,,..a +b )

is the sum of vectors a and b.
Linear dependence and independence of n-dimensional vectors

Def. 5. A system of n-dimensional vectors

a, a,,..., q,

is called the linearly dependent system if there is non-trivial set of numbers

(7)
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ki, k,. .k, kK+kX+..+k’#0 (at least one of k.,izl,_l isn’t zero) (8)
1 2 1 1 2 1 i

such that the next equality

ka, +kya, +..+k a =0 (9)
holds, where 0= (0, o,..., O) 1S zero vector.
Def. 6. If the equality (9) holds only for trivial set of numbers (8), that is only if
k=k,=..=k =0, (10)
then a system of vectors (7) is called that linearly independent.

Ex. 14. A system of n-dimensional vectors
e, =(1,0,0,..,0)e,=(0,1,0,..,0)e =(0,0,1,..,0)....e, =(0,0,0,..,1) (11)
is linearly independent one. Every n-dimensional vector can be decomposed with
respect to this vector system.
mke +ke +ke+..+ke =k, k,k,..k)=0=(0,0,0,...0)
in unique case, namely only if &, =k, =...=k, =0 which means linear independence
of the system (11).

For any n-dimensional vector a =(q,,a,,...,a,)

a:(al,az,...,an):ale_l+azg+...+ang.l (12)
Def. 7. An express of the form

ha +Aa,+..+4,a,,

that is a sum of products of vectors a,, a,,...,a, and some numbers 4, 4,,...,4, is

called a linear combination of the vectors a,, a,,...,a, .

The equality (12) means that a vector a =(a,,a,.,...,a, ) can be represented as a

linear combination of the vectors (11).
Theorem 1. If a vector system (7) contains zero vector or two equal vectors or

linearly dependent subsystem, then it is linearly dependent one.
ma) For the system (_) Z a_, (the first vector is zero one) we can write for

example
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1-0+0-a,+..+0-a,=0

with non-trivial set of numbers 1,0, 0,...,0.

b) For the system a_l, a_l, a_3 a_, (the first two vectors are equal) we can write
for example

1-a,+(-1)-a,+0-a,+..40-a,=0

with non-trivial set of numbers 1,—-1,0,...,0.

¢) Let some subsystem a,, a,,...,a, (m <) of the system (7) is linearly depen-
dent, that is

ka, +kya,+...+k a =0and k} +kZ +..+ k> #0.

In this case we can take non-trivial set of numbers

ki, ky,..k, ,0,0,..,0 kl+ki+..+k +0°+0°+...+0>=0

m’

to get

ka +kya,+..+k a +0-a, +0-a ,+.+0-q,=0,

m+1 m+2

and the system (7) is linearly dependent.m

Theorem 2. A system of vectors (7) is that linearly dependent if and only if at
least one of its vectors can be represented as a linear combination of the other vectors
of the system.

ma) Let the system (7) is linearly dependent one and k, # 0 in the equality (9).

Then we get from (9)

ka,=-ka,—kya,—..—k a,a,=a,+Aa,+..+Aa,,
k k k — .. o
where A, = —;2, Ay = —;3 A = —?’, and the vector g, is a linear combination of
1 1 1

the vectors Z, a_3 a, .
b) Let inversely the vector a_l of the system (7) is a linear combination of the
other vectors, namely there are some numbers A,, 4,,..., 4, such that
a,=Aa, + Aa, +..+ Aa, .

In this case we can write
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(-Da, + Aa, + Ayay +..+ Aa, =0,
that is we get the equality of the type (9) with non-trivial set of numbers
k==1#20,k,=2,,..k, =4, .m

Rank of a system of vectors

Def. 8. The rank of a system of vectors is called the greatest number of linearly
independent vectors of this system.

Theorem 2. The rank of the set of all n-dimensional vectors equals .

ma) On the one hand there is # linearly independent vectors of this set, namely
the vectors (11).

b) On the other hand every n +1, n + 2, ... vectors of the set of all n-dimensio-
nal vectors are linearly dependent.

Let’s prove this statement for particular case of four three-dimensional vectors

a, = (all’aIZ’aB)’ a, = (azl’azz’a23)’a3 = (a31’a32’a33)’a_4 = (a41’a42’a43)'
We’ll try to prove existence of non-trivial set of numbers &, k,,k;, k, for which the
equality
koa, +kya, +kya, +k,a, =0 (13)
holds. Representing it in extended form we have
k, (an,alz,al3)+ kz(azl,azz,a23)+ k3(a31,a32,a33)+ k4(a41,a42,a43)= (O, 0, O),

(kla1 Lka, ka, ) + (k2a21 Jkya,,,kya,, ) + (k3a31 Jkas,, k3a33)+ (k4a41 Jkya,, ka,, ) = (0,0,0)
(klall +kya,, +kya,, +k,a,,,ka, +k,a,, +ka, +ka, ka;+ka,,+ka;+ k4a43):
=(0,0,0),

ka, +k,a, +ka, +k,a, =0,
ka,, +k,a,, +k,a,, +k,a, =0, (14)
ka,+k,a,, +kya,;, +k,a,, =0.

The problem in question is reduced to that of existing non-trivial solutions of

the system (14) of linear homogeneous equations in k,,k,,k;, k,. But such the
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solutions exist because of the number 4 of unknowns is greater than the number 3 of
equations.m

Theorem 3. For any matrix the rank of the system of its rows equals the rank
of the system of its columns and equals the rank of the matrix.

Theorem 4. The rank of a system of non-zero solutions of a system of m li-
near homogeneous algebraic equations in #» unknowns
a; x, +a,x, +a;x; +...+a,,x, =0,
Ay X, + Ay Xy + Ay Xy ...+ a,,x, =0,

x =0,

mn--n

a,x +a ,x,+a, x,+..+a

ml

equals n — r, where r is the rank of the system matrix

a, 4ap a,

a, dy a,,
A= e,

aml amZ amn

Euclidean spaces

Def. 9. The set of all n-dimensional vectors is called Euclidean space if in it
it’s defined the scalar product of any two vectors a =(a,,a,,....a,),b=(b,b,.....b ),
namely

ab=a-b=a,b)=apb +apb,+..+apb,. (15)

For a =b the formula gives so-called length [modulus, norm] of a vector a,

that is

‘5‘=\/57=\/af+a§+...+aj. (16)
On the base of definition (15) one can directly prove the next properties of the

scalar product:

l.a-b=b-a.
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2 [@+b)c=a-c+b-c.
3. kla-b)=(ka)-b=1a-(kb).

4, \5\20, 5\:00n1yif5=0.

For two arbitrary vectors a,b of Euclidean space the next Cauchy' — Bunya-
kowsky” inequality
a5 <[ap (17)
holds.
mFor any real number &
(ka+b) >0,k*a’ +2k(a-b)+b" >0, kzw +2k(a-b)+ ‘5‘2 >0,
The latter quadratic trinomial in £ must have non-positive discriminant to be non-

negative for any &, whence it follows that
2

(a-B) [af o[ <0.(a-5) <[]

a-2|<|d[p]
Corollary. For any two vectors a, b
a8 <[d[+ ]3| (18)
mUsing the formula (16), properties 2,3 and inequality (17) we'll have
a+8 =(a+bf =a’+2ab+5" =[a[ +2ab+[o] <|a] +2alp| +[5 = o[ + B
whence it follows the inequality (18).m

An angle between two vectors a,b of Euclidean space can be defined by the

next formula:

cos(a?g): a-b- (19)
a|b
On the base of Cauchy — Bunyakowsky inequality (17) we have
‘COS(E,AEJ <lI. (20)

' Cauchy, A.L. (1780 - 1859), a famous French mathematician
? Bunyakowsky, V.J. (1804 - 1889), a Ukranian mathematician



1. basuc (Ha iocKocTH,
B [IPOCTPAHCTBE)

2. bBbvITh 3a1aHHBIM:

a) KOOpJAMHATaMM Havajia
1 KOHIIA; 0) JJIUHON U
HaIpPaBJISIONIMHA KOCUHY-
caMu; B) KOOpJUHATaMu/
MIPOCKIUSIMU

3. BeITh napamienbHbIMHA
OJTHOM U TOM kK€ NPSIMOH
/MI0CKOCTH (O BEKTOpax)

4. BbITh YUCIECHHO
PaBHBIM

5. Bektop

6. BekTopHas BennuuHa
7. BekTopHoe
MPOU3BEACHUE BYX
BEKTOPOB

8. BzanmHO nepneHauKy-
JsipHBIE (OPTOTOHAJILHBIC)
BEKTOPBI, OCU

9. BeIpa3utb
IIPOU3BEICHUE BEKTOPOB
4yepe3 KOOp-IHHATHI
COMHOYHUTEJIEN
10.BbluuTanue BEKTOPOB
11.I'eomerpruueckuit
CMBICI

12.J]IByMepHBIIA BEKTOP
13.JIexapToB 6a3uc/pemnep

14.JlexapToBBI
KOOPJAUHATHI BEKTOpa
15.JlexapToBBI IPSIMOYTO-
JIbHBIE KOOPIUHATHI
BEKTOpa

16./leneHne oTpe3ka B

VECTORS: basic terminology RUE

baswuc (Ha momuHi, B
POCTOPi)

byTu 3ananuMm: a)
KOOpJIMHATAMU MOYATKY U
KIiHIIS; 0) JOBXHHOIO 1
HANPSIMHUMUA
KOCHUHYyCaMu; B)
KOOpJIMHATAMU/TIPOEK-
IIMHU

BbyTtu napaneapsHumMu
OJIHIM 1 T1H xKe
npsMii/TIo-1uH1 (Ipo
BEKTOPH)

ByTu yncenbHO piBHUM

Bekrop

BekropHa BenmmunHa
BekropHuit 106yTOK 1BOX
BEKTOPIB

Bzaemuo
MepHeHIUKYJIIApHI
(opTOTrOHAJIbHI) BEKTOPH,
oci

Bupaszutu 106yTOK BEKTO-
piB uepe3 KOOpJAUHATH
CHIBMHOKHHKIB

BinHimMaHHS BEKTOpIB
I'eomeTpruuHUl CEHC

JIBOBUMIpHUI BEKTOP
JlekaptiB 6a3uc/pemnep

JlexapToBi KOOpAUHATH
BEKTOpa

JlexapToBi NPSAMOKYTHI
KOOpPJIMHATH BEKTOpa

[Toxin BigpizKka B JaHOMY

Base/basis (on the plane, in
the space)

Be defined/detérmined/
spécified: a) by coordina-
tes of the origin and end
point; b) by length and di-
réction cosines; ¢) by co-
ordinates/projéctions

Be parallel to the same
(straight) line [to the sdme
plane] (about véctors)

Be numérically équal to...

Véctor

Véctor/vectorial quantity
Véctor [cross, extérior,
outer] préduct of two véc-
tors

Mutually perpendicular
(orthogonal) véctors, axes

Expréss a product of véc-
tors by [in terms of,
through] coordinates of
factors

Subtraction of véctors
Geométric(al) méaning/
sense

Two-diménsional véctor
Cartésian base [basis], fra-
me

Cartésian codrdinates of a
vector

Cartésian orthogonal/rec-
tangular coordinates of a
vector

Division of a ségment in



210

Products of Vectors

JAHHOM OTHOLIEHUH
17.lnuHa BekTOpa
18.1ImeTh 0aHO 1 TO ke
Hayaso, HalpaBJICHUE
19.KBanpatHblii KOPEHD
U3 CYMMBI KBaJIpaToOB

20.KonnuHeapHOCTh
BEKTOPOB
21.KonnuneapHsie
BEKTOPBI
22.KomImaHapHOCTh
BEKTOPOB
23.KoMIutaHapHbIE
BEKTOPBI

24.KoHen [KoHEYHas
TOYKa | BEKTOpa

25.Koopaunara BeKTOpa B
TaHHOM Oasuce
26.JIexxats B o1HOM (M
TOM Ke) TUIOCKOCTH
27.Jlexxats HA oiHOM (M
TOM 3k€) IpsIMOi
28.JIuneitnas (He)3aBUCH-
MOCTb BEKTOPOB
29.JIuneiinas
KOMOMHAITUST BEKTOPOB
30.JIuneitHas onepauus
31.JIuneitHo (HE)3aBUCH-
MBIC BEKTOPBI
32.HanpaBneHHbII
OTPE30K
33.Hanpasisironuii
KOCHHYC

34.Havano [HayanbHas
TOYKA, TOYKA
MIPUIIOKEHMSI | BEKTOpa
35.Heo6xoaumoe u
JOCTaTOYHOE YCIIOBUE
(KOJUTMHEAPHOCTH JIBYX
BEKTOPOB,
KOMILUTAaHAPHOCTH TPEX
BEKTOPOB)

BITHOIIIEHH]
JIloBKnHA BEKTOpa
Martu ofuH 1 TO# Xe
MOYaTOK, HAIIPSIMOK
KBanpaTHuii KOpiHb 3
CYMH KBaJpaTiB

KonineapHicTh BEKTOPiB
Konineapni Bektopu

KommnanapHicTh
BEKTOPIB
Kommnanapsi BekTopu

Kinenp [kiHIIEBa TOUYKA ]
BEKTOpa

Koopnunatu BekTopa B
naHomy 0aszuci

Jlexatu B oxHil (1 Tii xke)
TUIOLIUH1

JlexaTtu Ha oxHiH (1 TiH
Ke) MpAMIn

JliniiiHa (He)3aJIeXKHICTh
BEKTOPIB

JlinifiHa KoMO1HAaIA
BEKTOPIB

Jliniiina onepariis
JliniiiHO (HEe)3ayexH1
BEKTOPHU

Hanpsmnenuit Bigpizok

Hanpsmuui kocunyc

[Toyatok [mouaTkoBa
TOYKa, TOYKa
MPUKIIaJICHHS | BEKTOpa
HeoOxiaHa 1 JocTaTHS
yMOBa (KOJIIHEapHOCTI
JIBOX BEKTOPIB,
KOMILJIAaHAPHOCTI TPHOX
BEKTOPIB)

the given ratio

Length of a véctor

Have the same origin, di-
réction

Squére réot of the sum of
squares [root-sum square,
roéot of sum-of-squares]
Collinearity of véctors

Collinear véctors
Co(m)planarity of véctors
Cé(m)planar véctors

Extrémity [end, end/térmi-
nal point, términus] of a
véctor

Coordinate of a véctor in a
given base/basis

Lie [be situated] in the sa-
me plane

Lie [be, be situated/found]
on the same straight line
Linear (in)depéndence of
vectors

Linear combination of
vectors

Linear operation

Linearly (in)depéndent
vectors

Dirécted s€égment

Diréction cosine

Origin [initial point, point
of application] of a véctor
Nécessary and sufficient
condition (for collineérity

of two véctors, for copla-
narity of three véctors)
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36.HopMupoBaHHBIii
BEKTOP

37.HyneBoii BEKTOp
38.0npenensaTees
BEJIMUMHOMN [UHCIIOM,
YUCJIOBBIM 3HaYEHUEM | U
HaIpaBJICHUEM
39.0npenensaThcs TOJIBKO
BEJIMUMHOMN [UUCIIOM, YH-
CJIOBBIM 3HAYCHHEM |
40.0pT BekTOpa

41.0OproroHanbHas
MPOEKIUS
42.0OpTOHOPMUPOBAHHBIN
0a3zuc

43 .OTHSATD, BEIYECTh
BEKTOD a W3 BEKTOpa b
44.1Tapa BEeKTOpOB
(ynopsiioueHHasi)
45.ITapannenenunen, mno-
CTPOEHHBIN Ha BEKTOpax
a, b, ¢ xak Ha cTOpoOHax
[0Opa3oBaHHBIN
BEKTOpaMH |
46.ITapannenorpamm, mo-
CTPOEHHBIN Ha BEKTOpax
a, b kax Ha cTOpoHax
[0Opa3oBaHHBIN
BEKTOpaMH |
47.1lepemecTUTENBHOE
(KOMMYTaTUBHOE)
CBOWCTBO
48.1lepnesauKyIIpHbINA
(OpTOroHaJIbHBIN) BEKTOP
49.1TonapHo
OpPTOTrOHAJIbHBIE BEKTOPHI
50.1IpaBas Tpoiika
BEKTOPOB

51.TIpaBuio (3aKoH)
MHOTOYTOJIbHUKA,
napajjiesorpaMmma,
napaijiesienurnena,
TpEeyroJibHUKa

HopMmoBanuii BekTop

HynpoBuit Bextop
BuznauaTtucs BeTUUMHOIO
[4nCIIOM, YUCIIOBUM
3HAYCHHSIM| 1 HAMPSIMKOM

Bu3zHauatucs BEIMYUHOIO
[uncioM, YHUCIIOBUM
3HAYEHHSIM |

OpT BekTOpa

OpTtoroHanbHa MPOEKIis
OpToHOpMOBaHUH O6a3uC

Binasatu BexTop a u
BEeKTOpa b

[Tapa BekTOpiB (BIOPSI-
KOBaHAa)
[Tapanenenimnesn,

o0y 1I0BaHU Ha
BEKTOpax a, b, ¢ sk Ha
CTOpOHAX [yTBOPEHUI
BEKTOpaMH |
[Tapanenorpam,

o0y 1I0BaHU Ha
BEKTOpax a, b sx Ha
CTOpOHAX [yTBOpE-HUM
BEKTOpaMH |
IlepecraBHa
(koMyTaTHUBHA)
BJIACTUBICTD
IleprienAUKyISIpHUNA
(opTOroHasbHUIA) BEKTOP
[Tapamu opToroHasnbHI
BEKTOPHU

[IpaBa Tpiiika BEKTOpIB

[TpaBusio (3akoH)
MHOTOKYTHHKA,
napajiesorpa-ma,
napasenemninesa,
TPUKYTHHKA

Noérmalized/standerdized
vector

Z¢ro/nill/null véctor

Be detérmined/defined by
a magnitude [nimber,
number value] and by a
diréction

Be detérmined/defined
Only by a magnitude
[nimber, nimber value]
Unit/Gnitary/diréction/
méasuring/basis véctor
Orth6gonal projéction

Orthondrmal base/basis

Subtract the véctor a from
the véctor b

Pair (6rdered pair) of
veéctors

Parallelépiped constructed
on the véctors a, b, ¢ as the
sides [férmed/detérmi-ned
by the véctors a, b, c¢; with
sides a, b, c]
Parallélogram constructed
on the véctors a, b as the
sides [férmed/detérmined
by the véctors a, b ; with
sides a, b]

Commutative
[cOmmutative] property

Pérpendicular (orthdgonal)
vector

Pairwise orthdgonal véc-
tors

Right-handed triple(t) of
vectors

Rule [law]: polygone
[polygonal] rule,
parallélogram rule,
parallelépiped rule,
triangle rule
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52.1IpaBuno npaBou pyku
53.1IpuBeCTH BEKTOPHI K
o01ieMy Havaiy

54.1Ipoexuus (BeKTOpa Ha
0Chb)

55.IIpousBenenue
BEKTOpa Ha YHCIIO
(cxansp)
56.1Tpoucxoante
[IpOM3BOAUTHCH,
OCYIIECTBIISIThCS,
COBEpIIATHCS | MPOTUB
4aCOBOM CTPEIIKU
577.1IpOTUBOIIOJIOKHO
HaIpaBJICHHbIE BEKTOPHI
58.1IpoTMBONOIOKHBIN
BEKTOP
59.1IpAMOYTOJBbHBIMI
napasuieIeune
60.PaBHbBIE BEKTOPBI
61.Paguyc-BeKTOp TOUKHU
62.PaznoxeHue BeKTopa
o 6azucy

63.Pa3noxuTh BEKTOpP MO
0azucy

64.Pa3HOCTh BEKTOPOB
65.PacnipeaenurenbHoOe
(mucTpuOyTHBHOE) CBOMA-
CTBO

66.CBOOOIHBIN BEKTOP
67.CBs13aHHBII BEKTOP

68.Cucrema BEKTOPOB
69.Ckansip (4ucio)
70.CxansgpHasi BeJIM4MHA
71.Cxanspnoe
MPOU3BEACHUE IBYX
BEKTOPOB
72.CkanspHblid KBaJpaT
BEKTOpa

73.CkansipHslii

[IpaBuiio mpaBoi pyku
3BecTH BEKTOPH 10
CHUIBHOIO MOYaTKy

[Ipoexiist (BekTOpa Ha
BICh)

JloOyToK BeKTOpa Ha
YUCII0 (CKaJsp)

BinOyBatucs
[BUKOHYBAaTHCS | IPOTH
TOJJMHHUKOBOI CTPUIKU

[IpoTunexHo HanpsMIIeH1
BEKTOPU
IIpoTunexHui BEKTOp

IIpssmoxyTHUY Hapaee-
e

PiBHi BekTOpH
Paniyc-BexkTop TOUKu
Po3BuHeHHs BekTOpa 3a
6azucom

Po3BunyTH BEKTOD 3a
6azucom

Pi3uu1s BeKTOpiB
Posnoninpua
(nucTpuOyTHBHA)
BJIACTUBICTh
BinpHuU#t BEKTOP
3B’s13aHUN BEKTOP

Cucrema BEKTOpIB
Ckansip (4ucio)
Cxkansgpna BeIM4nHa
Ckansipauii 1oOyTOK ABOX
BEKTOPIB

CkanspHuil KBagpat
BEKTOpA
CxansipHUii MHOKHUK

Right-hand rule
Reduce/lead/bring véctors
to [locate véctors at] a
coOmmon Origine
Projéction (of a véctor
on(to) an &xis)

Product of a véctor by a
number/scalar

Take place [occur, be
performed] anticlockwise/
counterclockwise

Véctors of opposite diréc-
tions
Opposite véctor

Rectangular parallelépiped

Equal véctors

Radius véctor of a point
Décomposition of a véctor
with respéct to a base/ba-
sis

Décompoése/expand a véc-
tor with respéct to a base/
basis

Difference of véctors
Distributive property

Free [ndnlocalized] véctor
Boéund(ed) [fixed,
localized] véctor

Véctor system

Scalar (namber)

Scalar quantity

Scalar [dot, Euclidean,
inner, intérior, internal]
préduct of two véctors
Scalar square of a véctor

Scalar factor
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MHOXHUTEIb
74.Cxonp3suii (B0
MPSIMOIA) BEKTOP

75.CnoxeHue BEKTOPOB
76.Cn0XHUTh BEKTOPHI
77.CoHanpaBiicHHbIE
BEKTOPBI
78.CocraBisromas
BEKTOpa Ha/mo/BAOIb OCH
79.CoueTaTenbHOE
(accommaTuBHOE)
CBOMCTBO

80.Crioco06 3amanus
BEKTOpa

81.Cymma BEKTOpPOB
82.CymMma npou3BeACHUN
COOTBETCTBYIOIITUX
KOOpJAHHAT

83. TpéxmepHblil BEKTOP
84.Tpoiika BEKTOPOB
(ynopsimoueHHast )
85.Yron mexay BEKTOPOM
U OCBIO

86.Yron mexay AByMs
BEKTOpaMU
87.YMHOXHUTH BEKTOp Ha
qUCII0 (CKaJsp)
88.YnopsimoueHHas mnapa
(HEeKOJUTMHEAPHBIX )
BEKTOPOB (MPUBEAEHHBIX
K 00IIeMy Havay)
89.YnopsimoueHHas mnapa
qrcel
90.YnopsimoueHHas
TpOMKa
(HEeKOMITJTaHAPHBIX)
BEKTOPOB (MPUBEAEHHBIX
K 00IIeMy Havay)
91.VYnopsimoueHHas
TpOMKa yucel
92.Ynopsano4eHHbI i
Ha0op n yucen

KoB3nuii (B310Bxk
psIMO1) BEKTOP

JlonaBaHHS BEKTOPIB
Jlomatu BekTOpU

BekTopu ogHOrO 1 TOrO %
HaIpsMKY

CknanoBa BekTopa Ha/mo/
B3JIOBXK OCI

Cnony4dHa (acolMaTUBHA)
BJIACTUBICTH

Crnoci0 3agaHHs BEKTOpa

Cyma BeKTOpiB
CymMma 100yTKiB
BIIMOBITHUX KOOPJIUHAT

TpuBuMipHHiT BEKTOP
Tpiiika BeKTOpiB
(BHopsiIKOBaHA)

KyT Mix BEeKTOpOM 1i
BICCIO

Kyt mix nBoma
BEKTOpaMu
[ToMHOXUTH BEKTOp Ha
qUCII0 (CKaJsp)
Bnopsiaxosana napa
(HEKOJIIHEAPHUX )
BEKTOPIB (3BEACHUX JIO
CHUIBHOTO MOYaTKY)
BrniopsiakoBaHa napa 4u-
cell

BrniopsiakoBaHa Tpiiika
(HEeKOMILTaHAPHUX )
BEKTOPIB (3BEACHUX JI0
CHUIBHOTO MOYaTKY)

BrniopsiakoBaHa Tpiiika
qucen

BnopsinkoBana MHOXKUHA
1 4HCell

Gliding [sliding, 16calized
on a line, ndnldcalized]
vector

Addition of véctors

Add véctors

Véctors of the same diréc-
tion

Component of a véctor
along/on an axis
Associative property

Way/méthod/mode of
répresentation/detérmi-
nation of a véctor

Sum of véctors

Sum of products of
corresponding codrdinates

Thrée-diménsional véctor
Triple(t) (6rdered triple(t))
of véctors

Angle betwéen a véctor
and an axis

Angle betwéen two véc-
tors

Multiply a véctor by a
number/scalar

Ordered pair of (non-colli-
near) véctors (located at a
common Origin)

Ordered pair of numbers

Ordered triple(t) of (non-
co(m)planar) véctors (lo-
cated at a common origin)

Ordered triple(t) of
numbers

Arranged set of n numbers,
ordered n-tuple of numbers
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93.2H-MepHBII BEKTOP n-BUMIPHHUM BEKTOP n-diménsional véctor



VECTORS: basic terminology ERU

1. Add véctors

2. Addition of véctors

3. Angle betwéen a véctor and
an axis

4. Angle betwéen two véctors

5. Arranged set of n nimbers,
ordered n-tuple of numbers
6. Assoéciative property

7. Base/basis (on the plane, in
the space)

8. Be defined/detérmined/spéci-
fied: a) by codrdinates of origin
and end point; b) by length and
diréction  cosines; c) by
codrdinates/projéctions

9. Be detérmined/defined by a
magnitude [nimber, nimber va-
lue] and by a diréction

10.Be detérmined/defined only
by a magnitude [number,
number value]

11.Be numérically équal to...

12.Be parallel to the same
(straight) line [to the sdme pla-
ne] (about véctors)

13.Béund(ed) [fixed, 16calized]
vector
14.Cartésian base [basis], fraime

CI10XUTh BEKTOPBI
CnoxxeHue BEKTOpOB
Yron mexnay
BEKTOPOM M OCBIO
Yron mexay AByMs
BEK-TOpaMH
YnopsinoueHHbIN
Ha0op n yucen
CoueraTenpHoe
(accommaTuBHOE)
CBOMCTBO

basuc (na mnockocty,
B IPOCTPAHCTBE)
BoITh 3a71aHHBIM

a) KOOpJIMHATaMH
Havajia ¥ KOHIIa; 0)
IJIAHOU U
HaIpaBJISIONUMU
KOCHUHYyCaMu; B)
KOOp/IMHa-
TaMH/TIPOCKITUSIMHU
Onpenenstecs
BEJINYU-HOM [YHCIIOM,
YUCJIOBBIM
3HAYEHUEM | U
HarpaBJie-HUEM
OnpenensaTbes TOJIBKO
BEJIMYUHOM [YHCIIOM,
YHU-CJIOBBIM
3HAYEHUEM |

beITh ynCIEHHO
pPaBHBIM

beITh
napasuieIbHbIMU
OJHOM U TOM ke
PsIMOM /TIIIOCKOCTH
(0 BeKTOpax)
CBsi3aHHBIN BEKTOP

JlexapToB
6azuc/pemnep

Jlomatu BekTOpU
JlonaBaHHS BEKTOPIB
KyT Mix BEKTOpPOM 1 BicCto

Kyt Mix aBOMa BeKTOpamu

BriopsiikoBana MHOKHHA 71
qrcell

Cnonydna (acolraTUBHA)
BJIACTUBICTh

baswuc (Ha momuHi, B
POCTOPi)

byTu 3ananuMm: a)
KOOpJIMHATAMU MTOYATKY U
KIHIIS; 0) JOBXKHUHOIO 1
HAIPIMHUMHU KOCHHYCaMHU;
B)

KOOpPJMHATAMU/TIPOEKIISIMU

BusnauaTucs BeTMInHOIO
[4rCIIOM, YUCIIOBUM
3HAYCHHSIM| 1 HAMPSIMKOM

Busnavatucs BeIMYUHOIO
[uncioM, YHUCIIOBUM
3HAYEHHSIM |

ByTu uncenbHO piBHUM
BbyTtu napaneiasHuMu 0HIN
1 T1# Ke TpsAMii/ TUTOIIKHI
(Ipo BEKTOpPH)

3B’s13aHU BEKTOP

JlekaptiB 6a3uc/pemnep
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15.Cartésian coordinates of a
vector

16.Cartésian orthdgonal/rectan-
gular coordinates of a véctor

17.Coplanar [cOmplanar] véc-
tors
18.Coplanarity  [cOmplandrity]

of véctors
19.Collinear véctors

20.Collinedarity of véctors

21.Commutative [cOmmutative]
property

22.Component of a véctor along
an axis

23.Coordinate of a véctor in a
given base/basis
24.Décompdse/expand a véctor
with respéct to a base/basis
25.Décomposition of a véctor
with respéct to a base/basis
26.Difference of véctors
27.Dirécted ségment

28.Diréction cosine

29.Distributive property

30.Division of a ségment in the
given ratio

31.Equal véctors

32.Expréss a product of véctors
by [in terms of, through]
coodrdinates of factors

33.Extrémity [end, end/términal
point, términus] of a véctor

JlexapToBbI
KOOpPJIMHATHI BEKTOPa
JlexapToBbI
PSIMOYTO-JIbHBIE
KOOPJIMHATHI BEKTOPa
Kommuianapusie
BEKTOPBI
KommnanapaocTts
BEKTO-POB
Konnuneaphsie
BEKTOPBI
KosnmuneapHocThb
BEKTO-POB
IlepemecturensHoe
(KOMMYTaTUBHOE)
CBOWCTBO
Cocrasisronas
BEKTOpa Ha/mo/BAOIb
ocHu

Koopaunara BekTopa
B JJaHHOM 0a3uce
Pa3noxuTh BEKTOp 1O
6azucy

Pasnoxenue BekTopa
o 6azucy

Pa3zHocTh BEKTOpOB
Hanpasnennsii
OTpE30K
Hanpasnsronuii
KOCHHYC
PacnpenenurensHoe
(nucTpuOyTHUBHOE)
CBOW-CTBO

Jlenenue otpeska B
JaH-HOM OTHOLIEHUU
PaBHbIE BEKTOPBI
Bripa3uts
MIPOU3BEACHHUE
BEKTOPOB Uepe3
KOOPIUHATHI
COMHOKHUTEJIEN
Konen [koHeuyHas
TOYKA |

BEKTOpA

JlexapToBi KOOpAUHATH
BEKTOpa

JlexapToBi MPSMOKYTHI
KOOpPJIMHATH BEKTOpa
Kommnanapsi BekTopu
KoMmnanapHicTh BEKTOPIB

Konineapni Bektopu

KonineapHicTh BEKTOPiB

[lepectaBHa (KOMyTaTHBHA)

BJIACTHUBICTH

CkitazioBa BeKTopa
Ha/TI0/B310BX OCl1

Koopaunatu BekTopa B
naHomy 0asuci
Po3BunyTH BEKTOD 3a
6azucom

Po3BuHeHHs BekTOpa 3a
6azucom

Pi3Hu11s BekTOpIB
Hanpsmnenuit Bigpi3zok

Hanpsmuui kocunyc

Posnoxainpua
(nucTpuOyTHBHA)
BJIACTUBICTH
[Toxin BigpizKka B JaHOMY
BITHOIIIEHH]

PiBHi BekTOpH
Bupazutu 1o6yTox
BEKTOPIB yepe3
KOOPJAUHATH
CHIBMHOKHHKIB

Kinenp [kiHIIEBa TOUKA ]
BEKTOpa
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34 Free [nonlocalized] véctor
35.Geométric(al) méaning/sense

36.Gliding [sliding, l6calized on
a line, nonlocalized] véctor
37.Have the same origin, diréc-
tion

38.Length of a véctor

39.Lie [be situated] in the same
plane

40.Lie [be, be situated/féund] on
the same straight line
41.Linear (in)depéndence
vectors

of

42 Linear combination of véc-
tors

43.Linear Operation

44 Linearly (in)depéndent véc-
tors

45.Multiply a véctor by a nim-
ber/scalar

46.Mutually perpendicular (or-
thogonal) véctors, axes

47.n-diménsional véctor
48.Nécessary and sufficient con-
dition (for collinedrity of two
véctors, for coplandrity of three
véctors)

49.Normalized/standerdized
véctor
50.Opposite véctor

51.Ordered pair of (non-colli-
near) véctors (located at a
common Origin)

CBOOOIHBIN BEKTOP
I'eomerpruecknii
CMBICIT

Cxonp3siuii (B10Jb
MPSIMOIA) BEKTOP
Nmets ogHO U TO XKe
HayaJio, HalpaBJIeHHUE
JlnmuHa BeKTopa
JlexaTb B oHOM (M
TOH Ke) TUIOCKOCTH
JlexaTp Ha ofHOM (U1
TOM 3k€) mpsIMOi
Jlunerinas
(HE)3aBUCU-MOCTh
BEKTOPOB

Jlunerinas
KOMOMHAIUs
BEKTOPOB

JInnennas onepauys
Jlunelino (He)3aBuCH-
MBI€ BEKTOPHI
YMHOXHUTH BEKTOP Ha
qUCII0 (CKaJsp)
B3aumno
MepIEeHIUKYIIIPHbIE
(opTOrOHANILHBIC)
BEKTOPBI, OCU
DOH-MEpHBIN BEKTOP
Heobxonumoe u
J0CTa-TOYHOE
yCJIOBHE (KOJUIU-
HEApHOCTHU JBYX
BEKTOPOB,
KOMILJIAHAPHOCTHU
TpEX BEKTOPOB)
HopMmupoBaHHbIi
BEKTOP
[TpoTHBOMOJIOKHBIN
BEKTOP
YropsgoueHHas mnapa
(HeKOJUTMHEAPHBIX )
BEKTOPOB
(mpuBEIEHHBIX K
o01ieMy Havamy)

BinpHult BEKTOP
I'eomeTpuuHUl CEHC

KoB3nuii (B310Bk NpsaMoi)
BEKTOP

Martu ofuH 1 TOM ke
MOYaTOK, HAMPSMOK
JloBkuHA BEKTOpaA
Jlexatu B omHil (1 Tii xke)
TUIOLIUH1

Jlexxatu Ha oaHIM (1 Tii *Ke)
pSIMIi

JliniiiHa (He)3aJIekKHICTh
BEKTOPIB

JliniiiHa KoMO1HAIA
BEKTOPIB

Jliniiina onepariis

JliniiiHO (HEe)3ayIexH1
BEKTOPH

[ToMHOXXHUTH BEKTOp Ha
qUCII0 (CKaJsIp)

B3aemHO nepnieHAUMKYISpHI
(opTOTrOHAJIbHI) BEKTOPH,
oci

n-BUMIPHHUI BEKTOP
HeoOxiaHa 1 JocTaTHS
yMOBa (KOJIIHEapHOCT1 JBOX
BEKTOPIB, KOMILJIAHAPHOCTI
TPHOX BEKTOPIB)

HopMmoBanuii BekTop
IIpoTunexHui BEKTOp

Bnopsiagxosana napa
(HEeKOJIIHEapHUX) BEKTOPIB
(3BeIEHUX 10 CIILJIBHOTO
MOYaTKYy)
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52.0rdered pair of numbers

53.0Ordered triple(t) of (non-
co(m)planar) véctors (located at
a common origin)

54.Ordered triple(t) of numbers
55.0rigin [initial point, point of
application] of a véctor
56.0rthogonal projéction
57.0rthonérmal base/basis
58.Pair (ordered pair) of véctors

59.Pairwise orthogonal véctors

60.Parallelépiped constructed on
the véctors a, b, ¢ as the sides
[féormed/detérmined by the véc-
tors a, b, c; with sides a, b, c]

61.Parallélogram constructed on
the véctors a, b as the sides
[féormed/detérmined by the véc-
tors a, b ; with sides a, b]

62.Pérpendicular
vector

(orthogonal)

63.Préduct of a véctor by a
number/scalar

64.Projéction (of a véctor on(to)
an axis)
65.Radius véctor of a point

YnopsnoueHHas mnapa
qucen
YopsnoueHHas
TpOMKa
(HEeKOMILTaHAPHBIX)
BEK-TOpPOB
(MpuBEIEHHBIX K
o01ieMy Havamy)
YopsnoueHHas
TpOMKa 4ucel
Hauano [HauanbHas
TOY-Ka, TOUKa
MIPUIIOKEHUS |
BEKTOpA
OpTtoronanpHas
MPOEK-LIHS
OpTOHOPMHPOBAaHHBIH
0asuc

ITapa BekTOpOB
(ynops-n1o4eHHast)
[Tommapuo
OpPTOTOHAJIBHBIE
BEKTOPBI
[Tapannenenunen,
IIOCT-POCHHBIN Ha
BEKTOpax a, b, ¢ kak
Ha CTOPOHAX
[0Opa3oBaHHBIN
BEKTOpPaMH |
[Tapannenorpamm,
IIOCT-POCHHBIN Ha
BEKTOpaX a, b xak Ha
CTOpOHax
[0Opa3oBaHHBIN
BEKTOpaMH |
IleprieHAUKYISIPHBIN
(OpTOTOHAILHBIN)
BEKTOP
IIpounssenenue
BEKTOPA HA YHCIIO
(cxasp)

[Ipoekmus (BekTOpa
Ha OCh)
Pannyc-BekTop TOUKH

BnopsiaxoBana napa yu-cen

BrniopsiakoBaHa Tpiiika
(HEKOMILJTAaHAPHKX )
BEKTOPIB (3BEACHUX JIO
CHUIBHOTO MOYaTKY)

BrniopsiakoBaHa Tpiiika
qucen

IloyaTok [moyaTkoBa
TOYKA, TOYKA
MIPUKJIAJICHHS | BEKTOpa

OpTtoroHanbHi BEKTOpHU
OpToHOpMOBaHUH Oa3uC

[Tapa BekTOpiB (BIOPSI-
KOBaHa)

[Tapamu opToroHasbHI
BEKTOPHU

[Tapanenenimnesn,
noOy0BaHUI Ha BEKTOpax
a, b, ¢ sx Ha cTOpOHaX
[yTBOpEHUI BEKTOpAMH |

[Tapanenorpam,
noOyZ0BaHUI Ha BEKTOpax
a, b sax Ha cTopoHax [yTBO-
peHuil BEeKTOopami |

IleprienAUKyISIpHUNA
(opTOroHaNIbHUIA) BEKTOP

JloO6yTOK BeKTOpa Ha YMCIIO
(cxansp)

[Ipoexiist (BekTOpa Ha
BICh)
Paniyc-BekTop TOUKH
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66.Rectangular parallelépiped

67.Reduce/lead/bring véctors to
[locate véctors at] a coOmmon
origine

68.Right-hand rule

69.Right-handed triple(t) of véc-
tors

70.Rule [law]: polygone
[polygonal] rule, parallélogram
ru-le, parallelépiped  rule,
triangle rule

71.Scélar (nimber)

72.Scalar [dot, Euclidean, inner,
intérior, internal] proéduct of two
vectors

73.Scalar factor

74.Scélar quantity
75.Scalar square of a véctor

76.Squéare root of the sum of
squares [root-sum square, root
of sum-of-squéres]

77.Subtract the véctor a from
the véctor b

78.Subtraction of véctors
79.Sum of products of corres-
ponding codrdinates

80.Sum of véctors

81.Take place [occur, be perfor-
med] anticléckwise/codunter-
clockwise

82.Thrée-diménsional véctor
83.Two-diménsional véctor
84.Triple(t) (6rdered triple(t)) of
véctors
85.Unit/Gnitary/diréction/méasu-

IIpssMoyronbHbIIA
rapai-JjesieIuIes
[IpuBecTH BEKTOPHI K
oO1ieMy Havamy

IIpaBuno npaBou
PYKH

IIpaBas Tporika
BEKTOPOB

[TpaBusio (3akoH)
MHOTO-YyTOJIbHUKA,
napasuiesiorpamma,
napajuielienunesaa,
TpeyroJibHUKa
Ckansip (4ucio)
Cxanspnoe
Mpou3Bee-HUE IBYX
BEKTOPOB
CxansipHblit
MHOXXHTEIb
CkansipHas BeJIMYMHA
CkansipHbIil KBaJipaT
BEKTOpa
KBaapatHblil KOpeHb
U3 CyMMBI KBaJIpaToB

OTHATBH, BBIUECTH
BEKTOD a 13 BEKTOpa b
Brluntanue BEKTOPOB
Cymma
[IPOU3BEICHUI
COOTBETCTBYIOIIMX
KOOpIHHAT

CyMMa BEKTOpPOB
IIpoucxonuthb
[TpOU3BO-AUTHCH,
OCYILIECTBIATHCS,
COBEpIIATHCS | IPOTHUB
4aCOBOM CTPEIKU
TpE€xmepHBIN BEKTOP
JIByMEpHBII1 BEKTOD
Tpolika BEKTOpOB
(yno-psiioueHHast)
OpT BekTOpa

IIpsmoxyTHUM mapaiie-
JIETIIE T

3BECTH BEKTOPH /10
CHUIBHOTO MOYaTKy

[IpaBuio npaBoi pyku
[IpaBa Tpiiika BEKTOpIB

[TpaBusio (3akoH)
MHOTOKYTHHKA, ITapajieior-
pama, mapasesiemninenaa,
TPUKYTHHKA

Ckansip (4ucio)
Ckansipanii 1o0OyTOK JBOX
BEKTOPIB

CxansipHuii MHOKHUK

Cxansgpna BeIM4nHA
CkanspHuii KBagpat
BEKTOpA

KBangpaTHuit KOpiHb 3 CyMU
KBaJpaTiB

Binasatu BexTop a u
BEeKTOpa b

BinHimMaHHS BEKTOpIB
CymMma 100yTKiB
BIIMOBITHUX KOOPJIUHAT

Cyma BeKTOpiB
BinOyBatucs
[BUKOHYBATHCS | MPOTHU
TOJJMHHUKOBOI CTPUIKU

TpuBuMipHHIT BEKTOP
JIBOBUMIpHUI BEKTOP
Tpiiika BeKTOpiB
(BHopsiIKOBaHa)

OpT BekTOpa
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ring/basis véctor

86.Véctor

87.Véctor [cross, extérior, outer]
préduct of two véctors

88.Véctor system
89.Véctor/vectdrial quantity
90.Véctors of Opposite diréc-
tions

91.Véctors of the same diréction

92.Way/méthod/mode of repre-
sentation/detérmination of a
véctor

93.Zéro/nill/null véctor

Bekrop

BekropHoe
MPOU3BEACHUE IBYX
BEKTOPOB

Cucrtema BEKTOpOB
BekTopHas BennuuHa
IIpoTHBOMIOJIOKHO
HaIl-paBJICHHbIE
BEKTOPBI
ConanpaBiiecHHbIE
BEKTOPBI

Cnoco0 3amanus
BEKTOpa

Hymnesoii BekTop

Bekrop
BekropHuit 1o6yTOK 1BOX
BEKTOPIB

Cucrema BEKTOpIB
BexTopHa BennunHa
[IpoTunexHO HanpsMIIEH1
BEKTOPHU

BekTopu ogHOrO 1 TOrO %

HaIPSIMKY
Crnoci0 3agaHHs BEKTOpa

HynpoBuit Bextop



LECTURE NO. 11. ANALYTIC GEOMETRY IN THE SPACE

POINT 1. A SURFACE. A PLANE
POINT 2. A SPACE STRAIGHT LINE
POINT 3. A PLANE AND A STRAIGHT LINE

POINT 1. A SURFACE. A PLANE

Def. 1. An equation of the form
F(x,y,2)=0 (1)
is called the equation of a surface § if coordinates of every point of the surface (and
only of such the point) satisfies it.
Equation of a sphere S(R, M, (x,, y,, z,)) of a radius R and the centre at a

point Mo(xo; Vor zo) (fig. 1).
For any point M (x; y; z) of the sphere S(R, M)

MM? =R?

whence it follows that

Fig. 1 (x—x0)2+(y—y0)2+(z—zo)2:Rz. (2)
Equation (2) is that in question.

If a sphere centered at the origin O(O; 0, O) its equation takes on the form

x'+y +z° =R (3)
Ex. 1. Let there be given an equation
X'+ y?+z"—6x+8y+10z=0.

Completing the squares, we’ll get

x°—6x+9+y° +8y+16+z"+10z+25=50,
(x=3)V +(y+4) +(z+5) = (\/%)2
that is the equation of a sphere S(5+/2, M, (3; 4, —5)) of a radius R =52 and a
centre M (3, -4, -5).
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Equation of a plane passing through a given point perpendicularly to a

given non-zero vector.

Let a plane a (fig. 2) passes through a point M (x0 [ Vos zo) perpendicularly to

some non-zero vector N = (A, B, C ) 0 (a normal vector of the plane), and it’s

necessary to set an equation of the plane.

v / axe wm g \FeE
. Ii -.:
—_— v
A i
z | /, J
3
< f/// o 75 o)
=
K Ao 3
P ad
Fig. 2 Fig. 3 Fig. 4
For arbitrary point M (x,' y; z) of a plane the vectors
MM =(x—x,, y=v,,2—2,)y N=(4, B, C)
are perpendicular, and so their scalar product equals zero,
MM-N=0,
whence we get the sought equation
Alx—x,)+B(y—y,)+C(z-2,)=0, A*+B>*+C*#0. (4)

Ex. 2. Write the equation of a plane passing through a point M ; (— 3,4, - 2) in
parallel to two vectorsa = (2, -3, 7), b= (4,— 3,— 1).
If we suppose these vectors to be reduced to a common origin M (fig. 3) we’ll

see that the normal vector of a sought plane is collinear to their vector product,

ik
N2 -3 7|=24i+30j+6k=6(4i+5j+k) N =(4,5,1),
4 -3 -1

and with the help of the equation (4) we get
Hx—(=3)+5(y—4)+1-(z—(-2))=0, 4x+5y+z-6=0.
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Remark. Analogous problem can be solved in the xOy-plane: set an equation of

a straight line passing through a point M (x0 ; yo) perpendicularly to a given non-ze-

ro vector (normal vector) n= (a, b), a’+b> #0 (fig. 4).

For arbitrary point M (x,' y) of the straight line the vectors M M and n are

perpendicular, and so their scalar product equals zero: M M n=0,
alx=x,)+b(y = 2,)=0. (5)
If we open the parentheses we’ll get the general equation of a straight line
ax+by+c=0, a’+b>#0. (6)
If b #0 in (5), we’ll get the equation of a pencil of straight lines with the
centre M, (x,, y,) (or the equation of a straight line passing through a given point
M, 1n a given direction)

v~k k== )

Ex. 3. Compile an equation of the height drawn from
- the vertex C of a triangle ABC, if coordinates of its vertices

are known, 4(—4; 6), B(1; —4),C(3; — 4) (fig. 5).

A normal vector of the height

A 2 B n H AB =(5;-10),n=(1, —2), and by the equation (5)

Fig. 5 1-(x-3)-2-(y—(-4))=0,x—2y—11=0.
General equation of a plane

The plane equation (4) after opening the parentheses can be written in the form

Ax+By+Cz+D =0
where D =—Ax, — By, —Cz, and A* + B* + C* #0. Inversely an equation
Ax+By+Cz+D=0 (A +B*+C*#0) (8)

is that of a plane.
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mAt least one of numbers 4, B, C isn’t zero. Let for example 4 # 0. Then we
can write the equation (8) in the form
Ax+D+B(y-0)+C(z—0)=0, A(x—(~D/A4))+ B(y -0)+C(z-0)=0
whence it follows that it’s the equation of a plane which passes through the point
M,(-~D/A;0;0) and has the normal vector N =(4, B, C)+0.m
Thus there is one-to-one correspondence between the sets of all planes and all

equations of the form (8).
Some particular cases of the general equation of a plane

1. Let D =0. Equation (8) takes on the form
Ax+By+(Cz=0,
and the coordinates of the origin satisfy it. Therefore the plane passes through the
origin 0(0; 0, 0).
2. Let A =0 that is the equation of the plane doesn’t contain x,

By+Cz+ D=0,
and the projection Pr, N = Aof its normal vector N = (0, B, C) equals 0. Hence the

normal vector is perpendicular to the Ox-axis, and the plane is parallel to the Ox-
axis.
3.If A=0and B =0, the plane has the equation
Cz+D=0,
it’s parallel to the Ox-, Oy-axes and so is parallel to the xOy-plane. If in addition
D =0, we get the equation of the xOy-plane, namely
z=0. (9)

By analogous way (if A=C =0 or B=C =0) we come to the equations of the xOz-,
yOz-planes

y=0 (sz —plane), x =0 (yOz —plane) (10)
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Equation of a plane passing through three given points

3
/\\
AR
X

Fig. 8

If M, (x,; y,,2,), M,(x, v, z,), M(x,, v5; z,) be three known points of a
plane (fig. 6), we compile its equation with the help of the equation (4) if we

determine the normal vector by the condition

N | MM, x MM, (12)
and use one of given points.
Ex. 4. Write the equation of a plane passing through the points M, (— 6,1, — 5),
M,(7; -2, -1), M,(10; =7, 1).

We have successfully

MM, :(13’_3’4)’M1M3 :(16,_8, 6), MM, x MM, =(14,—14,—56),

N | MM, x MM, =14-(1,-1,-4), N =(1,-1,-4).
Taking into account for example the point M, (-6, 1, —5) and making use of the
equation (4) we obtain
I (x=(=6))+(=1)-(y=1)+(-4)-(z = (=5)) =0, (x+ 6)-(y—1)-4+(z +5)=0;
opening the parentheses leads to the general equation of the plane in question
x—y—4z-13=0.

Equation of a plane in segments

Let a plane a cuts out segments a, b, ¢ on the coordinate axes (fig. 7). Its

equation in this case is
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P ANLIET (13)
a b c

mThe plane o passes through three points M (a; 0, 0),M, (0,5, 0),M,(0,0;c),

and we can use above-stated theory. Namely, by (12)

MM, = (—a, b, O), MM, = (—a, 0, c), MM, xM M, = (bc, ac, ab),
and then by (4)
be(x —a)+ac(y —0)+ab(z —0) = 0, bex + acy + abz = abe, dividing by abc we get

I A P
a b c
Ex. 5. Evaluate the volume of a triangular pyramid bounded by a plane

6x—7y+5z+210=0
and the coordinate planes (fig. 7).
At first we rearrange the plane equation in the form (13),

6x—-7y+5z=-210, - 6 X+ / Y- > z:l,_i+l_i:
210 210" 210 35 30 42

the plane intercepts segments OM |, OM,, OM, (a =-35,b =30, c =-42) on the

b

coordinate axes. Hence, the volume of the pyramid equals

V= %SOMIMz loM;,|= %‘a‘ {6+ || = %\— 35|-[30|- |- 42| = 14700 cubic unis.

Ex. 6. Find intersection points of the plane 3x+5y —2z—-60 = 0 with the
coordinate axes and its intersection lines with the coordinate planes. Represent the
plane.

a) Intersection points with the coordinate axes

Intersection point with the We put We get
Ox-axis y=z=0 x=20, A(20,;0,0)
Oy-axis x=2z=0 y=12, B(0;15;0)
Oz-axis x=y=0 z=30, C(0,0,30)

b) Intersection lines with the coordinate planes

Intersection lines with the We put We get
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xOy-plane z=0 AB :3x+5y-60=0
xOz-plane y=0 AC :3x-2z-60=0
yOz-plane z=0 BC:5y-2z-60=0

The plane is represented on fig. 8
Distance from a point to a plane

Let be given a plane o with an equation

Ax+By+Cz+D =0
and a point M (x,; v, z,)- Its distance from the plane « is defined by a formula

_ |Ax, + By, +Czy +D| |Ax,+ By, +Czy+D

4= = W‘ JA* + B2 +C?

(14)

correspondingly to which one must substitute x, y, z by the coordinates of the point in
the equation of the plane, find the modulus of the result and then divide it by the
length of the normal vector of the plane.

mLet / is a straight line passing through the point M, (x,; ¥,, 2, )
/ perpendicularly to the plane «, and M, (x,; y,, z,) be an

Z/, ’/._1; intersection point of / with a (fig. 9). Coordinates of this point

satisfy the plane equation,

ol
/ X, / Ax, + By, +Cz, + D =0= A4x, + By, +Cz, =-D.
V4

The distance in question equals the length of the vector M M,

Fig. 9 but we don’t know its coordinates. We’ll find the distance as the

modulus of the projection of this vector on the normal vector of the plane. So
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_|Ax, + By, +Cz, —(Axl + By, + Czl){ B ‘Axo + By, +Cz, —(— D){ B
M M

Ax,+By,+Cz,+D
M

Ex. 7. Compile an equation of a sphere centered at a point M (2, 4, —3) and
touching a plane —3x—-4y+5z+6=0.

The radius of the sphere equals the distance of the point from the plane. By the

formula (14) we have

_F32-4-445.(-3)+6] [-31] 31 2 961

T O sy ey 0 st TS0

and by virtue (2) the equation of the sphere is

R=d=d

(x=2F +(y—4) +(z+3) =%.
Ex. 8. Find the volume of a triangular pyramid with vertices M, (— 6,1, — 5),
& U M7= 2:—1), M, (10; = 7:1), M, (3; - 2; — 6) (fig. 10).
If H =M P be the height of the pyramid, then its
volume equals
4, o - Vzé-SMIMZMz-
L, But
Fig. 10 Sutvtr, = %-}M]Mz x MM,
where
MM, =(13,-3,4), MM, =(16,-8,6), M,M, x M, M, = (14, —14, - 56)
(see Ex. 4), [M M, x MM | =14 + (-14) + (=56 =422, 5,,.,,.,,. =212,

and the height H = M, P equals the distance of the point M, from the plane passing
through the points M, M,, M, . Equation of the latter was found in Ex. 4, namely
x—y—-4z-13=0,
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hence
H:M4P:\3—(—2)—4-(—6)—13\: 16 :8\/5-
JE+(-1P+42 183
Finally,

V= % : 21\/§-¥ = % ~ 37.33 cubic units.

Angle between two planes, conditions for parallelism or perpendicularity

Let be given two planes «,, o, by their general equations

(a,): Ax+By+Cz+D, =0, N, =(4,, B, C,)

ail 15
(a,): A, x+B,y+C,z+D, =0, N, =(4,, B,,C,). (13)

An angle between the planes «,, a, is called the angle between their normal

vectors,

and therefore

A

N,-N, A A +BB
COS(al ,Aaz):COS(Nl ’ Nz) Nl N2 _ | 2+ I 2+C1C2

} WHE‘ - \/Af +B} +C} \/Aj +B2+C2 (16)

Two planes are parallel if and only if their normal vectors are collinear, name-

4 5—Qj (17)

“ H QZQ(EHE, A_zsz _Cz

Two planes are perpendicular if and only if their normal vectors are

perpendicular, that is
o, La, (N, LN,, N,-N,=0, AA4,+BB,+CC,=0)  (18)
Ex. 9. Write an equation of a plane if it passes through a point A(— 4, 3; 2)

perpendicularly to two planes x—2y+3z-5=0,x+4y—-z+3=0.
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Normal vectors of the given planes VI = (l, -2, 3), E = (l, 4, — 1). A normal

vector N of a sought plane is perpendicular to the vectors VI N, and so is collinear
to their vector product,

ik
N|NxN, =]l =2 3|=-10i+4j+6k, N=(5-2-3);
1 4 -1

by virtue of the equation (4) the required equation is
5(x—(-4))-2(y-3)-3(z-2)=0, 5x-2y-3z+32=0.
Ex. 10. Find the values of parameters m, n for which two planes
3x+my—-5z+8=0,7x+9y+nz-1=0
are parallel.
Normal vectors of the given planes are VI = (3, m, — 5), E = (7, 9, n), and by

parallelism condition (17) of two planes one must have

3_m_-5
7 9 n’
whence it follows that
3_Mm 3T =27 3n=35m=2 = 3
7 9 7 n 7 3

Problem of intersection of three planes

Let we find intersection points of three planes, therefore we study the system of

equations of these planes

Ax+By+Cz+D, =0, N,=(4, B,C,)
Ax+B,y+C,z+D,=0, N,=(4,,B,,C,), (19)
Ax+B,y+Ciz+D, =0, N,=(4,,B,,C,).

System and dilated [extended] matrices of the system (19)

Al Bl Cl Al Bl Cl Dl
A=|4, B, C,| A=|4, B, C, D,
A3 B 3 C3 A3 B 3 C3 D 3
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Case 1. RankA = RankA =3.

The principal determinant of the system 4 = ‘A‘ # () distinct from zero, the

system possesses unique solution, and all the planes intersect in one point.
Case 2. RankA =2, Rank4d =3.

System (19) is non-compatible one. By the fact RankA =2 the matrix 4 has at
least one non-zero second order minor. In this case some two planes are intersecting,
and the third one is parallel to their intersection line. If for example
A B,

#0,
A2 B2

we have 4B, — A,B, #0, A /A, # B, /B, , the normal vectors N,, N, are non-col-
linear, and two first planes intersect.
Case 3. RankA= Rankd =2.

System (19) has infinitely many solutions, all planes have common intersect

line.

Case 4. RankA=1, RankA =2.

System (19) hasn’t solutions. All second order minors of the matrix 4 equal
zero, hence the normal vectors VI E F} of the planes are pairwise collinear, the
planes are parallel, but at least two of them don’t coincide.

Case 5. RankA= RankA =1.

All three planes coincide.

POINT 2. A SPACE STRAIGHT LINE

Equations of a straight line passing through a given point

in parallel to a given vector

Let a spatial straight line / passes through a point M (x0 J Vs zo) and is parallel
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to some vector § = (m n, p) which is called the

LS
L, For any point M (x; y; z) of the straight line the vectors

directing vector of the straight line (see fig. 11).

Fig. 11 M M, s are collinear, and so their coordinates are
proportional, whence it follows that

x_xozy_J’o_Z_Zo- (20)

m n p

The formula (20) contains two independent equations which are called the canonical
equations of the straight line /.

Let’s denote by ¢ the equal ratios in (20),

X=X, :t,y—yo :t,z—zo _,
m n p

We’ll get

X—X,=mt, y—y,=nt, z—z, = pt,

X=X, +mi,
y=y,tnt, (21)
z=2z,+ pt.

The equations (21) are called parametric equations of a straight line. Here ¢ is
an auxiliary variable which is called a parameter. For example the value # = 0 of the
parameter corresponds to a point M (x,; v, z, )-

Ex. 11. Set parametric and canonical equations of a straight line which passes
through a point M (2,' 6, — 3) and is perpendicular to a plane 4x—-5y+z—-10=0.

As the directing vector of a straight line we take the normal vector of the plane,

s=N=(4,-51)
and with the help of the equations (21) and (20) we get
x=2+4,
y=6-5t, x—2:y—6:z+3-
4 -5 1

z=-3+1t,
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Ex. 12. Write yourselves equations of the height M, P of the triangular
pyramid with the vertices M, (-6, 1; —5),
M,(7;-2;—1), M,(10; = 7;1), M, (3; — 2, — 6) (see Ex. 8 and fig. 10).

Equations of a straight line passing through two given points

Let a straight line passes through two points M, (x,, y,, z, ), M,(x,, ,, z,). If

we take the vector

MM, = ()c2 — X, V=Y Z, —zl)
as the directing vector of a straight line, we’ll obtain parametric and canonical
equations of a straight line in the next form
X=X, +(x2 —xl)z‘,

Y=>»" +(y2 _yl)t7
z=12z +(z2 -z )l‘,'

X=X :y_yl _Z_Zl. (22)

Xo =X V=N 2 7E

In practice it’s sometimes better to take EH M M, and use the equations (20),

(21).
Ex. 13. Write canonical and parametric equations of a straight line which pas-
ses through two given points 4(3; —3; 4), B(3; 1, —2).
Directing vector of a straight line
s| 4B =(0;4;,-6)=s5=(0,2,-3),
and by the equations (20), (21)

x=3+0-1, x=3
; Ay =-3+2-t, Jy=-3+2t,
z=4-3¢, z=4-3t.

x-3 y+3 z-4
0 2 -3

The straight line is perpendicular to the Ox-axis.
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General equations of a straight line

A straight line can be determined as an intersection line of two non-parallel
planes.

Let
(@,): Ax+By+Cz+D,=0,N,=(4,B,C,),
(a,): 4, x+B,y+C,z+D, =0, N, =(4,, B,, C,)
be two non-parallel planes that is their normal vectors N,, N, are non-collinear. In
this case a system of two linear equations

{A1x+Bly+Clz+D1=O, (23)

A,x+B,y+C,z+D, =0
Froie /{/;' x,;/: represents a straight line / as the intersection line of
I i3 the planes «a,, a, (Fig. 12). Equations (23) are called

- - eneral equations of a straight line.

P y It’s easy to pass from general equations of a

' straight line to those parametric and canonical. Let for
Fig. 12 example
A B,
— .
AZ BZ
In this case we put z =¢ in the general equations (23) and get a system of equations
inxand y
Ax+By=-Ct-D,,
A,x+B,y=-C,t-D,.
Finding x, y we get parametric equations of a straight line.
There is the other method of passage from general equations of a straight line

to those parametric and canonical. Namely we can find its directing vector
s| N/ xN, (fig. 12)

and then its point taking for example z =0 in (23).
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Ex. 14. Pass to parametric and canonical equations of a straight line
2x+3y-5z+4=0,
3x-2y+z-5=0.

The first method. Putting z =¢, we obtain a system of equations in x, y

2x+3y=5t-4, 2 3 5t-4 3 2 5t-4
3x-2y=—t+5. 3 =2 —t+5 -2 3 —t+5

> 1

b

‘, 2 )

A=—-13,4 =(5t=4)-(=2)=3-(=t+5)=-T-T7t, 4, =2-(=t+5)— (5t —4)-3=22-17¢
4 _=7-7_7 7 4 _22-17t_ 22 17

4A° 13 B 1Y 4T 13 1313

b

and parametric equations of a straight line in question

x=7/13+7/13t

y=-22/13+17/13t, (*)
z=1.
. . 7 =22 : . .
From the equations ( * ) we get a point M, E F 0 | of a straight line and its
. - (7 17
directing vector s =| —,—, 1.
13 13

We can improve the obtained equations ( * ). At first we can take a directing
vector in the form E =13s = (7, 17, 13) and get

x="7/13+7¢
y==22/13+17t,
z =13t

Taking further ¢ = —1/13 we find a point of the straight line with integer coordinates
x =0, y=-3,z=-1. Finally we write the improved parametric and canonical

equations of a straight line

x="TTt
y=—3417, Xor*3_z+l
7 17 13
z=—1+13¢;

The second method. The directing vector of the straight line
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j ok
3 —5=-7i—17j-13k, s =(7,17,13).
-2 1

i
s| Mx N, =(2,3,-5)x(3,-2,1)=2
3

Putting z =0 in the general equations of the straight line and solving a system

2x+3y =4,
3x-2y =5,

we get a point M (7/13; —22/13, 0) and sought equations

x="7/13+7¢
Y= —22/13 417 x=713 _y+2213 _ =z
13 ’ 17 13
zZ = .

Angle between two straight lines, conditions for parallelism or perpendicularity

An angle between two straight lines /, /, is defined as the angle between their

directing vectors,

(o n)=ls  5)

and therefore

(24)

P T T mm, +nn, +
cos(llflz):cos(sl’ Sz) L 2 1, T, T PD,

s, s, \/m12+n12+p12\/m22+n22+p22

Two straight lines are parallel if and only if their directing vectors are colline-

ar, namely
—|— m, n
ZIHZZQ(SIHSZ, —1=—1=ﬁj. (25)
m, n, P,
Two straight lines are perpendicular if and only if their directing vectors are

perpendicular, that is
Ll o (s sy 55,=0, mmy+nn,+pp,=0). (26)
Ex. 15. Write equations of a straight line passing through a point A(— 4;3; — 2)

in parallel to a given straight line
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2x-3y+z-1=0,
x+4y-2z+10=0.

As a directing vector of a sought straight line we can take that of the given line.

This latter is collinear to the vector product of the normal vectors ﬁl =(2,-31),

E = (1, 4, - 2) of the planes which determine the given line (fig. 12). Thus

I k
s|NxNy =2 =3 1|=2i+5j+11ks=(2,511),
1 4 -2

and parametric and canonical equations of the sought straight line are

x=-4+2t,

y=3+5t x+4 :y—3 :z+2-
5 11

z==-2+11t,

Ex. 16. Prove that straight lines

x =3+ 2¢, 5 3 A

X+ -3 z-

[y ==1=36 L7 =y1 ==
z=2-15t,

are not parallel and lie in the same plane (fig. 13). Write the equation of this plane.
Find the intersection point of the straight lines.

5x3, Equations of the straight lines give to us the point
M,(3; —1; 2) and the directing vector s, = (2, —3,—5) of the
line/,, the point M ,(~ 2, 3; 4) and the directing vector

s, =(=3,1,-3) of the line/, .

The vectors E Q aren’t collinear, and so the straight
Fig. 13 lines aren’t parallel.

The vector M, M, = (-5, 4,2) and the vector product of the directing vectors

i j k
s xs,=|2 -3 —5|=14i+21j-Tk =7(2i+3/ k)
-3 1 -3
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are perpendicular (M, M, (s_lxg): (=5)-14+4-21+2-(—7)=0) which means that

the straight lines lie in the same plane « . Its normal vector and equation are

N5 x5, N =(2,3,-1).2(r x,, )+ 3y =3, )- (-2, ) =0,
2(x-3)+3(y+1)-(z-2)=0;@:2x+3y—z—1=0.

To find the intersection point of the straight lines we write the parametric

equations of the second line /, (with some other parameter, namely 7 )

x=-2-31,
y=3+r7,
z=4-31

equate the right sides of two first equations of both straight lines
3+2t=-2-13r,

—-1-3t=3+71

and solve the obtained system of equations in # and 7
2t+ 37 = -5,
Jt+r=-4

whence it follows that # =7 = —1. Substitution # = —1 in the equations of the first line
or 7 =—1 in the parametric equations of the second one gives the coordinates of the

intersection point of the lines, namely M (1; 2, 7).

Ex. 17 (for individual resolution). Prove that straight lines

x=-1+4t,
x=3 +1 z-4
oy y=3=66 1 =y_3= 1

z = 2t,

are parallel and compile the equation of the plane in which they are situated.

POINT 3. A PLANE AND A STRAIGHT LINE

Intersection point of a straight line with a plane or a surface

Let be given a plane

Ax+By+Cz+ D=0 (27)
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and a straight line determined by its parametric equations

X =X, +mt,
y=y,+nt, (28)
z=2z,+ pt.

To seek eventual [possible, probable, virtual] intersection point of the straight
line (28) and the plane (27) we substitute variables x, y, z in (27) by their values from
the equations (28) obtaining an equation in ¢,

A(x0 + mz‘)+ B(y0 + nl‘)+ C(z0 + pl‘)+ D=0,
Ax0+By0+CZO+D+(Am+Bn+Cp) =0. (29)

Three cases can occur as to the equation (29).

1) Am+Bn+Cp #0.

In this case we solve the equation (29) with respect to ¢,
z‘=l"=—Ax° +By,+Cz,+D
Am+Bn+Cp

substitution of # by ¢’ in the equations (28) gives the coordinates of the intersection
point of the straight line and the plane.
2) Am+Bn+Cp=0,but Ax, +By,+Cz, + D #0.

An intersection point doesn’t exist in this case, the straight line is parallel to the
plane, but it doesn’t lie in the plane.

3) Am+Bn+Cp =0 and A4x,+By,+Cz, + D =0.

The straight line lies in the plane.
By the same way we can look up virtual intersection points of a straight line
with arbitrary surface. For example in the case of a sphere of a radius R centered at a

point Ml(‘xl’. Vs Zl)’

(x_xl)2 +(y_y1)2 +(Z_Zl)2 =R?,
we get the next equation in ¢

(x, +mt—x,) +(y, +nt—y, Y +(z, + pt—z,) = R*.
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(m2 +n’ +p2)l‘2 +2(m(x0 _xl)+n(y0 _yl)+p(ZO —Z ))t"'
+(xo _x1)2 +(yo _y1)2 +(Zo _21)2 -R*=0.
It’s a quadratic in # and can have two, one or no roots. Correspondingly we get two,

one (case of tangency) or no intersection points.

x—=2 y-6 z+3

Ex. 18. Find an intersection point of the straight line 5 "

and the plane 4x—-5y+2z-10=0.

At first we write the parametric equations of the straight line

x=2+4t,
y=6->5t,
z=-3+1,

and then do as follows:
4(2+4t)-5(6-5t)+(-3+1)-10=0,42¢t -35=0,¢ = 35/42;
X=2+4-35/42=16/3,y=6-5-35/42="77/42, z=-3+35/42=—-91/42.

: . : 1 1
Answer. The straight line intersects the plane at the point (?;%;— %) :

Angle between a straight line and a plane,

conditions for parallelism or perpendicularity

/"V As it’s known the angle between a

oL &L oL

/ | A Po— projection onto the plane ¢ .
; ‘ AN - —
Let s =(m,n, p), N=(4, B, C) be

. 3 straight line / and a plane « is called the
(4 (4 o angle between the line / and its orthogonal

Fig. 14 the directing vector of the straight line /
and the normal vector of the plane a correspondingly (fig. 14). One can see from the

figure that the angle ¢ between / and a equals

o= o)== " N)oro=("a)=(s"N)-Z.
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and therefore

Q= (l : a) (E : ﬁ)} sin@ :isin(%—(g : ﬁ)} = J_rcos(E : N),

Il
-+
7\
NN
I

4 Am+ Bn+Cp . (30)
\/m2+n2+p2\/A2+Bz+C2

=l =

singp = sin(l " oc):ircos(E " N): i}-
s

A straight lines and a plane are parallel if and only if their directing and
normal vectors s, N are perpendicular, that is
lla<(s LN, s-N=0, Am+Bn+Cp=0). (31)
A straight lines and a plane are perpendicular if and only if their directing

and normal vectors s, N are collinear, namely

lia@(EHN, %:%:%}. (32)

Ex. 19. Find a point symmetric to a point

Z P(l; -1, - 2) with respect to a straight line (fig. 15)

x+3 y+2 z-8
7 _— - T 5
{/‘i'é/ 1, 3 2 2

o Where is the projection of the point P on the straight li-

ne and how to find the distance of the point to the line?

Fig. 15 1) As the first step we’ll write an equation of a
plane o passing through the point P perpendicularly to the straight line /. As its
normal vector we take the directing vector of /: N, =s, =(3,2,—2), hence
x—x,)+2(y-yp)-2(z-2,)=0, 3(x—1)+2(y+1)-2(z+2)=0,
(a): 3x+2y-2z-5=0.
2) Now we find the intersection point M of the plane o and the straight line /,
(OC)Z 3x+2y—-2z-5=0,
x=-3+3t,
(1):{y=-2+2t
z=8-2t,
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3(—3+3t)+2(-2+2¢)-2(8-2¢)-5=0, 17t —34=0,¢ =2,

x=x,=-3+3-2=3,y=y,=2+2-2=2,z=z,=8-2-2=4,M(3;2;4)
The point M is the projection of the point P on the straight line /. The distance
between the points M and P is that of the point P from the line /.

3) In conclusion we find the sought point Q is we’ll take into account that the
point M divides the segment in halves, and therefore

Xp+ X,
Xy =

, Xy =2x,, —xp,and similarly y, =2y, -y,,z, =2z, -z,
X,=2-3-1=5,y,=2-2+41=5,z,=2-4+2=10.

Answer. The point in question is Q(5; 5;10).

/ Ex. 20. Find a point Q which is symmetric to a point

P P(3; -4, — 6) with respect to a plane a - x—y—4z—-13=0 (see

/ » / fig. 16).
oA 5 The plan of solving the problem.

4 1) Compile parametric equations of a straight line / pas-

Fig. 16 sing through the point P perpendicularly to the planec .

2) Find the intersection point M of the line / and the plane « .

3) Find the coordinates of the sought point Q taking into account that M is the
centre of the segment PQ.

Realization of the plan

1) We choose the normal vector N_a of the plane « as the directing vector 5 of

the straight line /, 5 = N_a =(1,-1,—4), whense we get parametric equations of the

line,
x=3+t,
y=—4-1t,
z=—-6-4t.
2) Let's substitute the right sides of these equations in the equation of the plane
a,

(B+t)-(—4—1)—4(-6-41)-13=0, 18+18=0=>¢=—1.
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Then we get the coordinates of the point M if we'll substitute the found value of 7 in
the parametric equations of the line /,
x, =3+(-1)=2, y,=-4-(-1)=-3, z,=-6-4(-1)=-2; M(2;-3;-2).
3) Finally we find the coordinates of the point Q,

Xp+X ..
X, :—Q, X, =2Xx,, — X,, and similarly Yo =2y, —Vps Zp =2z, —2p,

Xy =2-2—32= Ly,=2-(-3)-(-4)=-2,z, =2-(-2)-(-6)=2=0(1; - 2;2).

Ex. 21. Compile the equations of the height DE of the

& lateral face ABD of the triangular pyramid with given vertices
A2, -5;6), B(-1;3;4), C(- 3,4, 1), D(4; — 1, 5) (see
fig.17).
# ‘C The plan of solving the problem.
< 1) Write parametric equations of the straight line 4B.
8 2) Set an equation of a plane a passing through the
Fig. 17 point D perpendicularly to the straight line 4B.

3) Find the intersection point £ of the line 4B and the plane « .
4) Compile the equations of the height DE in question.

Realization of the plan

1) We take the vector AB as the directing vector of the line 4B, hence

= x,+(x,-x,)t, [x = 2+(-1)-2), x = 2-3t,
= y+s=y )y = —5+0-(9)h {1y = -5+81,
z = z,+(z,-z,)t; |z = 6+(4-6); z = 6-2t

2) Now we take the vector AB as the normal vector of the plane a , whence

N, |s.s = 4B=(-3,8,-2) N,=(3,-8,3)
(a):3(x_x0)_8(y_y0)+2( ):O; .
() 3(x —4)=8(y = (- 1))+2(z - 5)
(ct):3x -8y +22z-30=0.
3) As the next step we find the intersection point £ of the straight line / and the

plane «,
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3(2-3t)-8(—5+8)+2(6-2t)-30=0; —77+28t=0, t=11/4;

X :2—3-E:—§;yE :—5+8-E:ﬁ:12;zE :6—2-E:—§;E(—§;12;—2j
4 4 4 4 2 4 2

4) Finally we compile the parametrical and canonical equations of the height

in question:

Spe|DE = (~41/4;13,-15/2); s, =—4DE = (41,~52,30);
= X, +4l1t, x = 4+4lz,

= yp+(=32), <y = -1-521,

z = z,+30z z = 5430z

x—-4 y+1 z-5
41  -52 30




ANALYTIC GEOMETRY IN THE SPACE: basic terminology RUE

1. Hccnenoanue o61ero
YpaBHEHHUS TNIOCKOCTH

2. KaHoHMYECKuE ypaBHE-
HUSI TIPAMOU

3. Hanpasnsironuii
BEKTOP IPAMOM

4. HeoOxonumoe u
JOCTaTOYHOE YCIOBHUE
MapajuieIbHOCTH
[IepneHIUKYISPHOCTH |
IBYX IUIOCKOCTEM, IBYX
NPSIMBIX, IPSIMOU U
IIJIOCKOCTH

5. HopmanbHbIi BEKTOD
IIJIOCKOCTH

6. OOmiee ypaBHEHUE
IIJIOCKOCTH

7. OOuue ypaBHEHHUS
IPSAMON

8. IlapameTrpuueckue
ypaBHECHHSI TIPSIMOU

9. Ilepexon oT...K... (OT
o0LIMX ypaBHEHUHN
IPSIMOM K
napameTpu4ecKum/
KAaHOHHYECKUM )
10.Paccrosinue OT TOUKH
710 TJIOCKOCTH

11.Touka nepeceuenus
MPSIMOM U ITIOCKOCTH, MPsi-
MOH U MTOBEPXHOCTH

12.Yron mexny nByms
MIOCKOCTAMM, MEXK]TY JIBY-
MsI TIPSIMBIMU

13.Yron mexnay npsamoii u
IUIOCKOCTBIO

JlocnipKeHHsT  3arajibHOTO
PIBHSIHHS TUTOIUHU
KaHoHiyH1 pIBHSHHA MNps-
MOi

HanpssMmauii Bexktop Imps-
MOi

HeoOximHa 1 gocTaTHs
yMOBa napajieIbHOCT1
[meprneHauKyISIpHOCTI |
IBOX  IUIOLIMH,  JBOX
MPSIMHUX, psAMOi 1
TUTOLIUHU

Hopmanbuuii BekTop (10)
TUTOIIIMHA

3aranpHe pIBHSHHS ILIO-
[IMHA

3aranpH1 pIBHSHHA NMPSAMOi

[TapameTpuuHi
psAMO1
[lepexin Big ... 10 ...(Bix
3arajbHUX PIBHSAHb MPAMOI
70 TMapaMeTpUYHUX/KaHO-
HIYHHX )

PIBHSIHHS

Biacranr Big TOYKH [0
IUTOIMHHA

Touka nmepeTuHy npsMoi 1
TUIOLIMHY, IPSIMOT 1 TOBEp-
XH1

Kyr Mk aBoma Tuiomiu-
HaMH, MK JIBOMa
PIMUMU

Kyt Mix npsmoro 1 mio-
HIHHOIO

Investigation of the géne-
ral equation of a plane
Canonical equations of a
straight line

Diréction véctor of the
straight line

Nécessary and sufficient
condition for péarallelism
[pérpendicularity] of two
planes, of two straight
lines, of a straight line and
a surface

Noérmal véctor of/to the
plane

Géneral equation of a pla-
ne

Géneral equations of a
straight line [straight line
géneral equations]
Paramétric equations of a
straight line

Péassage from ... to...
(from géneral equations of
a straight line to those
paramétric/canodnical)

Distance of a point from
[betwéen a pdint and] a
plane

Interséction/cross point
[péint of interséction] of a
straight line and a plane, of
a straight line and a
surface

Angle (included) betwéen
two planes, betwéen two
straight lines

Angle (included) betwéen
a straight line and a plane
[angle a straight line ma-
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14.YpaBHEeHHE IIOCKOCTH
15.YpaBHeHrE MIIOCKOCTH
B OTPE3Kax Ha OCIX

16.YpaBHEHHE MIIOCKOCTH,
KOTOpasi MPOXOJIUT Yepe3
TPU JaHHBIE TOUKHU

17.YpaBHEeHHE TIIOCKOCTH,
MPOXOJAIIEH Yepe3
JAHHYIO TOUKY
MEPIEHINKYJIIPHO
JAHHOMY BEKTOPY
[HOpMaTbHOMY BEKTOPY |
18.YpaBHeHus npsamoit
19.YpaBHeHus npsamoit,
MPOXOJAIIEH Yepe3
JAHHYIO TOUKY
MapajuiesIbHO JAHHOMY
BEKTOPY [HAIPaBIIAIOLIEMY
BEKTOPY]

20.YpaBHEHHUS IPSIMOA,
MPOXOJAIIEH Yepe3 IBE
TAHHBIE TOUYKHU

21.¥YcaoBue
MapajuieIbHOCTH JIBYX
IJIOCKOCTEH, JBYX
MPSIMBIX, IPSIMOU U
IUIOCKOCTH

22.YcaoBue
MePIEHIUKYIIPHOCTH
JIBYX INIOCKOCTEH, IBYX
MPSIMBIX, IPSIMOU 1
IUIOCKOCTH

PiBHAHHS UIOLIMHA
PiBHSIHHS TUIOIIMHM Y BiJl-
pi3Kax Ha OcsX

PiBHSIHHS TUIOIIMHM, sKa
MPOXOJIUTh Yepe3 TPH JaHl
TOYKH

PiBHAHHS TUIONIMHH, sKa

MPOXOJUTh 4YE€pe3 JaHy
TOYKY TEPHEHIUKYIISIPHO
JTAHOMY BEKTOPY

[HOpMaTbHOMY BEKTOPY |

PiBHsIHHS TIpsIMOT

PiBHsiHHST  mpsiMoi,  sKa
IIPOXOJUTH 4Yepe3 JaHy
TOYKY IIapajeibHO JaHOMY
BEKTOPY [HanpssIMHOMY
BEKTOPY]

PiBHsiHHST — mpsiMoi,  sKa

MPOXOAUTH uepe3 JBi AaHi
TOYKH

YmoBa napajieIbHOCT1
IBOX  IUIOLIMH,  JABOX
MIPSIMHUX, psAMOi 1
TUIOLIUHU

YMoBa

MePIEHIUKYISIPHOCTI IBOX
IJIOIIMH, JBOX TMPSAMHX,
MPSIMOI 1 TUIOIIUHT

kes with a plane]

Equation of a plane
Equation of a plane in ség-
ments, threeintercépt equa-
tion of a plane, (three)in-
tercépt form of the equa-
tion of a plane

Equation of a plane pas-
sing through three given
points; ; three-point form
of the equation of a plane
Equation of a plane pas-
sing throbugh a given point
perpendicularly [in
perpendicular] to a given
véc-tor [to a normal
veéctor]

Equations of a straight line
Equations of a straight line
passing thréugh a given
point in parallel to a given
véctor [diréction véctor]

Equations of a straight line
passing through two given
points; two point form of
the equations of a straight
line

Pérallelism condition of
two planes, of two straight
lines, of a straight line and
a surface

Pérpendicularity  con-di-
tion of two planes, of two
straight lines, of a straight
line and a plane



ANALYTIC GEOMETRY IN THE SPACE: basic terminology ERU

1. Angle (included) be-
twéen a straight line and a
plane [angle a straight line
makes with a plane]

2. Angle (incladed) bet-
wéen two planes, bet-
wéen two straight lines

3. Canonical equations of
a straight line

4. Diréction véctor of the
straight line

5. Distance of a point
from [betwéen a point and]
a plane

6. Equation of a plane

7. Equation of a plane in
ségments, threeintercépt
equation of a plane,
(three)intercépt form of the
equation of a plane

8. Equation of a plane
passing thréugh a given
point in perpendicular to a
given véctor [to a ndérmal
veéctor]

9. Equation of a plane
passing  through three
given points; three-pdint
form of the equation of a
plane

10.Equéations of a straight
line

11.Equations of a straight
line passing thréugh a
given point in parallel to a
given véctor [diréction
veéctor]

12.Equéations of a straight
line passing thréugh two

Yron mexay npsaMou u
IJIOCKOCTBIO

Yron mexay AByMs IJ10C-
KOCTSIMH, MEXIY ABYMs
MPSMBIMH

Kanonuueckre ypaBHEHUS
IPSAMON

Hanpasnsronuii BeKTop
psAMON

PaccrosiHue ot TOUKHM 10
IIJIOCKOCTH

VYpaBHEHHE TIOCKOCTH
YpaBHEHUE TIIIOCKOCTH B
OTpEe3Kax Ha 0CAX

VYpaBHEHHE TIIOCKOCTH,
MPOXOJAIIEH Yepe3
JAHHYIO TOUKY
MEPIEHINKYJIAPHO
JAHHOMY BEKTOPY
[HOpMaTbHOMY BEKTOPY |
VYpaBHEHHE TIIOCKOCTH,
MPOXOASALIEN YEPES TPU
JAHHBIE TOUYKHU

YpaBHEeHUs TPAMOU

YpaBHEHHUsI TIPAMOW,
MPOXOJAIIEH Yepe3
JAHHYIO TOUKY
MapajuiesIbHO JAHHOMY
BEKTOPY [HaAIPaBIIAIOLIEMY
BEKTOPY]

YpaBHEHUsI TPSAMOW,
MPOXOJAIIEH Yepe3 IBE

Kyt Mix npsmoro 1 mio-
HIMHOIO

Kyr Mk aBoma TuiomIu-
HaMH, MDK IBOMa
MPSIMUMHU

KaHoHIYH1 pIBHSHHA MNps-
MO1

HanpssMmauii Bextop nmps-
MO1

Bigcrane Big TOYKHA [0
IUIOIIHHI

PiBHAHHS UIOLIMHA

PiBHSIHHS TUIOIIMHM Y BiJl-
pi3Kax Ha Ocsx

PiBHAHHS TUIONIMHH, sKa

MPOXOJUTh 4Yepe3 JaHy
TOYKY TEPHEHIUKYIISPHO
JTaHOMY BEKTOPY

[HOpMaJIbHOMY BEKTOPY |
PiBHSIHHS TUIONIMHM, sKa

MPOXOJIUTh Yepe3 TPH JaH1
TOYKH

PiBHsIHHS TIpsiMOT

PiBHsiHHST — mpsiMoi,  sKa
MIPOXOJUTH 4Yepe3 JaHy
TOYKY IIapajeibHO JaHOMY
BEKTOPY [HanpssIMHOMY
BEKTOPY]

PiBHsiHHST — mpsiMoi,  sKa

MPOXOJIUTh uepe3 /Bl JaHl
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Plane and Spatial Straight Line

given padints; two point
form of the equations of a
straight line

13.Géneral equation of a
plane

14.Géneral equations of a
straight line [straight line
géneral equations]
15.Interséction/cross point
[péint of interséction] of a
straight line and a plane, of

a straight line and a
surface
16.Investigation of the

géneral equation of a plane
17.Nécessary and suffi-
cient condition for
parallelism
[pérpendiculérity] of two
planes, of two straight
lines, of a straight line and
a surface

18.Normal véctor of/to the
plane

19.Parallelism condition of
two planes, of two straight
lines, of a straight line and
a surface

20.Paramétric equations of
a straight line

21.Passage from to...
(from géneral equations of
a straight line to those
paramétric/canodnical)

22.Pérpendiculdrity  con-
dition of two planes, of
two straight lines, of a
straight line and a plane

JaHHBIC TOYKH

OO1iee ypaBHEHME IJI0C-
KOCTH

OO61mue ypaBHeHUS
pSAMON

Touka nepeceyeHus
IIPSIMOM U IIJIOCKOCTH,
IIPSIMOM U ITIOBEPXHOCTHU

Hccnenoanue o01ero
YpPaBHEHHUSI TIIOCKOCTH
HeobOxonumoe u
JOCTaTOYHOE YCIOBHUE
MapajuieIbHOCTH
[mepneHAUKYISIPHOCTH |
IBYX IUIOCKOCTEH, IBYX
MPSIMBIX, IPSIMOU U
IIJIOCKOCTH
HopMmaibHb1l BEKTOP I1I10-
CKOCTH

VYcnoBue napamienbHOCTH
IBYX IUIOCKOCTEH, IBYX
MPSIMBIX, IPSIMOM U
IIJIOCKOCTH
[TapameTpuueckue
ypaBHEHHMSI IPAMOU
[lepexon oT...K... (OT
o0LIUX ypaBHEHUN
IPSIMOU K
napameTpuyeCcKuM/KaHo-
HUYECKUM)

Ycnosue
NEePHEeHAUKYISIPHOCTH
IBYX IUIOCKOCTEH, IBYX
MPSIMBIX, IPSIMOM U
IIJIOCKOCTH

TOYKH

3aranpHe pIBHSHHS IUJIO-
[IMHA
3aranpH1 pIBHSHHA NMPSAMOi

Touka nmepeTuHy npsMoi 1
TUIOLIMHY, TIPSIMOT 1 TOBEp-
XH1

JlocnipKeHHsT  3arajibHOTO
PIBHSIHHS TUTOIUHU
HeoOximHa 1 gocTtaTHs
yMOBa napajieIbHOCT1
[meprneHauKyISIpHOCTI |
IBOX  IUIOLIMH,  JBOX
MPSIMHUX, psAMOi 1
TUIOLIUHU

Hopmanbuuii BexkTop (10)

TUTOLIUHU
VYmoBa napajebHOCTI
IBOX  IUIOLIMH,  JBOX
MPSIMHUX, psAMOi 1
TUIOLIUHU

[lapameTpuuHi  piBHSHHSA
psAMO1

[lepexin Bix ... 10 ...(Bix
3arajJbHUX PiBHSAHB MPSIMOI
70 TapaMeTPUYHHX/KaHO-
HIYHHX )

VYMoBa
MEePIEHIUKYISIPHOCTI IBOX
IJIOIIMH, JBOX TMPSAMHX,
MPSIMOI 1 TIOIIUHA
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