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INTEGRAL CALCULUS

LECTURE NO. 19. PRIMITIVE AND INDEFINITE INTEGRAL
POINT 1. PRIMITIVE
POINT 2. INDEFINITE INTEGRAL AND ITS PROPERTIES
POINT 3. INTEGRATION BY SUBSTITUTION (CHANGE OF A VARI-
ABLE)
POINT 4. INTEGRATION BY PARTS

POINT 1. PRIMITIVE

The major problem of the differential calculus: to find the derivative f'(x)
or the differential df (x)= f"(x)dx of a given function f(x).

The major problem of the integral calculus is inverse one: to find a function
F(x)knowing its derivative F'(x)= f(x) or its differential dF(x)= F'(x)dx = f(x)dx.

Ex. 1. Find the equation of the curve through the point A(2; 3) such that at any
point M (x; y) of the curve the slope of the tangent isx”.

Let y = y(x) be a sought equation of the curve. By condition and geometrical
sense of the derivative y'(x)= x*. We must find a function y(x) knowing its deriva-
tive x°.

It’s obviously that y(x)=x’/3+C where C is a constant. We can find it from
the condition y(2) = 3. Hence

3=23/3+C,C=1/3.
Therefore the curve has the equation
y(x)=x/3+1/3.

Def.1. A function F(x) is called a primitive [a primitive function, an antideri-
vative] of a function f(x) on a segment [, b] if for any x € [a, b] the derivative of the

function F(x) equals f(x),
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F'(x)= f(x) (1)
Ex. 2. The function F(x)= x*/3in Ex. 1 is a primitive of the function f(x)= x>,
and functions
F (x)=sinx, F,(x)=sinx -5, F,(x) =sin x +16
are primitives of a function f(x)=cosx on R' = (o0, w0) because of for any x € R’
F'(x)=x%, F/(x)=F)(x)= F/(x)=cosx = f(x).
Theorem 1 (existence of a primitive). If a function y = f(x) is continuous one
on a segment [a, b, then it has a primitive on|a, b].
We’ll prove this theorem later.

Properties of primitives
1. If a function F(x) is a primitive of a function f(x), then for any constant C
the sum F(x)+C is also a primitive.
mIndeed, if F'(x)= f(x), then for any constant C one has
(F(x)+C) = F'(x)+C' = f(x)+0= f(x),
and the function F(x)+C is a primitive of the function f(x).m
2. If functions F,(x), F,(x) be two primitives of a function f(x) on a segment
[, b], then they differ only by a constant summand, that is their difference is constant
one on [a, b],
F (x)- F,(x)=C = const.
mBy condition F/(x)=F)(x)= f(x) and so

(Fx)-F,(x)) = Fx)=F(x)= fx)=f(x)=0
identically on [a, b]. By virtue of the corollary from Lagrange theorem (see Lecture
16, point 2) the difference F,(x)— F,(x) is constant one on [a, b].m

Corollary. This latter property permits to obtain the general form of a primi-

tive of a function f (x): each primitive can be represented in the form of the sum:

F(x)+C, (2)
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where F(x) is some one primitive of f(x) and C is an arbitrary constant.

Note 1. It can be said that the expression (2) represents the set of all primitives

of the function f (x) This set is a family of functions depending on one parameter C.

Note 2. Geometrically, the set of all primitives is that of parallel curves.

POINT 2. INDEFINITE INTEGRAL AND ITS PROPERTIES

Def. 2. The set of all primitives of a function f(x) is called the indefinite in-
tegral of this function and is denoted by a symbol I f (x)dx
On the base of the definition and the Note 1
[ fx)ax=F(x)+C, (3)
where F(x) is some primitive of the function f(x) and C is an arbitrary constant.
Ex. 3. We know that the function F(x)=x>/3 is one of primitives of the func-
tion f(x)=x",so
Ixzdx =x*/3+C.
In general for each real number o # —1 a function F(x)=x""'/(cc+1) is one of

primitives of a function f(x)= x“, therefore

a+l

Jxadx:x +C,a#-1.
o+l
In particular for o =0 one has
0+1
de J ‘dx="=x+C.
0+1

In the case a = —1 we have a function f'(x)=1/xwith one of primitives F(x)=

jﬁzm\xhc.
X

Def. 3. Finding the indefinite integral of a function f (x) (or finding its primi-
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tive) is called integration of f (x) To integrate a function means to find its indefi-
nite integral (or its primitive).

Def. 4. The symbol | is called the integral sign; f (x) is called the integrand (or
the function under the integral sign, the function to be integrated); f (x)dx the inte-

grand (or the expression to be integrated, the expression under the integral sign, the
element of integration, the integration element), x the variable of integration, C the
constant of integration.

On the base of the definition of an indefinite integral and the table of the deri-
vatives we can form the next table.

Table of simplest indefinite integrals

a+l

l.jx“dxzx +C,a #-1;

a+1
1a)jdx:x+c; lb)J%=2ﬁ+C; 1)j =——+c
dx
2. [ =nfx|+C.
Ix n|x|+

3. Iexdx:ex +C; 3 a) J-e’“dxzéek” + C, k - const.

X

4. I xdx——x+C; 4 a) Jakxdx=

+C, k - const.
Ina

klna

. 1 .
S.Icosxdx =sinx+C; Sa)Icosaxdx =—sinax + C, a - const.
a

1
6Ismxdx——cosx+C 6a)J.smaxdx———cosax+C a - const.

7. | f —tanx +C =tgx + C. sj = —cotx+C=—ctgx+C.
COS X

Sll’l X

1 X 1 X
>=—arctan—+C=—arcig—+C

9.J. zdx =arctanx + C = arctgx + C IOI
x’+a’ a a a a

x +1

) .X
=arcsinx +C =arcsin—+ C.

d
11. j\th . 12. jﬁ ;

13. J dx = Lln Y79, C formula of a high logarithm.
x’—a’ 2a |x+a

M

= ln‘x +x7 + a‘ + C formula of a long logarithm.
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It's useful to take into account the next integrales in applications

15. I\/xz + adx =§\/x2 +a +%ln‘x+\/x2 +a‘+C.
2
16. I\/az —x*dx =§\/a2 —x? +%arcsin£+C.
a

17.Ie“x cos bxdx = ¢ (bsml;x +gzcosbx) +C.
a +b

18. Ie‘” sin bxdx == (a 51n§)x—§)cosbx)+c.
a +b

19. Ichxdx = Icoshx =shx+C =sinhx +C.
20. Ishxdx = Isinhx =chx+ C=coshx+C.

21. I —I de =thx+C=tanhx+C.
ch’x cosh” x

22. I PEm —I nh2 =cthx + C=cothx+C.
s si

The formulas 1 — 12, 19 - 22 are evident. The rest of formulas will be proved

below (or can be directly checked by differentiation). All integrals of the table are
called those tabular.

Properties of indefinite integral
1. The derivative (the differential) of an indefinite integral is equal to the func-

tion (corr. to the expression) under the integral sign:

([ f(x)dx)' = f(x), d([ F(x)dx)= f(x)dx.
([ £@)x) = (F(x)+©) = ) = ehal[ £eka)= ([ 7Gxk = f(x)axm

Corollary. Correctness of integration can be tested by differentiation.

2. The indefinite integral of the derivative (of the differential) of a function

equals the sum of this function and an arbitrary constant:
IF'(x)dx = IdF(x) =F(x)+C.

Corollary. A function can be recovered from its derivative or differential with

accuracy to an additive constant.

Ex. 4. Idx:x+C.
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3 (additivity). The indefinite integral of an algebraic sum of a finite number of

functions equals the sum of their integrals, in particular
[ () + gt = [ £ (el s el

mlt’s sufficient to prove that the derivatives of the left and right sides of the
equality are equal. But by the property 1

6+ ga) = 1)+ gl
4 ' ' |
(J. f (x)dx + I g(x)dx) = (J. f (x)dx) + (J. g(x)dx) =f (x)+ g(x).
4 (homogeneity). A constant factor can be taken out of the integral sign:
k — const, ka (x)dx = kJ. £ox)dx .

Prove the property yourselves.

Corollary 1 (linearity). For any functions f(x), g(x) and constants &, /

I(k-f(x)+l-g(x))dx = k-If(x)dx+l-Ig(x)dx.
Corollary 2. On the base of the linear property and the table of simplest inte-

grals one often can fulfil so-called direct integration.

Ex. 5 J- dx :J- dx :J- dx _ 1 dx
T I36+425x7 J36+25x7 Y 25(36/25+ %) 259 36/25+x?

:L L:L Larcta —+C—Larctan5—+C
57(6/5) +x* 25 6/5 6/5 30 6

Ex. 6..[ dx :_[ dx _ 1 _[ dx _
Ji3-1sy' i35 -x7) VIST (i3S ) -

= Tarcsinﬁ +C \/_ \/_

(sin2 X +cos’ x)a’x sin? xdx cos? xdx
EX 7 J. :I = 2 2 :I = 2 2 +I = 2 2
sin? xcos’ x sin? xcos’ x sin® xcos®x ¥ sin’® xcos’ x

=I df +I _df = (tanx +C,)+(—cotx+C,)=tanx —cotx +(C, + C,) =
cos’x “sin”x
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< 2 2 2 - 2

SiIn” X —CcoS” x —2(cos X —Ssin x) cos2x
= , +C= , +(C=-2-—
SIN X COS X 2SIN X COS X sin 2x

=-2cot2x+C,

where C = C, +C, is an arbitrary constant because of arbitrariness of C,and C,.

Ex. 8. On the base of Ex. 5-7

J- 11 B 9 N 7 dy —
36+25x% J13-15x2 sin’xcos’x
=11.|— 7-

J36+25x 14/13 15x? i Jsm xcos’ x

=11I- (Larctan5 +Cj arcsm\/_ C, |+7-(-2cot2x+C,)=
30 6 V15 NE

:%arctansg ar csm\/— —14cot2x+C,

5

where C =11C, —9C, +7C, is an arbitrary constant by virtue of arbitrariness of the
constants C,, C,, C,.

In future we'll not introduce arbitrary constants for each indefinite integral, but

we'll use at once unique arbitrary constant C.

POINT 3. INTEGRATION BY SUBSTITUTION
(CHANGE OF A VARIABLE)

Theorem 2. Let functions f(x), x = ¢(¢), ¢'(¢) be continuous in corresponding
intervals and the function x = ¢(¢) has a continuously differentiable inverse function
t= ¢(x). In this case the next formula (formula of change of a variable) is true

x=0olr)
[ £ (x)dx = differentiation| = [ £ (p(e))p'(¢)de (4)
dx = ¢'(t)dt
The formula implies returning to preceding variable x after integration with respect to
the variable ¢. The word “differentiation” always means finding the differential.

mThe first method. The derivatives of the left and right sides of the formula (4)
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are equal because of

(j o)) = £

( £l (e)d). = ( Pl ()t 1! = f((p(f))f/)'(f)% = f(fp(f))«ﬂ'(f)(p,(t) =
- flo)=r(

The second method. If F(x) is a primitive of the function f(x), then the func-

tion F(¢(¢)) is the primitive of the function f(p(¢))p'(t) on the strength of

(Flp(0) = F'(o())'(t)= 1 (0(0))'(1).
Therefore by virtue of definition of the indefinite integral
[ @@ (0)dt = Flp(t)+ € = Fx)+ C = [ f(x)dx.m
Note 3. The formula (4) is often applied “from the right to the left”, and in this

case it’s useful to write it in the next form
p(x)=t
[ £(p(x)lp(x)ex =|differentiation| = [ £ (¢)d . (5)
@' (x)dx = dt
The formula (5) means: if an integrand is represented as a product of some function f

of a function ¢(x) and the derivative ¢'(x) of this latter then it’s well to put (x)=1.

Note 4. We can use any letter instead ¢ in the formula (5).

Ex. 9.
Let's put ax =t,
1 1 l . 1.
Icosaxdxz d(ax)=dt, =J.cosz‘-—dt=—.l.cosz‘dt=—smz‘+C=—smax+C.
1 a a a a
adx =dt,dx =—dt
a

: 1
Ex. 10. Prove yourselves that Ism axdx =——cosax+C .
a

Let x = at,

dx adt adt ¢ dt
Al | ——==|dx=d = = - -
Ex. 11 -[x2+a2 Zx:c(j;;)o -[(at)2+a2 -[az(l‘2+1) a-[t2+1
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1 1 by
=—arctanft+ C = —arctan— + C.
a a a

Ex. 12. Evaluate the indefinite integral J.

al dx
V4 -x?
2

-x is a product of a function of ¢(x)=4-x7,

The integrand

x 1
Va—x*  a-x?

namely and the derivative of go(x) =4—x" (up to a constant factor —2, for

1
Jolx)’

(4 — xz) = —2x). On the base of the formula (5) we can put go(x) =4—x* =t or better

4—x*=1t>. We suppose that t >0 and so ¢ =+/4—x> . Therefore
4—x*=1*t>0,

J- xdx _ d(4—x2)=d(t2), _ tdt tdt J.dt——t+C——m+C.

4— x? — 2xdx = 2tdt,
xdx = —tdt
Ex. 13. Calculate the indefinite integral J. sin 20xdx :
V100 —cos® 20x

sin20x 1
V100-cos?20x  /100—cos? 20x

The integrand -sin 20x 1s a product of the

function of ¢(x)= cos20x and (up to a factor -20) the derivative of cos20x. So, put-
ting go(x) =cos 20x = y, we reduce the given integral to a tabular one (see the tabular
formula (12) where we must take a” =100,a =10)

cos20x =y,
sin20xdx | d(cos20x)=dy,

oy 1 "
'[\/100—003220x__2OSin20de:dy’ -[\/1027 %IW:

sin 20xdx = —i dy
20

y 1 . €0s20x

1 )
=—2—arcs1n—+C = ———arcsin +C.

Ex. 14. The case when an integrand is a fraction, the numerator of which is the

derivative of the denominator. The integral is reduced to a tabular one. Namely,
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, Letf(x)zz
jf(’(c)‘)ixzd(f(x)):dz,=j%=1n\z\+czln\f(x)1+c (6)
AN SN B
For ex. a)j =— adx ——I ax+b dx:lln‘ax+b‘+C, (7)
ax+b a’ax+b ax+b a
in particular
I dx =I(X+b)dx=1n\x+b\+c. (7a)
x+b x+b

e | 1 1( 1 1 L 1 1
b = = — —_ = — —_ dx:
)Jlxz—a2 ‘xz—a2 Za(x—a x+aj 2a (x—a x+aj

() e gl

:L(ln‘x—a‘—ln‘x+a‘)+C:Llnx a +C.
2a |x+a
2
C)J. x_—mdx=I(x+1)(x_1)+ldx=J.(x—1+Ljdx=
x+1 x+1 x+1 x+1
—dex J.dx+J. —dex J.dx I%—%—x+ln‘x+l‘+€.

d)J- xdx 2axdx b !ax +b!dx —ln‘ax +b‘+C (8)

ax +b:Z ax +b_2a ax® +b

——\/ax +b+C (9)

Ex. 15. Prove that I

\/ax +b

Solution. Using the method of Ex. 12 we put ax’ +b=2z>,z>0,z=+ax’ +b.

ax>+b=7z", i
dlax’ +b)=d\z’ —zdz
Hence,j xdx = ( _) ( :Ia =ljd2=lz+C=l\/ax2+b+C.
[ + b 2axdx—1 2zdz Z a a a
xdx =—zdz
a

Ex.16. Indefinite integrals



Primitive and Indefinite Integral 13

JAx+deJ Ax+de (10)
ax” +bx+c * \Jax* +bx+c

which contain the quadratic trinomial ax” + bx + ¢ are reduced to sums of two inte-

grals, namely of the type (8) or (9) and a tabular one, with the help of the substitution

!

%(ax2+bx+c) =1, (11)
whence l(2ax+b):t,ax+é:t,x:l(t—éj,a’x:la’t;
2 2 a 2 a
Ax+B:é(t—éj+B:ét (B—A—bj,
a 2 a 2a
, 1 bY b( b 1(, >\ b B
ax +bx+c=a-—2 t—— | +—|t——|+c=—|t"-bt+— |+—t——+cCc=
a 2 a 2 a 4 a 2a

2 2 2 2
_1L z‘z—bz‘+bz‘+b——b—+ac _1 l‘z—b—+ac _1 z2_b Aac :l(,;z_gj)
a 4 2 a 4 a 4 a 4

where D = b’ —4ac is the discriminant of the quadratic trinomial.

For example: a) Using the substitution (11), the formula (8) and the tabular in-

tegral No.13 (the formula of a high logarithm), we get

%(4—8x—x2),=%(—8—2x)=—4—x=t,
x=-4—t,de=—dt,3x-2=3(-4-1)-2=

j—fxg‘z)d’z —|l=—14-31,4-8x—x"=4-8(-4-1)-
—8x—x

—(~4—t) =4+32+8t—(16+8t +1*)
=207 =—(¢* -20)

:I(—14—3t)(—dt):

20—17

__ (3”_14)6#__( tdt dt j__é . Jr=+20]
- I £-20 3Ir2—20+14jr2—20 - 21n‘t 20‘jsz/_ 1 ++/20| He=
3 7 |—4 X \/2_0|
_(Eln‘—(4—8x—x1 2\/5 ‘_4 x+\/_‘J

__E e |4+x+\/_|
= 21n\4 8x —x7|- 2[ ‘4” \/_‘
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b) With the help of (11), (9) and the tabular integral No.12 we obtain

(3x—2)d %(4_8x_x2):_4_x:t’ (—14—3¢)(~dr)
X — X — — —
————=x=—4-t,dx=—dt,3x-2=-14-3¢t,| = =
1“4‘8’6"62 4-8x—x* =201 I V20—

(3t +14)dt dt 5 ot
= — =3 —_— 14| ——=-3v20- 14 —+C=
J 20 t J 20 t + J 20_t2 4+ arcsin 20+

=—3\/4—8x—x2+14arcsin_4_x+C.
245

Ex. 17. To evaluate the indefinite integral

J‘ dx
\V3+2e

we put 3+2¢” =z*, z >0, whence (with the help of the tabular integral No. 13)

342 =22,
zdz dz

dx 5y 2
Nerer e S EE ] E ()
S5 S(Z2 —3)
D N o) R W N Y s
5 2\/_ ‘Z+\/_‘ 5\/_ ‘m+\/_‘

Ex. 18. To prove the tabular formula No.14 we’ll use so-called Euler’s substi-

tution vx* +a =t —x which permits to express x, dx and vx” +a in terms of z. The-

refore
* +a
dx x/x ta=t-x,x’+a=t"-2tx+x°, 2t dt
— 2 —
I = * +a *—a t +a|= =
Jxi4+a |x= dx dt,ANx*+a=t- t* +a
2t 2t | 5

:I%:ln‘tHC:ln‘\/xz +a +x‘+C.
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POINT 4. INTEGRATION BY PARTS

Theorem 3. Let u = u(x), v =(x) be two continuously differentiable functions.

The next formula (formula of integration by parts) is true
Iudv:uv—jvdu (12)

mIt’s known that the differential of a product of two functions u = u(x), v =v(x)

equals
d(uv)=udv+vdu .

Integrating this equality we obtain
Id(uv) = Iudv+ Ivdu, uy = Iudv+ Ivdu, Iudv =uv— Ivdu N

According to the formula (12) we represent the expression under the integral
sign in the form of a product of two functions, namely u and dv. Then we differenti-

ate the first function and integrate the second one.

Ex. 19.
Let's put
u=x,dv= dx .
j xdzx = ’ cos’ x’ =xtanx—jtanxdx=xtanx—jSmxdxz
cos” x then COS X
duzdx,v=j —=tanx
cos” x
—sin x (cosx) dx
=xtanx+J‘ dx=xtanx+J‘—=xtanx+ln‘cosx‘+C.
CcOSX CcOSX
Ex. 20.
u =x,dv=sin3xdx; | 1
i — _ 1 — .l = - —
Ixsm?:xdx duzdx,v=jsm3xdx=—§cos3x x( 3cos3xj j( 3cos3xjdx

=—lxcos3x+ljcos3xdx=—lxcos3x+l-lsin3x+C= —lxcos3x+lsin3x+C
3 3 3 33 3

Note 5. Integration by parts can be performed by necessity several times.

Ex. 21. Let's calculate the indefinite integral I(?axz —5x+ 9)e4xdx.

With the help of double integration by part we'll get
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u=3x>-5x+9,dv=e"dx; 1
=—(3x* - 5x+ 9)e4x -

J.(?’xz —5x+9)e4xdx " ldu = (6x—5)dx, V= J.e4xdx =ie4x Z(
u=6x-5dv=e"dx;

1 4 =i(3x2 —5x+9)e4x -

1 4x _
_Zj(6x—5)e dx = du%dx’v:Ze

_l l _ 4x_§' 4x _l 2 _ 4X_L _ 4x i 4x
4(4(6x 5)e 4.e dxj—4(3x 5x+9)e 16(6x 5)e +32€ +C.

Ex. 22. jlnz xdx =|Let u=1In*x, dv = dx; then du:2lnx-@,v:jdx:x
X

let u=Inx,dv=x;

=x1n2x—jx-2lnx-@=xln2x—2jlnxdx=
X

then du =dx/x;v=x

:xln2x—Z(xlnx—jx-@j:xlnzx—Z(xlnx—de):xlnzx—2(xlnx—x)+C.
x

Note 6. Sometimes integration by parts leads to an equation in a required inte-

gral

Ex.23. Let [ = Jezx cos3xdx .

After double integration by parts we'll have

u=e>,dv=cos3xdx

1
I =|e* cos3xdx = . =—e™sin3x —
J.e cos Sxax du=2ezxdx,v=jcos3xdx=%sm3x ¢ smax
2¢ u=e>,dv=sin3xdx 1,
——|e " sin3xdx = . =—e " sin3x—
3J.e St Sxax du=2ezxdx,v=J.sm3xdx=—lcos3x ¢ Simx
2

-= —lez" cos3x+g'|.e2x cos3xdx | = lez" sin3x+ge2x cos3x—i1.
3 3 3 3 9 9

We’ve got the equation in the sought integral / and hence

1 ) 4 1 1 ) 2
[ =—e*sin3x+=e* cos3x——1, —31 =—e**sin 3x+=e”* cos3x,
3 9 9 9 3 9

2x

e3 (3sin3x +2cos3x)+C

I = jezx cos 3xdx =ie2x sin3x+£e2x cos3x+C =
13 13

By the same method one proves the formulas for tabular integrals No. 17, 18.



Primitive and Indefinite Integral

Ex. 24.

=vx>+a,dv=dx

I=I\/x2+adx=du_ xdx =xvx’+a-— I

=xVx*+a- Ix +a dx x\/x +a-— I\/x +adx+aj

2
x“dx

Vx2+a:

dx_
Jx+a Nxt+a

= x+/x° +a—1+aln‘x+\/x +a‘.Therefore 2] =xx*+a +aln‘x+

I=J-\/x2 +adx=§\/x2 +a +%ln‘x+\/x2 +a‘+C.

2
X +al,

17

We've proved the formula for the tabular integral No. 15. Prove yourselves the

formula for the integral No. 16.

Note 7. There are no general rules to choose u,dv. But in some cases one can

give certain advices.

In the cases of integrals
I P(x)e"dx, I P(x)sin kxdx, I P(x)cos kxdx,

where P(x) is a polynomial, it’s well to put u = P(x).

In the cases of integrals

I P(x)In xdkx, I P(x)arcsin xdkx, I P(x)arccos xdkx, I P(x)arctan dkx, I P(x)arccot dx

it’s well to put dv = P(x)dx.

u =arcsin x, dv = dx;

Ex. 25. Iarcsmxdx= du dx v=Idx=x =xarcsmx—I

1—x?

by the formula (9
= y. N ()=xarcsinx+x/1—x2+C.
witha=-1,b =1

xdx

V1=x?

d
Ex. 26. Jxarccotxdxz u=arccotx, dv=xdx;du=— 2x ,V=—
x +1
2 . 2 2 2+1_1
=x—arcc0tx+— al 2a’x=x—arccotx+—J‘x—2a’x=
2 29 1+x 1+x
2 1 1 2 1 1
=x—arccotx+—J. 1- 5 dxzx—arccotx+—(J.dx—J.
2 2 1+x 2 2 1+x
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2
X 1
= arccot x +—(x —arctan x)+ C.

Note 8. Evaluating indefinite integrals one often can combine both methods of

changing a variable and integration by parts.

=1, lett >0
Ex. 27. Isin\/;dxz x 1C ’ =Isint-2tdt =2Itsintdt =
dx = 2tdt
u=t,dv=sintdt,
= == —tcost—_[(—cost)dtz— X COS x+_[costdt=
du =dt,v=-cost

=— xcos\/;+sinz‘+C=— xcos\/;+sin\/;+C.

u=t>,dv=e'dt
du =2tdt,v=e'
u=t, dv=eée'dt,

=32 —2fte’ —e' ) = 337 —2(fxet — e )+ 0 = e [3Vx® —63/x +6)+ C.

x=t

dx = 3t*dt = 3(fze’ —2I te’dz‘):

Ex. 28.J.ewdx = = 3It2e’dt =

= 3(t2e’ —2Ite’dt)=

u=x,dv= e dx du=dxv=j e dx =
B xe'dx ’ l+e' ’ Vite  |_
X'29'I,/ | |[l+et =2 2t -
bret o 78 T = [FE mofdr =2 =241+ ¢
e“dx = 2tdt t
l+e" =t*, e“dx = 2tdt )
—oflver 2 Vivera=| oo |=2wive -2 z.zj‘”l:
et -1 Lo
2 2
:2x«/l+ex—4j.;2 t1=2x\/l+ex—4'[9;2—“_11E=2x\/1+ex—4j.(1+t21 Jdt:
—oxdire —4 t4im T s afide —a ite +imEe =l o
2 |+l 2 Wi+e' +1
Ex. 30.
ey let u=x’e™,dv= dx/(3x +2), then du = x(2+3x)e™,
J—zzv—J—dx 3x+2—ta’x—la’z‘—l dr__1 ! B
(3x+2) = =hax=zal = =

Gx+2) 327 T3 3(Gxr2)
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2 3x

x’e™ 1 x“e 1
= | ——k(2+3x)e =+ — | xe*dx =
3GBx+2) J [ 3(3x+2)}( +3x)e 3(3x+2)+3I e o

. _ _ 3x
if weput u=x,dv=e a’x,1 - PR +l lxe3x_l o)
we'll have duzdx,v=Je3xdx=§e3x ~ 3(Bx+2) 3.3 3 -

3 3| 3x+2 3 9

2 3x 3x 2 _ 3x
L+l(lxe3x—§%e3xj+(?=e ( al +£—lj+C——(3x 2)e +C

33x+2) 3 -~ 27(3x+2)

Ex. 31. Evaluate the next indefinite integral: J(arccos xYdx.

2 arccos xdx
Ji-x*
let'sput arccosx=¢ (0<t<r);

dx .
then — =—dt, x =cost,sint =1 —x’
1—x

J(arccos xY dx =|u=(arccosx ), dv = dx; du = — v=x=

x arccos xdx

V1=x?

= x(arccos x)2 - thcos tdt = ‘u =t,dv=costdt;du=dt,v=sin t‘ =

x(arccos x)2 + 2I

= x(arccos x)* — Z(t sint — I sin tdt): x(arccosx)’ —2(tsint +cost)+C =

= x(arccosx )’ — 2(\/1 —x? arccos x + x)+ C.



LECTURE NO.20. CLASSES OF INTEGRABLE FUNCTIONS

POINT 1. RATIONAL FRACTIONS (RATIONAL FUNCTIONS)
POINT 2. TRIGONOMETRIC FUNCTIONS
POINT 3. IRRATIONAL FUNCTIONS

POINT 1. RATIONAL FUNCTIONS (RATIONAL FRACTIONS)

Def. 1. A rational function is called a function which can be represented in the

form of a rational fraction that is as a ratio of two polynomials

n

0, (x) B b x" + bm_lx'"_l +...+bx+b,

n n—1
R( ): P(x) _ax" ta,x" +..+tax+ta, @ 20,b #0. (1)

> " m

Def. 2. A rational fraction (1) is called proper one if n < m and improper
otherwise (n > m).

Theorem 1 (extraction of integer part of an improper rational fraction). Every
improper rational fraction can be represented as a sum of some polynomial (so-called
integer part) and a proper rational fraction.

mLet n > m . Dividing the numerator P,(x) by the denominator Q_(x) we get

P(¥)= 0,(0S(0)+r(x), R(x)=LatIDID)_ g 1)
Q’" (x) Qm (X )
where polynomials S(x), 7(x) are respectively the quotient and the remainder and

r(x)/Q,(x)
is a proper rational fraction.m

Ex. 1. Extract an integer part of an improper rational fraction

2
X

R0 = x+1

a) The first (theoretical) way. After division of x> by x+1 we get

2
X _(x+l)(x—1)+1:x_l+L

2 = INx—1)+1 S(x)=x-1 =1 =
* (x+ )(x )+’ (x) * ,r(x) T ox+1 x+1 x+1

b) The second way. Subtracting and adding 1 in the numerator we’ll have
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¥ =1+l (1)1 1
= - —x—l+——
x+1 x+1 x+1 x+1

There are partial [simplest, elementary] rational fractions of 1- 4 types.

1. A ;

ax+b

A

2. —— k ;

(ax+b) °N

jbc—+B (D=b2—4ac<0);

ax” +bx+c
4, At B ckepn (D=b*-4ac<0)

(ax2 +bx + c)

We’ve integrated the fractions 1, 3 in the Point 2 of the preceding lecture (ex. 14, 16).
To integrate the fraction 2 we can put ax+b =t . Integration of the fraction 4 with the

help of the substitution

!

%(ax2 +bx+c) =t

leads to a linear combination of a simple integral

¢ +m2)k - tdt—_

= C
k+1) 2(-k+1) ’

J 1t t*+m’ —Z EdZ _J g (k1) e (t2+m2)_k+l
(

and the next one

J’ dt
(t2 + mz)k '
As to evaluation of this latter see textbooks. For small values of k (k =2,k =3) one

can use the next substitution: r = mtanz.

Ex. 2.
x=2tanz, dx = 2d22 , 2dz
cos” z —
.[Lzz x*+4=4tan’ z+4 = =I%=ljcoszzdz=ljmdz=
(x> +4) ) 4 4 8 gl 2
=4(tan z+1)= 5 3
cos” z cos” z
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:L(J.a’z+J.(30522a’z):L z+lsin22 +C:L arctanf+lsin2arctanf +C.
16 16 2 16 2 2 2

Thus we can say that we able to integrate the partial fractions 1 — 4.
Theorem 2 (a partial decomposition of a proper rational fraction). Every pro-
per rational fraction can be represented as a linear combination of partial fractions.
For example
Ax+ B P o
(ax+b)(cx+d) - ax+b " ex+d’

Ax* +Bx+C P N Ox+R
(ax+b)(cx2+dx+c) ax+b ox’ +dx+c’

Ax’ + Bx* +Cx+ D P 0 Rx+ S

= + + .
(ax+b)2(cx2+dx+c) (ax+b) ax+b ox’ +dx+c

Here P, O,R, S are some unknown numbers (undetermined coefficients), which one

can find by so-called method of undetermined coefficients.

Corollary. Every rational function can be integrated by virtue of the linear pro-
perty of indefinite integral.

Rule of integration of a rational function. To integrate a rational function it’s
necessary:

1. To extract its integer part if it is an improper rational fraction or contains an
improper fraction.

2. To factorize the denominator of obtained proper fraction into a product of
polynomials of degree not higher than two.

3. To make a partial decomposition of the proper fraction.

4. To integrate all the terms of the obtained algebraic sum.

5. To write an answer.

Ex. 3. Ixx—jldx =J.(x+ll(izl)+ldx = J(x—l+ﬁjdx = J.xdx—J.dx+

2
(x+1) dx =%—x+ln‘x+l‘+C.
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Ex. 4. Evaluate the indefinite integral j
x’ —a’

1 step (factorizing the denominator of the proper rational fraction).
x*—a’=(x—a)x+a).
2 step (a partial decomposition of the proper fraction).

1 1 A B

xz—az_(x—a)(x+a):x—a+x+al‘.(x_a)(ﬁa)’ = dlx+a)t Ble=a) ()

Let’s assign two particular values to x in (*), namely x =a, x =—a.

1 1 1
1=2a4, A=—; -
X=a ad, 2a>:> 1 _ 2a N 2a:L( 1 B 1 j
x:_alz—2aBB=—L‘ x’—a’® x—-a x+a 2a\x—a x+a
a

3 step (integration of the given function by integration of its partial decomposi-

dx 1 1 1 1 dx dx
el e 1) -
X" —a 2a\x—a x+a 2a\Y x—a Y x+a

— L(ln‘x—a‘—ln‘x+a‘)+ C= Lln
2a 2a

tion).

xXxX—ad
+C

X+a

Ex. 5. Calculate the next indefinite integral

. I x —27x+14)dx
x 3 4 8x — x)

1 step (a partial decomposition of the proper rational fraction with factorized
denominator).

x*=27x+14 A Bx+C
= (x=3)4-8x—x
(x—3)(4-8x—x) =3 4—gx—x’ (x N4 —8x ),
X2 —27x+14 = A(4—8x— x* )+ (Bx+ C)x-3). (+4)

Assigning tree arbitrary values to x in (**), for example x =3, x=0,x=1, we get a

system of linear equations in 4, B, C,

x=3 —-58=-294, A=2, ,

x=01l 14=44-3C, C=-p= Y -2x*l4 _ 2 | Sx=2
(x—3)(4—8x—x ) x-3 4-8x-x

x=1||-12=-54-2B-2C; B=3;
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2 step (integration of all the terms of obtained partial decomposition of the in-
tegrand)

ij);_ dex3 _2"‘(x;i)3dx:2hl| —3|+C];

3x-2 3 4 V20
dex:—glﬂh—&c—xz‘— %4:):_\/_% (see Ex.16 of Lect.No.19)
Answer. 1:21n|x—3|—%1n‘4—8x—x2‘ Eﬂﬁ_zj__%
+x

POINT 2. TRIGONOMETRIC FUNCTIONS

In this point we study the methods of integration of a rational function
R(cos x,sin x) (2)

or two arguments cosx, Sinx.

Universal trigonometrical substitution

Theorem 3. Integration of a function (2) always reduces to that of a rational
function of one variable ¢ with the help of so-called universal trigonometrical sub-

stitution (UTYS)

X
tan — =¢ (3)
2
mOn the base of (3) we have
2 X a2 X ) X ) X ) X ) X
cos” ——sin"— cos" ——sin"— |rcos—| l—tan"— |-
1 cos25+sin25 ccos* | Nttan*t T

sin x =

. X X . X X X X
2sin —cos — 2sin —cos — . 22 i
( ) 2)_( ) 2j_.cos 5 2tan2 _ 24
X 1+¢°°
2

x
l+tan® =
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X 2dt
— =arctant, x = 2arctant, dx = >
2 1+1¢
Therefore,
1-¢ . 2t 2dt
COSX =——, SINX = , dX =—F, 4
1+1¢° 1412 1+1¢° (4)
and

. 1-1> 2t ) 2dt
.[R(cosx,smx)a’x=JR(1+Z‘2 ’1+z‘2j1+z‘2 =IRl(t)dz‘,

where a function of the argument ¢

R](z‘)zR(l_tz 2zj 2

1+¢2 148 )1+ ¢

1s a rational onecm

Ex. 6.
A | YUY fzchl 2pl+ ) 1l e1)  dprteat el
J.Sin3x:tan52t:J.—__J.WZZJ.TW:ZJ.Tt_

2% Y 8
2 +1

1( ¢ ~341 tan” —

1 (t+%+l3jdt=—(t—+2ln\t\+ j+ = P Y P +C=

A S Stan

2

| sin® > cos’ > . sin® ¥ —cos* *

== 2_ +—Injtan—|+ C =— 2+—lntan—+C=
cos’ Y sin® Y 8 sin? Xcos2 ™
2 2

. (sinzz—coszz (sin2;+cos2 ;j | |
=—- +—1ntan—+C———-C_O§x —In|tan—|+ C.

2 2 sm“x 2

4sin’ ~ cos®
2 2
Evaluation of a rather like integral
J- dx
cos’ x

with the help of UTS leads to very complicated integral. Indeed,
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2dt
dx Y 3 5 t+1
(t +1]
Ex. 7. To calculate the integral
I dx
cos’ 11x
it's well to reduce it to the integral of the preceding example by changing a variable,
namely
%—llxzy
dx dx 1 dy urs
cos X sin3(2—11xj y 1 sy 2
X =——
11 4
and so on (see Ex. 6).
p Sx=y
EX.S.I Y sax—dy :lj dy  _
2—4cos5x+5sinSx 1 2—4cosy+35siny
dx =—dy
5
y_ _ 2dt 2dt
_ tanz—t,dy—terl :lJ- f2+1 :'(f2+1 :lJ_ dt _
e A 1= o 2t [P +1) 5937 +50-1
CoOSy=———,SIny=— 2-4 +5-
" +1 " +1 ?+1 P41
l(3t2+5t—1)—3t+§—zt—£—2 =% i
12 3 6 II 3 1 dz
= —|— =_ — =
3r2+5r—1=3(5——j (i—éj j=2 2050z 3750 (37
3 312 z >
e Z—3t+§—
| _v37 2 1 6tan5—x+5—\/§
= In 2 +C==3tanl+§== In 2 +C
V37| 37 2 2 5437 ‘6tan5x+5+\/§
2 —3tan7+— 2
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Other substitutions

I. If a function (2) is odd with respect to cosx,
R(~cos x,sin x) = —R(cos x,sin x),
then it can be transformed to the next form:
R(cos x,sin x) = R, (sin x)cos x,
where R, (sin x) is a rational function of one variable sin x. Substitution

sinx=t¢

reduces integration of the given function to that of a rational function of ¢.

II. If a function (2) is odd with respect to sin x,
R(cos x,—sin x) = —R(cos x,sin x),
one can bring it to the form
R(cos x,sin x) = R, (cos x)sin x
(R,(cosx) 1s arational function of cosx) and apply the substitution

cosx =t

(5)

(6)

(7)

(8)

II1. If a function (2) is even with respect both to sin x and cosx Ecnu ¢pyHK-

1us (2) YeTHa OTHOCUTEIHHO COBOKYITHOCTH JIBYX apTyMEHTOB Sin X M COSX, TO €CTh

R(—cos x,—sin x) = R(cos x,sin x),
it’s transformable into a rational function R, (tan x)of tanx,
R(cos x,sin x) = R, (tan x),
and can be integrated with the help of one of substitutions

tanx =t¢, cotx=tr.

Ex. 9. Calculate the indefinite integralj.(:os5 7xsin® 7xdx .

The integrand cos’ 7xsin® 7x is odd function with respect to cos 7x, because of

5 - .
(—cos7x) sin® 7x = —cos’ 7xsin® 7x,

and so

(9)

(10)
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Icos 7xsin® 7xdx = Icos“ 7xsin® 7x cos 7xdx = I(cosz 7x)2 sin® 7xcos 7xdx =

) sin7x=t,7cos7xdx=dt,
= I(l —sin? 7x) sin® 7x cos 7xdx =

_ 2 ) 61 _
cos7xdx=%dt _J.(l t)t 7dt
7 s 11 : .9 s 7
=lj(t o oy )a’z‘—— z‘___ t +C=l sin 7x_2sm 7x+sm 7x el
7 7 7 11 9 7
tan8x =z, 8x = arctan z e 25dz
Ex. 10j jtan xdx=| 1 | d = 5=~
cot’ x=—arctanz, dx = —- o 89 z7+1
8 8 1+z
__J~ =z z +1

dz——J. 2 —z+ jdz=
z2+1 z2+1

4 2 4 2
:l zZ 2zdz l tan” 8x  tan 8x+lln(tan28x+l) el
sl4 2 2)2241) 8 4 2

2

Ex. 11. Find the indefinite integral j 03
sin'® 3x

d d g ;
J‘Sinlgc?,x :J‘Sing 3x)scin2 3x :J‘( . 1 j . " ZJ‘(l-i-COt2 3x)4—x

sin”3x ) sin’3x sin?3x
3dx
cotd3x=t,————= t’
= sin”3x =——It +1 =——.[t +4t° + 61 +41° +1)dt———(—+
dx 1 3( 9
o=
sin” 3x 3

47 6 4t cot’3x 4cot’3x 6cot’3x 4dcot’3x 1
+—t—+—+t |+ C=— - - - ——cot3x+C
7 5 3 27 21 15 9 3

: o sin 9x cos 9xdx
Ex. 12. Calculate the indefinite integral j — R
sin” 9x+cos” 9x
: sin 9x cos9xdx : : :
The integrand — ——— 1s even function with respect both to sin9x
sin” 9x + cos” 9x
and cos9x because of

(—sin9x)(—cos9x) sin9x cos9x

(—sin9x)" + (- cos9x)’ ~ sin* 9x +cos* 9x

So
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J~ sin9xcos9xdx J~ sin9xcos9xdx J~ tan 9xdx B ?;1 Ox = lt ~
sin®9x+cos*9x ¢ cos’ 9x(tan4 Ox + 1) cos’ 9x(tan4 Ox + 1) ——=—dt
cos"9x 9

_ J-tdt y’ _ 1 dy

- = L arctan y+C=Larctan(tan29x)+C
tt+1 tdt——dy 189y +1 18 18

Note 1. Substitutions of this point can be applicable to some irrational func-

tions of sinx and cosx.

Ex. 13. Evaluate the indefinite integral J.«(’/ cos13xsin13xdx.

cosl3x=y° y>0, y=%cosl3x, 6
~13sin13xdx = —6y°dy, sinl3xdx = —% vdy| 13

7
= —i y—+C = —%(6«/00313)6)7 +C= —%6x/cos713x +C.

13 7

I(’\/ cos13xsin13xdx =

Ex. 14. For positive sin x, cos x

j\/sm 2x I\/2smxcosx j«/SSm x cos’ X :.[2\/5\/sin3xcos3x dx

sin” x sin” x sin” x sin” x sin? x
sin’ xcos®x dx COtx L,
—2\/_I —2\/_jx/cot X = B =—2x/_jt2dt—
sin®x  sin’x sinx |[T5—=-d
sin? x
5/2
=—2\/§;/—2+C=—¥cot5/2 +C = C——x/ C—T\/_cot x~/cot x .

Some other methods

a) Application of power reduction formulas

. 1- 2 1 2
sm2x=$, coszx=$ (11)

Ex. 15. [sin” 15xdx = lj(l—cos?,o)c)dx ~ l(x—isinsoxj+ C.
2 27 30

Ex. 16. Icos“ Sxdx = I(cosz Sx)2 dx = I(%jzdx -
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dx =

:lj'(l+2colex+c05210x)dx::lJ' 1+2colex+M
4 4

= lj(3+4cos10x+cos20x)dx = l(3x+3sinmx+isinzoxj+C.
8 8l 5 20
Ex. 17.

Isin(’ 3xdx = I(sinz 3x)3 dx = J‘(#de = %J‘(l —3cos6x +3cos’ 6x —

—cos’ 6x)dx = %(x — % sin 6x + 3]% dx — J. (1 —sin’ 6x)cos 6xdxj =

sinbx =t

:l x—lsin6x+E x+isin12x —lJ.(l—tz)dt =
8 2 2 12 6

cos 6xdx = %dt

. 3
l Ex—lsin6x+lsinl2x—l sin6x—Sln bx +C =
8\ 2 2 8 6 3

:l éx—%sin6x+lsinl2x+isin3 6x |+C.
8\ 2 3 8 18

b) Application of product formulas

1) sinx - cos y = sin(x + y)42- sm(x—y); 2) cos x - cos y = cos(x + y)42— cos(x —y);
cos(x — y); cos(x + ) (12)

3) sinx-siny =
Ex. 18.

1 1 1 1
Isin7xcos4xdx = —j(sinllx + sin3x)dx = —| — —cosllx — —cos3x | + C.
2 20 11 3

) 1 2x 11— 4
Ex. 19. Icoszx51n2 2xdx=J~ +C§S i C;)S Y ix =

1 1 1 . l .
:—J(l—cos4x+cos2x—cos2xcos4x)dx:— X——sin4x+—sin2x —
4 4 4 2

1 l . 1. 1
—jcos2xcos4xdx): Z(x—Zsm4x+Esm2x—Ej(cos6x+cos2x)dxj +C=



Classes of Integrable Functions

1

x—lsin4x+lsin2x—Lsin12x—lsin2x +C
4 2 12 4
:l x—lsin4x—lsin2x—Lsinl2x +(C =
4 4 4 12

=4ig(12x—3sin4x—3sin2x —sin12x)+ C.

31



POINT 3. IRRATIONAL FUNCTIONS

Linear and linear-fractional irrationalities

Evaluation of indefinite integrals of the type
J.R(x,”x/ax+b)dx, (13)

with so-called linear irrationality 2fax +b , reduces to integration of a rational func-
tion of one variable ¢ with the help of the substitution
ax+b=t" (14)
mFrom (14) we get

(t —b),dx-— “tar, [ Rlx, ax+b ) ——J.R(lt ~b), }”"dtzgj.Rl(t)dt

a

Q

. : : 1 -
We’ve got an integral of a rational function R, (¢)= R(— (t” - b), tjt” ‘..
Indefinite integrals of the type
jR(x s jd (15)
cx+d

with a linear-fractional [homographic] irrationality #| ax +cbl is reduced to that of a
cx +

rational function by the substitution

ax+b
cx+d

= (16)

Prove this assertion yourselves.

Ex. 20.

dx

J- 2x+3=¢%,1>0,
V2x+3-232x+3

~ Ddx = 6t°dt, dx =3t dt

°d °d
:3jz3t—;z2 :3j;—; B

3 ’ ’
L8 =3[ v ar=3 L2l v aresinf 2|+ c =
(-2 2 o2

[WH ) (2x2+ ) + 482543 +8InfY/2x 43 - 2U+C_
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3
A s i3

3

Y _pis0 x—"‘z_1
B ol f I+x dx _|1-x 7 _z2+1’_ﬁt2+1 4tdt f £
1—xl—x dy — Atdt 1 7+ 2 Q +17 2 +1

(+1f 1-x 2

2
=2J.t +l 1dz‘=2.[ 21 dt = 2(¢ —arctant)+C = 2 W/H—x—arctanW/H—x +C
1 l1-x l1-x

2 +1 1+

Quadratic irrationalities. Trigonometric substitutions

Indefinite integral of the type
J.R(x,\/az—xz}ix (17)

reduces to that with an integrand, depending on sin x, cos x, by a trigonometric sub-

stitution
X =asint. (18)

The same is true for an integral

J.R(x,x/a2+x2}ix (19)

1f one introduces a substitution
X =atant, (20)

and for an integral

J.R(x,\/xz—az}ix (21)

provided a substitution

x=asect =4 (22)
cost

mLet’s consider the integral (17) and put x = asint. We’ll have dx = acostdt,

a’—x*=a’—a’sin’t = a2(1 —sin’ t)z a’cos’t,4a’ —x* = alcos].

IR(x, a’—x°

= I R, (sint,cost)dt,
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where R, (sin,cos?)= R(
Consider the integrals (19), (21) yourselves.

Ex. 22.
N4 —x* = 25i < 2|cost
J' 2x {x:x 2smt,wesupposeO<t_2,:J' ‘ 2‘-2costdt=Jcot2tdt=
* dx =2costdt,4—x> =4cos’ t 4sin”{
X
i smt—— Ccost = 1 3
—X X
= —1|dt=—cott—t+C= =— —arcsin—+C.
J(sinzt j _ V4 x 2
Ex. 23.
V4 Sdt
d x =S5tant, wesuppose 0 < ¢ < —, 5
J‘ X _ 2 :J' cos’t _
3
i\/25+x2i dx = Sdzt ,25+x2=25(1+tan2t)= 252 ( 5 j
cos” ¢ cos” ¢ cos t
=L.[costdt=Lsint+C=sint= fant__ _ il | il +C.
25 Jl+tan’s 25+x%| 25V25+x°
Ex. 24.
x=i Wesuppose0<t<— dx = 3s1n2tdt 3sin tdt
_[ dx B cost 2 cos” t _J- cos?t
S U i [ - -
x*x” =9 x2—9=9( —1):9(L“j=9tan2r % 3tant
2 2 2
cos” ¢ cos” ¢ cos” t

2
cost—— sint =+/1—cos” —\/ } \/x _9

= —Icostdt ——s1nt+C =

Quadratic irrationalities (general case)

Indefinite integral of the form
IR(x, x/ax2+bx+c}z’x (23)
can be reduced to one of integrals (17), (19), (21) with the help of the substitution

(24)

!

%(ax2 +bx+c) =t
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There are many other methods of evaluating the integral (23). For example one
can reduce integration to that of rational function with the help of Euler substitutions.

The first Euler substitution (if a > 0):

Jax? +bx+c =+Jax+¢; (25)
the second Euler substitution (if ¢ > 0):
Jax® +bx+c =xt++/c; (26)
the third Euler substitution (if the trinomial ax” + bx + ¢ has two real roots x,, x,):
M=(x—xl)t. (27)

Ex. 25.

dx NxP+x+l=t—x, x> +x+1=1> -2tx + x7,
I= = 21 206 +t+1)dt =
'[x+«/x2+x+1 x=t dx = (t 2)d ,X+AXT+x+1=t

2t+1° (2¢+1)
_2j(t2+t+l)dt
T Hor 1)

t2+t+1:£+ B C
1241 ¢ (2e+1)7  2e+1

21,2+t +1= AQe+1) + B+ Ce(2t +1)

(=0 I=d, A=1; 2
t=—-1/23/4=-1/2B, B=-3/2; caekl 132 32

’ YL
t=—1 |[1=4-B+C,C=-3/2; t2t+17 ¢t (2e+17 2t+

(1 32 32 di_[pr+1=)]_
1_21( (2¢+1)° 2t+1j B I 3I (2¢+1)° I2t+1 2dt—dy
dy 3¢dy
— 2l -> [ —21n ———1 2l 4+ —Smpr1+C =
= 2Inl| Iy 2I i \t\+ 2 n|y|+C = 2Inft|+ W+1) 2 )2t +1)+C
3 1 t* 3 1 (\/x2+x+1+x)4 L C
3

=———+—In—+C= +—In
2(2¢+1) 2n\2t+1\3 2(2(\/x2+x+1+x)+1) 2 ‘2(«/x2+x+l+x)

There are many indefinite integrals which can’t be expressed in terms of ele-

mentary functions. For example:

Ie‘xz dx, I lricx dx, I sizx dx, I cosx dx, Isin x’dx, Icos x’dx.
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1. OBITH BBIPA3UMBIM C
MOMOILBIO 3JIEMEHTAPHBIX
byHKIMI

2. OBITh Pa3JIOKEHHBIM Ha
MHOXKHUTEIN

3. OBITh Pa3IOKUMOH B

CYMMY MPOCTEUIITUX APO-
Oeil Buaa ... (0 IpaBUIIb-
HOU palMOHa-JIbHOU Jpo-

on)

4. OBITH PA3JIOKUMBIM B
MPO-U3BEAECHUE MHOTOUJIe-
HOB CTEIICHU HE BBIIIIE
BTOpPO# (0 MHOTOUJIEHE)

5. OBITH/SBASATHCS 3JIe-
MEH-TapHOU (QyHKIMEH

6. BBECTH HOBYIO Ilepe-
MEH-HYIO

7. BHEMHTETpaJbHBIN
YJICH

8. BO3BpaTUTHCH K (CTa-
PO, IIepBOHAYAJILHOM,
npeabIaye) nepeMeH-
HOU X

9. BBIIEIICHHE 1IENON Yac-
TH HENPAaBWJIBHOM paruo-
Ha-JIbHOU Jpo0u
10.BBIIENINUT LENYIO YACTh
HeIpaBUIBLHOU poOu

1 1.BBIpaxkaTsCs ¢ MOMO-
LIBIO DJIEMEHTAPHBIX

byHKIMiI

12.BbIpa3uTh (KO)CUHYC
Yye-pe3 TAHI€HC T0JI0BHUH-
HOT'O aprymMeHTa
13.BbIpa3uTh (KO)CUHYC
Ye-pe3 TAHTEHC TOT'0 JKe

OyTH BHMpa3HHM 32 JIOTO-

MOTOFO eJIEMEHTapHHUX
byHKII#I

OyTH pO3KJIQJICHUM Ha
MHOXHHKH

OyTH PpO3BUBHUM B CyMY
HaWUMPOCTINX APOOIB BU-
rany ... (Ipo IpaBUIIb-
HUU pa-I[I0HATBHUM JIpi0)

OyTH PO3KJIAJIHUM B J00Y-
TOK MHOT'OYICHIB CTEICHS
HEe BuIIE Japyroro (mpo
MHOT'OYJICH)

OoyTu
byHKILI€IO
BBECTH/3aMPOBAIUTH HOBY
3MIHHY

Mo3aiHTeTpATbHHN YWICH

CIICMCHTAPHOIO

MOBEPHYTUCA 0 (CTapoi,
MOYAaTKOBO1, MOMEPEIHHOT)
3MIHHOI X

BUAUIEHHS I[1JI01 YaCTHHU
HEMpaBWJIBHOTO pallioHa-
JLHOTO Ipo0y

BUJIUVIUTH LTy YaCTUHY
HEMPaBWIBHOTO APOOY

BUPa)XaTUCS 3a JIOIIOMO-
IOl eJIeMEeHTapHUX (PyHK-
i, dYepe3 eJeMeHTapHI
byHKITIi

BUPA3UTH (KO)CUHYC Yepes
TAHI€HC  TOJOBUHHO-TO
apryMeHTy

BUPA3UTH (KO)CUHYC Yepes
TAHIEHC TOTO K apry-

can be expressed in terms
of eleméntary functions

be factorized [expan-ded
into factors]

be decomposable into (a
sum of) simplest fractions
of the form...(of a proper
rational fraction)

be factorable into (can be
written as) a product of
polynomials of degrée not
higher than two (of a poly-
ndémial)

be an ¢leméntary function

introduce a new variable

term outside the integral,
integrated term

retrn to the original/
initial/precéding/prévious
variable x

extraction of an integral
part of an improper frac-
tion

extract an integral part of
the improper fraction

be expréssed in terms of
¢leméntary functions

expréss (co)sine in terms
of the half argument (half-
angle) tangent

expréss (co)sine in terms
of the tangent of the same
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aprymMeHTa
14.BpIUHCIICHUE

15.BBIYUCIIATDH

16.1aBaTh/IPUINIUCHIBATH
(4a-cTHBIC) 3HAUCHUS ap-
IMEH-TY

17. npoOHO-TMHEWHAs Up-
pa-IMOHATBHOCTh
18.3amMeHa nepeMeHHON
19.3aMeHUTH TEPEMEHHYIO
20.3HaK (Heompee-
JNEHHOT0) UHTETpaJia
21.unTerpai (He) MOXKET
OBITH BBIPAXKEH C ITOMO-
IO AJIIEMEHTAPHBIX
byHKIMiI

22.uMHTEerpall BIYUCIICH
JBO-WHBIM (TPOHHBIM) UH-
TErpUPOBAHUEM IIO YacC-
TAM

23.MHTErpupOBaHUE

24 . MHTErpUpPOBAHUE 11O
qac-TaM
25.MHTETPUPOBAHUE MO~
CTa-HOBKOM, 3aMEHOM
26.MHTErpUPOBATH

2’7 . MHTETpUPOBATH IO Yac-
TAM

28.MHTErpUpPOBATH MOJI-
CTaHOBKOU
29.uppauroHaibHAsA
byHKIMISA
30.uppanOHaIbHOCTh
31.xBanpatruyHas uppa-
UOHAJIBHOCTh
32.1MHeHas uppauuo-
HaJIb-HOCTh
33.IMHENHOCTh

34.meTon UHTETPUPOBA-
HUS

35.merox Heompeae-

MEHTY
00YMCIIEHHS

00YMCIIUTH

JaBaTU/MpUnucyBaTu (4a-
CTUHHI) 3HA4YEHHS apry-
MEHTY
IpoOOoBO-JIiHIHA
HaJIBHICTh
3aMiHa 3MIHHOT
3aMIHUTH 3MIHHY
3HaK (HEBU3HAYEHOTO) 1H-
Terpaia

iHTerpan (He) Moxe OyTu
BUPAXXEHUW 3a JIOIIOMO-
rol0 eJIeMEeHTapHUX (PyHK-
i

IHTerpan OOYHUCICHO MOJI-
BIHUM (TTOTPIHUM) 1HTE-
IPYBaHHSIM YaCTUHAMHU

ipartio-

IHTEIPYBaHHS
IHTEIPYBaHHS YaCTUHAMHU

IHTEIpyBaHHSA M1ICTaHOB-
KOI0, 3aMIHOIO
IHTEIPyBaTH

IHTETpyBaTU YaCTUHAMU
IHTEIpyBaTU  M1JCTaHOB-
KOO

ipaiiioHanbHa QYyHKIIIS

1paIioHaIbHICTh
KBaJIpaTU4yHa 1palioHalb-
HICTh

JHIAHA IpaIllOHATIbHICTD

JIHIAHICTH
METOJ IHTETpyBaHHS

MCTOA HCBHU3HAYCHUX KO-

argument
compuing/evaluation/
evaluating/finding/célcula-
tion

compute/calculate/ evalu-
ate

give/assign particular
values to the argument

linear-fractional irra-
tionality

change (of) a variable
change a variable
indéfinite integral sign

integral can(n't) be ex-
pressed in terms of ¢le-
méntary finctions

integral is computed/
evaluated/célculated/
féund by double (triple)
integration by parts
integration

integration by parts

integration by a subs-
titation

integrate

integrate by parts

integrate by a substitu-tion

irrational function

irrationality
quadratic irrationality

linear irrationality

linearity
méthod of integration

méthod of undetérmined
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NEHHBIX KO3 DUITMEHTOB
36.MHOrO4JICH
37.MHOT'O4JIEH n-OW CTe-
TIeHU

38.MHOK€ECTBO BCEX MEP-
BO-00pa3HbIX
39.Ha3kIBaTh, HA3BATh
40.1eomnpenenEHHbIN UH-
Ter-pain

41.1enpaBuiibHas 1poOb
42.neuérHas QyHKIMS OT-
HOCHUTEJIBHO (KO)CUHYyCa
43.0003Ha4aTh
44.0003Ha4aThCs
45.06parHas 3aga4a JUis ...

46.06patHas onepanus
IS ...

47.06patHast pyHKIUSA
48.0cHOBHAsA 3aja4a

49.0THOLIEHHE IBYX MHO-
ro-4JICHOB
50.mepBooOpazHast
51.mepeiitn K nEpeMEHHOM
t

52.mepeMeHHas UH-
TErpupo-BaHUs
53.mojacTaHoOBKa, 3aMeHa
54.noabIHTErpaIbHAS
byHK-1IUsI

55.0ABIHTETPAIBHOE BbI-
pa-KxeHHe

56.1m0J1y4aTh OKOHYATEIb-
HO

57.mony4ath TaOJIUYHBIN
MHTErpan
58.mony4dars/naBath CHC-
TeMY YpaBHEHHUI OTHOCH-
TEIBHO (11 HAXO0XKICHUS )
HeonpeaeaEHHBIX KOdd-

ediieHTIB
MHOTOYJICH
MHOTOWICH 71-TO CTETICHSI

MHO>KHMHA BCiX MMEPBICHUX

Ha3MBaTU
HEBHU3HAYCHHM THTEIpaI

HeIpaBWIbLHUHN Api0
HenapHa (QyHKIIST BiTHOC-
HO (KO)cHHYcCa

Mo3HaYaTH

MO3HAYaTHCS

oOepHeHa 3aja4a JUis ...

oOepHeHa oreparis 1 ...

oOepHeHa QYHKIISA
OCHOBHA 3aj1ayua

BIJTHOIIIEHHS] JBOX MHOTO-
YJICHIB

nepBicHa

nepeTH 10 3MIHHOI ¢

3MiHHA IHTEeTPyBaHHS

MiJICTaHOBKA, 3aMiHa
MiTIHTeTpaibHa PYHKITIS

MiTIHTETPAIbHUN BUpa3

IIiCTaBaTI/I OCTAaTO4YHO

nicraBaTd TaOJIWYHUHN 1H-
Terpa

OTpUMYBATH/JaBaTU  CHC-
TEMy pIBHAHb BIJTHOCHO
(nns 3HaXOMKEHHSI)  He-
BHU3HAUYECHHUX KOE(DIIIEHTIB

coefficients
polynomial
n-th degrée polyndmial

set of all primitives [4n-
tiderivatives]

call

indéfinite integral

improper fraction

odd fanction with respéct
to (co)sine
denote/désignate

be denodted/désignated
invérse/converse problem
of...

invérse/converse ope-
ration of...

invérse function
major/main/principal
problem

ratio of two polyndmials

primitive [antideriva-tive]
pass to the variable ¢

variable of integration

substitition

integrand, finction to be
integrated [under the inte-
gral sign], subintegral
finction

integrand, expréssion to be
integrated, exprés-sion
under the integral sign
get/recéive/obtain fi-nally

get/recéive/obtain a tdbu-
lar integral

get/set up/form/derive/ ob-
tain/give the system of
equations in (to detérmine)
the ndetérmined coeffi-
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bulreHToB

59.10aB30BaTHCS YeM-MO
eé pas, HECKOJIbKO pa3
60.mocTOsIHHAs UHTETPU-
po-BaHUs

61.mpaBunbHas 1poOb
62.IpUBOJIUTH IPOOH K
00-111eMy 3HaMEeHaTeI 0

63.npupaBHUBAHUE (YHC-
mu-tenei, koahdu-
IIUEHTOB MPU OJUHAKOBBIX
CTEIEHSX X)

64.npupaBHU-
BaTb/OTOX]I€CT-BISATh
(uncnaurenu, Kod3d-Pu-
IIUCHTHI TIPU OJTMHAKOBBIX
CTEIEHSX X)
65.11pOBEpPUTH TPABUIIb-
HOCTh UHTETPUPOBAHUS
nuddepeH-1upoBaHuEeM
66.11pON3BECTH MOJI-
CTaHOBKY, 3aMEHY X=@ (1),

=y (x)

67.1pOU3BOJIb-
Has/alInTUB-HAsl TOCTO-
STHHASI

68.mpocrerimas pa-
IIMOHAIbHA (3JIe-
MEHTapHasi) 1poOk EPBO-
ro (BTOpOro, TpEeThEero,
4eTBEPTOro0) TUMA
69.1psiMmoe (HermocpeacT-
BEHHOE) MHTETPUPOBAHUE
70.pa3noxeHne MHO-
rowieHa Ha MHOXKUTEIH

71.pa3noxenue npa-
BWJIbHOM pallMOHAIILHOMN

KOPUCTYBAaTUCSI  YUMOCD
ie pas, 1eKUIbKa pa3iB
CTaJsla IHTeTpyBaHHs

MpaBUWIBLHUN 1pi0
3BOJIUTH JIPOOM JIO CITUIb-
HOT'O 3HAaMEHHHKA

NPUPIBHIOBAHHS (YUCENb-
HUKIB, KOEQILIE€HTIB MpU
OJIHAKOBHX CTEIEHSX X)

MPUPIBHIOBATH/OTOTOXK-
HIOBaTH (YUCEJIbHUKHU, KO-
eQILIEHTH TPU OJHAKOBUX
CTEIEHSX X)

MePEBIPUTH MPABUIIL-HICTh
IHTEIPYBaHHS nude-
PEHIIIFOBaHHSIM

BUKOHATH, 3pOOUTH, 3I1i-
CHUTU TMIiJACTAaHOBKY, 3a-

MIHY X=0 (1), 1=y (x)

OBUIbHA/aIUTHBHA CTaja

HaWMpoCTIIUKA  palioHa-
JbHUNW  (eeMeHTapHU)
npidé mepmioro (mpyroro,
TPETHOr0, YETBEPTOIO) TH-

Iy
npsimMe (6e3mocepeue)
IHTEIPYBaHHS

PO3KIIad MHOTOYWICHA Ha
MHOXHHKHA

PO3BUHEHHS NPABHIBHOIO
palioHalIbHOrO ApoOy Ha

cients

make use (once) again
(some times) of smth
constant of integration

proper fraction
reduce the fractions to the
coOmmon dendominator

équalize [equating/ équal-
ization/sétting équal/ idén-
tification/idéntifying] (the
numerators, the coef-
ficients of équal (of the
same) degrées/poéwers (in
like péwers) of x)
equate/set équal/idéntify
(the numerators, coef-
ficients of équal (of the
same) degrées/poéwers (in
like péwers) of x)
check/vérify corréct-
ness/truth of integration
by differentidtion

make, carry out, réalize,
fulfil, implement, éxe-cute
the substittion

x=@ 1), =y (x)
arbitrary/additive constant

partial/simplest/¢le-
méntary rational fraction
of the first (second, third,
fourth) type/kind

diréct integration

factorization/factoring/
expansion of the polyno-
mial (into factors)
résolution/expansion/
devéloppement/décompo-
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IpoOu Ha MPOCTEUIINE
Ipobu (B CyMMY IIpoO-
cTermux apooeit)

72.pa3noXknATh B CYMMY
pocTenuX apodeit

73.pa3noxKUTh MHOTOWICH
Ha JIMHEWHbIE U KBajpa-
TUYHBIE (C OTpHULIaTE-
JBHBIMH TUCKPUMHU-
HAHTaMU1) MHOKUTETU
74.panmonaiibHast 1poOb
75.panmoHanbHast pyHK-
st

76.cBOUTH UHTETPUPOBA-
HUE K UHTETPUPOBAHUIO
panuoHa-IbHON PyHKUINU
7'7.CBOAUTH HEOIIPEIEIIEH-
HBI UHTETpANI K. ..
78.CBOMCTBO JIMHEHMHOCTH,
JIMHEMHOE CBOMCTBO
79.cemeiicTBO PyHKIUI
(3a-BHCsIIIEE OT €AUHCT-
BEHHOM MOCTOSTHHOM )
80.cyiiecTBOBaHUE
81.cymiecTBoBaTh
82.Tabnuia npocTenmmnx
MHTETpajoB
83.TabNMYHBIN UHTETpal
84.yHuBepcaibHas TPUTO-
HO-METpUYECKasl MoJICTa-
HOBKa

85.dyHKuMS UHTET-
pUpYETCs MOCPENICTBOM (C
MOMOIIBIO) ATIEMEHTAPHBIX
byHKIMI

86.11e11as1 4acTh HENMPABU-
JBHOM IpoOu

87.uéTHas GyHKUUS OTHO-
CUTEJIbHO (KO)CUHYCa

HaWmpocTimii Apodu (B cy-
My HaMMpOCTIHX APOOiB)

PO3BUHYTH B CyMYy Haii-
MPOCTIUX IPo0iB

PO3KJIACTH MHOTOYJIEH Ha
JMHIAHI ¥ KBajgpaTu4Hi (3
Bil"€MHUMHU JTUCKPUMIiHA-
HTaMH) MHOKHHKH

paiioHaJIbHUM JIp10
panioHaibHa PYHKIIs

3BOJIUTU IHTETPYBaHHS 10
IHTEIPpyBaHHS palllOHAJb-
HOT PYHKITI]

3BOJUTH  HEBU3HAUCHUMU
IHTerpan ao ...
BJIACTUBICTH  JIIHIMHOCTI,

JIIHIIHA BJIACTUBICTH
cim"s  ¢dyHkHiK (sKka 3a-
JIC)KUTH B1Jl €IMHOT CTaJIO1)

ICHYBaHHS

ICHYyBaTH

TaONMIsT ~ HAUOPOCTIIUX
IHTeTpasiB

TaOJIUYHUHN IHTETpas
yHIBEpCaJIbHA  TPUTOHO-

METPHUYHA I1JICTAaHOBKA

GyHKLIA IHTEIPYETHCA B
€JIEMEHTAPHUX (PYHKIIAX
(32 JOMOMOror €JeMeH-
TapHUX (PYHKIIIH)

[ijJa 4acTUHA HENpPaBUIIb-
HOTO JIpo0y

napHa (QyHKIIS BiTHOCHO
(xo)cunyca

sition of a proper rational
fraction into (a sum of)
partial/simplest/¢leménta-
ry fractions [partial frac-
tion décomposition of...]
resolve/expand/devé-
lop/décompose into (a sum
of) simplest fractions
factor/factorize/expand the
polynomial into linear and
quadratique (with négative
discriminants) factors

rational fraction
rational function

redtce the integration to
that of a rational function

redtce the indéfinite inte-
gral to ...
linearity property

family of finctions (which
depénds on a single con-
stant)

existence

exist

table of simplest integrals

tabular integral
univérsal trigonomé-
tric(al) substitution

finction is integrated by
means of ¢leméntary func-
tions

integral part of the im-
proper fraction

éven function with respéct
to (co)sine
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1. arbitrary/additive con-
stant

2. be an eleméntary func-
tion

3. be décomposable into
(a sum of) simplest frac-
tions of the form...(of a
proper rational fraction)

4. be denoted/désignated
5. be expréssed in terms
of ¢leméntary functions

6. be factorable into (can
be written as) a product of
polynomials of degrée not
higher than two (of a poly-
ndémial)

7. be factorized [expan-
ded into factors]

8. call

9. can be expressed in
terms of ¢leméntary func-
tions

10.chénge (of) a variable
11.chénge a variable
12.check/vérify corréct-
ness/truth of integration
by differentidtion
13.compuing/evaluation/
evaluating/finding/célcula-
tion

14.compute/célculate/
evaluate

15.constant of integration

16.dendte/désignate
17.diréct integration

18.polyndémial

MIPOU3BOJIbHAS/AAIUTHUB-
Hasl MOCTOSIHHAS
OBITB/ABIIATHCS DJIEMEH-
TapHOU (pyHKIMEH

OBITH PA3I0KUMOU B CyM-
My MPOCTEHIINX ApoOeit
BUJA ... (O MpaBWIbHOM
panuoHa-JIbHOM 1polu)

0003Ha4YaThCA
BBIPAXKATHCS C MIOMOIIIBIO
AJIIEMEHTAPHBIX (PYHKITUI

OBITH PA3JI0’KUMBIM B ITPO-
W3BEACHUEC MHOTOYJICHOB
CTCTICHU HE BBIIIC BTOPOU
(0 MHOTOUJIEHE)

OBITH Pa3JI0KCHHBIM Ha
MHOXHUTCIN

Ha3bIBaTh, HA3BATh
OBITh BBIPA3UMBIM C TI0-
MOIIIBIO AIIEMEHTAPHBIX
byHKIMiI

3aMEHa NIEpEMEHHOMN
3aMEHHUTH TIEPEMEHHYIO
MIPOBEPHUTH MPABUIHLHOCTH
UHTETPUPOBaHUS TU(D-
(bepeH-1upoBaHUEM
BBIUMCIICHHE

BBIYUCIIMTH

MOCTOSIHHAsI HHTETPUPO-
BaHUS

0003HayaTh

npsimoe (HeroCcpeICTBEH-
HO€) UHTErPUPOBAHUE
MHOTO4JIEH

OBUIbHA/aIUTHBHA CTajla

OoyTu
byHKILI€IO
OyTH pO3BUBHUM B CyMY
HaWMPOCTIUX APOOIB BU-
rany ... (Ipo IpaBUIIb-
HUU pa-I[I0HATBHUM JIpi0)

CIICMCHTAPHOIO

MO3HAYATHUCS
BUpaXXaTUCS 3a JIOTIOMO-
rol0 eJIeMEeHTapHUX (PyHK-
i, Yepe3 eJeMEeHTapHI
byHKITIi

OyTH PO3KJIAJIHUM B J00Y-
TOK MHOTOWICHIB CTETICHS
HEe BuIIE napyroro (Ipo
MHOTOYJICH)

OyTM pO3KJIaJICHUM Ha
MHOXHHKH

Ha3HMBaTH

OyTH BHUpa3HHM 3a JOIO-
MOT OO eJIEMCHTapHUX
byHKIIiI

3aMiHa 3MIHHOT

3aMIHUTH 3MIHHY
MEePEBIPUTH MPABUIIL-HICTh
IHTEIPYBaHHS nude-
PEHIIIOBaHHAIM
OOYUCIICHHS

o0unCIuTH

CTaJla IHTeTpyBaHHs
Mo3HavaTu

npsimMe (6e3mocepeHe)

IHTEIPYBaHHS
MHOTO4JIEH
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19.¢équalize [equating/
équalization/sétting équal/
identification/idéntifying]
(the numerators, the coef-
ficients of équal (of the
same) degrées/poéwers (in
like péwers) of x)
20.equate/set équal/idén-
tify (the numerators, coef-
ficients of équal (of the
same) degrées/poéwers (in
like péwers) of x)
21.éven function with re-
spéct to (co)sine

22.exist

23.existence

24.expréss (co)sine in
terms of the half argument
(half-angle) tangent
25.expréss (co)sine in
terms of the tdngent of the
same argument

26.extract an integral part
of the impréper fraction

27.extraction of an inte-
gral part of an improper
fraction
28.factor/factorize/expand
the polynomial into linear
and quadratique (with
négative discriminants)
factors
29.factorization/factoring/
expansion of the polyno-
mial (into factors)
30.family of finctions
(which depénds on a sin-
gle constant)

31.function is integrated
by means of ¢leméntary
fanctions

32.get/recéive/obtain a

MpUpaBHUBAHUE (UHCIIU-
Teneit, k03P hUIUeHTOB
MIPU OJJUHAKOBBIX CTE-
TICHSX X)

MIPUPABHUBATE/OTOKIECT-
BIISATH (YUCTUTEH, KOI(]-
(UIIUEHTHI PU OJTMHAKO-
BBIX CTCIICHSIX X)

yE€THAst GYHKIUS OTHOCH-
TeNIBHO (KO)CUHYyCa
CYLIIECTBOBAThH
CYLIIECTBOBAaHUE
BBIPA3UTh (KO)CUHYC Ye-
pEe3 TaHT'€HC MOJOBUHHOTO
aprymeHTa

BBIPA3UTh (KO)CUHYC Ye-
pE3 TaHT'€HC TOTO e ap-
r'yMEHTa

BBIJICJIUTD LIETYIO YaCTh
HEIpaBUWIBLHOU po0u

BBIJICJICHHUE 1ICJION YacTU
HENPaBUIIBHON palMoHa-
JBHOM IpoOu

Pa3JI0KUTh MHOTOUYJIEH HA
JIMHEWHBIE U KBAIPATUY-
HbIE (C OTPHUIIATEIILHBIMU
JTUCKPUMHUHAHTAMM ) MHO-
KUTEITU

pa3yioKeHUE MHOTOUYJICHA
Ha MHOXXUTEIIN

ceMeicTBO GyHKIUH (3a-
BUCAILIEE OT €IMHCTBEH-
HOM TTOCTOSIHHOM)
GYHKIHSI HHTETPUPYETCS
MOCPEJICTBOM (C ITOMO-
IIbI0) AJIIEMEHTAPHBIX
byHKIMiI

MOJTy4aTh TaOJUYHBIN UH-

NPUPIBHIOBAHHS (YUCENb-
HUKIB, KOEQILIEHTIB MpHU
OJIHAaKOBHX CTEIEHSX X)

MPUPIBHIOBATH/OTOTOXK-
HIOBaTH (YUCEJNbHUKHU, KO-
eQILIEHTH TPU OJHAKOBUX
CTEIEHSX X)

napHa (QyHKIIS BiTHOCHO
(xo)cunyca

ICHYyBaTH

ICHYBaHHSI

BUPA3UTH (KO)CUHYC Yepes
TaHTEHC MOJIOBUHHO-TO
apryMeHTy

BUpPA3UTH (KO)CUHYC Yepes
TAHIEHC TOTO K apry-
MEHTY

BUJIUVIUTH UUTy YaCTUHY
HEMPaBWIBHOTO APOOY

BUUIEHHS I[1JI01 YaCTHHU
HEMpaBWJIBLHOTO pallioHa-
JLHOTO Ipo0y

PO3KJIACTH MHOTOYJIEH Ha
JMHIAHI ¥ KBajgpaTu4Hi (3
Bil"€MHUMHU JTUCKpPUMIiHA-
HTaMHM ) MHO)KHHKHU

PO3KIIad MHOTOWICHA Ha
MHOXHHKHA

cim"s  ¢dyHkHi (ska 3a-
JIKUTH BIJ] €IMHOT CTAJION)

GyHKLIA IHTEIPYETHCA B
€JIEMEHTAPHUX (PYHKIIAX
(32 JOMOMOror €JeMEH-
TapHUX (PYHKI[IH)

micTaBaTd TaOMWYHUM 1H-
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tabular integral Terpan Terpai
33.get/recéive/obtain fi- MOJTy4yaTh OKOHYATEJIbHO  JIICTaBaTU OCTATOYHO
nally
34.get/set up/form/derive/ mony4ars/maBaTh CUCTEMY OTpPUMYBAaTH/IaBaTH CHUC-

obtain/give the system of
equations in (to detérmine)
the ndetérmined coeffi-
cients

35.give/assign particular
values to the argument

36.improper fraction
37.indéfinite integral

38.indéfinite integral sign

39.integral can(n't) be ex-
pressed in terms of ¢le-
méntary functions

40.integral is computed/
evaluated/célculated/
found by double (triple)
integration by parts
41.integral part of the im-
proper fraction
42.integrand, expréssion
to be integrated, exprés-
sion under the integral
sign

43.integrand, finction to
be integrated [under the
integral sign], subintegral
finction

44.integrate

45.integrate by a substitl-
tion

46.integrate by parts
47.integration
48.integration by a subs-
titation

49.integration by parts

ypaBHEHUI OTHOCUTEIBHO
(n7st HaXOXACHUSI) HEOIl-
penenéHHbIx Ko puiu-
€HTOB

JaBaTh/TIPUIUCKHIBATH (Ua-
CTHBIC) 3HAYEHUS ApTMEH-
Ty

HeTpaBwWiIbHas 1poOb
HEONPEAECIEHHBIA UHTET -
pan

3HaK (HeompeaeIEHHOTO)
WHTEerpaia

WHTEerpa (He) MOXKET
OBITH BBIPAXKEH C TIOMO-
IIBIO AJIEMEHTAPHBIX
byHKIMI

WHTErpas BRIYUCIICH JIBO-
HWHBIM (TPOMHBIM) UHTET-
PUPOBAHUEM IO YACTAM

1eJ1ast 4acTh HelpaBH-
JBHOM IpoOu
MOJIBIHTETPaIbHOE BHIpa-
KCHHE

NoJbIHTErpaibHas (QyHK-
s

MHTETPUPOBAThH
HMHTETPUPOBATh MOJICTA-
HOBKOM

MHTETPUPOBATH IO YaCTIM
MHTETPUPOBAHUE
MHTETPUPOBAHUE MOJICTa-
HOBKOM, 3aMECHOM
WHTETPUPOBAHUE T10 Yac-
TSIM

TEMy pIiBHAHb BITHOCHO
(g 3HaXOMKEHHSI)  He-
BU3HAUYECHHUX KOe(DIIIEHTIB

JaBaTu/MpunucyBaTu (4a-
CTHUHH1) 3HAYEHHS apry-
MEHTY

HeIpaBWIbLHUHN Api0
HEBU3HAYCHUH 1HTETpas

3HaK (HEBU3HAYEHOTO) 1H-
Terpaia

iHTerpan (He) Moxe OyTu
BUPAXXEHUM 3a JIOIIOMO-
IOl eJIeMEeHTapHUX (PyHK-
i

IHTerpan OOYHUCICHO MOJ-
BIfHUM (TIOTPIHUM) 1HTE-
IPYBaHHSIM YaCTUHAMHU

I_IiJIa JaCcTuHa HCIIPABHUJIb-

HOTO JIpo0y
MiTIHTETPAIbHUM BUpa3

niAIHTerpajibHa QYHKI[ISA

IHTEIPyBaTH

IHTEIpyBaTU  M1JCTaHOB-
KOO

IHTETpyBaTU YaCTUHAMU
IHTEIPYBaHHS

IHTEIpyBaHHSA M1ICTaHOB-
KOI0, 3aMIHOIO
IHTEIPYBaHHS YaCTUHAMHU
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50.introduce a new vari-
able

51.invérse function
52.invérse/converse ope-
ration of...
53.invérse/converse pro-
blem of...

54.irrational fanction

55.irrationdlity
56.linear irrationality

57.linear-fractional irra-
tionality

58.linearity

59.lineérity property

60.major/main/principal
problem

61.make use (once) again
(some times) of smth
62.make, carry out, réal-
ize, fulfil, implement, éxe-
cute the substitution

x=@ (1), =y (x)
63.méthod of integration
64.méthod of undetérmi-
ned coefficients

65.n-th degrée polyndmial
66.0dd function with re-
spéct to (co)sine
67.partial/simplest/¢le-
méntary rational fraction
of the first (second, third,
fourth) type/kind

68.pass to the variable ¢
69.primitive [&ntideriva-
tive]

70.proper fraction
71.quadratic irrationdlity

72.réatio of two polyno-
mials

BBECTH HOBYIO ITEPEMECH-
HYIO
oOpaTHas GyHKUUSA

oOpaTHas onepauus s ...

O6paTHaH 3ajgada oj ...

upparoHaibHas QyHK-
LM

MPPalUOHATBHOCTD
JIMHETHAs UppallMOHalb-
HOCTb
IpOoOHO-TUHENHAs Uppa-
LIMOHAILHOCTh
JIMHEHHOCTH

CBOMCTBO JIMHEHHOCTH,
JIMHEMHOE CBOKMCTBO
OCHOBHas 3aj7ada

MOJIb30BAThCS YeM-mo
emi€ pa3, HECKOJIbKO pa3
MIPOU3BECTH MOJICTAHOBKY,

3aMeHy X=@ (1), t=y (x)

METO]I UHTETPUPOBAHHSI
METOJI HEONPEAEIEHHBIX
K03 puLeHTOB
MHOTOYJICH /-0 CTETICHU
Heu€THas (YHKIUS OTHO-
CUTEJBHO (KO)CUHYyCa
NpoCTeHIas parroHaIb-
Has (dJeMEeHTapHas )
IpoOb MEepBOTro (BTOPOTO,
TPEThEro, YeTBEPTOTO)
TUTIA

IIEPEUTH K IIEPEMEHHOM ¢
nepBooOpazHas

npaBuwiIbHas ApoOb
KBaJI[paTHYHasi UppaIyo-
HAJIBHOCTD

OTHOIIIEHUE JIBYX MHOTO-
YJICHOB

BBECTH/3aMPOBAIUTH HOBY
3MIHHY

oOepHeHa QYHKIISA
oOepHeHa oreparist 1 ...

oOepHeHa 3a1a4a Jyi ...
ipaiiioHanbHa QyHKIIIS

1paIioHaIbHICTh
JHIAHA 1paIllOHATIbHICTD

IpoOoBO-TiHINHA  ipallio-
HaJIbHICTh
JTIHIAHICTh
BJIACTHUBICTH  JIIHIMHOCTI,

JIIHIHA BJIACTUBICTH
OCHOBHaA 3aj1aya

KOPUCTYBAaTHUCS  YUMOCD
1ie pas, 1eKUIbKa pa3iB

BUKOHATH, 3pOOUTH, 311i-
CHUTU TMIiJACTAaHOBKY, 3a-

MIHY X=0 (1), 1=y (x)

METOJI IHTeTpyBaHHS
METOJI HEBU3HAYEHHX KO-
ediieHTIB

MHOTOYJIEH 1-TO CTETICHS
HenapHa (QyHKIST BiTHOC-
HO (KO)cHHYcCa
HaWMpoCTIKKA  palioHa-
JbHUNW  (eeMeHTapHUH)
npidé mepmioro (mpyroro,
TPETHOr0, YETBEPTOIO) TH-
Iy

nepeTH 10 3MIHHOI ¢
nepBicHa

MpaBUWIBLHUH Api0
KBaJpaTU4Ha 1palfioHalIb-
HICTD

BIJHOIIICHHSA JIBOX MHOTIO-
YJICHIB
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73.rational fraction
74.rational fanction
75.reduce the fractions to
the common dendminator

76.reduce the indéfinite
integral to ...

77.redtce the integration
to that of a rational finc-
tion
78.resolution/expansion/
devéloppement/décompo-
sition of a proper rational
fraction into (a sum of)
partial/simplest/¢leménta-
ry fractions [partial frac-
tion décomposition of...]
79.resolve/expand/devé-
lop/décompose into (a sum
of) simplest fractions
80.return to the original/
initial/precéding/prévious
variable x

81.set of all primitives
[antiderivatives]
82.substitution

83.table of simplest inte-
grals

84.tabular integral
85.term oOutside the inte-
gral, integrated term
86.univérsal trigonomé-
tric(al) substitution

87.variable of integration

panuoHaibHast 1poOb
panoHanbHas QYHKIUS
MPUBOJIUTH IPOOH K 00-
IEMY 3HaMEHATEeII0

CBOJIUTH HEOIIPEICIEH-
HBI UHTETpPANI K. ..
CBOJIUTh MHTETPUPOBAHUE
K UHTETPUPOBAHUIO pa-
MOHA-TIbHON (YHKUIUU
Pa3JIo)KEHUE NIPAaBUIIBHOU
panoHaIbHOM ApoOH Ha
npocTeime apodu (B
CYMMY MPOCTEHUIINX APO-

oeit)

Pa3I0XKHUTh B CYMMY TIPO-
cTermux apooeit

BO3BPATUTHCSA K (CTApOid,
MIEPBOHAYATILHOH, TIPE/IbI-
IyIIeH) IepeMeHHOM X
MHOKECTBO BCEX MEPBO-
00pa3HbIX

MOJICTAaHOBKA, 3aMeHa
TabauIa MPOCTEHIITUX HH-
TErpajioB

TaOJIMYHBIN HHTETpaT
BHCHHTETPAIbHBIN WICH

YHUBCPCAJIbHAs TPUT'OHO-
MCTPHYCCKad IMOACTAHOB-
Ka

MMCPCMCHHASA HHTCTPUPO-

BaHUA

palioHaJIbLHUM JIpi0
paiioHasibHa PYHKIIIs
3BOJIUTH JIPOOM JIO CITUIb-
HOT'O 3HAMEHHHKA

3BOJUTU  HEBU3HAUEHUU
IHTerpan ao ...

3BOJIUTU IHTETPYBAaHHS 10
IHTEIPpYBaHHSA palllOHAJIb-
HOT PYHKITI]

PO3BUHEHHS NPABUIBHOIO
palioHaJIbHOTO Jpo0y Ha
HaWmpocTimii Apodu (B cy-
My HaMMpOCTIHX APOOiB)

PO3BUHYTH B CyMYy Haii-
MPOCTIUX IPo0iB

MOBEpPHYTHUCSA A0 (CTapoi,
MOYaTKOBO1, MONEPEAHbOT)
3MIHHOT X

MHO>KMHA BCiX MMEPBICHUX

IMICTAHOBKA, 3aMIiHA
TaONMIsl ~ HAUOPOCTIIUX
IHTeTpasiB

TaOJIUYHUN 1HTETpas
Mo3aiHTeTpaTbHHN YWICH

yHIBEpCaJIbHA  TPUTOHO-
METPHUYHA IT1JICTAaHOBKA

3MIHHA IHTETpyBaHHS



LECTURE NO. 21. DEFINITE INTEGRAL

POINT 1. PROBLEMS LEADING TO THE NOTION OF A DEFINITE
INTEGRAL

POINT 2. DEFINITE INTEGRAL
POINT 3. PROPERTIES OF A DEFINITE INTEGRAL

POINT 4. DEFINITE INTEGRAL AS A FUNCTION OF ITS UPPER
VARIABLE LIMIT

POINT 5. NEWTON-LEIBNIZ FORMULA
POINT 6. MAIN METHODS OF EVALUATION A DEFINITE INTEGRAL

POINT 1. PROBLEMS LEADING TO THE CONCEPT OFA DEFINITE
INTEGRAL

Problem 1. Area of a curvilinear

VA = .
‘ b trapezium

/

.

xOy -plane is called a figure bounded by

AN

R A

i

' two straight lines x=a, x=0(a<b),

LT
1

\k // Def. 1. Curvilinear trapezium on the

*
L] \

T
12

. * Ox-axis and a curve y = f(x)(f(x)>0)

0 a & x & x; &3 x3 Xpoy &y b

Fig. 1 (fig.1). It’s useful to denote a curvilinear

trapezium as the next point set on the xOy -plane

{(x;y):aﬁxﬁb,OSySf(x)}. (1)
To define the notion of the area of a curvilinear trapezium (1), fig.1, we carry

out the next construction.
1. With the help of points
a=x,<x <x,<..<x,_,<Xx,<..<x,=b

we divide the segment [a, b] into n parts (subintervals)

[x0>x1 ]9 [xl s Xy ]7“'7[xi—1 > X; ]""’[‘xn—l 7xn]
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of the lengths

Ax, =X, =Xy, AX, =X, =X, AX, =X, =X, ,.., AX, =X, —X, |,

and let 1 = max{Ax],sz,...,Axi,...,Axn}.

2. We take an arbitrary point &, in every part [xl._l , X, ], i =1,n, find the value of
the function at this point and multiply it by Ax, =x, —x, ,.

3. Adding all these products f(&, )Ax, we get a sum

n

o :f(gl)Axl +f(§2)Ax2 +“‘+f(§i)Axi ++f(§n)Axn :Zf(gi)Axi (2)

i=1

- the area of a step-type figure generated by rectangles with bases 4x,,i=1,n, and

altitudes f (éi )i=1n.
4. Let A =max {Ax1 ,sz,...,Axi,...,Axn} tend to zero. If there exists the limit of

the sum (2), it is called the area of the curvilinear trapezium (1) (fig.1) and is denoted

n

S = Scurv_lmp = %1{)1%0- = gliré P f(gz )Axl . ( 3 )

Problem 2. Produced quantity

Let f (t) be a labour productivity of some factory at a time moment ¢. Find its
produced quantity U during a time interval [O,T ]

If f(t)=const=F,then U=F-T.

But as a rule f(¢)# const, and we do as follows.

1. We divide the time segment [0, T] into n parts

[t ¢, Lt 6, )l et e, L1, =0, =T A8, =t —t._,,i=1,n,
and put
A =maxi{At, At,,...,At.,...,At }.
2. We take an arbitrary point 7, in every part [¢,_,,¢,],i =1,n, find the value of

the function f(¢) at this point and multiply it by Az, =¢. —¢, .
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3. Adding all the products AU, = f/(r, Az, we find an approximate value of the

produced quantity U during [0, 7], that is
U= AU, ~c=>) f(r,)At,. (4)
i=1 i=1

4. Tending A to zero we find the exact value of the produced quantity

n

Uzlf_r{éo-zlf_r% 2 flz)Ae, . (5)

Problem 3. Length path.

Find the length path L traveled by a material point with a given velocity v(t)
during a time interval 7' (from the time moment 7 = 0).

If v(¢)=const =v then L=v-T.

For a variable velocity v(t) we do by the same way as in preceding problems.

1. We divide the interval [0, T] into n parts

[t ¢, Lt 6, )l e ), e, 12, =0, =T At =t —t,_,i=1n

and put
A =maxi{At,At,,...,At.,...,At }.

2. In every time interval [z, ,¢,],i = 1, n, we take arbitrary moment 7, find the
value of the velocity at this moment and multiply it by A¢, =¢, —¢, ,.
3. Adding all the products AL. = v(, )At, we find an approximate value of the

length path L traveled by a material point during [0, 71, that is

n

L:iALl.zO':ZV(TZ.)Ati. (6)

i=1 i=1
4. Tending A to zero we find the exact value of the length path L

n

L= lll_r)réa = lll_rg 2 v(t, )AL, . (7)
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POINT 2. DEFINITE INTEGRAL

Def. 2. Let a function y = f (x) be given on a segment [a, b] (fig. 2).
1. We divide the segment into n parts (subintervals)
[x05, 1 [0 2, b [0, b [, 5,
by points (division points)

a=x,<x <Xx,<..<x,_,<x,<..<x,=b;

let
Ax, =X, =Xy, AX, =X, =X, AX, =X, =X, ,.., AX, =X, —X, |,
A = max{Ax,,Ax, ..., Ax,....,Ax, }.
- 5{ ] 3, o ) 3. g, 5 2. We take an arbitrary point &, in
To ) zF/ -% | “é-; "'2 - ZI;.,: %, every subinterval [xl._l, X, ], i = l,_n, find the
Fig. 2 value of the function f(x) at this point and

multiply this value by the length Ax, = x, —x, | of the subinterval.
3. Adding all these products f (dji )Axi we get a sum (Cauchy'-Riemann’ inte-

gral sum)

o :f(gl)Axl +f(§2)Ax2 +“‘+f(§i)Axi ++f(§n)Axn :Zf(é)sz (8)

4. If there exists the limit of the integral sum (8) as 4 — 0, this limit is called

the definite integral of the function f(x) over the segment [, b] and is denoted

b n

[ £x)dx=limo =1im > £(£,)Ax, (9)

We read the left side of (9) as “definite integral from a to b of f (x) dx”.
£(x), £ (x)dx, x have the same names as for indefinite integral; « is called the
lower limit of integration, b the upper limit of integration.

Def. 3. A function f (x) is called integrable on [over] the segment [a, b], if its

' Cauchy, A.L. (1780 - 1859), an eminent French mathematician
? Riemann G.F.B. (1826 - 1866), an eminent German mathematician



Definite Integral 50

definite integral (9) exists.

Theorem 1 (existence theorem). If a function f(x) is continuous one on the
segment [a, b] then it is integrable over this segment.
Geometric sense of a definite integral. If a function is non-negative, f(x)> 0

then by (2), (3) its definite integral is the area of a curvilinear trapezium (1), fig. 1,

b
S= Scurv_lrap = !III)%G - }IIL%Zf J. ( )dx ( 10 )

Economical sense of a definite integral. If a function f(¢) is a labour producti-

vity of some factory, then its produced quantity U during a time interval [0, 7] by vir-
tue of (4), (5) is represented by a definite integral,

T

—1115%0—111L%Zf I f(e)de . (11)

0

Physical sense of a definite integral. If a function v(¢) is the velocity of a mate-

rial point then, on the base of (6), (7), the length path L traveled by the point during a
time interval from #= 0 to ¢ = T'is given by a definite integral

n

T
L=limo =1im > v(r,)A, = ! W(¢)dt (12)

i=l1

Ex. 1. Prove that

b

j dx=b—a (13)
mThe integrand f (x) =1, and so the integral sum (8) equals the length of the

segment [a, b], that is

o =Ax, +Ax, + ..+ Ax, 4.+ Ax, =) Ax, =b-a,
i=1

therefore its limit, which is the integral (13), equals b—a .=

Note 1. Definite integral doesn’t depend on a variable of integration that is

b b b b

[ 7Gx = [ 1)y = [ £(2)az

a a

Il
—
~
S
—~—
S3
Il

(14)

a a
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Def. 4 (definite integral with equal limits of integration).

a

If(x)dx=0 (15)

a

Def. 5 (interchanging limits of integration).

[ ek =~ (e (16)

POINT 3. PROPERTIES OF A DEFINITE INTEGRAL

1 (homogeneity). A constant factor £ can by taken outside the integral sign,

b

[ () = ki £(x)dx

a

m Integral sums for the left and right sides are equal, because of
O i) Zkf )Ax, = ka JAx, = ko

therefore their limits are also equal.cnegoBaTenbHO, UX MPEAEIbI TAKKE PABHBL. W
2 (additivity with respect to an integrand). If £;(x), £,(x) be two integrable

functions, then

)+ e = | ek 7ol

Prove this property yourselves.
Corollary (linearity). For any two integrable functions f,(x), £,(x) and arbi-

trary constants k , &,

b
[ (e £ () + e, £, () = kjﬁ dx+kjf2
3 (additivity with respect to an interval of integration). For any a, b, ¢

j:f(x)dx = jf(x)dx + j: £(ox)dx
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if all three integrals exist.
ml) Let's suppose at first ce(a, b). We form an integral sum such that c be a
division point. In this case (notations are clear)
Ola.0] = Ola,e] T Ole0)>
and the passage to limit as A — 0 gives the property in question.

2) Now let a disposition of points a, b, ¢ be arbitrary, for example a < b < c.

Using the first case and the definitions 4, 5 we’ll have

jf(x)dx = j.f(x)dx+j;f(x)dx — j‘f(x)dX—jf(x)dx,
j:f(x)dx = jf(x)dx + j:f(X)dx -

Integration of inequalities

4.If a < b and an integrand is non-negative ( /(x)>0) on the segment [a, 5],

then

b

If(x)deO.

The integral is strictly positive if a function f(x)is continuous on the segment [, b]
and if it doesn’t equal zero identically.
m Nonnegativity of the integral immediately follows from nonnegativity of the

integral sum for the function f (x) Its strict positivity, as can be proved by more

complicated reasonings, is the result of continuity of the function.m
5.1fa<band f(x)< g(x)on [a,b], then

b

jf(x)dx < j.g(x)dx.

a

The integrals are connected by strict inequality in the case of continuity of the func-

tions f(x), g(x) on the segment [a, b] and if these functions don’t equal identically.

mlt’s sufficient to apply the preceding property to a difference f (x)— g(x)l
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Ex. 2. | sin? xdx <

: : : T
sin xdx , because of sin” x < sin x on the segment [0, 5}

6. If a < b then

b

J. £(ox)dx

a

b

Sﬂf(x){dx (17)

a

m It’s sufficient to apply the property 5 to the inequality
=[r() < £ (x)<|f ) m
7 (two-sided estimate of a definite integral). Let @ < b, and a function f(x) be

continuous on a segment [a, b]. Then a double inequality is valid
b
m(b—a)< [ f(x)dx < M(b—a), where m = min f(x). M = max f(x).  (18)

mProving follows from the property 5, the inequality m < f(x)< M on [a, b]
and the integral (13).m

4
Ex. 3. Estimate the integral I = I(?;xz —12x+ 14)dx.

flx)=3x> —12x+14, f'(x)=6x 12, f'(x)=0if x=2; £(1)=5,£(2)=2, f(4)=14;
m:xﬁnﬂf(x)zf(z)zz,szﬁ;ff() f@)=14,a=1,b=4,b—a =3,

and by the formula (18)

2.3< j(3x —12x+14)dx <14-3,
1

63}(3)8 —12x+14)dx <42.
1

8. Mean-value theorem. If a function f(x) is continuous on a segment [a, b]

then there exists a point ¢ € (a, b) such that

b

[ £ () = f(c)b-a) (19)

a

m For example let a < b. After dividing of both sides of the inequality (18) by the po-
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7 4= f#=) sitive number b —a we get
b
mébl If(x)deM.
—a
1re/ ‘
' By Bolzano'-Cauchy theorem for a function,
%) cf C ,Zg > continuous on a segment [a, b], there is a point ¢ € (a, b)
Fig. 3 such that
1 b b
[ (v = fle)= [ f(x)atx = fleNo-a).

The case a > b is studied by the same way. Do it yourselves.m

Geometric sense of mean-value theorem (fig. 3). The area of a curvilinear tra-
pezium (1) equals the area of the rectangle ABCD with the same base AD=[a, b] and
the altitude f(c).

Def 6. The expression

1
b—a

Srear = Fon Q% (20)

a

is called the mean value (the average value) of the function f (x) on the segment

[a, b].

POINT 4. DEFINITE INTEGRAL AS A FUNCTION OF ITS UPPER
VARIABLE LIMIT

17 Let xe[a, b]. We consider a function

©(x) = [ f(t)at, (21)

that is a definite integral with variable upper limit x.

rhamareemm e —————

>t Geometrically (for f (t) > () this integral represents

the area of a part of a curvilinear trapezium

! Bolzano, B. (1781 - 1848), a Czech mathematician, philosopher, and logician
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{t, y):a<t<b,0<y< f(2)}

which lies between straight lines ¢ =a, t = x (fig. 4).
Theorem 2. If a function f (x) is continuous on a segment [a, b] then for any

x € [a, b] the derivative of the integral (21) equals

!

_@f@cﬁj /(). (22)

that is the derivative of a definite integral with a variable upper limit x, with respect
to this limit x, equals the value of the integrand at the point x.

mBy definition of the derivative

CD'(X)Z i)lcl’no%(x) _ gmo CD(X-F?—CD(X)‘

Using the additivity of a definite integral with respect to an interval of integration we

get

x+Ax x+Ax x+Ax

D(x +Ax) = jf j ()t + [ £(e)dt, AD(x) = D(x+ Ax)- jf

For example let Ax > 0. By virtue of the mean-value theorem there is a point ¢ in the

interval (x,x + Ax) such that

x+Ax

If c)(x+Ax) ) f(c)Ax
This point ¢ — x as Ax — 0. Taking into account continuity of the function f we get

/()= tim AP _ i SN ()= () m

A0 Ax A—0  Ax Ax—0
Corollary (Fundamental theorem of the integral calculus). Every function
which is continuous one on a segment [a, b] has a primitive on [a, b].

mOne of such primitives is a definite integral (21) with variable upper limit x.m

COS x

Ex. 4. The derivative of the function Iz‘zdz‘ equals

sin x
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(.[t dtj (J.t dt — It dtj - Cosx(cif);zdtj.(cosx)' — dsmx(gﬁ dzj sin x) =

sin x

. . . . 1. .
=—cos” x-sin x —sin” x - cos x = —sin x cos x(cos x +sin x) = —sin 2x(cos x + sin x),

POINT 5. NEWTON-LEIBNIZ FORMULA

Theorem 3. If a function f (x) is continuous one on a segment [a, b], and F(x)

is one of its primitives, then Newton'-Leibniz’ formula for evaluation of the definite

integral of the function over the segment [a, b] is true

[ f(e=F(x) = F(b)-Fla) (23)

m We have two primitives: F (x) and the integral (21) with upper variable limit

x. By corresponding property of primitives the difference

X

d(x)- F(x)= jf(t)dt —F(x)=C = const.

a

To find the value of the constant C we put x =a. So

a

CD(a)—F(a)zIf(z‘)dt—F(a)zO—F(a)zC, C=-Fla),

a

and therefore

X

[ £lepe = ()~ F(a).

a

Substituting x by b and ¢ by x we obtain the formula (23).m
Note 1. The expression

F(x ,

a

which means the action F(b)— F(a), is often called the double substitution.

! Newton, 1. (1642 - 1727), the great English scientist
? Leibniz, G. (1646 — 1717), the great German philosopher and mathematician
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/2
Ex. 5. Calculate the definite integral Icos xdx.
0

A primitive of cosx is sinx and therefore by Newton-Leibniz formula

/2
J. cos xdx =sin x
0

/2

:sinz—sinO:l—Ozl.
o 2

Ex. 6. Find the area of a figure bounded by the next lines
4 Cy=x",x=2,y=0 (fig. 5).

The figure in question is a curvilinear trapezium, and so its

\

%‘
4/~ |~ area by the formula (10) equals the definite integral

7 n

ok
|

71 é ! 2 X3 2 8
f=— S=[xdv="2| =>~267.
] 0 3], 3
f - 2
Fig. 5 Ex. 7. A particle moves in a straight line and ¢ sec. after

passing a point O the velocity of the particle is v(t) = (1 —1/ 4t2) ft. per sec. Find the

distance of the particle from O after 2 sec.

On the base of the formula (12) the distance in question equals

2

L= jv(t)dt = j(1—1/4t2)dt = (t—l/l2t3% =(2-1/12:2°)=4/3 .

0

Ex. 8. Find the mean value of the function y =sin x on the segment [0, z/2].

On the base of the formula (20)

/2

— 2 5
ymean = J.COSde =—-SInx
/2-0 P

/2
:E(Sinﬁ/2— sin0) = 3(1 —0):3.
T T T

0
Ex. 9. Find the mean value of the velocity v(¢)= (1 —1/ 4t2) of the particle of the

example 7 during the time interval from 1 =0 to r =2.
By (20) (and taking into account the result of integration in ex. 7) we get
y =1 v(t)dt =lj(1—1/4f2)dz =

mean 2 _ O 2

= LY
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POINT 6. MAIN METHODS OF EVALUATION A DEFINITE INTE-
GRAL

Change of a variable (substitution method)

Theorem 4. Let: 1) a function f (x) 1s continuous on a segment [a, b]; 2) a

function x = qo(t) is continuous with its derivative on a segment [a, £]; 3) ¢ (a) = a,

¢ () = b. Then the next formula (formula of change of a variable) is true

, x=o(t)dx=¢'()dr]
[rGac=]  x]ald =] 1(p@)(). (24)
a t o ﬁ a

mLet F(x) be some primitive of a function f(x). Then F(gp(t)) is the primitive of the
function f(¢(¢))p'(t). By Newton-Leibniz formula

b

J.f(x)dx = F(x

a

[ Fl(0 0 = F(go(r)f _ F(p(p) - Flpla) = F(b)- F(a)m

a

b

Note 2. As distinct from an indefinite integral it isn’t necessary to return to the

preceding variable after integration by the formula (24).
/2
Ex. 9. Calculate the definite integral / = I
-2
x| -n/2| n/2
, SO
t] -1 |1

A 1 ( 1 j 1
=—| arctan — — arctan| — — = arctan —
2|, 2 2 2 2

cos xdx
4+sin? x

Let’s put sinx =¢. Then cos xdx = dft,

I ﬂj-z cos xdx j- dt

1
1 —arctan —
+1

.2 -
_ﬂ/24+s1n x 7

x Ex. 10. Find the area of a figure bounded by an
B3
2 2

b
b , X"y
¢ 72 f(¢=6) ellipse — +-— =1 (fig. 6).
2 ol - a b
-6

2 x
\/ . It’s sufficient to find the quadruplicated area of the

Fig. 6 part OAB of the figure.
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The first way. From the equation of the ellipse y = é\/a2 —x”, and so
a

X =asint,dx = acostdt, 72

_ _4ba 2 2 _ 0 _ 2 _
S—4S0AB—7.(|;\/a —X dx_mzacost,:— , 7[6/12—4abj.cos tdt =

0

/2
= nab
0

The second way. It’s better to pass to parametric equations of the ellipse, na-

7/2

J- 1+ cos2t

/2

=4ab

7/2 7/2
dt = 2ab[ j dt + j cos 2z‘dtJ —2ab| ¢
0

0

+lsin 2t
2

0 0

mely x =acost, y =bsint . In this case

X=acost,y=bsint 72

a 0
= = = 0 = — in 2 = in 2 =
S=4S,,; 4I vdx dx = —a sin td X | a4 =—-4ab Ism tdt = 4ab Ism tdt
0 /210 0

t /2
/2
= mab .
0

7/2 1— cos 2t 7/2 77/.2
— 4ab j Csz = 2ab[ j di — [ cos 2tdtj = 2ab[z‘
0

0 0

/2

—lsin 2t
2

0

Integration by parts

Theorem 5. If functions u = u(x),v = v(x) are continuous with their derivatives

on a segment [a,b] , then the next formula (formula of integration by parts) is true

j].udv:(uv b—jvdu (25)

mTo prove this formula it’s sufficient to integrate from a to b both parts of the
identity
udv = d(uv)—vdu

and apply Newton-Leibniz formula for the integral of the expression d (uv) ]

1
Ex. 11. Evaluate the definite integral Iarctan xdx .
0

' See Lect. No. 8, Point 4, Ex. 12
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1 u =arctan x, dv = dx o 1
xdx w 1 ¢ 2xdx
jarctanxdxz dx =(xarctanx —I == =
) du=——,v=x +x 4 2°1+x
I+x 0 0 0
1 1
=£—ljmzz—lln(l+x =7 1024078520347 ~ 0.4
4 24 1+x° 2 , 42

Ex. 12. Find the area of a figure boun-
ded by two curves y=Inx,y=1In" x (see
fig. 7).

The curves y =1Inx, y =In’ x inter-
sect at the points A(1; 0), B(e; 1) and form a

o 2iven figure AmBnA. Its area is equal to the

0 { é x difference of the areas of two curvilinear tra-
Fig. 7 peziums AnBC, AmBC .
e u=Inx—In’x, dv = dx, e
S=S,50=S e J]’lnx lnzx)dx— _(l_ﬂnx]dx"}:x (x(lnx—lnzx) ]—
X X
e 1 2lnx e u=2lnx—l,dv=dx, e e
_{(;_ . ]xdx :!(21nx—1)dx =l :2_izx’ . = (x(2Inx-1) | —2J]'dx -
=e—(-1)-2(e—1)=3-e~0.28.
h h
Ex. 13. Let /, =Isin”xdx,J jcos xdx,n=0,1,2,3,.... Prove that
0 0
]n = n_lln—27 Jn = n_lJn—Z
n
p u=sin"" x, dv = sin xdx o 3
m/ = Ism xdx = o = (— sin" xcosx) +
0 du = (n—1)sin" x cos xdx,v = —cos x .
: :
+(n— l)j sin" xcos” xdx = (n— l)j x(l —sin’ x)dx =(n-I_,—(n-1)I,
0 0
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-1
L +(n-0 == _,, nl, =(n-11[ _,, [ =""1 .m
n
2 2
For example jsinsxdles =ﬂ13 =i-gl1 =—jsinxdx=— lzﬁ.
. 5 53 * 15
2 2
1 1 1
ICOS6xdx:J6:§J4:§.§J2:§.§._J0:_de :_S.zzo 9
. 6 6 4 6 4 2 480 48 2

Ex. 14. Find the remainder R (x) of Taylor formula in Lagrange form.
Let, for example, n =1, and
A ()= £ ()= £ (xy )= (o Jor =)+ Ry (x).
By Lagrange formula
o(x)=plx,)=9'(c)x - x,).
Taking ¢(x)= f"(x) we get
£'(x)=f'(xy)= £ "N —x,),

and after integration over the segment [x,, x]

b= ) = 7Gx s £ £x0)— o o) = LD e, Y,

%o %o

Af(xo): f(x)_f(xo): f'(xo)(x—x0)+

Therefore

R)= L np =L L
To get R, (x) for any n we write

f(x)_f(xo): Jﬂ(x<))(x_x<))"'f”(xo)(x_xo)2 +---+f(n)(xo)(x_xo)n +Rn(‘x)7

then we put ¢(x)= f (”)(x) and integrate n times over [x,,x]. As the result we’ll get

f(n+1)(c) .
Rn(‘x): (n+1)! (x—xo) .



LECTURE NO.22. APPLICATIONS OF DEFINITE INTEGRAL

POINT 1. PROBLEM — SOLVING SCHEMES. AREAS.
POINT 2. ARC LENGTH

POINT 3. VOLUMES

POINT 4. ECONOMIC APPLICATIONS

POINT 1. PROBLEM - SOLVING SCHEMES. AREAS

There are two schemes for finding some quantity Q.

1) Setting integral sum, expression Q as the limit of this integral sum, that is in
the form of a definite integral.

Ex. 1. See three problems in P. 1 of the 21-th lecture and corresponding formu-
las (10), (11), (12) in P. 2 of the same lecture.

2) Finding an element (in fact the differential) dQ of Q and then expression QO
as a sum of all these elements. This procedure leads by the other way to a definite in-
tegral to evaluate Q.

To illustrate this second scheme we’ll consider the same three problems as in
the lecture No. 21.

Ex. 2. The area of a curvilinear trapezium

{(x;y):a <x<h,0<y< f(x)} (fig. 1).
Element (differential) dS of the area S (the area of a

hatched strip with the base [x,x + dx] on fig.1) equals
dS = f(x)dx.

Adding all these elements from a to b we get the re-

required area as known definite integral

S = [ f(x)x (1)

Ex. 3. Produced quantity U of a factory during a time interval [0, 7]. Let f (t)
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be a labour productivity of the factory at an arbitrary time moment 7. The element
dU of the produced quantity during an infinitely small time interval [t,t + dt] equals
dU = f(t)dt .

Adding all these elements from 0 to 7' we get the sought produced quantity U, namely

T

U = [ f(t)at (2)

0
Ex. 4. The length path L traveled by a material point during a time interval
from ¢ = 0 to ¢ = T with the velocity v(z).
An element dL of the length path traveled during an infinitely small time inter-
val [t,¢+dt] is equal to
dL = v(t)dt

and the sum of all these elements from 0 to 7 gives the length path L to be found
T
L= [v(e)dt . (3)
0

Certainly, results (1), (2), (3) coincide with those (10), (11), (12) of the preced-

ing lecture.

Additional remarks about the areas of plane figures

a) The case of nonpositive function. The area of a figure

{(x,y):asbe,f(x)SySO},f(x)SO,
represented of the fig. 2, equals
Ja &
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Sz—jf(x)dx. (4)

a

b) The case when a function has different signs on various intervals. Let a

function f(x) be nonnegative on the interval [a,b] and nonpositive on the interval

[b,c]. The area of a corresponding figure, represented on the fig. 3, equals
b ¢
S=8,+58, = [ f(x)dx—[ f(x)dx. (5)
a b

c¢) The case when a figure lies between two curves. The area of a figure

{(x.y):a<x<b, filx) <y < £(x),

represented on the fig. 4, equals
b
=[50 (ks (6)

Ex. 5. Find the area enclosed by two curves y=4—x>, y=x" -2 (fig. 5).

Intersection points of the curves have abscises + V3. The

*figure is symmetric about the Oy-axis; we may find double area

of its right part.
: N NG
s=2[(a-v)- (e -2 =2 f(é_zxz)dx:z[w_gxsr _
0 0 0
Fig. 5 :2(6\/§—§-3x/§]=8\/§z13.9.

d) Figures oriented with respect to the Oy-axis. Areas of figures

(x.y):e<y<d,0<x<g(y)} (see fig. 6),
(cy):e<y<d, g(y)<x <0} g(y)<0 (see fig. 7),
{,7):c<y<d,0<x < g(y)U{(x,y):d < y<e, g(y)< x <0} (see fig. 8),
{(x,y):e<y<d, g(y)<x<g,(v)} Gsee fig. 9),

are equal respectively

S =gy, (7)



65

Applications of Definite Integral
d
S=—J.g(y)d ) (8)
d e
S:S1+S2:J.g(y)dy_.l.g(y)d R (9)
c d
d
S =[(g.(v)-2,())dv (10)
i i Y y=d "
@“/’ }&l@ Oy N
~ 1
N N
5 = — =
C/ 0
| Fig. 9

Fig. 6 Fig. 7 Fig. 8

Ex. 6. Find the area of a figure bounded by curves y*> =4x+4, y> =-2x+4
(fig. 10).

It’s well to write the equations of the curves in the next

2

-4 4—y

(4ADB)

(ACB). x = g,(y)=

and to utilize the formula (10).

axis

By virtue of symmetry of the figure with respect to the Ox-

2

2 (e:(

0

X —1/ A=

(8 (2="15)
=15/

BCD

~g(y)dy = 2[( 4 ]dy—zf(u 3y My =2.

e) The case of parametrically represented curve.

Let, for example, be given a curvilinear trapezium

(y):a<x<b,0<y< f(x)}, (fig 1),

!
=0,
0

-1

Clt=-
Fig. 11

Flt= 2/ butacurve y = f (x) is determined by parametric equa-

tions
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x:x(t)ay:y(t)
(x=a for t=a and x=b for t=).

To find the area of such the trapezium we change a variable in the integral (1),

namely
) x=x(t). f(x)=x(t) | ,
S = jf(x)dx = ldx = x'(¢)dt, x| a | b=\ y(t)x(¢)dt
t Bl @

Ex. 7. Find the area of the loop of a curve x =1,y =t 3 (fig. 11).

To construct the curve point by point and to see the loop we equate to zero the

. £, :
expressions x =t>, y =t ~3 x'=2t,y'=1-1t" and then form the next table

t 2.3 0-1 |01 | /3|2
X 4 |3 I 0|1 |3 4
y |20 210270 12

3 3 3 3
Point |4 | B C |O/D|E |F

From the fig. 11 we see that § =25 and so

ODEO »

f3

3 x=0,f(x)=t-—=| &/ 5 3 .

S:2S0DE0:2jf(x)dx: 10 33 :zj(t_%jztdtzélj'(tz_f ]df:&'
0 dx = 2tdt, 0 0

t]0][+/3

5
f) The area in polar coordinates.

Given a curvilinear sector (or a curvilinear triangle) that is a plane figu-

Fig. 13
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re, bounded by two rays O4:p=a,0B:p=pf (a <p ) and a curve AB given in po-
lar coordinates p = f ((p) (fig. 12). Find the area of the curvilinear sector.An element
dS of the area is the area of a hatched circular sector with the radius OM =p = f ((p)

and a central angle d¢,

-OM? 1 1 1
= dp=—0OM?*-dp==p°-dop=—f(p)-do.
S —do= p=2p"-do 2f((p) o

ds

Adding all these elements from « to f we get the area in question
S—lﬂzd —lﬂz()i 11
—2£p ¢—2£f PH. (11)

Ex. 8. Find the area of a figure bounded by a cardioid p = a(l + cos qo)l (fig.
13).
Desired area equals the twofold area of the upper part of the figure, which is a

circular sector with the rays ¢ =0, 0 =1 .

S = 2-%jp2d¢ = I(a(1+c05(p))2d(p = azj.(1+2cosq0+cos2 ©)dp =
0 0 0

= azj(l+2cos¢+
0

T3

1+ 2
1T Cos2p :EﬂaZ_

)do :az(%¢+2sin¢+%sin2(pj

0

Ex. 9. Find the area of a figure bounded by Bernoulli lemniscate”
(x2 +y2)2 = az(x2 —yz).
The figure is symmetric with respect to the Ox-, Oy-axes and lies in the angles

determined by the straight lines y =+x q y‘ < ‘x‘) (fig. 14). Passing to polar coordinates

x=pcosp,y=psing,x’ +y> = p°, we write the equation of the lemniscate in more
suitable form
((p cos@)’ +(psin qo)z)z =a’ ((p cosg)’ —(psin ¢)2), p“(sin2 @ + cos’ (p)z
= azpz(cos2 ¢ —sin’ qo) p’ =a’cos2p, p=a./cos2e.

Then we calculate the quadruplicated area of the circular sector bounded by the lem-

' See Lecture NO. 4, Point 2, Ex. 4
*Ib., Ex. 5
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niscate and the rays ¢ =0 ¢ = /4. We’ll obtain

T

N

S = cos2pdg =a’sin 29| =a’.

%j *do = 2j(aw/cos2¢)zd(p =2a’
0

S

0

POINT 2. ARC LENGTH

Let “ AB be an arc of some curve, and it’s necessary to find its length.

The first method. We divide the arc 4B into n parts by points

M, 3 M,=AM M,,. M, ,,M, =B and inscribe the
s
/ poly-gonal line M M M,..M, M, in AB (fig.
-1
4 15). Let
Fig. 15 P=>M_M =MM+MM,+.+M,_ M, (12)

i=1

1s the perimeter of the polygonal line and A = max M, M. If there exists the limit

L=IlmP (13)

A—0
it is called the length of the arc "4B.
Let an arc " AB of a curve be determined in Cartesian coordinates by an equa-
tion
y=r(x) (14)
on a segment [a, b], and x,, y, (i = O,_n) be the coordinates of the point M, M (x,,y,),

x, =a,x, =b. In this case

M, M, = \/(‘xi — X )2 + (yl' —Via )2 = \/(‘xi X )2 + (f(xi)_f(xi—l ))2 )

and by Lagrange theorem there is a point ¢, € [x,_,x,] such that

f(xi)_f(xi—l):f'(ci)(xi _xi—l)‘

Denoting x, —x,, = Ax, we get M, M, =1+ f"*(c,)Ax, and therefore

B =3 I+ 17 (e A
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Passage to the limit gives the desired arc length as a definite integral from a to b,

L:I 1+ f(x)dx.

(15)

The arc length L exists if a function f(x) is continuous with the first derivative

on the segment [a, b].

The second method. We find at first an element (or the differential) ds of the

desired arc length and then the arc length as the sum of all the elements.

By Pythagorean theorem ds’ = dx” +dy”, and

ds = \ldx* +dy” .

For an arc " 4B determined by an equation (14)

dx

2
ds = 1+(ﬂj dx =1+ £ (x)dx,

and the sum of all the elements from a to b leads to the same formula (15).

If an arc ™ 4B of a curve is determined parametrically by equations
x=x(z‘),y=y(z‘),a£z‘£ﬁ,
we have from (16)

ds = \/a’x2 +dy’ = \/x'z(t)+ y'2(¢)dt
and therefore

B

L=[x"(e)+y?(e)at.

a

If an arc ™ 4B of a curve is given in polar coordinates by an equation
p=p@),a<e<p
we pass to parametrical equations of the arc
X=pcosp,y=psinp,a<p=<f
and apply the formula (18). Since

(16)

(17)

(18)

(19)

(20)

dx =(p'cosp — psing)de,dy =(p'sing + pcos)de, dx* +dy* = (,o2 + p'z)d(p,

ds=+p>+p do
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the formula (18) gives
B
L=J.1/p2+p’2dq0. (21)

Ex. 10. Find the arc length of a curve y=Inx for 1 <x < V3.

By virtue of the formula (15) we have

_ﬁ/ / Viex®  flext=r x| 1 [3 ]

L—'([ 1+lnx dx I 1+— I . ‘\/E‘ H_

NP Fedr Fe-1+1)dr LY, (1 =17

_é — _éﬂ—l_é P _£(1+t2_ljdt—(t+zlnTjﬁ~0.04
f3

Ex. 11. Find the length of the loop of the curve x =¢>, y =¢ 3 (fig. 11).

By the formula (18)

\/3 ’2 3 12 ﬁ ﬁ
Lope =242 (t——j dt=2.[\/(2t)2+(1—t2)2dt:2.[x/t4+2t2+1d -
0 0 0

= 2fmdt = 2f(t2 +1)dt = 2(§+tj

0 0

NG}
= 4/3 ~6.93.

0
Ex. 12. Find the length of the cardioid p = a(1+cosg) (fig. 13).
With the help of the formula (21)

L= 2}«/,02 +p"%do = 2]7.\/az(1+2cosq0+cos2 q0)+ a’sin’ pdo = 2a]7.1/1+cosq0dq0 =
0 0 0

=8a.

—2aJ.1/ 1+cosq0d(p 2a'|.1/4c0329d(p 4a cos—dgo Sa(smgj
0
Yy

b

Ex. 13. Find the length of an ellipse x_ +

Parametrical equations of the ellipse x =acost, y =bsint,0<¢t <27, and by

2
the formula (18) L = J.\/a2 sin’ ¢ +b” cos” tdt .
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The integral can be found in a finite form only for some particular values of @ and b
for example if a =b. In general case we can find only approximate values of L for
concrete values of a and b because of a primitive of the integrand is inexpressible in

terms of elementary functions.

Ex. 14. Prove that the length of Bernoulli lemniscate (x2 + y2)2 = az( 2 yz)

(fig. 14) can be represented by the next integral

L:4ajd—(p:4aj do

NCos2¢ .\ f1-2sin’gp

A primitive of the integrand is also inexpressible in terms of elementary functions .

POINT 3. VOLUMES

Volume of a body with known areas of its parallel cross-sections

Let some body be situated between the planes

x=a, x=b, and for any x €(a, b) the area S(x) of its

cross-section by a plane perpendicular to Ox-axis is

known (see fig. 16). The volume of the body equals the

Fig.16 integral
V= [ S(c)x. (22)

m An element dV of the volume is the volu-

me of a right cylinder with the base S(x) and the
altitude dx, dV =S(x)dx. Adding all these ele-

Fig. 17 ments we get the required volume representted by

the formula (22).m

2 2

2
Ex. 15. Find the volume of the triaxial ellipsoid x_2 + Z—2 + 2—2 =1 (fig. 17)
a c
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It’s evident that [x|<a,~a < x<a. For any x € (~a,a) the cross-section of the

body perpendicular to the Ox-axis is the ellipse

with the semi-axes
/ x* / x*
b =b/l1-—,c =c,|]1-—
X a2 X a2

S(x)=nbc, = 7rb\/1—x2/a2 -c\/l—xz/a2 = ﬁbc(l—xz/az).

and the area

Therefore the volume of the ellipsoid by the formula (22) equals

y - j[S(x)dx b [ (1-*/a i = nbc(x—x_ZJ a

4
=—mabc.

3a 3

—a -a

Let's remark that for a = b = ¢ we get the volume of the sphere x* + y* +z° = a’

namely

V=—na’
3

Volume of a body of rotation

A curvilinear trapezium {(x, y): a<x<bh,0<y<f (x)} (see fig. 1) rotates

¥ about Ox-axis. Prove that the volume of the corres-
ponding body (body of rotation, fig 18) equals the

definite integral

b
V =Vror =7 | £ (). (23)
Fig. 18 mFor any x € (a, b) a cross-section of the body of ro-

tation by a plane perpendicular to Ox-axis is a circle of radius f (x) (fig. 18). There-
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fore its area S(x)=71"(x), and by the formula (22) the volume of the body in ques-

tion is given by the formula (23).m
Let the same curvilinear trapezium {(x, y):a <x<b,0< y < f(x)} (fig. 1) ro-

tate about Oy -axis which doesn’t pass through the interior of the trapezium'. Prove

that the volume of the body of its rotation is represented by the next integral:
b
V=V, =27 [ 3f (x)dx. (24)

Instructions. As an element of the volume one can take the volume of a part of

the body generated by rotation of the rectangle with the sides y = f (x), dx about the
Oy-axis. Then the element of the volume is dV" = 27zxf(x) whence it follows the for-
mula (24).

Ex. 16. Let the arc of a sinusoid y =sinx, 0 < x <7 rotate about the Ox-, Oy-

axes. Calculate the volumes of corresponding bodies of rotation.

With the help of the formulas (23), (24) we get

T

Voon = ﬁ.[fz(x)dx = 7r.|.sin2 xdx = %I(l —cos2x)dx = %(x—%sin 2xj

rotOx —
0 0 0

T

2
== .
2

0

v u = x,dv = sin xdx,

rotOy

= 27rj xf (x)dx = 27rj xsin xdx =
0 0

= 27{— (xcos x)‘ + jcos xdx} =
0

du =dx,v=-cosx o

J=27r2.
0

Let's regard now a curvilinear trapezium

{(x,y):c<y<d,0<x<g(y)}

which is oriented with respect to the Oy -axis (see fig. 6).

27[[7[ +sin x;

Let such the curvilinear trapezium rotate about Oy -axis. Prove that the vo-

lume of the corresponding body of rotation is represented by the integral completely

analogous to (23)

"Thatis @ >0 or b <0.
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d
V=V, =7 [ &)y (25)

2 2
Ex. 17. The ellipse x_2+ Y —1 rotates about the Ox-axis, and then about the
a

5=
Oy-axis. Calculate the volumes of corresponding bodies of rotation.

From the equation of the ellipse

and by the formulas (23), (25) we'll have

KOZOxzﬁjyzdxzﬁjfz(x) ﬁb (a - X )a’x-gﬁab ,
-a -a Cl

e 3
b b 2 b 5
Yoy =7 [y =7 [ 2 ()dy = zaz J(bz—yz)df gﬂz b,
b b %

POINT 4. ECONOMIC APPLICATIONS

Problem 1 (produced quantity). Let f (t) be the labour productivity of a some

factory at a time moment ¢. It is known (see the formula (11) of the point 2 of prce-

ding lecture) that its produced quantity U during the time interval [0, 7] equals

U= f(e)dt.
0
Ex. 18. Let the labour productivity of a factory be f(t)=(1-¢)’,0<¢<2. Then
its produced quantity
) l-t=y,dt =-dy, 4 s N 2
U:'([(l_ 0] 2 jy dy = jy dy—?_lzg—(—gjzg.

y|1]-1
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Problem 2 (costs of conservation of goods). Let f (t) be the quantity of goods

in the storage at a time moment ¢, and a constant quantity 4 represents the costs of
conservation of unit of goods per unit of time. Then the costs of conservation of

goods during a time interval [z‘, t+ dz‘] (or an element of the costs of conservation)

equals
dQ = hf (t)dt .
Adding all these elements from #=0 to t =7 we get the costs of conservation of

goods during the time interval [0, 7], that is

T

0= nf(e)d.

0

Let, for example, we study the case of uniform consumption of all goods from
P atatime =0 to 0 atatime =T . In this case the quantity of goods at a time mo-

ment 7 is

and the costs of conservation of goods equals

T

[ nf(e)ar = hpj (1 - %jdt - hP(t - %j

0

" nPT

2

0

0




LECTURE NO. 23. DEFINITE INTEGRAL: ADDITIONAL QUESTIONS

POINT 1. APPROXIMATE INTEGRATION
POINT 2. IMPROPER INTEGRALS
POINT 3. EULER I'-FUNCTION

POINT 1. APPROXIMATE INTEGRATION

We’ll study the case of nonnegative function f (x) >0 when a definite integral

I £ (o )dx

a

represents the area of a curvilinear trapezium {(x,y):a <x<b,0< y < f(x)} bounded
by straight lines x=a, x=5b, the Ox-axis and a graph of the function y= f (x) The

same results remain valid in general case.

Rectangular Formulas

AV : We divide the segment [a, b] into n equal parts of the
] =

length /4 = bza by points
n

| ¥t Yn
- Xo=a,X, =X, +h,x, =x,+h,....,x, =x,_,+h=0b.

2 Straight lines x =x,, x =x,, x =X,,..., x =x,_, divide the

C

curve y=f (x) into n parts . Let’s denote by

Fig. 1 vo =S yi=f00) vy = 1) v, = ()

the values of the function y = f (x) at the division points (see fig. 1)

mfa 2, Ty

a) Substituting all parts of the curve y = f (x) by the segments of straight lines
Y=Yy, V= Y5, ¥ =Y, , We substitute the curvilinear trapezium by the set of rectan-

gles with total area



77 Definite Integral: Additional Questions

b—a
Si=y,-h+y h+..+y ,-h= » -(y0+y1+...+yn_l).

Therefore

b

[£G)dxm S, =h-(yy+ 3+ 43,.)=

a

b—a

n

o+ ¥+t ) (1)

b) Similarly, substituting all parts of the curve y= f (x) by the segments of

straight lines y=y,,y=y,,...,y=y, , we'll get

b

J.f(x)dxz S, :h-(y1 +y2+...+yn):

a

b—a

n

D+ et y,) (2)

Absolute error of the formulas (1), (2) has the order 1/, that is

b

2
J.f(x)dx—Sl. S%,izl, 2M :Mmax

n 2 [a, b]

f '(x){ .

3 w 1 c¢) Dividing the segment [a, b] into 2n equal parts of
2 \\\\ ( B
§ NN §\ ! the length & :l)2_a by points

f n

Xy =4, X, Xy,..., X,, =b (fig. 2),

]
]
v
bay ¢

we substitute the curvilinear trapezium by the set of rectan-

Fig.2 gles with bases 24, altitudes y,, y,,..., ¥,,_, and total area

b—a
S, =y, 2h+y, 2h+..+y, | -2h=2-7-(y1 F Y Y, )=

:2h'(y1 + Vs +---+y2n—1):—'(y1 + Vs +"‘+y2n—1)'

Hence

b

J.f(x)dxz Sy = 2h'(y1 + Vs +"'+y2n—1):

a

b—a
n

'(y1+y3+---+y2n—1) (3)

Absolute error of the formula (3) has the order 1/x°, that is
fﬂ(x)“

It means that the formula (3) is more exact than both (1) and (2).

b

If(x)dx -3,

a

3
Slz, N:—(b_a) max
n 24 lab]
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Trapezium Formula

7 /’3?;2,_-4—

7 L :

4/ After dividing the segment [a, ] into n equal parts
p 2 of the length 4 = (b —a)/n by points
IR
% b # A:A(XO’yO)’Al(xl7yl)7""An(xn7yn):B
IRET .;z e (fig. 3) we divide the graph of the function y= f (x) into
= 7 w2 dpy dp=

Fig. 3 n arcs. Substituting all arcs of the graph by segments
AA,, A/ A,,...., A B

we substitute the curvilinear trapezium by the set of trapeziums with total area

— +
S4=y°+y‘-h+y‘+y2-h+...+y”“+y”-h:b 2. (2 y”+y1+yz+---+yn_1 :
2 2 2 n 2

So we get the next approximate formula (trapezium formula)

[ ekt =S,

b

+ b—a +
J.f(x)dxzh-(—yo 2y” +y1+y2+...+yn_1j= » '(yo 2y,, Tt +“'+yn—1j (4)

a

Its absolute error has the order 1/x°, that is

b

[ £(x)ax-s,

a

3
S£ P:(b_a) max

n?’ o pa/ (x).

It means that the formulas (3) and (4) have the same order of exactness.

Simpson' formula (parabolic formula)

Let’s divide (by points x, =a, x,, X,,..., x,, =b ) the segment [a,b] into an

even number 2n of equal parts of the length £ = ? and let

2n

M =M(x0, yo)» Ml(xv y1)> Mz(xza y2)""’M2n—l(‘x2n—l7 y2n—l)’ M2n(‘x2n7 y2n)

! Simpson, T. (1710 - 1761), an English mathematician
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be points of the curve y= f (x) corresponding to the division points (see fig. 4 for the
case 2n = 6).

At first we draw a quadratic parabola

y y=Ax>+Bx+C
T4

gtz through points M, M|, M, (see fig. 4, 5). One can prove

X

that the area of the figure between the arc MM M, of

i F7 5 % % 5 % a5~ the parabola and the segment [x,, x, ]| of the Ox-axis

Fig. 4 equals
p%) h
2
xY, y J.(Ax +Bx+C)dx:§(y0+4yl+y2),
' < y#(2) 5
i ‘\_/ 0
b= and we can write

v | 5 5 5

i N If(x)dsz(sz+Bx+C)dx=—(yO+4yl +3,).
7 a=rz oy I, z X0 Xo 3

Fig. 5 Carrying out the same procedure on the point triplets
MMM, MMM, .. M, M, M, weget

b X2n

If(x)dx =Tf(x)dx+Tf(x)dx+Tf(x)dx+...+ J.f(x)dx ~ S =

a *2n-2

h h h h
zg(yo +4y, +y2)+§(y2 +4y; +y4)+§(y4 +4y; +y6)+“‘+§(y2n—2 +4y,,., +y2n):
h
zg(yo Ay +y, + Y, FAyst vt Y, AVt Y+t Yy H4Y, +y2n):

b—a
2n

h
:_((yo +y2n)+4(yl + st Ys +"‘+y2n—1)+2(y2 t Yyt Ve +“‘+y2n—2))7 h=
3

Finally we get Simpson’s formula for approximate integration

b

b_
J.f(x)dx ~ S :6—;((370 +y2n)+4(yl + s +"'+y2n—l)+2(y2 + Yy +"'+y2n—2)) )

a

Simpson’s formula (5) is the most exact in comparison with (1) — (4). Indeed,

its absolute error has the order 1/n* that is
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b

If(x)dx— Ss

a

0 ,_b-a)
S 9 g0 )

For example in the case n = 3, 2n = 6 (fig. 4) Simpson’s formula has the next

form

[ 7Gx zbl;ga((yo +96) 40+ 2+ 5)+ 200, +2,).

1.6

Ex. 1. Calculate approximately the integral / = Isin x’dx .
0

Let’s form the next table of values of the argument and the function:

I X; x7 y, =sinx;’

0 x,=0.0 0.00 ¥, =0.0000
1 x,=0.2 0.04 », =0.0400
2 x, =0.4 0.16 7, =0.1593
3 x,=0.6 0.36 vy, =0.3523
4 x,=0.8 0.64 v, =0.5972
5 x =10 1.00 v, =0.8415
6 x, =12 1.4 ¥, =0.9915
7 x, =1.4 1.96 7, =0.9249
8 x; =1.6 2.56 Ve =0.5487

It corresponds to division of the segment [0, 1.6] into 7 =8 parts of the length

_b-a 18-00
8 8

h 0.2.

By the formula (1)
1~02-(y,+y, +...4y,)=02-3.9067=0.7813~0.78 ~ 0.8..
By the formula (2)
I1=02-(y, 4.4y, +y,)=02-4.2488=0.8911~ 0.89 ~ 0.9.
b—a _ 1.6-0

n

Using the formula (3) we take 2n =8, n=4, h= =0.4, and so
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[=0.4-(y,+y,+y;+¥,)=0.4-2.1587 = 0.8635 ~ 0.86.
By the formula (4)

1zo.z-(%+yl T S ) +y7j:0.2-4.1811:0.8362z0.84.

We’ll apply the formula (5) two times.
At first we divide the segment [O, 1.6] into 2n = 4 parts, x, = 0.0, x, =0.4,

x,=0.8, x,=1.2, x, =1.6, correspondingly y, =0.0000, y, =0.1593, y, =0.5972,
b—a 1.6-0.0

2n

= 0.4, and therefore

I~ g((y0 +3,)+4-( +y3)+2-y2)=%-((0.0000+0.5487)+4-(0.1593 +0.9915)+

+2- 0.5972) = % 6.3463 = 0.8462 ~ 0.846.

b—a 16-0.0
2n 8

Dividing now the segment [O, 1.6] into 2n = 8§ parts, h = 0.2,

we have

h
Izg((yo+y8)+4'(y1 +y3+y5+y7)+2'(y2+y4+y6)):

= %-12.6795 =0.8453 = 0.845.

It’s useful to compare all these results with known approximate value of the

same integral up to 10"’ namely

1.6
= j sin x?dx ~ 0.8452689707 .

0

POINT 2. IMPROPER INTEGRALS

Improper integrals of the first kind

Def. 1. Let a function f(x) be continuous on an infinite interval [a;+o]. If

there exists a finite limit
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b

lim £ (ox)dx < o0 (6)

then we say that the next integral (the improper integral of the first kind)

[ (e (7)
converges (exists, is convergent).
Thus by the definition 1
+00 b
[ £ () = tim [ f(x)dx. (8)

Def. 2. If the limit (6) is infinite one or doesn’t exist we say that the improper in-
tegral (7) diverges (doesn’t exist, is divergent).
By the same way we can define the next two improper integrals of the first

kind

Def. 3.
J 7w = lim [ ek )
if a function f(x)is continuou_s on an infinite interval (— 0, a].
Def. 4.
Tf(x)dx: j.f(x)dx++j?f(x)dx:blirg)j.f(x)dx (10)

if a function f(x)is continuous on the set of all reals.

The improper integral (9) is called convergent if a finite limitexists in (9) and
divergent otherwise. The same is concerned to the improper integral (10).

Def. 5. Principle value of the improper integral (10) is called the next limit

p.v.Tf(x)dx = lim If(x)dx. (11)

b—+o

If an integral (10) converges then its principal value also converges. But there

are cases when the integral (10) diverges but its principal value converges.
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Ex. 2. Improper integrals

+00 a

jdx(a 0), jd—f(a<0),pem (12)
X

X

are convergent for p >1 and divergent for p <1.
mLet’s consider the first integral.
a) If p>1 we can suppose p =1+, where a >0, and so
b

= 1l lim(b_a —a_a):

o b—o+»

piiis j = lim j i e d— fim F

Xp l+a b—>+oo b>+o — oy

a

1. (1 1 1 1 1 1
=—Ilm|——— |=—|0—-——|= = <o,
a b=\ b*  a” o a“) aa” (p-1)a”

that is the integral converges for p >1.

b) Let p =1. In this case

+00 b
K _im j@: lim In x

X b—>+o X b—+x0

= lim(Inb—Ina)=+o.

b—+o

a a

The integral diverges.
c)If p<1 weput p=1-a, where a >0, and

=$l}ir50(b“—a“)=+w.

+00 dx +00 xa b
-1 .
I = lim I— = hm x “dx=lim —

. xp b—>+0 b—>+oo b+ (y

The integral diverges.m

Ex. 3. Prove that the integral

+00

I sin xdx

diverges but its principal value converges (to zero).

mOn the base of the formula (10)

+00 b b

Isin xdx = lim | sinxdx = — lim cosx| =— lim (cosh—cosc)=— lim cosh + lim cosc.
b—>+w0 b—+w0 b—+o b—r+w c—>—00

—© c—>—w C c—>—0 4 c—>—0

Both limits don’t exist and therefore the integral diverges. On the other hand the prin-

cipal value of the integral converges to zero (or equals zero), because of by the for-
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mula (11)
+00 b b
D-v. Isin xdx = blirn sinxdx = —blirn cosx| = —blirn (cosb —cos(=b)) =
—0 b -b
= —blim (cosb—cosh)=0.m
o 5 -1 Ex. 4. Find the area of an infinite figure bounded by
s e .1 . 1 .
ﬁ N Agnesi witch y = g and its asymptote (fig. 6).
! ! willl > + X
~7-;-/0 5" The straight line y =0 (the Ox-axis) is a horizontal
Fig. 6 asymptote of Agnesi witch because of
: 1 .1
lim >=lim —=0.
x>0 | 4 x x>ty

The figure is symmetric with respect to the Oy -axis, and therefore its area equals

+00 b b
S:2I dx2:2limj. > =2 lim arctanx :2limarctanb:2-£:7r.
0 1+ X b—+0 0 1+ X b—+0 0 b—+0 2

Note 1 (Newton-Leibniz formula for improper integrals).

Let a function F(x) be a primitive of a function f(x). Denoting
F(+0)= lim F(x)

X—>+0

we can represent evaluation of the improper integral (8) in the form of Newton-

Leibniz formula, namely

Tf(X)dx = lim ff(x)dx = lim F(x>{b = lim (F(b) - F(a))= lim F(b)- F(a)=

+00

= lim F(x)—F(a)zF(+oo)—F(a):F(x

X—>+00

+00

(13)

Tf(x)dx = F(x

The same Newton-Leibniz formula can be written for the other improper inte-

grals.

' Agnesi, M.G. (1718 - 1799), an Italian mathematician
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Ex. 5. jd—fz—l =—(lim l—1j=—(0—1)=1.
X
1

X 1 X—>+0 X

Ex. 6. Calculate the next improper integral J. dx >
J4+x
Tode 1 x| 1. X x) 1(x s s
I > =—arctan—| =—| lim arctan—— lim arctan— |=—| ——| —— | |=—.
A+ 2], 2\ 2w 2) 2(2 2)) 2
Ex. 7. Te_“x cos bxdx = —; a = Te‘“x sin bxdx = ——— fora >0
) a +b" 3 a +b
mFor example Je“” cosbxdx =< (b sm2bx —2a €08 bx) =
) a +b 0
. (e ™(bsinbx—acosbx) —a a a
= lim 2 2 T2 2 |~ 2 2 - 2 ;- n
X—>00 a +b a +b a +b”~ a +b

Note 2 (change of a variable and integration by parts in improper integrals
of the first kind). In process of evaluation of improper integrals of the first kind we
can use change of a variable and integration by parts.

Ex. 8. Evaluate the next improper integral or state its divergence.

+00

_wezx +1

e"+e”

—00

+J°~° dx Texdx e =y, x|_oo|+oo|_T &y

_T 0"
e'dx=dy y‘ 0 ‘+°0‘_ I+y B

s =arctany| = 5

0 0

Ex. 9. Evaluate the next improper integral or state its divergence.

T’ & | w-1=yny>0, x|\/§|+oo‘:+j3° xdx :T’ ydy
o1 |xdy=ydy,x’ =1+ y | 1 |+ S -1 3 (1+07)y
=T dy =arctany+w:£_£:£
' 1+ y? 2 4 4

Let's calculate this integral by the other substitution.

1 sin tdt

y —sintdt sintdt ‘ g
+00 X = , dX = — = ) 2
I dx cost cos’t  cos’t x| V2 | + 0 _I cos’t
= 2 ) = =
el |2 q_ 1 _l-cos’t sin"t 4 ‘7[/4 ‘ 7[/2‘ 2 1 sint
cos’ ¢ cos’t  cos’t 4 cost cost
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T
2

T
.

NG

z
2

I
BN —o N
SN
I
o~

4
After changing the variable we've got a usual definite intefral.

Ex. 10. Evaluate the next improper integral or state its divergence.
= X = —_— ——
> xv/In’ x ;:dy’ yIil|+om o y¥? \/;

Improper integrals of the second kind

=2.

1

Def 6. Let a function f(x) be continuous on one of these three sets: a) [a, b),
b) (a,b], ¢) [a, ¢)U(c, b] with discontinuity point a, b, c respectively. One introduces

the next three improper integrals of the second kind (integrals of discontinuous

functions over a finite interval) namely

b b—¢

[ £(x)x = tim [ f(x)dx; (14)
[ (x)x = tim [ f(x)d; (15)

b

j £(x)dx = j f(x)dx+j f(x)dx=lim [T]f(x)dx+ T f(x)dxj. (16)

£1,60—>0+0

a ctéey

Notions of convergence or divergence are introduced in the same way that for
improper integrals of the first kind.

Def. 7. The principal value of the integral (16) is called the next limit

£—0+0

p.v.j £(x)dx = lim “ £ )dx + j f(x)dxj. (16)

ct+e

Ex. 11. Improper integrals

¢ dx t o dx
10=_£x—p, ]lzj(b—X)p’ o

Q) >
&
N
Il
Q) >
&
o
N
AN
)
AN
S
N—"
~~
[E—
-
N—'
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are convergent for p <1 and divergent for p >1.

mLet’s study the first integral /.

a)If p=1 we have [ = J.@ = lim @ = lim (ln‘a‘ —In g)z o (divergence);
X £—0+0 X £—0+0
b) In the case p #1
1-p
a . a 1 . . . i
Iozjx"’dxz lim | x"dx = lim (a7 —e7")= _p¢oo1fp<1,
£—>0+0 —-p+ 1 e—>0+0 .
0 & o0 if p> 1
(convergence for p <1 and divergence for p>1)m
Ex. 12. Investigate the integral J.d— for convergence (x =1 is discon-
x —4x+3

tinuity point).

Let's represent the integral in the form
2 2 2 2 2
1 1 1 1
R [ e ) o | et
L X —4x+3 S (x—1fx— \x—=3 x- L X=3 S x-—

The first integral is usual one because of its integrant is continuous on the segment

[O, 2], and the second is divergent improper integral ( p= 1). Therefore the given im-

proper integral diverges.

1
Ex. 13. Find the principal value of the next divergent integral J.@
X

1 d —ed 1 d 1
JA% X~ lim ( L j—xj = lim [ln‘x‘ +ln‘x‘ j = lim (ln‘— 8‘ ln‘ 2‘ +Inl-In 8)
’ X £—0+0] ‘%, X . X £—0+0 , £—>0+0
= lim (lng—~In2-Ing)=— lim In2=-In2.
£—0+0 £—0+0

Ex. 14. Find the area of an infinite figure bounded by the lines y = l/ Jx,
x=0,x=1, y=0 (fig. 7).

(1— lim s )=

£—0+0

1
dx
S - -([ B 81—1>1;)1;—10 T £—0+0
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Note 3 (Newton-Leibniz formula). Evaluation of improper

- » . integrals of the second kind can be represented in the form of

Newton-Leibniz formula. For example let a function f(x) be con-

Fooe e tinuous on an interval [a, b) and for any its primitive F(x) we de-
|
: note
5
EA =1li
0" % 7 x F(b) xlirbr}OF(x).
Fig. 7 Then

£—0+0 £—0+0 £—0+0

.T x)dx= lim If dx = lim F(x)‘bg = lim F(b-¢)-F(a)=

:2(1— lim J})z 2(1-0)=2.

x—0+0

1 1
dx
Ex. 15. | —==2+x
-([«/x

0

Ex. 16. For any positive number a

=

: X . X : : T T
= limarcsin ~ — lim arcsin = = arcsin1 —arcsin(-1)==—| - = |=7x
X—>a a X—>—a a 2 2

a

) .X ) .X
= lim arcsin—— lim arcsin— =

x—a—0 a x—>—a+0 a

= arcsm —

Note 4 (change of a variable and integration by parts). Evaluating improper
integrals of the second kind we can use change of a variable and integration by parts.

Ex. 17. Integrals /,, I, of the example 7 can be reduced by change of a variable
to the integral /, of the same example. In particular

t o dx b-x=y, x| a b J- dy dy converges for p <1,
dx=—-dy, y | b—a O

[ =]———
1 -!(b—x) K b diverges for p >1.
Ex. 18. With the help of integration by parts we'll have

1 1 2 2 2
x° dx i X X
—|— —=—-1lim (—lnxj—f

X x—0+0 2

1 Inx =u, xdx =dv, i 1 1
J.xln xdx = dx x*|= (— In xj
! du=—,v=—

X 2

0 0
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Convergence tests

We’ll state and prove some important theorems for an improper integral of the

first kind
I f (x)dx ,

but they are valid for all other improper integrals.
Theorem 1 (comparison test for non-negative functions). Let for continuous on

[a, + ) non-negative functions f(x), g(x) and sufficient large x
0< f(x)< glx).
If the improper integral of the function g(x) over the interval [a, + o) conver-
ges, then the integral of the function f (x) over the same interval also converges. If
the integral of the function f(x) diverges, then the integral of the function g(x) also

diverges.

m For example let the integral of the function g(x) converge, that is

b—+w

+o0 b
Jg(x)dx = lim Jg(x)dx =] <o0.,

and the inequality in question holds for all x > a . It follows that for any b > a

b b

_[f(x)dx < Ig(x)dx <I

a

and so there exists the limit

b

Jim flx)dx<T.

It means that the integral of the function f(x) converges.m

Ex. 19. On the base of theorem 1 the improper integral

' odx
!x3+1

converges because of for all x such that x > 1the next inequality
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1

X+l x

1
< __
3

holds and the integral

+
¢ dx

3

1 X

converges (p=3>1).

+0 4

Ex. 20. The integral jx *l
1

~—dx diverges on the base of the same theorem, be-
X

cause of for any x>1

x"+1 JX 1
x’ XX
and the integral
+00dx
— (p=1)
X

diverges.

Ex. 21 Prove convergence of the integral

+00
_2
Iexdx.

—00

m Let’s represent the given integral as the sum of three integrals

+00 -1 1 +00

2 2 2 2
Ie‘x dx = Ie‘x dx+J.e_x dx + Ie‘x dx .
—0 —© -1 1

The first and third integrals are those improper. They converge by the theorem 1, be-

cause of

and the integrals

converge. The second integral is usual (proper) one. Therefore the given integral con-
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verges.m

Ex. 22. Prove yourselves divergence of the integral

+°°1n(x2 + 1)
'!‘de.

Hint. ln(x2 + 1)2 In2 for x>1.

Ex. 23. Investigate for convergence the next integral

T dx
1 ln(x + 1) '
It’s known that for any positive x
In(x+1)<x=1/In(x+1)>1/x,
and the given integral diverges on account of divergence of the integral

<
= (p=1).

1 X

Theorem 2. Let for continuous on [a, + ) functions ¢(x), £(x), #(x) and suf-
ficient large x
o(x)< f(x)<g(x).
If the integrals of the functions @(x), ¢(x) converge over [a, + ), then the in-

tegral of the function f (x) also converges.
mValidity of the theorem follows from the inequality
0< f(x)—(x)< ¢(x)-olx)
and preceding theorem.m
Theorem 3 (absolute convergence of an improper integral). If for a func-

tion f'(x), which is continuous on an interval [, + ), the integral of its absolute

value
.H f (x]dx

converges, then the integral
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T £ (ox)dx

of the same function f (x) also converges and is called absolutely convergent.
mProving follows from the inequality
- ()< flx)=]f(x)
and the theorem 2.m

Ex. 24. Prove absolute convergence of the improper integral

+00

J- sin xdx
—.

] X

The improper integral of the absolute value of the integrand converges because

of inequality
sinx| [sinx| 1
% 2 %:‘ 2 ‘S_z
X X X
and convergence of the integral
rd
x—f (p=2>1).

1
Therefore the given integral absolutely converges.

Ex. 25. Investigate for absolute convergence the next improper integrals

+00

J'cosaxdx j'sinbxdx
JEENCIE S

POINT 3. EULER I'- FUNCTION
Def. 8. Euler I"-function is called the next improper integral
F(a)z Ixa_]e_xdx (18)

It can be proved that the I"-function (18) is continuous and has continuous de-
rivatives of all orders fora > 0.

Ler's state some properties of the I -function.



93 Definite Integral: Additional Questions

1) T()=1.

ml(])= Ie‘xdx =—e "

0

2) T(a+1)=a -T(a).

= —(}im e’ — 1):1 .

—>+00
0

ml(a+1)= jx“e‘xdx =

0

u=x",dv=e"dx,

—X

-1
du=ax""dx,v=—e

= Ixa_]e_xdx = -F(a)l
0

3) For natural value a =nefN T'(n+1)=n!
T(n+1)=nl(n)=n(n-1)(n-1)=n(n-1)\n-2)0(n-2)=...=
=n(n-1)n-2)-....3-2-1-T(1) =nt 1= n!

Def. 8. I'(a +1)=a!

In accordance with definition 8 I"-function is an extension on the set of all
positive real numbers of the factorial-function n!, which is defined on the set of all
natural numbers.

Ex. 26. 0!=1.

mBy virtue of the definition 8 0!=T(1)=1.m
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1. aGcomroTHO CXOmsI-
HUHACST  HECOOCTBEHHBIN
HUHTETpa

2. aaIUTUBHOCTD (mo

GYHKINH, TTO HHTEP-BaJTy)
3. IJIMHA IyTU

4. mopoxnaTecsi, o0pa3zo-
BBIBATHCS

5. IeKapToBbl KOOPAUHA-
TBI

6. TIIaBHOE 3HAYEHUE
(komM)  pacxosIIero-cs
UHTETpaia

7. A3MEHUTH
WHTETPUPOBAHUS
8. KpyroBO# CEKTOP

9. cxoguthes  (aOCOMIOT-
HO, YCJIOBHO)
10.20COIIOTHO CXOOUTHCS

peeibl

11.cxomsmuiicg HE-
COOCTBEHHBIN UHTETpa

12.1m1omaae rnore-
PEYHOr0 CEYEHUs
13.KpUBOIMHENHBIN  CEK-
TOp

14.xpuBonuHeliHass  Tpa-
MELHs

15.onpenenénupii  MHTE-
rpajl Kak cymma 3JIEMEH-
TOB

16.onpenenéHnpli  UHTE-
rpain oT a 1o b dyHKuuU
3¢ OT UKC Jie UKC
17.onpenenénnpli  UHTE-
rpajl 0 OTPE3Ky [0 HH-
TepBaiy|
18.onpenenénnpli  UHTE-
rpal ¢  IepeMeH-HbIM
BEPXHUM TpEJIe-JIOM

19.npounsBonHas ompe-

a0COJOTHO 301KHHI He-
BJIACTUBUH IHTETpa

aIUTUBHICTE (32  (yH-
KIII€10, 32 THTEPBAJIOM)
JOBXHHA AyTH
HOPOJIKYBATUCA,
proBaTUCs
J€KapTOBl KOOPAUHATH

yTBO-

rOJIOBHE 3HAYCHHS (KOIII1)
PO301KHOIO 1HTErpana

3MIHUTH MEXI1
IHTEIPYBaHHS
KPYT'OBUU CEKTOP
30iraTucs (abcomoTHO,
YMOBHO)

abCOJIOTHO 301raTucs

[rpanwuII]

30DKHUM HEBJIACTHUBHUI 1H-
Terpai
IJIOMIA TOMEPEYHOro Tie-

pepisy
KPUBOJIIHIHUN CEKTOP

KPUBOJIIHIIHA Tparnelis

BU3HAYEHUM IHTETpall SIK
CyMma 3JICMEHTIB

BHU3HAYEHUI 1HTEIpAJ Bif @
1o b dyskiii a¢ Big ke ae
1KC

BU3HAUYECHHUI 1HTEIpal 1o
BIIPI3KY [110 1HTEpBay]

BU3HAYEHUM 1HTETpal 3
3MIHHOIO BEPXHBOIO Me-
KEI0 [TPaHULEIO |

MOX1Ha BH3HAYCHOTO

absolutely convérgent
improper integral

additivity (with respéct to
a finction, to an interval)
arc length

be génerated (by...)

cartésian coordinates

cauchy’s principal value of
a divérgent integral

change the limits of inte-
gration
circular séctor
converge
conditionally)
convérge absolutely

(absolutely,

convérgent improper
integral
cross-séction area

[trdnsverse séction area]
curvilinear séctor

curvilinear trapézium (p/
trapéziums, trapézia)
[trapezoid]
définite integral as a sum
of ¢élements

définite integral from a to
b [betwéen a and b] of a
finction fof x dx

définite integral Over a
ségment [an interval]

définite integral with the
variable/varying upper
limit/boéund

derivative of a définite
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NeNEHHOTO WHTEerpaja Mo I1HTerpasia 3a 3MiHHOwo integral with respect to its
MEPEMEHHOMY BEPXHEMY BEPXHBHOIO MEKOIO variable/varying upper li-
npeaeny mit/bound

20.ucKoMas BEJIMYHMHA KakK
CyMMa 3JIEMEHTOB

21.nuddepeHiman JIUHBI
IyTU KPUBOU
22.pacxoauThes
23.pacxoasuuics Hecoo-
CTBEHHBIN UHTE-T'pall
24.pa3bueHue/mo-
paszereHnue MHTepBaja Ha
4acTH

25.T04Ka JeNeHHsl OTpe-
3Ka Ha 4acTu

26.1BOMHAs TTOICTAHOBKA

27.371EMEHT HMCKOMOM Be-
JIAYUHBI

28.3JIEMEHT MHTErPHPOBA-
HUS

29.351eMeHTapHBIN
30.011€HKa ONPEIeIEHHOTO
WHTEerpaia

31.HaliTM HOBBIE MPEAECIbI
WHTETPUPOBAHUS
32.00pa3oBbIBaTh, COCTaB-
JSATh UHTETPATBHYIO CyM-
My

33.00001eHUE TIOHSA-THS
OTpeIeIEHHOTO MHTErpasia

34.0000UTh TIOHATHE
ONPEICIIEHHOTO WHTET-
pana

35.mopoxaarh, 00Opa3oOBbI-

IIyKaHa BeJIMYMHA K CyMa
€JIEMEHTIB

nuddepentian
IyTU KPUBOT
po30iraTucs
PO301KHUIM
1HTerpat
PO30UTTS/TIO LT
BajJly Ha YaCTUHU

JOBXHNHHU

HEBJIACTUBUU

HTEp-

TOYKa MOJUTY BiIpi3Ka Ha
YaCTUHH

MOABIMHA ITIACTAaHOBKA

€JIEMEHT  IIyKaHol  Be-
JTUYUHUA

€JIEMEHT IHTEeTpyBaHHS
eJIeMEHTapHUN
OI[IHKA/OI[IHIOBaHHS  BH-

3HAYEHOTO IHTEeIpaJia
3HAUTH HOBI ME€XI1 [rpaHu-
11] IHTeIpyBaHHS
YTBOPUTH,  CKJIACTH
TEIpaJibHy CyMy

1H-
y3araJIbHCHHsI TIOHSTTS BU-
3HAYEHOI0 1HTEerpana

y3araJpHUTH TOHATTSA BU-
3HAYEHOTO IHTEeIpaJia

MMopo’KyBaTu, YTBOPIOBA-

desired  [sought,  Un-
known] quantity [ quéntity
in quéstion] as a sum of
elements

differéntial of an arc
length

divérge

divérgent improper
integral

division [décomposi-tion,
partition, split, splitting,
subdivision] an interval
into parts
division/partition/de-

composition/subdivision
point of a ségment into

parts

déuble substittion
[permutation, replace-
ment]

¢lement of a(n) desired
[sought, Unkn6éwn] quén-
tity [of a quantity in qués-
tion]

¢lement of integration

cleméntary
¢stimate/estimation
définite integral
find [detérmine] the new
limits of integration

form, make up, compose
an integral sum

of

generalization [extén-sion]

of nétion of dé-finite
integral
géneralize/exténd the

nétion of définite inte-gral

génerate
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BaTh ™M
36.reoMeTpUUECKUi TCOMETPUYHMI CceHC BHU- geométric(al) méaning
CMBICIT OMPEeNIeIEHHOTO0 3HAYEHOTO 1HTeTpasia [sense] of définite integral
WHTETpaza

37.0MHOPOTHOCTh
38.HeCOOCTBEHHBI HHTE-
rpal  M[EpBOT0/BTO-POro
pona

39.HecOOCTBEHHBI HHTE-
rpajx 1Mo KOHEYHO-MY WH-
TepBally OT pa3-pbIBHOU
[HEorpaHUYEH-HOM |
byHKIIIHN
40.HeCcOOCTBEHHBI HHTE-
rpal ¢ OecKOHEY-HBbIM
npeeaoM [c oec-
KOHEYHBIMH TIpejieia-MHu |
OT HeNmpephIBHON (DyHK-
007078

41.Brucarh JIOMaHYHO JIH-
HUIO (B KPUBYIO)

42.BrcaHHas  JIOMa-Has
JTUHUS (B KPUBYIO)

43.MHTErpupyeMoCTb

44 ynrerpupyemas (QyHK-
s

45.mHTEerpanibHas cymma
46.n01BIHTETpANIbHAS

byHKIMISA

4’7 .MOaBIHTETpaJIb-HOE
BBIPAYKEHUE

48.MHTErpUpOBATH
49.uHTErprpoBaHue
50.MHTETpUPOBAHUE 3aMe-
HOM TMEepeMEHHON [mon-
CTaHOBKOM |

OJTHOPIJHICTh
HEBJIACTUBUN 1HTEerpat
MIEPIIOTO/IPYTroro POIY

HEBJIACTUBUU IHTErpasl IO
CKIHUCHHOMY  I1HTEpBaly
BiJl PO3pPUBHOI
[HeoOMeskeHOi| pyHK-IT1i

HEBJIACTUBUU
HECKIHYCHHOIO MEKEIO
[rpanuLero| 3 He-
CKIHUYEHHUMH MeKaMu/
TpaHUIIMA  BiI  Heme-
pepBHOi PyHKITIT

BIMCATH JIaMaHy JIiHIIO (B
KPHBY)

iHTerpan 3

BIIMCAaHa JjamaHa JiHisA (B
KpHUBY)

IHTEIPOBHICTh
IHTETpOBHA (DYHKIIIS

IHTeIpajJbHa Cyma
niAiHTerpajibHa QYHKI[ISA

MiTIHTETPAIbHUM BUpa3

IHTEIPYyBaTH

IHTEIPYBaHHS
IHTEIPYBaHHS 3aMI1HOIO
3MIHHOI [T1ICTAHOBKOIO |

homogenéity
improper integral of the
first/second kind

improper integral on/ over
a finite interval of a(n)
discontinuous [un-limited,
unbdéunded] function

improper integral with in-
finite limit [limits] of a
continuous function

inscribe a  polygonal/
bréken line (in/into a
curve)

inscribed polygonal/
bréken line (in/into a
curve)

integrability

integrable function

integral sum

integrand, finction Un-der
the integral sign [function
to be integra-ted], subinte-
gral finc-tion

integrand; expréssion
under the integral sign
[expréssion to be inte-
grated]; subintegral exp-
réssion

integrate

integration

integration by change/
substitition of a véariable
[by stbstitution]



97 Definite Integral: basic terminology RUE

51.uHTerpupoBaHue IO IHTEIPYBaHHS YacTUHAMU  integration by parts
q4acTsIM

52.MOMEHATh  MeC-TaMHU TIOMIHSTH MiCIsIMH Bepx- interchange the Upper and

BEpXHHUM U HWXK-HUU IIpe-
JIeJIbl UHTETPU-POBAHMUS
53.mpenen  HMHTETpUpPOBa-
HUs (BEpXHUM, HUXKHUMN)
54.mpenen WHTETpa-IbHON
CYMMBI

55.1IMHENHOCTD
S6.HWKHUI Tpenes WH-
TErpUpOBaHUS

S7.cpennee 3Ha4e-HUue
(GyHKUMU HA UH-TEpBAJIe
58.1Teopema o cpea-Hem
59.MEXaHUYECKUA CMBICI
ONpEIEeIEHHOTO0 UHTErpalia
60.popMmyna  HBIO-TOHA-
nenoHuIa

61.4acth UHTEpBaNa

62.49acTUYHBIA UHTEPBAI

63.mepeiT K npeaeny
64.mepeiT K MNOJIA-PHBIM
KOOpJMHATaM
65.1IpeeNbHbI Me-Pexo/,
nepexoj K npe-aeiy

66. puzndecKkuit CMBICIT
ONPEAEIEHHO-TO UHTETpa-
na

67.1mnockast 00-1acTh
68.10JIIpHBIN yrona
69.nonsipHas 0Ch

70.monsipHast CUC-TEMA
KOOpJMHAT

71.nonsApHBIE KOOp-
JTUHATBHI

72.00JIpHOE  ypaB-HEHUE
KpUBOH

73.1OJIAPHBIN pa-Inyc
74.mom0C B IOJIAP-HOM
CUCTEME KOOpAU-HAT

HIO 1  HIDKHIO  MEXI
[rpaHulll] IHTEIpyBaHHS
rpaHulsd [Mexa] 1HTerpy-
BaHHS (BEpXHs, HIKHS)
IpaHUL THTEIPATBbHOI Cy-
MU

JHIAHICTh
HUOKHS  MEa
IHTEIPYBaHHS
cepellHe 3HaueHHs (QYHKIIT
Ha IHTepBaIl

TeopeMa Mpo CEpeHE

[rpanuLi |

MeXaHIYHUH CEHC BH-
3HAYEHOTO IHTEeIpalia
dbopmyna HBIOTOHA-
neioHina

YacTHHA IHTEpPBAIY
YaCTKOBUH 1HTEpBAI

NepeTH 10 TpaHulli
nepelTH 10 MOJSPHUX KO-
opAuHAT

IpaHUYHUN nepexinu,
nepexiJ A0 FpaHuili
Gi3UYHUNA  CeHC
YEHOTO 1HTerpasia

BH3Ha-

10cKa 001acThb
MOJISIPHUAM KYT
MOJIIPHA BiCh

IOJIIPHA  CHCTEMa KO-
OpJAWHAT
MOJIAPHI KOOPJUHATH

MOJIAPHE PIBHSAHHS KPUBOI

MOJIAPHUH pajiiyc
MOJIIOC B TMOJSPHIN  cu-
CTeM1 KOOpAUHAT

l6wer limits of in-tegration

limit  of integration (Up-
per, loéwer [inférior])
limit of the integral sum

linearity

lower [inférior] limit of
integration

méan/dverage value of a
function on an inter-val
méan-value théorem
mechdnical meéaning
[sense] of définite integral
newton-leibniz ~ formu-la
(p! férmulas, formu-lae)
part of an interval, sub-
interval
partial
terval
pass to the limit

pass to the polar coor-
dinates

passage to the limit

interval, subin-

physical méaning [sen-se]
of définite integral

plane domdin [région]
poélar angle

polar axis (pl axes)

polar coordinate sys-tem,
system of polar coodrdi-
nates

polar codrdinates

polar equation of a cur-ve
polar radius (p/ radii)

pole in a podlar coordi-nate
system
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75.10MaHas (JIMHUSA)
76.CBOMCTBO
TUBHOCTH
7’7.CBOMCTBO JIM-HEMHOCTHU
78 . BBIIIOJIHUTB, ocy-
IIIECTBUTb, MIPOU3BECTH
JIBOMHYIO MOJICTAHOBKY

agaun-

79.nepecuér
WHTETPUPOBAHUS

IIpcacion

80.mepecunThIBaTh IMpeje-
JIbl UHTETPUPOBAHUS

81.pe3ynbTat CyM-
MUPOBaHUS 3JIEMEHTOB
82.Bpamarbcsi BOKPYT OCH
[mpsimoi |

83.mpsAMOI KpyroBou ULH-
JUHIIP
84.cxeMa npuMeHe-Hus

85.teno
86.TeNo BpalieHus

87.1moacTaHoOBKa
88.cymmupoBaHue
MEHTOB

89.6patb, BHIOUPATH TOUKY

9JIC-

90.mpu3HaK CXOJIM-MOCTH
HECOOCTBEHHOT'O HHTETrpa-
na

91.monepeuHoe ceueHue
92.TpaKkTOBAaTh, pac-
cMaTpuBaTh,  WHTEpIpE-
TUPOBaTh HCKOMYIO Be-
JUYMHY Kak cymMMmy (Kak
pe3ynbTart CyMMHU-
POBaHUS) SJIEMEHTOB
93.BepxHMiIl TIpenesn HWH-
TErpUpOBaHUs

94 . mepemeHHas VH-

namMaHa (JI1HUs)
BJIACTHUBICTH aIUTHBHOCTI

BJIACTHUBICTD JIIHIHHOCTI

BHKOHATH, 3poOuTH,
3I1ACHUTH MOABIMHY
M1JCTaHOBKY

nepesiyyBaHHs/iepepaxo-
BYBaHHS MEX [CpaHHUIIb|
IHTEIPYBaHHS
nepeivyBaTu/nepepaxo-

BYBaTH MeEXI [IpaHuIli]
IHTEIPYBaHHS
pe3yabpTar MiJICYMOBY-

BaHHS CJICMCHTIB
oOepratucsi HaBKOJO OCI
[mpsimoi]

npsMuil  (KpyroBuil) 1u-
JHIP
CXeMa 3aCTOCYBaHHS

TLJI0
TUI0 0OepTaHHs

MiJICTAHOBKA
MiJICYMOBYBaHHS
MCHTIB

Opatu, BUOUpPATH (TOUKY)

CJIC-

Oo3Haka  301KHOCTI
BJIACTUBOTO IHTErpasa

HC-

nonepeyHuil nepepis
TpakTyBaTH, pO3IJIA/la-TH,
IHTEpIpETyBaTH  IIYKaHy
BEJIMUMHY K CyMy (SIK pe-
3yJlbTaT MIICYMOBYBaHHS)
€JIEMEHTIB

BEPXHS Mexa
IHTEIPYBaHHS
3MIHHA IHTETpyBaHHS

[rpaHuLs |

poligonal/broken line
property of additivity

property of lineérity
réalize [carry out, ef-féct,
make] the double sub-
stitGtion [permutéation, re-
placement]
récalculdtion/récount
limits of integration
of inte-

récount limits

gration

result of summation of
¢lements

revolve [rotate, turn] about
an axis (pl axes) [a straight
line]

right (circular) cylinder

schéme of application,
préblem-sélving schéme
solid [body]

solid [bdody] of révolation
[rotation]

substitution

summation of ¢lements
take, choos (chose; cho-
sen) (a point)

test for convérgence of
improper integral

cross-séction

tréat [consider, regard,
intérpret] a(n) desired
[sought, Unknéwn] quén-
tity [ quantity in quéstion]
as a sum (as a result of
summation) of ¢lements
upper limit of integra-tion

variable of integration
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TErPUPOBAHUS
95.00BEM TENIA IO U3BECT-
HBIM IUIOIIAJSAM Iapaj-

JENbHBIX  TOMEe-PeUHbIX
CEeYEHUN (mep-
MEHUKYISIPHBIX buk-

CUPOBAHHOM MPSMOM)

96.00bEM Tena BpanieHus

00"eM TLIAa 1O BIIOMHUX
IIoax MapajielbHUX Io-
NepevyHux mnepepizi (rmep-
NEHIUKYISIPHUX
¢bikcoBaHiil npsamiii)

00"eM Tis1a 00epTaHHs

volume of a solid/body
from known areas of pa-
rallel séctions [cross-séc-
tions, transverse séctions]
(which/that are perpendi-
cular to a fixed straight
line); volume by slicing
volume of a solid/bddy of
révolation/rotation
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1. absolutely convérgent
improper integral

2. additivity (with respéct
to a function, to an inter-
val)

3. arc length

4. be génerated (by...)

5. cartésian codrdinates
6. cauchy’s principal
value of a divérgent inte-
gral

7. change the limits of
integration

8. circular séctor

9. convérge (4dbsolutely,
conditionally)
10.convérge absolutely

11.convérgent
integral
12.cross-séction area
[trdnsverse séction area]

improper

13.curvilinear séctor
14.curvilinear  trapézium
(pl trapéziums, trapézia)
[trapezoid]
15.définite integral
sum of ¢lements
16.définite integral from a
to b [betwéen a and b] of a
finction fof x dx
17.définite integral over a
ségment [an interval]

as a

18.définite integral with
the variable/varying Upper
limit/boéund

19.derivative of a définite
integral with respect to its
variable/varying upper li-
mit/boéund

abCoMOTHO 30DKHUI He-
BJIACTUBUI 1HTEIpal
aIUTUBHICTE (32  (yH-
KIII€10, 32 THTEPBAJIOM)

JOBXKUHA TyTH
MOPOXKYBaTHCH,
proBaTHcs
JE€KapTOB1 KOOPJUHATH
rOJIOBHE 3HAYCHHS (KOIII1)
PO301KHOIO 1HTErpana

yTBO-

3MIHUTH MEXI1
IHTEIPYBaHHS
KPYT'OBUM CEKTOP
30iraTucs (abcomoTHO,
YMOBHO)

abCOJIOTHO 301raTucs

[rpanwuII]

30DKHUNA HEBJIACTHUBUM 1H-
Terpai
IUIOIIA
nepepizy

MIONIEPEYHOTO

KPUBOJIIHIHUN CEKTOP
KPUBOJIIHIIHA Tparnelis

BU3HAYEHUM IHTETpall SIK
CyMma 3JICMEHTIB
BHU3HAYEHHI 1HTEIpaJ BiJ @
1o b dyskiii a¢ Big ke ae
1KC

BU3HAYEHUM I1HTErpaia IIo
BIIPI3KY [110 1HTEpBay]

BU3HAYCHHWM IHTErpaid 3
3MIHHOIO BEpPXHBOIO Me-
KEI0 [TPaHULEIO |
MOXiJTHA BHU3HAYCHOTO
IHTeIpaja 3a  3MIHHOIO
BEPXHBOIO MEXKOIO

a0COJIIOTHO CXOIsI-IIIHUICS
HECOOCTBEHHBIN MHTErpal
aAIUTUBHOCTh (MO (YHK-
L[UH, TI0O UHTEP-BAILY)

JUTHHA TyTH
MOPOXKIATHCS, 0OpPa30BBI-
BaThCSI

JICKapTOBBI KOOPIMHATHI
IJIaBHOE 3Ha4YeHUE (KOIIIM)
PacXoJISIIero-csi MHTerpa-
na

U3MCHHUTH TPEICITBI
TErPUPOBAHUS
KpPYIOBOU CEKTOP
cxonuThes  (aOCONIOTHO,
YCJIOBHO)

a0COJIFOTHO CXOIUTHCSI

HH-

CXOSIIIIUIACS
COOCTBEHHBIN HHTETPaI
IUIOIIAAb  IOIE-PEYHOIO
CCUCHUA

HC-

KPUBOJIMHEWHBIN CEKTOP
KpUBOJIMHEWHAs Tparenus

ONPENEIIEHHBI  HWHTErpall
KaK CyMMa 3JIEMECHTOB
ONPENEIIEHHBIM HWHTErpall
oT a a0 b dynkuuu 3¢ or
HUKC 1€ UKC

ONPENEIIEHHBIN  HUHTETPAJI
[0 OTPE3Ky [0 MHTEepBa-
HY] . v
ONPEIEIIEHHBIM HWHTErpall
C NIEPEMEH-HBIM BEPXHUM

IIpee-I0M

ITPOU3BOIHAS olpe-
JENEHHOIO HMHTErpaiga IIo
IIEPEMEHHOMY  BEPXHEMY

npeaeny
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20.desired [sought, un-
known] quantity [ quéntity
in quéstion] as a sum of
elements

21.differéntial of an arc

length

22.divérge

23.divérgent improper
integral

24.division  [decomposi-

tion, partition, split, split-
ting, subdivision] an inter-
val into parts
25.division/partition/de-
composition/subdivision
point of a ségment into

parts

26.double substittion
[permutation, replace-
ment]

27.¢lement of a(n) desired
[sought, Unknéwn] quén-
tity [of a quantity in qués-
tion]

28.¢lement of integration
29.¢leméntary
30.éstimate/€stimation  of
définite integral

31.find [detérmine] the
new limits of integration
32.form, make up, com-
poOse an integral sum

33.géneralization [extén-
sion] of  ndtion of dé-
finite integral
34.géneralize/exténd  the
ndtion of définite inte-gral
35.generate

36.geométric(al) méaning
[sense] of définite integral
37.homogenéity

38.improper integral of the

IIyKaHa BEeJIMYMHA K CyMa
€JIEMEHTIB

nuddepenitian  TOBXKUHU
IyTU KPUBOT
po30iraTucs

pPO30DKHUN  HEBIACTUBUI
1HTerpat
PO30OUTTS/TIOI1IT HTEp-

BaJly HAa YaCTHUHHU

TOYKa MOJUTY BiApi3Ka Ha
YaCTHUHH

MOABIMHA ITIACTAaHOBKA

€JIEMEHT  IIyKaHol  Be-
JTUYUHHA

€JIEMEHT IHTEeTpyBaHHS
€JIeMEHTapHUN
OI[IHKA/OI[IHIOBaHHS  BH-

3HAYEHOTO IHTEeIpaJia
3HAUTH HOBI ME€XI1 [rpaHu-
1] IHTeIpyBaHHS
YTBOPUTH, CKJIACTH
TEIpaJibHy CyMy

1H-

y3araJIbHCHHsI TIOHSTTSI BU-
3HAYEHOI0 1HTEerpana

y3araJIbHUTH TOHATTS BH-
3HAYEHOr0 1HTEerpana
MOPOJKYBAaTH, YTBOPIOBA-
™M

Tr€OMETPUYHUI CEHC BU-
3HAYEHOr0 1HTEerpana
OJTHOP1IHICTD

HEBJIACTUBUHI 1HTerpat

HCKOMasa BCJINMYHMHA Kak
CyMMa 3JICMCHTOB

muddepennuan
IyTU KPUBOU
pPacxoauThCs
pacxoAsmuiicss HecoOCT-
BEHHBII UHTE-Tpa
pazoueHue/mo-
paszereHue MHTepBaja Ha
4acTH

JJIMHBI

TOYKa JACJIICHHUA OTpPC-3Ka
Ha 4aCTH

HBOﬁHaH II0ACTaHOBKA

JIEMEHT MCKOMOU BEJIH-
YU HBI

QJICMCHT MHTCTPHUPOBAHUA

3JIEMEHTApPHbIN

OLIEHKAa  OMpene’IEHHOTO
UHTETpasa

HAaliTH HOBBIC TIPEICIIbI
WHTETPUPOBAHMS
o0pa3oBbIBaTh,  COCTaB-
JSTh MHTETPATBHYIO CYyM-
My

00001IIEHUE TOHS-THUS OII-
pPEACIEHHOTO MHTETpajia

0000IIUThH TIOHSATHE OTpe-
JENEHHOTO MHTET-paja
MOPOXKIATh, 00pa3oBkI-
BaTh

TCOMETPUYCCKUN  CMBICI
OTpeIeIEHHOT0 HHTErpasia
OJTHOPOJHOCTH
HECOOCTBCHHBI HMHTETpal
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first/second kind
39.improper integral on/
over a finite interval of
a(n) discontinuous [un-
limited, unbounded] func-
tion

40.improper integral with
infinite limit [limits] of a
continuous function

41.inscribe a polygonal/

bréken line (in/into a
curve)
42.inscribed  polygonal/
bréken line (in/into a
curve)

43.integrability
44.integrable function
45.integral sum
46.integrand, finction un-
der the integral sign [finc-
tion to be integra-ted],
subintegral finc-tion
47.integrand;  expréssion
under the integral sign
[expréssion to be inte-
grated]; subintegral exp-
réssion

48.integrate

49.integration
50.integration by change/
substitition of a variable
[by stbstitution]
51.integration by parts

52.interchdnge the upper
and lower limits of in-
tegration

53.limit of integration
(Gpper, 16wer [inférior])
54.limit of the integral

NEePIIOro/IPyroro poay
HEBJIACTUBUU IHTErpasl IO
CKIHUCHHOMY  IHTEpBaly
BiJl PO3pPUBHOI
[HeoOMesxeHOi| pyHK-IT1i

HEBJIACTUBUU
HECKIHYCHHOIO MEKEIO
[rpanuLero| 3 He-
CKIHUYEHHUMHU MeKaMu/
TpaHUIIMA  BiI  Heme-
pepBHOi PyHKITIT

BIMCATH JIaMaHy JIiHIIO (B
KPHBY)

iHTerpan 3

BIIMCAaHa JamaHa JiHisA (B
KpHUBY)

IHTEIPOBHICTh
IHTETpOBHA (DYHKIIIS
IHTeIpajgbHa Cyma
niAIHTEerpajibHa QYHKI[ISA

MiTIHTETPAIbHUN BUpa3

IHTEIPYyBaTH

IHTEIPYBaHHS
IHTEIPYBaHHS 3aMI1HOIO
3MIHHOI [TT1ICTAHOBKOIO |

iHTCTpYBaHHSI qyaCTHUHaMH

MOMIHSTH MICISIMH BEpX-
HIO 1  HIDKHIO  MExXI1
[rpaHulll] IHTEIpyBaHHS
rpaHulsd [Mexa] 1HTerpy-
BaHHSA (BEpXHS, HIKHS)
IpaHUL THTEIPANBHOI CYy-

MIepPBOI0/BTO-POro pojaa
HECOOCTBCHHBI HMHTETpal
0 KOHEYHO-MY HWHTEpBa-
Jy OT pa3-pbIBHON [HEOT-
paHUYCH-HOH | QyHKIINN

HECOOCTBEHHBI HMHTETpa
c OecKOHEeY-HbIM TIpejie-
JoM [c 0Oec-KOHEYHBIMH
npeaena-Mu| OT  Hempe-
pBIBHOU (DYHKITUN

BITUCATh JIOMAHYIO JIMHUIO
(B KpuBYI0)

BIIMCaHHAs JIOMa-Has JH-
HUs (B KPUBYIO)

UHTETPUPYEMOCTD
uHTErpupyemasi GyHKUIus
WHTErpajibHasi CyMMa
NOJAbIHTErpajbHas (PyHK-
s

IMOABIHTCIPAJIb-HOC BbIPaA-
KCHHUC

MHTETPUPOBATH
VHTETPUPOBAHUE
VHTETPUPOBAHUE 3aMEHOU
MIEPEMEHHON [OJCTaHOB-
KOM |

MHTETPUPOBAHUE II0 4Yac-
TAM

IIOMEHATHh MEC-TaMHU BEPX-
HUM U HUXK-HUW TIPEIEIIbI
MHTETPU-POBAHUS

Ipelesl UHTEerpUpPOBAHUS
(BepXHUM, HUKHUN)
npenen MHTETpa-JIbHOU
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sum MU CYMMBbI

55.lineérity JTHIAHICTh JIMHENHOCTh

56.16wer [inférior] limit of HWXKHA Meka [IpaHMIA] HWOKHHUN IPEEN UHTETPH-
integration IHTEIPYBaHHS pOBaHUS

57.méan/average value of
a function on an inter-val
58.méan-value théorem
59.mechéanical  méaning
[sense] of définite integral
60.newton-leibniz formu-
la (p/ férmulas, formu-lae)
61.part of an interval, sub-
interval

62.partial interval, sibin-
terval

63.pass to the limit
64.pass to the pdlar coor-
dinates

65.passage to the limit

66.physical méaning [sen-
se] of définite integral
67.plane domain [région]
68.polar angle

69.polar axis (p/ dxes)

70.polar coodrdinate sys-
tem, system of polar
coordinates

71.polar coérdinates
72.polar equation of a cur-
ve

73.polar radius (p! radii)
74.p6le in a polar coordi-
nate system
75.poligonal/bréken line
76.property of additivity
77.property of linedrity
78.réalize [carry out, ef-

féct, make] the doduble
substitation [peérmutation,
replacement]

79.récalculation/récount
limits of integration

cepellHe 3HaueHHs (QYHKIIT
Ha IHTepBaIl
TeopeMa Mpo CepeHE

MeXaHIYHUH CEHC BH-
3HAYEHOTO IHTEeIpalia
dbopmyna HBIOTOHA-
neioHina

YacTHHA IHTEpPBAIY
YaCTKOBUH 1HTEpBAI

NepelTH 10 TpaHulli
nepelTH 10 MOJSIPHUX KO-
opAuHAT

IpaHUYHUN nepexinu,
nepexia A0 FpaHuili
Gi3UYHUNA  CeHC
YEHOTO 1HTerpasia
10cKa 001acTh
MOJISIPHUAM KYT
MOJIsIpHA BICh
MoJIIpHA  CHCTEMa
opAuHAT

BHU3Ha-

KO-

MOJIAPHI KOOPJUHATH
MOJIAPHE PIBHSAHHS KPUBOI

MOJIAPHUM pajiiyc

MOJIIOC B TMOJSPHIN  cu-
CTeM1 KOOpAUHAT

namaHa (JIiHHS)
BJIACTHUBICTH aJIUTUBHOCTI
BJIACTHUBICTH JIIHIHHOCTI

BUKOHATH, 3poouTH,
3MIACHUTH MOJBIAHY
M1JCTaHOBKY

nepesiyyBaHHs/iepepaxo-
BYBaHHS MEX [CpaHHUIIb|
IHTEIPYBaHHS

cpenHee 3Haue-HUE (YHK-
IIUU Ha UH-TEepBaje
TEOpeMa O CpeJl-HEM
MEXaHUYECKUH CMBICI
OTpeeNIEHHOT0 UHTEerpaa
dbopmyna HbIO-TOHA-
nenoHuIa

94acTh UHTEpBaja

YaCTUYHBIN HHTCPBAJI

IIEPEUTH K NpEeeITy
IIEPEUTH K IOJSA-PHBIM KO-
OpAMHATaM

IpEIENbHBIM  IEe-PeEXon,
Iepexo K npe-aeiy
(bu3HYECKUil CMBICIT Ompe-
NEJIEHHO-TO UHTErpajia
rockasi 00-1acThb
IOJISIPHBIN YT OJI

IOJISIpHAs OCh

IOJISIpHAsl CUC-TEMa KOOp-
JUHAT

MOJISIPHBIE KOOP-UHATHI
MOJISIPHOE ypaB-HEHUE
KpUBOH

MOJISIPHBIN pa-1uyc

MOJIOC B TOJSIP-HOM CHC-
TeME KOOpAU-HaT

JoMaHas (JTUHUS)
CBOMCTBO aJJIN-TUBHOCTH
CBOMCTBO JIN-HEMHOCTH
BBINIOJIHUTD, oCy-
IIECTBUTD, MIPOU3BECTH
JIBOWHYIO MOJICTAHOBKY

epecuye€r IMpeneiioB UH-
TETPUPOBAHUSA
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80.recount limits of inte- mnepenmiuyBaTH/mepepaxo-  MEPECUUTHIBATH IPEEIbI
gration ByBaTW MeX1 [rpaHuIli] MHTErpUpPOBAHUSA

IHTEIPYBaHHS
81.result of summation of pe3ynbTaT MIJICYMOBY- pe3yJbTaT CyM-
¢lements BaHHS CJICMEHTIB MUPOBaHUS JIEMEHTOB
82.revolve [rotdte, turn] oOepraTHCs HaBKOJO OC1 BpamaThCsi BOKPYT OCH
about an axis (p/ axes) [a [mpsMOi] [IpsimMOi]
straight line]
83.right (circular) cylinder npsimuii (KpyroBuii) I1u- NpsSMONM  KPYroBoll  Iu-
JTHAP JUHIP

84.schéme of application,
problem-so6lving schéme
85.s0lid [body]

86.s0lid [body]
révoluation [rotation]
87.substitution
88.summation of élements

of

89.take, choos
chosen) (a pdint)
90.test for convérgence of
improper integral
91.cross-séction

92.tréat [consider, regard,
intérpret] a(n) desired
[sought, Unknéwn] quén-
tity [ quantity in quéstion]
as a sum (as a result of
summation) of ¢lements
93.apper limit of integra-
tion

94.variable of integration

(chose;

95.volume of a sélid/body
from known areas of pa-
rallel séctions [cross-séc-
tions, transverse séctions]
(which/that are perpendi-
cular to a fixed straight
line); volume by slicing
96.volume of a solid/body
of révolution/rotation

CXEeMa 3aCTOCYBAHHA

TLJI0
TUI0 00epTaHHs

MiJICTAHOBKA
MiJICYMOBYBaHHS
MCHTIB

Opatu, BUOUpPATH (TOUYKY)

CJIC-

O3HaKa  301KHOCTI
BJIACTUBOTO IHTErpasa
nonepeyHuil nepepis
TpakTyBaTH, pO3IJIAa-TH,
IHTEpIIpEeTyBaTH  IIYKaHY
BEJIMUUHY SIK CyMYy (SIK pe-
3yJlbTaT MIICYMOBYBaHHS)
€JIEMEHTIB

HC-

BEPXHS Mexa
IHTEIPYBaHHS
3MIHHA IHTETpyBaHHS

[rpaHuLs |

00"eM TLIa 1O BIAOMHUX
IIom@ax MapaielbHUX Io-
NepevyHux mnepepizi (mep-
MEHIUKYISIPHUX
¢bikcoBaHiil npsamiii)

00"eM Tisia 06epTaHHs

CXEMa NMPpUMCHC-HHA

TEJ0
TEJIO BpalleHus

II0ACTaHOBKA
CYMMHUPOBAHHC 3JICMCHTOB

Opatb, BEIOMpATh TOUKY

MPU3HAK CXOJIU-MOCTH HE-
COOCTBEHHOT'O UHTETpaja
MOTIEPEYHOE CEUCHUE

TPaKTOBATh, pac-
cMaTpWBaTh,  WHTEPIpE-
TUPOBaTh HCKOMYIO Be-
JUYMHY Kak cymMMy (Kak
pe3ynabTaT CyMMH-
pOBaHMS ) JIEMEHTOB

BEPXHUU MpENET UHTErPH-
pOBaHUs

IepeMeHHas VH-
TErpUPOBAHUSA

00BEM TeJa 0 U3BECTHBIM
TUIOMIAASM MapajuiebHbIX
MoTMe-peYHbIX CeUeHU N
(Iep-eHIUKYISIPHBIX

(UK-CUPOBAaHHOM MPAMON)

00BEM Tena BpalleHus



LECTURE NO. 24. DOUBLE INTEGRAL

POINT 1. DOUBLE INTEGRAL

POINT 2. EVALUATION OF A DOUBLE INTEGRAL IN CARTESIAN
COORDINATES

POINT 3. IMPROPER DOUBLE INTEGRAL. POISSON’S FORMULA

POINT 1. DOUBLE INTEGRAL

Def. 1. Let a function of two variables z = f(M )= f(x, y) be given in a some
domain D of the xOy -plane (fig. 1).
1. We divide the domain into » parts AD,,i = I,_n, with

areas AS, and diameters A, = max ‘MN ‘
M ,NeAD;

2. We take arbitrary point M. (x,;y,) in every part
AD,, find the value of the function at this point and multiply
it by the area AS, of AD,.

3. We add all these products f(M,)AS. = f(x.,y,)AS,

1

and get an integral sum
0= Zf(Mi)ASi = Zf(xioyi)ASi :
i=l1 i=1

4. Let A =max{A } and 1 — 0. If there exists the limit of the integral sum &,

i=l,n
then this limit is called the double integral of the function z = f(M )= f(x,y) over

the domain D and is denoted by
ij S(M)ds = jj £ (e y)dxdy =limo =1lim " £(x;, »,)AS, (1)

We can consider the double integral as the sum of elements f(x, y)dS where

dS = dxdy is an element of the area.
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Theorem 1 (existence of a double integral). If a function z = f (M ) =f (x, y) is

continuous in a domain D then its double integral over D exists.
It is evident that for f (M ) =f (x, y) =1 a double integral gives the area of the

domain D,

S=SD=j dxdy . (2)
D

Mechanic sense of a double integral. If y(M )= y(x,y)> 0 is the surface den-

sity of a plate D < xOy, then its mass equals the next double integral
m= ”7/ dS ”;/xydxdy (3)
mAn element of the mass

dm = y(M)dS = y(x, y)dS ;

1t 1s the mass of the element dD — D with the area dS and with a
constant surface density ;/(M ) = y(x, y), M (x, y) edD (fig. 2).

: Sum of all these elements gives the mass of the plate which is re-
Fig. 2 presented by a double integral (3).m
Def. 2. A cylindrical body [a curvilinear cylinder] is called a body bounded:
? Z :/(x,y/ @,&7@% 2/ a) above by a surface z = f(x,y) >0;
i} =/{:§Z/ b) below by a domain D of the xOy-
plane;

c) aside by a cylindrical surface with

.’_.-.-......._—.-——-—-......-

g the generatrix parallel to Oz -axis and the
, "1 e L .
A ( x4 7/ diréctrix which is the boundary of the domain
Fig. 3 Fig. 4 D (fig. 3).

Geometric sense of a double integral. The volume of a cylindrical body
equals the double integral
V=[] £, y)dxdy. (4)
D

mAn element of the volume
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dv = f(M)dS = f(x, )ds

is the volume of a right cylinder with the base dD — D of the area dS and the height
f(M)= f(x,y), M(x,y)edD (fig. 4). The volume of a cylindrical body is the sum of

all these elements and is represented by the double integral (4).m
Properties of a double integral are analogous to those of a definite integral.
For example:

1 (linearity). For any functions f, (x, y), f, (x, y) and any constants &, k,
[ G £,Ge, )+ Ky £ (e, )y = ke, [ £, (v, » ey + e, [ £, (x, ey
D D D

2 (additivity with respect to a domain of integration). If a
domain is divided into two disjoint parts D = D, UD,, D, D, =
(fig. 5), then

” (%, y)dxdy = ” £ (x, y)dxdy + ” £, y)dxdy .

Fig. 5

POINT 2. EVALUATION OF A DOUBLE INTEGRAL
IN CARTESIAN COORDINATES

Def. 3. A domain D is called a domain of the first type if it is bounded (see
fig. 6):

AN b~ 1E21 L
a) from the left by a straight line x = a;
D b) from the right by a straight line x =b;
| c) below by a line y =y, (x);
Y d) above by a line y = y,(x),
ol « £ x
Fig. 6 D={x,y):a<x<b Vxe(a b)y(x)<y<y,(x)).

A double integral over a domain of the first type is calculated by a formula
b va(x)
[] £ Gey)aixdy = [ e [ fx, y)dy. (5)
D

a  y(x)
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. gry (%) * Correspondingly to this formula we integrate at first with
Y "é’ @ P 2 respect to y from y, (x) to y, (x), that is calculate an inner
J 7 Ad/z | integral
NGB e
2N S(xe,p)dy,
4 S s e
Fig. 7 and then we integrate the result with respect to x from a to b.

mWe’ll prove the formula (5) proceeding from the mechanic sense of a double

integral. Let the integrand f (M ) =f (x, y) > 0 be the surface density of a plate, defi-
ned by the figure D ={(x,y):a<x<b,Vxe(a,b)y,(x)<y < y,(x))} (fig. 6). Hence

the mass of the plate equals the double integral

m=[[ f(M)ds = [[ £(x, y)dxdy

Now we’ll find the same mass by the other way and compare the results. The

mass of the element MNPQ of the plate between x, x+dx and y, y +dy (fig. 7)
equals f (M )AxAy =f (x, y)AxAy. Adding all such the masses from y, (x) to y, (x)

we find the mass of the hatched strip (fig. 7), namely

»2(x) yz(X)
£ y)dxdy =dx [ f(xy)dy.
n(x) ()

Adding finally the masses of all such the strips from x =a to x =b we find the mass

of the whole plate that is
b ) b »n)
mzj dx If(x,y)dy =Idx f
a B% (x) a N (x)
Comparing of two results of the mass calculating proves validity of the formula (5).m
Note 1. Integral with respect to x from a to b is called that exterior [external].

The right side of the formula (5) is called the repeated integral.
Def. 4. A domain D is called a domain of the second type if it is bounded (see

fig. 8):
a) below by a straight line y=c;
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] I b) above by a a straight line y =d ;
g‘? e & ¢) from the left by a line x = x,(y);
({; wa d) from the right by a line x = x, (),
&
c D={(xy):c<y<d Vye(ed)x(y)<x<x,()
5 > The double integral over a domain D of the se-
Fig. 8 cond type is calculated by a formula
d x(v)
[ #Gey)axdy = [dy [ (v (6)
D ¢ x ()

At first we calculate an inner integral

x(y)

flx,

x(y)

that is integrate with respect to x from x,(y) to x,(y), and then we integrate the result

with respect to y from ¢ to d.

Y mProve this formula yourselves.m
d | Ex. 1. Let a domain of integration be a rectangle
= a<x< <y<
£ o Ry ={(x.y):a<x<b e<ys<d)
c ‘ - with the sides parallel to Ox-, Oy-axes (fig. 9). The rec-
o 7 tangle is the domain of the first and second types, there-
Fig. 9 fore we can use both formulas (5) and (6),
[] 7 Ge y)deedy = jdxjfxydy jdyjfxy (7)

Rabed

The formula (6) means that in the case of the rectangle R, , we can integrate

in any order. But in practice one of orders of integration can lead to easier calcula-
tions than the other one.

Ex. 2. Find the mass of a plate

R :{(x, )):

Sxél
3

% ,ln3£y£1n4} (fig. 10)
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# if the surface density of the plate equals

bt

7(x, ) =12ye®™.
We find the mass by the formula (3). A

H3

2 domain of integration R is a rectangle with the sides

’é’ 3 parallel to Ox-, Oy-axes. Using the formula (7) we get
Fig. 10
1 1
In4d 3 In4 3
m= ” y(x, y)dxdu = ”12 ye*dxdy =12 J.dyj. ye*dx =12 I ydyJ. e™dx =
R R n3 é n3 é
1
36 1 63 1(2 In4 1(2 )d lrj_4(2 )d
=|leVdx=—2e" =—\e’ -e'|=12| y—le -’ dy=2|le” —e' Ky =
! 6y |1 6y ,,,L 6y i
6 6

" dlen e o Ha-0)-(a-) .

In3 2

= 2(lezy — eyj
2

The other order of integration isn’t well (verify!).

Ex. 3. Evaluate by two ways the integral ” sin(3x +2 y)dxdy if the domain D is
D

4
i defined by inequalities 0 < x < %, 0<y<3x (fig. 11).
2
~§9 The domain D is that of the first and second types.
4
K’ 2 The first way. We consider D as a domain of the first type,
- D= (x,y):OSxSE,Vxe(O,zj(OSyS3x) ,
0 L 2 >
Fig. 11 that 1s D is bounded

a) from the left by the straight line x =0;
b) from the right by the straight line x = %;

c) below by the line y =0;
d) above by the line y =3x.
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Using the formula (5) we have

3x
dxjsin(?)x + 2y)dy =

0

”sin(?;x +2y)dxdy =

D

9x

1x 3x+2y=t,2dy =dt, ox

:Isin(3x+2y)dy: y|O0]3x :ljsintdt:—lcost
0 t | 3x | 9x 23x 2

T

2 T
. . . . 2
lj cos3x—cos9x)dx=l(lsm3x—lsm9xj ’ =l(151 3—ﬁ—ls1n9—7[j=——.
0 23 9 . 2

= l(cos3x —cos9x) =

[\.)

In the second way we treat D as a domain of the second type,

RY/4 3r\y V4
D=4(x,y):0<y<= VWye|0,=|Z<x<Z= |},
{(xy) y<= yE( 2)(3 x 2)}

that is D is bounded
a) below by the straight line y =0;

b) above by the straight line y = 377[ ;
c) from the left by the line x = % ;

d) from the right by the line x = %

Therefore with the help of the formula (6) we write

S
2
\» ”sm(3x+2y dxdy = j j n(3x+2y)dx.
;7\\ @ D y
4] % Y Fulfill evaluation of the integral yourselves.
9, ' .
o "//%“’54' ¥ Ex. 4. Set the limits of integration in a double integral over
s |
7 ﬁ .__x g triangular domain D with the vertices 0(0; 0), 4(5; 4), B(0, 8)

Fig. 12 (fig. 12)
At first we compile the equations of the straight lines OA4 and 4B.
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4 4 5

OA: y=kx,‘A(5;4)eOA:>4=5k,k=§,y=§x,x=Zy.
— — 40-4 40—
AB: O:y—8,4x+5y—40=0, y= 0 x,x= 0 Sy-
5-0 4-8 5 4

The first way. The domain D is that of the first type because of it’s bounded
from the left by a straight line x = 0, from the right by a straight line x = 5, below by a
40-4x

line y= %x , above by a line y = , hence on the base of the formula (5)

40-4x

I] £ty =[x [ 1c.

D
x
5

The second way. To apply the formula (6) we divide the domain D into two
domains D,, D, of the second type by a straight line y = 4 (fig. 12). If we describe

them by two double inequalities, namely
D, :{(x,y):OSyS4;‘v’ye(O,4{OSxS%yj }

D, ={(x,y):43y£8;‘v’ye(4,8)(0£x£ 40;5yj},

we’ll get
z ; 2 J] f(x,y)dXdy = J] f(x,y)dxdy + J:[ f(x,y)dxdy =
4 ’ 5 . 40-5 yD ’
2, 4 4 8 4
1 L ?ﬂzﬁ =jdyjf(x,y)dx+jdy jf(x,y)dx.
-~ 0 0 4 0
2, Ex. 5. Evaluate the double integral
[ G+ »* Jaxay
4 7 x S
Fig. 13 over the domain

D= {(x,y) :0<x<L,Vxe (0, 1)(\/; <y< 2\/;)} (fig. 13).
The domain D is that of the first type. It can be divided into two domains of the se-
cond type D, =0AC, D, = ABC by the straight line
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y=1 (fig. 13),
D=D,UD,,

2
2
D, —{(X,y);l<y<2,‘v’ye(1,2)(y7<x<lj}

The integral in question equals the sum of two integrals. It’s well to calculate
the first one over the domain D and the second one as the sum of integrals over D,

and D, .

[[ G+ y2 Jaxdy = [[ vy + [[ y*dxay = szdxzﬁiy + [[yaxdy + [ ydxdy =
P b D Jx D, D,

0

1 2% 1 y? 2 1 1 1 2 2
=jx2dx dy+jy2dy dx+jy2dyjdx=Ix2\/;dx+§jy4dy+jy2 -2 dy =
0 Jx 0 2 1 2 0 40 1 4
* y y
4 4
701 1 2 2
7T |, 207 1|, 37|, 20" |, 7 20 3 20 105

POINT 3. IMPROPER DOUBLE INTEGRALS. POISSON FORMULA

We’ll limit ourselves to improper double integrals of the first kind that is inte-

grals of continuous functions over unbounded domains. As such the domains we’ll

p B ¢ consider: the first quadrant
R={(x,y):0£x<oo,0£y<oo},
%qg - an infinite rectangle
A
5 o Rab={(x,y):—00<x£a,—oo<y£b}
Fig. 14 and the xOy -plane

R? ={(x,y): —0 < x <00, —00 < y <0},
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Let R be the first quadrant and let D, = OACB ={(x,y):0<x<a,0< y <h}

be a finite rectangle with sides a and b (fig. 14). We define an improper integral over

R as the next limit

£, y)dxdy = lim ” £, y)dxdy = lim j‘dxj)‘ £, y)dy =

0 0

] £ Ge, y ey =

S ey 8
S ey 8

oo R b0

0

= limJ‘dyJ‘f X y dszdef(x,y)dy =Idny(x,y)dx.

a—o
h—oo 0

As the corollary we get the formula of passing from a double integral to that repea-

ting (the formula of interchange of integrations)

ﬁf(x»y)dXdy = TdXT S(x, y)dy = Tdny(x,y)dx. (8)

An improper integral over the rectangle

e Z 56 7 f zRab={(x,y):—oo<x£a,—oo<y£b} (see fig.
— | /€a€ ) 1 g T 15) we define as the limit of the integral over a
== = e o finite rectangle {(x,y):c<x<a,d <y<b} as
- < o i : ¢ — —o0, d — —oo, and an improper integral over
’ | =% the xOy -plane we define as the limit of the inte-
Fig. 15 Fig. 16 gral over the same rectangle (fig. 16) as a — o,

b — o and simultaneously ¢ — —o0, d — —o0. As the result we get the next two for-

mulas

”fxydxdy j.j].fxydxdy J.dxj.fxydy J.dyj.fxy (9)

—00—00

”fxydxdy J.J.fxydxdy Idxjfxydy J.dyj.fxy (10)
. 1. x

Ex. 6. Poisson integrals / = Ie‘xzdx =r,J= Ie‘xzdx =§1 B (11)

0
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o x=yt,y>20,t>0

_ _32 _ 0l oo|_ r _y22 . _y2 _ _y2 r _y22
mJ Je dx dx = ydt ?; . je vdt,J-e’ dy=e dy.([e ydt.
00

0 0

Let’s integrate with respect to y over the interval [O, oo),

0

J-je‘yzcz’sz2 =
0

S ey

e a’y]3 e‘yzlzydt =]2 a’y]3 e -e‘yzlzydz‘ =T a’y]ge_y2 (1+’2)ydz‘ =
0 0 0 0 0

® —y2(1+t2)=z,—2y(1+t2)dy=dz ®

afe a0 < farfe{ e
0

0 200+72) 2|0 -0 | ©

:

0
z

e
0

0 0 0 0
= lj. dt2 dtj.ezdz :lj. dt2 dt - J.ezdz :larctant
291+ ¢ 24 1+¢ i 2

—00

We’ve proved that J* = % , and therefore J = %, I=r.m

POINT 4. DOUBLE INTEGRAL IN POLAR COORDINATES

Let’s suppose that we study a double integral

[]£Ge p)ds = [[ £, y)edy

over a domain D of the xOy-plane, and we pass to polar coordinates

x=pcosp,y=psing, x> +y>=p’, (12)
| ﬂ oy g A7) réi.\ % coinciding the pole O with the origin
/ﬁﬁ 0(0; 0) and the polar axis Op with
L . T positive semiaxis of the Ox-axis of
3 MW—J Cartesian coordinate system. The do-
A P AR ' ¢ p ¢main D transforms into some domain
Fig. 17 A of the @O'p -plane and the double

integral passes in that over the domain 4.
To show up how the element dS of the area changes we generate an element

dD of the domain D by two circles of radii p, dp centered at the origin and by two
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rays starting from the pole under angles ¢, ¢ +d¢ to the polar axis (fig. 17 a). We

can consider dD as a curvilinear rectangle PORT with the area

dS = S,ppr = PT-PQ =dp- pdg.

Therefore
dS = pdpdg,
and the formula of passing to polar coordinates in a double integral can be written as
[[ £ G y)xdy = [[ f(pcos o, psing)pdpdp. (13)
D y
In applications we often meet the case of a domain D bounded by two rays
p=a.p=p (a<p) (14)
and two lines with polar equations
p=p(0).p=p.0) (p()<p.(p)) (15)
(fig. 17 a). One can describe such the domain by two double inequalities
a<p<p, Voe(a B):plp)<p<p o), (16)

whence it follows that a domain Ac pO'p (fig. 17 b), in which D transforms after

passage to polar coordinates, is that of the first type. Therefore, by the formula (5)

B pa2(p)
[[ £Ge y)axdy =[do [ (pcosp, psing)pdp. (17)
D a P ((P)

q Ifaline p=p, ((p) degenerates in the pole
1P €=F(5ﬂ O we get a curvilinear sector D bounded by two

rays
A
p=a,p=p (a<p) (18)
x| | _ 4
ey o ¢ B " and a line with a polar equation
Fig. 18 p=plp) (19)
(fig. 18 a). We describe it by the inequalities
alp<p, Vgoe(a,ﬁ):OSpSp((p), (20)

whence it follows that a domain Ac @O'p (fig. 18 b) is also that of the first type.
Therefore, by the formula (5)



117 Double Integral

ple)
[] £ Ge, y)dxdy = Tdco [ £(pcoso, psing)pdp. (21)

D

4| Let a domain D contain the pole O, and every

ray @ = const intersect the boundary of the domain in

unique point (fig. 19 a). If (19) is its polar equation,

0 =)
A
kjﬁo F & pthen 0<p<2z, Voe(0,27):0<p<plp) (22)

Fig. 19 (fig. 19 b), and therefore
2z ple)
[[ £Ge y)xdy = [do [ f(pcose, psing)pdp. (23)
D 0 0

Ex. 7. Evaluate the mass of a plate D containing

between two curves

I :x*=4x+y° =0, L:x*-8x+y> =0

' 2 ' 7 / "/’z-—i for y>0 (fig. 20), if its surface density y(P)=y(x,v) at
M / any point P(x,' y) € D1is proportional to the polar radius

Fig. 20 OP of this point and equals 8 at the point N (4,' O).

The surface density of the plate D

y(P)=y(x,y)=k-OP=k\x*+y*; y(N)=y(4,0)= kN4> + 0’ =4k =8 =k =2,
7(P)=rlx.y)=2yx"+y",

and by virtue of the mechanic sense of a double integral (see (3)) we have to calculate

a double integral
m= ” ;/(P)dS = ” ;/(x,y)dxdy = 2”1/x2 +y*dxdy.
D D D

Completing the squares we make sure that the curves /, [, are circles with radii
2 and 4 and centres M (2;0), N(4;0) correspondingly:
X —dx+4+y =4, (x-2) +y* =22, x* —8x+16+ > =16,(x—4) + y* = 4>
If we carry out the transition (12) to polar coordinates, we’ll get the polar equations

of 1,1,

[ :x*+y*=4x, p° =4pcosp, p=4cos;l,: x* +y* =8x, p=8cos ¢
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and describe the domain D by two double inequalities

0<p< % Voe (O, %)(4cos¢ <p< SCOS(p).
Therefore by the formula (17)

8cosp 8cosp

m=2j. Irpdp 2Id(p Ip dp=— quo

4cosp 4cosp

ne=t, z ‘
(l—sin2 (0)c0s<pd(0= e 90 B :%I )d —1792 ~199.
cospdo =dt, 1 39

Ex. 8. Find the area of a figure bounded by a

8cosp

cos’ pdp =

2
=§(83—43)

4cosp

896
3

T
.T
0

curve (Bernoulli lemniscate, fig. 21)

(x2 +y2)2 = 4czz(x2 —yz).

Fig. 21 We have studied this curve in the Lecture 8, Point 2.

xX

Its polar equation is

0 =2a/cos2p .

Making use of the formula (2) we can write
S=4 j j dxdy
D
where a domain D is the shaded curvilinear sector on the fig. 21. It’s evident that

0<p< % Ve (O, %)(0 <p< 2a1/cos2(0).

Hence in correspondence with the formula (20) the area in question equals

7T

2a+/cos2e 2
cos 2pdo = 4a’” sin2¢ f=4q’

S =4:4[d(p Ipdp 4jd(0
0

0

2a+/cos2¢
2
=8a

0 0

In generale case the substitution x = x(u, v), y = y(u, v), when a domain D of

the plane xOy changes in a domain 4 of a plane uO'v, there is the next formula
X, Y

” £, y)dxdy = ” £, v), y(u,v)){J(u,v){dudv, where J(u,v)= R
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1. mHTerpan, pacmpo-
CTpaHEHHBbIN Ha 00JACTh

2. OBITH 00J1ACTBIO MEPBO-
ro/BTOpPOro THUMa

3. BHEWIHUW HUHTETpal

4. BHYTpPEHHUU MHTErpal
5. IBOMHOW HMHTETpall II0
obnactu

6. U3MEHUb MOPSAIOK HH-
TErpUPOBAHUS

7. M3MEHATH NOPALOK HH-
TErpUPOBAHUS

8. MHTErpupOBaTh CHaya-

iHTerpaJs, MOIIMPEHUA Ha
00JacTh

Oyt oOrnacTio meporo/
APYroro THITY

30BHIIIHIN 1HTETpal
BHYTPIILIHINA 1HTETpal
MOABIMHUI 1HTErpas Mo
obnacrti

3MIHUTH MOPSAOK 1HTETPY-
BaHHS

3MIHIOBAaTH MOPSAOK 1HTe-
IPYBaHHS

IHTEIPyBaTU CIIOYATKY I10

na 1o x (y), a motoM 1Mo y x (y), @ HOTiM 10 Y (X)

(x)

9. KpUBOJMHEUHBII
JUHAD

10.macca (HE)oTHOPOIHOM

burypol

ou-

11.omucate oOJIacTh HH-
TEerpupOBaHUS
12.onpenenenue npeaenon
WHTETPUPOBAHUS

13.onpeaenutsb
MHTETPUPOBAHUSA
14.mtactuHka
15.n0BTOpPHBIN MHTETpaN
16.moxpIHTErpANIBHAS

byHKIMISA

peeibl

17.moxbIHTErpAIBHOE  BBI-
paxxeHue

18.MOpsAIOK ~ UHTErPUPO-
BaHUS
19.mocnenoBarenbHO  UH-
TEerpupoBaTh
20.mipenensl  MUHTETPUPO-
BaHUS

KPUBOJIIHIMHUN TUATIHIP

Maca (He)oaHopiaHOi Gi-
rypu

onucatu 00JacThb IHTETPY-
BaHHS

BU3HAUYECHHSI MEX
HUIb | THTEIPYBaHHS

[rpa-

BU3HAUYUTH MEX1 [FpaHu-
1] IHTeIpyBaHHS
TaTiBKa

MOBTOPHUH 1HTEIpal
nigIHTerpajibHa QYHKITISA

MiTIHTETPAIbHUN BUpa3

MOPAJIOK IHTEIPyBaHHS
MOCJIIOBHO 1HTETPyBaTH

MeXI1 [IpaHulli] TOBTOPHO-
ro iHTerpana

integral  exténded/ta-ken
over a domain/région

be a domain/région of the
first/sécond type [be the
type 1/i1 domain/ré-gion]
extérior/extérnal integ-ral
inner integral

déuble integral over the
domadin [région]
change/pérmutation
order of integration
change/invért the 6rder of
integration

integrate (at) first with re-
spect to x (y) and then
with respect to y (x)
curvilinear cylinder

the

mass of a(n) (in)homo-
géneous [(non)homogéne-
ous] figure

describe a domain/ré-gion

of integration
detérmination [placing,
sétting] limits of inte-
gration

determine/place/set li-mits
of integration

plate, mémbrane, disk
repéated/iterated inte-gral
integrand, finction Un-der
the integral sign, finction
to be integrated

integrand, expression
under the integral sign, ex-
préssion to be integrated
order of integration

succéssively

tively] integrate
limits of integration of
a(n) repéated/iterated inte-

[consécu-
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gral

21.mpaMoyroiabHas 00- TpsMOKyTHa o0siacTh 1H- rectdngular domain/ré-
JacTh HHTETPUPOBAHUS TEIpyBaHHS gion of integration
22 . pAMOYTOJIBHUK CO TMpPSMOKYTHUK 3 cTOpoHa- réctangle  with  sides
CTOpOHAMH,  Mapajulelib- MU, napajleabHuMu 10 Ko- (which are) parallel to the
HBIMU KOOPAMHATHBIM OPJIWHATHUX OCEU coordinate axes
oCsAM

23.pa3nenuth 00JacTh WH-
TErpUpOBaHUsl Ha JBE 00-
JacTH  TEPBOTO/BTOPOTO
TUTIA

24.cBepxy

25.cBECTH  BBIYUCIIEHUE
IBOMHOTO MHTErpaja K
BBIYMCIIEHUIO TTOBTOPHOI'O

WHTEerpaia
26.CBECTH BBIYHCIICHUE
JBOMHOTO MHTErpajia K

MOCJIEI0BATEILHOMY  BBI-
YUCIICHUIO JIBYX OIpee-
JIEHHBIX UHTETPAJIOB

27.cBeCTH OBOMHON HHTE-
rpajl K TOBTOPHOMY
28.cieBa
29.cHuzy
30.crpaBa
31.cxema
WHTEerpaia

IMPUMCHCHHA

32.TOYKa BX0J1a B 00J1aCTh

33.Touka BbIXOAAa U3 00-
JacTH

34. uunuHapUYEcKuil Opyc
35. UUTUHAPUYECKOE TENO
(OTHOCHUTEIBHO OCH Z)
36.7JIEMEHT IUIOIIAIHN

MOAUIMTH OO0JacTh 1HTET-
pyBaHHS Ha 1Bl o0JacTi
MEePIIOro/IPyroro TUIY

BHIILIE
3BECTH OOYHCIEHHS IO-
JBIMHOTO 1HTETpaja 10 00-
YHUCJICHHS TTOBTOPHOTO iH-
Terpaa

3BECTH OOYHCIEHHS IO-
JBIMHOTO 1HTErpajia J0 Io-
CIIIZOBHOTO  OOYHCICHHS
IBOX BH3HAUEHUX IHTEI-
pauiB

3BECTH MOJABIMHUM I1HTEI-
paJj 10 MOBTOPHOTO

3/11Ba

3HU3Y

cripaBa

CXeMa 3aCTOCYBaHHS 1HTE-
rpana

TOYKa BXOJy B 00J1acTh
TOYKa BUXOJY 3 00J1aCTi
UWTHAPUYHUN OpycC
HUAJTIHAPUYHE TUIO (BITHO-

CHO 0C1 2)
€JIEMEHT TUIOII1

decompose/divide/sub-

divide a domain/région of
integration into two do-
mains/régions of the first/

second type
above, from above
reduce the calculation/

evaluation of doéuble integ-
ral to that of repéated/ite-
rated one

rediice the calculdtion/
evaluation of doéuble inte-
gral to consécutive/succé-

ssive  calculation/evalua-
tion of two définite inte-
grals

reduce the double in-tegral
to that repéated/ite-rated
to/at/from/on the left
below, from below
to/on/from the right
schéme of application of
an integral, problemsolv-
ing schéme

point of éntrance in a
domain/région

point of éxit [“eksit] from
a domdin/région
cylindrical beam/bar
cylindrical body/solid
(with respéct to z-axis)
area ¢élement, élement of
the area



DOUBLE INTEGRAL: Basic Terminology ERU

1. above, from above

2. area ¢lement, élement
of the area

3. be a domdin/région of
the first/sécond type [be
the type 1/ii domain/ré-
gion]

4. below, from below

5. change/invért the order
of integration

6. change/pérmutation the
order of integration

7. curvilinear cylinder

8. cylindrical beam/bar

9. cylindrical body/sélid
(with respéct to z-axis)
10.decompodse/divide/sub-
divide a domain/région of
integration into two do-
mains/régions of the first/
second type

11.describe a domadin/ré-
gion of integration

12.detérmindtion  [plac-
ing, sétting] limits of
integration

13.determine/place/set li-
mits of integration
14.double integral over the
domadin [région]
15.extérior/extérnal integ-
ral

16.inner integral
17.integral  exténded/ta-
ken over a domain/région
18.integrand, expression
under the integral sign, ex-
préssion to be integrated
19.integrand, finction Un-
der the integral sign, func-
tion to be integrated
20.integrate (at) first with

BUILIE
€JIEMEHT TUIOII1

Oytu oOrjacTio meporo/
APYroro THITY

3HU3Y
3MIHIOBAaTH MOPSAOK 1HTe-
IPYBaHHS

3MIHUTH MOPSAOK 1HTETPY-
BaHHS

KPUBOJIIHIMHUN TUATIHIP
UWTHAPUYHUN OpycC
HUATIHAPUYHE TUIO (BITHO-
CHO 0C1 2)

MOJAUIATH O0JacTh 1HTEI-
pyBaHHS Ha JIBI o0Oiacri
MEePIIOro/IPyroro TUIY

onucatu 00JacThb IHTETPY-
BaHHS

BU3HAUYECHHSI MEX
HUIb | THTEIPYBaHHS

[rpa-

BU3HAYUTH MEXI1 [TpaHu-
1] IHTeIpyBaHHS
MOABIMHUI 1HTErpan Mo
o0nacTi

30BHIIIHIN 1HTETpal

BHYTPIILIHINA 1HTETpal
IHTerpaj, NOIHUPEHUN Ha

00J1acTL
MiTIHTETPAIbHUN BUpa3

niAIHTEerpajibHa QYHKITISA

iHTCTpYBaTI/I CIIO4YaTKy II0

CBEpXY
AJIEMEHT IUIOIIA N

OBITh O0JIACTBIO  TEPBO-
ro/BTOpPOro THUMa

CHU3Y
U3MCHSATH MOPSIIOK WHTET-
PUPOBaHHSI

U3MCHHUB TOPSIOK WHTET-
PUPOBaHMSI
KPUBOJIMHEVUHBINA [IUJIAHAP
HATUHIPUIECKUM OpycC
AJTUHIPUIECKOE TENO
(OTHOCHUTEIIBHO OCH Z)
paznenutb o00JacTh WH-
TErpUpOBaHUsl Ha JBE 00-
JacTH  TIEPBOT'0/BTOPOTO
THIIA

omnucarth o00JlaCThb HHTEr-
pUpOBaHUS
oTmpeieNICHHE
WHTETPUPOBAHUS

IIpcacioB

OTIPEJICIATh TIPEACIIbI HH-
TErPUPOBAHUS

JIBOMHON MHTErpaj mo 00-
JIaCTH

BHCIITHUH MHTETPa

BHYTPEHHUI UHTETPAl

IMOABIHTCIPAJIBHOC
KCHHUC

BbIpa-
NOJAbIHTErpajbHas (PyHK-
s

HHTCIPUPOBATH CHaydalia
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respect to x (y) and then
with respect to y (x)
21.limits of integration of
a(n) repéated/iterated inte-
gral

22.mass of a(n) (in)homo-
géneous [(non)homogéne-
ous] figure

23.6rder of integration

24 .plate, mémbrane, disk
25.pbint of éntrance in a
domain/région

26.pdint of éxit [ eksit]
from a doméin/région
27.réctangle with sides
(which are) parallel to the
coodrdinate adxes
28.rectangular domain/ré-
gion of integration
29.redlce the calculation/
evaluation of doéuble inte-
gral to consécutive/succé-

ssive  calculation/evalua-
tion of two définite inte-
grals

30.redtce the calculation/
evaluation of double integ-
ral to that of repéated/ite-
rated one

31.reduce the doéuble in-
tegral to that repéated/ite-
rated
32.repéated/iterated
gral

33.schéme of application
of an integral, problem-
solving schéme
34.succéssively [consécu-
tively] integrate
35.to/at/from/on the left
36.to/on/from the right

inte-

x (y), a IOTIM 10 Y (X)

MeXI1 [IpaHulli] TOBTOPHO-
ro iHTerpasna

Maca (He)oaHopiaHOi Gi-
rypu

TIOPSIJIOK IHTET PyBaHHS
IJiaTiBKa
TOYKa BXOJy B 00J1acTh

TOYKa BUXOJY 3 00J1aCTi

MPSIMOKYTHUK 3 CTOpOHa-
MU, TIapaJICTLHUMHU JI0 KO-
OpJIWHATHUX OCEH
NPSIMOKYTHa 00JacTh iH-
TEIPYBaHHSI

3BECTH OOYHCIEHHS IO-
JBIMHOTO 1HTErpajia Jo0 Io-
CIIIZOBHOTO  OOYHCIICHHS
IBOX BH3HAUEHUX IHTEI-
pauiB

3BECTH OOYHCIEHHS IO-
JBIMHOTO 1HTETpaja 10 00-
YUCJICHHS TTOBTOPHOTO iH-
Terpaia

3BECTH MOJABIMHUM I1HTEI-
paJt 10 TOBTOPHOTO

MOBTOPHUH 1HTEIpal

CXeMa 3aCTOCYBaHHS 1HTE-
Ipana

MOCJIIOBHO 1HTETPyBaTH

3J1iBa
crpaBa

1o x (y), @ IOTOM 110 Y (X)

MMpCacijibl UHTCTPUPOBAHUS

Mmacca
burypor

(HE)OTHOPOTHOM

MOPSIIOK HHTETPUPOBAHUS
IJIACTUHKA
TOYKA BXO0J1a B 00J1aCTh

TOYKA BBIXOJA U3 00J1acTH

NPSIMOYTOJIBHUK CO  CTO-
pOHaMH, TMapajieIbHBIMU
KOOPAMHATHBIM OCSM
NpsIMOYToJibHAsE ~ 00J1acTh
WHTETPUPOBAHMUS

CBECTH BBIYHCIICHHE
ABOWHOTO MHTErpaja K
MOCTIEIOBATEIHHOMY  BBI-
YHUCJICHUIO JIBYX OIIpese-
JICHHBIX HHTETPAJIOB

CBECTHU BBIYMCIICHUE
JBOMHOIO MHTErpaiga K
BBIUKMCJICHUIO TTOBTOPHOTO
MHTErpaja

CBECTHU JBOWHON MHTErpall
K IIOBTOPHOMY

HOBTOpHBIﬁ HHTCTpAl

cxema NMPUMEHEHUs WHTE-
rpana

MIOCJIEA0BATENBHO HWHTET-
pUpOBaTh

cleBa

crpaBa



DIFFERENTIAL EQUATIONS
LECTURE NO.25. FIRST AND SECOND ORDER
DIFFERENTIAL EQUATIONS

POINT 1. GENERAL NOTIONS

POINT 2. INTEGRABLE TYPES OF THE FIRST ORDER DIFFER-
ENTIAL EQUATIONS

POINT 3. ORDER REDUCING SECOND ORDER DIFFERENTIAL
EQUATIONS

POINT 1. GENERAL NOTIONS

Def. 1. Equation with respect to an unknown function y(x) is called differen-

tial one if it contains the derivative or derivatives of this function.
Def. 2. Order of a differential equation is called the highest order of deriva-

tives of the unknown function which are contained in the equation.

F(x,y,y')zO (1)
is the general form of the first order differential equation in y(x).
F(x,7,5,y")=0 (2)

is the general form of the second order differential equation in y(x).

Def. 3. Solution of a differential equation is called a function y = ¢(x) which
satisfies this equation that is turns it into identity.

For example a functiony = go(x) is the solution of the first order differential
equation (1) if F(x,¢(x),¢'(x))=0.

Def. 4. Integral curve of a differential equation is called the graph of its solu-
tion.

Every differential equation has infinitely many solutions.

Ex. 1. Set of all solutions of a differential equation y' = x is given by the ex-

pression y = x’ / 2+ C where C is an arbitrary constant.



115 First and Second Order Differential Equations

To choose some certain solution of a differential equation one gives additional
conditions.

There are boundary and initial conditions.

Ex. 2. Find a solution of a differential equation

V' +k*y=0 (a<x<b)
which satisfies the next boundary conditions
y(a)=y,, ¥(b)=y,.

In our lectures we’ll study as the rule differential equations with initial condi-
tions.

For the first order differential equation (1) we have one initial condition name-
ly

(x,) =¥, (3)
For the second order differential equation (2) we have two initial conditions
y(x9)= ¥4, ¥'(x0) = 4. (4)

Def. 5. Problem of finding solutions of a differential equation which satisfy an
initial condition or initial conditions is called the initial-value problem or Cauchy
problem.

For the first order differential equation (1) we have Cauchy problem (1), (3),
and for the second order differential equation (2) we have Cauchy problem (2), (4).

Geometrical sense of Cauchy problem (1), (3): find integral curves which pass
through a given point M (x,,y, ).

Geometrical sense of Cauchy problem (2), (4): find integral curves which pass

through a given point M (x0 , yo) and have at this point the given slope of a tangent.
Ex. 3. Find a curve through a point M (~1; 2) if the slope of the tangent at its
arbitrary point M (x; y) equals 2x.
We must solve Cauchy problem for the first order differential equation
y'=2x

with an initial condition
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y(-1)=2.
The equation gives
y=x"+C,
and from the initial condition we find the value of C,
y(=D)=(-1y+C=2,C=2-1=1,
and therefore
y=x"+1.
Theory of differential equations establishes conditions for one-valued solvabi-
lity of Cauchy problems.

Let’s we study the first order differential equation which is resolved with re-

spect to the derivative )’ that is
y'=r(x.) (5)
Theorem 1. If a function f(x, y) in the first order differential equation (5) and

its partial derivative f (x, y) with respect to y are continuous in some domain D of

the xOy -plane, then for any point M (x0 Vo ) € D Cauchy problem (5), (3) has

unique solution.
Def. 6. General solution of the first order differential equation (5) in the do-

main D of the theorem 1 is called a function y = qo(x, C ) which contains an arbitrary

constant C and satisfies two conditions: a) it is a solution of the equation for any va-

lue of C; b) for any initial condition (3) one can find a value C; of C such that the
function ¢(x, C, ) satisfies this condition.

Def. 7. If an arbitrary constant C in the general solution y = ¢(x, C) of a dif-
ferential equation (5) takes on some particular value C, then the corresponding func-
tion @(x, C,) is called a particular solution of this equation.

For example the solution of Cauchy problem is a particular one.
Let’s now we study the second order differential equation resolved with respect

to the second derivative y"
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y'=f(x oy, ») (6)
Theorem 2. If a function f (x, v, y') in the differential equation (6) and its

!
'

partial derivatives f] (x, v, ¥'), f (x, y, ¥') with respect to y, y' are continuous in
some domain D of the Oxyz -space, then for any point M (x,,¥,,,)e D Cauchy
problem (6), (4) has unique solution.

Def. 8. General solution of the second order differential equation (6) in the do-
main D of the theorem 2 is called a function y = ¢(x, C,, C, ) which contains two ar-
bitrary constants C,, C, and satisfies two conditions: a) it is a solution of the equation
for any values of C,, C,; b) for any initial conditions (4) one can find values C,,,,
C,, of C,, C, such that the function y = ¢(x, C,,, C,,) satisfies these conditions.

For any particular values C,,, C,, of C,, C, we have a particular solution y =
= qo(x, Coi> Coz) of the equation (6), for example the solution of Cauchy problem (6),
4).

Note 1. The general solution or a particular solution of a differential equation
can be expressed implicitly. In such case they can be called respectively the general
integral or a particular integral of this equation.

Note 2. Analogous definitions and theorems are introduced for nth order differ-
ential equations (if n > 2).

In the future the expression “to solve (or to integrate) a differential equation”

means: a) to find its general solution or b) to solve Cauchy problem for the equation.

POINT 2. INTEGRABLE TYPES OF THE FIRST ORDER
DIFFERENTIAL EQUATIONS (of DE - 1)

1. Separated DE-1 (DE-1 with separated variables)

Def. 9. The first order differential equation of the form

M(x)dx+N(y)dy=O, (7)
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where the variables x, y are separated, is called that in separated variables (or sepa-
rated differential equation of the first order).

Theorem 3. The general solution of the equation (7) has the next form:
IM(x)dx+IN(y)dy:C (8)
where IM (x)dx, IN (v)dy mean some primitives of the functions M (x), N (x) corre-

spondingly.
ma) Let a function y = go(x) be a solution of the equation (7) that is

M (x)dx + N(p(x))de(x)= 0, M (x)dx + N(p(x))p'(x)dx =0.

Integrating the last identity with respect to x we get the equality (8), namely
L =
[ M (x)dx + [ Np(x))'(x)ax = C. et g(x)

s
¢'(x)dx = dy
b) Inversely, let a function y = go(x) satisfy the equality (8) that is

IM (x)dx + IN (p(x))p'(x)dx=C.

Differentiating this identity we obtain

([ M () )+ d([ N (o)) (e)ex)= 0, M (x)ex+ N(ple)p'(x)ex =0,

and so the function y = go(x) is a solution of the equation (7).

, jM(x)dx+jN(y)dy =C.

Therefore every solution of the equation (7) satisfies the equality (8) and vice
versa.

c¢) To prove possibility of choice a value of C to satisfy an initial condition
y(xo ) =W (9)

let’s rewrite both primitives in the equality (8) in the form of definite integrals,

X y

IM(x)dx + IN(y)dy =C.
a b

By the initial condition (9) we get

0

C= ]QM(x)dx + jN(y)dy N |

b
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Note 3. Taking a =x,,b =y, we’ll get C=0. Therefore the solution of Cau-

chy problem for the equation (7) with an initial condition (9) can be written in the
next simplest form
]C.M(x)dx+j.N(y)dy:0. (10)
X0 Yo
Note 4. Integration of a differential equation (7) is reduced to solving of more
simple problem namely to evaluation of primitives. It is of no importance that at least

one of these primitives can’t be expressed in terms of elementary functions.

Ex. 4. The differential equation e dx = & is that in separated variables. Its

Iny
general solution is given by the next formula

Iexzdxzjg—yy+C.

Both primitives do not express in terms of elementary functions.

2. Separable DE-1 (DE-1 with separable variables)

Def. 10. The first order differential equation is called that with separable va-
riables (or separable differential equation of the first order) if it can be reduced to
an equation in separated variables.

A differential equation

EFACHIASY (11)
1s that separable provided £, (y) # 0. It’s sufficient to represent )’ as %, multiply by
X

dx and divide by £, (y) both sides of the equation,

& A
E‘fl(x)fz(y) fz(y)afz(y)_fl( )d

Therefore the general solution of the equation (11) 1s
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j%:jﬁ(x)dxw. (12)

To the same type of separable differential equations concerns the next one
P(x)Q(y)dx + R(x)S(y)dy =0 (13)
if R(x)#0,0(y)#0. We get a separated differential equation dividing both sides of
the given equation by R(x)Q0(y),

1 P(x)dx S( y)dy
R(x)O(»  R(x)  O)

and the general solution of the equation is given by the formula

P(x)Q(y)dx +R(x)S(y)dy =0,

b

jp(x)dx+js(y) —C. (14)
R(x) o)

Ex. 5. A differential equation e’ (1 +x° )dy — Zx(l +e’ )dx =0 has the form (13)
(P(x)=1+x%,0(y)=¢", R(x)=2x, S(y)=1+e¢") and so it is separable one. Dividing

both sides by (1 + x2X1 +e’ ) we get

1 Y 2
ey(1+x2)dy_2x(1+ey)dx:0%(1+x2)(1+ey)’ lfey dy—1+);2 =0,
hence
jeydy [ i) -+ 2?)=C T )
1+e” 1+ x? 1+x

Note 5. For the sake of more simplicity we can represent an arbitrary constant
C in different forms.

Let’s take for example ln‘CI‘ instead C in the preceding ex. 5, so

1+e” 1+e

1+ x?

In

=lc).

Putting finally C =|C,|, we get the general solution of the equation in the next more

simple form
1+e’ =C(1+x?)

or
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y= ln(C(l + xz)— 1).

Ex. 6 (economical problem). Current inventory level of some company is 1680
items and it is producing with the rate of 900 items per month (i.p.m.). Demand is
currently with the rate 800 i.p.m. and is dropping with the rate of 10 i.p.m. The com-
pany would like to reduce production with the rate # i.p.m. to sell all the production
during the year. Find the value of n.

Let I(¢) be the inventory level at a time moment ¢, and 7(0) =1680. Rate of its

producing at a moment ¢ is

V(t) _lim I(t+At)—1(1)

A0 At =1().

It is known that
V(t)=S(t)-D(t),
where S(¢) is the rate of production, D(¢) is the rate of selling. By conditions of the
problem
S(¢)=900—nt, D(t)=800—10¢, 7 (t)=100+10t —nt =100+ (10 — n )z,
or
I'(£)=100+(10-n) .
We get the first order separable differential equation in /(¢) with an initial condition
1(0)=1680,

that is we must solve Cauchy problem. From the equation

2

](t)=100t+(10—n)-%+C,

by the initial condition C' =1680, and

2

1(£)=100¢ + (10 —n)-%+1680.
To sell all the production during the year we must have
12°
1(12)= 100-12+(10—n)-7+1680 =0,

whence it follows that n = 50.
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Answer: its necessary to reduce the production with the rate of n = 50 i.p.m.

Ex. 7 (demographic problem). The rate of growth of population at arbitrary
moment of time is proportional to the number of population at this moment (coeffi-
cient of proportionality equals k). Find the number of population at arbitrary moment

tif it equals L, at the initial moment 1 =0.
Let L(t) be the number of population at a moment ¢ (it is obvious thatL(t) >0).

The rate of growth of population at this moment

W)= lim L(t+ AAtt)—L(t) 1),

By the condition

v(t)=KkL(t).
Therefore,

L'(t)=kL(t), L(0)=L

0°
and we have to solve Cauchy problem.
The differential equation of the problem is separable one,

9L 9 9L i, L) = ke + InlC
dt L L

, ln‘L‘ — ln‘C‘ =kt,In

o
C

£ :ekz’
C

L(t) =|Cle", L(t)=|Cle", L(0)= L, =|C]e’,

Cl=L,, L(t)=L,e".
Thus we’ve got exponential growth of population provided there are not op-
. posed factors (decline in living standards, measures for
limitation of birth rate ezc.).
Ex. 8 (geometric problem). Find a curve through a

point M,(1;2) if a segment of its arbitrary tangent between

the tangency point and the Oy -axis is divided by the inter-

section point of the segment and the Ox-axis in the given
Fig. 1 ratio 5 : 8, counting from the Oy -axis (see fig. 1).
It follows from the conditions of the problem that an unknown curve can’t in-

tersect the coordinate axes and therefore lies in the first quadrant.
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Let y= y(x) be an unknown equation of a curve in question, M (x; y) an arbi-

trary point of the curve which is the tangency point, « = ZMBN . Then

NM Y y
ON = 0). NM = 0), t =~ (fie. 1).
x(x>0), y(y>0)tana =y = v "oV =gy (fig D

By condition
AB:BM =5:8=0B:BN,OB=x—-BN,(x—BN): BN =5:8= BN =8/13x,

, 13y
' y =—,
Y 8x

8/13)-x" | (1)=2

We’ve Cauchy problem for a separable differential equation. Separating the variables

we get
dy 13y |dv dy _13dv pdy 13pdr 13 15 )
dc 8 |y 'y 8xdy 8J«x

13 13

= anC‘x)I;, y= ‘CF x8

ln‘ y‘ =

Using the initial condition we find the corresponding value of C and the solu-

tion of Cauchy problem,

13

y()=2,y(1)= \C\ 8 \C\ $ =2, y=2x"
Remark. There is the other way to get a differential equation of the problem

proceeding from the equation of the tangent to a desired curve at its arbitrary point
M(x; y).
Let’s denote coordinates of an arbitrary point of the tangent by &, 1 then the
equation of the tangent will get the next form
n = y(x)+ ' (x)g - ).

Putting 7 = 0 1in this equation we’ll get

0= y(x)+ ()& = x), ¥ ()& —x) = =p(x), & —x == y(x)/ y'(

S =OB=x—M:>BN=ON—OB=x_(x_ y(x)j: y(x)-

y'(x) y'(x)

Making use of the conditions of the problem we obtain

=
~—
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ﬂ_OB_éj(x_y(X)j/(y(X)JZS y) 5 ylx) 13 ylx)

BM BN 8 Y@ \y(x) 8T v 8y 8 ()
hence
y'(x)z EM, or briefly y' = _13y(x)'
X 8x

3. Homogeneous DE-1

Def. 11. The first order differential equation is called homogeneous one (with

respect to the variables x, y) if it can be represented in the next form

y’=<p(yj- (15)

X
Theorem 4. Homogeneous differential equation (15) as a rule reduces to that

separable by introducing a new unknown function
Yo ux). (16)
X

mFinding ' and substituting its value in the equation we have
y=xu(x), y =u+xu',u+xu' =), xu'=ou)-u.

The obtained equation is a separable one provided qo(u)— u # 0. Indeed, in this case

du =I%+C.l

)y ey il ey

Note 6. 1t can be proved that differential equation
V' =flxy), (17)

x@:(p(u)_u% dx du _dx

dx

is that homogeneous if for any A
S, )= f(x.).
A more general differential equation
M(x,y)dx+N(x,y)dy=O (18)
is homogeneous one if for any A there exists a number & such that simultaneously

M (Ax,Ay)=AM(x,y) and N(Ax,Ay)= 2 N(x,y).
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Prove these assertions yourselves.
Ex. 9. Solve Cauchy problem xy' = ylnz, y(l)zl.
X

Let’s divide both sides of the equation by x. We’ll get an equation of the form

(15) that i1s a homogeneous equation,

y! :XIHX, (p(lj :XIHX’
X X X X X

because of its right side is a function of the ratio y/x. Acting by the theory we have

qu,yzxu,y'zxu'+u,xu'+u =ulnu,xu'=ulnu—u,x@=u(lnu—l)L

x dx xu(lnu—1)
_du _dx d—u:I@+ln‘C,ln‘lnu—l‘:ln‘Cx, Inu—1|=|Cx},
u(llnu—1)  x 9 u(lnu—1) x

Inu—1=Cx,InZ—1=Cx.
X

The initial condition gives

ln%—I:C-l,Cz—l.

The solution of Cauchy problem
nZ=1-x or y=xe™.
X

Ex. 10. Find the general solution of a differential equation
(?ay2 +3xy+x° )dx = (x2 + ny)dy.
The given equation is that homogeneous because of for any A4
() +3(Ax)Ay)+(Ax) = 2 (?ay2 +3xy + xz), (Ax) +2(Ax ) Ay) =22 ()c2 + 2xy).
To prove homogeneity of the equation directly we rewrite it in the next form

,_Q_3y2+3xy+x2

dx x” +2xy

and then divide the numerator and denominator by x?,
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2

3(yj +3X+1
] X X

y e

1427
X

The right side of the equation is a function of the ratio y/x, and so the equation is

homogeneous one. By the theory we have

3u+3u+l _du w+2u+1 (1+2u)du _dx

Z: — r_ ' ' —

X Ho Y XU Y= U, U 1+2u ’xdx 1+2u " u*+2u+1 x~
J-(1+2u)du B iC J- 1+2u _1 ‘x‘+CJ. 1+u) ldu:2J. du _J- du -
u +2u+1 X u+1 u+1) u+l1 (u+1)
=21Inju+1/+ ,2lnl+1+—=ln\x\+C,2ln| y|+ al = In|x|+ C.
I/l+1 X X-Fl ‘ X ‘ X+y

X

Ex. 11. Find a curve through a point M (0;1) if the subtangent at its arbitrary
point M (x; y) equals the sum of coordinates of this point.

It follows from the conditions of the problem that an unknown curve can’t in-

tersect the Ox-axis and so lies above of this axis.

7

Let y = y(x), y(x)> 0, be an equa-

tion of a curve in question, MA and MB
be the segments of the tangent and normal
to the curve at its arbitrary point M (x; )

M,

respectively, and MN 1 Ox(see fig. 2) .

Then directed segments AN and NB are

called respectively the subtangent and

Fig. 2 subnormal to the curve at the point M (x; y).
For the case y(x)>0, y'(x)> 0 (see fig. 2, where the point A4 lies from the left
of the point N)

_ ylx)
M6y

We can prove this from the right triangle AMN , namely
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NM  y

y 2

NA=—-NM -cota =— =
tan o y

the same value of NAwe’ll get proceeding from the equation of the tangent to the un-
known curve at the point M (x; y). Indeed, the equation of the tangent is

n = y(x)+ ¥ —x).
If we put n =0 here, we’ll obtain

W) o, )
v M TGy

5:0A:x—y(x),AN:0N—0A:

y'(x)
The length of the subtangent equals

y(x)
y'(x)

and by the conditions of the problem we get the differential equation

b

=

* l, =x+y
y
with an initial condition
¥(0)=1

that is we have to solve Cauchy problem.

1. The first case

L=xty, »0)=1.
y

To determine the type of the equation we write it as follows

' Y

_X+y

and divide the numerator and denominator of the fraction by x,

I+~

We get a differential equation of the form (15), and therefore it’s homogeneous one.

Integrating it by corresponding method we have
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, , , u ,u du u’ |(1+u)dx
=u,y=xu,y =xu'+u,xu'+u=——,xu'=——-u, -,
I+u I+u dx 1+u‘ u

==

(1+u)du:_@ J‘(1+u)du J‘dx
X

: C,— L 4 1nfu| =~ o]+ €, — L+ Infr| =
u u

u
—£+ln‘y‘ =C, —£+lny =C (because of y> 0)-
y Y

The value of C we find by virtue of the initial condition. Substituting O for x

and 1 for y in the general solution we get

—%+ln1=C,C=O.

The curve in question has the next equation: — L P y=0or ylny=x.

2. The second case

—l,=x+y, y(O):l.
y

Integration of the differential equation (which is also homogeneous one) gives

—L,:L,y':—i, '=— _y/x y—uy xu, y' = xu'+u, xu +u——L
Yy Xty X+ y 1+y/x" x 1+u’
du __u du 2u+u (1+u)du:_@ (1+u)du:_@

dx l+u dx 1+u =~ 2u+u’ x u(2+u) x
l(l+ ! jdu:_@ Lol + 0+ 20) = — |+ InlC], L tnfua + 2) + 1ol =

2\u u+2 x 2 2

25 = icn 25

_c2, (y—|-2x)=C2 for y+2x2>0,
y(y+2x) C? for y+2x<0.

1/y‘y+2x‘

The initial condition is fulfiled only for y +2x>0:1-(1+2-0)=C?, C* =1,

and therefore the curve in question is given by the equation y(y + 2x) =1.

Answer. There are two solutions of the problem: ylny =x, y(y + 2x) =1.
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4. Linear DE-1

Def. 12. Linear differential equation is called an equation of the form
V' +P(x)y =0(x), (19)
where a coefficient P(x) and an absolute term Q(x) are known functions.
Theorem 5. Integration of a linear differential equation (19) is reduced to se-
quential integration of two separable first order differential equations.
mLet’s find a solution of the equation (19) in the form of a product of two un-
known functions u(x),v(x),
y=u(x)v(x). (20)
Differentiating and substituting the values of y, )’ in the equation we have
Y =uv+uv', u'v+uv' + P(x)uv = Q(x), u'v+u(v' + P(x)v)= O(x).
We try to choose some function v=v,(x) to annulate the expressionv' + P(x)v =0. It
leads us to two separable differential equations
Vi+ P(x)v=0, (¥
u'v=0(x). (**)
Integration of the first equation (*) gives

Dy =0 |2, Y 4 Py =0, Inp| = - [ P(x)dx+m|C,

dx Y
v=Ce "% y=y (x)=e ",

v

¢

, In

= —I P(x)dx,

We substitute the found value v =v,(x) in the equation (**) and find its general solu-
tion,

A =29 = (29 ey

Vo (x ) Yo (x ) Yo (x )

Finally we get the general solution of the given equation (19), namely

u'v(x) = O(x), fi—x (x)=0()

y:w:wo(x):( gog))dﬁc}o(x).

Ex. 12. Integrate a differential equation y'+ y-tan x =

CoS X
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: : . : . 1
The differential equation is that linear with P(x)=tan x, O(x)= . Follow-
COS X
ing the theory we put
y=uv=u(x)v(x)
and so
y=uv+w', u'v+u +uvtanx = Ju'v+u(v +vtanx)= :
COS X

COS X
We have integrate successively the next two differential equations

vi+vtanx=0, (¥)

1
u'v= . (**)
COS X
dv dx dv sinxdx ¢dv sin xdx
Asto (*) we have —+vtanx=0 |—,—=— , —:—J. +ln‘C,
dx A\ COS X v COS X
dv — sin xdx
— = I— +In|C|, In|v| = In|cos x| + In|C], In|v| = In|C cos x|, [y| =|C cos x],
v COS X
By arbitrariness of C we can write
v=Ccosx,v=v,(x)=cosx.
Passing to the equation (**) we get
, 1 , du dx dx
u'v, = ,U' cosx = ,— +COSX = ,du=——->—, u=tanx+C.
COS X cosx dx COSX |COSX Cos” x

Now the general solution of the given differential equation is

y=uv, =(tan x + C)cos x = sin x + C cos x, y = sin x + C cos x.

Y

Ex. 13. Integrate the next differential equation y' = 3 >
X=y

Let’s rewrite the equation in the follows way:

2
Q: y @:3)(: y @:3—)6—)/’ @-F(—i)x:—y_

dx 3x—y2’ dy y ’ dy y dy y

We see that the differential equation is that linear with respect to the unknown func-

tion x = x(y). Therefore we do as follows
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X=uv= u(y)v(y), X'=uv+v'u, u'v+uv'—iuv =—y, u'v+u(v'—ivj =—y,
Y Y

V'—3—VZO, (*)
Y
uv=—-y. (*¥%)

Solving the first equation (*) we have

d_3r @,@:3@,1nM:31n\y\+1n\c,1n\v\:1n\Cy3,v\:\Cy3,v:Cy3.
d y|v v y
Putting v=v, = y°, we integrate the equation (**), namely
1 1
u'vy =—y,u'y’ =—y,@=——2,du=—d—)2;,u=—J.d—)2;+C,u=—+C.
dy y y y y

The general solution of the given differential equation
1

X=uy, =(—+ij3,x=y2 +Cy°.
y

Ex. 14 (funds flow [movement of funds]). Let K(¢) be amount of funds at a
moment 7. Retirement of funds during a time interval [z,7 + At] equals 1K (7)At,
where uis some retirement coefficient. Growth of funds during the time interval
[t,t + At] equals plAt, where pis some coefficient (0<p <1 because of not all in-
vestments are putting in funds) and / is a known amount of investments during one
year. Amount of funds at the moment of time ¢+ A¢ equals

K(t+At)= K(t)— uK (¢)At + pIAt .
Rate of movement of funds at a moment ¢ equals

- K(t+At)-K(z)

lim . = K'(t)=—uK(t)+ pI .

We’ve got Cauchy problem for a differential equation
K'(t)=~uK(t)+ pl

with an initial condition
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Coefficients u, p of the equation can be constant or known functions of ¢. The

quantity / can be constant or a function of z. In these cases the differential equation is
that linear. What is more, / can be a function of the nth power of K(¢), and in this case

the equation is that of Bernoulli (see lower).

5. Bernoulli DE-1

Def. 13. Bernoulli differential equation is called the next first order equation

'+ P(x)y=0(x)y" (21)
where 7 is an arbitrary real number distinct from O and 1 (n#0,n#1).

For n =1 the equation is a separable one and for n =0 it is a linear one.
We can integrate Bernoulli equation as a linear one if we put
y=ulxp(x).
The second method of integration consists in reducing of the equation (21) to

that linear. Let’s divide both its sides by ",

2P o) P - )

and then suppose

We’ll get

z z

, P(x)z=0(x), 2’ + (1 - n)P(x)z = (1-n)O(x).

l1-n 1-n

Z=(l=n)y"y, yy" =
The latter equation is a linear one in z (x).

: : : -
Ex. 15. Integrate a differential equation y' ——y = x\/;.
X

The equation is Bernoulli one, n =1/2. Finding its solution as a product

e

we have
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! ! ! ! ! 4 ! ! 4
V=uv+uw, uv+u ——uv=xvuv,u'v+ul v'——v |=xsuv,

x x
v'—ﬂv=0, *)
x
uv=xsuv.  (**)
@—iv 0 @ﬂ—4@—OlnM =lnx*,v=Cx*,v=v, =x"
dx x vov X .
du Jix® dx du _dx
—V, = X\/UV,, x =X 2\/_ In|x =
dx 0 0 4\/_ \/_ ‘ ‘

\/Ezéln‘Cx‘zan‘Cx,u =In’ \/|Cx|, y =uv, = x* In* \/|Cx].

POINT 3. ORDER REDUCING SECOND ORDER DIFFERENTIAL
EQUATIONS

1. Second order differential equation resolved with respect to the higher deriva-

tive if the right member of the equation depends only on the independent variable
y'=f(). (22)

One finds the general solution of this equation by twice integration, namely

y:Idef(x)dx+Clx+C2x (23)

0 =0 = L= ) = S ' = [ Flke

:J‘f(x)a'x+Cpdy:(jf(x)a’x+c1 )c,y=J‘(J.f(x)a’x+Cl x+C, =

:Idxjf(x)dx+ICldx+ C, :J.a’xJ.f(x)a’x+Clx+C2 N

Note 7. 1f it 1s a matter of Cauchy problem for the equation (22) with initial

conditions

y(x0)=y0,y'(x0)=y{)



First and Second Order Differential Equations 134

then it is well to integrate over an interval [x,, x|, namely

y'= jif(x)dx+Cl,y: j.dxj.f(x)dx+ C,(x—x,)+C,.

)CO )CO )CO
In this case we at once have
G :y'(xo):y:)a C, ZJ’(XO):J/O,

and the solution of Cauchy problem takes on the next form

y= [ £+ yy(e=x,) 3.

X0 X0

Ex. 16. Solve the next Cauchy problem

{ " =cosx,
¥(0)=1,y'(0) =-2.

Twice integrating we at first have the general solution of the differential equa-
tion,
y'=sinx+C,,y=—cosx+Cx+C,.
Taking into account the initial conditions we find C,, C,,
y(0)=1=-cos0+C,-0+C,,C,=2;y'(0)=-2=sin0+C,, C, =-2.
Therefore the solution of Cauchy problem
y=—cosx—2x+2.
2. Second order differential equation not containing explicitly the unknown
function
F(x,y',y")=0 (24)
reduces to the first order differential equation by introducing a new unknown func-
tion
V'=px). (25)
So long as
y"=p'(x),
the equation (24) passes to the next one

F(x,p(x), p'(x))=0. (26)
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We’ve got the first order differential equation in p(x).

Suppose that we’ve found the general solution of the equation (26) of the form

px)=o(x,C)).
In this case we can finish integration of the given equation as follows
dy
Y =0(x, €)= = p(x, C,), dy = p(x, C\)dx, y = [ plx, C ) + C, .
X

Ex. 17. Find the general solution of the second order differential equation
X’y +xy =1,
This equation doesn’t contain explicitly the unknown function.

The first step. Putting y' = p(x) we get the first order linear equation in p(x)

Y'=p,x’p'+xp=1 p'+lp:L
b b 2 °
x'ox

By corresponding theory we put p(x) =uv and so

! ! ! ! ! uv 1 ! ! V 1
p =uv+uw, uv+uw' +—=—,uv+tul v+—|=—
X X

x) x

a)v' +Z—O@ Z—Oﬂ dx:O,ln‘len‘x‘: 0,vx=C0,v=v0(x):l;
X dx x vV X X

b)u'v=L2,u'vo=L2,@-1=L2,a’uzﬁ,u=ln‘x‘+Cl,p(x)zuvo:ln‘xhc1
X dx x x X

X
The second step. Returning to y" we find the general solution in question

_Inpd+C oyl + G Il dx Il
X dx X X X

y +C, ln‘x‘+C

3. Second order differential equation not containing explicitly the independ-
ent variable

F(y,»,y")=0 (27)
reduces to the first order differential equation by introducing an auxiliary unknown
function

y'=py) (28)

Differentiating a composite function we obtain
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V'=ppP'(), (29)

and so

F(y,p(»), p(»)p'(y))=0. (30)

We get the first order differential equation in p(y).

If we can find the general solution of the equation (30) in the next form

p(»)=¢(y.C,)

then

| dx dy iy dy
50,7 500 =00

Ex. 18. Solve Cauchy problem for an equation " =2sin’ ycos y with initial

, d
y:¢(yacl)9d_i:¢(yacl) =x+C2.

conditions y(1)= %, y'(1)=1.

The equation doesn’t contain explicitly the independent variable, and so we put
V'=p»).
The first step.

. d . .
y'=p(y), y"=pp', pp' =2sin’ ycos y, pﬁ =2sin’ ycos y, pdp =2sin’ y cos ydy,

2 s 4
Ipdp=2jsin3ycosydy+%,p7= sz y+%,p2 =sin’ y+C,, p=+sin* y+C, ;

by initial conditions

p(§j=y’(1)=1= sin4%+cl,1=1/1+C1,Cl =0,and p=/sin*y =sin’ y.

The second step.
dy

sin” y

. d .
y' = sin’ v, & sin? v,
dx

=dx,—coty=x+0C,.

On the base of the first initial condition — cot% =1+C,,0=1+C,,C, =-1, and the

solution of Cauchy problem is given by the equality

coty=1-x.
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Ex. 19. Solve Cauchy problem yy”—(y')2 =y*, »(0)=1,'(0)=0.

The first step. ' = p(»), y" = pp', ypp'— p* = »*.
By virtue of initial conditions y # 0, p # 0 (verify!) and so (after division by py)

i 1 3 1
p-—p=y -—.
Y P

This last differential equation is Bernoulli one, and we find its solution of the form

p=u(yp(y),

whence

3 3
p'=uv+u/, u'v+uv'—ﬂ=y—,u'v+u(v'—lj=y—.
Vv oouy y
;v Odv v dv dy lnM
y dy y v oy

3 3 2 2
C
u'vozy—,u'yzy—,uduzydy,%zy—+ Lu=+y’+C,, p=tyy* +C,;

uv, uy 22

,Vv=Cyx,v= vo(y) V;

from the initial conditions

p(1(0))=»"(0)=0==%p(0)y»*(0)+C, =1+ C,,1+C, =0,C, =1,

The second step.

—+y\/7 Y +y\/7 ., * = tdx, J‘—Ly—l =t+x+C,;

1 sin zdz sin zdz

I dy 4 cosz’ :I cos’ z :i_[ cos’ z =ijdz=iz=
yly? =1 dy= sin zzdz 1 1 s1nzz
COS Z CcOoSz COSZZ COS Z

1 1 1
= tarccos—; tarccos— =tx + C,; *arccos—— =10+ C,, + arccosl=C,,C, =0
v v »(0)

The required solution of Cauchy problem

1
tarccos—=fx or y = .
y cosx



LECTURE NO.26. SECOND ORDER LINEAR DIFFERENTIAL

EQUATIONS

POINT 1. GENERAL NOTIONS

POINT 2. LINEAR DEPENDENCE AND INDEPENDENCE
POINT 3. HOMOGENEQUS EQUATIONS

POINT 4. NONHOMOGENEOUS EQUATIONS

POINT 1. GENERAL NOTIONS

Def. 1. The second order linear differential equation (SO LDE, LDE) is called

the next equation
V' +alx)y'+b(x)y = £(x). (1)
Coefficients a(x), b(x) and the second [free, absolute] term f(x) of equation are
known functions, y = y(x) is an unknown function.
Initial conditions for the equation (1) have a usual form
Y{x) =y, ¥'(x)= v (2)
Equation (1) is called nonhomogeneous one (SO LNDE, LNDE) if its second

term f'(x) doesn’t equal zero identically.
If f (x) = 0, the corresponding [associated] equation
y"+a(x)y'+blx)y =0 (3)
is called homogeneous equation (SO LHDE, LHDE) which corresponds to the (non-
homogeneous) equation (1).
Theorem 1 (on one-valued solvability of Cauchy problem). If coefficients

a(x), b(x) and a second term f(x) of the equation (1) are continuous functions on
some segment [a, b] then Cauchy problem (1), (2) (in particular (3), (2)) has unique
solution, and this solution is determined on the whole segment |a, b].

Ex. 1. Cauchy’s problem for homogeneous equation (3) with zero initial condi-

tions
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y(x0)=0,y'(x0)=0 (4)

has unique trivial solution y =0.

Def. 2. The left side of the differential equations (1), (3) is called a linear dif-
ferential operator and is denoted by L|[y],
Lly]=y"+a(x)y"+b(x)y. (5)
The linear differential operator possesses evident properties

L Ly +2,]= Ly ]+ L]y, ] (additivity).

w L[y, +y,]= (0 +2,) +alx)y +2,) +bx)y +,)=
= yi+alx)y) +b(x)y, + 5 +alx)y; +b(x)y, = L[y |+ L]y, ] m
2. L[ky]= kL[y] for any constant k (homogeneity).

n Llio]= () +aleiy) + (k) = k(" + alw)y' + b)) = kL[]
As the corollary we have
Lk, +k,y,]= kL ]+ kL[, ]
for any constant k,, k, (linearity).

With the help of the linear differential operator the equations (1), (3) can be

written as follows
Lly]= f(x),
Lly]=o0.

Properties of solutions of a linear homogeneous differential equation (3).
1. Sum of two solutions of the equation (3) is also a solution.

mLet y,, y, be solutions of the equation (3) that is L[y,]=0, L[y,]=0. By the
property 1 of a linear differential operator L[y1 + yz] = L[y1]+ L[yz] =0.m

2. Product of any solution of the equation (3) by a constant is also a solution.

mLet y be a solution of the equation (3), i.e. L[y] =0, and & is a constant. Then
by the property 2 of a linear differential operator L[ky]=kL[y]=0.m
3. If a function y = y, +iy, is a complex solution of the equation (3) (with real

coefficients a(x), b(x)) then its real and imaginary parts y,, y, are also the solutions.
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POINT 2. LINEAR DEPENDENCE AND INDEPENDENCE

Def. 3. Two functions ¢, (x), ,(x) are called linearly dependent on a segment
[a, b] if there exist two numbers A,, A, not all zeros (A7 + A2 > 0) such that for any
x € [a, b] an identity
Ay () + 2,0, (x) = 0 (6)
holds. If the identity holds only in the case A, = 4, =0, these functions are called li-

nearly independent.

Theorem 2. Two functions ¢, (x), ¢, (x) are linearly dependent on a segment
[a, b] if and only if their ratio identically equals a constant on [a, b], that is for any
x €la, b]

(D'(x)EC:const. (7)
¢, (%)

ml. Let functions ¢, (x), ¢,(x) be linearly dependent on a segment [a, b], and

so the identity (6) holds for A° + A > 0. If, for example, A, # 0 then we get from (6)

——ﬁ :———ﬁ—const
(pl 2’l (’02 (02 2’l

and a ratio of functions is an identical constant.

2. Now let ¢, (x)/¢,(x)= C = const on [a, b]. Then

¢ (x) = C@z(x)a 1o, (x)"'(_ C)'(Dz(x)E 0 ()’l =1#0,4, =-C, j’12 + ﬂ; > 0)9
and ¢, (x), 0, (x) are linearly dependent by the definition of linear dependence.m

Ex. 2. Functions cosax, sin ax for a # Oare linearly independent on (— 0, oo)

because of their ratio isn’t a constant.

Def. 4. n functions ¢, (x), ¢,(x), ..., ¢, (x) are called linearly dependent on a

segment [a, b] if there exist » numbers 4,, 4,,..., 4, not all zeros (Z}tl.z > () such

i=1

that for any x € [a, b] an identity

20,(x)+ 2,0, (x)+...+ 2,0, (x)

0 (8)
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holds. If the identity holds only in the case 4, =4, =...= 4 =0, these functions are
called linearly independent on [a, b].
Ex. 3. Functions 1, x, x*, x°, ..., x"are linearly independent on R = (— 00, oo) be-

cause of a polynomial in x

0

Lo l+ A, x+ A x>+ +A X"
only if all its coefficients equal zero, i.e. 4, =4, =4, =...=4 , =0.

In what follows we’ll deal with linear dependence or independence of solutions
of differential equations. There is well mathematical tool to study corresponding
questions namely the wronskian [Wronskian determinant, determinant of Wronski] of
several functions.

Def. 5. Wronskian of functions ¢, (x), @, (x)...., ¢, (x) is called the next deter-

minant

ox)  0(x) o) .. ek

ol(x)  ox)  elx) .. 9
W(x)=Wlp/(x) 0,(x) 0, ()] =| 01(x)  0I(x)  @lx) .. @lx) | (9)

o' (x) o) o x) . @)

Ex. 4. The wronskian of functions cosax, sin ax (see Ex. 2) is

COS ax sin ax COoS ax sin ax

—acos’ax+asin‘ax=a.

w(x)= =
—asinax acosax

(cosax) (sinax)

Theorem 3. If functions ¢, (x), ¢,(x),..., @, (x) are linearly dependent on a
segment [a, b] then their wronskian identically equals zero on[a, b], W(x)=0.

m For the sake of simplicity let two functions ¢, (x), ¢,(x) be linearly depend-
ent on [a, b].

The first mode of proving. The ratio of the functions ¢, (x), ¢, (x) is identical
constant on[a, b]. For example let ¢,(x)/¢,(x)= C = const, ¢,(x)= Ce,(x). Then the

wronskian of these functions
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0.

Vo) o ()= ol(x) o3(x) loi(x) Col(x) loi(x) of(x

The second mode of proving (it can be easily extended on any number of func-

¢,(x) (Dz(xi ¢, (x) C%(Xi ) (pl(XJ

tions). By the definition of linear dependence there are two numbers A,, 4, such that

A2+ 22>0 and 4,0,(x)+4,0,(x)=0 on [a, b]. We differentiate this identity and

compile a system of linear homogeneous equations in 4, 4,,

{Mpl (x)+ A,0,(x)=0,
209! (x)+ 2,03 (x) = 0.

This system has non-trivial solution, and therefore its principal determinant equals

zero for any x € [a, b],

A =

o (x) o,(x) o
o/(x) @ (xi =W[p,(x).0,(x)]=0.

Theorem 4. If functions @, (x), @,(x)...., @, (x) are linearly independent solu-

tions of the nth order linear homogeneous differential equation with coefficients con-

tinuous on a segment [, b], then the wronskian of these solutions doesn’t equal zero

at all the points of the segment.
mLet’s prove the theorem for two linearly independent solutions ¢, (x), ¢, (x)
of the second order linear homogeneous differential equation (3). Suppose that the

wronskian of these functions equals zero at a point x, € [a, b], W(x,)=0. We choose

two numbers A,, A, such that A7 + A2 >0 and

{11(01 (xo)"' 40, (xo ) =0,
j'1(01'()50)"' 2,0, (xo ) =0.

It’s possible because the system (10) in A,, A, has zero principal determinant W (x, ).

(10)

Let’s compile the next function
v =40, (x)+ A, @, (x)

It is a solution of the equation (3) and satisfies zero initial conditions (10). Hence on

the base of Ex. 1 y =0, that is
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200, (x)+ 2,0, (x) = 0.
But it means that the functions ¢, (x), ¢,(x) are linearly dependent (we remember that
2+ 22 >0).
We’ve arrived at contradiction which proves the theorem.m
Ex. 5. The functions cosax, sin ax (a # 0) (see Ex. 2) are linearly independent
solutions of a differential equation y” +a’y =0 on R = (- o0, ®). Their wronskian

equals a (see Ex. 4) and doesn’t equal zero for any x € (— o0, oo).

POINT 3. HOMOGENEOUS EQUATIONS

Structure of the general solution of SO LHDE

Theorem 5. (structure of the general solution of the second order linear homo-

geneous differential equation (3)). If y =y, (x), y=1y, (x) be two linearly independent
solutions of LHDE (3), then its general solution has the next form
Y =Cy(x)+ oy, (x) (11)
where C,, C, are arbitrary constants.
mThe function y =C)y, (x)+ C,y, (x) is a solution of the equation (3) for any
values of C,, C, because of linear property of solutions of LHDE. On the base of the
definition 8 of the lecture No. 25 it’s necessary to prove that for any initial conditions
(2) one can find values of C,, C, to satisfy these conditions. But
Y(x0) = Con (g )+ Coyy (), ¥'(x0) = Gyl () + Cov (x, ),
and so it is a matter of compatibility of the next system of linear equations in C,, C,
Coyy(x0)+Co2 (%) = v
{Cly{(xo)+ G,y (x) = v

This system has unique solution because of its principal determinant
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J’1(x0) J’2(x0

A=
y{(xo) y;(xo

i =Wy, (x, ) ¥, (x,)]% 0

distinct from zero by virtue of linear independence of the solutions y,(x), y,(x)m

Ex. 6. A function y = C, cosax + C, sinax is the general solution of the equa-

tion y"+a’y =0 (see Ex. 5).

SO LHDE with constant coefficients

Let there be given the second order linear differential equation
y'+py'+qy=0 (12)
with constant coefficients p, g. We’ll seek its solutions of the form
y=e" (13)
where £ is an unknown (real or complex) number. Finding the derivatives of the func-
tion (13)
Y =ke™, y" =k’e™
and substituting the values of y, y’, " in the equation we get
k*e™ + pke™ + qe®, e"’“"(k2 + pk + q): 0,
k> + pk+q=0. (14)
Equation (14) is called the characteristic equation. We have to study three cases.
1. Roots k,, k, of the characteristic equation are real distinct. We get two line-
arly independent solutions of the equation (12) that is
)x

k k k k ky—k
y, =", y, =€,y [y, =e" /e 2 = iRl 4 const

because of k, # k,. Therefore the general solution of the equation (12) is
y=Cy, +C,y, =Ce" +C,e"". (15)
Ex. 7. y"+5y"+6y=0.
The characteristic equation of the differential equation

k*+5k+6=0
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has two distinct real roots k, = -2, k, =3, so the differential equation has two line-
arly independent solutions
yw=e ,y,=e
and so its general solution is
y=Cy +C,y, =Ce ™ +C,e™.
2. Roots k,, k, of the characteristic equation are real equal k, =k, = k.
We have one solution y = e“*, and we must find the second linear independent
solution y,of the equation (12). By Vieta theorem
k +k, =2k, =—p,kk,=k] =q, p=-2k,,q=k_,
so the equation (12) has in this case the form
y' =2k, y' +kjy=0 (16)
and possesses the evident solution
y, = xy, = xe".
Indeed,
Vi = €'+ xk, e = (1+xk, )e™", vl = ke +(1+ xk, ke’ = (Zk0 +xk; )ek"x.
Substituting in the equation (16) we get
VI =2k, + k2, = (2k, + xk2 e =2k, (1+ xk, )" +k2xe'™ =0,
Solutions y,, y, are linearly independent, for
y,/y, =€/ xe"** =1/x # const .
Therefore the general solution of the equation (12) (of the equation (16) in this case)
1s
y=Cy, +C,y, = Ce" +C,xe™ =" (C, +xC,). (17)
Ex. 8. y"—=10y"+25y=0.
The characteristic equation
k*-10k+25=0
has equal real roots k, =k, =5 (ko = 5). Therefore the differential equation has two

linearly independent solutions
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yl :eSJCDy2 :xeSx’
and its general solution is
y=Cy, +C,y, =Ce’ +Cyxe”™* =™ (C, +xC,).
3. Roots of the characteristic equation (14) are complex, &, =a £if3.

We have two complex solution of the equation (12)

but we can find two real solutions. By Euler formula
e” =cosx+isinx
we do the next transformations

yl :e(a+iﬂ)x —e

ox+ifx ox _ifix

=e%e™ = e“”(cosﬁx+isinﬁx): e” cos fx+i-e” sin Px.
By virtue of the property 3 of solutions of LHDE (see Lecture No.26, P. 1) the next
two real functions
y, =e“ cos fx, y, =e” sin fx
are linearly independent solutions of the equation (12) (yl /y, = cot Bx # consz‘). The-
refore its general solution is
y=C,y, +C,y, = Cie™ cos fx++C,e™ sin fx = e™(C, cos fx ++C, sin fBx).

Ex. 9. y"—4y'+18y=0.

The characteristic equation
k*—4k+18=0

has complex roots

+./— +i +2;
kl,z :2_ > 20 :2_12\/%:2_221m:1ii\/ﬁ,a:19ﬁ:m9

therefore the differential equation has two real linearly independent solutions

y, = e cos/14x = e* cos~/14x, y, = ¢"* sin~/14x = ¢ sin/14x

and the general solution

y=Cy +C,y, =Ce" cos~/14x + +C,e" sin V4x = e (Cl cos~/14x + C, sin \/ﬁx)
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Ex. 10. For the known equation " +a’y =0 (Ex. 5, 6) the characteristic equa-

tion k* +a’ = 0 has complex roots ki, = t+—a® =+ai,a =0, B = a. Therefore
linearly independent solutions and the general solution of the differential equation are

y, =e"" cosax = cosax, y, = e"* sin ax = sin ax,

y=Cy +C,y, =C,cosax+C, sin ax.

POINT 4. NONHOMOGENEOUS EQUATIONS

Structure of the general solution of SO LNDE

Theorem 6 (structure of the general solution of the second order linear non-
homogeneous differential equation (1)). The general solution of SO LNDE equals the

sum of the general solution y,, of corresponding [associated] LHDE (3) and some
particular solution y,, of the given equation,

Y=Yon =Veu T Vpn - (18)

mLlet y,, =C,y +C,y, be the general solution of LHDE (3), where y,, y,

are two linearly independent solutions of LHDE. A function

y=Cy+Cy,+ypy
1s a solution of the equation (1) for any values of C,, C, because of

L[y]= L[Clyl +C,y, +yPN]: CIL[y1]+C2L[y2]+L[yPN]E O+O+f(x): f(x)

We have only to prove that for any initial conditions (2) one can find values of

C,, C, to satisfy these conditions. Since

J’(xo): Cy, (xo)+ Cz)’z(xo)"'J’PN(xo)» y,(xo): Cly{(xo)"'Czy;(xo)"'y;w(xo))

we get a system of linear equations in C,, C,

{Cﬂﬁ (xo )+ Gy, (xo )+ Yen (xo ) =Yo»
C1(y )+ Coys (g )+ iy () = 5
which has unique solution because of its principal determinant is W[y, (x, ), v,(x, )]

and doesn’t equal zero on account of linear independence of y,, y,.m
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Ex. 11. A function y = C, cosx+C,sinx+1/a” is the general solution of a dif-
ferential equation y"+a’y =1.

Indeed, y = C,cosx+C, sin x is the general solution of the corresponding ho-
mogeneous equation y"+a’y =0 (see Ex. 6, 9), and a function y = l/ a’ is a particu-

lar solution of the given equation.

Method of variation of arbitrary constants

Let’s suppose that we must find the general solution of SO LNDE (1). We can
do it with Lagrange in the next two steps.

1. We find the general solution

Yo =Cn+ Gy,

of the corresponding LHDE (3), where y,,y, are its linearly independent solutions.

2. Now we find the general solution of SO LNDE (1) in the same form as y,,,
but we treat C,, C, as unknown functions, namely

Y =Yay =C(x)y, +C(x)y,. (19)
We find the first derivative of y,
y'=Cllx)y, + G (x)y, + € (x)y] + Gy (x)ys,
and we suppose that
Ci(x)y, +C3(x)y, =0.
Then
' =Gy + Cx)ys, v = Clx)y) + G () + C () + C, (xS
Substituting the values of y, y', y" in the equation (1), we have
Cl(x)yi + G2y} + G )y + Cy(x)ys +alx NG )y + Cy(x)yy) +

b(x)(cl (x)yl + Cz(x)yz) = f(x)>
Iy + Gyl + G ()7 + alx)y] +b(x)w )+ Cy (e )y + alx)ys +b(x)y,) = £(x),

Cl(x)yi + Cix)y} +C,(x)-0+ G, (x)-0 = f(x). Cl(x)y) + G5 (x)y; = £ ().
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We get the next system of linear equations in C|, C,

{ Cll(x)yl +C, (x)yz =0,
(N L ' (20)
G (x)yl +C, (x)yz = f(x)
Solving the system (20) we get
Cll(x) = ¢ (x)9 C, (x) =0, (x)9
where ¢, (x), @,(x) be some functions. Integrating, we have finally
Cl(x):_l.(ol(x)dx"'él»Cz(x):J.(Pz(x)dx"'Ez (21)

where C > 52 are arbitrary constants. The general solution of the equation (1) is

y=ror =G0y + C,(x)y, = ([ (e +C by + ([, () + G, v, (22)
Note 1. We can represent the general solution (22) in the next form:
= Yoy =Cyy +Coy, + 3, [ (¥ + y, [ 9, (x)ax,
and we see that
C,y, +C,y,
is the general solution of the homogeneous equation (3) and
[ ()dx+y, [ @, (x)dx

is the particular solution of the nonhomogeneous equation (1).

X

Ex. 12. Find the general solution of an equation y"-2y'+y =— .
X+

1. Corresponding LHDE is y"—2y"+ y =0, its characteristic equation
k*=2k+1=0
has real equal roots &, =k, =1(k, =1), and LHDE has linearly independent particu-

lar solutions

X X

yl =ée > y2 = Xxe
and the general solution
You =Cy+Cy, =Ce” +Cyxe’.

2. Now we seek the general solution of the given equation in the form
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y=Yon =G (x)yl +C, (x) , =G (x)ex +C, (x)xe

By virtue of the formula (20) the system of linear equations in C/, C; and its solution

are
Cl!(‘x)yl +G, (x)yz =0, Cll(x)ex +G, (x)xex =0,
! ! ! ! ex ! X 4 X }
Cl(x)yl+C2(x)y2=x2+1; Cl(x)e +C2(x)(1+x)e =xze+1;
C!(x)+C}(x)x =0, 1 x 0 x ¥
=LA =| 1
Cl(x)+CL(x)1+x)= ; ‘1 1+x E 1+x~ 211
1 0
1 A X A 1
A. = 1 |= "(x)=—L =— C! ===
T ) A 2+17 ) A x4l
After integration
d. ~ 2xd G 1 ~
G2 g L2 o L ),

CZ(X):Ixfif@ =arctanx+52 ,

and the general solution of the given differential equation is

y=yo =C(x)e" +C,(x)xe* = (—%ln(x2 + 1)+ C, Jex + (arctanx +C, )xex

X

Ex. 13. Solve Cauchy problem y" —3y'+2y = —, y(0)=y'(0)=0.

l+e

1. For corresponding [associated] homogeneous equation y"—3y'+2y =0
linearly independent particular solutions y, =e*, y, = e”* and the general solution
y=yg =Ce* +Ce™
2. We seek the general solution of the given equation in the form
Y=oy =Cx)e” +C,(x)e™

and by virtue of (20) we get the system of equations in C|, C,

Ci(x)e* +Ci(x)e™ =0, Ci(x)+Ci(x)e* =0,
Cl(x)er +2C(x)e™ =—¢— i)+ 20 (e = ——
l+e™ 1
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1 e N 0 e e’ 1 0 1
A:1 62x=e,A1= 1 2¢* 1+ _’”Azzl 1_ :1+e_x
l+e™ l+e™
A 1 A 1
C! e R ' — 72 _
()= = CW= = e
Cl(x):_,““_e dx +C, __Je T dx+C, =

!

:_J'deJra :_1n(ex +1)+ 51,
e +1

1 ~ e’ ~
x)=jmdx+C2 =I1+e_x dx+C, =

=—J (+e dx+C =—In(1+e7)+C,.
The general solution of the glven differential equation is
Y=Yy = (— ln(ex +1)+ C, )ex + (— ln(l + e‘x)+ éz)e“.
3. Determination of values of C,, C, with the help of the initial conditions.

Let's find at first the derivative of the unknown function,

X X X 2x
.

V= Vo= + (et +1)+ € e —ﬁ+(—1n(1+e*)+52)2e2a

and the values of the functions y, y’ at the point x =0,
y(0)=C, -In2+C,-n2=C, +C,-2In2, y'(0)=C, +2C, -3In2.
By the initial conditions we must have y(0)= 0, y'(0) = 0, whence we get and solve

the system of equations in C,, C,

C +C,-2In2=0, [C,+C,=2In2, C,=mn2,
C,+2C,-3In2=0, |C +2C,=3In2, C,=In2.

The solution of Cauchy problem in question is

——+e In——
e’ +1 1+e

y= (— ln(ex + 1)+ In 2)ex + (— ln(l +e* )+ In 2)e2x =e’In
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Method of undetermined coefficients for SO LNDE with constant coefficients

Let there be given a linear nonhomogeneous differential equation with constant
coefficients. If its second term has a specific form, it’s possible to find a particular
solution of the equation with the help of the method of undetermined coefficients,
without integration.

Let's dwell on the second order linear nonhomogeneous differential equation
Y'+py' +qy = f(x) (23)
with constant coefficients p, g.

1. Let the second term of the eqation (23) be a so-called quasipolynomial that
is a product of an exponential function e (« is a constant) and some nth-order
polynomial,

f(x):ea”(anx” +a, x"" +...+a1x+a0). (24)
In this case we find a particular solution of the eqation (23) in the form
V=Y :x’e"‘x(Anx” +A4_x" +...+A1x+A0), (25)
where
Ax"+ A _x""+..+ Ax+ A4,
is a polynomial of the same power as in (24) but with undetermined coefficients

A,A4 .., A, 4,, and a number r 1s defined by the next conditions:

T

a) r=0,1f o isn'ta root of the characteristic equation,

0) r=1, if a is a simple root of the characteristic equation, (26)

B) r =2, if a a double root of the characteristic equation.

If in particular

flx)=ax"+a, x""+..+ax+a,, (27)

that 1s 1 (x) be some nth-order polynomial (the case of o =0), then we find a particu-
lar solution in the form

Y=y =x (A" + A X" 4+ Ax+ A,), (28)

where
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Ax"+ A _x""+..+ Ax+ A4,
is a polynomial of the same power as in (27) with undetermined coefficients
A,A4 .., A, 4, and is defined by the next conditions:
a) r=0,1f 0 isn't a root of the characteristic equation,
0) r=1,1f 0 is a simple root of the characteristic equation, (29)
B) r =2,1f 0 a double root of the characteristic equation.
2. Now let the second term of the equation (23) be of the form
£(x)=e™(Acos Bx + Bsin fx), (30)
(with constant «a, 3, 4, B). We seek a particular solution of the form
V=Y :x’e“”(Mcosﬁx+Nsinﬁx), (31)

where M, N are undetermined coefficients and

{O, if a+1p isn't a root of the characteristic equation, (32)

1, if a +1p is aroot of the characteristic equation.

If in particular

f(x)= Acos Bx + Bsin px (33)
(the case of o =0), then we find a particular solution in the form
V= Ypy :x’(Mcosﬂx+Nsinﬁx), (34)
_ {O, if i 1sn't a root of the characteristic equation, (35)
1, if 1B is a root of the characteristic equation

Ex. 14. y"+5)'+ 6y =2xe™".
1. The corresponding homogeneous equation y"+5y'+6y =0 (see Ex. 7).
Roots of its characteristic equation k* + 5k +6 =0 are — 2, - 3, general solution is
Yoy = Ce "+ C,e ",
2. We find a particular solution of the given equation in correspondence with
the formulas (24), (25), (26) (a, =2, a, =0, a = -3 1s a simple root of the character-
istic equation, » =1)

Y=y, =x'e (4x+4,)= e‘”(Alx2 + on).
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Finding the derivatives of y =y,, ,
Y = (-34x> —34,x+24,x+ 4,),
¥ =e (94,57 —124x+94,x +24,—64,),
we substitute the values of y, y', " in the given equation, and after reducing similar
terms we get
(—2A4x+2A4,—A4))e™> =2xe™, - 2A4x+24, — A, = 2x.
Equating coefficients of the same powers of x leads to a system of linear equations in

A4,, A,, namely

1
X

{ —24,=2, A =-1,

|24, -4,=0; 4,=-2.

Therefore
Y=Y = e_3x(_x2 —Zx),
and the general solution of the given differential equation is

Y=Yon =VoutVpy = Cle_zx +C2€_3x —e‘3x(x2 +2x).

Ex. 15. y"—10y'+25y =3e’".
1. The corresponding homogeneous equation y"—10y"+25y =0 (see Ex. 8).
Its characteristic equation k* —10k +25 = 0 has real equal roots k, = k, =5, and
Veu =Ce* +C,xe™ .
2. By the same formulas (24), (25), (26) (a, =3, a =5 1s a double root of the

characteristic equation, » = 2 ) we seek a particular solution of the given equation in

the form
Y=Vpn = xzeSxA()’
and so
v =(2x+5x7 )™ 4y, y" = (2+20x+25x7 Je* 4,

Substitution of y, y', y" in the given equation gives
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2 Sx

20’4, =3e’,24, =3, 4, =%, and so y = ypy =%x e

b

Y=Yon =Veu tVpn = Clesx +C2X€5x +%X265x.

Ex. 16. y"—4y"+18y =3cos2x+ 5sin 2x.

1. Corresponding homogeneous equation y"—4y"'+18y =0 was studied in the

Ex. 9. Its characteristic equation has complex roots1=+ i14 , and the general solution
Yoy =€ (Cl cos~/14x + +C, sin \/ﬁx).

2. To find a particular solution of the given equation we use the formulas (33),

(34),(35) (A=3,B=5,p=2,r=0 because i =2i isn’t a root of the characteristic
equation). We find y,, in the form

y =y =x"(Mcos2x+ Nsin2x)=M cos2x+ Nsin2x.

Since

y'=-2Msin2x+2N cos2x, y" =—4M cos2x—4Nsin2x,
substitution of values of y, y', " in the given equation gives

(14M —8N)cos 2x +(8M +14N)sin 2x = 3cos 2x + 5sin 2x .
Equating coefficients of cos2x, sin 2x we obtain a system of equations in M, N

14M —-8N =3, M =41/130, 41 23 .
= = Ypy = —-C0S2Xx+——Sin2x =
8M +14N =5, N =23/130, 130 130

: 41 23 |
Y=Yy =You + Vpy = ex(Cl cos\/ﬁx++C2 s1n\/ﬁx)+ ﬁcos2x+ﬁsm2x.
Ex. 17. Solve Cauchy problem
y'—4y'+13y =4e*sin3x, y(0)=1,'(0)=0.
1. For corresponding homogeneous equation y"—4y'+13y =0 we have the

characteristic equation k> —4k +13 =0 with complex roots 2+3i, and so

y, =e** cos3x, y, =e*sin3x, y,, =C,e”* cos3x+C,e’* sin3x.
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2. To get a particular solution of the given equation we take into account the
formulas (30), (31), (32) (4=0,B=4,x =2, B =3,a+if =2+3i is the root of the
characteristic equation, and so » =1), and we put

y =y, = xe** (M cos3x + Nsin3x)
with undetermined coefficients M, N . Finding
Vo =€ ((M +2xM +3xN)cos3x + (N +2xN —3xM )sin3x),
yry = e ((4M + 6N +4xM +12xN —9xM )cos3x +
+(4N —6M +4xN —12xM —9xN )sin 3x)
and substituting the values of y,,, ¥}, Vpy in the given equation we obtain the
equality
e’ (6N cos3x —6M sin 3x) = 4e”* sin 3x, 6N cos3x —6M sin 3x = 4sin 3x.
Equating coefficients of cos3x, sin 3x we get the system of equations in M, N

cos3x| 6N=0, N=0,

——gxezx cos3x
_6M =4 M =-2/3, T3 ’

sin 3x

and therefore
2x 2x . : 2 2x
Yoy =Veu +¥py =Cie”" cos3x+C,e”" sin 3x—§xe cos3x.
3. Taking into account the initial conditions.
’ 2x 2 : 2x 2 :
Yoy =27 | C, —Ex cos3x+C,sin3x |+e —§+3C2 cos3x +(2x—3C, )sin 3x
yon(0)=C, =1, y,,(0)=2C, -2/3+3C, =0,C, =-4/9.
Answer. The solution of Cauchy problem for the given equation is
y=e>* cos3x _ 4 2 in 3y —%xezx cos3x.

Remark (superposition principle). We often meet with situations when a se-
cond term of a differential equation (23) is a sum of several different summands of a

specific form. For example let

V'+py' +qy = f(x)+ £, (x). (36)
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A particular solution y,, of the equation (36) equals the sum of particular solutions
Vouts Yoy OF the next equations
Y'apy' +ay=£(x), Y+ py gy = fi(x).
mlet L[y|=y"+ py'+qy. Then L[y, |= £,(x), L[y, ]| = f,(x), and therefore
L[y py + a1 = Ly [+ Ly | = A1)+ £().

It means that the sum y,,, + y,,, 1s a particular solution of the equation (36), that is
Yeni T Vpyo2 = Vpy B

In practice one can find y,,, + y,y, = Vpy With the help of one procedure.

Ex. 18. Find the general solution of a differential equation

V'—4y' +4y= 8(x2 +e” +sin Zx).
1. The general solution of the associated homogeneous equation
y'=4y'+4y=0
1s
Veu = Ce*" +C,xe*

because of the characteristic equation k° —4k +4 =0 has two equal real roots
k,=k,=2.

2. The second term of the given differential equation is the sum of three sum-
mands

fi(x)=8x" =" -8x7, f,(x)=8e™ = e -8, f,(x) =8sin 2x = 0-cos 2x + 8-sin 2x.
On the base of the superposition principle and the formulas (27) - (28), (25) - (26),
(33) - (34) we can sequentially seek three corresponding particular solutions
y' =4y +4y=8x, y,, =x"- er(AO + Ax + Azxz),
y'—4y' +4y=8e"", y,.,=x"-e"B;
y"—4y' +4y =8sin2x, ypy,=x"-(Mcos2x+ Nsin2x)

and then take their sum. But it’s better to find at once the particular solution of the
given equation as the sum of such solutions

Von = Vot + Vpwa + Vpys = Ay + Ax+ A,x* + Byx*e® + M cos2x + Nsin 2x.
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Since
Viw = A +24,x+2Byxe”* +2B,x*e* —2M sin 2x + 2N cos 2x,
Vi =24, +2B,e* + 8B xe** +4B,x’e* —4M cos2x —4Nsin 2x,
the substitution of the values of y,,, ¥y, Y5y in the given equation gives
Yo =4Yoy +4Ypy =
24, +2B,e** +8B xe** +4B,x’e* —4M cos2x — 4N sin2x —
—4(4, +24,x+ 2B, xe™ +2B,x’e> —2M sin 2x + 2N cos 2x )+
+4(4, + A x+ Ayx* + Byx’e™ + M cos 2x + N'sin 2x) = 8x +8¢>* +8sin 2x .
After convenient grouping of the summands
(44, —44, +24,)+(44, —84, )x +44,x> +2B,e”* —8N cos2x +8M sin 2x =

=8x” +8¢”* +8sin 2x
we get
(44, —4A4, +24,)+(44, -84, )x + 44,x* =8x* =
x° 44, =8, A4,=2,
x' 44, -84, =0, A4 =4,

1

x°| |44, —4A4,+24,=0, A, =3.

> Ay
2B,e*" =8¢** = 2B, =8, B, =4,
—8Ncos2x+8Msin2x =8sin2x = -8N =0,8M =8=M =1, N=0.
Therefore
Vpy =3+4x+2x> +4x°e*" +cos 2x,
and the general solution of the differential equation is

Yoy = Vo + Vo = Cie7" +C,xe™ +3+4x+2x" +4x%e™ +cos2x.



LECTURE NO. 27. SYSTEMS OF DIFFERENTIAL EQUATIONS. AP-
PROXIMATE INTEGRATION OF DIFFERENTIAL
EQUATIONS

POINT 1. NORMAL SYSTEMS OF DIFFERENTIAL EQUATIONS
POINT 2. APPROXIMATE INTEGRATION OF DIFFERENTIAL
EQUATIONS

POINT 1. NORMAL SYSTEMS OF DIFFERENTIAL EQUATIONS

Def. 1. Normal system of differential equations with » unknown functions
y,(x), y,(x), ..., y,(x) is called the next system

A NS |
': x’ b 9 n b
Vi= L0000 d,) (1)

In= L2 Yo 1, )

Def. 2. Solution of a normal system (1) is called an ordered set of n functions

V=0, (x), V=0, (x), V=0, (x) which satisfies every equation of the system.

Def. 3. Cauchy problem for a normal system (1) is called a problem of finding

solutions of the system which satisfy the next initial conditions
P1(%)= Y105 12 (50) = 205 w000 2, (x0) = w0 (2)
Theorem 1. Let the functions fl.(x, Vis VoV, ), i = l,_n, and all their first order
partial derivatives with respect to y,,»,,...,y, be continuous in some domain D of the
(n + 1)-dimensi0na1 space x,y,,Y,,...,¥,. Then for any point
Mo(xo,ylo,yzo,...,y”0 ) eD
Cauchy problem (1), (2) has unique solution.

Def. 4. The general solution of a normal system (1) (in the domain D of the

theorem 1) is called an ordered set of n functions y = ¢, (x, c¢.C,,..C ), i=Ln,

containing » arbitrary constants, which satisfies two conditions: a) this set is a solu-
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tion of the system for any values of C,, C,,...,C, ; b) for any initial conditions (2) (if
M, (xo,ym,yzo,...,yno ) e D) it 1s possible to find values C,,, C,, ...,C,, of arbitrary
constants to satisfy these conditions.

It can be proved that any system of differential equations, in particular every
nth-order differential equation can be reduced to a normal system.

mFor example, let there be given the third order differential equation

v =y yh ).
Putting y=y,,y' =y =y,,y" =y, =y, we'll get
L= Vo

V3= Yss
y; :f(xayl>y2>y3)>

that 1s a normal system of equations in three unknown functions y,, y,, y,.m
A normal system (1) can often be reduced to one nth-order differential equation

with the help of so called elimination method.

Let’s confine ourselves by a normal system of two linear equations with un-

known functions y(x), z(x) and constant coefficients

[r=astebon i .
()= a(x) +z(e)+ £,

We differentiate the first equation and then substitute the first derivatives of
y(x), z(x) by right sides of the equations of the system,
V'(x)=a,y(x)+b,z'(x)+ £ (x)
V()= a(@y(x)+ bz(x)+ £,(x))+ b (ap(x)+ bz(x)+ £,(x)+ £x)
"(x) = a;y(x)+byz(x)+ £ (x), (4)
where
a,=a’ +ab,b,=ab +bb,, f,(x)=a.f(x)+b.f,(x)+ f£(x).

From the first equation of the system we find z(x) (if this is possible) and substitute

in the equation (4),
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y'(x)—a,y(x)- f,(x)

z(x)= , : (5)
r()=an(e)rn, XA, g
y"(x)=ay'(x)+ by(x)+ f,(x), (6)
where
b, _ a,b, _ _&
a_b_l’b_% b 9f4(x) f3(x) b 1(x)-

Therefore the system of equations (3) is reduced to the second order differen-

tial equation (6). Let
J’(x): (Pl(xa G, Cz)

is its general solution. Finding z(x) from (5),

8(;01 (x7 Cl’ CZ)—al(p1 (X, C]) Cz)_fl(x)

- “0.(5,€.C.)
1

we get the general solution of the system (3)
y(x) = ¢ (x, G, C2)> Z(x): (Pz(xa C, Cz)-

Ex. 1. Solve Cauchy problem for a system

V' =2y+z,
z'=3y+4z

with initial conditions (0)=1, z(0)= 2.
Using the theory we have
V'=2y+2 =22y +z)+(By+4z)=Ty+6z=Ty+6(y —2y)=6y'-5y,
V'=6y' =5y, z=y"=2y.
Y'=6y'=5y,y"-6y'+5y=0,y=Ce* +C,e™*,z=y -2y =-C,e* +3C,e’".
The general solution of the system
y=Ce"+C,e*, z=-Ce* +3C,e™".

Taking into account the initial conditions we get
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W)=C+C=L [ C+C=l s :
Z(0)=—-C, +3C,=-2; |-C,+3C, ==2; ' 4> 4

Answer. The solution of Cauchy problem

5 .1 5 .03 . .
=—e¢' ——e',z=——e" —=C,e™".
Y74 T, 4 47

Ex. 2. Find the general solution of the system

y' =2y+z-157"",
zZ'=y+2z.

By the theory

z=y' —2y+15e7, y" =2y + 2/ +30e 7 =22y + 21567 )+ (y +22)+30e > =
=5y+4z=5y+4(y'—2y+15e_2x):4y'—3y+6Oe_2x,y”:4y’_3y+6()e—2x,

y'—4y"+3y =60e",
a) ' —4y'+3y=0, y,, = Ce" +C,e";

b) Y=y =Ae, Y =24, Y =447,
44e™ +8A4e " +34e” =60e**, 154 =60e ", A=4, y,, =4e >
Y=Yeu tVpy = Clex + C263x +4€_2x )
z=y'-2y+15e*" =-Ce* + C,e’* +15¢7".

The general solution of the system

y=Ce'+C,e" +4e, z=-Cie" +C,e’* +15¢7*".

POINT 2. APPROXIMATE INTEGRATION OF DIFFERENTIAL
EQUATIONS

Successive approximations method

Suppose that it’s necessary to solve Cauchy problem
y'=fxy), (7)
J’(xo ) =Vo- (8)
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Theorem 2. Cauchy problem (7), (8) is equivalent to the next integral equation
Y(x)= 3+ [ (e, p(x))dx (9)
X0

ma) If a function y = y(x) is a solution of Cauchy problem, then

y'(x) = £ (e y(x)) y(x,) = v,

Integrating the identity we have

§)= [ £+ Calx,)= 7, = [ £yl + €. C= 3,

X0 X0

yx) =3+ £,

and so the function y = y(x) is also a solution of the integral equation.

b) Now let a function y = y(x) be a solution of the integral equation, that is
()=, + [ (6 p(x))dx.
*0

Then y(x,)= y,, and after differentiation

y'(x)= £ p(x)).

Therefore this function is a solution of Cauchy problem.m

Let’s put

yl(x): Vot jif(x,yo)dx,
1) =3y + [ £ (o),

1 (0)= 3+ [ /s ()

2, (0= vy + [ £, (), (10)
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It can be proved that if a function f(x,y) and its partial derivative f, p (x,y) are
continuous in some domain D of the xOy -plane, then there is a function y(x) such
that for any x from a certain interval [a, b]

lim y, (x) = y(x).

Passing to the limit as » — oo in the equality (10) we see that
()= yo + [ £ G, ()
X0

and therefore the function y(x) is a solution of the integral equation (9) and of Cau-

chy problem.

On this base the formula (10) represents an approximate value of a solution of
Cauchy problem.

Note. A function y, represented by the formula (10) is called the nth approxi-

mation to an unknown solution of Cauchy problem.

Ex. 3. Find first three approximations to a solution of Cauchy problem
y =x>+y* y(0)=0..

Here x, = y, =0, and Cauchy problem is equivalent to the integral equation

Therefore

x I 2 PR A InL b
y3(x)=j X | =+ + :
0 3 63 3 63 2079 59535

We can find the value of a solution of Cauchy problem with arbitrary accuracy.
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Euler method

Let’s we find solution of Cauchy problem on a segment [x0 , b]. We divide the

segment into n equal parts of the length

by division points
Xg <X, <X, <..<x,=b,x =x,+h,x,=x,+h,...,x, =x,,+h.
Further we substitute the derivative of the unknown function

'(x) = lim y(x+h)-y(x)

h—0 h

by the divided difference

yx+h)-y(x)
h

and the differential equation (7) by the difference equation

y'(x)=

y(x+h)-y(x) 7 (%)),

h
from which
y(x+h)= y(x)+ hf (x, y(x)). (11)
With the help of (11) we have

() =y + 1) =y )+ 1f (g, 160 ) () = v + A (x5 0 ), (12.1)
yy) =y )+ hf (x,, p(x,)) (12.2)
)= )+ hf (3, ¥(x,)) (12.3)
y(x,)=wb)= y(x, )+ hf (x, . (%, ). (12.n)

If we join points M, (x,, v, ) M, (x,, v(x,)), M, (x,, y(x,)).... M (x,, y(x, )), we’ll rep-
resent an approximate graph of the solution of Cauchy problem.

Ex. 4. Find an approximate solution of Cauchy problem y’ = xy, y(O) =lona

segment [O, 1].
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Here

Xy =0,y =1, f(x,y(x))=xy(x), y(xi+l):y(xi)+hxiy(xi):y(xi)(l+hxi)’i: L2,.,n

Dividing the segment [O, 1] into 10 equal parts of the length 4 =0.1 we get the calcu-

lating formula

0 0.0
I 0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

O© 0 3 O Dn K~ W

1.23
1.31
1.42

y(x,, )= y(x, ) 1+0.1x,),i =1, 2,...,10.

We represent all calculations with the help of the next table

1+0.1-x,

1.00
1.01
1.02
1.03
1.04
1.05
1.06
1.07
1.08
1.09

(%)
1.00
1.01
1.03
1.06
1.10
1.16
1.23
131
1.42
1.55

Corresponding points of the graph of the approximate solution of Cauchy problem

M ,(0.0;1.00),M,(0.1;1.00),M,(0.2; 1.01), M,(0.3;1.03), M,(0.4; 1.06), M ;(0.5; 1.10),
M, (0.6;1.16), M,(0.7;1.23), M,(0.8;1.31), M,(0.9;1.42), M ,(1.0; 1.55)
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1. OBITH pa3enEéHHBIMU
2. OBITh pa3pelIEHHBIM
OTHOCHUTEJIBHO (ITPOU3BO/I-
HOU, CTaplIel IPOU3BOJI-
HOM)

3. BBejeHHE HOBOM (DyHK-
1012078

4. BBECTU HOBYIO (DyHK-
U0

5. BEIECTBEHHas 4acTb
6. BELICCTBEHHBIEC U PaB-
HbI€ KOPHU XapaKTePUCTHU-
4Yec-KOro ypaBHEHUS

7. BElLIECTBEHHBIE U pas-
JUYHbIE KOPHU XapaKTepu-
CTUYECKOTO YpaBHEHUS

8. BpOHCKHaH (ompeenu-
TE€JIb BPOHCKOTO)

9. reomerpuyeckuit
CMBICIT

10.rpaduk pemeHus

1 1. 1BykpaTHBIl KOPEHB
12. nuddepennanbHoe
ypaBHEHHE

13. nuddepennanbHoe
ypaBHEHHE OTHOCUTENILHO
UCKOMOM GyHKUIUHU Y(X)
14. nudpepenranbaoe
ypaBHEHHE MEPBOIO, BTO-
poro, n-ro, BBICILIETO IO~
psaKa

15. nuddepennanbHoe
ypaBHEHHE C pa3/IeIEHHBI-
MU MI€pEeMEHHBIMU

16. nuddepennaibHOe
ypaBHEHUE C pa3aeisieMbl-
MU TIEPEMEHHBIMH

17. nuddepennanbHoe
ypaBHEHUE, TOMYCKaoIIee

OyTH BIIOKPEMIICHUMHU
OyTH po3B’’sI3aHUM B1THO-
CHO (IOX1JHOT, CTApIIOT
MOX1THOT)

BBEJICHHS HOBOi (DYHKIIIT
BBECTH HOBY ()YHKIIIO

nificHa 4acTUHA

JiiCcHI 11 piBHI KOpEHI Xa-
PaKTEPUCTUYHOI'O PIBHSH-
HS

JIWCHI i pi3HI KOpPEH1 Xa-
PaKTEpUCTUYHOI'O PIBHSH-
HS

BPOHCKIaH (BUZHAYHUK
BPOHCBHKOTO)
Tr€OMETPUYHHI CeHC

rpadix po3B”sA3Ky
JTBOKPATHUI KOPiHb
nudepeHIiabHe pIBHIHHS

nudepeHIiabHe pIBHIHHS
BIJTHOCHO IIYKaHO1 ) yHK-
i y(x)

nudepeHIiabHe pIBHIHHS
nepIoro, Apyroro, n-ro,
BUIIOTO TOPSIKY

nudepeHIiaibHe PIBHIHHS
3 BIZIOKPEMJICHUMH 3MiH-
HUMU

nudepeHIiaibHe PIBHIHHS
3 BIIOKPEMITIOBAHUMHU
3MIHHUMH

nudepeHianbHe piBHSIH-
HSl, SIKY JOIYCKA€ 3HMKEH-

be séparated

be (re)sélved for [with re-
spect to] the (higher)
derivative [be nérmalized]

introduction a new functi-
on
introduce a new fanction

réal part
réal and équal roots of the
characteristic equation

réal and distinct roots of
the characteristic equa-tion

wronskian

geométric(al) sense [méan-
ing]

graph of a solation

double [repéated] root
differéntial equation

differéntial equation in an
unknéwn fanction y(x)

differéntial equation of the
first/second/n-th/higher or-
der

differéntial equation
in/with séparated variables
[séparated (differéntial)
equation]

differéntial equation
in/with séparable variables
[séparable (differéntial)
equation]

order redtcing diffe-réntial
equation
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MTOHUKEHUE MOPSIKA
18. nuddepennanbHOe
ypaBHEHUE, HE CO/IEpKa-
1iee sIBHO UCKOMYIO (pyHK-
LU0 [HE3aBUCUMYIO Tepe-
MEHHYIO |

19. nuddepennanbHoe
YpaBHEHHE, Pa3pPEIEHHOE
OTHOCHUTEJIBHO (CTapIieil)
MPOU3BOTHOU
20.101IOTHUTENBHOE YCII0-
BHE

21.p0omycKaTh MOHMKEHUE
nopsiiKa
22.eTUHCTBEHHBIN

23.3aBHCETH OT ...

24 .3a/1a4a KOIIN
25.uHTErpalibHasl KpUBas
26.uHTerpupoBanue qud-
(hepeHIMaIbHOTO ypaBHe-
HUs (B KBapaTypax)
277.unterpupoBath qudde-
pPEHIIMANIBHOE YpaBHEHHE
28.MHTErpUpPyEMBIA THII
29.uckath pelieHue B

dbopme
30.uckomasi GpyHKUUSA

31.xBaspaTHOE ypaBHEHHE

32.xBazgparypa
33.KBa3UIOINHOM

34 KOMIIJIEKCHBIA KOPEHB
XapaKTepUCTUYECKOTO
ypaBHEHHUS

35.K0peHb XapaKTEpUCTHU-
YECKOT0 YpaBHEHHUS
36.x03d purmeHT
37.x03(ppunuenTs npu
OJIMHAKOBBIX CTETICHSIX X

38.xpaeBoe [rpaHuYHOE |

HS IOPSIIKY
nudepeHianbHe piBHSIH-
HSl, SIKE HE MICTUTD SIBHO

mykaHy (QyHKIiro [He3a-
JEKHY 3MIHHY |

nudepeHianbHe piBHSIH-
Hsl, PO3B”’s13aHE BITHOCHO
(cTapioi) moximHO1

A0OaTKOBa yMOBa

JIOITYCKaTH 3HUKEHHS T10-
PAAKY
€ IUHUHN

3aJIeKaTu BIT ...

3a7a4a Kol

IHTEerpajibHa KpuBa
IHTErpyBaHHs quepeHIi-
aNbHOTO PIBHSAHHS (B KBa-
JpaTypax)

IHTErpyBaTu AuQepeHiiia-
JIbHE PIBHSAHHSA
IHTETPOBHUI THUIIT

LIyKaTU PO3B”SI30K Yy BU-
ISl

nrykaHa QyHKIis
KBaJIpaTHE PIBHSAHHSA

KBaJIpaTypa

KBa31M10JIIHOM
KOMILJIEKCHUI KOPIHb Xa-
PaKTEPUCTUYHOI'O PIBHSH-
HS

KOPIHb XapaKTepUCTUYHO-
ro PIBHSHHS

Koe(dilieHT

Koe(DILIEHTH MPU OJTHAKO-
BUX CTETECHSX X

KpaiioBa [FpaHWYHa] yMO-

differéntial equation not
contdining explicitly an
unknown flnction [an in-
depéndent variable]

differéntial equation
(re)solved for [with res-
pect to] the (higher) de-
rivative

additional condition

admit/alléw/permit re-
duction of the order
unique [(one and) only
one|

depénd on/upon ...
cauchy’s problem
integral curve

integration of a diffe-
réntial equation (in qua-
dratures)

integrate a differéntial e-
quation

integrable type

find [search, look for, look
up, seek] a solttion in the
form

unknéwn [desired, sought,
required] finction
quadratic equation;
quadratic

quadrature
quasi-polynomial
complex root of a charac-
teristic equation

root of a characte-ristic
equation

coefficient

coefficients of équal [of
the same] degrées/po-wers
(in like powers) of x
boundary condition
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yCIOBUE
39.KpaTHOCTb KOpPHS Xa-
PaKTEPUCTUYECKOTO ypaB-
HEHUs

40.xpaTHBII1 KOPEHD
41.n1uHenHas 3aBUCUMOCTh
42.nvHeliHas HE3aBUCH-
MOCTh

43.1MHENHO 3aBUCUMBIE
(ne3aBUCHMBIE) HYHKIINH,
pe-11eHus

44 nuuerinoe nuddepeH-
[MajibHOE ypaBHEHHE (JITY)
45 .nmunerinoe nuddepen-
[MaIbHOE YpaBHEHUE C TI0-
CTOSIHHBIMU KO3 PUIeH-
TaMu

46.1MHENHOE HEOTHOPO-
Hoe audepeHmanTLHoe
ypaBHeHUE (JTHAY)

4’7. TMHEeHOE OTHOPOIHOE
nuddepeHmanbHoe ypaBs-
HeHue (J101y)

48.muuelnnblil nuddepen-
UHMaJIbHBIN OTIEpaTOp
49.metop 6epHyILITU
50.meTo1 Bapualuu mpo-
W3BOJIBHBIX MTOCTOSIHHBIX
51.mMeTox HCKIIOYEHUS

52.MeToJ HeolpenenEH-
HBIX KO3 PUITMEHTOB
53.MHHUMas 4acTh
54.MHOrO4JIEH
55.MHOrO4JIEH TOM XK€
CTENEeHH, YTO U ..., C HEOIl-
penenéHHbpIMU K03 duiim-
eHTaMH

56.HauBBICIINI TOPSTOK
MPOU3BOIHBIX HCKOMOM
(GyHKUMH, KOTOPBIE CO-

Ba
KpaTHiCTB KOPCH:A XapakK-
TCPUCTUYIHOT'O piBHHHHH

KpaTHUN KOPIHb
JIHIAHA 3aJ1€XKHICTD
JIHIAHA HE3AJIEKHICTh

JHINHO 3aJIekH1 (He3aje-
KH1) QYHKIT, pO3B”A3KH

JiHIMHE AudepeHIianbHe
PIBHSHHS (J11p)

JiHIMHE AudepeHIianbHe
PIBHSIHHA 3 CTJIUMU KO€-
dinieHTaMu

JiHIHE HEOTHOPIIHE JH-
(dbepeHIiianbHEe PIBHIHHS
(HIp)

JiH1AHE ofHOpiAHE nude-
peHIliabHE PIBHSIHHS
(moz1p)

TiHIMHUT qudepeHIiaib-
HHUU OIIEpaTop

MeTOoJ OepHYJILTI

METO/ Bapiallii JOBUIbHUX
CTaIuX

METO/]T BUKJIFOUEHHS

METOJI HEBU3HAUYCHHUX KOe-
GbiieHTIB

ysiIBHA YacTUHA
MHOTO4JICH

MHOTOYJICH TOTO XK CTEIIe-
HS, [0 U ..., 3 HCBHU3HAYe-
HUMU KoedilieHTaMu

HaWBUIIUI TOPSIAOK MOXI-
THUX HTyKaHOT (PYHKIIII,
AK1 MICTSITbCA B TU(epeH-

multiplicity of the root of
the characteristic equa-tion

multiple [repéated] root
linear depéndence
linear indepéndence

linearly (in)depéndent
functions, solutions

linear differéntial equation
(Ide)

linear differéntial equation
with constant co-efficients

linear nonhomogéne-ous
differéntial equation, linear
differéntial equation with a
right-hand mémber (Inde)
linear homogéneous dif-
feréntial equation, linear
differéntial equation with-
out a right-hand member
(Ihde)

linear differéntial 6pe-rator

bernoulli(’s) méthod
méthod of variation of of
arbitrary constants
méthod of elimination
[elimindtion méthod]
méthod of indetérmined
coefficients

imaginary part
polynomial

polynomial of the same
degrée as ... with undetér-
mined coefficients

highest order of the deriva-
tives of an inkndéwn
[desired, sought, required]
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nepxxarcs B nuddepeHiu-
aJTbHOM ypaBHEHUU
57.naiiTu (o01ree pere-
HUe, pelieHre 3a1a4u Ko-
111

58.HavanpHas 3aja4a [3a-
Jaya KOl |
59.HayanbHOE yCIIOBUE
[ycinoBue komiu|

60.1e OBITHL €AUHCTBEHHBIM

61.He conepKaTh SIBHO
(HEe3aBUCHUMYIO TTEPEMEH-
HYI0, UICKOMYIO (DYHKIIHIO)

62.He TpebOBaTh UHTETPHU-
pOBaHUSA

63.He3aBUCUMAsI IEPEMEH-
Hasi

64.1e00X0IMMOE U I0CTAa-
TOY-HOE YCJIOBHUE YETO
65.HOpMasbHas cCUCTEMA
nuddepeHIuanTbHbIX
ypaBHEHUH

66.0065acTh

67.00paiate [mpeBpa-
math| auddepeHimaibHoe
YpaBHEHHE B TOXKAECTBO
68.00paraTecs B TOXK/IE-
CTBO

69.0011€ee perieHue
70.00111I1 BU
71.oqH0ponHOE AU de-
pEHIIMANIBHOE YpaBHEHHE
72.ompenenuTens BpOH-
CKOTO

73.onpenenuTs TUI UG-
(bepeHImanbHOro ypaBHe-
HUS

74.oTHO1IEHUE (TIepeMEH-
HBIX, ABYX (DYHKIIHH, TBYX
perIeHuil)

75.0THOLLIEHUE Ye2o-1ubo
(He) sIBIsIETCS TOCTOSIHHOM
BEJIMYMHOU

11aTbHOMY PIBHSHHI1

3HANTH (3arajabHUN PO3-
B”S30K, PO3B” 530K 3aa4i
KOIII1)

MOYaTKOBa 3ajaya [3a1aya
KOIII |

IIOYaTKOBAa YMOBa [ yMOBa
KOIII |

He OYTH €IMHUM

HE MICTUTH SBHO (HE3alIe-
KHY 3MIHHY, IIyKaHy Qy-
HKIIIFO)

HE BUMAaraTH 1HTerpyBaHHs
He3aJe)XHa 3MIHHA

HeoOX1aHa W JOCTAaTHS
yMOBa 40ToCh

HOpMaJlbHA CUCTEMA
nudepeHIianbHUX PIBHSIHB

obnacTpb

NepeTBOPIOBaTH NU(EpeH-
HiajabHE PIBHSHHS Y TOTO-
KHICTh

NEepPEeTBOPIOBATUCS B TOTO-
KHICTh

3arajibHuil po3B” A30K
3araJbHUM BUTIIS]
oJlIHOpinHEe nudepeHiaib-
HE PIBHSHHSA

BU3HAYHHUK BPOHCHKOTO

BU3HAYUTH TUII TU(EpeH-
1aJIbHOT'O PIBHSHHS

BITHOIIICHHS (3MIHHUX,
nBOX (YHKIIIH, TBOX PO3-
B”’SI3K1B)

BIIHOIIIEHHS Y020Cb (HE) €
CTaJI0I0 BEJTUUYHHOIO

finction contdining in a
differéntial equation

find (the géneral solu-tion,
the solution of cau-chy’s
problem)

initial value problem
[cauchy(’s) problem]
initial condition [cau-
chy(’s) condition]

not to be unique

do not contéin explicit-ly
(an indepéndent variable,
a(n) desired/tnkno-
wn/sought finction)

not to demand/require
integration

indepéndent variable

nécessary and suffici-ent
condition for ...

nérmal system of dif-
feréntial equations

domadin [région]

convért [transform, turn] a
differéntial equa-tion into
idéntity

turn [transform, revért]
into idéntity

géneral solttion

géneral form
homogéneous differential
equation

wronski’s detérmi-nant

detérmine the type of the
differéntial equation

ratio (of variables, of two
flnctions, of two solu-
tions)

ratio of smth is(n't) a
constant quantity
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76.nepBooOpa3zHas
77.M0ACTaBUTh 4mo-1ubo B
ypaBHEHHE

78.NOHM>KEHUE TIOPSIAKA
nud-hepeHIuanbHOro
ypaBHEHHUS

79.IOHU3UTH MOPAIOK

b depeHunasbHOro
ypaBHEHHUS

80.mopsinok (muddepen-
UATBHOTO YpaBHEHUS,
MIPOU3BOTHOM )
81.mocnenoBaTenbHOE NH-
TErpupoBaHUE
82.mpuHUMAaTh BUJ
83.mpupaBHUBATH, OTO-
KIECTBIATH KO3PPUILIUEH-
ThI IPU OJIMHAKO-
BBIX/paBHbBIX CTETICHSX X
84.nmpoaudpepeHmpoBaTh
85.1mpou3BoIbHAS TIOCTO-
STHHASI

86.1mpoCcTOil KOPEHD
87.1mpoXoIUTh yepe3 AaH-
HYIO TOUKY

88.paBHATHCS [OBITH paB-
HBIM | HYJIIO TOKJI€CTBEHHO

89.paznenutb nepeMeHHbIE
90.pazpemnts nuddepen-
MaIbHOE YpaBHEHUE OT-
HOCHUTEJIBHO (CTapIlIei)
IIPOU3BOAHOMN
91.paccmaTpuBars, Tpak-
TOBaTh, UHTEPIPETUPOBATH
¢ KaK HEM3BECTHYIO (PyHK-
1o (¢, ¢, ... KaKk Heus3-
BECTHbIE () YHKIIUN)
92.penieHne B HESIBHOM
BU/JIE

93.pemenue nuddepen-
1[Ma-JIBHOTO YpaBHEHUS

94 .pemdtb ymo-1u60
95.cBectu nuddepeniu-

nepBicHa

MIJACTaBUTH UJOCb B PIB-
HSTHHS

3HMKEHHSA NMOPSAKY nude-
PEHIIATBHOTO PIBHSIHHS

3HU3UTHU MOPAJIOK audepe-
HI[1aJIBHOTO PIBHSHHS

nopsiAok (audepeHiiaib-
HOT'O PIBHSIHHS, MOX1THOT)

MOCJIJTOBHE IHTErPYBaHHS

Ha0yBaTH BUTJISTY
MIPUPIBHIOBATH, OTOTOX-
HIOBATH KOE(ILIEHTU TIPU
OJIHAKOBUX/PIBHUX CTeETIe-
HAX X
(npo)audepeHiitoBaTh
JIOBLIbHA CTajIa

MPOCTUN KOPIHBb
MPOXOJIUTH Yepe3 aHy
TOUKY

JOPIBHIOBATH HYIIIO TOTO-
AKHBO

BIJIOKPEMHTH 3MiHHI
po3B”si3aTH nudepeHiria-
JIbHE PIBHSAHHSA BITHOCHO
(cTapioi) moximHO1

pO3IJIsAaTH, TPAKTYBATH,
IHTEpPIPETYBATH C K HEBi-
nomy pyHKIiwo (¢;, ¢, ...
SIK HeB11oM1 yHKIIIT)

PO3B”’SI30K B HEIBHOMY BU-
ISl

PO3B”A30K AU(epeHITianb-
HOT'O PIBHSHHS
PO3B”’SA3aTH WOCH

3BeCTH IuepeHiiaibHe

antiderivative/primitive
substitute smth into an
equation

redtction of the 6rder of a
differéntial equation

reduce/lower the order of a
differéntial equation

order (of a differéntial
equation, of a derivative)

succéssive [consé-cutive]
integration

take the form

equate/set équal/idéntify
the coefficients of équal
(of the same, in like) de-
grées/powers of x
differéntiate

arbitrary constant

simple [single] root
pass through a given pdint

be idéntically [be équal
idéntically, be équal idén-
tically to] zéro

séparate variables
resolve/solve a dif-
feréntial equation for [with
respect to] the (higher)
derivative

consider [tréat, intérp-ret]
¢ as an unkndéwn flnction
(cy, ¢3, ...as tnkndéwn
finctions)

implicit solition

solution of a differ-réntial
equation

solve/resdlve smth

reduce a differéntial
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aNbHOE YpaBHEHUE K HOP-
Ma-JIbHOM CHUCTEME
96.cBecTr HOpMAJIBHYIO
CUCTEMY K OJJHOMY -
(bepeHImanbHOMy ypaBHe-
HUIO

97.cBectuch K uemy-.
98.cBO0OIHBIN UJIeH

99.cBOOOIHBIN UJIEH crie-
UaIbHOrO BUAA (CIeLHn-
anbHOU (HOPMBI)

100. cBo#CTBO pemieHuin
101. cemelicTBO MHTE-
IpalbHBIX KPUBBIX, 3aBH-
csiiee OT 0/1-HOT'O mapa-
MeTpa, OT ABYX IapameT-
poB

102. cucrema quddepen-
[[Ma-JIbHBIX YpaBHEHUN
103. cucrema TMHEMHBIX
YpaBHEHHUI OTHOCUTEIHHO
HeonpeaeaEHHbIX KO3 -
bureHToB

104. conepxatb npous-
BOAHYIO uin quddepen-
1Ma1 UICKOMOU (PyHKIIMU
105. cooTBeTCcTBYIOIIEE
[MpucoennHEHHOE | TUHEH-
HOe oiHOpoaHOE nudde-
pEHIIMANIBHOE YpaBHEHHE

106. crnenuaanLHBINA BU
CBOOOJIHOTO YJieHa

107. crapiias npousBoa-
Hasl

108. cTpykTypa ob1iero
perieHus

109. cymectBOBaHuUE
110. cymecTBOBaTH

111. cuurate ¢;, ¢, HEU3-

BECTHBIMH () YHKITUSIMHU
112. Tteopema cymiecTBo-

PIBHSIHHS 10 HOPMaJIbHOT
CUCTEMU

3BECTH HOPMaJIbHY CHCTE-
MY J0 OJHOTO audepeHili-
aJIbHOTO PIBHSAHHS

3BECTUCH 10 Y020Ch
BUIBHUU 4YJICH

BUIbHUM YJIEH CIEL1alIbHO-
ro BUTIIAAY (CremiajibHOT
dopmn)

BJIACTUBICTH PO3B”S3KIB
CiM”’sl IHTETpalIbHUX KPH-
BUX, 5IKa 3QJIEKUTH BiJ] OJI-
HOTO TIapaMeTpa, Bijl ABOX
napameTpis

cuctema AudepeHiriaib-
HUX PIBHAHb

cCUCTEeMa JIHIMHUX PIBHSIHB
BITHOCHO HEBU3HAYEHUX
Koe(illieHTIB

MICTUTH MOXIJIHY YU JU-
depentian urykaHoi ¢pyH-
KIi1

BIIMOBI/THE [MpHUETHAHE |
JiH1AHE ofHOpiAHE nude-
peHIliabHE PIBHSIHHS

CHEIIAJILHUM BUTIISLT BUIb-
HOTO YJICHY
cTapiiia moxoaHa

CTPYKTYpa 3arajlbHoro
PO3B”SI3KYy

ICHYBaHHS

ICHYyBaTH

BBAXKATHU C;, C; HEBIJOMHU-
MU QYHKIISIMU

TeopeMa ICHYBaHHS 1 €/11-

equation to a ndérmal sys-
tem

redlce a normal sys-tem to
one differéntial equation

be reduced to smth,
right-hand mémber [4bso-
lute term, free term]
right-hand mémber of a
spécial/specific form

property of solations
family of integral cur-ves
depénding on a single
parameter, on two parame-
ters

system of differén-tial
equations

system of linear equations
in [to detérmine] undetér-
mined coefficients

contdin a derivative or a
differéntial of a desired/
unknown/sought finction
corresponding/adjoint/
associated homogéneous
linear differéntial equation
[linear differéntial
equation without a right-
hand member]
spécial/specific form of a
right-hand mém-ber
higher derivative

stricture of the géneral
solution

existence

exist

suppose [think] that ¢;, ¢,
are/be unknown functions
théorem on the exi-stence
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BaHMS U €IMHCTBEHHOCTH
perieHus (3a1a41 KOIIIH )

113. Tun auddepenu-
aJIbHOTO YpaBHEHUS

114. yraosoit koahduru-
€HT KacaTeJIbHO!

115. yaoOBIETBOPATH ue-
MY-1U60

116. ypaBHeHUE OepHYII-
M
117. yuectb umo-u.
118. ¢dyHkMs oT OTHO-
HICHUS] IEPEMEHHBIX

119. ¢yukmus, 3aBucs-
mias or ...

120. xapaKTepUCTUYECKOE
ypa-BHEHHUE

121. wyactHas npou3BOI-
Has 10 ...

122. 4acTHOE 3HaueHue
MIPOU3BOJIBHON MOCTOSH-
HOU

123. yacTHOE pelieHue
124. wyactHOE pernieHue,
JIMHEN-HO HE3aBUCUMOE OT
(HalIEeHHOT O PeIIeHMS)
125. »sH-KpaTHBIH (n-
KpaTHBIN ) KOPEHb

HOCTI1 po3B”s13KYy (3a1aui
KOIII1)

TUM AU epeHiaTbHOro
PIBHSIHHS

KyTOBUH KOe(ILIEHT J10-
TUYHOL

3aJI0BOJIBHSTH WOCh

PIBHSIHHS OepHYJILII
BpaxyBaTH WoCb

GyHKLIA B BIAHOIICHHS
3MIHHHUX

(GyHKIIIS, KA 3aJICKUTh
BT ...

XapaKTepUCTUYHE PiBHSH-
Hs

YaCTHHHA MOXO0/HA TIO...

YaCTUHHE 3HAUYEHHS TOBI-
JIBHOI CTAJIOl

YaCTUHHUM PO3B 30K
YaCTUHHMI pO3B”SI30K, Ji-
HIMHO HE3aJICKHUN Bl
(3HaMAEHOTO PO3B”SI3KY)
€H-KpaTHUH (n-KpaTHU)
KOP1Hb

and uniqueness/Uni-city
[on the unique exis-tence]
of the solution [thé-orem
on the one-valued sol-
vability] (of cauchy’s
problem)

type of a differen-tial
equation

angular coefficient [slope]
of a tangent

satisfy smth

bernoulli(’s) equation

take smth into con-
sideration [into accdunt]
finction of the ratio of
variables

fanction depéning on ..

characteristic equation

partial derivative with re-
spéct to ...

particular value of an arbi-
trary constant

particular solation
particular solution which is
linearly indepén-dent of
(the found solution)

n-th root, n-tuple root
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1. additional condition

2. admit/allow/permit re-
duaction of the 6rder

3. angular coefficient
[slope] of a tangent

4. antiderivative/primitive
5. éarbitrary constant

6. be (re)solved for [with
respect to] the (higher)
derivative [be nérmalized]
7. be idéntically [be équal
idéntically, be équal idén-
tically to] zéro

8. be reduced to smth,

9. be séparated
10.bernoulli(’s) equation
11.bernoulli(’s) méthod
12.béundary condition

13.cauchy’s préblem
14.characteristic equation

15.coefficient
16.coefficients of équal [of
the same] degrées/po-wers
(in like powers) of x
17.consider [tréat, intérp-
ret] ¢ as an unknown finc-
tion (c;, ¢2, ...as unknown
finctions)

18.contdin a derivative or a
differéntial of a desired/
unknown/sought finction
19.convért [transform,
turn] a differéntial equa-
tion into idéntity
20.corresponding/adjoint/
associated homogéneous
linear differéntial equation

JOTIOTHUTENIBHOE YCIIOBUE
JIOTYCKaTh MOHWKCHHE
nopsiiKa

yria0BOM KO3 PUIUEeHT
KacaTeabHOU
nepBooOpaszHas
MIPOU3BOJIbHAS TIOCTOSH-
Hasl

OBITh pa3peIéHHBIM OTHO-
CUTEJIBHO (TIPOU3BOIHOM,
CTapIieil mpOU3BOIHON)
PaBHSTHLCSA [OBITH PaBHBIM |
HYJTIO TOXJAECTBEHHO

CBECTHCH K Yemy-1.
OBITh pa3eIEHHBIMU
ypaBHEHHE OepHYILIN
MeTOJ| OEpHYILIN

KpaeBo€ [TpaHUYHOE |
yCJI0BHE

3aa4a KOIIH
XapaKTEePUCTHYECKOE ypa-
BHEHUE

KoaG punreHt

K03 PUIIEHTHI TPU 01U~
HAKOBBIX CTETICHIX X

paccMaTpuBaTh, TPAKTO-
BaTh, HHTEPIPETUPOBATH C
KaK HEeU3BECTHYIO (DYHK-
1o (¢, ¢, ... KaKk Heus3-
BECTHbIE () YHKIIUN)
coJiepKaTh MPOU3BOJHYIO
win nuddepeHiman uc-
KOMOU pyHKIIUU
oOparmiarh [[IpeBpamiars|
nuddepeHmanbHoe ypaB-
HEHHE B TOXJIECTBO
COOTBETCTBYIOIIIEE [ITPH-
COEMHEHHOE | TMHEUHOE
oJlHOpoaHOE nuddepen-

J0J1aTKOBAa YMOBa
JOTYCKaTH 3HM>KEHHS T10-
PAAKY

KyTOBUHM KOe(ILIEHT J10-
TUYHOI1

nepBicHa

JIOBLIbHA CTajIa

OyTH pO3B”S3aHUM BITHO-
CHO (ITOX1JHOT, CTApIIOT
MOX1THOT)

JOPIBHIOBATH HYJIIO TOTO-
KHBO

3BECTHUCH JI0 4020Cb

OyTH BITOKPEMIICHUMHU
PIBHSIHHS OepHYJLI1
MeTOoJ OepHYJILTI

KpailoBa [FpaHU4YHA] YMO-
Ba

3a7a4a Kol
XapaKTepUCTUYHE PiBHSH-
HS

Koe(dilieHT

Koe(DIiLIEHTH MPU OJTHAKO-
BUX CTEMEHSX X

pO3IIIsiAaTH, TPAKTYBATH,
IHTEpPIPETYBATH C K HEBi-
nomy pyHKIioo (¢;, ¢, ...
SIK HeB1oM1 yHKIIIT)

MICTUTH TOXIJIHY YU JU-
depentian urykaHoi ¢pyH-
KIi1

NepeTBOPIOBaTH NU(EpeH-
HiajabHe PIBHSHHS Y TOTO-
KHICTh

BIIMOBITHE [MpHUETHAHE |
JiH1AHE ofHOpiAHE nude-
peHIliabHE PIBHSIHHS
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[linear differéntial equation
without a right-hand mem-
ber]

21.depénd on/upon ...
22.detérmine the type of
the differéntial equation
23.differéntial equation

24.differéntial equation
(re)solved for [with res-
pect to] the (higher) de-
rivative

25.differéntial equation in
an unknown flinction y(x)

26.differéntial equation
in/with séparable variables
[séparable (differéntial)
equation]

27.differéntial equation
in/with séparated variables
[séparated (differéntial)
equation]

28.differéntial equation not
contdining explicitly an
unknown flnction [an in-
depéndent variable]

29.differéntial equation of
the first/second/n-th/higher
order

30.differéntiate

31.do not contain explicit-
ly (an indepéndent vari-
able, a(n) desired/tinkno-
wn/sought finction)
32.domain [région]
33.double [repéated] root
34.equate/set équal/idén-
tify the coefficients of
équal (of the same, in like)
degrées/poéwers of x
35.exist

36.existence

MUaJIbHOC YPABHCHHUC

3aBHUCETH OT ...
onpenenuTs Tum audde-
PEHIMANBHOTO YpaBHEHUS
nuddepernuaibHoe ypaB-
HEHHUe

nuddepernuaibHOoe ypaB-
HEHUE, Pa3pei€HHoe OT-
HOCHUTEJIBHO (CTapIlIei)
MPOU3BOTHOU
nuddepernuaabHOe ypaB-
HEHUE OTHOCUTEIBHO HC-
KOMOU GyHKUIUH Y(X)
nuddepernuaabHoe ypaB-
HEHHUE C pa3AeisieMbIMU
MepeMEHHBIMHU

nuddepernuaibHOe ypaB-
HEHUE C Pa3AeIEHHBIMU
MepEMEHHBIMHU

nuddepernuaibHOe ypaB-
HEHHue, HE coJieprKailee
SBHO UCKOMYIO (DYHKITHIO
[HE3aBUCHMYIO ITIEPEMEH-
HYIO]

nuddepernuaabHOe ypaB-
HEHHUE NePBOro, BTOPOro,
n-ro, BHICHIETO MOPsJIKa
(npo)nuddepenurpoBath
HE coJiepkKaTh sIBHO (He3a-
BHUCHUMYIO IIEPEMEHHYIO,
HUCKOMYIO (DYHKIIHIO)

obnacTb

JIBYKpaTHBIA KOPEHb
MPUPABHUBATH, OTOXK/IECT-
BJISITHh KOA((PUITMEHTHI ITPU
OJIMHAKOBBIX/PaBHBIX CTe-
MEHSX X

CYLIIECTBOBATh
CYLIIECTBOBAaHUE

3aJIeKaTu BIT ...
BU3HAYUTHU TUI TU(EPEH-
1aJIbHOT'O PIBHSHHS
nudepeHIiabHe pIBHIHHS

nudepeHianbHe piBHSIH-
Hsl, pO3B”’s13aHE BITHOCHO
(cTapioi) moximHO1

nudepeHIiaibHe pIBHIHHS
BIJTHOCHO ITIYKaHO1 ) yHK-
i y(x)

nudepeHIiaibHe pIBHIHHS
3 BIIOKPEMITIOBAHUMH
3MIHHUMU

nudepeHIiaibHe PIBHIHHS
3 BIIOKPEMJICHUMH 3MiH-
HUMU

nudepeHianbHe piBHSIH-
HSl, IKE HE MICTUTD SIBHO

mykaHy (QyHkIiro [He3a-
JIKHY 3MIHHY |

nudepeHIiaibHe pIBHIHHS
NEepIIoro, Ipyroro, n-ro,
BUIIOTO TOPSIKY
(npo)nudepenuiroBaTu

HE MICTUTH SBHO (He3alle-
KHY 3MIHHY, IIyKaHy Qy-
HKIIIFO)

obnacThb

JTBOKPATHUI KOPiHb
MPUPIBHIOBATH, OTOTOX-
HIOBATH KOE(ILIEHTU TIPU
OJIHAaKOBHX/pIBHHUX CTeIe-
HSX X

ICHYyBaTH

ICHYBaHHS
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37.family of integral cur-
ves depénding on a single
parameter, on two parame-
ters

38.find (the géneral solu-
tion, the solution of cau-
chy’s problem)

39.find [search, look for,
look up, seek] a solttion in
the form

40.function depéning on ..

41.fanction of the ratio of
variables

42.géneral form
43.géneral solttion
44.geométric(al) sense
[méaning]

45.graph of a solution
46.higher derivative
47.highest 6rder of the
derivatives of an inknéwn
[desired, sought, required]
finction contdining in a
differéntial equation
48.homogéneous differen-
tial equation
49.imaginary part
50.implicit solution

51.indepéndent variable
52.initial condition [cau-
chy(’s) condition]
53.1nitial value problem
[cauchy(’s) problem]
54.integrable type
55.integral curve
56.integrate a differéntial
equation

57.integration of a diffe-
réntial equation (in qua-
dratures)

58.introduce a new func-
tion

CEMENCTBO MHTETPATBHBIX
KPHUBBIX, 3aBUCSIIEE OT OJI-
HOTO TIapaMeTpa, OT JBYX
napaMeTpoB

HaiiTu (00111ee pelieHue,
pelieHre 3a1a4u KOIIn)

HCKaTh pelieHue B popme

byHKUMA, 3aBUCALIAs OT ...

(GYHKIHS OT OTHOIICHUS
MEPEMEHHBIX

001N BU

oO11iee peleHue
TCOMETPUICCKUI CMBICIT

rpaduk pemeHus
cTapiuas Ipou3BOIHAS
HAUBBICIITUI TIOPSIIOK
MIPOU3BOAHBIX HCKOMOK
(GyHKUMH, KOTOPBIE CO-
nepsxarcs B nuddepeHiu-
JIbHOM YpaBHEHHUH
oJlHOpoaHOE nuddepen-
[MaJIbHOE YpaBHEHUE
MHUMas 9aCTh

peleHne B HESIBHOM BH/IE

HEe3aBHCHMasl TIEpEeMEHHAs
HayaJIbHOE YCIIOBHE [ycC-
JIOBUE KOUIU |

HavaabHas 3a7ada [3a7ada
KOIILIH |

UHTETPUPYEMBIN THIT
UHTETpalibHasT KPUBas
UHTErpupoBaTh Audde-
PCHIIMATFHOE YpaBHEHUE
UHTErpupoBaHue audde-
PEHIIMATBLHOTO YPaBHEHUS
(B KBazpaTypax)

BBECTH HOBYIO (DYHKIIHIO

CiM”’sl IHTErpalIbHUX KPH-
BUX, 5IKa 3QJIEKUTH BiJ] OJI-
HOT'O TIapaMeTpa, Bifl ABOX
napameTpis

3HANTH (3arajabHUN PO3-
B”SI30K, PO3B”’SI30K 3aj1a4i
KOIII1)

LIyKaTU PO3B”SI30K Y BU-
ISl

GbyHKIIIs, SKa 3aJIeKUTh
BIJ ...

GbyHKLIA B1I BIAHOIIECHHS
3MIHHHUX

3araJbHUM BUTIIS]
3arajibHuil po3B” A30K

I‘COMCTpI/ILIHI/Iﬁ CCHC

rpadix po3B”sA3Ky

cTapiia MoxXo/aHa
HaWBUIIUI TOPSIAOK MOXI-
JTHUX IIyKaHOT QYHKIIIT,
AK1 MICTSTbCA B TU(epeH-
11aTbHOMY PIBHSHHI

oJlIHOpinHEe nudepeHiiaib-
HE PIBHSHHSA

ysIBHA YacTHHA

PO3B”’SI30K B HEABHOMY BU-
ISl

He3aJIe)kKHa 3MIHHA
IIOYaTKOBAa YMOBa [ yMOBa
KOIII |

IoYaTKOBA 3aja4a [3aaa4a
KOIII |

IHTETPOBHUM THUIT
IHTEerpajibHa KpuBa
IHTETpyBaTu AuQepeHiiia-
JIbHE PIBHSAHHSA
IHTErpyBaHHs quepeHIi-
aNbHOTO PIBHAHHS (B KBa-
JpaTypax)

BBECTH HOBY () YHKIIIO
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59.introdtction a new
finction

60.linear homogéneous
differéntial equation, linear
differéntial equation with-
out a right-hand member
(Ihde)

61.linear depéndence
62.linear differéntial
equation (lde)

63.linear differéntial
equation with constant co-
efficients

64.linear differéntial ope-
rator

65.linear indepéndence
66.linear nonhomogéne-
ous differéntial equation,
linear differéntial equation
with a right-hand mémber
(Inde)

67.linearly (in)depéndent
functions, solutions

68.méthod of elimination
[elimindtion méthod]
69.méthod of undetérmi-
ned coefficients
70.méthod of variation of
of arbitrary constants
71.multiple [repéated] root
72.multiplicity of the root
of the characteristic equa-
tion

73.nécessary and suffici-
ent condition for ...
74.n6rmal system of dif-
feréntial equations

75.not to be unique
76.not to deméand/require
integration

77.n-th root, n-tuple root

BBeJICHUE HOBOM (DYHKITUU

JUHENHOE OJHOPOIHOE
muddepeHunasbHOE ypaB-
HeHue (J101y)

JMHEHas 3aBUCUMOCTD
nuHelHoe nuddepeHiu-
aNbHOE ypaBHEHUE (JIAY)
nuHelHoe nuddepeHiu-
aNbHOE YpaBHEHUE C T10-
CTOSIHHBIMU KO3 PUIeH-
TaMu

TUHEeNHbINA Tudepenin-
aJIbHBIN OIIEPaATOP
JUHEHAs HEe3aBUCUMOCTD
JMHENHOE HEOTHOPOIHOE
nuddepeHmanbHoe ypaB-
HeHue (JIHTY)

JMHENHO 3aBUCUMBIE (He-
3aBUCUMBIC) (DYHKIINH, pe-
HICHUS

METO/1 UCKJIIOUECHHUSI

METOJ HEONPENCIEHHBIX
ko3 puLeHTOB

METO/1 Bapualliy Mpou3-
BOJIbHBIX TTOCTOSTHHBIX
KpaTHBIA KOpEHb
KpPaTHOCTh KOPHSI Xapak-
TEPUCTHUYECKOTO ypaBHE-
HUS

HE00X0IMMOE U 10CTATOU-
HOE€ YCJIOBHE Y€ro
HOpMaJlbHasl CUCTEMA
nuddepeHIanTbHbIX
ypaBHEHUH

He OBITh €JUHCTBEHHBIM
He TpeOoBaTh UHTETPUPO-
BaHUs

AH-KPATHBIN (7-KpaTHBIN)

BBEJICHHS HOBOi (DYHKIIIT

JiHIAHE ofHOpiAHE nude-
peHIliabHE PIBHSIHHS
(moz1p)

JHIMHA 3aJI€KHICTh
JiHIMHE AudepeHIianbHe
PIBHSHHS (J171p)

JiHIMHE AudepeHIianbHe
PIBHSIHHS 3 CTJIUMH KO€-
dbinieHTaMU

TiHIMHUT qudepeHIiaib-
HHUU OIIEpaTop

JIHIHA HE3aJIEKHICTh
JiHIHE HEOTHOPIIHE JH-
(dbepeHIiianbHE PIBHIHHS
(HIp)

JHINHO 3aJIekH1 (He3aje-
KH1) QYHKIIT, pO3B”A3KH

MCTOJ BHUKIIFOUCHHA

METOJ] HEBU3HAYEHHUX KO-
ediieHTIB

METO/ Bapiallii JOBUIbHUX
CTaIuX

KpaTHUN KOPIHb
KpaTHICTh KOPEHS Xapak-
TEPUCTUYHOTO PIBHSHHSI

HeoOX1aHa W JOCTAaTHS
yMOBa 40ToCh

HOpMaJlbHA CUCTEMA
nudepeHIianbHUX PIBHSIHB

He OYTH €IMHUM

HE BUMaraTH 1HTeTrpyBaH-
HS

€H-KpaTHUH (n-KpaTHU)
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78.6rder (of a differéntial
equation, of a derivative)

79.6rder reducing diffe-
réntial equation

80.partial derivative with
respect to ...

81.particular solation
82.particular solation
which is linearly indepén-
dent of (the found solttion)
83.particular value of an
arbitrary constant

84.pass through a given
point

85.polynomial
86.polynomial of the same
degrée as ... with undetér-
mined coefficients

87.property of solutions
88.quadratic equation;
quadratic

89.quadrature
90.quasi-polyndémial
91.ratio of smth is(n't) a
constant quantity

92.ratio (of variables, of
two functions, of two solu-
tions)

93.réal and distinct roots of
the characteristic equa-tion

94.réal and équal roots of
the characteristic equation

95.réal part

96.reduce a differéntial
equation to a ndérmal sys-
tem

97.reduce a ndérmal sys-

KOpEHb
nopsanok (auddepenuu-
aJbHOT'O YpaBHEHUS, MPO-
W3BOJTHOM )
nuddepernuaibHoe ypaB-
HEHUe, JOIyCKarolee Mno-
HUKEHUE TOpsIKa
YacTHAasi IPOU3BOJIHAS 110

YaCTHOE PEILLICHHE
YaCTHOE PEILICHUE, JTUHEU-
HO HE3aBUCHUMOE OT (Hail-
JI€HHOTO PEeIlICHNs)
YaCTHOE 3HAYCHHE MPOU3-
BOJIbHOW MOCTOSTHHOU
MIPOXOAUTH YEPE3 TaHHYIO
TOUKY

MHOTOYJIEH

MHOT'OWIEH TOH ke CTere-
HU, YTO H ..., C HEONpEie-
NEHHBIMU KO3 purmeHTa-
MU

CBOWCTBO PELICHUI
KBaJpaTHOE YpaBHEHUE

KBajparypa
KBa3UIOJIUHOM
OTHOIIICHUE Ye20-1Ubo
(HE) sIBISIETCS MOCTOSIHHOM
BEJIMYMHOU

OTHOIIIEHUE (TIEPEMEHHBIX,
NBYX (QyHKIIMM, TBYX pe-
IIIEHU )

BEILIECTBEHHBIE U pa3iny-
HbIE KOPHU XapaKTEPUCTH-
YECKOr0 YpaBHEHUS
BEILIECTBEHHBIC U PaBHBIE
KOPHU XapaKTepUCTUIEC-
KOT'0 YpaBHCHUS
BEILIECTBEHHAsI YacCTh
cBectu AuddepeHunab-
HOE ypaBHEHHE K HOpMa-
JIBHOM CHCTEME

CBECTH HOPMAJIBHYIO CHC-

KOPIHb
nopsiAok (audepeHiiaib-
HOTO PIBHSIHHS, MOX1THOT)

nudepeHianbHe piBHSIH-
HSl, SIKY JOIYCKA€ 3HMKEH-
HS IOPSIIKY

YaCTUHHA MOXO/IHa TO...

YaCTUHHUM PO3B” 30K
YaCTUHHHI pO3B”SI30K, Ji-
HIMHO HE3aJICKHUN Bl
(3HAMAEHOTO PO3B”'SI3KY)
YaCTHHHE 3HAYEHHS JI0Bi-
JIBHOI CTano01

MIPOXOJIUTHU Yepe3 aHy
TOUKY

MHOTO4JIEH

MHOTOYJIEH TOTO K CTere-
HS, [0 U ..., 3 HCBU3HAYe-
HUMU KoedilieHTaMu

BJIACTUBICTH PO3B”S3KIB
KBaJIpaTHE PIBHSAHHSA

KBaJIpaTypa

KBa31MOJIIHOM
BIIHOIIIEHHS Y020Cb (HE) €
CTaJIOIO BEJTMYUHOIO

BITHOIIICHHS (3MIHHUX,
NBOX (YHKIIIH, TBOX PO3-
B”’SI3K1B)

JIWCHI i pi3HI KOpPEH1 Xa-
PAKTEPUCTUYHOTO PIBHSIH-
Hsl

JiiCcHI 11 piBHI KOpEH] Xa-
PAKTEPUCTUYHOTO PIBHSIH-
Hsl

nificHa YyacTUHA

3BECTH JudepeHIriaibHe
PIBHSIHHS 10 HOPMaJIbHOT
CHCTEMU

3BECTH HOPMAaJIbHY CUCTE-
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tem to one differéntial
equation

98.reduce/lower the Order
of a differéntial equation

99.reduction of the 6rder
of a differéntial equation

100. resodlve/solve a dif-
feréntial equation for [with
respect to] the (higher)
derivative

101. right-hand mémber
[absolute term, free term]
102. right-hand mémber
of a spécial/specific form

103. root of a characte-
ristic equation

104. satisfy smth

105. séparate variables
106. simple [single] root
107. solution of a differ-

réntial equation

108. solve/resdlve smth
109. spécial/specific form
of a right-hand mém-ber
110. stracture of the gé-
neral solution

111. substitute smth into
an equation

112. succéssive [consé-
cutive] integration

113. suppose [think] that
¢y, ¢;are/be unknéwn func-
tions

114. system of differén-
tial equations

115. system of linear
equations in [to detérmine]
undetérmined coefficients

116. take smth into con-

TeMy K ogHoMy audde-
PECHIIMATFHOMY ypaBHE-
HUIO

MOHU3HUTH MOPSIOK AU -
(bepeHIumanbHOro ypaBHe-
HUS

TIOHIDKEHHE TTOPSIKA TUd-
(bepeHIuanbHOro ypaBHe-
HUS

paspemnTs nudpepeHiu-
aJIbHOE YpaBHEHHE OTHO-
CUTEJIbHO (CTapiueit) npo-
W3BOJIHOM

CBOOOHBIN YJIeH

CBOOOTHEBIN YJICH CITCIU-
aJIbHOTO BHJA (CIICLHAIIb-
HOU opMBI)

KOPCHb XapaKTepUCTHIC-
CKOT'O YPaBHCHHSI
YIIOBJIETBOPSTH YeMY-1UOO
pa3eauTh ePEMCHHBIC
IIPOCTON KOPEHB
pemienue nuddepenima-
JHLHOTO YpaBHCHHSI
PEeIIuTh Ymo-1ubo
CIIeIMaIbLHBIA BUJ] CBO-
0OQHOrO YICHA
CTPYKTypa OOIIEeTO perie-
HHS

MOJICTABUTh Ymo-1ubo B
ypaBHCHHE
MOCJIeI0BATEILHOE HHTET -
pUpOBaHUE

CUUTATh C;, C; HEU3BECT-
HBIMHU (QYHKITASIMH

cucrema nauddepeHima-
JHHBIX YPaBHCHHUN
cUCTeMa JJMHEHHBIX ypaB-
HEHUI OTHOCUTEIHHO He-
onpenenéHHbIX Kodphu-
[IUCHTOB

YUYECTh YMo-I.

MY 10 OJHOTO audepeHili-
aJIbHOTO PIBHSAHHS

3HU3UTH NOPAJIOK qude-
PEHIIATBHOTO PIBHSIHHS

3HMKEHHSA NMOPSAKY nude-
PEHIIATBHOTO PIBHSIHHS

po3B”s13aTH nudepeHiria-
JIbHE PIBHSAHHSA BITHOCHO
(cTapioi) moximHO1

BUIBHUU 4YJICH

BUIbHHI YIEH CIeIialbHO-
ro BUIIIAAY (CremiajibHO1
hopmm)

KOPIHb XapaKTepUCTUYHO-
ro PIBHSHHS
3aJI0BOJIBHSATH WOCh
BIJIOKPEMUTH 3MIHHI
MPOCTUI KOPIHBb
PO3B”s130K U epeHITianb-
HOT'O PIBHSHHS
PO3B”’sA3aTH WOCH
CHEIIAJILHUI BUTIISLT BUIb-
HOTO YJIEHY

CTPYKTYpa 3arajibHOTo
PO3B”SI3KYy

MIJACTaBUTHU UJOCb B PIB-
HSTHHS

MOCJIJIOBHE IHTErPYBaHHS

BBAXKATHU C;, C; HEBIJOMHU-
MU QYHKIISIMU

cuctema AudepeHiiiaib-
HUX PIBHSAHb

CUCTEeMa JIIHIMHUX PIBHSIHB
BIITHOCHO HEBU3HAYEHUX
Koe(illieHTIB

BpaxyBaTU UOCh
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sideration [into accdunt]
117. take the form

118. théorem on the exi-
stence and uniqueness/Uni-
city [on the unique exis-
tence] of the solation [thé-
orem on the one-valued
solvability] (of cauchy’s
problem)

119. turn [transform,
revért] into idéntity

120. type of a differen-
tial equation

121. wunique [(one and)
only one]

122. unkndéwn [desired,
sought, required] finction
123. wronski’s detérmi-
nant

124. wrénskian

125. complex root of a
characteristic equation

MPUHUMATh BUJ
Teopema CYIIECTBOBAHUS U
CAMHCTBEHHOCTH PEIICHUS
(3aa4u KOIIIHN)

oOpaIarbcsi B TOXKJIECTBO

tun auddepeHnnanTsHOTro
ypaBHEHHUS
€MHCTBECHHBIN

ucKoMas QPyHKIUS
OIIpPEIEIUTENb BPOHCKOIO

BPOHCKHUAH (OTpeeuTeNb
BPOHCKOT0)

KOMILJIEKCHBIN KOpEHb Xa-

PaKTEPUCTUYECKOTO ypaB-

HEHUS

Ha0yBaTH BUTJISTY
TeopeMa ICHYBaHHS 1 €J11-
HOCTI PO3B”s3KY (3aaaui
KOIII1)

NEepPEeTBOPIOBATUCS B TOTO-
KHICTh

UM AU epeHiaTbHOro
PIBHSIHHS

€UHUN

nrykaHa QyHKIis
BU3HAYHHUK BPOHCHKOTO

BPOHCKIaH (BU3ZHAYHUK
BPOHCBHKOT'O)
KOMIIJIEKCHUI KOPIHb Xa-
PaKTEPUCTUYHOI'O PIBHSH-
HS
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