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MATHEMATICAL ANALYSIS 

INTRODUCTION IN MATHEMATICAL ANALYSIS 

LECTURE NO.12. LIMIT OF A FUNCTION 
POINT 1.FUNCTION (ADDITIONAL REMARKS). 

POINT 2. LIMIT. INFINITELY SMALL AND INFINITELY LARGE. 

POINT 3. PROPERTIES OF LIMITS. 

POINT 4. REMARKABLE [STANDARD] LIMITS. 

POINT 5. INTERESTS IN INVESTMENTS. 

 

POINT 1. FUNCTION (ADDITIONAL REMARKS). 

Def.1 a) Set of all real numbers ),(1   (Ox-axis), b) 21xOx -plane 

( 2 ), c) 321 xxOx  - space ( 3 ) are called correspondingly a) one-dimensional, b) two-

dimensional, c) three-dimensional space.  

Correspondingly points a) 1x ; b) 2
21 ),(  xxx ;  c) 3

321 ),,(  xxxx  

are called a) one-dimensional, b) two-dimensional, c) three-dimensional points. 

Def. 2. n-dimensional space  n   is called the set of all n-dimensional points 

).,...,,( 21 nxxxx   

Def. 3. Distance between two points ),...,,(),,...,,( 2121 nn yyyyxxxx   of n  

is called the next expression 

          ....,
1

222
22

2
11 




n

k
kknn yxyxyxyxyx  

Theorem 1. For any three points zyx ,,  of n  

     yzzxyx ,,,    (triangle inequality). 

Def. 4. Function y=f(x) with domain of definition   nfD   and set of values 

)( fE  is called a mapping of D(f) onto E(f) that is some rule which puts in corre-

spondence a certain (unique) number  )( fEy  to every point ).( fDx   
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For n = 1, 2, 3, …, n we have a function of one, two, three, …, n variables  

)(xfy  , ),()( 21 xxfxfy  ,   ),,( 321 xxxfxfy  , ),...,,()( 21 nxxxfxfy  . 

Def. 5.  xf  is called the value of a function at a point x. 

Ex. 1. Number [numerical] sequence (function of a natural argument). Let 

 ,...,...,3,2,1)( nfD   and ),...(...,),(),(),( nfyfyfyfy n   , or 

briefly .)(nfyn   Values of function form a number sequence with general term 

).(nfyn   

Ways of definition of a function: 

1. Analytical way: with the help of some formula 

.,,. 2
3

2
2

2
1

2
2

2
1

2 xxxyxxyxyEx   

2.Graphical (geo-

metrical) way (for n 

= 1, 2): with the help 

of some graph(ic). 

All is clear for n = 

1 (see fig. 1). 

Let n = 2 that is 

we deal with a func-

tion of two variables ),()( 21 xxfxfy  . Then for any point )(),( 21 fDxxx  we get 

a corresponding point ),(),,,( 2121 xxfyyxxM   of the space .21 yxOx  Set of all such 

the points M forms some surface S which is called the graph of the function (fig. 2). 

A function of two variables ),()( 21 xxfxfy   can be geometrically repre-

sented with the help of so-called level lines [level curves, equiscalar lines] that is 

lines along which this function takes on constant values, 

  constCCxxf  ,, 21 . 

It’s obvious that for every C a level line is the projection of the intersection line 

of the graph of the function ),()( 21 xxfxfy   and the plane Cz   onto the 21Oxx -

plane. 

                  Fig. 1                    Fig. 2 
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Ex.2. Level lines of the function  

  2
2

2
121, xxxxfy   

are determined by the equation 

.0;2
2

2
1  CCxx  

For C = 0 we have 021  xx  that is a point  0,0O . If C > 0, the level lines are 

circles centered at the origin  0,0O  with radii CR  . 

A function of three variables ),,()( 321 xxxfxfy   doesn’t possess a graph 

but can be geometrically represented by level surfaces that is surfaces along every of 

them the function has a constant value, that is 

  constCCxxxf  ,,, 321 . 

Ex. 3. Level surfaces of the function  
2
3

2
2

2
1321 ),,( xxxxxxfy   

are represented by the equation 

.0;2
3

2
2

2
1  CCxxx  

For C = 0 the level surface degenerates into a point  0,0,0O , and for C > 0 the level 

surfaces are spheres centered at the origin  0,0,0O  with radii CR  . 

3. Tabular way (for n = 1, 2): with the help of some table. 

For n = 1 see for example tables of trigonometrical functions, of logarithms etc. 

There are double entry tables [two-input tables] for n = 2, three-entry tables [three-

input tables] for n = 3 etc. 

4. Description way (with the help of some description).  

Ex. 4. Trigonometric functions of an arbitrary real argument were defined (see 

Lecture No. 2) by description with the help of trigonometric circle. 

5. Algorithmic way (with the help of a program for a computer). 

Def. 6. Basic elementary functions (of one variable) are called the next func-

tions: 

1) constant function y = f ( x ) = C, C -const; 

2) power function 



 7 
1,  xy ; 

3) exponentional function 

 aay x , , in particular xey  , 

where ...71828.2, e  is Euler number; 

4) logarithmic function 

xy alog , in particular xxy elogln  ; 

5) trigonometrical functions 

xy sin , xyxyxy cot,tan,cos  ; 

6) inverse trigonometrical functions 

,arcsin xy   xarcyxyxy cot,arctan,arccos  . 

Def 7 (composite function). Let  )(),( xuufy   be two functions of one 

variable, and   )( fDE  . A function ))(( xfy   is сalled a composite one [a 

function of a function, a superposition of functions f and  ].  

Note. For functions of several variables a composite function can be defined 

analogously, for example a composite function of three variables 

)),,(),,,(( 32123211 xxxxxxfy   

where 

           
    3

321
2

21

32122232111121

,,,,
,,,,,,,,




xxxxuuu
xxxxuxxxxuuufufy 

 

Def. 8 (elementary function). A function y = f ( x ) of one variable 1x  is 

called that elementary if it is a basic elementary one or can be represented as result 

of finite number of arithmetical operations (addition, subtraction, multiplication, divi-

sion) and superpositions on basic elementary functions. 

Ex. 5. n-th degree polynomial (of one variable 1x ) 

0,...)( 2
210  n

n
nn axaxaxaaxP  

Ex. 6. A rational fraction (of 1x ) is called a ratio of two polynomials  

m
mm

n

m xbxbxbbxQ
xP
xQxR  ...)(,
)(
)(

)( 2
210  
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The fraction is called proper one if m < n and improper otherwise ( nm  ). 

Def. 9. Let 1a . A neighbourhood aU  of the point a  is called every inter-

val which contains this point. Specifically an interval ),(,   aaU a , which is 

defined by the inequality  ax , is called the   - neighbourhood of the point a . 

Def. 10. A deleted neighbourhood aU   of the point 1a  is called its neigh-

bourhood aU  without this point: aU   = }{\ aUa . In particular the deleted  -neigh-

bourhood ,aU   of the point a  is the union of two intervals:      aaaaU a ,,,  . 

Analogous definitions can be stated in n-dimensional space for any n. We’ll 

limit ourselves by the case n = 2 that is by the case 2  (the plane 21Oxx ). 

Def. 11. A domain on the plane  is called a point set 
2D  satisfying two conditions: 1) every point  21, xxx   

of D belongs to D with some circle centered at  21, xxx  ; 

2) every two points    2121 ,,, yyyxxx  of D can be joined 

            Fig. 3                  by some line l which entirely lies in D ( Dl  ) (fig. 3). 

Ex. 7. Open circle  RaK ,  of radius R, centered at a point  21, aaa   (a circle 

without its boundary that is the circumference  RaS , ). 

By analogy with definitions 9, 10 we can state 

Def. 12. A neighbourhood aU  of the point   2
21,  aaa  is called every 

domain containing this point (for example an open circle  RaK , ).  

Def. 13. A deleted neighbourhood aU   of the point   2
21,  aaa  is called 

its neighbourhood aU  without the point a  that is the set }{\ aUU aa   (for example 

deleted circle     }{\,, aRaKRaK  ). 

Many functions (of one and several variables) are studied in economics: pro-

duction (виробнича) function, productive (продуктивна) function, profit [return] 

function (функція прибутку), cost function (функція витрат, функція вартості), 

demand function (функція попиту), supply function (функція пропозиції), payoff 

function (функція виграшу), utility function (функція корисності), loss function 
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[expenditure function] (функція втрат), risk function (функція ризику), damage 

function (функція збитків), effectiveness function (функція ефективності), Cobb-

Douglas function (функція Кобба-Дугласа), insolvency function (функція банк-

рутства), loss-of-utility function (функція втрати корисності), preference function 

(функція переваги (предпочтения)), propositional function (пропозиційна функ-

ція) etc. 

 

POINT 2. LIMIT. INFINITELY SMALL AND INFINITELY LARGE 

 

A. Limit of a function at a point. 
 

We’ll begin by the next example. 

Ex. 8. Let there be given a function (fig. 4) 

 
3
92





x

xxf  

with domain of definition       ,33, fD , and let x tend to the number 3 

( 3x ). We see (table 1) that the values of the function tend to 6,   ,6xf  as 

3x . This fact is usually fixed by the next notations  

    ,36,6lim
3




xasxfxf
x

 

but it requires exact definition. 

                                                                                                                         Table 1 

  x 2.94 2.96 2.98 3 3.02 3.04 3.06 

y = f (x) 5.94 5.96 5.98 Doesn’t 

exist 
6.02 6.04 6.06 

  6xf  0.06 0.04 0.02  0.02 0.04 0.06 

Let 3x  and   be arbitrary number, which is positive and however small. We 

study the modulus of difference between values of the function and the number 6 and 

we have 
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     .3,33,33,3,3,33

,33636
3
96

2













xorxxx

xifxx
x

xxf  

For example    01.001.06  xf  if    01.3,33,99.2 x ;   001.06 xf  

)001.0  if    001.3,33,999.2 x  and 3x .  

Thus for any positive however small number   there exists a neighbourhood of 

the point x = 3, that is the interval    3,33U  (on the fig. 4  nmU ,3  ), such 

that for any  fDx , if x reaches deleted neighbourhood of the point x = 3, that is 

  }3{\3,33  U  =        nm ,33,3,33,3    , then the inequality 

   6xf  holds. Symbolically: 

          63,33,3:),3,3(,0 33 xfUxfDxU   
It is exact definition of the fact that the limit of our function, as x tends to 3, equals 6 

or, which is the same, that the function tends to 6 as its argument x tends to 3.  

The inequality    6xf  is equivalent to the next one 

    66 xf , so we can state geometric sense of given 

defini-tion of the fact that   6lim
3




xf
x

 (see fig. 4). Namely, if x 

belongs to the deleted neighbourhood    nmU ,33,3   of the 

point x = 3, then corresponding part of the graph of the function 

       Fig. 4                xf  lies in the hatched 2 -strip bounded by the straight lines 

  6,6 yy . 

On the base of studied example we are able to state general definition of the li-

mit of a function  xfy   as x tends [goes] to some point a (or the limit of the func-

tion  xfy   at the point x = a). A function can be dependent as on one as on n vari-

ables. 

Def. 14. A number b is called the limit of a function  xfy   as ax   (the 

limit of the function at the point a),   bxf
ax




lim  or   bxf   as ax  , if for any 

positive however small number   there exists some neighbourhood aU  of the point a 
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such that for any value x from the domain of definition  fD  of the function, if x be-

longs to deleted neighbourhood aU   of the point a then the inequality 

   bxf , 

or, which is the same, the double inequality 

    bxfb , 

holds. 

Symbolically, 

  bxf
ax




lim  

if 

      )(:,,0   bxfbbxfUxfDxU aa . 

Remarks.  

1) A point a can belong or not belong to the domain of definition  fD  of a 

function  xfy  . That is why deleted neighbourhood aU   of the point a is intro-

duced in the definition of limit. It can be substituted by aU  if 

 .fDa  

2) In the case of function of several variables the defi-

nition of limit is stated under indispensable assumption that 

x can tend to a along arbitrary path which wholly lies in the 

             Fig. 5                 domain of definition of a function. 

3) In the case n = 1 that is for a function of one variable it’s easy to give geo-

metric sense of definition of the limit of the function at the point a (fig. 5). Namely 

for any 0  there exists a neighbourhood aU  of the point a (an interval (m, n) on 

the fig. 5) such that for all points  fDx  of the deleted neighbourhood of the point 

a, namely  naamU a ,),(  , the corresponding part of the graph of the function 

lies in the hatched 2 -strip between the lines  by  and  by . 

Ex. 9. Prove that 4lim 2

2



x

x
. 
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Domain of definition of the function   2xxfy   is the set of all real num-

bers   ,1 . Behaviour of the function for 2x  is represented by a table 2. 

                                                                                                                            Table 2 

x 1.96 1.97 1.98 1.99 2.00 2.01 2.02 2.03 2.04 

  2xy  3.84 3.88 3.92 3.96 4.00 4.04 4.08 4.12 4.16 

42 x  0.16 0.12 0.08 0.04 0.00 0.04 0.08 0.12 0.16 

Let   > 0 be positive however small number. Then 

  .44,44,444 222   xxxifxxf  

Therefore for any   > 0 it exists a neighbourhood of the point x = 2 namely 2U  

=      4,4, nm  such that for all values of 2Ux  the inequality  42x  

holds. By definition of limit and according to remark 1) we can write 

   4:),4,4(,0 2
22 xUxxU , .4lim 2

2



x

x
 

State yourselves geometric sense of studied passage to the 

limit.  

Ex. 10. With the help of definition of tangent prove 

that ax
ax

tantanlim 


 for any  2,0 a . 

■Let’s mark three points   aaa tan,tan,tan  on 

the tangent line (points C, B, D correspondingly, fig. 6) and 

              Fig. 6.                 join these points with the centre O of the trigonometric cir-

cle. Let 

AOMxAODAOBaAOC  ,,,   (fig. 6). 

We get the next result (in symbolic form): 

     
).tantan

tantantan,(:2,0,,,0






axisthat

axaxxU a  

By definition of the limit ax
ax

tantanlim 


■ 

It’s possible to extend this result on any ,...3,2,1,0,2  na  . Try 
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to do it yourselves. 

Prove yourselves with the help of definitions of sine, cosine, cotangent that 

 ,...3,2,1,0,cotcotlim;coscoslim;sinsinlim 


nnaaxaxax
axaxax

 . 

Note. Examples 9, 10 and above-sited results as to xcot,xcos,xsin  give us 

the first examples of functions possessing the property of the form 

   afxflim
ax




 

(limit of a function at a point a equals the value of the function at this point). There 

are very many functions of such kind (so-called continuous functions), for example 

all basic elementary and elementary functions. We’ll especially study continuous fun-

ctions in the next lecture, but here we’ll apply continuity of elementary functions in 

simple cases. 

Ex. 11. Prove that a function of two variables     2
2

2
1

21
21,

xx
xxxxfxf


  

doesn’t possess limit at the origin  0,0O . 

■It’s sufficient to approach the origin along two different paths. Along the 

straight line 12 xx   one has 

   
2
1,, 2

1
2
1

11
1121 




xx
xxxxfxxf  and 

   
 

2
1lim,lim 2

1
2
1

11

0210,0, 121





 xx

xxxxf
xxx

; 

along the other straight line 12 2xx   one gets the other limit, for 

   
  5

2
2
22,, 2

1
2
1

11
1121 





xx
xxxxfxxf  and 

   
 

  5
2

2
2lim,lim 2

1
2
1

11

0210,0, 121






 xx

xxxxf
xxx

. 

In accordance with remark 2) the limit of the function for    0,0, 21 xx  doesn’t  

exist.■ 

We have defined the limit of a function  xfy   of one or several variables at 

a point a. There are some other types of passage to the limit. We’ll briefly study them 

for a function of one variable   1 fDx  (see B, C, D). 



B. Unilateral limits of a function at a point 
 

Let ax   and ax  . One says that x tends to a from the left and denotes this 

fact by the next way: 0 ax . Corresponding limit 1b  of a function  xfy  , if it 

exists, is called the left limit of the function at the point a and is denoted 

  )(lim0
01 xfafb

ax 
  (fig. 7). 

Def. 15. A number 1b  is called the left limit of the 

function  xfy   at the point a (that is if x approaches a 

from the left) if (symbolically) 

      ),(:)(,,,0 1   bxfamxfDxam . 

              Fig. 7                           In analogous way one says about tending of x to a 

from the right ( ax   and ax  , 0 ax ) and the right limit 2b  of the function 

at the point a, 

  )(lim0
02 xfafb

ax 
  (fig. 7). 

Def. 16. A number 2b  is called the right limit of the 

function  xfy   at the point a (that is if x approaches a 

from the right) if  

      ),(:)(,,,0 2   bxfnaxfDxna . 

               Fig. 8                         Ex. 12. A function  

 








43,3
,30,1

xifx
xifx

xf    

has the left limit 2 and the right limit 0 at the point x = 3, 

          03limlim,21limlim03
03030303




xxfxxff
xxxx

 (see fig. 8). 

State yourselves geometric sense of right and left (unilateral) limits. 

Theorem 2. Limit of a function of one variable at a point a exists if and only if 

left and right limits at this point exist and are equal,  

          00),(lim0),(lim0)(lim
00




afafxfafxfafxf
axaxax
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■Validity of the theorem follows from the definitions 14 (for n = 1), 15, 16 ■ 

C. Limit of numerical sequence 
 

Ex. 13. Let there be given number sequence  













23
12

n
nxn . 

Its bihaviour is represented by a table 3 
                                                                                                            Table 3  
n 10 210  310  610  910  
 nx  0.7500000 0.6744966 0.6674449 0.6666674 0.6666667 

  32nx  0.0833333  0.0078300  0.0007783 0.0000008  0.0000000 
From the table we see that general term nx  of the sequence tends to 2/3 = 0.(6). 

We usually denote such the fact by the next way 

3
2

23
12lim 




 n
n

n
 

and say that the sequence  nx  tends (“converges”, “is convergent”) to 2/3. 

To express exactly this fact let’s determine for which values of n the inequality 






3
2

23
1232

n
nxn  

holds for any however small number  . We have 

     

    .
9

672
3
7

3
1,

3
723,7233

233
7

,
233

71
233

7
3
2

23
1232





 







 














nnnif
n

n
nfor

nn
nxn

 

Let the natural number 



 





9
67N  is the integer part of the number 




9
67  . 

We have found that for however small positive number   the inequality  32nx  

holds for all natural numbers n which are greater than the found number N. Symboli-

cally  








 







 

 



3
2

23
1232:,

9
67,0

n
nxNnnN n . 
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Generalizing the reasonings of the example we can state the definition of the 

limit of arbitrary number sequence { ny : ,...,...,, 21 nyyy }. 

Def. 17. A number b is called the limit of number sequence { ny } if for how-

ever small positive number   there exists a natural number N such that for any natu-

ral number n, which is greater than N, the inequality byn  holds.  

One writes in this case 

bynn



lim  

and says that the sequence tends [converges, is 

convergent] to b. 

            Symbolic expression of the Def. 17 is the next:  

                 Fig. 9                                                                bynn



lim   

if  

   byNnnN n:,,0 . 

            Geometric sense of the limit consists in the next: for n > N all terms of the se-

quence lie in hatched strip between straight lines   byby ,  (fig. 9). 

D.  Limit of a function on plus or minus infinity 
 

Def. 18. A number b  is called the  limit of a 

function )(xfy   as x , bxf
x




)(lim , if for 

any 0  there exists a number 0x  such that for all 

values of )( fDx , which are greater than 0x , the 

                 Fig. 10                       inequality 

   bxfbbxf )()(  

holds. Symbolically 

bxf
x




)(lim  if     bxfxxfDx 00 :)(,,0 . 

Geometrically (fig. 10): for 0)( xxfD   the corresponding part of the graph 

of the function lies in hatched strip bounded by straight lines   byby , . 
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Ex. 14. Prove that 
4
3

54
23lim 




 x
x

x
. 

      .5
4
23

4
1,23544

544
23

4
5

544
23

4
3

54
23







 










 








 xxif

x
xif

xx
x

                                                                                                                                       

4
3

54
23lim

4
3

54
23:)(,5

4
23

4
1,0 00 











 









 

 x
x

x
xxxfDxx

x



  

Def. 19. A number b  is called the limit of a func-

tion )(xfy   as x , bxf
x




)(lim , if for any 0  

there exists a number 0x   such that for all values )( fDx , 

which are less than 0x  , the inequality 

             Fig. 11                                        bxfbbxf )()(  

holds.  

          Symbolically 

bxf
x




)(lim  if     bxfxxfDx 00 :)(,,0 . 

Geometrically (fig. 11): for 0)( xxfD   corresponding part of the graph of 

the function lies in hatched strip bounded by the straight lines   byby , . 

Ex. 15. Prove that 
4
3

54
23lim 




 x
x

x
. 

Indeed, 

       

4
3

54
23lim

4
3

54
23:)(,

4
235

4
1,0

,
4
235

4
1,

4
2354,

4
2345

,23454
454

23
544

23
4
5

544
23

4
3

54
23

00 
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xxxfDxx
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xif
xx

xif
xx

x

x









 

                                                     

E. Infinitely small 
 

Def. 20. A function )(xfy   is called infinitely small (IS) in some passage to 
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the limit if its limit is equal to zero. 

For the case of ax   one get the definition of IS from Def. 14 for 0b :  

function )(xfy   is called IS in the case ax   if 

        )(0:,,0   xfxfxfUxfDxU aa  

Ex. 16. A function 2xy   is IS as 0x , 0lim 2

0



x

x
, because of  22 xx  

if   ,,, 0  Uxxx ,    2
00 :),,(,0 xUxxU . 

Ex. 17. A function xy 1  is IS  as x , 01lim 


x
x

. 

■  
xx
11  if 


1

x  that is if 

1

0  xx  or 

1

0  xx  ■. 

 Theorem 3. All elementary functions are IS at their zeros. 

Let’s prove for example that xsin  is IS at the point 

0x , that is 0sinlim
0




x
x

. 

■From the trigonometric circle (fig.12) we see that  

sinx< x for 0 < x < 2  and xx sin  if 2 < x < 2 . So 

xsin  if   xx ,  or ),(0 Ux . Thus we 

           Fig. 12             we can write 

  0sinlim)sin(:2,2),,(,0
000 


xxUxxU

x
 ■ 

Theorem 4. All next functions: a) ,,1
n

xn  for x ; b) xa  for 1a  

and  x ; c) xa  for 10  a  and x  are IS. 

One can remember these facts with the help of graphs of corresponding func-

tions. 

 

F. Infinitely large 
 

Let, for example, be given a function )(xfy   of one variable 1x  and 
0 ax . 
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Def. 21. The function )(xfy   is called infinitely large (IL) as 0 ax , 




)(lim
0

xf
ax

, if for however large positive number N there exists an interval  

(m, a) such that for any value of  the argument x, if  amx ,  then the inequality 
Nxf )(  holds, that is 

    NxfamxfDxamN  )(,:)(,,,0 . 
Note. If a function )(xfy   is IL for 0 ax  and 0)( xf  ( 0)( xf ) 

from the left of the point a then one can say that 


)(lim
0

xf
ax

 ( 


)(lim
0

xf
ax

). 

Ex. 18. Function x1  is IL if 0x . Namely 
 xx xx

1lim,1lim
0000

. 

■Let, for example, 00x  ( 0x  and x < 0). For however large positive 

number N 

  N
x

N
xxxx





1,1111 if 






 0,1,1,1

N
x

N
xxN . Thus, 








 














 xNx
N

xN
xx

N
N

x

1lim11or 10,1:,0,1,0
00

■ 

Ex. 19. With the help of trigonometric circle prove that 




x
x

tanlim
02

. 

Let N be however large positive number and Narctan  

(see fig. 13). Then for any x from the interval 

Narctanm,,Narctan,m 


















 , 

the inequality 0 Nx tan  holds, that is 




x
x

tanlim
02

. 

Finally, by definition of IL (for the case 0tan)(  xxf  on the 

         Fig. 13              interval  2,0  ) 








 




























 Mxtan,mx:,x,,m,M  . 

Analogous definitions can be stated for the other types of passage to the limit. 
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Ex. 20. 3x  is IL if x . Namely, .lim,lim 33 


xx
xx

 

■If x  then (we can consider that x is positive) Nx 3  for 3
0 Nxx  . 

If x  then (we can consider that x is negative) Nx 3  for 3
0 Nxx   ■ 

Theorem 5. All the next functions: a) nxn ,  for x ; b) xa  for 1a  

and x ; c) xa  for 10  a  and x ; d) xalog  for x  or 00x ;  

e) xtan  for kx   2  from the left or from the right, k ; g) xcot  for kx   

from the left or from the right, k , are IL. 

One can remember these facts with the help of graphs of corresponding func-

tions. 

 

POINT 3. PROPERTIES OF LIMITS 

 
Def. 22. A function f(x) is called bounded above on some set  fDX   if 

there exists some number C1 such that the inequality   1Cxf   holds for any value of 

the argument x containing in the set X. Symbolically 

  11 :, CxfXxC  . 

A function f(x) is called bounded below on the set X if 

  22 :, CxfXxC  . 

A function f(x) is called bounded one on X if it’s bounded above and below. 

Theorem 6. A function f(x) is bounded on X iff (if and only if) 

  CxfXxC  :, . 

Prove this theorem yourselves. 

 

General properties of limits of functions 

 

All this properties are true for any types of passage to limit. We’ll state them 

for the case of the limite of a function at a point a. 
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1. If the limit 

  Axf
ax




lim  

exists then the function f (x) is bounded in some neighbourhood of the point a. 

■By definition of limit 

         AxfAAxfUxfDxU aa :,,0 . 

Thus in aU   the function  xf  is bounded above and below and so it is bounded one■ 

2. If 

  0lim 


Axf
ax

, 

then the function f (x) is positive in some neighbourhood of the point a. 

■Proving follows from that of preceding property if one takes   such small 

that A -   be positive. Then in aU   one has     0,0  xfxfA  ■ 

3 (corollary). If in some neighbourhood aU  of a point a one has f (x) < 0 (or  

f (x)   0) then   .0lim 


xf
ax

 

■Prove this corollary yourselves by reduction to absurdity■ 

Ex. 21. 01


n
 for any natural n, but 01lim 

 nn
. 

4. Theorem about two militiamen. If in some neighbourhood 1,aU of a point a 

a double inequality 

     xhxfxg   

for three functions      xhxfxg ,,  holds and 

    Axhxg
axax




limlim , 

then there exists the limit of the function  xf  at the point a and   Axf
ax




lim . 

■     Axhxg
axax




limlim  means that 

     
    
















AxhAAxh
AxgAAxg

UxfDxU aa ,
,

:,,0 2,2, . 

Let 2,1, aaa UUU    is the common part of 1,aU   and 2,aU  . In aU   all the inequalities 
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        AxhxfxgA  

hold, therefore 

      AxfAxfA , . 

Thus 

      AxfUxfDxU aa :,,0 , that is   Axf
ax




lim  ■ 

5. If a numerical sequence  ny  is increasing and bounded above then it has the 

limit (“it converges”, “it is convergent”).   

Properties of  IS (of infinitely small) 
 

1. Sum of two IS is IS. 

2. Product of IS by bounded function is IS. 

3 (corollary). Product of two IS is IS.  

Note. One can say nothing about a quotient of two IS. It’s undetermined ex-

pression of the type 
0
0 . 

4. If  (x) is IS then  
)(

1
x

xf


  is IL (symbolically: 
0
1 ). 

5. If f (x ) is IL then  
)(

1
xf

x   is IS (symbolically: 01



). 

6. A function f(x) has a limit A at a point a  (for ax  ) if and only if in some 

neighbourhood of this point the function can be represented in the form 

f(x) = A +  (x), 

where  (x) is IS for ax  .  

■ a) If   Axf
ax




lim , that is 

   |)(|:)(,,0 ' AxfUxfDxU aa , 

then the function     Axfx   is IS as ax   and    xAxf   in '
aU . 

b) Inversely let f (x) = A +  (x), where  (x) is IS for ax  , that is 

    |)(|:)(,,0 ' AxfxUxfDxU aa . 
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Hence if follows by definition of limit that   Axf

ax



lim  ■ 

“Arithmetical” properties of limits 
 

1. Limit of sum, difference, product, quotient of two functions equals (corre-

spondingly) sum, difference, product, quotient of limits of these functions, that is 

        
        

           .xglimxglimxflimxgxflim
,xglimxflimxgxflim
,xglimxflimxgxflim

axaxaxax

axaxax

axaxax











 provided
 

■ Proof for the limit of a product. Let 

    BxgAxf
axax




lim,lim . 

Then by the property 6 of properties of IS 

       xBxgxAxf   , , 

where    xx  ,  are IS for ax  . Product of these functions equals: 

       
  


IS

ISISIS

xxxBxABAxgxf   )()(  

It means that             xgxfBAxgxfISBAxgxf
axaxax 

 limlimlim  ■ 

Note. It can be said nothing without special investigation about the limit of 

quotient of two functions 

 
 xg
xflim

ax
 

when 

    


xlim,xflim
axax
g  

or when functions    xg,xf  are infinitely large as ax  . In such the cases one says 

about indeterminate expressions [indeterminate forms, indeterminacies, indetermi-

natenesses, indeterminations, indeterminedness] of the types 

  or 


 . 

Corollaries. a) For any constant C  
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    xfCxfC

axax 
 limlim  

that is a constant factor can be taken outside the limit sign. 

b) For any natural number n the limite of the nth power of a function is equal to 

the nth power of the limite of this function, 

     n
ax

n

ax
xfxf


 limlim  

2 (limit of a composite function). Let there be given a composite function 

  xfy   

(where    xuufy  , ). If   bx
ax



lim  and   Auf

bu



lim  then there exists the 

limit of the composite function at the point a which equals 

   Axf
ax




lim . 

Ex. 22. Let     ueufy
x

xu 


 ,
2

1
  that is    2

1
 xexfy  . 

      

      
































 .02 if,0
 ,02 if,

lim

;0limlim0limlim,
2

1limlim

limlimlimlim,
2

1limlim

2
1

2

2
1

02020202

2
1

02020202

x
x

e

exfeuf
x

x

exfeuf
x

x

x
x

x
xx

u

uuxx

x
xx

u

uuxx





 

 Def. 23. Two  functions f (x), g (x) are called equivalent as ax   (f (x) ~ g (x) 

or    xgxf   on computer) if limit of their ratio is equal to unity,  

 
  .1lim 

 xg
xf

ax
 

3. Finding limits we can substitute any factor by its equivalent one.  

■ Let f (x) ~ h (x), g (x) ~ k (x) as ax   and it’s necessary to find a limit  

)()(
)()()(lim

xvxg
xwxuxf

ax
. 

Multiplying and dividing by h (x) and k (x) one gets 

   
    

 )()(
)()()(lim

)()(
)()()(lim

xvxkxgxh
xwxuxhxkxf

xvxg
xwxuxf

axax
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  )(

)()(lim
)(

)()(limlimlim
xvxk

xwxuxh
xvxk

xwxuxh
xg
xk

xh
xf

axaxaxax 
 . 

Factors f (x), g (x) are substituted by h (x), k (x) without changing the limit ■  

Properties of IL (of infinitely large) 
 

1. If      xg,xf  then      xgxf .  

2. If      xgxf ,  then      xgxf  

3. IL·IL = IL 

4. If f (x), g (x) be two functions, f (x) is IL for ax   and 0)(  Aag  or 

  0lim 


Axg
ax

, where A is some finite number then the product f (x)·g (x) of these 

functions is IL for ax  . 

Ex. 23. nth degree polynomial  

  0,... 1
1

2
210  

 n
n

n
n

nn axaxaxaxaaxP  

is IL for x tending to infinity  x . It's equivalent to its highest term [term with 

higher exponent] n
nxa  for x . 

■ Taking nx  out the parentheses we get a product 

  





  

 n
n

nnn
n

n a
x

a
x
a

x
a

x
axxP 1

2
2

1
10 ...  

of IL nx  and a function having the finite limit 0na . Therefore this product is IL as 

x . Futher 

    n
nn

n

n
n

n

n
n

nnn
n

xn
n

n
x

xaxP
a
a

xa

a
x

a
x
a

x
a

x
ax

xa
xP ~1

...
limlim

1
2

2
1

10








 







. ■ 

Ex. 24. Using this last fact we find the next limit: 



















 7247

858

247

58

5~4325
4~4234

4325
4234lim

xxxx
xxxx

xxx
xxx

x
 









 .

,
lim

5
4

5
4lim 7

8

xif
xif

x
x
x

xx
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POINT 4. REMARKABLE [STANDARD] LIMITS 

The  first  remarkable  limit  

The first remarkable [standard] limit is called the next one 

                              1
0
0sinlim

0









 x
x

x
                            ( 1 ) 

■Using the trigonometrical circle we’ll study the case 

20  x  (fig. 14). Finding the areas OAmCAOBAOC SSS ,,   of 

the triangles AOC, AOB and circular sector OAmC we see that 

AOBOAmCAOC SSS   . 

Hence 

          Fig. 14 xxxABOAxOAxOCOA tan1
2
1

2
1sin11

2
1,

2
1

2
sin

2
1 22







 ,  

xx
xxxx

cos
1

sin
1,tansin   

or better  

1sincos 
x

xx . 

This last double inequality is valid and for the case 02  x .  

As for as 1coslim
0




x
x

 we get the required result by virtue of the theorem about 

two militiamen.■ 

The graph of  

the function 

     
x

xxf sin
  

                                        Fig. 15                                          is representted on the 

figure 15. 

Corollaries.  
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1. 






























 x

x
x

x
x

x
xxx

arctanlim;tanlim;arcsinlim  

We’ll prove the third of these limits. Prove the other yourselves. 

■ 








y
y

y
y
yy

y
y

yx
y

yx

x
x

yyyyx
coslim

sin
lim

sin
coslim

tan
lim

tan
,

,arctan
arctanlim ■ 

2. For 0x  functions xxxx arctan,tan,arcsin,sin  are IS, which are equiva-

lent to their argument x: xsin   x, xarcsin   x,  xtan   x, xarctan   x . 

Ex. 25. With the help of the third property of “arithmetical” properties of limits 

.
6
7

83
74lim

8~8arctan3~3arcsin
7~7tan4~4sin

0
0

8arctan3arcsin
7tan4sinlim

00
















 xx
xx

xxxx
xxxx

xx
xx

xx
 

Ex. 26. Find the limit 
xsin
xsinlimA

x 


 







 . 

Let’s remark that 

































  sinsinsin,sinsinsin , 

and so by “arithmetical” properties of limits 

  
   xsin

xsinlim
xsinxsinxsin

xsinxsinxsinlim
xsin
xsinlimA

xxx 






































 1
1  

because of 

     









xsinxsinlim,xsinxsinlim
xx

11


. 

Now we introduce a substitution ,y,yx 

  whence it follows that 

ycosysinysinysinysinxsin 





 








 









 










 





 ycosysinysinysinysinxsin 





 








 









 









 



 . 

Hence, 
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81
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9
13

2
9
2

13

lim

2
9~

2
9sin

2
13~

2
13sin

2
9sin2
2

13sin2
lim

9cos1
13cos1lim

2

2

2
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2

2
2
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The second remarkable limit 
 

Let’s study the next number sequence 



















 

n

n n
y 11 . 

Approximate values (to 3 decimals) of some terms of the sequence are given in the 

table 4 

                                                                                                                           Table 4. 
n  10 50 100 150 1000 2000 3000 10000 

ny  2.594 2.692 2.705 2.709 2.717 2.717 2.717 2.718 
 

We come to conclusions (and there is a strict proving of these facts): a) the gi-

ven sequence increaces; b) it is bounded above. Therefore (by virtue of property 5 of 

general properties of limits of functions) it possesses the limit which is denoted by a 

letter e (Euler’s number; it’s known that e = 2.718281828459045…). Thus we can 

write 

e
n

n

n







 



11lim . 

More general result is true, namely 

e
x

x

x







 



11lim , 

where x can tend as to  , as to  . This result can be represented in the next 

form: 

  ex x

x




1

0
1lim . 

We’ll write all these formulae together and call them the second standard limit 
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                                exe
x

e
n

x

x

x

x

n

n







 






 



1

0
1lim;11lim;11lim                       ( 2 ) 

Corollaries.    

                                1.    11lnlim
0




 x
x

x
  the third remarkable limit                      ( 3 ) 

■         .lnlimlnlnlimlnlimlnlim 



 






exxx

xx
x

x
x

x
xxx

■ 

Legitimacy of the passage to the limit under logarithm sign will be proved later. 

                                2. 11lim
0




 x
e x

x
  the fourth remarkable limit                        ( 4 ) 

■ 










 )ln(
lim

)ln(
,

,
lim

y
y

yx
y

ye

x
e

y

x
x

x
■ 

3. From the formulas (3), (4) it follows that for 0x  the functions ),1ln( x  

1xe  are IS which are equivalent to their argument x, )1ln( x   x , 1xe   x . 

4.     x
a

xxa 



ln

1~
ln
1ln1log . 

5.   axeea axxax ln~111 lnln  . 

6.       xxex x  ~1ln~111 1ln   . 

As the final consequence we form the table of equivalent IS 

 

0  as   ~

1
1ln

arcsin

sin






















xx

e
x

arctgx
x

tgx
x

x

               

 

 
0   as

 ~11
ln~1

ln
~1log




















x
xx

axa
a

xx
x

a



 

Ex. 27. 


















 




















 












111

52
81lim1

52
321lim1

1

,1
52
32

52
32lim

x

x

x

x

x

x xx
x

x
x
x

x
x  



 30 
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8lim
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8lim
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81lim
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Ex. 28. 
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Ex. 29. 
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34lim
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lim
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Ex. 30.  
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1lim
3sin

2
1lim

13sin1
54lim

5ln84ln3~
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1

5ln8
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3~

5ln84ln3

0

)3sin(
2
1~

83
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4ln

3
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5ln84ln32
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5ln84ln32lim 8
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POINT 5. INTERESTS IN INVESTMENTS 

 

Let 

 tP  is a principal (that is amount of money) invested to a time moment t, 

 tI  is an interest (прибуток) to a time moment t, 

)()()( tItPtB   is the balance to a time moment t that is the general amount 

of money because of investments and an interest (прибуток), 

PPIPB  )0()0()0()0(  is the opening capital at the time moment t = 0 

(початковий капітал в момент часу t = 0), 

  is the per cent of the interest per unite of time (відсоток прибутку на оди-

ницю часу). 

Let we do an investment of our opening capital P)(B   to a time moment T. 

At this moment T we have the next general amount of money (the sum of the opening 

capital P and the interest  TI  to the moment T) 

                               )T(PTPP)T(IP)T(B






 .                        ( 5 )  

It’s a formula of simple interests (формула простих відсотків). 

Let we fulfil n investments of all our money during time interval T (in the time 

moments 0, 
n
T , 

n
T2 ,…,  

n
Tn 1 ) 

To the time moment 
n
T  we’ll have (the sum of the opening capital P and the in-

terest 







n
TI  to the moment 

n
T ) 

.
n
TP

n
TPP

n
TIP

n
TB 






 



















   

To the time moment 
n
T2  we’ll have (the sum of the invested capital 








n
TB  and 

the interest 







n
TI 2  from the moment 

n
T  to the moment 

n
T2 ) 
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TP
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n
TP  . 

To the time moment 
n
T3  we’ll have 
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100
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n
TP

n
T

n
TP

n
TB   

and so on. 

At the time moment 
n

nTT   we’ll have final amount of money 

                                            
n

n
TP

n
nTBTB 






 








100
1)(                                    ( 6 ) 

The formula (6) is that of compound interests (формула складних відсотків) 

Let the number of investments n  during time T. In this case final 

amount of money )(* TB  at the time moment T by virtue of the second remarkable 

limit will be equal 




n

n

n

nn n
TP

n
TPTBTB )

100
1(lim)

100
1(lim)(lim)(*   

TT
T

n

n
Pe

n
TP 100100

100

))
100

1((lim






, 

                                                     
T

ePTB


 100* )(


                                                   ( 7 ) 

The formula (7) is that of continuous interests (формула неперервних від-

сотків). It gives final amount of money at the time moment T by condition that we 

fulfil investments continuously. 



LECTURE NO.13. CONTINUITY OF FUNCTIONS  
POINT 1. CONTINUITY OF A FUNCTION AT A POINT 

POINT 2. DISCONTINUITY POINTS 

POINT 3. PROPERTIES OF FUNCTIONS WHICH ARE CONTINUOUS 

ON A SEGMENT OR IN A CLOSED BOUNDED DOMAIN.  

POINT 4. INTERVAL METHOD AND ITS EXTENSION 

 
POINT 1. CONTINUITY OF A FUNCTION AT A POINT 

 
Def. 1. A function )(xfy   of one variable or of n variables is called continu-

ous one at a point   n
naaaaaa  ,...,,or 21

1  if: 

1) the function is defined at the point a  and in some its neighbourhood; 

2) there exists the limit  xf
ax

lim  at the point a ; 

3) this limit equals the value of the function at the point a ,  

                                                )()lim()(lim afxfxf
axax




.                                  ( 1 ) 

On the language of the limit theory this definition means: 

   )()(:)(,,0 afxfUxfDxU aa . 

Theorem 1. A function of one variable 1x  is continuous at a point 1a  

if and only if [iff]: a) there exist the left and right limits  

  )(lim0
0

xfaf
ax 

 ,    )(lim0
0

xfaf
ax 

  

of the function at the point a; b) these limits are equal to the value of the function at 

this point,  

                                                 afafaf  00 .                                     ( 2 ) 

■ Validity of the theorem follows from the theorem 2 of preceding lecture.■ 

Def. 2. A function of one variable x  is called continuous at the point a  from 

the left if  it’s defined in some interval  am,  and    afaf  0 . It is  called con-

tinuous at the point a  from the right if  it’s defined in some interval  na,  and 

   afaf  0 . 
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Therefore a function of one variable is continuous at a point iff (if and only if) 

it is continuous at this point from the left and from the right. 

Def. 3. For a function )(xfy   of one variable a difference  

axx   

is called the increment of the argument x and a difference  

                            )()()()()( afxafafxfafy                        ( 3 )    

is called the increment of the function at the point a . 

It’s evident that ax   iff  0x ,    0 xax . 

Def. 4. For a function of n variables the next differences  

nnn axxaxxaxx  ,...,, 222111 , 

are called increments of its arguments, n – dimension vector  

),...,,(),...,,( 221121 nnn axaxaxxxxx   

is called the increment of its (n-dimensional) argument and the difference 

   
).,...,,(),...,,()()(

),...,,(),...,,()()()(

212211

2121

nnn

nn

aaafxaxaxafafxaf
aaafxxxfafxfafy




 ( 4 ) 

is called the (total) increment of the function at the point ),...,,( 21 naaaa  . 

 It’s evident that ax   iff 0x ,    0 xax . 

Theorem 2. A function )(xfy   is continuous at the point a  if and only if 

from tending to zero of the increment x  of the argument it follows tending to zero 

of the increment )()()( afxfafy   of the function at this point, that is iff IS 

increment of the function at the point a  corresponds to IS increment of the argument.  

■ Theorem 2 follow from the theory of limits if one supposes b = )(af ■ 

Def. 5. A function )(xfy   is called continuous on some set if it is continu-

ous at any point of this set. In particular a function of one variable is continuous on 

the segment  ba,  if : 1) it’s continuous at all points of the interval  ba, , 2) at the 

point a  it’s continuous from the right ( )()(lim
0

afxf
ax




), 3) at the point b  it’s con-

tinuous from the left ( )()(lim
0

bfxf
bx




). 
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 Properties of continuous functions.  
 

1 (continuity of arithmetic operations on continuous functions). The sum, dif-

ference, product of two continuous at a point a  functions    xgxf ,  are continuous 

at this point. The ratio    xgxf /  of these functions is continuous if .0)( ag   

■(for a product). Let ).()()( xgxfxF   By virtue of the property 1 of “Arith-

metical properties of limits” 

)()()()(lim)(lim))()((lim)(lim aFagafxgxfxgxfxF
axaxaxax




 

that is the function )()()( xgxfxF   is continuous one at the point a ■ 

2 (continuity of a superposition of functions). If a function  xu   is continu-

ous at a point a  and a function )(ufy   is continuous at the corresponding point 

)(ab   then the composite function ))(( xfy   is continuous at the point a .  

It means that if    abx
ax

 


lim  and ))(()()(lim afbfuf
bu




, then 

   ))((lim))(lim())((lim afxfxfxf
axaxax

 


. 

3 (continuity of an inverse function). If a 

function of one variable )(xfy   is continuous and 

increasing (decreasing) in some interval  ba, , then 

its inverse function )(ygx   is continuous and in- 

                    Fig. 1.                creasing (decreasing) in the interval       bfafdc ,,  . 

Ex. 1. A function 2)( xxfy   with the domain of definition   ,0)( fD  

and the set of values   ,0)( fE  is continuous at any point of     ,0)( fD  

and increases. Therefore its inverse function yygx  )(  is continuous at any po-

int of   ,0)( fE  and increases. 

■It’s sufficient to prove continuity of the function 2)( xxfy  . for example 

let a be any positive number. We must prove that ).(lim)(lim 22 afaxxf
axax




 

Let 0  be such small that 02  a . We have  22)()( axafxf  if  
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.lim Therefore ).,(
,,0,

22

ax

22

2222222

axaa
Uxaxaaxaax a








■ 

Ex. 2. A function  1,1sin)(  xxfy  is continuous at any point a in par-

ticular on the segment  2,2   on which it increases. Therefore its inverse func-

tion yygx arcsin)(   is continuous one and increases on the segment  1,1 . 

■ It’s sufficient to prove continuity of the sine that is to prove, that 

ax
ax

sinsinlim 


. 

But for any 0  

).,(,  if sinsin Therefore .
2

2

2
sin2

2
sin

2
cos2

2
sin

2
cos2sinsin

 















aaUxaxaxaxax

axaxaxaxaxax

a

 

It means that ax
ax

sinsinlim 


■ 

Prove yourselves continuity of functions yygxxxfy arccos)(,cos)(  . 

Ex. 3. Continuity of xtan  at any point ,,2 Zkka   and of xcot  at any 

point ,, Zkka    follows from property 1 and continuity of xx cos,sin . Prove 

yourselves continuity of xarcx cot,arctan . 

Ex. 4. Continuity of a power function ,, 1 xy  and an exponential func-

tion ,10,, 1  aaay x  is laid in the strict definition of these functions (on the 

base of the strict theory of real numbers). 

Continuity of a logarithmic function ,,log 1 axy a  ,10  a  follows from 

continuity and (strict) monotonicity of the exponential function. 

From properties 1 – 3 and examples 1 – 4 it follows the next theorem. 

Theorem 3. All elementary functions are continuous in their domains of defi-

nition. 

Ex. 5. Proving the third remarkable limit in point 4 of the preceding lecture we 

have used continuity of the logarithmic function. 
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Remark. Finding limits we make use of continuity of elementary functions. 

 

POINT 2. DISCONTINUITY POINTS 

 
Def. 6. Let a function )(xfy   be continuous in some deleted neighbourhood 

}{\ 000
xUU xx   of a point 0x  excluding this point. In this case the point 0x  is called a 

discontinuity point of the function. 

In the case of a function of one variable ,),( 1 xxfy  we can do classifica-

tion of discontinuity points in terms of the left and 

right limits )(lim)0(
00

0

xfxf
xx 

  of the function 

at the point 0x  (see figures 2, 3). 

                     Fig. 2                                  1. Discontinuity point of the first type is a 

point 0x  for which there exist both (finite) the left and right limits (fig. 2). Three ca-

ses can occur for discontinuity point of the first type:  

a) )0()0( 00  xfxf  (see fig. 2a); in this case the difference 

)0()0( 00  xfxfh  

is called a (finite) jump of the function at its discontinuity point 0x ; 

b) )0()0( 00  xfxf  and the value of the function at the point 0x  exists (see 

fig. 2b); 

c) )0()0( 00  xfxf  and the value of the function at the point 0x  doesn’t 

exist (fig. 2c). In the cases b), c) the point 0x  is called the point of a removable dis-

continuity. 

2. Discontinuity point of the second type 

is a point 0x  for which at least one of the limits 

 00 xf  is infinite or doesn’t exist (fig. 3).  

     Corollary. The graph of a function )(xfy   

                       Fig. 3                            of one variable which is continuous on some 
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 interval  ba, is some continuous line (fig. 4). 

Ex. 6. The discontinuity points of functions xtan , 

xcot  (  kk ,2   correspondingly, Zk  ) are those 

of the second type. 

                 Fig. 4                              Ex. 7. In Ex. 22 of preceding lecture we have 

found 










  .02 if,0
 ,02 if,

lim 2
1

2 x
x

e x
x

 

Therefore a discontinuity point x = 2 of the function 2
1

)(  xexf  is that of the second 

type. 

Ex. 8. A discontinuity point x = 2 of the function 

2
1

2
1

24

53)(









x

x

e

exf  

is that of the first type.  

■Let 

2
1
 xey  and 

y
yxf




24
53)( . 

If 02x  then (by virtue of Ex. 7) 0y  and 
4
3)( xf . If 02x  then (by 

virtue of the same Ex.) y  and 

.
2
5

2
5lim

24
53lim)(lim

02










 y

y
y
yxf

yyx
 

Thus )02()02(,25)02(,43)02(  ffff , and the point 2x  is a 

discontinuity point of the first type. The function suffers a jump 

413)02()02(  ffh  

at this point■ 

Ex. 9. Let 








.12
,113

)( 2 xifax
xifx

xf   
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For what a will the function )(xf  be contiuous? 

aaxxffxxff
xxxx




2)2(lim)(lim)01(;2)13(lim)(lim)01( 2

01010101
, 

aifff  22)01()01(  that is if a = 0. 

Ex. 10. Discontinuity points of a function    yxyxyxf  /543),(  gene-

rate the straight line x = y. This example demonstrates that a set of discontinuity po-

ints of a function of several variable can be extremely complicated. 

 

POINT 3. PROPERTIES OF A FUNCTION WHICH IS CONTINUOUS 

ON A SEGMENT OR IN A CLOSED BOUNDED DOMAIN 

 
Theorem 4. If a function of one variable is continuous 

on a segment [a, b] then (see fig. 5): 

1) it takes on the greatest M and the least m values on 

[a, b]: there are points     bacbac ,,, 21   such that 

 Mcf )( 2  
 

 xf
ba ,

max ,  
 

 xfmcf
ba,1 min)(   

             Fig. 5               (Weierstrass1 theorem); 

2) it takes on all values containing between m and M (Bolzano2-Cauchy3 theo-

rem ); 

          3) if it has values of different signs in two points of the segment then it has at 

least one zero between these points. 

Remark. Conclusions of the 

theorem can not fulfil (but sometimes 

can fulfil) if a function has at least one 

discontinuity point. For example a 

function on the fig. 6a with discontinu- 

                              Fig. 6                                  ity points a and b hasn’t the greatest 

                                         
1 Weierstrass, K.Th.W. (1815 - 1897), a German mathematician 
2 Bolzano, B. (1781 - 1848), a Czech mathematician, philosopher, and logician 
3 Cauchy, A.L. (1780 - 1859), an eminent French mathematician 



 40 
and the least values. A function on the fig. 6 b with one discontinuity point 0x  pos-

sesses the greatest M and the least m values but doesn’t take on values which belong 

to an interval  dc, . Finally a function on the fig. 6 c has two discontinuity points a 

and 0x , but the conclusions 1) and 2) of the theorem are fulfilled. 

Analogous theorem is valid for a function of several variables. 

Def. 7. Union D  of a domain D  and its boundary D  is called closed do-

main, DDD   . 

Def. 8. A domain is called bounded one if it’s contained in some circle cen-

tered at the origin. 

Theorem 5. If a function of several variables is continuous in a closed bounded 

domain D  then: 

1) It takes on the greatest M and the least m values in D .  

2) It takes on all values containing between m and M. 

3) If it has values of different signs in two points of the domain then it has at 

least one zero in D . 

 

POINT 4. INTERVAL METHOD AND ITS EXTENSION 

 
The third conclusion of the theorem 4 often applies in so-called interval me-

thod for solving inequalities or definition of signs of functions.  

Let for example a function )(xfy  of 

one variable has three zeros b, c, e and two dis-

continuity points a, d on ),(1  (fig. 7). 

                    Fig. 7                              The points a, b, c, d, e generate six intervals 

            ,,,,,,,,,,, eeddccbbaa  

on every of which the function, by virtue of the third conclusion of the theorem 4, has 

a constant sign. To determine this sign it’s sufficient to find it at arbitrary point of an 

interval. On fig. 7 points 654321 ,,,,, xxxxxx  are taken and a possible distribution of 
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signs of the function on the intervals  ,a,            ,e,e,d,d,c,c,b,b,a  is 

shown. 

Analogous method is applicable for functions of two variables. 

Ex. 11.  Solve the inequality 22 ax   for 0a . 

Solution. A function 22)( axxf   is contininous one on 1 and has two ze-

roes a  which generate three intervals       ,,,,, aaaa . For the points 

 aax  ,2 and   ,2 aax  we have     02,02  afaf . For the 

point     00,0  faax . Therefore the inequality is true if 

    ,, aax  , or if ax  . 

Ex. 12. Find the domain of definition of a function of two variable x, y 

4yx
16yx

22

22




 . 

Solution. Let  

 
4

16, 22

22





yx
yxyxf . 

The domain of definition of the function Z is the set of points  yx,  of the xOy-plane 

for which the inequality 

0
4

16),( 22

22






yx
yxyxf  

holds. It’s necessary to solve this inequality. The function 

),( yxf  equals zero on the circle 01622  yx  and doesn’t 

exixt on the circle 0422  yx . These circles divide xОy- 

             Fig. 8               plane into 3 parts 1, 2, 3 (see fig. 8) in every of which the 

function, by virtue of the third conclusion of the theorem 5, has constant sign. To find 

this sign we calculate 

  074)4,4()(,02)2,2()(,04)0,0(0  fBffAfff . 

Therefore the function ),( yxf  is positive in the parts 1 and 3 of the xОy-plane. 

Answer. Domain of definition of the function Z  is hatched union of the disk  
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422  yx  without the boundary 422  yx  and the outer part of the big circle 

1622  yx  including this circle. 

Ex. 13. Investigate a function 

 
x8

xxfy
3


  

and graph it. 

Investigation is fulfilled in the next order. 

1) Domain of definition of the function is     ,88,)( fD . The graph 

of the function doesn’t intersect the straight line 8x  which is perpendicular to the 

Ox-axis. 

2) Intervals of constant sign of the function. Points x = 0 (zero of the function) 

and x = 8 (discontinuity point) generate three intervals       ,8,8,0,0,  . On the 

interval  8,0  the function is positive so its graph lies above the Ox-axis. On the in-

tervals     ,8,0,  the function is negative and its graph lies below the Ox-axis. 

3) Knowing the sign of the function we easy find its right and left limits at the 

discontinuity point x = 8 namely  

    .
0
1

8
  lim08,

0
1

8
  lim08

3

08

3

08







 









 




 x
xf

x
xf

xx
 

Graph of the function goes up if 08x  and goes 

down if 08x . 

4) Limit of the function as x  










2
33

limlim
8

lim)(lim x
x

x
x

xxf
xxxx

. 

Graph of the function goes down as x . 

                  Fig. 9                               5) Intersection points of the graph of the function 

with Ox-, Oy-axes.  

Oy:  x = 0   y = 0    O(0;0); 

Ox:  y = 0   x = 0    O(0;0). 

Taking into account obtained results we graph the function (fig. 9). 
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Ex. 14. Investigate and 

plot yourselves the graph of the 

function 

          
  65

21




xx

xxxf  

          

                                     Fig. 10                                             

The key. 

1)       ,55,66,)( fD . 

2) 0)( xf  on  ;5,6  0)( xf  on       ,52,16,  . 

3)          05,05;06,06 ffff . 

4) 1)(lim 


xf
x

. 

5)       OyOxOx  151;0,0;2,0;1  (see fig. 10). 



INTRODUCTION IN MATHEMATICAL ANALYSIS:  

basic terminology 

1. Appróach tend to, go 
to a númber a (from the 
left/right) [the plus or 
mínus infinity] (about an 
árgument, a nùmérical 
séquence, a fúnction)  

Прямувати до числа a 
(зліва, справа) [до плюс 
чи мінус нескінченності] 
(про арґумент, числову 
послідовність, функцію) 

Стремиться к числу a 
(слева, справа) [к плюс 
или минус бесконечнос-
ти] (об аргументе, число-
вой последовательности, 
функции) 

2. Ball [globe] (of/with a 
rádius R céntered at a po-
int A) 

Куля (радіуса R з цент-
ром (в точці) А) 

Шар (радиуса R с цент-
ром (в точке) А) 

3. Bóundary [fróntier] of 
a domáin [a région], of a 
set 

Границя області, множи-
ни 

Граница области, множе-
ства 

4. Bóundary [fróntier] pó-
int of a set 

Гранична точка множи-
ни 

Граничная точка множе-
ства 

5. Bóunded   Обмежений  Ограниченный 
6. Bóunded [límited] do-
máin [région] 

Обмежена область Ограниченная область 

7. Bóunded [límited] set Обмежена множина Ограниченное множест-
во 

8. Bounded above Обмежений зверху Ограниченный сверху 
9. Bóunded belów Обмежений знизу Ограниченный снизу 
10. Bóunded fúnction 
[nùmérical séquence]  

Обмежена  функція [чи-
слова послідовність]  

Ограниченная функция 
[числовая последовате-
льность]  

11. Cháracter/náture of 
discòntinúity (póint) 

Характер (точки) розри-
ву 

Характер (точки) разры-
ва 

12. Chóose an árbitrary pó-
int in/on each/évery ínter-
val 

Вибрати довільну точку 
на кожному інтервалі 

Выбрать произвольную 
точку на каждом интер-
вале 

13. Circle (with a rádius R 
and with a céntre (at a pó-
int) A; circle céntered [the 
céntre of which is] at (a 
póint) A 

Круг (радіуса R з цен-
тром (в точці) А) 

Круг (радиуса R с цен-
тром (в точке) А) 

14. Círcular néighbour-
hood of a póint 

Круговий окіл точки Круговая окрестность 
точки 

15. Clósed  bóunded do-
main/région 

Замкнена обмежена об-
ласть 

Замкнутая ограниченная 
область 

16. Clósed domáin [région] Замкнена область Замкнутая область 
17. Cómposite fúnction, Складена функція, функ- Сложная функция, функ-
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fúnction of a fúnction, su-
perposítion [còmposítion] 
of fúnctions 

ція від функції, суперпо-
зиція функцій 

ция от функции, супер-
позиция функций 

18. Connécted [tie] set Зв"язна множина Связное множество 
19. Consérve a constant/fi-
xed sign [do not chánge a 
sign] in/on/over an ínter-
val 

Зберігати сталий/фіксо-
ваний знак [не змінюва-
ти знак] на інтервалі   

Сохранять постоянный/ 
фиксированный знак (не 
изменять знак) на интер-
вале 

20. Continuity of a fúnc-
tion at a póint a  

Неперервність функції в 
точці a 

Непрерывность функции 
в точке a 

21. Continúity of a fúnc-
tion on/in/over a(n) ínter-
val/segment 

Неперервність функції 
на інтервалі/відрізку 

Непрерывность функции 
на интервале/отрезке 

22. Continúity on the left 
[on the right], [left/right 
continúity] of a fúnction at 
the póint a 

Неперервність функції 
зліва/справа в точці a 

Непрерывность функции 
слева/справа в точке a 

23. Contínuous curve Неперервна крива Непрерывная кривая 
24. Contínuous fúnction Неперервна функція Непрерывная функция 
25. Contínuous fúnction 
(on the left [on the right] 
[(left/right) contínuous 
fúnction] at the póint a 

Функція, неперервна в 
точці a (зліва/справа) 

Функция, непрерывная в 
точке a (слева/справа) 

26. Contínuous fúnction 
on/in/over a(n) interval/ 
ségment 

Функція, неперервна на 
інтервалі/відрізку 

Функция, непрерывная 
на интервале/отрезке 

27. Convérge (to a númber 
a)  

Збігатися (до числа a)  Стремиться (к числу a) 

28. Convérgence of a nù-
mérical séquence (to a 
númber a) 

Збіжність числової пос-
лідовності (до числа a) 

Сходимость числовой 
последовательности (к 
числу a) 

29. Convérgent (to the 
númber a) nùmérical 
séquence   

Збіжна (до числа a) чис-
лова послідов-ність 

Сходящаяся (к числу a) 
числовая последователь-
ность 

30. Decréase  (strictly, 
nónstríctly)  

Спадати (строго, нестро-
го) 

Убывать (строго, нестро-
го) 

31. Décrease (strict, nón-
stríct)  

Спадання (строге, нест-
роге) 

Убывание (строгое, нест-
рогое) 

32. Decréasing (strictly, 
nónstríctly)  

Спадний  (строго, нест-
рого) 

Убывающий (строго, не-
строго) 

33. Deléted -néighbour-
hood of a póint a 

Проколений -окіл точки 
a 

Проколотая -окрест-
ность точки a 

34. Deléted néighbourhood 
of a póint 

Проколений окіл, окіл з 
виколеною точкою 

Проколотая окрестность, 
окрестность с выколотой 
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точкой 

35. Discontinuity (of the 
first/second kind) of a 
fúnction at the póint a 

Розрив функції (першого 
/другого роду) в точці a 

Разрыв функции (перво-
го/второго рода) в точке 
a 

36. Discontinuity of a 
fúnction at the póint a 
(fínite, ínfinite, remóvab-
le) 

Розрив функції (скінчен-
ний/нескінченний, усув-
ний) в точці a 

Разрыв функции (конеч-
ный/бесконечный, устра-
нимый) в точке a 

37. Discontinuity póint 
[póint of discòntinúity]  of 
the first/second kind 

Точка розриву першого/ 
другого роду 

Точка разрыва первого/ 
второго рода 

38. Dìscontínuous fúnction 
at the póint a 

Функція, розривна в 
точці a 

Функция, разрывная в 
точке a 

39. Dìstribútion of signs of 
a fúnction on the intervals 

Розподіл знаків функції 
на интервалах 

Распределение знаков 
функции на интервалах 

40. Divíde/partition/dè-
compóse an ínterval ínto 
parts by noughts/zéros and 
discòntinúity póints of a 
fúnction 

Ділити/поділити інтер-
вал на частини нулями й 
точками розриву функції 

Делить/разделить интер-
вал на части нулями и 
точками разрыва функ-
ции 

41. Domáin [région] Область  Область  
42. Domáin of dèfinítion of 
a fúnction 

Область визначення 
функции 

Область определения 
функции  

43. Equívalence, equíva-
lency 

Еквівалентність  Эквивалентность  

44. Equívalent infíntely 
larges 

Еквівалентні нескінчен-
но великі 

Эквивалентные беско-
нечно большие 

45. Equívalent infíntely 
smalls equívalent ìnfini-
tésimals 

Еквівалентні нескінчен-
но малі 

Эквивалентные беско-
нечно малые 

46. Evàluáte (fínd the vá-
lue of) an ìndetérminate 
form/expréssion [an ìnde-
términacy/ìndetérminate-
ness/indetermination/ìn-
detérminedness] 

Розкрити невизначеність Раскрыть неопределён-
ность 

47. Extérior [óutside] póint 
of a set 

Зовнішня точка множи-
ни 

Внешняя точка области 

48. Find the íntervals of 
cónstant/fixed/inváriable 
sign of a fúnction by the 
méthod of íntervals, by the 
ínterval méthode 

Знайти інтервали знако-
сталості функції мето-
дом інтервалів 

Найти интервалы знако-
постоянства методом ин-
тервалов 

49. Find the límit (of a Знайти границю (функ- Найти предел (функции, 



 47 
fúnction, of a nùmérical 
sequence)  

ції, числової послідовно-
сті) 

числовой последователь-
ности) 

50. Find/detérmine the sign 
of a fúnction at the chósen 
póint, in/on each/évery ín-
terval 

Знайти/визначити знак 
функції у вибраній точці, 
на (кожному) інтервалі 

Найти/определить знак 
функции в выбранной 
точке, на (каждом) ин-
тервале 

51. Fínite discòntinúity of 
a fúnction at the póint a 

Скінченний розрив 
функції в точці a 

Конечный предел функ-
ции в точке a 

52. Fínite jump of a fúnc-
tion at the póint of its dis-
còntinúity at its disconti-
nuity (póint) 

Скінченний стрибок 
функції в точці її розри-
ву 

Конечный прыжок функ-
ции в точке её разрыва 

53. Fínite límit Скінченна границя  Конечный предел 
54. Fúnction of a nátural 
árgument 

Функція натурального 
арґументу 

Функция натурального 
аргумента 

55. Fúnction of one [two, 
three, n, séveral] váriables 

Функція однієї [двох, 
трьох, n, декількох] змін-
них 

Функция одной [двух, 
трёх, n, нескольких] пе-
ременных 

56. Géneral term/élement 
of a nùmérical séquence 

Загальий член/елемент 
числової послідовності 

Общий член/элемент чи-
словой последователь-
ности 

57. Graph  of a fúnction of 
two váriables 

Графік функції двох 
змінних 

График функции двух 
переменных 

58. Graph of a fúnction 
contínuous on/in/over a 
ségment  

Графік функції, неперер-
вної на відрізку 

График функции, непре-
рывной на отрезке 

59. Graph of a fúnction 
having póints of discòn-
tinúity discòntinúities, 
discòntinúity póints 

Графік функції, яка має 
точки розриву 

График функции, кото-
рая имеет точки разрыва 

60. Gréatest válue (M) of a 
fúnction contínuous on/in/ 
over a ségment 

Найбільше (M) значення 
функції, неперервної на 
відрізку 

Наибольшее (M) значе-
ние функции, непрерыв-
ной на отрезке 

61. Have a discòntinúity, 
jump at the póint a (about 
a fúnction) 

Мати/зазнавати/терпіти 
розрив, скачок в точці a 
(про функцію) 

Иметь/претерпевать раз-
рыв, скачок в точке a (о 
функции) 

62. Have/posséss a límit Мати границю Иметь предел 
63. Hóle in a graph of a 
fúnction (at the póint of its 
remóvable discòntinúity)  

Дірка в графіку функції 
(в точці її усувного роз-
риву) 

Дыра в графике функции 
(в точке ее устранимого 
разрыва) 

64. Íncrease [-s] (strict, 
nónstríct) 

Зростання (строге, нест-
роге) 

Возрастание (строгое, 
нестрогое) 

65. Incréase [-s] (strictly, 
nónstríctly) 

Зростати (строго, нест-
рого) 

Возрастать (строго, нест-
рого) 
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66. Incréasing [-s-] (strict-
ly, nónstríctly) 

Зростаючий (строго, не-
строго) 

Возрастающий (строго, 
нестрого) 

67. Íncrement of a fúnction 
at a póint a  

Приріст функції в точці 
a  

Приращение функции в 
точке a 

68. Íncrement of an árgu-
ment 

Приріст арґументу  Приращение аргумента 

69. Ìndetérminate form/ex-
péssion [ìndetérminacy, 
ìndetérminateness, ìnde-
terminátion, ìndetérmined-
ness] of the type/form 

Невизначеність вигляду Неопределённость вида 

70. Ínfinit límit Нескінченна границя Бесконечный предел 
71. Ínfinite discòntinúity of 
a fúnction at the póint a 

Нескінченний розрив 
функції в точці a 

Бесконечный разрыв 
функции в точке a 

72. Infínitely large Нескінченно велика (ве-
личина) 

Бесконечно большая (ве-
личина) 

73. Infínitely large func-
tion, nùmérical séquence 

Нескінченно велика фун-
кція, числова послідов-
ність 

Бесконечно большая 
функция, числовая по-
следовательность 

74. Infínitely small, ìnfini-
tésimal 

Нескінченно мала (вели-
чина) 

Бесконечно малая (вели-
чина) 

75. Infíntely small ìnfini-
tésimal function, nùmé-
rical séquence; ìnfinitési-
mal 

Нескінченно мала функ-
ція, числова послідов-
ність 

Бесконечно малая функ-
ция, числовая последова-
тельность 

76. Intérior [ínner] póint of 
a set 

Внутрішня  точка мно-
жини 

Внутренняя точка мно-
жества 

77. Ínterval of cónstant/fí-
xed/inváriable sign of a 
function 

Інтервал знакосталості 
функції 

Интервал знакопостоян-
ства функции 

78. Intíre/únbróken curve Неперервна/суцільна 
крива 

Непрерывная/сплошная 
кривая 

79. Invéstigate (a fúnction 
onto/upon/for a continúity, 
cháracter/náture of a póint 
of discòntinúity discònti-
núity póint) 

Дослідити (функцію на 
неперервність, на харак-
тер точки розриву)  

Исследовать (функцию 
на непрерывность, на ха-
рактер точки разрыва) 

80. Jump (fínite, ínfinite) 
of a graph of a fúnction at 
the póint of its discònti-
núity at its discòntinúity 
(póint) 

Стрибок (скінченний/не-
скінченний) графіка 
функції  в точці її розри-
ву 

Прыжок (конечный/бес-
конечный) графика фун-
кции в точке её разрыва 

81. Léast (m) válue of a Найменше (m) значення Наименьшее (m) значе-
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fúnction contínuous on/in-
/over a ségment 

функції, неперервної на 
відрізку 

ние функции, непрерыв-
ной на отрезке 

82. Left-hand límit límit 
on the left of a fúnction at 
the póint a 

Ліва [лівобічна, лівосто-
роння] границя функції в 
точці a 

Левый [левосторонний] 
предел функции в точке 
a  

83. Lével line/curve of a 
fúnction of two váriables 

Лінія рівня функції двох 
змінних 

Линия уровня функции 
двух переменных 

84. Lével súrface of a fúnc-
tion of three váriables 

Поверхня рівня функції 
трьох змінних 

Поверхность уровня 
функции трёх перемен-
ных 

85. Límit (of a fúnction, of 
nùmérical séquence) 

Границя (функції, число-
вої послідовності) 

Предел (функции, число-
вой последовательности) 

86. Límit of a fúnction at 
the plus or mínus infínity, 
if/as/when/while x appró-
aches tends to, goes to 
the plus or mínus infínity 

Границя функції на плюс 
чи мінус нескінченності 

Предел функции на плюс 
или минус бесконечнос-
ти 

87. Limit of a fúnction at 
the point a (biláteral/two-
sided/doublesided, unilate- 
ral/one-sided)  

Границя функції в точці 
a (двобічна/двосторон-
ня, однобічна/односто-
роння) 

Предел функции в точке 
a (двусторонняя, одно-
сторонняя) 

88. Límit of a fúnction at 
the póint a (from the left 
[from the right]) 

Границя функції в точці 
a (зліва, справа) 

Предел функции в точке 
a (слева, справа) 

89. Límit of a fúnction f(x) 
if/as/when/while x appróa-
ches tends to, goes to … 
(by/for ténding/téndency 
of x to…,  for x appróa-
ching tending to…) 

Границя функції f(x), 
якщо  x прямує до… 
(при прямуванні x до…, 
при x прямуючому до…) 

Предел функциии f(x), 
если x стремится к … 
(при стремлении x к …; 
при x, стремящемся к…) 

90. Máp(ping) Відображення Отображение 
91. Mápping of a set X into 
/onto a set Y 

Відображення множини 
Х в/на множину Y 

Отображение множества 
Х в/на множество Y 

92. Méthod of íntervals, ín-
terval méthode (for solú-
tion of an ìnequálity, for 
detèrminátion a fúnction 
sign) 

Метод інтервалів (для 
розв"язання нерівності, 
для визначення знака 
функції) 

Метод интервалов (для 
решения неравенства, 
для определения знака 
функции) 

93. Nátural domáin of dèfi-
nítion of a fúnction 

Природна [натуральна]  
область визначення 
функції 

Естественная [натураль-
ная] область определе-
ния функции   

94. n-diménsional space Ен-вимірний (n-вимір-
ний) простір 

Эн-мерное (n-мерное) 
пространство 
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95. Néighbourhood of a 
póint 

Окіл точки Окрестность точки 

96. Nóte [mark (off), trace, 
óutline] póints on the áxis 
and get [obtain, receive, 
deríve] séveral/some inter-
vals 

Відкласти [відмітити, на-
нести] точки на осі й от-
римати декілька інтерва-
лів  

Отложить (отметить, на-
нести) точки на оси и по-
лучить несколько интер-
валов 

97. Nùmérical séquence Числова послідовність Числовая последователь-
ность 

98. One-diménsional space Одновимірний простір Одномерное пространст-
во 

99. Open set Відкрита множина Открытое множество 
100. Pássage to the límit Граничний перехід, пе-

рехід до границі 
Предельный переход, пе-
реход к пределу 

101. Póint of discòntinúi-
ty [discontinuity póint]  of 
the first/second kind 

Точка розриву першого/ 
другого роду 

Точка разрыва первого/ 
второго рода 

102. Póint of remóvable 
discòntinúity  

Точка усувного розриву Точка устранимого раз-
рыва 

103. Póint set, set of pó-
ints, púnctual set 

Множина точок, точко-
ва множина 

Множество точек, точеч-
ное множество 

104. Próperty (pl proper-
ties) (of límit) 

Властивість (границі) Свойство (предела) 

105. Remárcable/stán-
dard/stándardized límit 

Стандартна границя  Замечательный предел 

106. Remóvable disconti-
nuity of a fúnction at the 
póint a 

Усувний розрив функції 
в точці a 

Устранимый разрыв 
функции в точке a 

107. Right-hand límit 
límit on the right of a 
fúnction at the póint a 

Права/правобічна/право-
стороння границя функ-
ції в точці a 

Правый/правосторонний 
предел функции в точке 
a 

108. Right-hand/right-
side continúity of a fúnc-
tion at the póint a 

Правобічна/правосто-
роння неперервність 
функції в точці a 

Правая/правосторонняя 
непрерывность функции 
в точке a 

109. Solve the ìnequálity 
by the méthod of íntervals, 
by the ínterval méthode 

Розв"язати нерівність 
методом інтервалів 

Решить неравенство ме-
тодом интервалов 

110. Sphére (of/with a rá-
dius R céntered at a point 
A) 

Сфера (радіуса R з цен-
тром (в точці) А) 

Сфера (радиуса R с цен-
тром (в точке) А) 

111. Sphérical [glóbular] 
néighbourhood of a póint 

Кульовий окіл точки Шаровая окрестность 
точки 

112. Sphérical néigh-
bourhood of a póint 

Сферичний окіл точки Сферическая окрест-
ность точки 
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113. Table/list of equíva-
lent infíntly smalls  of 
equívalent ìnfinitésimals 

Таблиця еквівалентних 
нескінченно малих 

Таблица эквивалентных 
бесконечно малых 

114. Take on válues of 
dif-ferrent signs 

Набувати значення різ-
них знаків 

Принимать значения раз-
ных знаков 

115. Ténding/téndency 
(of an árgument, of a fúnc-
tion) to the númber a 
(from the left [from the 
right]), to the plus or mí-
nus infínity 

Прямування (арґумента, 
функції) до числа a (злі-
ва, справа), до плюс чи 
мінус нескінченності 

Стремление (аргумента, 
функции) к числу a (сле-
ва, справа), к плюс или 
минус бесконечности 

116. Term/élement of a 
nùmérical séquence 

Член/елемент числової 
послідовності  

Член/элемент числовой 
последовательности 

117. Three-diménsional 
space 

Тривимірний простір Трёхмерное пространст-
во 

118. Tótal íncrement of a 
function 

Повний приріст функції Полное приращение фу-
нкции 

119. Turn/chánge/trans-
fórm into redúce, go to, 
becóme zéro/nought; vá-
nish 

Обертатися на нуль, пе-
ретворюватися на/в 
нуль,  анулюватися 

Обращаться в нуль, ан-
нулироваться 

120. Two-diménsional 
space 

Двовимірний простір Двумерное пространство 

121. Ùnconnécted set Незв"язна множина Несвязное множество 
122. Úniláteral/one-sided 
continúity of a fúnction at 
the póint a 

Однобічна [односторон-
ня] неперервність функ-
ції в точці a 

Односторонняя непреры-
вность функции в точке 
a 

123. Úniláteral/one-sided 
límit of a fúnction at the 
póint a 

Однобічна [односторон-
ня] границя функції в то-
чці a 

Односторонний предел 
функции в точке a 

124. Uníqueness of the 
límit 

Єдиність границі Единственность предела 

125. Unlímited set Необмежена множина Неограниченное множе-
ство 

126. Zéro/nought [róot] 
(of an equátion, of a nú-
merator/denominator, of a 
function) 

Нуль [корінь] (рівняння, 
чисельника, знаменника, 
функції) 

Нуль [корень] (уравне-
ния, числителя, знамена-
теля, функции)  



DIFFERENTIAL CALCULUS 

LECTURE NO. 14. DERIVATIVE 
 
POINT 1. PROBLEMS LEADING TO THE CONCEPT OF THE DERIVATIVE 

POINT 2. DERIVATIVES AND PARTIAL DERIVATIVES 

POINT 3. DERIVATIVES OF SOME BASIC ELEMENTARY FUNCTIONS 

POINT 4. DIFFERENTIABILITY AND CONTINUITY 

POINT 5. DERIVATIVES OF THE SUM, DIFFERENCE, PRODUCT AND  

                 QUOTIENT OF FUNCTIONS 

 
 POINT 1. PROBLEMS LEADING TO THE CONCEPT OF THE DE-

RIVATIVE  

1. The rate of changing of a function 
 
Let y = f ( x ) be a function of one variable and 0xx   is some point. If the ar-

gument x receives an increment 0xxx   then the function receives an increment  
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which is a changing of the function on the interval    xxxxx ,, 000  .  The ratio 
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is called the average rate [the mean rate] of changing of the function on the interval 

   xxxxx ,, 000  . Let  0x  that is 0xx  . The limit  
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is called the rate of changing of the function at the point 0x . 

 
2. The labour productivity 
Let  tU  is a produced quantity of some factory during a time t (that is during a 

time interval from 0 to t). Then the increment of the function  tU  at a point 0t , 

     000 tUttUtU  , 
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is the produced quantity during the time interval from 0t  to tt 0 . The ratio 
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is the average [the mean] labour productivity during this time interval. Limit of the 

average labour productivity as 0t , 
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is called the labour productivity of the factory at the time moment 0t . 
 

2. The tangent to a curve 
 

Let be given a curve  xfy   and  ,y,xM   

   xfy  is its fixed point,  yxM ,  is its arbitrary point. 

Straight line M0M is called a secant of the curve  xfy  .  

Let M→M0 along the curve. If there exists the limiting 

position M0T of the secant M0M  as M→M0  (from  the 

                        Fig. 1                   right and from the left), then the straight line M0T  is cal-

led the tangent (or the tangent line) to the curve  xfy   at the point  00 , yxM .  Its 

slope (angular coefficient) equals 

          

   

      .limlimlim

limlimlimlim
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POINT 2. DERIVATIVES AND PARTIAL DERIVATIVES 

The derivative of a functions of one variable 

Let be given a function of one variable  xfy  . Giving arbitrary increment 

0xxx   to the argument x and finding corresponding increment of the function at 

the point 0x  
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                                      0000 xfxxfxfxfxfy                        ( 4 ) 

we find their ratio    

         
x

xfxxf
x

xfxf
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xf

x
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 0000  

and pass to the limit as 00  xxx . 

Def.1. The limit 
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xfxxf
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xfxf
x
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xxxx 
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limlimlimlim ,       ( 5 ) 

that is the limit of the ratio of the increment of the function  xfy   at the point 0x  

to the corresponding increment of the argument Δx as this latter tends to zero is called 

the derivative of the function at the point x0. We denote the derivative by one of the 

next notations 

 
dx

xdf
dx
dyxfxyy 0

00 )(')(''   

and so 

          
x

xfxxf
x
xf

x
y

dx
xdf

dx
dyxfy

xxx 
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Above-stated examples allow to establish some senses of the derivative. 

1. From the formula (1) it follows that the rate of changing of the function 

 xfy   at the point 0x  is the derivative of the function at this point 

                     
x

xfxxf
x
xf

x
yxfxV

xxx 
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0000 limlimlim)(          ( 7 ) 

2. From the formula (2) it follows that the labour productivity of the factory 

at the time moment 0t is the derivative of the function  tU , that is the derivative of 

the produced quantity of the factory, at this moment, 

                                  
t

tUttU
t
tUtUtf

tt 
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000 limlim                    ( 8 ) 

3. From the formula (3) it follows the geometric sense of the derivative: 

The slope tgk  of the tangent TM 0  to the graph of the function  xfy   at its 

point    0000 ,, xfyyxM   (fig. 1) is the derivative of the function at the point 0x , 
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x

xfxxf
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yxftgk

xxxtg 
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000 limlimlim        ( 9 )   

Equation of the tangent M0T (with the slope  0xftgktg   ) is 

                                                  00000 , xfyxxxfyy  .                         ( 10 ) 

The normal TMQM 00   to the graph of the function 

 xfy   at the point    0000 ,, xfyyxM   (fig. 2) has the 

slope 

 






x'fk

k
tg

norm  

          Fig. 2              and the next equation 

                                             0
0

0 '
1 xx
xf

yy                                              ( 11 ) 

       It’s interesting the next problem. Find the angle φ at 

which two curves :1L  xfy 1  and  xfyL 22 :   intersect 

(fig. 3). 

       Solving. Let  000 , yxM  be intersection point of the 

curves L1 and L2 and M0T1, M0T2 are the tangents to L1, L2 at 

               Fig. 3               the point M0. Their slopes are    0201 2010
, xfkxfk TMTM   

therefore 
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0102
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xfxf
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kk
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                             ( 12 ) 

Partial derivatives of a  function of several variables 
 

For a functions of several variables we introduce the 

concept of partial derivatives. for example let there be gi-

ven a function of two variables x, y 

                            yxMyxfMfz ,,, . 

               Fig. 4                 We introduce four points   ),,(),,(,, 0000 yxNyxMyxM  
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 ),( 0 yxP and we imply 00 , yyyxxx   whence it follows that xxx  0 , 

yyy  0 (fig. 4).  

Def. 2. Difference (for fixed 0yy  ) 

    ),(),(),(,)()( 000000000 yxfyxxfyxfyxfMfNfMfz xx   

is called the partial increment of the function    yxfMfz ,  with respect to x 

at the point ),( 000 yxM . Difference (for fixed 0xx  ) 

    ),(),(),(,)()( 000000000 yxfyyxfyxfyxfMfPfMfz yy   

is called the partial increment of the function with respect to y at this point. 

Def. 3. Partial derivatives of the function    yxfMfz ,  with respect to 

x, y at the point ),( 000 yxM  are called (and denoted) correspondingly the next limits 
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( 13 ) 

 

POINT 3. DERIVATIVES OF SOME BASIC ELEMENTARY FUNC-

TIONS  

 

Derivatives of many basic elementary functions can be find on the base of 

definition of the derivative. 

1. constCC  ,0 . 

■Let   Cxfy  . Then 

      0lim,0,0,
0










 x

yy
x
yCCxfxxfyCxxf

x
■ 

2. 1x . 
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■ Let   xxfy  . Then 

      1,1lim,1,,
0












x
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x
yxxfxxfyxxxxf

x
■ 

3.   
    ,1xx . In particular    

3 2
3

3
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2
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x
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x
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■ Let   xxfy  . Then  
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x
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4.   xxx aaa ln
 . In particular   xx ee 

 . 

■Let   xаxfy  . Then 

       1,   xxxxxxx ааааxfxxfyаxxf   axa x ln  

aa
x
yyaa

x
y x

x

x lnlimln
0










■ 

5.  
ax

xa ln
1log  . In particular  

x
x 1ln  . 

■Let   xxfy alog . Then 
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■ 

6.     xxxx sincos,cossin  . 

■Let for example   xxfy sin . Then 
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2
sin

2
cos2

sinsin,sin
xx

x
yxxxxxxxxx

xxxxfxxfyxxxxf
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x
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xx
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2
coslimlim
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■ 

Ex. 1. Find the angle between two intersecting lines   ,sin1 xxf     xxf cos2  . 
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Solving. Intersection points of the lines are determined by the equation 

Zn,nx,xtanxcosxsin     

       nxxfnxxf   4sinsin,4coscos 002001  

and by virtue of the formula (12) 

   
    

 
 

    .122122cos22
21

cos2

24sin
2
11

4sin2
4sin4cos1

4cos4sin

1
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Ex. 2. Compile equations of the tangent and the normal to the curve xy sin   

at the point with abscissa 
60


x . 

Solution. Let   xxfy sin . We have   ;
2
1

6
sinsin 000 

xxfy  

   
2
3

6
coscos,cos 00  xxfxxf . Making use of the formulas (10), (11) we 

compile the equation of the tangent 
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3

2
1 xy  

and the equation of the normal 
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2
1 xy  

 

POINT 4. DIFFERENTIABILITY AND CONTINUITY 

 
Def. 4. Function of one variable )()(  xxfy  is called differentiable at the 

point 0x  if it has derivative  0xf   at this point. 

Let a function )(xfy   is differentiable at the point 0x . On the base of defini-

tion of the derivative and the theory of limits 

      xxxfyxf
x
y

x
yxf

x












 0000 ,lim  
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where  x  is IS (infinitely small) as 0x . Therefore the increment of a 

function which is differentiable at the point 0x  can be represented in the next form  

                  xxxAxfxxfxfxfxfy  0000 )(      ( 14 ) 

where  0xfA   and  x  is IS for 0x . 

Definition of differentiable function of several variables is more delicate and is 

connected with generalization of the formula (14). For  the sake of simplicity we’ll 

say about function of two variables.  

Def. 5. Function of two variables    yxfMfz ,  is called differentiable 

one at a point  000 , yxM  if its total increment at this point 

        ),(),(),(, 00000000 yxfyyxxfyxfyxfMfMfMfz   

(see Def. 4 in the Lecture 11 and fig. 4 in this Lecture) can be represented in the next 

form  

                               yxyBxAMfMfz  0                  ( 15 ) 

where BA,  are some numbers and  ,  are IS as 0,0  yx . It’s easy to prove 

that     ),(),,( 000000 yxfMfByxfMfA yyxx   and therefore 

              
       

yxyyxfxyxf
yxyMfxMfMfMfz

yx

yx







),(),( 0000

000         ( 16 ) 

Theorem 1 (sufficient condition for differentiability). If a function   Mfz  

 yxf ,  has partial derivatives in some neighbourhood of the point  000 , yxM  and 

these derivatives are continuous at this point itself, then the function is differentiable 

one at this point. 

We’ll prove this theorem later. 

As can be illustrated by examples it isn’t sufficiently for a function to possess 

the partial derivatives at the point  000 , yxM  for to be differentiable at this point. 

Theorem 2 (necessary but not sufficient condition for differentiability). If a 

function is differentiable at a point then it’s continuous at this point (but not vice 

versa!). 
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■Let for example )(xfy   is function of one variable which is differentiable 

at a point 0x  and let 00  xxx . It follows from (14) that increment of the func-

tion at the point 0x  goes to zero, 0)()( 00  xfxxfy , which means continu-

ity of the function at the point 0x  ■ 

Note. There’re continuous functions which haven’t derivative 

at least at one point. 

Ex. 3. Function xy   (see fig. 5) is continuous one at all 

points x  but its derivative doesn’t exist an the point 0x . 

         Fig. 5         ■We’ve       xxxffxfx  000 ,000,0  

    0for 1 ,0for 1 ;00 







 x
x
yx

x
yxxfxxfy   

and so xyy
x


 0

lim   doesn’t exist.                                           

            
POINT 5. DERIVATIVES OF THE SUM, DIFFERENCE, PRODUCT 

AND QUOTIENT OF FUNCTIONS  

      Let    xvvxuu  ,  be two differentiable functions of one variable x. The 
next rules are valid 

1.   vuvu             2.   vuvuvu             3. 2v
vuvu

v
u 









  

■(for the product). Let’s remark that 

        vvvanduuuuuuxuxxuxuxxuu  ;, . 

0,0 then 0 If  vux  because of differentiable functions    xvvxuu  ,  
are those continuous. Therefore 
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■ 

Particular cases. 

a)   constCuCuC   (constant factor can be taken outside the sign of 

differentiation) because of    uCuCuuCuCuC  0 . 

b) 2
1

v
v

v










  by virtue of 222

10111
v
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v
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v
vv

v
















  

Ex. 4. Derivatives of functions xx cot,tan . 
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Ex. 5. Find partial derivatives of the function 5arctan5ln yxxz y   with re-

spect to x and y. 

Remark. Finding partial derivative with respect to x (y) we consider the other 

variable y (correspondingly x) as fixed (or constant) one. 

       

   
.5arctan5ln5ln

)(arctan)5(lnarctan5ln

;
1

151

arctan5lnarctan5ln
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Ex. 6. Differentiate the next function 
3arcsin xxy  . 

     
3 22

3
333

3
arcsin

1
arcsinarcsinarcsin

x
x

x
xxxxxxxy 








 . 

Ex. 7. Prove the formula for derivative of a product of three factors 
  wvuwvuwvuwvu   

Hint: consider the product wvu   as  wvu  . 



LECTURE NO. 15. TECHNIQUE OF DIFFERENTIATION 
 

POINT 1. THE DERIVATIVE OF A COMPOSITE FUNCTION 

POINT 2. DIFFERENTIATION OF IMPLICIT, INVERSE AND 

 PARAMETRICALLY REPRESENTED FUNCTIONS 

POINT 3. THE HIGHER ORDER DERIVATIVES  

POINT 4. THE DIFFERENTIAL 

POINT 5. THE DIRECTIONAL DERIVATIVE. THE GRADIENT 

POINT 6. DERIVATIVES IN ECONOMICS. THE ELASTICITY 

 
POINT 1. THE DERIVATIVE OF A COMPOSITE FUNCTION 

 
Theorem 1. If  functions of one variable  xuufy  ),(  are those differ-

rentiable, then the composite function   xfy   possesses the derivative which is 

calculated by the next rule 

                                   xxfy    or for short xux uyy                          ( 1 ) 

■ From the theorem 2 of preceding lecture it follows that the differentiable fun-

ctions  xuufy  ),(  are those continuous. So if the increment of the argument x 

tends to zero, 0x , then     0 xxxu   and therefore the increment 

of the function tends to zero,     0 ufuufy . 

On the base of the formula (14) of the Lecture No. 14 we can write 

  uuufy    

where   is IS for 0u  (and so for 0x ). Dividing both sides of the equality 

by x  and passing to the limit for 0x  we get 

      uuuf
x
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uuf
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y

x
u

x
uuf

x
y

xxx
























0limlimlim,

000
  

whence the formula (1) follows■ 

Note. Function  xu   is often called an intermediate argument or an in-

ner function. We can state the nest rule: derivative of a composite function equals 
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the product of its derivative with respect to the intermediate argument [to the inner 

function] and the derivative of the intermediate argument [of the inner function]. 

Applying the theorem and all preceding formulas for differentiation of the ba-

sic elementary functions (see Lecture No. 12) we can compile the next table in which 

 xuu   means some function. 

Table of derivatives 

1.   uuu 
 1     a)   u

u
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2
1  b)   u

u
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3 2
3

3
1  c) u
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2.   uaaa uu 
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u aa
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1log1log    a)   u

u
u 

1ln  

4.   uuu  cossin            

5.   uuu  sincos  
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2 sec

cos
1tan   
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 tansec
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11.   u
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12.   u
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1arccot  

Ex. 1.          xxxxxx cossin6sinsin6sinsin 5566 





 

Ex. 2.  
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Ex. 3. Find partial derivatives of the function 22 yxz   with respect to x 

and y. If the variable y is fixed then  
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For fixed x 
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Ex. 4 (logarithmic differentiation). Let there be given a function 

                                                            xxy                                                   ( 2 ) 

Let’s take logarithm both of the left and right sides of the equality and then dif-

ferentiate termwise: 

                ,lnln,lnln,lnln  xxyxxyxy x    

               
   .lnlnln1 x
x
xxxxxxxy

y



   

Multiplying both members of this last equality by     xxy   we find y , 
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  x
x
xxxxy x 


  . 

Ex. 5. Let’s applicate this method to differentiate the function xxy tan . 
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For functions of several variables we can get a lot of analogous formulae. One 

of them is given by the next theorem.  

Theorem 2. If  functions   )(),(,, xvvxuuvufy   are differentiable, then 

there exists the derivative of the composite function ))(),(( xvxufy   which equals 

                                               v
v
fu

u
fy 








                                              ( 3 ) 
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Prove the theorem yourselves with the help of the formula (16) and the next 

scheme of proof.  
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Ex. 6. Find the derivative of the function (2) using the formula (3). 

Let    xvxu   , . We get uu
v
yuv

u
yuy vvv ln,, 1 








   and therefore 
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Ex. 7. Calculate the derivative of a function   xxy sincos . 
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Ex. 8. Find formulas for differentiation of functions 

                                           xwxvxuFzxxxfy ,,),,,(                              ( 4 ) 

Answer.  

                    wFvFuFzff
x
fy wvu 












 ,





.             (5)  

Ex. 9. Let’s find the derivative   wvu . Denoting wvuF   we get 

wvFu  ,  wuFv   vuFw  . Now with the help of the second formula (5) of pre-

ceding example we get the same result as in Ex. 7 of the 12-th lecture,  

  wvuwvuwvuwFvFuFwvu wvu   
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POINT 2. DIFFERENTIATION OF IMPLICIT, INVERSE AND 

PARAMETRICALLY REPRESENTED FUNCTIONS 

The case of an implicit function 

Def. 1. A function )(xfy   of one variable x  is called implicit one (or 
defined implicitly) if it’s defined by an equation of the form  

                                                              0, yxF                                                    ( 6 )  

which isn’t resolved with respect to y. 

If one can find )(xyy   from the equation (6) then the function )(xy  turns the 

equation into identity (    0, xyxF ). 

Ex. 10. Equation 122  yx  defines two implicit 

func-tions 21 xy  . Their substitution in the 

equation gives identity   11
222  xx . 

            Theorem 3. Let:  

     Fig. 1                                1) a function  yxF ,  and its partial derivatives 

yx FF , are defined and continuous is some neighbourhood 
0MU of a point  000 , yxM ; 

 2)     0, 000  yxFMF  but     0, 000  yxFMF yy . 

Then the equation (6) defines the unique implicit function )(xfy   in some 

neighbourhood 
00,1 MM UU  of the point 0M . This function is continuous and differ-

entiable in some interval   1, ba , containing the point 0x , and satisfies the condi-

tion   00 yxf   (fig. 1). 

To find the derivative of implicit function )(xfy   we consider the equation 

(6) as identity     baxxfxF ,for  0)(,   and differentiate it with respect to x: 

   ,01,01,0,0, 
xyxxyxxyxx yFFyFFyFxFyxF x  

                                                           
y

x
x F

Fyy



                                                ( 7 ) 
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In what follows we can apply both the formula (7) and the method of its deve-

lopment. 

Ex. 10. Find the derivative of a function defined implicitly by an equation 

6722  xyyx . 

Solution. The first way. 

  xyFyxFxyyxyxF yx 72,72;67, 22  , 

and by the formula (7) 

.
72
27

72
72

xy
xy

xy
yx

F
Fy

y

x












  

The second way. Let’s, in accordance with the method of deduction of the for-

mula (7), differentiate both members of the given equality with respect to x taking 

into account that y is the function of x. We’ll have 

      yxyyyxyxyxyyxxyyx xx 


 7722,722,6722 . 

We’ve got the first degree equation in y . Solving it we get y : 

  .
72
27,2772,2772

xy
xyyxyyxyxyyxyy




  

Ex. 11. Write an equation of the tangent to a circle 1622  yx  through a 

point A (0; 5). 

Solving. a) Let’s find a desired equation in the form  05  xky , and it’s 

necessary to find a slope k.  

b) We differentiate both members of the equation of the circle, ,022  yyx  

finding a slope of a tangent to the circle at any its point yxy / . 

c) It must be in the tangent point   :, yx   













./
,16

,5
22

yxk
yx

kxy
 

d) It’s sufficient to find only k from this system of equations. We do in the next 

way: 
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              There are two values of k and so two tangents to the circle of the equations  

.
2
35 xy   

Ex. 12. Find the angle between two intersecting lines .2,8 222 xyyx   

Solution. a) At firxt we find intersection points of the lines (of a circle and a 

parabola) solving a system of equations 

  



















 )2;2(),2;2(
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02012

2
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y
x

xx
xy

xxy
yx  

b) Secondly we find the slopes of the tangents to the curves at arbitrary their 

points as the derivatives of the implicit functions, 

y
yyyyxyb

y
xyyyyxyxa 1,22,2);,022,8) 2

2
1

22  . 

c) For the point )2,2()2;2( 0001  yxM  the slopes of the tangents to the cur-

ves are equal 

   
2
11,1

2
2

0
022

0

0
011 

y
xyk

y
xxyk , 

and on the base of the formula (12) of the lecture 14 the angle between the curves at 

this point is defined by the equality 

.3
)1(2/11

)1(21
1

tan
21

12
1 









kk
kk  

d) For the point )2;2(02 M  we get by the same way 3tan 2  . Verify! 

A differentiable implicit function  yxfz ,  of two variables x, y can be de-

termined by an equation of the form 

                                                          0,, zyxF .                                                  ( 8 ) 

In this case its partial derivatives with respect to x and y can be calculated with the 

help of the next formulas 
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 zyxF
zyxF
zyxF

z
zyxF
zyxFz z

z

y
y

z

x
x                  ( 9 ) 

Prove these formulas yourselves! 

Instructions.    ,0,0,, 
xzxyxxx zFyFxFzyxF  

zxxxzxxzyx FFzzFFzFFF  ,0,001 , 

and by the same way for yz . 

Ex. 13. Find partial derivatives of an implicit function  yxfz ,  determined 

by an equation 

  xyzezyx  432cos . 

Solving. In accordance with the formula (9) 
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zyxzxyeFzyxyxzeF
zyxxyzeFzyxezyxF

xyz

xyz

xyz

xyz

xyz
z

xyz
y

xyz
x

xyz


















 

Differentiable implicit functions can be determined by a system of equations. 

The case of an inverse function 

Theorem 4. Let a function y = ƒ ( x ) of one variable satisfy conditions of the 

third property of continuous functions (see point 1 of the lecture No. 13) and is dif-

ferentiable one. In this case the inverse function  ygx   is too differentiable and its 

derivative can be found by the next formula 

                                                      x
y yxf

ygx






11                                        ( 10 ) 

■Both functions    ygxxfy  ,  are continuous and so if  0x  then 

0y  and conversely if 0y then 0x . Besides yΔ  if xΔ  and vice 

versa. Therefore  

x
x

yyy y
x
y

x
yy

xxx






















1

lim

11limlim

0

00
■ 
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Ex. 14. Derivatives of inverse trigonometric function 

        .
1

1cot,
1

1arctan,
1

1arccos,
1

1arcsin 2222 x
xarc

x
x

x
x

x
x













 
■(for arctanx). Let   xxfy arctan  and   yygx tan . By virtue of the 

formula (10) 

 
  22

2
1

1
tan1
1

cos
1
1

tan

11arctan
xy

y
yx

yx
yy

x 






 ■ 

The case of a parametrically represented function 
 

Function )(xfy   of one variable x can be determined with the help of certain 
pair of equations 

                                                              
 








),(
,

tyy
txx

                                                  ( 11 ) 

containing some auxiliary variable (parameter) t. 

Ex. 15. The equations tbytax sin,cos   for  t0 determine a function 

with the upper part of the ellipse (of semiaxes a, b) as the graph; for  2 t  they 

determine a function with the graph which is the lower part of the same ellipse.  

Ex. 16. Equations )cos1(),sin( tayttax   determine a function whose 

graph is the cycloid. 

Parametrically represented function can be given in the form of direct depend-

ence between x and y if in parametric equations (11) the function )(txx   possesses 

an inverse function )(xtt  . In this case we can write ))(( xtyy   what means that y 

is defined directly as a function of the argument x.  

To evaluate the derivative of a function which is represented parametrically it 

isn’t necessary to express t in terms of x. 

Theorem 5. If  the functions )(),( tyytxx   in the parametric representation 

(11) of a function )(xfy   are differentiable and the function )(txx   has an inver-

se one then the function )(xfy   has the derivative which is given by the next for-

mula 
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t

t
x x

yyy



 .                                                  ( 12 ) 

■Using the rules of differentiation of composite and inverse functions we do as 

follows 

t

t

t
txtx x

y
x

ytyyy







1 ■ 

Ex. 17. Write equations of a tangent and a normal to an ellipse x = a cos t ,   y= 

= b sin t at a point for which  t = t0 = 
3
 . 

Solving. We find the equations of the tangent and normal in the next form 

      


 



 xx
xy

yy,xxxyyy . 

But x0 = cos t0 = cos
3
  = 

2
1 , y0 = sin t0 = sin

3
  = 

2
3 , 

   













  a
bcot

a
btcot

a
bxy,tcot

a
b

tsina
tcosb

x
yxy

t

t    

and therefore the equations in question are 

y - 
2
3  = -

3
3

a
b ·(x - 

2
1 ),  y - 

2
3  = )

2
1(

3
3

x
b

a . 

 

POINT 3. THE HIGHER ORDER DERIVATIVES  

 
 Let y = ƒ (x ) be a function of one independent variable x and  xfy   be its 

derivative. It’s a function of x and we can differentiate it. Such the procedure leads us 

to the concepts of derivatives of the second, third, … orders (second order, third or-

der, … derivatives). 

Def. 2. The derivative of a derivative of a function of one variable is called a 

derivative of the second order (the second order derivative, the second derivative) of 

this function and is denoted as follows 

             xf
dx
d

dx
dy

dx
dxfy

dx
xfdxfxf

dx
ydyy

xx







 2

2

2

2

22 . 
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By analogous way are defined the third, fourth, … nth order derivatives, 

                 )(),...,()(, 144 xfyyxfxfyyyxfyy nnnIVIV 


  . 

Ex. 18. Let xay  . Then 

    aayaayyaayaayaay nxnxIVxxx ln,...,ln,ln,ln,ln 4432  . 

Ex. 19. Let xy sin . Then 

,
2

3sincos,
2

2sinsin,
2

1sincos 





 






 






 

 xxyxxyxxy  

and in general 

    






 

2
sinsin nxxy nn . 

For the function xy cos  we can by analogy deduce that  

    






 

2
coscos nxxy nn . 

Ex. 20. Find the second derivative of an implicit function given by an equation        

432  yx . 

Solving. 

   

  .12
3
23

3
243

3
23

22

3
22

3
2

21
3
2

3
2,

3
2,032

5

2

5

322

5

23

3

2

3

4

2

4

22

2
2

y
x

y
yxx

y
xy

y
y
xxy

y
yxy

y
yyxy

y
yxyxy

y
xyyyx
































 

Ex. 21. Second derivative of a function which is represented parametrically. 

Let     tyytxx  , . By double application of the formula (12) we get 

   
 3

22
2,

t

tttt

t

tx
xxx

t

t
x x

yxxy
x

yyyy
x
yyy














 . 

Thus   

                                          
 3

22
2

t

tttt

t

tx
x x

yxxy
x

yyy








 .                                   ( 13 ) 
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Ex. 22. Let tbytax sin,cos  . Then 

 
   

.
sin

1

cos

cot
,cot

sin
cos

cos

sin
322

ta
b

ta

t
a
b

yyt
a
b

ta
tb

ta

tb
x
yyy

t

t

x
t

t

t

t
x 





















   

For functions of several variables one introduces the second, third, … partial 

derivatives. 

Let for example  yxfz ,  be a function of two variables. Then the second 

order partial derivatives of the function are 

       

        .,,,

,,,,

.2

2

2

222

22

2

2

2

2

2

2

yyy
xyyx

yxxyxxx

z
y

yxf
y

zzz
xy

yxf
xy
zz

z
yx

yxf
yx
zzz

x
yxf

x
zz








































 

The partial derivatives yxxy zz  ,  are called those mixed. 

Ex. 23. Let   5264, yxyxyxfz  . Then  

   
    324442544534254

454564563564

4254564

203056,102456

,102424,21624

,56,24

2

2

yxyxyxyxzxyyxyxyxz

xyyxxyyxzyyxxyyxz

yxyxzxyyxz

yyxyx

yxyxx

yx



















 
 In the example the mixed partial derivatives are equal, yxxy zz  , and it’s the 

general fact. Namely the next theorem holds. 

Theorem 6. Mixed partial derivatives yxxy zz  ,  are equal at any point at which 

they are continuous. 

 

POINT 4. THE DIFFERENTIAL 

Def. 3. Let a function  xfy   of one variable x be differentiable one at a 

point 0x  and therefore its increment at this point can be given by a formula (see the 

formula (14) in the lecture 14) 
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            xxxxfxfxxfxfxfxfy  00000 )(   ( 14 ) 

where  x  is IS as .0x  Expression 

                                    xxf  0                           ( 15 )    

is called the differential of the function y = f ( x ) at 

the point x0. It is denoted by  0xdfdy   and therefore 

                           xxfxdfdy  00                ( 16 ) 

                Fig. 1                                  For example let   xxfy  . Then 

xxxxdxdy  1 , 

xdx  . 

This result means that the differential of an independent variable equals its increment. 

Now we can represent the differential of the function in its usual form 

                                                  dxxfxdfdy 00  .                                       ( 17 ) 

Geometric sense of the differential we can see from the fig. 1: 

  NTNMxxfdy  00 tan  

that is the differential is the increment of the ordinate of the tangent to the graph of 

the function at the point ),( 000 yxM  where  00 xfy  . 

The concept of the differential is also introduced for functions of several vari-

ables. 

Def. 4. Let  yxfz ,  be a function of two variables which is differentiable 

one at a point ),( 000 yxM  that is its total increment at this point has the next form 

(see the formula (16) of the lecture No. 14) 

    .),(),(,, 00000000 yxyyxfxyxfyxfyyxxfz yx    

Here  ,  are IS  as 0,0  yx . Differential  00 , yxdfdz   of the function 

 yxfz ,  at the point ),( 000 yxM  is called the next expression 

                                 yyxfxyxfyxdfdz yx  ),(),(, 000000 .                   ( 18 ) 

If we put xz  , then dxxxyxyxxxdz yx  ,01 . By analogy 

if yz  , then dyy  , and so the differential (18) can be written in the form 
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                              dyyxfdxyxfyxdfdz yx  ),(),(, 000000                        ( 19 ) 

Properties of differentials. If vu,  be two differentiable functions then 

1.   dvduvud  .  2.   duvdvuvud  . 3. 2v
dvuduv

v
ud 







  

and therefore   .1),( 2v
dv

v
dconstCduCCud 






 . 

■If for example    xvvxuu  ,  be two differentiable functions of one vari- 

able, then     dvuduvdxvudxuvdxvuvud  ■ 

4 (differential of composite function of one or several variables).  

a) If    txxfy  ,  then   

 dxxfdy  . 

b) If for example  yxfz , , )(),( tyytxx   then  

dyyxfdxyxfdz yx ),(),(  . 

These results mean that the differential has the same form no matter if arguments of a 

function are independent variables or functions (invariance of the differential form). 

■a)    dxxfdttxydtydy xt  ;  

b)   dyzdxzdtyzdtxzdtyzxzdtzdz yxyxyxt  ■ 

Differentials can be used in approximate calculations.  

A) On the one hand we can use the next approximate formulas 

                                 xxfxfxxfxf  000)(                              ( 20 )  

               yyxfxyxfyxfyyxxfyxf yx  ),(),(,,, 00000000  ( 21 ) 

B) On the other hand we can put for a function of one variable 

                                                 00)( xfxxfxf                                         ( 22 )  

with the absolute error  

        xxfxxfxfxxf  0000 ; 

for a function of two variables we can put 

                                        0000 ,,, yxfyyxxfyxf                              ( 23 ) 
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with the absolute error 

    yyxfxyxfyyxfxyxfyxfyxf yxyx  ),(),(),(),(,, 0000000000 . 

Ex. 24. Let’s find an approximate value of .003.83  

A) Taking into account the formula (20) we’ll have 

   3
0003 2

3 )(,003.0,000.8,
3

1,)( xxxxfxx
x

xfxxf  

000.2
12
003.02003.0

000.83
1000.8)()(003.0000.2

3 2
3

00
3  xxfxf  

B) Taking into account the formula (22) we’ll have 

000.2000.8)(003.0000.2)( 2
0

33
00  xfxxxxf  

with the absolute error 

00025.0003.0
000.83
1)(

3 20  xxf . 

Compare this result with more precise value of the root: 

...000249969.2003.83   . 

Ex. 25 Find approximate value 98.103.1 .  

A) Using the formula (21) we have 

  ,02.0,03.0,2,1,ln,,),(,),( 00
1   yxyxxxyxfyxyxfxyxf y

y
y

x
y

      xyxfyxfxxyyxxf x
yy ),(),(03.01),( 0000

)02.0(2
000

0  

  .06.106.0102.01ln103.0121),( 2122
00  yyxf y  

B) Using the formula (23) we have 

  0.11),(03.01),( 2
00

)02.0(2
00   yxfyyxxf  

with absolute error not greater than 

  1.006.002.01ln103.012),(),( 212
0000  yyxfxyxf yx . 

Def. 5. Differential of the second, third, ..., nth order of a function is called the 

differential of the differential of the first, second, ... (n - 1)-th order, 

                                 fddfdfddfddfdfd nn 1232 ...,,,                         ( 24 ) 
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If  xfy   is a function of one independent variable x, then xdx   is an 

arbitrary increment of the argument and so it is an arbitrary constant. Therefore 

            22 )()()( dxxfdxxfdxxfddxdxxfdxdfdxfd  . 

Similary we can prove that 

                                     nnn dxxfxfddxxfxfd  ...,,)( 33 .                          ( 25 ) 

If  yxfz ,  is a function of two independent variables x, y then xdx  , 

ydy   are arbitrary increments of the arguments and so they are arbitrary constants. 

Assuming continuity of the second order partial derivatives (and therefore equality of 

the mixed partial derivatives) we’ll have 

    
  22

2

2222 2)(
)(,,

dyfdxdyfdxfdyfdxfdydyfdxfdx
fddyfddxdyfdxfdyxdfdyxfd

yxyxyyxxyx

yxyx




 

            ),(2),(
2

222
22 yxfdy

y
dx

x
dyfdxdyfdxfyxfd

yxyx 














       ( 26 ) 

Analogously 

),(),(
3

32233
3223 yxfdy

y
dx

x
dxfdxdyfdydxfdxfyxfd

xxyyxx 














  

                                      ),(),( yxfdy
y

dx
x

yxfd
n

n















                               ( 27 ) 

Formula (26) indicates that the second order differential of a function  yxf ,  of 

two independent variables is the quadratic form with the matrix 

                                                      













2

2

yyx

xyx

ff
ff

H                                                ( 28 ) 

Ex. 26. Find the second order differential of the function 85 yxz  . 

The partial derivatives of the function are equal 
6574837584 56,40,20,8,5 22 yxzyxzzyxzyxzyxz

yyxxyxyx  , 

and by virtue of the formula (26) we’ll get 
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265742832 568020 dyyxdxdyyxdxyxzd  . 

 

POINT 5. THE DIRECTIONAL DERIVATIVE. THE GRADIENT 

 
Let some direction l  on the plane xOy  be determined by the unit vector 

                                                   cos,cosl ,                                               ( 29 ) 

and ),(),,( 000 yxMyxM  be two points such that lMM 0  (see fig. 2). 

Def. 6. The derivative of a function of two variables 

   yxfMfz ,  in the direction l  (the direction deriva-

tive) at the point ),( 000 yxM is called (and is denoted) the 

next limit 

       
MM

MfMf
l

yxf
l

Mf
MM

0

0000

0
lim, 











      ( 30 ) 

             Fig. 2                               Def. 7. The gradient of the function of two variables 

   yxfMfz ,  at the point ),( 000 yxM  is called (and is denoted) the next vector 

            































y
yxf

x
yxf

y
Mf

x
MfyxfgradMfgrad 000000

000
,,,,,  ( 31 ) 

Theorem 7. The derivative of the function    yxfMfz ,  in the direction 

l  at the point ),( 000 yxM  equals the scalar product of the gradient  0Mfgrad  and 

the unit vector l of the direction l, 

                  
 coscos, 00

0
000

y
Mf

x
MflMfgrad

l
yxf

l
Mf
















       ( 32 ) 

■Let tMM 0  and so 

   000 ,cos,cos yyxxttltMM   ; 

 cos,cos;cos,cos 0000 tyytxxtyytxx  . 

The given function    yxfMf ,  can be considered as a function  t  of one vari-

able t namely 
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             0,cos,cos, 00000   yxfMfttyytxfyxfMf . 

The formula (30) yields that 

           00limlim
0

0

00

0
 










 t
t

MM
MfMf

l
Mf

tMM
 

and so we must find  0  . But by virtue of the formula (3) 

         
    


coscos,coscoscos,cos

cos,cos,,,

0000 tytxftytxf
yxfyxfyyxfxyxft

yx

yxtytx




 

and therefore 

           cos,cos,,0 0000
000 yxfyxf

l
yxf

l
Mf

yx 








 ■ 

It follows from the definition of a scalar product that the direction derivative 

(32) equals 

                            













 
lMfgradMfgrad

l
yxf

l
Mf ,cos,

00
000 .            ( 33 )  

So it possesses the greatest value if  0Mfgradl   that is if the derivative of the 

function    yxfMfz ,  at the point ),( 000 yxM  is taken in the direction of the 

gradient of this function at the same point. It can be written as follows 

                                   
   0

0

000 ,max Mfgrad
Mfgrad
yxf

l
Mf








 .                       ( 34 ) 

One can say that the gradient of the function    yxfMfz ,  at the point 

),( 000 yxM  is the vector which in magnitude and in sense represents the greatest rate 

of growth of this function at this point. 

Ex. 27. Partial derivatives of a function    yxfMfz ,  with respect to x or 

y are its derivatives in the directions of the Ox- and Oy-axes respectively.    

 Ex. 28. Find the derivatives of the function 22 yxz   at the point  2;10 M  

in the direction of: a) a given vector  4;3a ; b) the gradient of the function at the 

same point  2;10 M ; c) the gradient of the function at the point )3;2(N  distinct 

from the point  2;10 M . 
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Solving.           yxyxzyxzyxzgradMzgrad yx 2;2,;,,   and so 

                 6;43;2;3;2,4;22;1;2;10  yxyx zzNzgradzzMzgrad . 

Unit vectors of the vector  4;3a  and the gradient of the function 22 yxz   at 

the point )3;2(N  are equal correspondingly 

  





















13
3;

13
2

52
6;

52
4,

5
4;

5
3  Nzgrad

a
aa . 

Therefore on the base of the formulae (32), (34)  

    ,
5
22

5
4)4(

5
320

0 








 aMfgrad

a
Mf

 
 

      ,
13
8

13
3)4(

13
220

0 

 NfgradMfgrad

Nfgrad
Mf  

 
      .,



 




 Mfgrad
Mfgrad

yxf  

Theorem 8. The gradient  0Mfgrad  is perpendicular to the level line of the 

function    yxfMfz ,  which lies in the xOy-plane and passes through the point 

 000 , yxM . 

■Let the level line   Cyxfl ,:  (for certain value of 

C) passes through the point  000 , yxM  (fig. 3). The slope of 

the tangent to the line at the point  000 , yxM  equals 

     00000 ,, yxfyxfxy yx  , 

and the equation of the tangent is 

            Fig. 3                                  000000 ,, xxyxfyxfyy yx   

or 

      0,, 000000  yyyxfxxyxf yx . 

It follows that       00000 ,,, yxfyxfMgradf yx   is perpendicular to the level line l 

because of it is perpendicular to the vector of the tangent  000 , yyxxMM  ■ 

Analogous definitions and facts are valid in the 3-dimension space for a func-

tion of three variables    zyxfMfu ,, , namely: 
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MM

MfMf
l

zyxf
l
Mf

MM
0

00000

0
lim,, 











 ,                     

  cos,cos,cosl , 
 

         



















z
zyxf

y
zyxf

x
zyxfzyxfgradMfgrad 000000000

0000
,,,,,,,,,, , 

        













 
lMfgradMfgrad

l
zyxf

l
Mf ,cos,,

00
0000 , 

   
   0

0

0000 ,,max Mfgrad
Mfgrad
zyxf

l
Mf








 . 

Theorem 9. The gradient    0000 ,, zyxfgradMfgrad   is perpendicular to 

the level surface   Czyxf ,,  of the function    zyxfMfz ,,  which passes 

through the point  0000 ,, zyxM . 

 

POINT 6. DERIVATIVES IN ECONOMICS. THE ELASTICITY 

Tempo of changing of a function 
 

Relative rate of changing [tempo of changing, rate of changing, speed of 

changing, pace of changing] of a function1  xfy   it’s its logarithmic derivative 

                                                     
 xf
xfxflnT xf


 .                                         ( 39 ) 

 

Limiting quantities 
 

Economics deals with lots of so-called limiting quantities which are based on 

the notion of the derivative: marginal costs of production [marginal production (ma-

nufacturing) costs, marginal expences of production]2, marginal gain [return, prode-

                                         
1 Относительная скорость изменения [темп изменения] функции 
2 Предельные издержки производства 
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eds, receipts, takins, profit]1, marginal income [marginal revenue, marginal return, 

marginal yield]2, marginal product3, marginal utility4 and so on.  

We’ll dwall upon the notion of the marginal costs of production. The rest of 

quantities are introduced analogously. 

Let’s consider the costs of production as a function  xfy   of a quantity x of 

the output. If xΔ  is an increment of the output, then the increment of the function 

     xfxΔxfxfΔyΔ   

is the increment of the costs of production, and 

     
xΔ

xfxΔxf
xΔ
xfΔ

xΔ
yΔ 

  

is the average increment of the costs of production per unite of production. The de-

rivative 

       
xΔ

xfxΔxflim
xΔ
xfΔlim

xΔ
yΔlimxfy

xΔxΔxΔ





 

is the marginal costs of production. It characterizes approximately additional costs for 

making the unite of additional production. 

 Limiting [marginal] quantities don’t characterize a condition [position, state, 

status], but a process, a changing of some economic(al) ofject. Therefore the deriva-

tive is the rate of changing of this economical ofject (that is the rate of a process) with 

respect to a time or to some factor to be studied.      

Elasticity of a function 
 

Def. 8. Relative increment z  of a given positive quantity z  is called the 

ratio of a usual increment zΔ  and the initial value z  of this quantity, 

z
zΔz  . 

Let a function  xfy   and its argument be positive:   0,0  xfx . 

                                         
1 Предельная выручка 
2 Предельный доход 
3 Предельный продукт 
4 Предельная полезность 
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By definition their relative increments be 

                                                   
 xf

xfxf
x
xx 




  ,                                            ( 40 )   

Def. 9. Elasticity  fEx  of given (positive) function  xfy   with (positive) 

argument x is called the limit of the ratio of the relative increment of the function to 

the relative increment of its argument if this latter goes to zero, 

                                                      
x
xffE

xx 


 0
lim


                                               ( 41 ) 

The elasticity determines the percentage increment of a function per one per-

sent of the increment of its argument. 

 Theorem 10 (elasticity and derivative). 

                                                        xf
xxffEx                                             ( 42 ) 

■        
   

     xf
xxf

x
xf

xf
x

xfx
xxf

xx
xfxffE

xxxx 














 000
limlimlim ■ 

Corollary (elasticity and tempo of changing). The elasticity of a function 

equals the product of its argument and the tempo of changing,  

                                                            xfx xTfE                                                  ( 43 )    

Ex. 29.         55,;22, 5
45

2
2 

x
xxgExxg

x
xxfExxf xx  

Ex. 30. Let   aAxxf   where aA,  be arbitrary real numbers. Then 

                                                      aAxEfE a
xx                                              ( 44 ) 

because of by virtue of the formula (37)  

      a
Ax

xxAa
Ax

xAxAxEfE a
a

a
aa

xx 


 1  

Ex. 31. Let   axexf   where a  be an arbitrary real number. Then 

                                                      axeEfE ax
xx                                              ( 45 )  

■       ax
e
xae

e
xeeEfE ax

ax
ax

axax
xx 


 ■ 
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Properties of the elasticity 

 

1.    xffEx  signsign  (because of   0,0  xfx ). 

2. Elasticity is dimensionless function that is its dimension    1fEx . 

■                
     1lim

0


























 xfx
xxf

xx
xfxf

x
xf

x
xffE

xx 






■ 

3.     
 xd

xfdfEx ln
ln

  or     
  10,any for 
log

log
 aa

xd
xfdfE

a

a
x  

■   
 

  
 

   
     fE

xf
xxf

x

xf
xf

dxx

dxxf
xd
xfd

x





 1

1

ln

ln
ln

ln ■ 

4. Elasticity of a product (of a quotient) of two functions equals the sum (corr. 

the difference) of their elasticities, 

           gEfEgfEgEfEfgE xxxxxx  , . 

■        gEfE
g
xg

f
xf

fg
xgf

fg
xgf

fg
xfgfgE xxx  , 

       gEfE
g
xg

f
xf

gf
x

g
gf

gf
x

g
gf

gf
xgfgfE xxx 
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LECTURE NO.16. MAIN THEOREMS ON DIFFERENTIAL  

CALCULUS OF FUNCTIONS OF ONE VARIABLE 
POINT 1. FERMAT AND ROLLE THEOREMS 

POINT 2. LAGRANGE THEOREM. CAUCHY THEOREM 

POINT 3. BERNOULLI - L’HOSPITALE RULE FOR REMOVAL INDE-

TERMINACIES  

POINT 4. TAYLOR AND MACLAURIN FORMULAS  

 

POINT 1. FERMAT AND ROLLE THEOREMS 

 

Theorem 1 (Fermat1). If a function )(xfy   is defined in interval  ba,   and 

takes on the greatest or the least value at some (inner) point 0x  of this  interval then 

the derivative of the function at this point equals zero   00  xf  if it exists. 

■ To fix the idea let the function )(xfy   take on the greatest value at the 

point  bax ,0   and so its increment at this point is negative, 0)()( 0  xfxfy . 

a) Let 0x  and x be so small that bxxx  0 . Then 0



x
y  and by 

virtue of the theory of limits 

  0lim
00 




 x

yxf
x

. 

b) Now let 0x and x  be so small that axxx  0  . 

Then 0



x
y  and by the same reason   0lim

00 




 x

yxf
x

. 

               Fig. 1                         We’ve got     0 and0 00  xfxf  whence it fol-

lows that   00  xf ■ 

          Geometric sense of Fermat theorem: tangent to the graph of the function at the 

point  ),( 000 xfxM , which is highest or lowest point of the graph over the interval 

                                         
1 Fermat, P. (1601 - 1665), a famous French mathematician 
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 ba, , is parallel to the Ox - axis (fig. 1). 

          Theorem 2 (Rolle1). If a function  xfy  :  

a) is continuous one on the segment (closed bounded interval)  ba, ;  

b) has a derivative on the interval (open bounded interval)  ba, ;  

c) takes on equal values at the end points of the segment  ba, , 

then there exists at least one point 0x  in the interval  ba,  at which the derivative of 

the function takes on zero value,   00  xf . 

■We can suppose that   constxf   on  ba,  (otherwise   0 xf  at all points 

of  ba, ). By virtue of the condition a) the function ƒ(x) 

takes on its greatest and its least values in some two 

points of the segment  ba, . According to the condition 

c) at least one of these points lies inside the segment. If 

0x  is such inner point then by Fermat theorem  and by 

the condition b)   00  xf ■ 

                 Fig. 2                             Geometric sense of Rolle theorem is analogous to 

that of Fermat theorem: if the graph of the function  xfy   is continuous curve 

with equidistant from the Ox -axis points           bfafbfbBafaA ,,,  and 

possesses the tangent at every its point over the interval  ba,  then there exists at 

least one point  ),( 000 xfxM  of the graph at which the tangent to the graph is paral-

lel to the Ox - axis  (fig. 2). 

Ex. 1. Prove that the derivative of the function 

  91882 234  xxxxxf  

has at least one root in the interval  3,3 . 

Solution. The function  xf  is continuous and differentiable one for any x and 

the points 3x  are its zeros. By Rolle theorem for the segment  3,3  there exists 

                                         
1 Rolle, M. (1652 - 1719), a French mathematician  
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at least one root of the derivative  xf   in the interval  3,3 .  

 Verification. The derivative  xf   equals 

  181664 23  xxxxf  

and has for example a root 1x  which belongs to the interval  3,3 . 

Ex. 2.  Prove and test yourselves that the derivative of the function 

  233 234  xxxxxf  

has at least one root in the interval  1,2 . 

Note 1. It follows from Rolle theorem that between two zeros 21, xx  of a func-

tion which is continuous on any segment    21,, xxba   and differentiable on corre-

sponding interval    21,, xxba   lies at least one root of its derivative. 

Ex. 3. The function   xxf cos9 is continuous and differentiable one in every 

segment      nnn  22,22 ,     122   ff . By Rolle theorem 

the derivative  xf   at least once vanishes in the interval  2,2  . 

Testing.   9ln
cos2

sin9 cos 
x

xxf x  and   0 xf  if  0x  2,2  . 

Ex. 4. Check the validity of Rolle theorem for the function 212 xxy   in 

the segment  3,4  

Note 2. All the conditions of Rolle theorem are essential for its 

validity that is for existence of the tangent to the graph of the function 

 xfy   which is parallel to the Ox - axis. On the other hand they 

are those sufficient but not necessary for existing of such the tangent. 

       Fig. 3                  Ex. 5. There is no tangent which is parallel to the Ox - axis for 

the function represented on the fig. 3. This function satisfies the 

conditions a) c) of Rolle theorem but not the condition b) being 

nondifferentiable one at unique point 0x  of the interval  ba, . 

    Ex. 6. None of conditions of Rolle theorem are satisfied for a 

         Fig. 4            function represented by the fig. 4 (namely: a) it has discontinuity 
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point  bad , ; b) it isn’t differentiable at the point  bac , ; c)    bfaf  ) but 

there is a point  bax ,0   for which the tangent OxTM 0 . 

 

POINT 2. LAGRANGE THEOREM. CAUCHY THEOREM 

 

THEOREM 3 (LAGRANGE1). If a function  xfy  : a) is continuous on 

the  

segment  ba, ; b) has the derivative in the interval (a, b), then there exists at least one 

point  bac ,  for which the next equality holds 

                                                  )()()( cf
ab

afbf 

 ,                                          ( 1 ) 

or  

                                              abcfafbf  )()()(                                        ( 2 ) 

■Let 's denote  

Q
ab

afbf



 )()(  

 and so 

                               0)()(,)()(  abQafbfabQafbf .                     ( 3 )  

Substituting b by x in (3) we introduce auxiliary function 

                                                   axQafxfxF  .                                     ( 4 ) 

It satisfies all the conditions of Rolle theorem: it’s continuous on the segment  ba, , 

possesses the derivative 

     QxfxF   

in the interval  ba, , because of properties of the function  xf , and takes on equal 

zero values  at the points a, b (   0aF  by (4),   0bF by (3)). Therefore by virtue 

of Rolle’s theorem there exists a point  bac ,  at which   0 cF  that is 

                                         
1 Lagrange, J.L. (1736 - 1813), an outstanding French mathematician and astronomer 
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                 cf
ab

afbf
ab

afbfcfQcfQcfcF 






 ,,,0 ■ 

Geometric sense of Lagrange’s theorem consists in the following (fig. 3): if 

the graph of the function  xfy   is continuous curve and pos-

sesses the tangent at every its point over the interval  ba,  then 

there exists at least one point  ),( cfcC  of the graph at which 

the tangent to the graph is parallel to the segment AB  joining 

          Fig. 5              end-points      bfbBafaA ,,,  of the graph.  

Corollary. If in conditions of Lagrange’s theorem the derivative of the func-

tion  xf  equals zero,   0 xf , than the function is constant one on the segment 

 ba, . 

■For any  bax ,  there exists a point  xac ,  such that by virtue of the 

formula (2) one has 

             constafxfaxaxcfafxf  00 ■ 

Note 3. Both conditions of Lagrange theorem are essential 

for its validity that is for existence of the tangent to the graph of 

the function  xfy   which is parallel to the segment AB . On 

the other hand they are those sufficient but not necessary for  

          Fig. 6             existing of such the tangent. 

Ex. 7. There is no tangent which is parallel to the segment AB  for the function 

represented on the fig. 6. This function being continuous one on the segment   ba,  

doesn’t possesses the derivative at the point  bac , . 

Ex. 8. A function determined by the fig. 7 doesn’t satisfy the 

conditions of Lagrange theorem but its graph has two tan-gents 

parallel to the segment AB . 

          Fig. 7                        Ex. 9. With the help of Lagrange theorem prove that for 

any a, b such that ba 0  the next inequality holds 
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22 1
arctanarctan

1 a
abab

b
ab






 . 

■The function   xxf arctan  satisfies conditions of Lagrange theorem for any 

segment    baba 0,  and so there exists a point  bac ,  such that 

                                  
21

arctanarctan,
c
abababcfafbf




 .                 ( * ) 

After the next chain of estimates 

222
222222

1
1

1
1

1
1,111,,0

acb
bcabcabca








  

we get the inequality 

222 111 a
ab

c
ab

b
ab










  

which by (*) is equivalent to the inequality in question■ 

Ex. 10. Prove the inequalities 

a) 
a

ab
a
b

b
ab 


 ln  for ba 0 ;  

b) 






22 cos
tantan

cos



  for 20   ; 

c) 
22 1

arcsinarcsin
1 b

abab
a
ab








  for 10  ba . 

Ex. 11. Using Lagrange theorem form double-ended estimate and find ap-

proximate value of the number 4 82 . 

Solution. Let   82,81,4  baxxf . By Lagrange theorem there exists a 

point  82,81c  such that 

      
4 3

444

4
13828182,81828182
c

cfff  . 

The next estimates yield 

00926.0
4

100916.0,
34

1
4

1
01.34

1,
3
11

01.3
1

,01.33,01.33,01.33,085.8201.382813

4 334 3334 33

34 33123124444

















ccc

cccc
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and therefore 00926.38200916.3,00926.038200916.0 44  , 009.3824  . 

All the digits are correct. 

Ex. 12. Find approximate value of the number 02.4 . 

Remark. Lagrange theorem permits to prove sufficient condition of differenti-

ability of a function of several independent variables. We’ll give the proving of the  

Theorem 1 of the lecture No. 12 (Point 4, formula (16)) concerning a function of two 

variables.  

Let in accordance with the theorem a function    yxfMfz ,  has partial 

derivatives in some neighbourhood of a point  000 , yxM  which are continuous at this 

point. Representing total increment of the function at the point  000 , yxM , that is the 

expression 

),(),(),(),()()( 0000000 yxfyyxxfyxfyxfMfMfz  ,  

in the next form 

 
   ,),(),(),(),(

),(,),(),(

00000000

00000000

yxfyyxfyyxfyyxxf
yxfyyxfyyxfyyxxfz




 

we apply Lagrange theorem to two expressions in the parentheses in the second row 

namely 

       .,,,,,, 0020012001 yyycxxxcycxfxyycfz yx   

On the base of continuity of partial derivatives of the function at the point  000 , yxM  

we can write 

          00200001 ,,,,, yxfcxfyxfyycf yyxx  

where    yxyx  ,,,   are IS as .0,0  yx  Therefore 

          yxyxfxyxfyyxfxyxfz yxyx   00000000 ,,,,  

what it was required to be proved. 

THEOREM 4 (Cauchy1). If functions    xgxf ,   

1. are continuous on the segment  ba, ; 

                                         
1 Cauchy, A.L. (1780 - 1859), a famous French mathematician 
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2. have the derivatives in the interval  ba, ; 

3.         baxgbgag ,on  0 ; 

then there exists a point  bac ,  for which the next equality holds 

                                                       
)(
)(

)()(
)()(

cg
cf

agbg
afbf






                                           ( 5 ) 

Prove the theorem yourselves putting 

Q
agbg
afbf





)()(
)()(  

and introducing auxiliary function           agxgQafxfxF  . 

 

POINT 3. BERNOULLI - L’HOSPITALE RULE FOR REMOVAL INDE-

TERMINACIES 

 
Finding limits we dealt with various types of indeterminacies [indeterminate 

forms, indeterminate expressions]: 

       

  ,,0,,0,1,0,,

0
0 00 . 

Differential calculus gives some methods to remove them.  

Indeterminacies of the types ,00   

THEOREM 5 (Bernoulli1 - L’Hospitale2 rule). Limit of a ratio of two IS or 

IL (in every type of passage to limit) equals the limit of the ratio of their derivatives if 

this latter exists. Schematically 

)(
)(limor  

0
0

)(
)(lim

xg
xf

xg
xf















 . 

 ■We’ll study the simplest case namely if     0,0  agafax  and func-

tions    xgxf ,  satisfy the conditions of Cauchy theorem. Let there exist the limit  

                                         
1 Bernoulli, Johann (1667 - 1748), the famous Swiss mathematician 
 
2 L’Hospital, J.F.A. (1661 - 1704), a French mathematician 
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)(
)(lim

0 xg
xfK

ax 





. 

Then by Cauchy theorem 

 
 

   
   

 
 

 
 

 
 xg
xfK

xg
xfK

cg
cf

agxg
afxf

xg
xf

axaxaxaxax 


















 00000
limlim,limlim

0
0lim

because of   acxac  and ,  if 0 ax ■  

Note 4. Bernoulli - L’Hospitale rule can be combined with other methods of 

evaluation the limits. For example we can use the table of equivalent IS.  

Ex. 13.  

 
  27

1616~16sin16sinlim
27
1

2
16sin16lim

216
116cos1lim

216
1

16cos1lim
216
1

249
16cos1lim

24~24
9~9sin

0
0

249sin
16cos1lim

0020

2000




























xx
x

x
x

x

x

x
x

x
xx

x
xxtg

xx
xxtg

x

xxx

xxx

 

Ex. 14.  
 

01
2

1lim
2ln

1
2ln2

5
5
1

lim
2

5lnlim
2
5lnlim 






























 xxxxxxxx x

xxx  

Remark. Bernoulli - L’Hospitale rule can be applied several times (repeatedly) 

by necessity. 

Ex. 15. For any natural n 

 
 

 
 

 
 

 
 

 
   

01
5
1lim

5ln
!...

5
lim

5ln
1

5
lim

5ln
1

5
lim

5ln5
lim

5ln5
lim

5
lim

2

2

2

2

11




































































xxnx

n

x

x

n

xx

n

xx

n

xx

n

xx

n

x

nxnn

xnnxnxnxx

          Some other types of indeterminacies 
are reduced by various transformations to two first  types. We’ll regard some parti-

cular examples. 

Ex. 16. 

   
 

0lim1limlnlimlnlim0lnlim
02010100





















x
x
x

x

x
x

xxx
xxxxx

 

Ex. 17. Using the result of preceding example we get 
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      1limlim0lim 00lnlimln

00

ln

00

0

00
00  


 eeeeex

xxxx

x

xx

x

x

x
x  

Ex. 18.   





 






 

 xxxxx xx sin2
1

cossin2
1lim

sin2
1

2sin
1lim

00
 

  0sinlim
2
1cos1lim

2
1

2
cos1lim

0
0

2sin
cos1lim

0000





















x

x
x

x
x

x
x

xxxx
 

 

POINT 4. TAYLOR AND MACLAURIN FORMULAS 

Maclaurin and Taylor formulas for polynomial  
Let be given nth degree polynomial 

                                      n
n xaxaxaxaaxP  ...3

3
2

210 .                          ( 6 ) 

Differentiating it n times we get 

              

 
   
    

   

























....321
.....................................................................................................

,12...543432321
,1...54433221

,...4321

32
43

232
432

13
4

2
321

n
n

n
n

n
n

n
n

naxP

xnannxxaaxP
xnanxxaxaaxP

xnaxaxaxaaxP

        ( 7 ) 

Putting x = 0 in the formulas (6), (7) we can express the coefficients of the polyno-

mial in term of its value and the values of its derivatives at the point x = 0, namely 

 
 

 
 

   





















factorial)-n ,...321!(n!...3210
........................................................................................

,factorial)- three,321!(3!33210
,factorial)- two,21!2(!2210

,factorial)-one ,1!1 definition(by  !110
,factorial)-zero ,1!0 definition(by  !010

33

22

111

000

nananP

aaP
aaP

aaaP
aaaP

nn
n

 

  
             

!
0,...,

!3
0,

!2
0,

!1
00,

!0
00 321

0

0 n
PaPaPaPPaPPa

n

n 








 ,( 8 ) 

                       









n

k

k
k

n
n

x
k

Px
n

PxPxPxPPxP
0

32

!
0

!
0...

!3
0

!2
000 .  ( 9 )  
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Def. 1. Formula (9) is called Maclaurin (or Taylor1 - Maclaurin2) formula for 

the polynomial (6). We’ve proved the next theorem. 

Theorem 6. Every polynomial of the form (6) can be represented by Maclaurin 

(Taylor - Maclaurin) formula (9) (with coefficients (8)). 

If nth degree polynomial is written as development with respect to powers of a 

difference 0xx  , namely 

                       nn xxaxxaxxaxxaaxP 0
3

03
2

02010 ...  ,        ( 10 )    

then by the same way one can get 

        
           

!
...,,

!2
,

!1
,

!0
00

2
0

01
0

0

00 n
xPaxPaxPxPaxPxPa

n

n 





 , ( 11 ) 

                    
     ,

!
...

!2 0
02

0
0

000
n

n

xx
n

xPxxxPxxxPxPxP 


       ( 12 )  

 
    




n

k

k
k

xx
k

xPxP
0

0
0

!
. 

Def. 2. Formula (12) is called Taylor formula for the polynomial (10).  

Theorem 7. Every polynomial of the form (10) can be represented by Taylor 

formula (12) (with coefficients (11)). 

Note 5. Maclaurin (Taylor - Maclaurin) formula (9) is particular case of Taylor 

formula (12) for 00 x . 

Binomial expansion  
Def. 3. Newton binomial is called the next expression 

                                                          nxaxP                                                  ( 13 ) 

We’ll expand Newton binomial (13) with the help of the formulas (6), (9). 

               ,...,21,1, 321   nnn xannnxPxannxPxanxP  
             !,...,1...21 nxPxaknnnnxP nknk    

                                         
1 Taylor, B. (1685 - 1731), an English mathematician 
 
2 Maclaurin, C. (1698 - 1746), a Scotch mathematician 
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             ,...,210,10,0,0 321   nnnn annnPannPnaPaP  
            !0,...,1...210 nPaknnnnP nknk    

          
      

        .
!2

1...
!

1...21

...
!3

21
!2

1

122

33221

nnnkkn

nnnnn

xnaxxannxa
k

knnnn

xannnxannxnaaxa





















     ( 14 ) 

Coefficients of the expansion (14) (binomial coefficients) are denoted as follows 

    1,,
!2

1,...,
!2

1,,1 01122210 





 
n

n
nn

n
nn

n
nnnn CCnCCnnCCnnCnCC . 

In general     

                         nnnk
k

knnnnC k
n ,1,2,...,2,1,0,

!
1...21




          ( 15 ) 

Note 6. Coefficients (15) possess the next property (prove it yourselves) 

                                                          kn
n

k
n CC                                                      ( 16 ) 

Note 7. Binomial coefficients can be easy calculated with the help of so-called 

Pascal1 triangle 

1 

1           1 

1            2            1 

1             3               3             1 

1               4              6               4              1 

1              5              10               10               5                1 

………………………………………………………………… 

Ex. 19. 

 
 

  .510105
,464

,33

543223455

4322344

32233

xaxxaxaxaaxa
xaxxaxaaxa

xaxxaaxa





 

 

                                         
1 Pascal, B. (1623 - 1662), a French mathematician, physicist, and philosopher 
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Taylor formula for arbitrary function of one variable 

 
Let be given arbitrary function  xfy  . 
Def. 4. nth degree Taylor polynomial corresponding to the function  xfy   is 

called the next polynomial 

                      
    n
n

n xx
n

xfxxxfxxxfxfxT 0
02

0
0

000 !
...

!2



   ( 17 ) 

Def. 5. Difference of n times differentiable function  xfy   and its nth de-

gree Taylor polynomial  xTn  is called a remainder [remainder term, residual mem-

ber] and is denoted by  xRn , 

                                                       xTxfxR nn                                               ( 18 ) 

It follows from the formulas (17), (18) that 

                    nkxfxRxRxRxRxR kk
n

n
nnnn  for   and 0... 0000    ( 19 ) 

Theorem 8. For (n + 1)-times differentiable function  xfy   the remainder 

can be represented in the next form (Lagrange form) 

                                               
  
    1

0

1

!1







 n
n

n xx
n

cfxR                                       ( 20 ) 

where c is some point between x and 0x . 

■Let for definiteness xx 0  and 

                                                           1
0

 nxxx                                               ( 21 )  

be auxiliary function which satisfies conditions 

                                 !1,0... 1
0000   nxxxxx nn  .           ( 22 ) 

Applying n times Cauchy theorem (with consecutive appearance of points ,...,, 21 cc  

ccn ,  such that xccccx n  120 ... ) we get 

 
 

   
   

 
 

   
   

 
 

  
  

     
     

  
  

  
   

  
   ,

!1!1

...

11

1

1

0

0

2

2

01

01

1

1

0

0

x
n

cfxR
n

cf
c
cR

xc
xRcR

c
cR

c
cR

xc
xRcR

c
cR

xx
xRxR

x
xR

n

n

n

n

n
n

n
n

n

n
nn

n
n

n
n

n
n

nnnnnnnn
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    1

0

1

!1







 n
n

n xx
n

cfxR ■ 

Note 8. Depending upon the way of reasoning there are many other forms of 

remainder (for example in the form of Cauchy, of Peano1 etc.). 

Knowing the remainder  xRn  we can represent the function  xfy   in the 

next form 

                                                     xRxTxf nn                                              ( 23 ) 

Def. 6. Formula (23) which represents the function  xfy   through its Taylor 

polynomial  xTn  and the remainder  xRn  is called Taylor formula for this function. 

In particular case 00 x  it is called Maclaurin formula. 

Let’s write Taylor and Maclaurin formulas with Lagrange’s form of remainder: 

        
          

    
  
   

     
       ,,,

!1!!1

!
...

!2

0
0

1
0

1
01

0

1

0
02

0
0

000

xxcxx
n

cfx
k

xfxx
n

cf

xx
n

xfxxxfxxxfxfxf
n

k

n
n

k
k

n
n

n
n





















   ( 24 ) 

                      
             

 
     

   xcx
n

cfx
k

P

x
n

cfx
n

fxfxffxf

n
nn

k

k
k

n
n

n
n

,0,
!1!

0
!1!

0...
!2
000

1
1

0

1
1

2























 ( 25 )  

Ex. 20. Expand a function   xexf   by Maclaurin formula. 

Solution.               xnn exfxfxfxfxfxf  1... ,   0f  

            cnn ecfffff  1,10...000  and so by (25) 

                  xce
n
x

n
xxxxxxRxTe c

nn

nn
x ,0,

!1!
...

!4!3!2
1

1432







.    (26) 

If we’ll put  

                                 
!

...
!4!3!2

1
432

n
xxxxxxTe

n

n
x                               ( 27 ) 

                                         
1 Peano, G. (1858 - 1932), an Italian mathematician 
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we’ll find for approximate value of xe  with absolute error 

                                     
c

n

nn
x e

n
x

xRxTe
!1

1






 .                        (28) 

Ex. 21. Let’s find approximate value of e  putting 1x  and 8n  in the for-

mulas (27), (28). We have 

    6
88 108000008.0

!9
3,3,10,

!9
111   cc eceRTe , 

  718278.2
!8

1
!7

1
!6

1
!5

1
!4

1
!3

1
!2

1118 T , 

   
exact. are digits all and 7182.2,718286.2718270.2

,000008.0718278.2000008.0718278.2,10811081 6
8

6
8


 

ee
eTeT

 

Ex. 22. Expand functions     xxfxxf cos,sin   by Maclaurin formula. 

Let for example   xxf sin . Derivatives of the function are 

             ,cos,sin,cos,sin,cos 54 xxfxxfxxfxxfxxf   
         ,...,sin,cos,sin 876 xxfxxfxxf   

in general (see lecture No. 15, Ex. 19) 

   .
2

sin 





 

nxxf n  

Values of the function and its derivatives at the point 0x  are equal to 

              ,10,00,10,00,10,00 54  ffffff  
         ,...,00,10,00 876  fff  

       ,1cos
2

sin
2

sin
2

12sin0 112  





 






 






  nn nnnnf   

   0sin
2

2sin02 





   nnf n , 

The value of the  12 n -th derivative at a point c 

     .
2

12sin12 





  nccf n  

Now on the base of the formula (25) we'll get 
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 12

2
sin

!12
1

!12
1...

!5!3
sin

12
1

12
1

53

nc
n

x
n

xxxxx
n

n
n

n  .  (27) 

By the same way we can obtain the expanding of the cosine in Maclaurin formula (do 

it yourselves)     

             





 





 22

2
cos

!22
1

!2
1...

!6!4!2
1cos

22
1

2642

nc
n

x
n

xxxxx
n

n
n

n  .(28)  

Ex. 23. It follows from (27) that   xxTx  1sin  with absolute error 

      18.0006.0 if 001.0
!32

3sin
!3

1sin 3
33

2
11 






  x

x
cxxRxTx   

Therefore with an accuracy to 0.001 xx sin  if  10or  18.0 xx . 

Note 9. Putting 0xxxdx   we can write Taylor formula (24) in terms of 

differentials (see lecture 13, Point 4, (25)) 

               cfd
n

xfd
n

xfdxdfxfxfxf nn 1
00

2
000 !1

1
!

1...
!2

1 


   ( 29 ) 

Taylor formula for a function of several variables 

 

Taylor formula (29) for a function of one variable can be easy extended on the 

case of several variables. 

Let     n
n

n
n xxxxxxxx  02010021 ,...,,,,...,, and a function    xfy  

 nxxxf ,...,, 21  be ( 1k )-fold continuously differentiable function of n independ-

ent variables. Its total increment at the point  020100 ,...,, nxxxx   can be represented 

in the next form (Taylor formula with remainder in Lagrange form) 

           020102100 ,...,,,...,, nn xxxfxxxfxfxfxfy  

                 n
kk cccccfd

k
xfd

k
xfdxdf ,...,,,

!1
1

!
1...

!2
1
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0 


  .  ( 30 ) 

For the case of two independent variables  yxfz ,  Taylor formula is writ-

ten in the next form 
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 ( 31 ) 

where 

         ,,,,,, 00000000 dydxyxgradfdyyxfdxyxfyxdf yx   

                        2
0000

2
0000

2 ,,2,, dyyxfdxdyyxfdxyxfyxfd yyxyxx  ,       ( 32 )  

                              ,...3,2,1,,, 0000 














 kyxfdy
y

dx
x

yxfd
k

k                 ( 33 )  

The second order differential of a function of two variables  yxfz ,  is a 

quadratic form with symmetric matrix (so-called Hesse1 matrix) of the second order, 
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 .      ( 34 )  

In the case on n independent variables the second order differential of a func-

tion    nxxxfxfy ,...,, 21  is quadratic form 
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with nth order symmetric matrix (Hesse matrix) 
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1 Hesse, L.O. (1811 - 1874), a German mathematician 
 



DIFFERENTIAL CALCULUS: basic terminology 
1. Áccuracy of appróxi-
mate cálculation/evàluá-
tion 

Точність наближеного 
обчислення 

Точность приближённо-
го вычисления 

2. Ángle between two in-
tersecting curves 

Кут між двома кривими, 
що перетинаються 

Угол между двумя пере-
секающимися кривыми 

3. Ángular póint of a 
graph 

Кутова точка графіка Угловая точка графика 

4. Appróach tend to, go 
to smth (about a point of a 
graph/curve) 

Наближатися до чогось 
(про точку кривої, графі-
ка) 

Приближаться к чему-то 
(о точке кривой, графи-
ка) 

5. Appróximate calcula-
tion/evàluátion of a mág-
nitude/quántity 

Наближене обчислення 
величини 

Приближённое вычисле-
ние величины 

6. Appróximate válue Наближене значення Приближённое значение  
7. Auxíliary fúnction 
 

Допоміжна функція Вспомогательная функ-
ция 

8. Be spécified [represen-
ted, defíned, detérmined] 
explícitly, by an explícit 
equátion; be  explícit(ly) 
rèpresénted  

Бути заданим [заданою] 
явно, явним рівнянням 

Быть заданным [задан-
ной] явно, явным урав-
нением  

9. Be spécified [represen-
ted, defíned, detérmined] 
implícitly, by an implícit 
equátion; be implícit(ly) 
rèpresénted  

Бути заданим [заданою] 
неявно, неявним рівнян-
ням 

Быть заданным [задан-
ной] неявно, неявным 
уравнением 

10. Be spécified [represen-
ted, defíned, detérmined] 
pàramétrically, by paráme-
tric equations, be parame-
triccally rèpresénted  

Бути заданим [заданою] 
параметрично, парамет-
ричними рівняннями 

Быть заданным [задан-
ной] параметрически, па-
раметрическими уравне-
ниями 

11. Cálculate smth to the 
third décimal place, to wi-
thín 0,001, up to 0,001  

Обчислити щось з точні-
стю до 0.001 

Вычислить что-либо с 
точностью до 0,001 

12. Cómposite fúnction, 
fúnction of a fúnction, su-
perposítion [còmposítion] 
of fúnctions 

Складена функція, функ-
ція від функції, суперпо-
зиція функцій 

Сложная функция, функ-
ция от функции, супер-
позиция функций 

13. Compúte/eváluate/cál-
culate/find a derívative/ 
dìfferéntial 

Знайти/відшуката/обчис-
лити похідну/диференці-
ал 

Найти/отыскать/вычис-
лить роизводную/диффе-
ренциал 

14. Compúting [eváluating, Знаходження/відшукан- Нахожде-
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evàluátion, càlculátion, 
fínding] a derívative/dif-
ferrenttial 

ня/обчислення похідної/ 
диференціала 

ние/отыскание/вычислен
ие производной/ диффе-
ренциала 

15. Derívative  of a fúnc-
tion in a given diréction; 
diréctional derívative of a 
fúnction 

Похідна функції у дано-
му напрямку [за даним 
напрямком] 

Производная функции в 
данном направлении 

16. Derivative  of the first/ 
second/third/hígher order; 
first/second/third/hígher 
órder derívative  

Похідна першого/друго-
го/третього/вищого по-
рядку 

Производная первого/ 
второго/третьего/выс-
шего порядка 

17. Derívative (of fúnction 
at the point a) 

Похідна (функції в точ-
ці) 

Производная (функции в 
точке) 

18. Derívative in a diréc-
tion; diréctional derívative 

Похідна у напрямку [за 
напрямком]  

Производная по направ-
лению 

19. Derívative of a compo-
site fúnction 

Похідна складеної функ-
ції 

Производная сложной 
функции 

20. Derívative of an implí-
cit fúnction 

Похідна неявної функції Производная неявной 
функции 

21. Derívative on the right, 
right right-hand derívati-
ve 

Права похідна Правая  производная  

22. Derívative with respéct 
to x 

Похідна по x Производная по x 

23. Dìffentiátion Диференціювання  Дифференцирование  
24. Dìfferentiabílity of a 
fúnction 

Диференційовність фун-
кції 

Дифференцируемость 
функции 

25. Dìfferéntiable fúnction Диференційовна функція Дифференцируемая фун-
кция 

26. Dìfferéntial Диференціал  Дифференциал 
27. Dìfferéntial  of the first 
[second, third, hígher] ór-
der;  first-[second-, third-, 
hígher] órder dìfferéntial; 
first [second, third, hígher] 
dìfferéntial 

Диференціал першого 
[другого, третього, ви-
щого] порядку 

Дифференциал первого 
[второго, третьего, выс-
шего] порядка  

28. Dìfferéntial cálculus Диференціальне числен-
ня 

Дифференциальное ис-
числение 

29. Dìfferéntiate (with res-
péct to x) 

Диференціювати/проди-
ференціювати (по x) 

Дифференцировать/ про-
дифференцировать (по x) 

30. Dìfferentiátion rúle, rú-
le of differentiation  

Правило диференцію-
вання 

Правило дифференциро-
вания 

31. Diréction Напрям, напрямок Направление 
32. Diréction defined by Напрям [напрямок], ви- Направление, определён-
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two given póints (from the 
póint A to the póint B) 

значений двома даними 
точками (від точки A до 
точки B) 

ное двумя данными точ-
ками (от точки A до точ-
ки B) 

33. Diréction of a given vé-
ctor 

Напрям [напрямок] да-
ного вектора 

Направление данного 
вектора 

34. Draw a sécant through 
a póint 

Провести січну через то-
чку 

Провести секущую через 
точку 

35. Elasticity Еластичність  Эластичность 
36. Equátion of the nórmal 
[nórmal line] to a curve [to 
a súrface] (at its given pó-
int) 

Рівняння нормалі до кри-
вої [до поверхні] (в даній 
її точці) 

Уравнение нормали к 
кривой [к поверхности] 
(в данной её точке) 

37. Equátion of the tangent 
[tangent line] to a curve (at 
its given póint) 

Рівняння дотичної до 
кривої (в даній її точці) 

Уравнение касательной к 
кривой (в данной её точ-
ке) 

38. Equátion of the tángent 
plane to a súrface (at its 
given póint) 

Рівняння дотичної пло-
щини до поверхні (в да-
ній її точці) 

Уравнение касательной 
плоскости к поверхности 
(в данной её точке) 

39. Érror Помилка, похибка Ошибка, погрешность 
40. Expánsion [develop-
ment, expánding] of a fún-
ction by (méans of) Ma-
claurin(‘s) fórmula  

Розвинення функції за 
допомогою формули Ма-
клорена 

Разложение функции с 
помощью формулы Мак-
лорена 

41. Explícit fúnction Явна функція Явная функция 
42. Fínite derívative Скінченна похідна Конечная производная 
43. For a fixed  x (y) with y 
(x) as a váriable 

При фіксованому x (y) і  
y (x) як змінному 

При фиксированном x (y) 
и y (x) в качестве пере-
менной 

44. Gèométric(al) sense/ 
méaning/signíficance 

Геометричний сенс Геометрический смысл  

45. Get/obtáin an íncre-
ment 

Отримувати приріст Получать приращение 

46. Give an íncrement to 
an árgument  

Давати арґументу при-
ріст  

Давать аргументу при-
ращение  

47. Grádient  Ґрадієнт  Градиент  
48. Héssian mátrix Матриця Гессе Матрица Гессе 
49. Implícit fúnction Неявна функція Неявная функция 
50. Implícit fúnction defí-
ned/detérmined fúnction 
defíned/detérmined impli-
citly: a) by an equátion; 
b) by a sýstem of equá-
tions 

Неявна функція, задана/ 
визначена [функція, за-
дана/визначена неявно]: 
а) одним рівнянням; б) 
системою рівнянь  

Неявная функція, задан-
ная/определённая [функ-
ція, заданная/определён-
ная неявно]: а) одним 
уравнением; б) системой 
уравнений      

51. Íncrement of an árgu- Приріст арґументу/функ- Приращение аргумента/ 
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ment [of a fúnction] at a 
póint 

ції (в точці)  функции (в точке) 

52. Ínfinite derívative Нескінченна похідна Бесконечная производ-
ная 

53. Intérior/ínner fúnction Внутрішня функція Внутренняя функция 
54. Ìntermédiate árgument Проміжний арґумент  Промежуточный аргу-

мент 
55. Ìnterséct [cut, cross] 
smth  

Перетинати щось Пересекать что-то 

56. Ìnterséct [cut, inter-
cross, meet]  at a póint  

Перетинатися в точці Пересекаться в точке 

57. Ìnterséct [cut, interc-
ross, meet] with smth  

Перетинатися з чимсь Пересекаться с чем-то 

58. Ìnterséction [intersect-
tion, concúrrence,  cross, 
crossing,  íntercept, meet]  
of smth with smth  

Перетин чогось з чимсь Пересечение чего-то с 
чем-то 

59. Ìnterséction/cross 
póint, póint of  intersect-
tion 

Точка перетину Точка пересечения  

60. Inváriant próperty, 
próperty of inváriance of 
the form of a dìfferéntial 

Властивість інваріант-
ності форми диференціа-
ла 

Свойство инвариантно-
сти формы   дифферен--
циала 

61. Ínvérse fúnction Обернена функція Обратная функция  
62. Left  left-hand deríva-
tive, derívative on/from 
the left  

Ліва похідна Левая производная  

63. Left left-hand  tán-
gent (líne) 

Ліва дотична Левая  касательная 

64. Límit of the rátio of the 
íncrement of the fúnction 
to còrrespónding íncre-
ment of the árgument 
when/as the látter tends to 
[appróaches] nought/zéro 

Границя відношення 
приросту функції до від-
повідного приросту арґу-
менту при прямуванні 
останнього до нуля  

Предел отношения при-
ращения функции к со-
ответствующему прира-
щению аргумента при 
стремлении последнего к 
нулю 

65. Límiting posítion of the 
sécant, tángent (line) 

Граничне положення січ-
ної, дотична 

Предельное положение 
секущей, касательная 

66. Lògaríthmic derívative Логарифмічна похідна Логарифмическая произ-
водная 

67. Lògaríthmic dìffentiá-
tion, dìffentiátion by mé-
ans of  táking the loga-
rithm 

Диференціювання за до-
помогою диференцію-
вання 

Дифференцирование при 
помощи логарифмирова-
ния 

68. Maclaurin(‘s) fórmula Формула Маклорена Формула Маклорена 
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69. Mechánical sense/méa-
ning/signíficance (of a de-
rívative/dìfferéntial) 

Механічний сенс (похід-
ної/диференціала) 

Механический смысл 
(производной/дифферен-
циала) 

70. Mixed pártial derívati-
ve 

Мішана частинна похід-
на 

Смешанная частная про-
изводная 

71. Nórmal (line) to a cúr-
ve at a gíven póint 

Нормаль до кривої в да-
ній точці 

Нормаль к кривой в дан-
ной точке 

72. Note [mark (off), trace, 
óutline] (crítical) póints on 
the áxis and get [obtáin, 
deríve] séveral/some ínter-
vals 

Відкласти, відмітити, на-
нести (критичні) точки 
на осі й отримати декіль-
ка інтервалів 

Отложить, отметить, на-
нести (критические) точ-
ки на оси и получить не-
сколько интервалов  

73. n-th (order) derívative, 
derívative of the n-th order 

Похідна n-го порядку Производная n-го поряд-
ка  

74. n-th (order) different-
tial, dìferéntial of the n-th 
order 

Диференціал n-го поряд-
ку 

Дифференциал  n-го по-
рядка  

75. n-th (order) pártial de-
rívative, pártial derívative 
of the n-th order 

Частинна похідна n-го 
порядку 

Частная производная n-
го порядка 

76. Parámeter  Параметр Параметр  
77. Partial  derívative of 
the first [second, third, 
hígher] órder; first-[se-
cond-, third-, hígher] order 
pártial derívative; first 
[second, third, hígher] pár-
tial derívative 

Частинна похідна   пер-
шого [другого, третього, 
вищого] порядку  

Частная производная 
первого [второго, третье-
го, высшего] порядка  

78. Pártial derívative with 
respect to x, y, … 

Частинна похідна по x, y, 
… 

Частная производная по 
x, y, … 

79. Pártial dìfferéntial with 
respect to x, y, … 

Частинний диференціал 
по x, y, … 

Частный дифференциал 
по x, y, … 

80. Pártial íncrement with 
respect to x, y, … 

Частинний приріст по x, 
y, … 

Частное приращение по 
x, y, … 

81. Pass through the point Проходити через точку Проходить через точку 
82. Phýsical sense/méaning 
/signíficance  

Фізичний сенс Физический смысл  

83. Póint of tángency/cón-
tact, tángency/cóntact/ad-
hérent point 

Точка дотику Точка касания 

84. Príncipal/dóminant 
línear part of the íncre-
ment of a fúnction 

Головна лінійна частина 
приросту функції 

Главная линейная часть 
приращения функции 

85. Rélative érror Відносна похибка Относительная  погреш-
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ность  

86. Relative increment Відносний приріст Относительное прираще-
ние 

87. Remáinder (term) Залишковий член Остаточный член 
88. Rèpresént (for exámple 
a cúrve) 

Зображати/зобразити 
(напр. криву) 

Изображать/изобразить 
(напр. кривую) 

89. Rèpresentátion (for 
exámple of a cúrve) 

Зображення (напр. кри-
вої) 

Изображение (напр., 
кривой) 

90. Right right-hand tán-
gent  

Права дотична Правая касательная 

91. Sécant Січна Секущая 
92. Spécify [rèpresént, de-
fíne, detérmine] (a fúnc-
tion/curve) explícitly, by 
an explícite equátion, im-
plícitly, by an implícite 
equátion, pàramétrically, 
by paramétric equations, 
in pólar coórdinates, by a 
pólar equátion 

Задавати/задати (функ-
цію, криву) явно, явним 
рівнянням, неявно, неяв-
ним рівняням, парамет-
рично, параметричними 
рівнянями, рівняням в 
полярних координатах, 
полярним рівнянням 

Задавать/задать (функ-
цию, кривую) явно, яв-
ным уравнением, неявно, 
неявным уравнением, па-
раметрически, парамет-
рическими уравнениями, 
уравнением в полярных 
координатах, полярным 
уравнением 

93. Súbnórmal Піднормаль  Поднормаль  
94. Sùbtángent Піддотична  Подкасательная 
95. Table of the derívatives Таблиця похідних Таблица производных 
96. Tángency/cóntact Дотик  Касание  
97. Tángent cóntact,  be 
tángent to, tóuch  smth 

Дотикатися чогось Касаться чего-то 

98. Tángent (line) Дотична Касательная 
99. Tángent (line) to a 
cúrve at a gíven póint 

Дотична до кривої в да-
ній точці  

Касательная к кривой в 
данной точке 

100. Taylor(‘s) fórmula Формула Тейлора Формула Тейлора 
101. To be approximate-
ly équal [to appróximate] 
(to)  

Наближено дорівнювати Приближённо равняться 

102. Tótal [exáct, órdina-
ry, pérfect] dìfferéntial 

Повний диференціал Полный дифференциал 

103. Tótal derívative of a 
cómposite fúnction 

Повна похідна складеної 
функції 

Полная производная 
сложной функции 

104. Tótal íncrement Повний приріст Полное приращение 
 
 



APPLICATIONS OF DIFFERENTIAL CALCULUS 

 
LECTURE NO.17. INVESTIGATION OF FUNCTIONS 

OF ONE VARIABLE 
  

POINT 1. CONDITIONS OF INCREASE AND DECREASE 

POINT 2. LOCAL EXTREMA 

POINT 3. ABSOLUTE EXTREMA  

POINT 4. CONVEXITY, CONCAVITY, INFLEXION POINTS 

POINT 5. ASYMPTOTES 

POINT 6. GENERAL SCHEME FOR INVESTIGATION OF FUNCTIONS  

POINT 7. EXTREMAL PROBLEMS 

 

POINT 1. CONDITIONS OF INCREASE AND DECREASE 
 

Theorem 1 (necessary condition of íncrease of a function). If a differentiable 

function of one variable  xfy   increases on an interval (a, b), then its derivative is 

nonnegative one on this interval. 

■Let a function  xfy   increases on the interval (a, b), x is an arbitrary point 

of the interval and an increment x  of the argument x is 

so small that a point xx   lies on (a, b) (fig. 1). If the 

increment 0x , that is bxxx  , then the incre-

ment of the function at the point x is positive, 

      0 xfxxfxf , 

             Fig. 1                     and so   0 xxf . If 0x , that is xxxa  , 

then the increment of the function at the point x is negative, 

      0 xfxxfxf , 

and so   0 xxf . Thus in both cases ( 0x  and 0x ) the ratio   xxf   is 

positive. By virtue of the limit theory the derivative of the function at the point x is 

non-negative, that is 
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    0lim
0







 x
xfxf

x
■ 

Note 1. By analogy the inequality   0 xf  on the interval (a, b) is the neces-

sary condition for décrease of a function  xfy   on (a, b). 

Theorem 2 (sufficient condition of íncrease of a function). If 0)(  xf  on an 

interval (a, b) then the function  xfy   increases on (a, b). 

■Let 0)(  xf  on the interval (a, b) and 21, xx  be two arbi-

trary points of (a, b) such that 21 xx  (fig. 2). By Lagrange theo- 

          Fig. 2              rem there exists a point  21, xxc  such that 

         .0,0 of because 0 121212  xxcfxxcfxfxf  

Therefore    21 xfxf   that is the function  xfy   increases on (a, b)■ 

Note 2. By analogy the inequality   0 xf  on the interval (a, b) is sufficient 

condition for décrease of a function  xfy   on (a, b). 

Ex. 1. Prove that a function represented implicitly by an equation of an ellipse 

 







b
y

a
x  

decreases in the first quadrant. 

Solution. By the rule of differentiation of implicit function 

0,0for  0,,022
2

2

2222 





 yx
ya
xby

a
x

b
yy

b
yy

a
x . 

Ex. 2. Prove that implicit functions represented by canonical equations of a hy-

perbola and a parabola 

pxy
b
y

a
x 2,1 2

2

2

2

2

  

increase in the first quadrant. 

 
POINT 2. LOCAL EXTREMA 

                                                
Def.1. A point 0x  is called a point of a local maximum of a function  xfy    
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if there exists some neighbourhood 

0xU  of 0x  (on the fig. 3  nmU x ,
0
 ) such that 

for any  0\
00

xUUx xx   the inequality 

          0or  000  xfxfxfxfxf  

holds. The value of the function at the point 0x , that is 

 0xf , is called a local maximum of the function. 

By analogous way a point of a local minimum 

and a local minimum of a function are defined (points 

                    Fig. 3                    21, xx  on the fig. 3 and corresponding values  ,1xf  

 2xf  of the function).          

The terms a local maximum and a local minimum are united by the common 

term a local extremum.  

Theorem 3 (necessary condition for existence of a local extremum). If a func-

tion  xfy   has a local extremum at a point 0x  then 0)( 0  xf  or )( 0xf   doesn’t 

exist. 

Correctness of the theorem follows from Fermat theorem. 

Def. 2. A point  fDx 0  of the domain of definition  fD  of a function f (x)  

is called its critical point if 0)( 0  xf  or )( 0xf   doesn’t exist.  

In particular 

Def. 3. A point 0x  is called a stationary point of a function  xfy   if its de-

rivative at this point equals zero: 0)( 0  xf . 

Note 3. It follows from the theorem 3 that a function can take on a local extre-

mum only at its critical point. But a critical point is not necessary a point of a local 

extremum, that is the necessary condition for existing of a local extremum isn’t that 

sufficient. 

Ex. 3. The point 0x  is a critical one (namely a stationary one) for a function 

  3xxf    (     00,3 2  fxxf ) but it isn’t a point of a local extremum because of 

    00  fxf  if 0x  and      00  fxf if 0x . 
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Theorem 4 (the first sufficient condition for 

existence of a local maximum). If a function  xf  is 

continuous at its critical point 0x , 0)(  xf  in an in-

terval ),( 0xa , 0)(  xf  in an interval ),( 0 bx  (fig. 4), 

                 Fig. 4                       then the function has a local maximum at the point 0x . 

■Proving follows from the theorem 2 and the Note 2: the function  xfy   in-

creases in the interval ),( 0xa , decreases in the interval ),( 0 bx  and it’s continuous at   

the point 0x ■ 

Note 4. One can get the sufficient condition for existence of a local minimum 

substituting the inequalities of the theorem 4 by the next: 0)(  xf  in an interval 

),( 0xa , 0)(  xf  in an interval ),( 0 bx . A function represented on the figure 5 has a 

local minimum at the point b. 

Theorem 5 (the second sufficient condition for existence of a local extremum 

at the stationary point). Let a function  xfy   be continuous at a stationary point 0x  
(definition 3) and 0)( 0  xf . The point 0x  is that of a local maximum if 0)( 0  xf  

and a local minimum if 0)( 0  xf . 

■Let for example 

        0limlim 0

0

00

00 









 x

xxf
x

xfxxfxf
xx

. 

It follows from the theory of limits that 

  00 



x

xxf  

for sufficiently small x . It means that   00  xxf  for 0x and   00  xxf  

for .0x  So the function increases from the left of the point 0x  and decreases from 

its right. Being continuous at the point 0x  the function takes on a local maximum at 

this point■ 

Note 5. It follows from the theory of limits that if some function  x  is conti-

nuous at a point a ( )()(lim ax
ax

 


) and takes on positive value at this point, then 
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the function is positive in certain neighbourhood of the point a.  

■On the base of the Note 5 we can prove the theorem 5 in additional suppose-

tions of existence of the second derivative of the function  xfy   in some neigh-

bourhood 
0,1 xU of the point 0x   and of its continuity at this point.  

Let 0)( 0  xf . By virtue of the Note 5 we have   0 xf  in some other neigh-

bourhood 
0,2 xU of the point 0x .  By Taylor formula the increment of the function at 

the point 0x  can be written, in the common part 
000 ,2,1 xxx UUU  of 

0,1 xU and 
0,2 xU , 

as follows  

            22
0

2
00 2

1
21

1
!2

1 xcfxcfxxfcfdxdfxf 


  

    0,00  cfxf . It means that  0xf  has the sign of  cf   namely is negative 

in 
0xU . Therefore 

      0000  xfxxfxf ,    00 xfxxf  , 

and the function has local maximum at the point 0x ■ 

Ex. 4. Find intervals of increase, decrease and 

local extrema of the function 

  )6(3  xxxfy . 

Solution. The domain of definition of the fun- 

                 Fig.5                             ction is   , . Its derivative equals 

   )6()6()( 33 xxxxxf  

3 2
3

3 2 3
64)6(

3
1

x
xxx

x


 ; 

  0 xf  for 23x ,  xf   doesn’t exist at the point 0x  

and so the points 0x , 23x  are those critical of the func- 

           Fig 6                    tion. We find the intervals of constant sign of the derivative 

by the interval method (fig. 5). The distribution of signs shows that the function in-

creases on the interval  ,23  and decreases on the interval  23, . It has a local 
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minimum at the point 23x  which equals 

   .min fy . 

Remark. The function   )6(3  xxxfy  is positive on     ,60,  , ne-

gative on  6,0 , its limit on   equals  . Approximate graph of the function is 

represented on the fig. 6. It passes through the points     













 ;,;,; BAO . 

 

POINT 3. ABSOLUTE EXTREMA 
 

Let a function  xfy   is continuous on a segment 

 ba, . By virtue of the theorem 4 of the lecture No. 11 it ta-

kes on the least m and the greatest M values on [a, b] that is 

there are points    baxbax ,,, 21   such that 

               Fig. 7                         
 

 xfmxf
ba,1 min)(  , 

 
 xfMxf

ba,2 max)(  . 

Numbers Mm, are called absolute extrema of the function  xfy   on the 

segment  ba, . It’s necessary to find Mm, . 

Solving the problem of finding Mm, we take into account that at least one of 

the points 21, xx  can lie inside the segment or can be an end point of the segment. In 

the first case by Fermat theorem the derivative at such the point equals zero or does-

n’t exist. For example a function represented by the fig. 7 takes on the least value m  

at the inner point 1x  (and   01  xf ) and the greatest value M at the end point a (that 

is ax 2 ). 

On the base of these remarks we can state the next 

Rule. To find the greatest and the least values (absolute extrema) of a function 

which is continuous on a segment it’s sufficient to do as follows: 

1. To find all inner critical points of the function (that is critical points which 

lie inside the segment). 
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2. To calculate the values of the function at all these points and at the end po-

ints of the segment. 

3. To choose the greatest and the least of these values. 

Ex. 5. Find absolute extrema of the function )6()( 3  xxxf  on the segment 

 4,1 . 

Solution. The function has two critical points 23,0  xx  (see example 2) 

which are those interior. The values of the function at these points and at the points 

4,1  xx are equal to 

        17.3424,71,15.52/23923,00 33  ffff . 

Therefore 
 

   
 

    





fxfMfxfm
,,

max,.min . 

 

 POINT 4. CONVEXITY, CONCAVITY, INFLEXION POINTS     
          
Def. 4. A curve L is called convex one if it lies below a tangent to L at any its 

point  yxM ;  (fig. 8 a). 

Def. 5. A curve L is called concave one if it lies above a tangent to L at any its 

point  yxM ;  (fig. 8 b). 

Def. 6. A point  000 ; yxM  is called inflexion point of a curve L if it separates 

the parts of convexity and concavity of the curve (fig. 8 c). 

Theorem 6 (sufficient condition of convexity of a graph of a function). If the 

second derivative 0)(  xf  on an interval  ba,  then the graph of the function  xf  

is convex one over this interval. 

               Fig. 8  
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■ Let      ,,,,; 000000 baxxfyyxM   be some point of the graph of the 

function  xfy  , NM 0  be the tangent to the graph which 

equa-tion is     000tang xxxfxfyy  . To prove con-

vexity of the graph in the case 0)(  xf  we must prove that 

for any  bax ,    0tang  yxfBNBM  (fig. 9). We’ll 

do it in supposition xx 0 . Applying two times Lagrange 

theorem we 

                Fig. 9           get 

                0001000tang xxxfxxcfxxxfxfxfyxf  

          . where, 1200012001 ccxxxxccfxxxfcf   

By virtue of      0,0 0012  xxxccf  we have   0tang  yxf ■ 

Note 6. Sufficient condition of concavity of the graph of a function  xfy   is 

  0 xf . 

Note 7. Convexity of the graph of a function  xfy   in some neighbourhood 

of a point 0x  in condition 0)(  xf  can be proved with the help of Taylor formula 

for 1n . Indeed, 

           xxcxxcfxxxfxfxf ,,
!2

1
0

2
0000   

          0
!2

1,
!2

1 2
0tang

2
0tang  xxcfyxfxxcfyxf . 

Theorem 7 (necessary condition of existing of an inflexion point). If some po-

int  000 ; yxM  is an inflexion point of a graph of a function  xfy   and the first de-

rivative  xf   of the function is continuous in some neighbourhood of the point 0x , 

then   00  xf  or  0xf   doesn’t exist. 

Theorem 8 (sufficient condition for existing of inflexion point). Let: a) a func-

tion  xfy   is continuous at a point 0x ;  b) 0)( 0  xf  or )( 0xf   doesn’t exist; 
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c) 0)(  xf  (or 0)(  xf ) for 0xx  ; d) 0)(  xf  (corresp. 0)(  xf ) for 0xx  . 

In these conditions the point  000 ; yxM  is inflexion one of the graph of the function.  

■Correctness of the theorem is simple corollary of the theorem 6■ 

Ex. 6. Investigate the function 24 2
4
1 xxy   and plot 

its graph. 

Solution. 1) Domain of definition of the function is the 

set of all reals [of all real numbers]    yD . 

2) The function is positive on     ,2222,   

         Fig. 10                  and negative on    22,00,22   (see fig. 10 a).  

3) The graph of the function passes through the points    ,0;22,0;22 BA  

 0;0O . 

4) 





 



424

4
1lim2

4
1limlim xxxy

xxx
. 

5)    2,2,0 if 0;2243  xxxyxxxxxy . The derivative is 

positive on     ,20,2   and negative on    2,02,   

(fig. 10 b). Therefore the function increases on     ,20,2  , 

decreases on    2,02,  , has a local minimum 4  at the 

points 2x , a local maximum 0 at the point 0x . Its graph 

passes through the points  ,; C      ;,; OD . 

          Fig. 11                      6) 32 if 0,43 2  xyxy . The second deriva-

tive is positive on the set     ,3232,   and negative on the interval 

 32,32 . The graph of the function is concave over the union of intervals 

    ,3232,  , convex over the interval  32,32  (fig. 10 c), it has 

two inflexion points, namely   ;E  and   ;F . 

The graph of the function is represented on the fig. 11. 
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Ex. 7. Investigate for convexity and concavity the graph of the function which 

we’ve studied in Ex. 4, that is of the function   )6(3  xxxfy . 

Solution.   0 ifexist t doesn' ,3 if 0,
9

34
3 2




 xyxy
xx

xy . 0y  on 

    0,,03,  y  on the interval  0,3 . So the graph of the function is con-

vex over  0,3 , concave over     ,03,   and has two inflection points name-

ly    3 39;3,0;0 CO . 

Ex. 8. Prove convexity of the ellipse 12

2

2

2


b
y

a
x , the hyperbola 12

2

2

2


b
y

a
x  

and the parabola pxy 22   in upper half-plane (for 0y ). 

Solution. In the case of the ellipse we have
ya
xby 2

2

  (see Ex. 1). The second 

derivative 

0for  01
32

4

3

2

2

2

2

2

4

2

2

2

2

2

22

2


















 y
ya

b
y

b
y

a
x

a
b

y
ya
xbxy

a
b

y
yxy

a
by . 

Consider two other cases yourselves.  

 

POINT 5. ASYMPTOTES 
 
 

Def. 7. Let a current point  yxM ;  of a curve L retire in the infinity and si-

multaneously approache some straight line l. This straight line l is called an asymp-

tote of the curve L (fig. 12).  

We’ll deal with asymptotes of the graphs of functions. One distinguishes three 

types of asymptotes namely those vertical, horizontal and oblique. 
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1) If a function  xfy   is in-

finitely large for x tending to a point 

a ( ax  or  ax , or  ax ) 

then the straight line  

                       ax                      ( 1 ) 

is the vertical asymptote of its graph 

(fig. 13). 

       Ex. 9. Graphs of functions xx tan,ln  have correspondingly the vertical asympto-

tes  Z nnxx ,  because of 

00 if ln  xx , nxx 


2
 if tan . 

2) If there exists a finite limit     bxfbxf
xx




limlim  then a straight line 

                                                               by                                                          ( 2 ) 

is the horizontal asymptote for the right part (corresp. for the left part) of the graph 

of the function. 

Ex. 10. Left parts of the graphs of the functions 1for   and  aayey xx  ha-

ve the horizontal asymptote  axis0  Oxy  because of 0lim,0lim 


x

x

x

x
ae . On 

the contrary  a0for  the horizontal asymptote y  possesses the right part of 

the graph of the function xay   because of in this case 


x

x
alim . 

3) Equation of an oblique asymptote of the graph of a function  xfy   we 

find in the next form 

                                                         bkxy                                                       ( 3 ) 

with unknown bk , . 

For the right part of the graph we must have (see fig. 12) 

   xbkxxfNM  if0or  0 . 

Dividing by x we have in addition 

             Fig. 12                    Fig. 13          
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 x
x
bk

x
xf  if0  

and therefore 

                                          kxxfb
x
xfk

xx



lim,lim .                                 ( 4 ) 

Oblique  asymptote of the left part of the graph one seeks in the form (3) but 

finds parameters bk ,  by the formulas 

                                        kxxfb
x
xfk

xx



lim,lim                                     ( 5 ) 

If at least one of limits (4), (5) is infinite or doesn’t exist then corresponding 

asymptote doesn’t exist. 

 Ex. 11. Find asymptotes of the graph of the function 
92

3




x
xy . 

Solution. Straight lines 3,3  xx  are vertical asymptotes because of y  

for 3x . To find an oblique asymptote bkxy   we get 

k =
x
xf

x

)(lim


= 
9

lim 2

2

 x
x

x
 = 1lim 2

2


 x

x
x

; ;1k  




))((lim kxxfb
x

)
9

(lim 2

3

x
x

x
x




=
9

9lim 2  x
x

x
= 2lim9

x
x

x 
=0; b=0 

Answer: both parts of the graph have the same oblique asymptote  y = x. 

Ex. 12. Graph of the function   xxxf  arctan3  hasn’t vertical asymptote 

but its left and right sides have different oblique asymptotes. Indeed 

  ;1101arctan3limlim 





 

 x
x

x
xfk

xx
 

    

     .
2

3arctan3lim)1(arctan3limlim

;
2

3arctan3lim)1(arctan3limlim

right

left













xxxxkxxfbb

xxxxkxxfbb

xxx

xxx  

Answer. 
2

3,
2

3 
 xyxy  for the left and the right sides correspon-

dingly. 
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POINT 6. GENERAL SCHEME FOR INVESTIGATION OF FUNCTIONS  

Investigation of a function and plotting its graph can be often fulfill by the next 

general scheme. 

I. The first part. Preliminary sketch of the graph of a function. 

 
1.  Determination the domain of definition and continuity of the function, fi-

xing the points of infinite discontinuity and corresponding vertical asymptotes. 

2.  Determination intervals of constant sign of the function that is intervals 

where it is positive or negative. 

3. Evaluation the left-hand and right-hand limits of the function at the points of 

infinite discontinuity. 

4. Finding intersection points of the graph with coordinate axes. 

5. Finding limits of the function as x , fixing eventual horizontal asymp-

totes and their intersection points with the graph. 

6.  Determination oblique asymptotes of the graph in the case of infinite limit 

of the function on   or   and their intersection points with the graph. 

It’s useful (as the rule from the beginning) to bring to light the next two ques-

tions. 

7. Whether the function is even or odd one. Evenness or oddness of the func-

tion means symmetry of its graph with respect to the Oy-axis or the origin of coordi-

nates respectively and permits to regard the function only in the interval  ,0 . 

8. Whether the function is periodic or non-periodic one. Periodicity of the fun-

ction permits to graph it only on some one period. 

9. Tracing a preliminary sketch of the graph with the help of results of prece-

ding study. 

II. The second part. Investigation of the function for monotonicity and local 

extrema (with the help of the first derivative  xfy  ) and as result the first correc-

tion of the preliminary draft of the graph. 
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III. The third part. Investigation of functions for convexity, concavity, infle-

xion points (with the help of the second derivative  xfy  ). Second correction of 

the graph. 

IV. The fourth part. Final plotting the graph of the function.  

Ex. 13. Investigate and graph a function 

92

3




x
xy . 

I. The first part.  

1.  The function is defined and continuous for all values 3x  . The domain 

of its definition and continuity is the union of the intervals       ,33,33, . 

Points 3x  are those of infinite discontinuity of the function and the straight lines 

3x  are the vertical asymptotes of its graph.  

2.  Obviously  

   
 

 .
99 2

3

2

3

xf
x

x
x

xxf 






  

Therefore the function is odd one and its graph is symmetric with respect to the origin 

of coordinates. It’s sufficient to investigate the function 

only in the interval  ,0 . 

   Fig 14                               3.  Determination intervals of constant sign of the 

function. 

The function equals zero for 0x , it doesn’t exist for 3x . By the interval 

method we ascertain that the function is positive in the interval  ,3  and negative in 

the interval  3,0  (fig. 14). 

4. Evaluation the left-hand and right-hand limits of the function at the point 

3x  corresponding to vertical asymptote. We have  

        


xffxff
xx 0303
lim03,lim03  

because the function is negative from the left of the point 3x  and positive on its 

right. 
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5. There exists unique cross point of the graph with coordinate axes. It’s the 

origin of coordinates  0;0O . 

6. Limit of the function on  , 

  












x

x
x

x
xxf

xxxx
limlimlimlim . 

It follows that it’s necessary to find out oblique asymptote of the graph. 

7.  We seek an oblique asymptote of (the right part of) the graph in the form 

bkxy   

getting 

  ,1
9

limlim 2

2





 x

x
x
xfk

xx
 

   0
9

9lim1
9

limlim 22

3

















 x
xx

x
xkxxfb

xxx
. 

Thus (the right part of) the graph of the function possesses the 

oblique asymptote of the equation 

xy  . 

8.  To find out whether there are intersection points of 

the graph with the oblique asymptote we must solve the sys-

tem of equations  












,

,
92

3

xy
x

xy  

It has unique solution  0,0  and so the asymptote xy   cros-

ses the graph of the function only at the origin  0;0O . 

    Fig. 15                                9. Now we can plot preliminary (very approximate) 

sketch of the graph (see for example fig. 15). 

II. The second part. Investigation the function for íncrease, décrease, local ex-

trema by means of the first-order derivaive.  

10.  Making use of the rule of diffentiation of a ratio we get 
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24

22

322

9

27

9

27

9

293
















x

xx

x

xx

x

xxxxxf . 

The derivative turns into zero for 2.533,0  xx  

( 33  approximately equals 5.2). It doesn’t exist for 

                  Fig. 16                    3x . The points 33,0  are 

those critical of the function. We seek intervals of constant sign 

of the derivative using interval method and taking into account 

the discontinuity point 3x  of the function. The derivative is 

positive in the interval  ,33  and negative in the intervals 

 3,0  and  33,3  (see fig. 16). It follows that the function in-

creases in the interval  ,33  and decreases in the intervals  3,0  and  33,3 . At 

the point 33x  it has a local minimum 

   
  




 



.min fy  

Corresponding point of the graph is   .33;33 fA . 

11. We can do the first correction of preliminary sketch 

        Fig. 17                of the graph (see fig. 17). 

III. The third part. Investigation the graph of the function for convexity, con-

cavity, finding inflexion points making use of the second-order derivative. 

12.  The second-order derivative of the function equals 

   
 32

2

9
2718






x
xxxf . 

It vanishes at the point 0x  and doesn’t exist for 3x . It’s negative in the in-

terval  3,0  and positive in the interval  ,3 . 

Therefore its graph is convex one over the in-

terval  3,0  and concave over the interval  ,3 . 

                 Fig. 18                           For   ,0x  it doesn’t possess the inflexion 
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points. But in view of its symmetry with respect to the origin the graph has single in-

flexion point namely the origin  0,0O . 

13.  The slope of the tangent to the graph at inflection point  0,0O  equals zero 

because of   00 f . Therefore the graph touches the Ox -axis at the point  0,0O .  

14.  At will one may form a table of variation of the function using all results 

(that is tabulate the results of done investigations). 

Now we can fulfill the second correction of the graph and pass to final part.  

IV. The fourth part. Final plotting the graph of the function (see fig. 19). 

Ex. 14. Investigate and graph the function 
2xey   

(this graph is called Gaussian curve). 

I. The first part.  

1. Domain of definition and continuity of 

the function is   , . Its graph hasn’t ver-

tical asymptotes. 

2. The function is even one and therefore its 

graph is symmetric with respect to the Oy -axis. 

                       Fig. 19                      We can investigate the function only over the in-

terval  ,0 . 

3. The function is positive for all   ,0x . 

4. The point   OyA 1;0  is unique common point of the graph with coordinate 

axes. 

5.   0limlim
2
 



x

xx
exf  and therefore (the right part of ) the graph has the 

horizontal asymptote 0y  (Ox -axis). It doesn’t intersect this asymptote. 

II. The second part. 

6. The first derivative of the function 022
2

  xyxey x  for   ,0x . 

Hence the function decreases on the interval  ,0  and hasn’t local extrema. 
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III. The third part. 

7. The second derivative of the function 

      122222 2  xyxyxyyxyy . 

It equals zero at the point 21x , is negative 

                      Fig. 20                         over the interval  21,0  and is positive over 

the interval  ,21 . The graph of the function is convex over the interval 

 21,0 , concave over the interval  ,21  and has an inflexion point for 

21x  that is the point 

    eBfB 1;2121;21  . 

IV. The fourth part. Graph of the function is represented on the fig. 20. 

Ex. 15. Investigate and graph the function 

xxy  arctan3 . 

I. The first part. 

1. Domain of definition and continuity of the function is   , . Its 

graph hasn’t vertical asymptotes. 

2.          xfxxxxxxxf  arctan3arctan3arctan3 .  

The function is odd one and therefore its graph is symmetric with respect to the 

origin of coordinates. We’ll investigate the function only on the interval  ,0 . 

3. It’s known one zero of the function on the interval  ,0 , that is 0x , and 

the graph of the function passes through the origin  0;0O . We don’t know whether 

there are other zeros and hence we can’t find intervals of fixed signs of the function 

and intersection points of the graph with Ox -axis on  ,0 . 

4. We must seek oblique asymptote of the graph because of  

    


xxxxxxf
xxxxx
lim23limarctanlim3arctan3limlim   

5. Finding the equation of oblique asymptote in the form bkxy   we get (see 

Ex. 12) 
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2
3

 xy . 

6. The graph of the function doesn’t intersect oblique asymptote because of 

corresponding system of equations 

                                    










2
3

,arctan3
xy

xxy
 

has no solutions. 

7. Let’s plot a preliminary sketch of the graph in supposition that there aren’t 

intersection points withOx -axis distinct from the origin 

 0;0O  (fig. 21). 

II. The second part. The first derivative of the 

function equals 

2

2

2 1
21

1
3

x
x

x
y







 . 

Critical (stationary) point is 2x . On the interval  2,0  

          Fig. 21                   0y , and the function increases. On the interval  ,2  

0y  and the function decreases. It means that the function has a lo-cal maximum at 

the point 2x  which equals   45.141.196.0322arctan32max  fy  

Corresponding point of the graph is   2;2 fA  and therefore the graph crosses the 

Ox -axis in some point with abscissa lying in the interval .
2

3,2 





   

III. The third part. The second deriva-tive of the function  

   
   

0
1

6

1

2212
2222

22












x
x

x
xxxxy  
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for any 0x , hence the 

graph of the function is con-

vex on the interval  ,0 . It 

has an inflexion point  0;0O  

with the slope of the tangent 

  20 f  at this point. 

The fourth part. Final 

graph of the function is repre-

sented on the fig. 22. 

 

 

                                       Fig. 22 

POINT 7. EXTREMAL PROBLEMS 
 

There are many word problems that ask for the maximum or minimum value of 

a certain quantity. Solving such problems consists of the next tree parts. 

A. Translation a problem to a purely mathematical one.  

Typically, we can follow a three-step procedure: 

(1) Drawing a picture with the quantities given in the problem and with as ma-

ny unknowns as we need. 

(2) Finding an expression for the quantity to be maximized (or minimized). 

This expression as usually involves two or more variables. Using the picture, we find 

equations relating these variables to each other to eliminate all but one variable in the 

expression in question. 

(3) Notation any restrictions on this variable that are imposed by the problem. 

Now the problem is entirely translated to a mathematical extremum problem. 

• Usually the translation process is the most difficult task. 

B. Solving a mathematical problem on extremum.  

Suppose we find the maximum (or minimum) value of a differentiable function 

 xf  on a certain interval. We find its critical points on this interval. If there is only 
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one such a point x = a and if  xf  has no vertical asymptotes, then it’s well to take 

into account the following:  

If the function has a local maximum (minimum) at this point, it is its absolute 

maximum (minimum). 

We study the function for a local extremum at the point x = a by examining the 

sign of the first derivative  xf   on both sides of x = a or the sign of the second de-

rivative  af   at this point. 

Instead investigation a function on a local extremum we often can seek the ab-

solute maximum (or minimum) of the function in question if we’ll define it as con-

tinuous one on some segment (bounded closed interval).  

C. Answering the question asked in the problem. 

 
Ex. 16. A cone with a slant height [a generator, a genera-trix, a ruling] l is to be 

constructed. What is the largest possible volume of such a cone? 

Solving. Let’s label the slant height lAB  , the height of the cone HOB  , the 

radius of its base ROA  (fig. 23). The volume of the cone equals 

HRV 23/1   

and depends on two variables HR, . But by Pythagorean 

theorem we express R in terms of H from the triangle OAB , 
222 HlR  . So we get V as a function only of one variable 

H, 

     3222 3/13/1 HHlHHlHfV   , 

where lH 0 . Putting     00  lff  we define )(Hf  as 

             Fig. 23            continuous function on the segment  l,0 . The problem in 

question is translated to mathematical problem of finding the greatest value of this 

function on this segment. 

But       3/  whence,03 if 0,331 2222 lHHlHfHlHf   ; 

      00,027/323/33/1)3/( 322  lfflllllf   
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and therefore the maximal volume of the cone equals 

 
    27323max 3

,0max llfHfV
l

 . 

Note. We can not put     00  lff  but prove that the point 3lH   is that 

of local maximum of the function       3222 3/13/1 HHlHHlHfV   . 

Indeed, its first derivative is positive of the interval  3,0 l  and negative on the in-

terval  ll ,3 . On the other hand the second derivative of the function at the point 

3l  is negative:     0323,2  llfHHf  . Because of uniqueness 

of the critical point a local maximum of the function is that absolute.    

Ex. 17. Find the dimensions of the rectangle of largest area that can be inscri-

bed in a circle of radius R. 

Solution. Let (fig. 24) RACyBCxAB 2,,  . The 

area of the inscribed rectangle ABCD  equals 

xyS   

and depends on two variables x and y. From the triangle ABC 

by Pythagorean theorem 

2222 4 xRABACBCy  , 

             Fig. 24             and 

  RxxRxxfS 20,4 22  . 

We’ll define the function   Sxf   as continuous one on the segment  R2,0  if we 

put     020  Rff  and we must find its greatest value on  R2,0 . 

    0;
4

24
42

24
22

22

22
22 









 xf

xR
xR

xR
xxxRxf  if  2Rx  ; 

    020  Rff  and   022422 222  RRRRRf . 

Thus the area in question takes on the largest value if  

24,2 22 RxRyRx   

that is if the rectangle ABCD  is a square with the length of its sides .2R  
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Note. Point 2Rx   is that of local maximum of the function 

  RxxRxxfS 20,4 22   

(why?) which is unique one. Therefore a local maximum at this point is that absolute.  

Ex. 18. Solve yourselves the next problem. A cylindrical can with a top and 

bottom is constructed using S in2  of tin. What is the largest volume such a can might 

contain? 

Ex. 19. One needs to transport a cargo along the path ABC (see fig. 25 where 

,, kmAOOCAO  kmOC  ). The expenses of transportation of the unit of a 

cargo per unit of distance are in the ratio 5 : 4 along AB  and BC  correspondingly. 

Where B must be situated the expenses to be least? 

            Solving. Let xOB  , then 

xBCxAB  15,81 2 , 

and the expenses of transportation of T 

units of the cargo along AB  and BC  are 

equal respectively to 

 xkTSxkTS BCAB   , , 

where k is some proportionality coeffici-

ent. So the function 

                           Fig. 25                                                  BCAB SSxf  

  ,150,154815 2  xxkTxkT  

gives the expenses along ABC  and it’s required to find its minimum. The derivative 

      















xf

x
xxkTkT

x
kTxxf ; if .12,08145 2  xxx  

For 12x  the function   BCAB SSxf   reaches the minimum because of   0 xf  

for 120  x ,   0 xf  for 1512  x  and the critical 

point is unique one.   
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Ex. 20. Inscribe the rectangle of the greatest area in a triangle with a base a and 

an altitude h if one side of the rectangle lies on the base of the triangle. 

       Fig. 26                            Solution. Let hADaBC  , , PQyMQx  ,  

be the sides of the inscribed rectangle MNPQ  (fig. 26). It follows from the similitude 

of the triangles APQABC,  that 

     xhhayPQhxhayhxhBCPQ  ,::,::  

whence the area of the rectangle MNPQ  is represented by the next function 

    hxxhxhaxfS  0, . 

Its derivative    xhhaxf 2  turns into zero for 2hx   which is a point of the 

 maximum of the function  xf  (why?). 

Ex. 21. A ray of light travels from point A to point B, where A and B are in dif-

ferent media (fig. 27). Suppose that the common boundary of the two media is a 

plane. Fermat's principle in optics states that the light will travel along the path for 

which the time of travel is a minimum. Show that if 1v  and 2v  are the velocities of 

light in media 1 and 2, respectively, then the light will travel a path that crosses the 

boundary in accordance with Snell's law:  

2

1

2

1

sin
sin

v
v



  

where 1  and 2  are the angles noted in fig. 27. 

In short words we have to prove that for a 

ray of light, to pass from a point A of the medium 

1 to a point B of the medium 2 in shortest time 

(see fig. 27), Snell’s law must be satisfied where 

1v  and 2v  are the velocities of light in media 1 

                     Fig. 27                          and 2, respectively.  

Solution. Let (fig. 27) cBAbBBaAABABBBAAA  1111111111 ,,,,  and 

OAx 1 . Then  2222
1 ,, xcbOBxaAOxcOB  . If T  is the time of 

travel of a ray from A to B then 
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.
sin
sin if 0sinsinsin1sin111
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1
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Obviously, this gives the minimum for T.  

Ex. 22. Prove that for 0x  

  xx 1ln  

■Let’s introduce a function 

    xxxf  1ln  

with the domain of definition     ,1fD  and investigate it for monotonicity 

and local extrema. 

;
1

1
1

1)(
x

x
x

xf






  

0)(  xf  if 0x ; 0)(  xf  on  0,1 , 0)(  xf on  ,0 . 

It follows that the function 

    xxxf  1ln  

has a local maximum at the point 0x  which equals   001ln0max  ff . The-

refore   0xf  for 01  x  and so 

  01ln  xx ,   xx 1ln , 

in particularly for .0x ■ 

Ex. 23. Prove that 

 21lnarctan2 xxx  . 

■For a function 

   21lnarctan2 xxxxf   

we have 

    0;arctan2
1

2
1

2arctan2 22 





 xfx
x
x

x
xxxf  if 0,0arctan2  xx ; 

    020,
1

2
2 


 f

x
xf . 
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Thus the function 

   21lnarctan2 xxxxf   

has the minimum at the point 0x , which equals   00 f , and so   0xf  for any 

x that is  

  01lnarctan2 2  xxx  

and 

 21lnarctan2 xxx  .■ 

Ex. 24. Prove yourselves that for x  

xe x  . 

Ex. 25. Using the result of preceding example prove that for x > 0 




xxe x . 

Solution. A function 

 



xxexf x  

possesses the derivative 

  xexf x   

which equals zero at the point x  and is positive for x  because of Ex. 24. It 

means that the function  xf  increases on its domain of definition. But   f  and 

therefore   xf  for x  and so the inequality in question is fulfilled. 

Ex. 26. Solve the equation   xxxxxx . 

Instructions. Represent the derivative of a function 

    xxxxxxxf  

in the form 

      

















xx
xxxf  

and prove that the function possesses a local (and an absolute) minimum 5 at the 

point x . As result you’ll get x .  



APPLICATIONS OF DIFFERENTIAL CALCULUS:  
basic terminology  

 
1. Ábsolute (extrémum, 
mínimum, máximum) 

Абсолютний (екстремум, 
мінімум, максимум) 

Абсолютный (экстре-
мум, минимум, макси-
мум) 

2. Àngular póint of a do-
máin [région] 

Кутова точка області Угловая точка области 

3. Appróach tend to 
smth (about a point of a 
graph/curve) 

Наближатися до чогось 
(про точку кривої, графі-
ка) 

Приближаться к чему-то 
(о точке кривой, графи-
ка) 

4. Appróximate válue Наближене значення Приближённое значение  
5. Ascend/rise (from left 
to right) (about a graph, 
about a curve) 

Сходити/підійматися 
(зліва направо) (про гра-
фік, про криву) 

Восходить/подниматься 
(слева направо) (о графи-
ке, о кривой) 

6. Ascénding/rísing (from 
left to right) (about a 
graph/curve) 

Висхідний (зліва напра-
во) 

Восходящий, поднимаю-
щийся (слева направо)  

7. Assúmed [propósal, 
presuppósed] extrémum 
(pl extréma) 

Передбачуваний/можли-
вий екстремум 

Предполагаемый [воз-
можный] экстремум  

8. Ásymptote (horizóntal, 
vértical, oblíque/inclíned)  

Асимптота (горизонта-
льна, вертикальна, похи-
ла) 

Асимптота (горизонталь-
ная, вертикальная, нак-
лонная) 

9. Be [lie, be found, situa-
te, be situated] 

Знаходитись, бути розта-
шованим 

Находиться/располагать-
ся, быть расположенным 

10. Be [lie, be found, situa-
te, be situated]  from/on 
the right of smth 

Лежати справа/праворуч 
від чогось 

Лежать справа от чего-
либо 

11. Be [lie, be found, situ-
ate, be situated]  lówer/be-
lów/únder of smth 

Лежати нижче чогось Лежать ниже чего-то 

12. Be [lie, be found, situa-
te, be situated] from/on the 
left of smth 

Лежати зліва/ліворуч від 
чогось 

Лежать слева от чего-
либо 

13. Be [lie, be found, situ-
ate, be situated] over/abo-
ve smth 

Лежати вище чогось Лежать/находиться выше 
чего-то 

14. Be sítuated [locáted, 
dispósed, arránged], be 

Розміщуватися, бути 
розташованим 

Располагаться, быть рас-
положенным 

15. Behávior (of a fúnc-
tion, curve) 

Поведінка (функції, кри-
вої) 

Поведение (функции, 
кривой) 

16. Concáve  Угнутий Вогнутый 
17. Concáve (graph, part/ Угнутий [угнута] (гра- Вогнутый [вогнутая] 
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piece of a graph, curve) фік, частина/ділянка гра-

фіка, крива)  
(график, часть/участок 
графика, кривая) 

18. Concávity Угнутість Вогнутость 
19. Condítional (extré-
mum, mínimum, máxi-
mum 

Умовний (екстремум, мі-
німум, максимум) 

Условный (экстремум, 
минимум, максимум) 

20. Constrúct [plot, trace, 
sketch] a cúrve, a graph 
póint by póint 

Будувати, побудувати 
криву, графік по точках 

Строить, построить кри-
вую, график по точкам 

21. Constrúct [plot, trace, 
sketch] a graph of a fúnc-
tion, graph a fúnction 

Будувати, побудувати 
графік функції 

Строить, построить гра-
фик функции 

22. Constrúction [const-
rúcting, trácing] graph  of 
a fúnction [gráphing a 
fúnction] 

Побудова графіка функ-
ції 

Построение графика 
функции 

23. Constrúction a graph 
póint by póint 

Побудова графіка по то-
чках 

Построение графика по 
точкам 

24. Cònvéx [cónvex] Опуклий Выпуклый 
25. Cònvéx [cónvex] 
(graph, part/piece of a 
graph, of a curve) 

Опуклий [опукла] (гра-
фік, частина/ділянка гра-
фіка, крива)  

Выпуклый [выпуклая]  
(график, часть/участок 
графика, кривая) 

26. Convéxity Опуклість Выпуклость  
27. Còrrespónd to the ex-
trémum (abóut a point of a 
cúrve, of a graph) 

Відповідати екстремуму 
(про точку кривої, графі-
ка 

Соответствовать экст-
ремуму (о точке кривой, 
графика) 

28. Crítical póint Критична точка Критическая точка 
29. Cúspidal póint  Точка звороту Точка возврата 
30. Decréase  Спадати  Убывать 
31. Décrease  Спадання  Убывание 
32. Decréasing/decay  Спадаючий  Убывающий 
33. Dependence  (línear, 
nònlínear/cùrvilínear, qua-
drátic, pàrabólic(al) etc) 
between váriables … 

Залежність (лінійна, не-
лінійна, квадратична, па-
раболічна і т.ін.) між 
змінними… 

Зависимость (линейная, 
нелинейная, квадратиче-
ская, параболическая и 
т.д.) между переменны-
ми… 

34. Descénd/drop (from 
left to right) (about a 
graph, about a curve) 

Спадати/опускатися/ 
спускатися (зліва напра-
во) (про графік, криву) 

Нисходить/опускаться 
(слева направо) (о гра-
фике, о кривой) 

35. Descénding/dropping 
(from left to right) (about 
a graph, about a curve) 

Низхідний, той, що опус-
кається (зліва направо)  

Нисходящий, опускаю-
щийся (слева направо)  

36. Desígn  [draft, draw-
ing, fréehànd/rough draw-

Ескіз графіка функції Эскиз, набросок графика 
функции 
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ing, sketch, vérsion] of a 
graph/plot of a fúnction 
37. Desígn, dráwing, fígure Рисунок Рисунок 
38. Dìsposítion [sìtuátion, 
locátion] (for exámple of a 
line) 

Положення, розташуван-
ня (напр. лінії) 

Положение, расположе-
ние (напр. линии) 

39. Draft [:] , do a draft 
 

Робити рисунок Делать чертёж, рисунок 

40. Dráwing, fígure, draft Креслення Чертёж 
41. Drop/descénd (from 
left to right) (about a 
graph/curve) 

Спадати/опускатися/ 
спускатися (зліва напра-
во) (про графік, про кри-
ву) 

Опускаться/нисходить 
(слева направо) (о графи-
ке, о кривой) 

42. Drópping/descénding 
(from left to right) (about 
a graph/curve) 

Низхідний [той, що опу-
скається] (зліва направо) 
(про графік, про криву) 

Опускающийся, нисхо-
дящий (слева направо) (о 
графике, о кривой) 

43. Empíric(al) relátion 
[de-péndence,connéction, 
còrre-látion] (betwéen 
váriables …) 

Емпіричне співвідно-
шення [емпірична 
залежність, емпіричний 
зв"язок] (між змінними) 

Эмпирическое соотно-
шение [эмпирическая за-
висимость, эмпириче-
ская связь] (между пере-
менными)  

44. Estáblish (a relátion 
[depéndence,connéction, 
còrrelátion] between vária-
bles …) 

Установити (співвідно-
шення, зв"язок між змін-
ними) 

Установить (соотноше-
ние, связь между пере-
менными) 

45. Estáblish a condítion Встановити умову Установить условие 
46. Exact desígn/dráwing/ 
fígure/draft 

Точний рисунок Точный чертёж/рисунок 

47. Exístence  Існування  Существование  
48. Exístence condítion, 
condítion of exístence 

Умова існування Условие существования  

49. Extrémum (pl extréma) 
of a fúnction of one [two, 
three, n, séveral] váriables 
(lócal, rélative, ábsolute, 
condítional) 

Екстремум функції одні-
єї [двох, трьох, n, декіль-
кох] змінних (локальний, 
відносний, абсолютний, 
умовний) 

Экстремум функции од-
ной [двух, трёх, n, неско-
льких] переменных (ло-
кальный, относитель-
ный, абсолютный, услов-
ный)  

50. Extrémum próblem Екстремальна задача Экстремальная задача 
51. Extrémum,  pl extréma 
(lócal, rélative, absolute/ 
global, condítional)  

Екстремум (локальний, 
відносний, абсолютний 
/глобальний, умовний) 

Экстремум (локальный, 
относительный, абсо-
лютный/глобальный, ус-
ловный) 

52. Find smth in the best 
way 

Знайти щось якнайкра-
ще 

Найти что-л. наилучшим 
образом 
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53. Find the (lócal, rélati-
ve, ábsolute, condítional) 
extréma mínima, maxi-
ma) of a given fúnction 

Знайти (локальні, відно-
сні, абсолютні, умовні) 
екстремуми [мінімуми, 
максимуми] даної функ-
ції 

Найти (локальные, отно-
сительные, абсолютные, 
условные) экстремумы 
[минимумы, максимумы] 
данной функции  

54. Géneral schéme/plan 
for invèstigátion/invèsti-
gáting fúnctions and cons-
trúcting graphs 

Загальна схема [загаль-
ний план] дослідження 
функцій і побудови гра-
фіків 

Общая схема [общий 
план]  исследования 
функций и построения 
графиков 

55. Glóbal [ábsolute] (ex-
trémum, mínimum, máxi-
mum) 

Глобальний/абсолютний 
(екстремум, мінімум, ма-
ксимум) 

Глобальный/абсолютный 
(экстремум, минимум, 
максимум) 

56. Graph [chart, curve, 
graphical chart, curve, 
plot]  of a fúnction, plótted 
fúnction, fúnction graph 

Графік функції График функции 

57. Gréatest and léast vá-
lues of a fúnction contí-
nuous óver/in the bóunded 
clósed domáin/région 

Найбільше й найменше 
значення функції, непе-
рервної на відрізку [в 
замкненій обмеженій 
області] 

Наибольшее и наимень-
шее значение функции, 
непрерывной на отрезке 
[в замкнутой ограничен-
ной области] 

58. Gréatest válue of a 
fúnction 

Найбільше значення 
функції 

Наибольшее значение 
функции 

59. Gréatest válue of a fún-
ction which is  contínuous 
one óver/in/on a ségment 
[bóunded clósed domáin/ 
région] (ábsolute maxim-
um) 

Найбільше значення 
функції, неперервної на 
відрізку [в замкненій об-
меженій області]  (абсо-
лютний максимум) 

Наибольшее значение 
функции, непрерывной 
на отрезке [в замкнутой 
ограниченной области] 
(абсолютный максимум) 

60. Héssian Гессіан, визначник (де-
термінант) Гессе 

Гессиан, определитель 
(детерминант) Гессе 

61. Héssian mátrix  Матриця Гессе Матрица Гессе 
62. Horizóntal ásymptote Горизонтальна    асимп-

тота 
Горизонтальная    асимп-
тота 

63. Hypóthesis (pl hypó-
theses) 

Гіпотеза Гипотеза 

64. Hypóthesize  Будувати [утворювати, 
висловлювати] гіпотезу 

Строить [образовывать, 
высказывать] гипотезу  

65. Incréase  Зростати Возрастать 
66. Íncrease  Зростання  Возрастание  
67. Incréasing  Зростаючий Возрастающий 
68. Infléction/infléxion (of 
a graph of a fúnction) 

Перегин (графіка функ-
ції) 

Перегиб (графика функ-
ции) 

69. Infléction/infléxion/ Точка перегину Точка перегиба 
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flex póint, póint of inflect-
tion/infléxion flex, inflé-
xion, póint of cóntrary flé-
xure 
70. Ínterval of décrease of 
a fúnction 

Інтервал спадання 
функції 

Интервал убывания 
функции 

71. Ínterval of íncrease of a 
fúnction 

Інтервал зростання 
функції 

Интервал возрастания 
функции 

72. Ínterval of mònotoníci-
ty [monotoneness, monó-
tony] of a fúnction 

Інтервал монотонності 
функції 

Интервал монотонности 
функции 

73. Invéstigate [find out]  
(a fúnction, the behávior 
of a function, a crítical/ 
státionary póint etc) 

Дослідити (функцію, 
поведінку функції, кри-
тичну/стаціонарну точку 
і т.ін.) 

Исследовать (функцию, 
поведение функции, кри-
тическую/стационарную 
точку и т.д) 

74. Invèstigátion [finding 
out] (of a fúnction, of the 
behávior of a function, of 
a crítical/státionary póint 
etc) 

Дослідження (функції, 
поведінки функції, кри-
тичної/стаціонарної точ-
ки і т.ін.) 

Исследование (функции, 
поведения функции, кри-
тической/стационарной 
точки и т.д) 

75. Léast válue of a fúnc-
tion 

Найменше значення 
функції 

Наименьшее значение 
функции 

76. Léast válue of a fúnc-
tion which is  contínuous 
one óver/in/on a ségment 
[bóunded clósed domáin/ 
région] (ábsolute minim-
um) 

Найменше значення 
функції, неперервної на 
відрізку [в замкненій об-
меженій області] (абсо-
лютний мінімум) 

Наименьшее значение 
функции, непрерывной 
на отрезке [в замкнутой 
ограниченной области] 
(абсолютный минимум) 

77. Léast-squares méthod 
méthod  of léast squáres  

Метод найменших ква-
дратів 

Метод наименьших ква-
дратов 

78. Line of regréssion of  y 
on x 

Лінія реґресії y на x  Линия регрессии y на x 

79. Lócal (extrémum, mí-
nimum, máximum) 

Локальний (екстремум, 
мінімум, максимум) 

Локальный (экстремум, 
минимум, максимум) 

80. Màximizátion  Максимізація Максимизация  
81. Máximize smth Максимізувати  Максимизировать 
82. Maximum  (pl maxi-
ma) (lócal, rélative, ábso-
lute/global, condítional) of 
a fúnction 

Максимум функції (ло-
кальний, відносний, аб-
солютний/глобальний, 
умовний) 

Максимум функции (ло-
кальный, относитель-
ный, абсолютный/глоба-
льный, условный) 

83. Máximum póint, póint 
of máximum 

Точка максимуму Точка максимума 

84. Méthod of Lagrange’s 
ìndetérminate/úndetermi-

Метод невизначених 
множників Лаґранжа  

Метод неопределённых 
множителей Лагранжа 
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ned múltipliers 
85. Mínimizátion  Мінімізація  Минимизация 
86. Mínimize smth Мінімізувати  Минимизировать  
87. Minimum  (pl mínima) 
(lócal, rélative, ábsolute/ 
global, condítional) of a 
fúnction 

Мінімум функції (лока-
льний, відносний, абсо-
лютний/глобальний, 
умовний) 

Минимум функции (ло-
кальный, относитель-
ный, абсолютный/глоба-
льный, условный) 

88. Mínimum póint, póint 
of mínimum 

Точка мінімуму Точка минимума 
 

89. Mónotòne/mónotonic  Монотонний  Монотонный  
90. Mònotónically (incréa-
se, decréase) 

Монотонно (зростати, 
спадати) 

Монотонно (возрастать, 
убывать) 

91. Mònotonícity [mónoto-
neness, monótony] 

Монотонність Монотонность  

92. Nécessary condítion Необхідна умова Необходимое условие 
93. Nécessary condítion of 
exístence 

Необхідна умова існу-
вання 

Необходимое условие 
существования  

94. Négative définite quad-
rátic form 

Від"ємно-визначена ква-
дратична форма 

Отрицательно опреде-
лённая квадратичная 
форма 

95. Nórmal sýstem of (the) 
léast-squares méthod 

Нормальна система ме-
тоду найменших квадра-
тів 

Нормальная система ме-
тода наименьших квад-
ратов 

96. Not to decréase Не спадати Не убывать 
97. Not to incréase Не зростати Не возрастать  
98. Oblíque [inclíned] 
ásymptote 

Похила асимптота Наклонная асимптота 

99. Part/piece of concá-vity Частина/ділянка угнуто-
сті 

Участок/часть вогнуто-
сти  

100. Part/piece of convé-
xity 

Частина/ділянка опукло-
сті 

Участок/часть выпукло-
сти  

101. Pass through the 
point 

Проходити через точку Проходить через точку 

102. Póint of (assúmed/ 
propósal/presuppósed) ex-
trémum 

Точка можливого екст-
ремуму 

Точка (возможного) экс-
тремума 

103. Póint of a cúrve, of 
a graph còrrespónding to 
the extrémum, bénding 
póint 

Точка кривої, графіка, 
яка відповідає екстрему-
му 

Точка кривой, графика, 
соответствующая экстре-
муму  

104. Póint of extrémum, 
extréme póint 

Екстремальна точка, точ-
ка екстремуму 

Экстремальная точка, то-
чка экстремума 

105. Pósitive définite 
quadrátic form 

Додатно-визначена ква-
дратична форма 

Положительно опреде-
лённая квадратичная 
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форма 

106. Prelíminary/téntati-
ve desígn [draft, drawing, 
freehand/rough drawing, 
sketch, vérsion] of a graph 
/plot of a fúnction (graph/ 
plot ad interim лат.) 

Попередній ескіз графіка 
функції 

Предварительный эскиз, 
набросок графика функ-
ции 

107. Príncipal mínor of 
the first [second, third, n-
th] órder; príncipal mínor 
of órder one [two, three, 
n]; first-[second-, third- n-
th] órder príncipal mínor 

Головний мінор першого 
[другого, третього, n-го] 
порядку  

Главный минор первого 
[второго, третьего, n-го] 
порядка  

108. Quadrátic form Квадратична форма Квадратичная форма 
109. Rélative (extrémum, 
mínimum, máximum) 

Відносний (екстремум, 
мінімум, максимум) 

Относительный (экстре-
мум, минимум, макси-
мум) 

110. Rèpresént (for 
exámple a cúrve) 

Зображати/зобразити 
(напр. криву) 

Изображать/изобразить 
(напр. кривую) 

111. Rèpresentátion (for 
exámple of a cúrve) 

Зображення (напр. 
кривої) 

Изображение (напр., 
кривой) 

112. Rise/ascénd (from 
left to right) (about a 
graph /curve) 

Сходити/підійматися 
(зліва направо) (про кри-
ву, про графік) 

Подниматься/ восходить 
(слева на-право) (о гра-
фике, о кривой) 

113. Rísing/ascénding 
(from left to right) (about 
a graph/curve) 

Висхідний, той, що 
підіймається (зліва на-
право) (про криву, про 
графік) 

Поднимающий-ся, вос-
ходящий (слева направо) 
(о графике, о кривой) 

114. Schemátic  desígn 
[dráwing, fígure, draft]  

Схематичний рисунок Схематический чер-
тёж/рисунок 

115. Séparate a part/piece 
of convéxity of a curve 
and that of its concávity  

Відокремлювати ділянку 
/частину опуклості кри-
вої від ділянки/частини її 
угнутості 

Отделять участок/часть 
выпуклости кривой от 
участка/части её вогну-
тости  

116. Solve the próblem 
for a(n) (lócal, rélative, áb-
solute, condítional) extré-
mum 

Розв"язати задачу на (ло-
кальний, відносний, аб-
солютний, умовний) екс-
тремум 

Решить задачу на (лока-
льный, относительный, 
абсолютный, условный) 
экстремум 

117. Stage/step of invest-
tigátion  

Етап дослідження Этап исследования  

118. Státionary póint Стаціонарна точка Стационарная точка 
119. Straight line of reg-
réssion of  y on x 

Пряма реґресії y на x  Прямая регрессии y на x 

120. Strict (mònotonícity Строгий [строга] (моно- Строгий [строгая]  (мо-
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[monotoneness, monóto-
ny], íncrease, décrease, ex-
trémum, mínimum, maxi-
mum) 

тонність, зростання, спа-
дання, екстремум, міні-
мум, максимум)  

нотонность, возрастание, 
убывание, экстремум, 
минимум, максимум) 

121. Stríctly (incréase, 
decréase, mónotòne/mó-
notonic, incréasing, dec-
réasing/decay) 

Строго (зростати, спада-
ти, монотон-ний, зро-
стаючий, спадаючий) 

Строго (возрастать, убы-
вать, монотонный, возра-
стающий, убывающий)   

122. Suffícient condítion Достатня умова Достаточное усло-вие 
123. Suffícient condítion 
of exístence 

Достатня умова існу-
вання 

Достаточное условие 
существования  

124. Suggést (a depén-
dence between variables 
… of the form…) 

Наводити на думку, під-
казувати (залежність між 
змінними … вигляду…) 

Наводить на мысль, под-
сказывать (зависимость 
между переменными … 
вида…) 

125. Sum of squáres of 
(the) érrors 

Сума квадратів помилок/ 
похибок 

Сумма квадратов оши 
бок/погрешностей 

126. Tángent (líne) at the 
póint of infléction/inflé-
xion 

Дотична в точці переги-
ну 

Касательная в точке пе-
региба 

127. Test/invéstigate a 
fúnction for a(n) (lócal, ré-
lative, ábsolute, condítio-
nal) extrémum 

Дослідити функцію на 
(локальний, відносний, 
абсолютний, умовний) 
екстремум 

Исследовать функцию на 
(локальный, относитель-
ный, абсолютный, услов-
ный) экстремум 

128. Vértical ásymptote Вертикальна асимптота Вертикальная асимптота 



LECTURE NO.18. EXTREMA OF FUNCTIONS  

OF SEVERAL VARIABLES 
POINT 1. LOCAL EXTREMA 

POINT 2. LEAST SQUARES METHOD 

POINT 3. CONDITIONAL EXTREMA 

POINT 4. ABSOLUTE EXTREMA 

 

POINT 1. LOCAL EXTREMA 
 

Remark. In this lecture we consider only twice continuously differentiable 

functions of several variables. 

                                                          Fig. 1 

Def.1. A point   n
nxxxx  020100 ,...,,  is called a point of a local maximum 

of a function of n variables    nxxxfxf ,...,, 21  if there exists some neighbourhood 

0xU  of 0x  such that for any  0\
00

xUUx xx   the inequality 

                                            0or  000  xfxfxfxfxf                             ( 1 )  

holds. The value of the function at the point 0x , that is  0xf , is called a local maxi-
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mum of the function. 

By analogous way a point of a local minimum and a local minimum of a func-                       

tion of n variables are defined. The terms a local maximum and a local minimum we 

as usually unite by common term a local extremum. 

The case of a local maximum of a function on two variables    yxfMfz ,  

is represented on the fig. 1. A point  000 ; yxM  is a point of a local maximum. The 

latter  equals     000000 , PMyxfMfz   where  0000 ;; zyxP  is the point of a sur-

face  yxfz ,  which is the graph of the function. Some level lines of the func-tion 

namely       321 ,,,,, CyxfCyxfCyxf   are shown of the same figure. 

Def. 2. A point   n
nxxxx  020100 ,...,,  is called that stationary of a function 

of n variables    nxxxfxf ,...,, 21  if all its first order partial derivatives equal zero 

at this point, 

                                         0,...,0,0 000 21
 xfxfxf

nxxx .                                 ( 2 ) 

Note 1. The differential of the function    nxxxfxf ,...,, 21  equals zero at 

the stationary point, 

                                 0... 020100 21
 nxxx dxxfdxxfdxxfxdf

n
.                   ( 3 )   

Theorem 1 (necessary condition of existence of a local extremum). If a func-

tion of n variables   nxxf ,  possesses a local extremum at a point nx 0   then 

this latter is a stationary point for the function, that is the equalities (2), (3) hold. 

■Let 0303202 ,...,, nn xxxxxx   and    0302011 ,...,,, nxxxxfx   be a function 

of one variable 1x . If a function    nxxxfxf ,...,, 21  has a local extremum at the 

point  nxxxx 002010 ,...,,  then the function  1x  has a local extremum at the point 

01x  and so   001  x . It means that     0,...,,, 00302001 11
 xfxxxxf xnx . In the same 

way we can prove that     0,...,0 002
 xfxf

nxx .■ 

Note 2. It follows from the theorem 1 that a (twice continuously differentiable) 

function    nxxxfxf ,...,, 21  can possess a local extremum only at a stationary 

point. But a stationary point is not necessary a point of a local extremum that is the 
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necessary condition for existing of a local extremum isn’t that sufficient. 

Ex. 1. The point  0;0O  is that stationary for a function of two variables z  

   00,,,  yxifffxfyfxyyxf yxyx  but it isn’t a point of a local 

extremum because of     00;0,  fyxf  for 0xy  (in the second and forth quad-

rants) and     00;0,  fyxf  for 0xy  (in the first and third quadrants). 

To state a sufficient condition for existence of a local extremum we’ll take into 

consideration some facts of theory of quadratic forms. 

Def. 3. The quadratic form of n variables nxxx ,...,, 21  is called an expression 

                                       jiij

n

ji
jiijn aaxxaxxxFxF  



,,...,,
1,

21 .                           ( 4 )   

It’s easy to prove that it can be written in a matrix form 
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22221
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2121 , ( 5 ) 

and A is called the matrix of the quadratic form. It’s symmetric one with respect its 

leading [main, principal] diagonal, that is jiij aa  .  

Ex. 2. The quadratic form of two variables 21, xx  is an expression 

     2112
2

1

2221

1211
21

2

1,

2
2222112

2
11121 ,2, aa

x
x

aa
aa

xxxxaxaxxaxaxxF
ji

jiij 















 



  ( 6 ) 

with the matrix 

                                      1221
2212

1211

2221

1211 , aa
aa
aa

aa
aa

A 
















                                  ( 7 )                               

Ex. 3. The quadratic form of tree variables 321 ,, xxx  is an expression 
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 110 
Def 4. Quadratic form (4) if called positive (negative) definite if it takes on 

only positive (negative) values for any ,0x that is if 0... 22
2

2
1  nxxx , and unde-

termined if it can take on both positive and negative values. 

Def. 5. Principal minors of the matrix (5) of the quadratic form (4) are called 

its diagonal minors, 

                 AA
aaa
aaa
aaa

aa
aa

a n det...,,,,

333231

232221

131211

3
2221

1211
2111  .            ( 8 )    

Theorem 2 (Sylvester1). Quadratic form (4) is positive definite if and only if 

all its principal minors are positive, 

                                           0...,,0,0,0 321  n .                                   ( 9 ) 

It is negative definite if and only if these minors have alternating signs in the 

next manner 

                                          ,...0,0,0,0 4321                                     ( 10 ) 

If all principal minors are those non-zero and distribution of their signs differs 

from (9), (10), then the quadratic form (4) is undetermined one. 

Def. 6. Hesse2 matrix for a function    nxxxfxf ,...,, 21  (at arbitrary point 

 nxxxx ,...,, 21 ) is called the next one 

                      

       
       
       

        





























xfxfxfxf

xfxfxfxf
xfxfxfxf
xfxfxfxf

xfH

nnnnn

n

n

n

xxxxxxxx

xxxxxxxx

xxxxxxxx

xxxxxxxx

...
............................................................

...

...

...

,

321

3332313

2322212

1312111

.             ( 11 )  

We’ll in the future suppose that at least one second order partial derivative of 

the function  xf  doesn’t equal zero at the stationary point 0x . It means that the mat-

rix  0, xfH  is supposed to be non-zero.  

Theorem 3 (sufficient condition for existence of a local extremum at a sta-

                                         
1 Sylvester J.J. (1814 - 1897), an English mathematician. 
2 Hesse, L.O. (1811 - 1874), a German mathematician 
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tionary point). Let a point   n
nxxxx  020100 ,...,,  be stationary one of a function 

   nxxxfxf ,...,, 21 , and  0, xfH  - is the value of Hesse matrix (11) at this point 

with non-zero principal minors.  

a) If all principal minors of the matrix  0, xfH  are positive, 

                                        0...,,0,0,0 321  n ,                                  ( 12 ) 

then the point  020100 ,...,, nxxxx   is that of a local minimum; 

b) If the signs of principal minors of the matrix  0, xfH  are alternating such 

that 

                                          ,...0,0,0,0 4321  ,                                   ( 13 ) 

then the point  020100 ,...,, nxxxx   is that of a local maximum. 

c) No local extrema in the other cases. 

■ By Taylor formula the increment of the function at the point 0x  equals 

         cfdxdfxfxfxfy 2
000 !2

1
 , 

where  ncccc ,...,, 21  is some point. By virtue of the condition (3) we have  0xdf  

0 , and so 

                                              cfdxfxfxf 2
00 2

1
 .                                  ( 14 ) 

A sign of the right side in (14) coincides, in some neighbourhood 
0xU of the point 0x , 

with a sign of  0
2 xfd  because of continuity of the second order partial derivatives 

of the function f. But the differential  0
2 xfd  equals (see (35) in Lecture No.16) 

                              



n

ji
jixxn dxdxxfxxxfdxfd

ji
1,

002010
2

0
2 ,...,,                    ( 15 ) 

therefore it’s a quadratic form of variables idx with the matrix  0, xfH  (see (11)).  It  

is positive (negative) definite in 
0xU because of the conditions (12) ((13)). In the first 

case we have   00
2 xfd  and so   00  xf  in 

0xU , and the function has a local 

minimum at the point 0x . In the second case the inequality   00
2 xfd  holds, so 
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  00  xf  in 

0xU , and the function has a local maximum at the point 0x . If the con-

ditions (12) (13) don’t fulfill (but nii ,1,0  ) the quadratic form (15) is undeter-

mined one, therefore the differential  0
2 xfd  and the increment  0xf  of the func-

tion don’t conserve their signs in any neighbourhood of the point 0x . It means that  

the function  xf  doesn’t have a local extremum at the point 0x .■ 

Note 3. The proof of the theorem is relieved for the case of a function of two 

variables     21, xxfxf  . It doesn't require the theory of quadratic forms because 

the sign of the differential    2010
2

0
2 , xxfdxfd   at the stationary point 0x  is de-

termined by the theory of the quadratic trinomial. Indeed, in this case 

        .2 2
20210

2
100

2
222111

xxfxxxfxxfxfd xxxxxx   

As usually ., 2022210111 xxdxxxxdxx   For example if 02 x , then  

       


























 0

2

1
0

2

2

1
0

2
20

2
222111

2 xf
x
xxf

x
xxfxxfd xxxxxx . 

Quadratic trinomial (with respect to 21 xx  ) is positive (negative) for every 21, xx   

( 02
2

2
1  xx ) if   001 11

 xf xx  (respectively   001 11
 xf xx ) and if its discri-

minant 

               00
2

000
2

0 221121221121
444 xfxfxfxfxfxfD xxxxxxxxxxxx  

   
   

   
      ,4,det444 20

00

00

00

00

2221

2111

2122

1121 







 xfH
xfxf
xfxf

xfxf
xfxf

xxxx

xxxx

xxxx

xxxx  

is negative one (and therefore the main minor 2 is that positive). The function has a 

local minimum in the case 0,0 21   and a local maximum in the case ,01   

02  . In the other cases ( 01   but 02  ) it doesn’t have a local extremum at the 

stationary point  20100 , xxx  . 

Note 4. Theorem 3 is valid if )( 0
2 xfd  doesn’t equal zero identically (with res-

pect to nidxi ,1,  ). Otherwise we must resort to more general theory which involves 

higher order differentials. 
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Note 5. In  practice we often deal with cases when at least one main minor of 

the matrix (11) equals zero. We consider such the cases as those doubtful. But it’s 

possible to close the question completely for functions of two variables   xf  

 21, xxf .  

It’s sufficient to study two possibilities for the stationary point  20100 , xxx   

namely: a) ,01  but 02  ; b) 02  .  

a) If ,01   but 02  , then   0021
 xf xx , ,02   and the formula (15) takes 

on the form 

      .2 2
202100

2
2221

dxxfdxdxxfxfd xxxx   

It’s evident that  0
2 xfd  doesn’t conserve a constant sigh in any neighbourhood of 

the stationary point, and so the function doesn’t have a local extremum at this point. 

We’ve seen that it also doesn’t exist if 01   and 02  . 

b) The case 02  , when the trinomial  0
2 xfd  has two real equal roots, is 

that doubtful for each value of the minor 1  ( 01   or 01  ).  

Now we can state sufficient condition of existing of a local extremum of the 

function of two variables    21, xxfxf   at the stationary point  20100 , xxx   in 

the form of the next theorem. 

Theorem 4. Let  20100 , xxx   be a stationary point of a function of two va-

riables    21, xxfxf  .  

а) If  

    00 0101 1111
 xfxf xxxx  and  

   
    0,det

00

00
02

2221

2111 




xfxf
xfxf

xfH
xxxx

xxxx , 

then a function has a local minimum (respectively maximum) at this point.  

b) In the case 

 
   
    0,det

00

00
02

2221

2111 




xfxf
xfxf

xfH
xxxx

xxxx  

a local extremum doesn’t exist. 
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c) The case  

  0,det 02  xfH   

is that doubtful. One must resort to more general theory involving higher order dif-

ferentials. 

Ex. 4. Find local extrema of the function 27933  xyyxz . 

The first step: finding stationary points of the function. 

 
 



























.3;3
,0;0

;3,3
;0,0
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;093
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2

2
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yx
yx

xy
yx

xy
yx

z
z

xyz
yxz

y

x

y

x  

The second step: studying the stationary points    3;3,0;0 MO . For this pur-

pose we can use both the conditions (12), (13) of the general theory and those (12 a), 

(13 a) for the case of a function of two variables. We'll begin from the general theory. 

Let's form at first Hesse matrix for the given function: 




























y
x

zz
zz

yxzH
yzzz

zxz

yyyx

xyxx

yyxyyx

xyxx

69
96

)),(,(
;6,9

,9,6
. 

a)  For the point  3;3M  the corresponding value of Hesse matrix is 














189
918

))3,3(,( MzH ; 

all its principal minors are positive 

0181  ,     0
189

918
2 




 ; 

by virtue of the theorem 3 the function has a local  minimum at the point  3;3M . 

b) For the point  0;0O  Hesse matrix and its principal minors are 

  












09
90

)0;0,( OzH ;  01  ,   81
09
90

2 



  

and by the theorem 4 a local extremum doesn’t exist at the point  0;0O . 

Ex. 5. Find local extrema of a function of three variables 

.51323410 222  zyxyzxzzyxu  
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1. Finding  stationary points of the function. There is one stationary point be-

cause of 

,133420,132,242  yxzuzyuzxu zyx  

 .1;1;1
,1

;132034
,132
,242

;133420
,0132
,0242

0M
zyx

zyx
zy
zx

yxz
zy
zx

























 

2. Investigation the stationary point  1;1;10M . The second order partial deri-

vatives of the given function  

20,3,2,4,0,2  zzzyyzyyzxxzyxxyxx uuuuuuuuu  

generate Hesse matrix with constant elements, so 

          1;1;1,;;,;;, 00000 MuHzyxMuHzyxMuH  

     
     
     

;
2034
320
402

000

000

000












































MuMuMu
MuMuMu
MuMuMu

zzzyzx

yzyyyx

xzxyxx

 

the principal minors of the value of Hesse matrix at the stationary point  1;1;10M  are 

equal to 

030
2034
320
402

,04
20

02
,02 321 










 , 

and therefore the given function possesses a local maximum   100max  Muu  at the 

point  1;1;10M . 

Ex. 6. Find local extrema of the function zyzxyxu 2 . 

1. ;21,1,1 222 zyuyzxuxyu zyx   
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,
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;021
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43

21

41

26

3

2
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2
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xx
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xzy
yx

zy
yzx

xy
 

There are two stationary points  
  ;;M ,  

  ;;M . 
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2. Now we must study the stationary points for existing of a local extrema. The 

second order partial derivatives of the function at arbitrary point  zyx ;;  are equal to 

.,,
,,,

,,,











zuyuu
yuyzuxu

uxuxyu

zzzyzx

yzyyyx

xzxyxx

 

a) Hesse matrix and principal minors for the point  
  ;;M  are 

  
,

,
,;;,





























 
















 Δ

Δ
MuH  

  02222222
220

222
022

412454543

411

14121

2143

3 





 







. 

Hence we have a local minimum at the point  
  ;;M . 

b) Hesse matrix and principal minors for the point  
  ;;M  are 

   ,0
22
22

,02
,

220
222
022

2;2;2,
4121

2143

2

43
1

411

14121

2143

432141
2 








































MuH  

  02222222
220
222
022

412454543

411

14121

2143

3 




 







. 

We have a local maximum at the point  
  ;;M . 

Ex. 7. Functions 

      44
3

44
2

44
1 ,,,,, yxyxfzyxyxfzyxyxfz   

have the same stationary point  0;0O . Their second order differentials 

,1212,1212,1212 2222
3

22222
2

22222
1

2 dyydxxfddyydxxfddyydxxfd    

identically equal zero at the stationary point and the theorem 3 is inapplicable one for 

these functions. One can easily see that  yxf ,1  has a maximum,  yxf ,2  has a mi-
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nimum,  yxf ,3  hasn’t a local extremum at the point  0;0O . Indeed,   0,1 yxf ,    

  0,2 yxf  at any point    0;0; OyxM   while   0,3 yxf  as yx  ,   0,3 yxf  
as yx   and   0,3 yxf  as yx  . 
 

 
POINT 2. LEAST SQUARES METHOD 

 
 

Let we study two variables x, y and we seek the form of a functional dependen-

ce between them. For this purpose we fulfil n experiments on y,x  and represent ob-

tained results by a table of pairs  ii yx ;  and by corresponding points  iii yxA ;  of the 

yx0 –plane (see the table 1 and fig. 2). 

                               Table 1    

n

n

n

AAAA
yyyyy
xxxxx

...Point

...

...

321

321

321

 

The disposition of points 

                                          Fig. 2                                    nAAA ,...,, 21  sometimes helps 

us to hypothesize concerning a form ,...),,( baxfy   of dependence in question. For 

example a fig. 2a leads to the hypothesis about linear dependence between y,x , 

namely baxy  . On the other hand a fig. 2b generates the hypothesis about para-

bolic (of the second degree) dependence cbxaxy  2 .  

Our aim is to find parameters ,..., ba  by the best (in a certain sense) way. This 

way is the least squares method (LSM). 

Let in general we hypothesize 

                                                       ,...),,( baxfy  .                                               ( 16 ) 

We introduce the next quantities (so-called errors)  

                                                   iii ybaxf  ...),,(                                             ( 17 )  
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which are the differences between theoretic and empiric results of experiments on the 

variables x and y. Least squares method which was devises by Legendre1 and Gauss2 

and justified by Gauss consists in follows: we find ,...b,a  in such a way to make mi-

nimal (or to minimize) the sum of squares of the errors. It means that we have to find 

a minimum of the next function of the variables ,...b,a  

                                     



n

i
ii

n

i
i ybaxfba

1

2

1

2 ...),,(,...,  .                          ( 18 )  

To find a, b, … we must solve the next system of equations 

                                                       
 
 










........................
,0,...,
,0,...,

ba
ba

b

a

                                               ( 19 ) 

which is called a normal system of  least squares method. 

We’ll limit ourselves to two hypotheses generated by dispositions of points 

 iii yxA ;  on the fig. 1 a, b, namely baxy   and cbxaxy  2 .  

If we suppose 

                                                            baxy                                                 ( 20 ) 

then we have to minimize the next function 

                                      



n

i
ii

n

i
i ybaxba

1

2

1

2 )(),(  .                              ( 21 ) 

Its partial derivatives with respect to a and b equal 























 



 
n

i
i

n

i
i

n

i
iib

n

i

n

i
iii

n

i
i

n

i
iiia

ybnxaybax

yxxbxaxybax

111

1 11

2

1

2)(2

,2)(2
 

and we have to solve the next normal system of linear equations in a, b 

                                         
1 Legendre, A.M. (1752 - 1833), a French mathematician 
2 Gauss, K.F. (1777 - 1855), a great German mathematician, astronomer, physicist, and land-surveyor 
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i
i

b

a

ybnxa

yxxbxa
                               ( 22 ) 

In the case of a hypothesis   

                                                      cbxaxy  2                                                ( 23 ) 

we must minimize a function of three variables a, b, c 

                                  



n

i
iii

n

i
i ycbxaxcba

1

22

1

2 )(),,(                           ( 24 ) 

with the next partial derivatives with respect to a, b, c 

.2)(2

,2)(2

,2)(2
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Therefore a system of linear equations in a, b, c to be solved 
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ycnxbxa
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    ( 25 ) 

Ex. 8. Amount of goods x (in thou-

sands of i.c.u.) and costs of circulation y (in 

i.c.u) are given by the table 2. 

Disposition of points A, B, C, D, E, F 

               Fig. 3                                       (fig. 3) permits us to hypothesize that 
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baxy  , 

that is costs of circulation y and amount of goods x  are connected by linear depen-

dence. By virtue of (22) we must solve the next system of equations 

Table 2 

№ ix  iy  Points ii yx  2
ix  

1 60 551 A 33060 3600 

2 80 576 B 46080 6400 

3 140 628.5 C 87990 19600 

4 160 673 D 107680 25600 

5 240 768.5 E 184440 57600 

6 320 863 F 276160 102400 

  1000 4080  735410 215200 

 








.408061000
,7354101000215200

ba
ba

 

The solution of the system is 13.1a , 71.489b  and so the depen-dence in 

question is given by the next equation  

71.48913.1  xy . 

 
POINT 3. CONDITIONAL EXTREMA 

 

Simplest problem on a conditional extremum:  

Find extrema of a function of two variables 

                                                    ),( yxfMfz                                                 ( 26 ) 

provided that x and y are connected by the equation [condition, constraint, relation] 

                                                           0),( yx                                                     ( 27 ) 

Geometric sense of this problem consists in finding an extremum of the fun- 

ction  yxfz ,  at the points of a curve of the equation (27). 
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                                                          Fig. 4                               

 

A condition maximum of a function  yxf ,  along a curve CDABML 0:  is re-  

presented on fig. 4. It equals    Mfz      PMyxf , , and the function achie-

ves it at the point   LyxM 000 ; . For comparison fig. 4 gives the local maximum of 

the same function     111111 , PMyxfMfz    

which differs from the condition maximum. 

 

General problem on a conditional extremum: 

Find extrema of a function of n variables 

   nxxxfxfu ,...,, 21           ( 28 ) 

provided that the variables nxxx ,...,, 21  are connected by the next  nkk   equations 

[conditions, constraints, relations]                     
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  .0,...,,
................................
,0,...,,
,0,...,,

21

212

211






nk

n

n

xxx

xxx
xxx






                                              ( 29 ) 

A. Necessary condition for existing of a conditional extremum. 
 

Case 1. The simplest problem (26), (27) on a conditional extremum.  

Let a conditional extremum (26), (27) is attained at a point  000 ; yxM  and at 

least one of the first order partial derivatives of the function ),( yx doesn't equal zero 

at this point, for example 

                                                   0; 000  yxM yy  .                                          ( 30 ) 

In this case the equation (27) determines y as an implicit function of x in some neigh-

bourhood of the point  000 ; yxM , 

                                    0000 ,0,,0, xyyyxxyxxyy   .                    ( 31 ) 

If we can directly find y from the equation (27) we get a problem on usual local 

extremum for a function     xyxfxzz ,  of one variable x . The necessary con-

dition for existing of such the extremum is   , xz  or in the full form 

                                                  0,, 00000  xyyxfyxf yx .                               ( 32 ) 

In reality it isn’t  necessary to express y  through x from the equation (27). It’s 

sufficiently only to take into account that y is a function of x implicitly defined by 

this equation, and therefore to consider the equality (27) as identity with respect to x. 

By its differentiation we get at the point  000 ; yxM  

                                              0,, 00000  xyyxyx yx  .                                   ( 33 ) 

Now from (32) and (33) we find  
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                                          ( 34 ) 
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If we denote equal ratios (34) by  , where   be some number which is called La-

grange’s multiplier, we’ll get  

 
 

 
         ,,,,,,
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,

,
,
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00

00

00 yxyxfyxyxf
yx
yxf

yx
yxf

yyxx
y

y

x
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        0,,,0,, 00000000  yxyxfyxyxf yyxx  . 

We have proved the next theorem. 

Theorem 4 (necessary condition of existing of the conditional extremum (26), 

(27)). If a function   ),( yxfMfz  of two variables attains the conditional extre- 

mum (26), (27) at a point  000 ; yxM , then its coordinates satisfy the next system of 

equations in ,, yx : 

                                              
   
   












0),(
,0,,
,0,,

yx
yxyxf
yxyxf

yy

xx





                                        ( 35 ) 

One can easy remember the system (35) by introducing the next auxiliary func-

tion (Lagrange function)   

                                             yxyxfyxLL ,,,,   .                                 ( 36 ) 

The necessary condition of existing of a conditional extremum (26), (27) goes over  

                                    
 
 
 

 
 
 





















.0,,
,0,,
,0,,

or
;0,

,0,,
,0,,

yxL
yxL
yxL

yx
yxL
yxL

y

x

y

x











                              ( 37 ) 

Def. 6. Every solution   yxP ,,  of the system (37) is called a stationary 

point of the Lagrange function (36). Corresponding geometric point  000 , yxM  can 

be named a stationary point of the function  yxfz ,  (for the simplest problem on a 

condition extremum (26), (27)). 

It follows from the definition 6 and the theorem 4 that a function  yxfz ,  

can reach a condition extremum only at a stationary point of Lagrange function. 

Case 2. The general problem (28), (29) on a conditional extremum. 

In general problem (28), (29) on a conditional extremum one introduces La-
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grange function 

              kknk fxxxLxLL   ...,...,,,,...,,, 22112121           ( 38 )  

Theorem 5 (necessary condition of existing of a conditional extremum (28), 

(29)). If a function of n variables    nxxxfxfu ,...,, 21  attains the conditional ex-

tremum (28), (29) at a point   n
nxxxx  020100 ,...,,  then its coordinates satisfy the 

next system of equations in nk xxx ,...,,,,...,, 2121   

                               
 
 








;,
,,

kj
niL

j

xi

0
  or  

 
 








.,
,

kjL
niL

j

ix

0
,



                          ( 39 )   

Def. 7. Every solution   ),...,,,,...,,(, 020100201000 nk xxxx    of the system 

(39) is called a stationary point of Lagrange function (38). Corresponding geometric 

point ),...,,( 020100 nxxxx   is often named a stationary point of the function   xfu  

 nxxxf ,...,, 21    (for the general problem on a condition extremum (28), (29)). 

The function     nxxxfxfu ,...,,   can reach a condition extremum only at 

a stationary point of Lagrange function. 

 

B. Sufficient condition for existing of a conditional extremum 
 
Case 1. The simplest problem (26), (27) on a conditional extremum. 

 

Let   yxP ,,  be some stationary point of Lagrange function (36) for a 

function  yxfz , , that is one of solutions of the system (37). Let's introduce Hesse 

matrix for Lagrange function at arbitrare point  yxP ;;  for two cases: 

a) in the first case, when     0,,, 00000  yxyxL xx  , one has 

    
     
     
     





















yxLyxLyxL
yxLyxLyxL

yxLyxLyxL
yxfHyxPfH

yyyxy

xyxxx
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,,,
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or 
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yxLyxLyx
yxLyxLyx

yxyx
yxfHyxPfH
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xyxxx
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,,,,,
,,,,,

,,0
,,,,,,





 ;   ( 40 а )                            

b) in the second case, when 

        0,,, but0,,, 0000000000  yxyxLyxyxL yyxx   , 
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yxLyxLyx
yxLyxLyx

yxyx
xyfHyxPfH

xxxyx

yxyyy

xy

,,,,,
,,,,,

,,0
,,,,,,





 .   ( 40 b )     

The first main minor of Hesse matrix equals zero, 01  , and the second one is nega-

tive, 02  , at any point. Let's consider the value of the third main minor at the sta-

tionary point   yxP ,, , namely  

   
   

     
     00000000

00000000

0000

0000003

,,,,,
,,,,,

,,0
,,,det,,

yxLyxLyx
yxLyxLyx

yxyx
yxfHyx

yyyxy

xyxxx

yx











  

for the matrix (40 a) and  

   
   

     
     00000000

00000000

0000

0000003

,,,,,
,,,,,

,,0
,,,det,,

yxLyxLyx
yxLyxLyx

yxyx
xyfHyx

xxxyx

yxyyy

xy











  

for the matrix (40 b).  

Theorem 6. If  

  0,, 0003  yx  

that is sign of  0003 ,, yx  coincides with that of 2 , then the function  yxfz ,  

possesses a condition minimum at the (geometrical stationary) point  000 , yxM .  

If  

  0,, 0003  yx , 
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then the function reaches a condition maximum at the point  000 , yxM . 

Ex. 9. Find conditional extrema of the function 22 yxz   under the next con-

dition 422  yx  that is on the circle with the radius 2 centered at the origin. 

The first step: introduction of Lagrange function and finding its stationary 

points. 
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On the base of the equation (a) we can study two cases. 

1 case: 0x  in the equation (a); 1)(,2)(  byc . 

2 case: 1  in the equation (a); 2)(,0)(  xcyb . 

We’ve got four stationary points of Lagrange function and of the given func-

tion, namely: 

           
           .;,;;;;;;,;;;;

;;,;;;;;;,;;;;







MPyxPMPyxP
MPyxPMPyxP




 

The second step: investigation the stationary points for existence of a condi-

tional extremum. 

Second order partial derivatives of Lagrange function are 

      ,2,),,(,2,),,(,0,),,( yyxyxLxyxyxLyxyxL yyxx     

.22),,(,0),,(),,(,22),,(   yxLyxLyxLyxL yyyxxyxx  

A. For points    0;2,0;2;1 11 MP   и    0;2,0;2;1 22  MP  we must take 

Hesse matrix for Lagrange function in the form (40 а) because of the partial deriva-

tive   xyxyxL xx 2,),,(    doesn't equal zero at    0;2,0;2 21 MM . We have 
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or simply 
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, 

а) For the point  0;2;11 P  (respectively for  0;21M ) 

       064
400

004
040

0,2,1,det0,2,1,det0,2,1 13 


 fHPfH . 

б) For the point  0;2;12 P  (respectively for  0;22 M ) 

       064
400

004
040

0,2,1,det0,2,1,det0,2,1 23 





 fHPfH

 On the base of the theorem 6 the given function has a conditional maximum at the 

points  0;21M  and  0;22 M  which equals   402 22  . 

Б. For the other pair of stationary points  

     2;0,2;0;1;; 333333 MPyxP   и      2;0,2;0;1;; 444444  MPyxP  , 

we take Hesse matrix in the form (40 b), because   xyxyxL xx 2,),,(    equals 

zero but   yyxyxL yy 2,),,(    at the points  2;03M  and  2;04 M . We have 
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or simply 
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2202
0222

220

x
y

xy
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а) For the point  2;0;13P  (and respectively for  2;03M ) 

       064
400
004
040

0,2,1,det2;0;1,det2;0;1 33  fHPfH . 

On the base of the same theorem the function possesses a conditional minimum at the 

point  2;03M , namely 420 22  . 

б) For the point  2;0;14 P  (and respectively for  2;04 M ) 

       064
400
004
040

0,2,1,det2;0;1,det2;0;1 43 


 fHPfH . 

So the function possesses a conditional minimum   420 22   at the point 4M . 

Thus the given function 22 yxz   attains a conditional maximum 4 at the 

points  0;21M  and  0;22 M  of the circle 422  yx  and a conditional minimum 

4  at its points  2;03M  and  2;04 M .  

 
Case 2. The general problem (28), (29) on a conditional extremum. 

 
Let   ),...,,,,...,,(, 020100201000 nk xxxx    be some stationary point of Lagra-

nge function (38), that is one of solutions of the system (39). To formulate the suffi-

cient condition for existing of a conditional extremum at corresponding geometrical 

point ),...,,( 020100 nxxxx   we’ll introduce two matrices. 

a) The first matrix is that 

   nxxxx ,...,, 21  

of partial derivatives of the functions (29) (see the formula (40) on the next page). 
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,...,,

21

1
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1

1

1

21
.                 ( 40 ) 

Here k is the number of conditions (29). It’s supposed that the value of the matrix at 

the point ),...,,( 020100 nxxxx  , that is 

   020100 ,...,, nxxxx  , 

has the rank k and so contains at least one non-zero k-th order minor. We’ll dwell on 

the case when the next minor (so-called jacobian1)  
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............
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...

,...,,
,...,,                   ( 41 ) 

doesn’t equal zero. 

c) The second matrix to be introduced is Hesse one for Lagrange function (38) 

that is  

                                   nk xxxLHxLH ,...,,,,...,,,,, 2121   .                          ( 42 ) 

     nk xxxLHxLH ,...,,,,...,,,,, 2121   
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. 

We have zeros on intersection of k first rows and columns because all first order par-

tial derivatives of Lagrange function with restect to ,1 ,2  …, n  are the functions 

                                         
1 Jacobi, K.G.J. (1804 - 1851), a German mathematician. We use a known notation of a jacobian from the left in (41)  
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(29) which don't depend on ,1  ,2 …, n . First k main minors of Hesse matrix are 

equal to zero 

0...21  k . 

Theorem 6 (sufficient condition for existence of a conditional extremum). Let 

for a stationary point   ),...,,,,...,,(,   nk xxxx   of Lagrange function: 

1. The Jacobian (41) doesn’t equal zero; 

2. ,, kii   is the first nonzero main minor of the value  00 ,, xLH   of  Hesse 

matrix (42) at the point   ),...,,,,...,,(,   nk xxxx  ; 

3.  k
i signΔsign  , where k is the number of conditions (29). 

Then: 

a) if all successive main minors j  of  00 ,, xLH   have the same sign, 

,...,,2,1,)1( niijsignsign k
j   

then the geometrical point ),...,,( 020100 nxxxx   is that of a conditional minimum; 

b) if the principal minors niii   ,...,,, 21  are alternating, 

      ,...1,1,1 2
2

1
1





  k

i
k

i
k

i signsignsign , 

then the point ),...,,( 020100 nxxxx   is that of a conditional maximum; 

c) if at least one of principal minors ,, njij   equals zero, we get so-called 

doubtful case which requires a more complicated theory; 

d) no extrema in the other cases.  

Ex. 10. Find conditional extrema of the function xyzu   with two constraints 

  
  .8,,8

,5,,5

2

1



zxyzxyzyxzxyzxy

zyxzyxzyx



 

The first step: introduction of Lagrange function and finding its stationary 

points. Lagrange function is 

     .85,,,, 21221121  zxyzxyzyxxyzfzyxLL   

Its first partial derivatives 
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     ,,,
,8,5

212121

21 21

yxxyLzxxzLzyyzL
zxyzxyLzyxL

zyx 



   

Necessary condition for a conditional extremum is represented by the system 
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ezxyzxy
dzyx
cyxxy
bzxxz
azyyz
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z

y

x












 

Adding together the equations (a), (b), (c) and keeping in mind (d), (e) we get 

08103 21   .       (f)                                                      

Subtracting the equation (b) from (a) and then (c) from (b) we get 

    
    hxyz

gzxy
.0
,0

2

2







. 

Remark. One can obtain the equations (g), (h) by the other way. Namely we 

have from (a), (b), (c) 
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yzxyz
xyzxy

yxxyzxxz
zxxzzyyz

yxxy
zxxz
zyyz











 

hence 

    
    hxyz

gzxy
.0
,0

2

2







 

We must study the next cases: 

2222 ,)4;,)3;,)2;,)1   xzyzzxxyyzxy . 

1) This case zyx   is impossible by virtue of the equations (d), (e). 

2) In the case 2 yx  the equation (c) gives 2
21   , hence the equation (f) 

leads to the quadratic 08103 2
2
2    with roots .,




    It follows that 

    .,



 
22   Corresponding values of x, y and z (by the equation 
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(d)) are following: 1,2,2  and 37,34,34 . Finally we get two stationary points of 

Lagrange function   























  ;;;;,;;;; PP  and corresponding sta-

tionary points of the given function   
















  ;;,;; MM . 

In the cases 3) and 4) we analogously get another four stationary points 

    















































  ,,,,,,,,,,,,,,,,,,, PPPP  

(pairwise  PPPP ,;, ) and corresponding geometrical points (stationary points of the 

given function) 

    

































  ;;,;;,;;,;; MMMM . 

The second step: investigation the stationary points for existence of a condi-

tional extremum. The number of conditions 2k , so     0111 2  k . 

A. The matrix of the first partial derivatives of the functions 21,  is 

  
















































yxzxzy

zyx

zyxzyx
111

,,
222

111





. 

Values of the matrix  zyx ,,  at the stationary points 61 MM   of the function and 

corresponding Jacobians are represented below: 

    ,,, 
























 yxzxzy
zyxΦMΦ  
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yxD
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 yxD
DMΦ

yxD
DMΦ

,
,,;

,
,,   

It follows that we must use Hesse matrix  zyxLH ,,,,; 211   for the stationary 

points   PP  of Lagrange function, but investigation of the points  PP ,  requires the 

other Hesse matrix, namely  xzyLH ,,,,; 212  . For corresponding points 61 MM   

the rank of the matrix  zyx ,,  equals 2. 

B. Compiling Hesse matrices at arbitrary point  zyx ,,,, 21  . 
 

.;;
;;;

;0;1;0

222

222222

11111122122111
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yxLLzxLLzyLL
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xxxzxyxx
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yxyzyyyy

xzy
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,,,,,

 

 

C. Testing stationary points of Lagrange function for existing of conditional 

extrema. There are 2k  conditions, so      0111 2  k . 

a) For the point  1,2,2,2,41 P  (and the point  1;2;21M ) 
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    ,0
00
00
,0

;

00131
00041
10031

34300
11100

1,2,2,2,4;;
2

1

212 



























 LHPLH  

02

00131
00041
10031

34300
11100

,01

0041
0031
4300
1100

;0
031
300
100

543 



 . 

b) For the point 





 

3
7,

3
4,

3
4,

3
4,

9
16

2P  (and the point   ;;M ) 

 
.02

,01
,0

;

001
3
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000
3
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3
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3
4,
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9
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5
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  LHPLH  

The function has a conditional minimum 4 at the point  1;2;21M  and a condi-

tional maximum   at the point   ;;M . 

Note. If we tried to investigate the points 

  























  ;;;;,;;;; PP  

with the help of Hesse matrix  zyxLH ,,,,,   , we should get 

  ΔΔΔΔ  

and only 

  .,,   ksignΔsignΔΔ k  

If we even asserted for the function to reach conditional extrema at these points, we 

could say nothing as to their character. 
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c) For the point  2,2,1,2,43 P  (and the point  2;2;13M ) 

   
.02
,01

,0
,

01031
10031

00041
33400
11100

2,2,1,2,4;;

5

4

321

131































 LHPLH  

d) For the point  2,1,2,2,44 P  (and the point   ;;M ) 
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,0
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00131
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34300
11100

2,1,2,2,4;;
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 LHPLH  

The function has conditional minima 4 at the points   ;;M ,   ;;M . 

e), f) By the same way we ascertain that for the points 

























 ,,,,P , 























 ,,,,P  

02,01,0 54321   

and therefore the function attains condition maxima 
27

112  at the points  


















 ,,M , 
















 ,,M . 

Answer. The given function achieves the conditional minimum 4 at the points 

 MMM ,,  and the condition maximum 
27

112  at the points  MMM ,, . 

 
POINT 4. ABSOLUTE EXTREMA 

 
 

Let a function )y,x(f)M(fz   of two variables is continuous one in a clo-

sed bounded domain D. By virtue of the theorem 5 of the lecture 11 it takes on the 
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greatest M and the least m values in D. There are points     DyxMDyxM  222111 ,,,  

such that 

     
       yxfMfMyxfMf

yxfMfmyxfMf

DD

DD
,maxmax,

,,minmin,)(

222

111




 

The numbers Mm,  are called absolute extrema of the function in the domain 

D. It’s necessary to find them. 

Solving the problem of finding Mm,  we must 

take into account that each of 

the points    222111 ,,, yxMyxM  can lie as inside the 

domain D as on its boundary. In the first case it is that 

stationary of the function.  

On the base of these remarks we can state the 

                   Fig. 5                     next 

Rule. To find the greatest and the least values (absolute extrema) of a function 

)y,x(f)M(fz   of two variables, which is continuous in a closed bounded do-

main D, it’s sufficient to do as follows: 

1. To find all inner stationary points of the function (for ex. points N, P on the 

fig. 5). 

2. To find stationary points of the function on the boundary of the domain (for 

ex. points R, S, T on the fig. 5). 

3. To calculate the values of the function at all these points and at angular 

points of the boundary of the 

domain if they exist (for ex. points A, B, C on the fig. 5) 

4. To choose the greatest and the least of these values. 

Finding stationary points of the function on the boundary of the domain D is a 

part of the problem on a conditional extremum and can be done by using of Lagrange 

function. 

If a boundary of the domain D consists of some separate parts (for ex. AB, BC, 

CA on the fig. 5), it’s necessary to find stationary points of the function on every of 
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these parts.  

Ex. 11.  Find the greatest and the least va-lues 

of the given function of two variables 

  yxyxyxfz 42, 22   

in the  domain D which is determined by the ine-

qualities 0x , 0y , 7 yx . 

The function is continuous in a closed boun- 

ded domain D which is a triangle OAB  generated by 

                  Fig. 6                         the coordinate axes and a straight line 

7 yx  (fig. 6). 

1.  







;42
,22

yz
xz

y

x    







;042
,022

y
x

    







.2
,1

y
x

  

So the point  2;1C  is an inner stationary point of  the function. 

2. The boundary of the domain D contains three segments ABOBOA ,, .  

a) On the segment OA, ,20 2 xxzy  2x2z  , 0z  if 022 x , 

1x  and so the point  0;1D  is that stationary on OA. 

b) On OB,  0x y4yz 2  , 0z  if 04y2  , 2y  , and we get a sta-

tionary point  2;0E . 

c) On the segment AB 

    0,211227427,7 222  zxxxxxxzxy  if 3,0124  xx , 

and there is a stationary point   ABF 4;3 . 

3. Now we calculate the values of the function at the points C, D, E, F, O, A, B. 

;5)2,1()(  zCz  ,1)0,1()(  zDz  ,4)2,0()(  zEz ,3)4,3()(  zFz  

,0)0,0()(  zOz  35)0,7()(  zAz , .21)7,0()(  zBz  

4. Answer:         .350;7max;52;1min  zAzzzCzz
DD

 

Ex. 12. Find the greatest and the least values of the function 22 yxz   in the 

domain D defined by the inequality 422  yx . 
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The function is continuous in a closed bounded domain D which is a circle of 

radius 2 centered at the origin  0;0O  (fig. 7). 

1. The origin  0;0O  is unique inner stationary 

point of the function 

( 0 if 0;2,2  yxzzyzxz yxyx ). 

           2. To find stationary points on the boundary of the 

domain we deal with a problem on conditional extremum 

for the given function with a boundary condition 

                Fig. 7                                                      422  yx . 

Lagrange function of the problem is 

       4,,, 2222  yxyxyxyxfxL  , 

and the corresponding system of equations, which represents the necessary existing 

condition for a conditional extremum, is 
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,0,
,0,

22 yx
y
x

yxxL
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y

x










 

Solving the system (see Ex. 8) gives four stationary points, namely 

       2;0,2;0,0;2,0;2 4321 MMMM  . 

3. The values of the function at all found points 

           
        .42;0,42;0

,40;2,00;2,00;0

43

21




zMzzMz
zMzzMzzOz

 

4. Answer:         4max;4min 2143  MzMzzMMzMzzm
DD

. 



APPLICATIONS OF DIFFERENTIAL CALCULUS:  
basic terminology  

 
129. Ábsolute (extré-
mum, mínimum, máxi-
mum) 

Абсолютний (екстремум, 
мінімум, максимум) 

Абсолютный (экстре-
мум, минимум, макси-
мум) 

130. Àngular póint of a 
do-máin [région] 

Кутова точка області Угловая точка области 

131. Appróach tend to 
smth (about a point of a 
graph/curve) 

Наближатися до чогось 
(про точку кривої, графі-
ка) 

Приближаться к чему-то 
(о точке кривой, графи-
ка) 

132. Appróximate válue Наближене значення Приближённое значение  
133. Ascend/rise (from 
left to right) (about a 
graph, about a curve) 

Сходити/підійматися 
(зліва направо) (про гра-
фік, про криву) 

Восходить/подниматься 
(слева направо) (о графи-
ке, о кривой) 

134. Ascénding/rísing 
(from left to right) (about 
a graph/curve) 

Висхідний (зліва напра-
во) 

Восходящий, поднимаю-
щийся (слева направо)  

135. Assúmed [propósal, 
presuppósed] extrémum 
(pl extréma) 

Передбачуваний/можли-
вий екстремум 

Предполагаемый [воз-
можный] экстремум  

136. Ásymptote 
(horizóntal, vértical, 
oblíque/inclíned)  

Асимптота (горизонта-
льна, вертикальна, похи-
ла) 

Асимптота (горизонталь-
ная, вертикальная, нак-
лонная) 

137. Be [lie, be found, 
situa-te, be situated] 

Знаходитись, бути розта-
шованим 

Находиться/располагать-
ся, быть расположенным 

138. Be [lie, be found, 
situa-te, be situated]  
from/on the right of smth 

Лежати справа/праворуч 
від чогось 

Лежать справа от чего-
либо 

139. Be [lie, be found, 
situ-ate, be situated]  
lówer/be-lów/únder of 
smth 

Лежати нижче чогось Лежать ниже чего-то 

140. Be [lie, be found, 
situa-te, be situated] 
from/on the left of smth 

Лежати зліва/ліворуч від 
чогось 

Лежать слева от чего-
либо 

141. Be [lie, be found, 
situ-ate, be situated] 
over/abo-ve smth 

Лежати вище чогось Лежать/находиться выше 
чего-то 

142. Be sítuated [locáted, 
dispósed, arránged], be 

Розміщуватися, бути 
розташованим 

Располагаться, быть рас-
положенным 

143. Behávior (of a fúnc-
tion, curve) 

Поведінка (функції, кри-
вої) 

Поведение (функции, 
кривой) 

144. Concáve  Угнутий Вогнутый 
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145. Concáve (graph, 
part/ piece of a graph, 
curve) 

Угнутий [угнута] (гра-
фік, частина/ділянка гра-
фіка, крива)  

Вогнутый [вогнутая] 
(график, часть/участок 
графика, кривая) 

146. Concávity Угнутість Вогнутость 
147. Condítional (extré-
mum, mínimum, máxi-
mum 

Умовний (екстремум, мі-
німум, максимум) 

Условный (экстремум, 
минимум, максимум) 

148. Constrúct [plot, 
trace, sketch] a cúrve, a 
graph póint by póint 

Будувати, побудувати 
криву, графік по точках 

Строить, построить кри-
вую, график по точкам 

149. Constrúct [plot, 
trace, sketch] a graph of a 
fúnc-tion, graph a fúnction 

Будувати, побудувати 
графік функції 

Строить, построить гра-
фик функции 

150. Constrúction [const-
rúcting, trácing] graph  of 
a fúnction [gráphing a 
fúnction] 

Побудова графіка функ-
ції 

Построение графика 
функции 

151. Constrúction a 
graph póint by póint 

Побудова графіка по то-
чках 

Построение графика по 
точкам 

152. Cònvéx [cónvex] Опуклий Выпуклый 
153. Cònvéx [cónvex] 
(graph, part/piece of a 
graph, of a curve) 

Опуклий [опукла] (гра-
фік, частина/ділянка гра-
фіка, крива)  

Выпуклый [выпуклая]  
(график, часть/участок 
графика, кривая) 

154. Convéxity Опуклість Выпуклость  
155. Còrrespónd to the 
ex-trémum (abóut a point 
of a cúrve, of a graph) 

Відповідати екстремуму 
(про точку кривої, графі-
ка 

Соответствовать экст-
ремуму (о точке кривой, 
графика) 

156. Crítical póint Критична точка Критическая точка 
157. Cúspidal póint  Точка звороту Точка возврата 
158. Decréase  Спадати  Убывать 
159. Décrease  Спадання  Убывание 
160. Decréasing/decay  Спадаючий  Убывающий 
161. Dependence  (línear, 
nònlínear/cùrvilínear, qua-
drátic, pàrabólic(al) etc) 
between váriables … 

Залежність (лінійна, не-
лінійна, квадратична, па-
раболічна і т.ін.) між 
змінними… 

Зависимость (линейная, 
нелинейная, квадратиче-
ская, параболическая и 
т.д.) между переменны-
ми… 

162. Descénd/drop (from 
left to right) (about a 
graph, about a curve) 

Спадати/опускатися/ 
спускатися (зліва напра-
во) (про графік, криву) 

Нисходить/опускаться 
(слева направо) (о гра-
фике, о кривой) 

163. Descénding/droppin
g (from left to right) 
(about a graph, about a 
curve) 

Низхідний, той, що опус-
кається (зліва направо)  

Нисходящий, опускаю-
щийся (слева направо)  
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164. Desígn  [draft, 
draw-ing, fréehànd/rough 
draw-ing, sketch, vérsion] 
of a graph/plot of a fúnc-
tion 

Ескіз графіка функції Эскиз, набросок графика 
функции 

165. Desígn, dráwing, 
fígure 

Рисунок Рисунок 

166. Dìsposítion 
[sìtuátion, locátion] (for 
exámple of a line) 

Положення, розташуван-
ня (напр. лінії) 

Положение, расположе-
ние (напр. линии) 

167. Draft [:] , do a 
draft 
 

Робити рисунок Делать чертёж, рисунок 

168. Dráwing, fígure, 
draft 

Креслення Чертёж 

169. Drop/descénd (from 
left to right) (about a 
graph/curve) 

Спадати/опускатися/ 
спускатися (зліва напра-
во) (про графік, про кри-
ву) 

Опускаться/нисходить 
(слева направо) (о графи-
ке, о кривой) 

170. Dróp-
ping/descénding (from left 
to right) (about a 
graph/curve) 

Низхідний [той, що опу-
скається] (зліва направо) 
(про графік, про криву) 

Опускающийся, нисхо-
дящий (слева направо) (о 
графике, о кривой) 

171. Empíric(al) relátion 
[de-péndence,connéction, 
còrre-látion] (betwéen 
váriables …) 

Емпіричне співвідно-
шення [емпірична за-
лежність, емпіричний 
зв"язок] (між змінними) 

Эмпирическое соотно-
шение [эмпирическая за-
висимость, эмпиричес-
кая связь] (между пере-
менными)  

172. Estáblish (a relátion 
[depéndence,connéction, 
còrrelátion] between vária-
bles …) 

Установити (співвідно-
шення, зв"язок між змін-
ними) 

Установить (соотноше-
ние, связь между пере-
менными) 

173. Estáblish a condíti-
on 

Встановити умову Установить условие 

174. Exact 
desígn/dráwing/ 
fígure/draft 

Точний рисунок Точный чертёж/рисунок 

175. Exístence  Існування  Существование  
176. Exístence condítion, 
condítion of exístence 

Умова існування Условие существования  

177. Extrémum (pl ex-
tréma) of a fúnction of one 
[two, three, n, séveral] 
váriables (lócal, rélative, 

Екстремум функції одні-
єї [двох, трьох, n, декіль-
кох] змінних (локальний, 
відносний, абсолютний, 

Экстремум функции од-
ной [двух, трёх, n, неско-
льких] переменных (ло-
кальный, относитель-
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ábsolute, condítional) умовний) ный, абсолютный, услов-

ный)  
178. Extrémum próblem Екстремальна задача Экстремальная задача 
179. Extrémum,  pl 
extréma (lócal, rélative, 
absolute/ global, 
condítional)  

Екстремум (локальний, 
відносний, абсолютний 
/глобальний, умовний) 

Экстремум (локальный, 
относительный, абсо-
лютный/глобальный, ус-
ловный) 

180. Find smth in the 
best way 

Знайти щось якнайкра-
ще 

Найти что-л. наилучшим 
образом 

181. Find the (lócal, ré-
lati-ve, ábsolute, 
condítional) extréma 
mínima, maxi-ma) of a 
given fúnction 

Знайти (локальні, відно-
сні, абсолютні, умовні) 
екстремуми [мінімуми, 
максимуми] даної функ-
ції 

Найти (локальные, отно-
сительные, абсолютные, 
условные) экстремумы 
[минимумы, максимумы] 
данной функции  

182. Géneral 
schéme/plan for in-
vèstigátion/invèsti-gáting 
fúnctions and cons-
trúcting graphs 

Загальна схема [загаль-
ний план] дослідження 
функцій і побудови гра-
фіків 

Общая схема [общий 
план]  исследования 
функций и построения 
графиков 

183. Glóbal [ábsolute] 
(ex-trémum, mínimum, 
máxi-mum) 

Глобальний/абсолютний 
(екстремум, мінімум, ма-
ксимум) 

Глобальный/абсолютный 
(экстремум, минимум, 
максимум) 

184. Graph [chart, curve, 
graphical chart, curve, 
plot]  of a fúnction, plótted 
fúnction, fúnction graph 

Графік функції График функции 

185. Gréatest and léast 
vá-lues of a fúnction contí-
nuous óver/in the bóunded 
clósed domáin/région 

Найбільше й найменше 
значення функції, непе-
рервної на відрізку [в 
замкненій обмеженій 
області] 

Наибольшее и наимень-
шее значение функции, 
непрерывной на отрезке 
[в замкнутой ограничен-
ной области] 

186. Gréatest válue of a 
fúnction 

Найбільше значення 
функції 

Наибольшее значение 
функции 

187. Gréatest válue of a 
fún-ction which is  
contínuous one óver/in/on 
a ségment [bóunded 
clósed domáin/ région] 
(ábsolute maxim-um) 

Найбільше значення 
функції, неперервної на 
відрізку [в замкненій об-
меженій області]  (абсо-
лютний максимум) 

Наибольшее значение 
функции, непрерывной 
на отрезке [в замкнутой 
ограниченной области] 
(абсолютный максимум) 

188. Héssian Гессіан, визначник (де-
термінант) Гессе 

Гессиан, определитель 
(детерминант) Гессе 

189. Héssian mátrix  Матриця Гессе Матрица Гессе 
190. Horizóntal 
ásymptote 

Горизонтальна    асимп-
тота 

Горизонтальная    асимп-
тота 
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191. Hypóthesis (pl hy-
pó-theses) 

Гіпотеза Гипотеза 

192. Hypóthesize  Будувати [утворювати, 
висловлювати] гіпотезу 

Строить [образовывать, 
высказывать] гипотезу  

193. Incréase  Зростати Возрастать 
194. Íncrease  Зростання  Возрастание  
195. Incréasing  Зростаючий Возрастающий 
196. Infléction/infléxion 
(of a graph of a fúnction) 

Перегин (графіка функ-
ції) 

Перегиб (графика функ-
ции) 

197. Infléction/infléxion/ 
flex póint, póint of inflect-
tion/infléxion flex, inflé-
xion, póint of cóntrary flé-
xure 

Точка перегину Точка перегиба 

198. Ínterval of décrease 
of a fúnction 

Інтервал спадання 
функції 

Интервал убывания 
функции 

199. Ínterval of íncrease 
of a fúnction 

Інтервал зростання 
функції 

Интервал возрастания 
функции 

200. Ínterval of 
mònotoníci-ty [monotone-
ness, monó-tony] of a 
fúnction 

Інтервал монотонності 
функції 

Интервал монотонности 
функции 

201. Invéstigate [find 
out]  (a fúnction, the be-
hávior of a function, a 
crítical/ státionary póint 
etc) 

Дослідити (функцію, 
поведінку функції, кри-
тичну/стаціонарну точку 
і т.ін.) 

Исследовать (функцию, 
поведение функции, кри-
тическую/стационарную 
точку и т.д) 

202. Invèstigátion [find-
ing out] (of a fúnction, of 
the behávior of a function, 
of a crítical/státionary 
póint etc) 

Дослідження (функції, 
поведінки функції, кри-
тичної/стаціонарної точ-
ки і т.ін.) 

Исследование (функции, 
поведения функции, кри-
тической/стационарной 
точки и т.д) 

203. Léast válue of a 
fúnc-tion 

Найменше значення 
функції 

Наименьшее значение 
функции 

204. Léast válue of a 
fúnc-tion which is  
contínuous one óver/in/on 
a ségment [bóunded 
clósed domáin/ région] 
(ábsolute minim-um) 

Найменше значення 
функції, неперервної на 
відрізку [в замкненій об-
меженій області] (абсо-
лютний мінімум) 

Наименьшее значение 
функции, непрерывной 
на отрезке [в замкнутой 
ограниченной области] 
(абсолютный минимум) 

205. Léast-squares 
méthod méthod  of léast 
squáres  

Метод найменших ква-
дратів 

Метод наименьших ква-
дратов 

206. Line of regréssion Лінія реґресії y на x  Линия регрессии y на x 
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of  y on x 
207. Lócal (extrémum, 
mí-nimum, máximum) 

Локальний (екстремум, 
мінімум, максимум) 

Локальный (экстремум, 
минимум, максимум) 

208. Màximizátion  Максимізація Максимизация  
209. Máximize smth Максимізувати  Максимизировать 
210. Maximum  (pl 
maxi-ma) (lócal, rélative, 
ábso-lute/global, 
condítional) of a fúnction 

Максимум функції (ло-
кальний, відносний, аб-
солютний/глобальний, 
умовний) 

Максимум функции (ло-
кальный, относитель-
ный, абсолютный/глоба-
льный, условный) 

211. Máximum póint, 
póint of máximum 

Точка максимуму Точка максимума 

212. Méthod of La-
grange’s ìndetérmi-
nate/úndetermi-ned múlti-
pliers 

Метод невизначених 
множників Лаґранжа  

Метод неопределённых 
множителей Лагранжа 

213. Mínimizátion  Мінімізація  Минимизация 
214. Mínimize smth Мінімізувати  Минимизировать  
215. Minimum  (pl 
mínima) (lócal, rélative, 
ábsolute/ global, 
condítional) of a fúnction 

Мінімум функції (лока-
льний, відносний, абсо-
лютний/глобальний, 
умовний) 

Минимум функции (ло-
кальный, относитель-
ный, абсолютный/глоба-
льный, условный) 

216. Mínimum póint, 
póint of mínimum 

Точка мінімуму Точка минимума 
 

217. Mónotò-
ne/mónotonic  

Монотонний  Монотонный  

218. Mònotónically (inc-
réase, decréase) 

Монотонно (зростати, 
спадати) 

Монотонно (возрастать, 
убывать) 

219. Mònotonícity 
[mónoto-neness, 
monótony] 

Монотонність Монотонность  

220. Nécessary condítion Необхідна умова Необходимое условие 
221. Nécessary condítion 
of exístence 

Необхідна умова існу-
вання 

Необходимое условие 
существования  

222. Négative définite 
quad-rátic form 

Від"ємно-визначена ква-
дратична форма 

Отрицательно опреде-
лённая квадратичная 
форма 

223. Nórmal sýstem of 
(the) léast-squares méthod 

Нормальна система ме-
тоду найменших квадра-
тів 

Нормальная система ме-
тода наименьших квад-
ратов 

224. Not to decréase Не спадати Не убывать 
225. Not to incréase Не зростати Не возрастать  
226. Oblíque [inclíned] 
ásymptote 

Похила асимптота Наклонная асимптота 

227. Part/piece of concá- Частина/ділянка угнуто- Участок/часть вогнуто-
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vity сті сти  
228. Part/piece of convé-
xity 

Частина/ділянка опукло-
сті 

Участок/часть выпукло-
сти  

229. Pass through the 
point 

Проходити через точку Проходить через точку 

230. Póint of (assúmed/ 
propósal/presuppósed) ex-
trémum 

Точка можливого екст-
ремуму 

Точка (возможного) экс-
тремума 

231. Póint of a cúrve, of 
a graph còrrespónding to 
the extrémum, bénding 
póint 

Точка кривої, графіка, 
яка відповідає екстрему-
му 

Точка кривой, графика, 
соответствующая экстре-
муму  

232. Póint of extrémum, 
extréme póint 

Екстремальна точка, точ-
ка екстремуму 

Экстремальная точка, то-
чка экстремума 

233. Pósitive définite 
quadrátic form 

Додатно-визначена ква-
дратична форма 

Положительно опреде-
лённая квадратичная 
форма 

234. Prelíminary/téntati-
ve desígn [draft, drawing, 
freehand/rough drawing, 
sketch, vérsion] of a graph 
/plot of a fúnction (graph/ 
plot ad interim лат.) 

Попередній ескіз графіка 
функції 

Предварительный эскиз, 
набросок графика функ-
ции 

235. Príncipal mínor of 
the first [second, third, n-
th] órder; príncipal mínor 
of órder one [two, three, 
n]; first-[second-, third- n-
th] órder príncipal mínor 

Головний мінор першого 
[другого, третього, n-го] 
порядку  

Главный минор первого 
[второго, третьего, n-го] 
порядка  

236. Quadrátic form Квадратична форма Квадратичная форма 
237. Rélative (extrémum, 
mínimum, máximum) 

Відносний (екстремум, 
мінімум, максимум) 

Относительный (экстре-
мум, минимум, макси-
мум) 

238. Rèpresént (for 
exámple a cúrve) 

Зображати/зобразити 
(напр. криву) 

Изображать/изобразить 
(напр. кривую) 

239. Rèpresentátion (for 
exámple of a cúrve) 

Зображення (напр. 
кривої) 

Изображение (напр., 
кривой) 

240. Rise/ascénd (from 
left to right) (about a 
graph /curve) 

Сходити/підійматися 
(зліва направо) (про кри-
ву, про графік) 

Подниматься/ восходить 
(слева на-право) (о гра-
фике, о кривой) 

241. Rísing/ascénding 
(from left to right) (about 
a graph/curve) 

Висхідний, той, що 
підіймається (зліва на-
право) (про криву, про 
графік) 

Поднимающий-ся, вос-
ходящий (слева направо) 
(о графике, о кривой) 
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242. Schemátic  desígn 
[dráwing, fígure, draft]  

Схематичний рисунок Схематический чер-
тёж/рисунок 

243. Séparate a part/piece 
of convéxity of a curve 
and that of its concávity  

Відокремлювати ділянку 
/частину опуклості кри-
вої від ділянки/частини її 
угнутості 

Отделять участок/часть 
выпуклости кривой от 
участка/части её вогну-
тости  

244. Solve the próblem 
for a(n) (lócal, rélative, áb-
solute, condítional) extré-
mum 

Розв"язати задачу на (ло-
кальний, відносний, аб-
солютний, умовний) екс-
тремум 

Решить задачу на (лока-
льный, относительный, 
абсолютный, условный) 
экстремум 

245. Stage/step of invest-
tigátion  

Етап дослідження Этап исследования  

246. Státionary póint Стаціонарна точка Стационарная точка 
247. Straight line of reg-
réssion of  y on x 

Пряма реґресії y на x  Прямая регрессии y на x 

248. Strict (mònotonícity 
[monotoneness, monóto-
ny], íncrease, décrease, ex-
trémum, mínimum, maxi-
mum) 

Строгий [строга] (моно-
тонність, зростання, спа-
дання, екстремум, міні-
мум, максимум)  

Строгий [строгая]  (мо-
нотонность, возрастание, 
убывание, экстремум, 
минимум, максимум) 

249. Stríctly (incréase, 
decréase, mónotòne/mó-
notonic, incréasing, dec-
réasing/decay) 

Строго (зростати, спа-
дати, монотонний, зрос-
таючий, спадаючий) 

Строго (возрастать, убы-
вать, монотонный, возра-
стающий, убывающий)   

250. Suffícient condítion Достатня умова Достаточное условие 
251. Suffícient condítion 
of exístence 

Достатня умова існу-
вання 

Достаточное условие 
существования  

252. Suggést (a depén-
dence between variables 
… of the form…) 

Наводити на думку, під-
казувати (залежність між 
змінними … вигляду…) 

Наводить на мысль, под-
сказывать (зависимость 
между переменными … 
вида…) 

253. Sum of squáres of 
(the) érrors 

Сума квадратів помилок/ 
похибок 

Сумма квадратов оши 
бок/погрешностей 

254. Tángent (líne) at the 
póint of infléction/inflé-
xion 

Дотична в точці переги-
ну 

Касательная в точке пе-
региба 

255. Test/invéstigate a 
fúnction for a(n) (lócal, ré-
lative, ábsolute, condítio-
nal) extrémum 

Дослідити функцію на 
(локальний, відносний, 
абсолютний, умовний) 
екстремум 

Исследовать функцию на 
(локальный, относитель-
ный, абсолютный, услов-
ный) экстремум 

256. Vértical ásymptote Вертикальна асимптота Вертикальная асимптота 
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