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LECTURE NO. 1. EVENT AND PROBABILITY
LE PREMIER COURS. EVENEMENT ET PROBABILITE
ERSTE VORLESUNG. EREIGNIS UND WAHRSCHEINLICHKEIT

POINT 1. TRIAL [EXPERIMENT] AND EVENT. Essai m [épreuve f, ex-
périence /'] et événement m. Versuch m [Experiment n; Probe f] und Ereignis n.

POINT 2. ELEMENTS OF COMBINATORICS. Eléments d’analyse com-
binatoire. Elemente der Kombinatorik.

POINT 3. CLASSIC DEFINITION OF PROBABILITY. Définition classique
de probabilité. Klassische Definition von Wahrschéinlichkeit.

POINT 4. STATISTIC(AL) DEFINITION OF PROBABILITY. Définition

statistique de probabilité. Statistische Definition von Wahrschéinlichkeit.

POINT 1. TRIAL AND EVENT

The probability theory is the science of rules of mass random phenomena. One
can say that it’s the learning dealing with regularities of mass random phenomena.

Known sources of the probability theory are: a) investigations of demographyc
processes [of population laws]; b) games of chance [games of luck, hazards].

A trial and an event are the main notions of the probability theory.

Def. 1. A trial is called realization of some complex of conditions.

It’s supposed that a trial can arbitrary many times be realized.

Def. 2. An event is called every fact, which can occur [appear, happen] or not
occur in a trial.

Ex. 1 (see the table).

Trial Events
1. Coin flip [coin tossing] “head” (occurrence of a head), “tail”
2. Dice toss(ing), fair dice rolling €17, D7, 37 w47 “57 6

3. Drawing a ball from an urn containing | “white ball”, “black ball”

a white and b black balls
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Events are usually denoted by capitals (4, B, C, ...).

There are impossible, certain and random events.

Def. 3. An event is called impossible one if it can’t occur in any trial.

Ex. 2. Occurrence of a head and a tail in one coin tossing.

Def. 4. An event is called certain one if it necessary occurs in any trial.

Ex. 3. Occurrence of a head or a tail in one coin tossing. Occurrence of at least
one of digits 1, 2, 3, 4, 5, 6 in one dice rolling.

Def. 5. An event is called random one if it can occur or not occur in a trial.

Ex. 4. All events fixed in Ex. 1.

There are joint or disjoint events.

Def. 6. Events A, B are called those joint [compatible] if they can occur toge-
ther [or simultaneously] in a trial.

Ex. 5. “head”, “head”; “tail”, “tail”; “head”, “tail”; “tail”, “head” if a trial
means the double coin tossing.

Def. 7. Events 4, B are called those disjoint [incompatible, non-compatible] if
they can’t occur together [or simultaneously] in a trial.

Ex. 6. “head”, “tail” in one coin toss.

Ex. 7. The events “17, “27, “3”, “4” “5” “6” are pairwise disjoint in one dice
rolling.

There are dependent and independent events. Corresponding definitions see
in the following.

Def. 8. One says that events 4, B,..., C form a total [complete] group (of
events) [4, B,..., C are only possible events, 4, B,..., C are exhaustive events] if at
least one of them occurs in any trial.

Ex. 8. Events “head” and “tail” in one coin toss. All the events “17, “2”, “3”,
“4” “5” “6” in one dice rolling.

Def. 9. Two events 4 and A (non A) are called those oppeosite if they are dis-

joint and form a total group.

Ex. 9. If 4 is “head”, then A (non A) is “tail” (in one coin toss). If 4 is “17,
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then A (non A) is the occurrence of at least one of events “27, “3”, “4”, “5”, “6”, A=

= {*2”or “3”, or “4”, or “5”, or “6”} (in one fair dice rolling).

POINT 2. ELEMENTS OF COMBINATORICS

Theorem 1 (fundamental principle of combinatorics). Let an action A4, can be
done by n, ways, an action 4, by n, ways,..., an action 4, by n, ways, then all
these actions can be done together [or simultaneously] by #», -n, -...-n, ways.

We’ll illustrate the validity of this statement with the help of the next example.

Ex. 10. Let's suppose that one has a coins and b dies. Then he can take a coin
and a die by a - b ways.

mIndeed, each coin generates 1 - b = b pairs “coin-die”. Therefore, a coins ge-
nerate a - b pairs.m

Ex. 11. One has 2 coins, 3 ties and 5 books. He can take one coin, one tie and
one book by 2 - 3 - 5 =30 ways.

Main notions of combinatorics

Let there be given some set M containing n elements.

Def. 10. Arrangement of n elements (taken) & at a time [k-fold arrangement of
n elements] is called any ordered k-fold subset of the n-fold set M.

Various arrangements differ by at least one element or by the order of their ele-
ments.

Def. 11. Permutation of »n elements is called any arrangement of all n ele-
ments of the n-fold set M.

Distinct permutations differ by the order of (the same) elements.

One can say that permutation of # elements is the ordered set of all elements of
the set M.

Def. 12. Combination of n elements (taken) & at a time [k-fold combination of
n elements] is called any k£-fold subset of the n-fold set M.

Every combination differs from another one by at least one element.
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Theorem 2. Numbers of all £-fold arrangements, of all permutations, of all k-

fold combinations of n elements are respectively equal

A:f = n(n—l)(n—Z)-...-(n—(k—l)) (k factors),
P =n/=1-2-3-...-n

Ck:A_f:”'(”_1)'(’1—2)-...-(n—(k—]))_ nl

" P, k! Ckl(n—k)”

(1)
(2)

(3)

mThe first element of the k-fold arrangement can be taken by n ways, the se-

cond by n — 1 ways, the third by n — 2 ways, ..., the kth by n —(k—l) ways. On the

base of the fundamental principle of combinatorics an arrangement in question can be

generated by A" = n-(n—l)-(n—2)-...-(n—(k—1)) ways, and the formula (1) is pro-

ved. In particular we get the formula (2)

P =4 :n-(n—1)-(n—2)-...-(n—(n—l))=n-(n—l)-(n—Z)-...-

Validity of the formula (3) follows from the next evident fact 4" =

In addition we get

Ck:n'( )( ) (n

(k=1))-(n=k)-(n=(k+1))-...

" k/(n k)_( (k+1)) 2-1

n-(n=1)-(n=2)-. n!

k/(n K)-(n- (k+1)) 21 K—ky "

Ex. 12. 45=10-9-8-7-6-5=151200, P, =6/=1-2-3-4-5-6 = 720,

o A5 10.9-8-7-6-5 10-9-8-7 A}

Co=—"= = =210 = ¢t =210.

P, 1.2-3-4.5-6 1-2-3-4 P,

3.2:-1=n/

Ex. 13. A group containing 25 students can elect the leader and its assistant by

A5, =25-24=600

ways because these two students form 2-fold arrangement of 25 elements .

Ex. 14. One can invite any 4 students of the same group to do some work by

4 25-24-23.22

- =12650
* 1.2-3-4

ways because these 4 students form 4-fold combinations of 25 elements.
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Ex. 15. 15 compétitors of a chess tburnament must play

cz =114 45
1-2

games in one lap (every two chess players form 2-fold combination of 15 elements).
Ex. 16. 8 books can be placed in a bookshelf by
P, =8/=1-2-..-8=40320

ways because they form a permutation of 8 elements.
POINT 3. CLASSIC DEFINITION OF PROBABILITY

There are events for which we can subtract a set of elementary events (chan-
ces, possibilities) that is a total group of pairwise disjoint and equally possible
events. A chance is called that favourable for an event 4 if 4 occurs when this
chance occurs.

Let n be the number of all chances [of all elementare events, of all possibilities]
and m be the number of those favourable for some event 4. In this case the probabil-
ity of this event is called the next ratio:

P =" (4)

n
Ex. 17. Find the probability of occurrence of the head in one coin-tossing.
Solution. Let 4 be an event which means that a head occurs. We can subtract
the next n = 2 chances [elementary events, possibilities]: “head”, “tail”. There is
m =1 favourable chance namely “head”. By the formula (4)

pay="t=L s
n 2
Ex. 18. Find the probability of occurrence of an even number in one dice-
rolling.
Solution. Let 4 be an event which consists in occurrence of even number in

one dice-rolling. The chances [elementary events, possibilities] connected with the
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event 4 are 17, “27, “3”, “4”,“5”, “6”, n = 6. The favourable chances are “2”, “4”,
“6”, m = 3. By the formula (4)
3

Py=T =

=0.5.

Ex. 19. There are 6 white and 14 black balls in some urn. One at random takes
10 balls. Find the probability of drawing of 4 white and 6 black balls.

Solution. Let 4 be an event consisting in drawing of 4 white and 6 black balls.
The chances [elementary events, possibilities] for the event 4 are various sets of 10
balls that is 10-fold combinations of 20 elements. Therefore the number of all

chances is equal to

10
n=C

20 >
that is to number of all 10-fold combinations of 20 elements.

To determine the number m of favourable chances we must take into account

that one can take 4 white balls (4-fold combination of 6 elements) by C; ways and 6

black balls (6-fold combination of 14 elements) by C;, ways. Therefore to take 4 whi-
te and 6 black balls together he can, by virtue of the fundamental principle of combi-
natorics, by C; - C!, ways. It means that

m=C;-Cl,
hence

6-5-4-3 14-13-12-11-10-9

Py CoCh 1234 123456
A C  20-19-18-17-16-15-14-13-12-11

1-2-3-4:5-6-7-8-9-10
_ 6-5-4-3-14-13-12-11-10-9-1-2-3-4.5-6-7-8-9-10
©20-19:-18-17-16-15-14-13-12-11-1-2-3-4-1-2-3-4-5-6
10-9-5-6-7-8-9-10 6-7-9-5 7-9.5

— = = z0.24.
20-19-18-17-16-15-1-2  2-19-2-17-2-3 4-19-17

Remark. Counting of the number of favourable chances it’s well to represent

by the next table:
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Actions to draw 4 white and 6 black balls

Number of ways to do these actions

1. Drawing of 4 white balls (4-fold com- c!
binations of 6 elements)
2. Drawing of 6 blach balls (6-fold com- Ct,

binations of 14 elements)

Drawing of 4 white and 6 black balls to-
gether

C; - C', (by virtue of the main principle
of combinatorics)

Ex. 20. It’s necessary to place 8 books on a bookshelf. Find the probability for

two certain books 4, B to stand side by side.

Solution. Let an event C be the required position of our books. The chances
[elementary events, possibilities] are various their locations which are permutations
of 8 elements. Therefore the number of all chances is that of all possible permutations

of 8 elements,
n = P, = 8!

To find the number of favourable chances (that is that of required situations of

books) we’ll introduce the next table

Actions to place 4, B side by side

Number of ways to do these actions

1. Finding places for 4, B 7

2. Location of 4, B on these places (per- P, =2!
mutation of 2 elements)

3. Disposition of the other 6 books (per- P, =6

mutation of 6 elements)

Getting of required disposition of all 8
books

7- P, - P, (by virtue of the main combina-
torial principle)

So the number of all favourable chances equals

m=7P, P,

On the base of classical definition of probability

m_7-B-B,_7-2:1-6:5-4-3-2:1 72 1

—=0.25.

P(C) . P

87654321 87 4

POINT 4. STATISTIC DEFINITION OF PROBABILITY
Let some event 4 be studied and there be fulfilled very large number N of in-

dependent trials on 4. Let's denote N (A) the number of occurrences of 4 in these tri-
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als. The ratio
p*="P,(4)= N(4)/N (5)
is called a relative frequency (or sometimes frequency) of the event 4.
Let's fulfil series of very large numbers V|, V,, ... of independent trials on 4
and denote by
pi=Py(A4), py=P, (4),..
corresponding relative frequencies of 4.

There are many events for which relative frequencies possess a property of sta-

tistic stability that is they are approximately equal to some number p

Pi=P. DR,
If our event A4 possesses such the stability property, we say that it has a proba-
bility (so-called statistic probability), and this probability equals
P(A)=p. (6)
Ex. 21. Many scientists have performed series of very large numbers of coin-

tossings (see the table).

Scientist N | N(“head”) | p" = P; (" head”)
Buffon G.L.L." (1777) 4040 2048 0.507
de Morgan A.” (at the beginning of the 19™ | 4092 | 2048 0.5005
century)
Pearson K.’ (at the beginning of the 20™ cen- | 12000 6019 0.5016
tury)
Pearson K. 24000 | 12012 0.50005

On the base of these results we conclude that the statistical probability of the
event “head” (in one coin-tossing) equals p = P (“head”) = 0.5 that is coincides with

its "classic" probability.

' Buffon, G.L.L. (1707 - 1788), a French naturalist
% Morgan de (de Morgan, A.) (1806 — 1871), a Scottish mathematician and logician
3 Pearson K. (Ch.) (1857 - 1936) - an English mathematician-statistician, biélogist and philosopher-positivist



LECTURE NO. 2. MAIN RULES OF EVALUATING PROBABILITIES
LE DEUXIEME COURS. REGLES PRINCIPALES DE CALCUL DE
PROBABILITES
ZWEITE VORLESUNG. GRUNDRECHNUNGSREGELN
VON WAHRSCHEINLICHKEITEN

POINT 1. SUM AND PRODUCT OF EVENTS. Somme et produit d’événe-
ments. Stmme und Prodakt von Eréignissen

POINT 2. PROPERTIES OF RELATIVE FREQUENCIES. Propriétés de
fréquences relatives. Eigenschaften von relativen Frequénzen

POINT 3. AXIOMS OF PROBABILITY THEORY. COROLLARIES.
Axiomes de théorie des probabilités. Corollaires. Axiome von Wahrschéinlichkeits-
theorie. Félgerungen.

POINT 4. FORMULAS OF TOTAL PROBABILITY AND BEYES. Formules
de la probabilité compléte et de Beyes. Formeln von totaler Wahrschéinlichkeit und

von Bayes.

POINT 1. SUM AND PRODUCT OF EVENTS

Def. 1. Sum A+B (A4 or B) of two events 4 and B is called an event which
consists in occurrence of at least one of them [which means that at least one of these
events occurs] (4 but not B or B but not 4 or 4 and B together).

Ex. 1. Sum of an event 4 and its opposite one A is the certain event.

Ex. 2. If an event 4 is “1” in one dice rolling, then the opposite event A is the
sum A ="2"+"3"+"4"4"5" 416"

Def. 2. Product AB (A4 and B) of two events 4 and B is called an event consist-
ing in occurrence of both these events [an event which means that both these events

occur] together.

Ex. 3. Product of an event 4 and its opposite one A is the impossible event.
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Ex. 4 (Euler' circles). Let M and N be two circles
having non-empty intersection V=M (1N, also let
U=M\N,W=N\M,andso M =UUV,N=VUW (see
fig. 1). If an event 4 means that a point P belongs to M, and

Fig. 1 B means that P belongs to N, then
A+B={Pe(UUVUW)}, AB={PeV}.

Solving probabilistic problems it is sometimes useful to represent an event in
question as a sum of product of other events (with pairwise disjoint summands).

Ex.5. A+B=A-B+A-B+A4-B.

Ex. 6. Let events 4, B, C mean that the first, second, third device (correspond-
dingly) works. In this case the events

D=ABC, E=ABC, F=ABC+ ABC+ ABC, G= ABC + ABC + 4ABC,

F+G+D=ABC+ ABC + ABC + ABC + ABC + ABC + ABC = E

mean respectively that all three devices work, no one device work, works only one
device (and two other don’t work), work two devices (and one don’t work), at least

one device works.
POINT 2. PROPERTIES OF RELATIVE FREQUENCIES

Let N be the number of independent trials and N(A4) is the number of occur-

rences of an event A4. The ratio

Pyy= (1)

we’ve called the relative frequency of the event A (see Lect. 1, the formula (5)).
We introduce also a notion of a conditional relative frequency which is con-

nected with two events. Namely, the ratio

"Euler, L. (1707 - 1783), a great scientist (a Swiss by birth). He spent most of his life in Russia and died in St. Peters-
burg. L. Euler contributed many outstanding results to mathematical analysis, celestial mechanics, shipbuilding and
other divisions of science
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. N(4B)
P,(4/B)=
VB = (2)
is the relative frequency of the event 4 under condition that the event B occurs.
Analogously
. N(A4B)
P,(B/A)=
VB A= (3)

is the relative frequency of the event B under condition that the event A occurs.

Properties of relative frequencies

1. Relative frequency of an impossible event 4 equals zero.
mFor an impossible event N(4) = 0. Dividing by N we get P, (4)=0. =
2. Relative frequency of a certain event 4 is equal to unity.
mFor a certain event N(4)= N = Py (4)=1.m
3. Relative frequency of a random event 4 is contained between zero and unity
that is
0<P,(A4)<I.
mFor a random event one has 0 < N(A)S N=0<P,(A4)<l.m
4. Relative frequency of a sum of two disjoint events 4 and B equals the sum of
their relative frequencies that is
P,(A+B)=P;(A)+P,(B).
mBecause of disjointness of 4 and B we have N(4 + B) = N(4)+ N(B). After
division by N we prove the validity of the property.m
5. Relative frequency of a product of two events 4 and B equals the product of
relative frequency of one event and corresponding conditional relative frequency of
the other, namely
Py(AB)=Py(A)-Py(B/ A)= P;(B)-P;(4/B).
mBy virtue of the formulas (2), (3)
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Pilap)- M08) B AR 2. XD gy (5 ),
P, (4B)= N(;]lB) = N(;]li)v'(]jggB) = N](f)- ]\]]\Eég) = P,(B)P,(4/B).m

POINT 3. AXIOMS OF PROBABILITY THEORY. COROLLARIES

We state axioms of the probability theory on the base of statistic definition of
probability ( P(A4) ~ P, (A) for large number N of trials).

1. If 4 is an impossible event, then its probability equals zero,

P(A4)=0 (4 is impossible).
2. If 4 is a certain event, then its probability equals unity,
P(A4)=1 (4 is certain).

3. If 4 is a random event, then its probability is contained between zero and

unity,
0<P(A)<1 (A4 is random).

4. If A and B are two disjoint events, then the probability of their sum is equal
to the sum of probabilities of these events,

P(A+ B)=P(A)+ P(B) (A, B are disjoint).

To formulate the last axiom let’s introduce the notion of a conditional proba-
bility of an event. Namely, P(B/ A) is the probability of an event B by condition
that an event 4 occurs. Analogously P(A/ B) is the probability of 4 if B occurs.

5. Probability of a product of two events equals the product of the probability
of one event and the condition probability of the other,

P(AB)=P(A)-P(B/ A)=P(B)-P(A/B).

Ex. 7. An urn contains 3 white and 2 black balls. One successively and at ran-
dom takes two balls. Find the probability that they are white.

Solution. Let's denote by 4 an event which means that two drawn balls are whi-

te. Also let's denote by B and C events which mean that the first respectively the se-
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cond drawn ball are white. It's evident that
A=BC
hence by virtue of the fifth axiom (and classic definition of probability)
32 3

Pl4)=P(BC)=PB)P(C/B)==-—=—=0.3
(4)=P(5C)= P(B)P(CIB)=2 2 =2
Some corollaries

1. If some events 4, B, ..., C are pairwise disjoint, then

P(A+B+...+C)=P(A)+P(B)+...+ P(C).
If besides they form a total group, then
P(A)+P(B)+..+ P(C)=1.
2. The sum of probabilities of two opposite events equal 1,
P(4)+P(4)=1
because the events A4, A are disjoint and form a total group.
3. Probabilities of a product of three, four etc events are equal to
P(ABC)= P(4)- P(B/A)- P(C/ AB),
P(ABCD)= P(A)- P(B/A)- P(C/ AB)- P(D/ ABC), ... .
4. For two arbitrary events 4 and B the probability of their sum equals
P(A+B)=P(A)+ P(B)— P(AB).
mBy Ex. 5 one has
A+B=A-B+A-B+A4-B.
With pairwise disjoint summans in the right side. Is is evident that
A=AB+AB;B=A-B+ A-B.
The pairs of events 4B, AB and A-B, A- B are disloint, and so
P(4)=P(4B)+ P(4B), P(B)= P(4-B)+ P(4-B),
hens

P(4B)=P(4)- P(4B); P(4- B)= P(B)- P(4-B).
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Therefore
P(4+B)=P(4-B)+ P(4-B)+ P(4-B)=
=(P(4)- P(4B))+ (P(B)~ P(A-B))+ P(A-B)= P(A)+ P(B)— P(AB).m

It's well to illustrate this fact on the fig.1 in P.1. Indeed, the sum

P(A)+ P(B)
twice takes into account the probability of the event
(PeV)=(PeMNN),
that is the probability P(AB).

Def 3. Two events 4, B are called independent if probability of one of them
doesn’t depend on occurrence (or non-occurrence) of the other.

For 3, 4 ... events one introduces a notion of mutual independence (indepen-
dence in the aggregate, collectionwise independence).

Def 4. n events (for n > 2) are called mutually independent if the probability of
one of them doesn’t depend on occurrence or non-occurrence of any group of the
other.

5. If A, B are independent events, then

P(A/B)= P(A), P(B/A)=P(B),
and so
P(4B)=P(4)-P(B),
that is the probability of a product of two independent events is equal to the product
of their probabilities.
6.1f 4, B, ... C are mutually independent events, then
P(4-B-...-C)=P(4)P(B)-...- P(C)

Ex. 8. To pass an exam successfully a student has to know the proofs of 50 the-
orems but he knows only 40 of them. What is the probability for him to pass an exam
if exam tasks contain 3 theorems?

Let 4 be an event which means that a student will pass an exam. Let’s intro-

duce the next three auxiliary events: B; that is a student knows the proof of the first
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theorem, B, of the second, B; of the third. Then by the fourth corollary (and classic

definition of probability)

4
A=B,B,B, = P(4)= P(B,B,B,)=P(B,)-P(B, | B,)- P(B; / B,B,) :£~%j—zz 0.5

Ex. 9. A device consists of 2 independent modules. Probability for these modu-
les to work are 0.95 and 0.9 respectively. Find the probability that the device doesn’t
work because of: a) only one module; b) at least one module.

Let an event 4 mean that a device doesn’t work because of only one module,

and an event B because of at least one module. Let events C,, C, mean that the first,
the se-cond module works. By condition
P(C,)=0.95, P(C,)=0.9,
and so by the corollary 3
P(C,)=1-P(C,)=0.05, P(C,)=1-P(C,)=0.1.
We represent the events A, B and B as follows
A=C,C,+CC, B=CC,+CC,+C,C,= B=CC,.

All summands are pairwise disjoint, and all factors are independent in summands.
Therefore

P(4)=P(C,C, +C,G, )= P(C,C, )+ P(C,C, )= P(C,)P(C, )+ P(C, )P(C,) =

=0.05-0.9+0.95-0.1=0.14,
P(B)=P(C,C,)=P(C,)P(C,)=0.95-0.9=0.86 = P(B)=1-P(B)=1-0.86 = 0.14.

Ex. 10. Three independently working éngines are installed in a workshop. Pro-
babilities to work at a given time equal for them 0.6, 0.9, 0.7 respectively. Find pro-
babilities of the next events: a) only one engine works; b) at least one engine works.

Solution. Let an event 4 mean that only one engine works and an event B mean

that at least one engine works. Our problem is to find the probabilities of these

events.
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Let’s introduce three auxiliary events, namely C; which means that the first en-
gine works, C, the second engine works and Cj the third engine works. By conditions
of the problem
P(C,)=0.6; P(C,)=1-P(C,)=1-0.6=0.4,
P(C,)=0.9; P(C,)=1-P(C,)=1-09=0.1,
P(C,)=0.7;P(C,)=1-P(C;)=1-0.7=03 .
a) The event 4 can be represented as the sum of products
A=C,C,C+CGC+COC,
with pairwise disjoint summands and independent factors in every summand. Hence
the probability of the event 4 equals
P(4)= PC,C.C+ GO.C 4 GO )= PIC GC )+ PICCCJ PG CC)=
= P(C,)P(C,JP(C, )+ PICP(C,)PIC, )+ PICPIC, JP(C) =
=0.6-0.1-0.3+0.4-0.9-0.3+0.4-0.1-0.7 =0.154.

b) To find the probability of the event B' we’ll evaluate at first the probability
of its opposite one B (which means that all three engines don't work, B = C,C,C)).
We’ll obtain

P(B)= P(CC,C,)= P(C,)P(C,)P(C,)=0.4-0.1-0.3=0.012
whence it follows that P(B)=1- P(§)= 1-0.012=0.988.

Ex. 11a. An urn contains 3 white and 4 black balls. One succesfully [consecu-
tively, in sequence, sequentially, successively] takes 3 balls. Find the probability that
the first and third balls will be those white.

Clue. Let’s introduce an event 4 which means that the first and third balls will

be those white. Then (notations are clear) 4 =w-w-w+w-b-w, and so

P(A) = P(w- w- w)+ P(w-b . w) = P(W)P(w/ W)P(w/ ww)+ P(W)P(b W)P(w/ wb) =
=3/7-2/6-1/5+3/7-4/6-2/5=1/7.

! That's bad to write

B=C 6263+61C263+6162C3 + C1C2a+cl cm3 +61C2C3 +C GG



Main Rules of Evaluating Probabilities 20

POINT 4. FORMULAE OF TOTAL PROBABILITY AND BEYES

The formula of total probability

In practice we often deal with the next situation. An event 4 can occur only to-
gether with one of pairwise disjoint events H,,H,,..., H,, which form a total group.

Let's call these events hypotheses. Their probabilities and corresponding conditional
probabilities of the event 4 are known. In this case the probability of the event 4 can

be found with the help of the next formula (the formula of total probability):
P(4)=P(H,)-P(4/H,)+ P(H,)-P(A/H,)+..+P(H,)-P(4/H,).(4)
mOn the base of the condition we must represent the event 4 as the sum of its

products with the hypotheses,
A=AH, + AH,+..+ AH, .

By virtue of the fifth axiom of the probability theory it follows that
P(A)= P(4H,)+ P(AH,)+...+ P(4H )=
=P(H,)P(4/ H,)+ P(H,)P(4/ H,)+...+ P(H,)P(4/ H,).m

Beyes' formulae

Let an event A, which can occur only together with one of given hypotheses
H,, H,,.. H,, be occurred. In this case the next probabilities P(H,/A) of its occur-
rence together with each of these hypotheses can be evaluated with the help of known
Beyes formulas

P(H,)P(4/H,)

P(A) i=L2,..,n. (5)

)

P(Hi/A):

mLet’s take an arbitrary hypothesis H, and express the probability of a product

AH, by two ways,

! Beyes, T. (1702 - 1761), an English mathematician
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P(AH,)=P(A)P(H,/ A)= P(H,)P(A/ H,).

Two last parts of this tripled equality give Beyes formulac.m

Beyes formulae (5) state the probability that namely the i-th hypothesis has oc-
curred together with the event 4 in question.

Ex. 11. There are 6 white and 2 black balls in the first urn and 8 white and 3
black balls in the second urn. One at random moves a ball from the first urn to the
second one, and then he (also at random) takes a ball from the second urn.

1. Find the probability for him to take a white ball from the second urn.

2. Let a white ball be taken from the second urn. A ball of which colour was
the most probably moved from the first urn?

1. Solution of the first problem. Let an event 4 mean that one will take a white

ball from the second urn. We can introduce the next two hypotheses: H, means that
one has moved a white ball from the first urn; H,that he has moved a black ball from
there. Their probabilities equal
P(H,)=6/8=3/4, P(H,)=2/8=1/4
by condition, and corresponding conditional probabilities of the event 4 equal
P(4/H))=9/12=3/4,  P(4/H,)=8/12=2/3.
On the base of the formula (4) of total probability the probability of the event 4

equals
P(A)=P(H,)- P(A4/ H,)+ P(H,)- P(4/ H,)=3/4-3/4+1/4-2/3=0.73.
2. To solve the second problem we must find and compare the next conditional

probabilities P(H, / A), P(H, / A). On the base of Beyes formulae (5)

P(H\)P(4/ H,) _3/4-3/4

P(H,/ A4)= 24) 073 ~077.
P(H,/ 4)= P(szf((j)mz) = 1/3"723/3 ~0.23.

We see that 0.77 > 0.23, therefore one has the most probably moved a white ball from

the first urn to the second one.
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Ex. 12. There are 10 and 15 products of the first and second factories respec-
tively in the storage. The first factory makes 5% and the second 7% of defective pro-
ducts. One takes at random a product.

1) Find the probability of its defectiveness.

2) Suppose that this product is defective. Which factory has the most probably
made it?

Let an event A mean that a product taken at random is defective. Let's intro-
duce the next two hypotheses:

H, this product is done by the first factory;
H, it was done by the second factory.

On the base of the classical definition of probability

1
P(Hl):ﬁ:&:%:().él; P(Hz):&:£=§=0.6.
no 255 n 25 5
Corresponding conditional probabilities of the event 4 equal

P(A/H1)=1§0=0.05; P(A/H2)=1go=0.07.

1) Using the formula of total probability we'll get
P(A)=P(H,)P(4/ H,)+P(H,)P(4/H,)=0.4-0.05+0.6-0.07 = 0.062.

2) Now with the help of Beyes formulas we find
P(H,)P(A/H,) 0.4-0.05

P(H,/A)= = =0.32,

(H,/4) P(4) 0.062
PH /A)zP(Hz)P(A/Hz):0.6-0.07 .68
? P(4) 0.062

Thus
P(H,/ A)> P(H,/ A).
Therefore the taken product was the most probably made by the second factory.
Ex. 13. Three shots have simultaneously shot at a target [-g-] with probabilities
of hitting 0.6, 0.8, 0.7 correspondingly, and a hole has appeared in the target. Find the
probability that the first of the shots has hit.
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At first we’ll introduce the next four events 4, B, C, D :
A consists in appearance of a hole on the target;
B means that the hitting is done by the first shot;
C means that this hitting is done by the second shot;
D means that this hitting is done by the third shot. By conditions
P(B)=0.6, P(B)=0.4; P(C)=0.8, P(C)=0.2; P(D)=0.7,P(D)=0.3.
All the events B, B, C, C, D, D are (mutually) independent. It is obviously that
A=BCD+BCD+BCD
with pairwise disjoint summands, and so
P(4)= P(BCD+BCD+BCD)=P(BCD)+ P(BCD)+ P(BCD)=
= P(8)P(C)P(D)+ P(B)P(C)P(D)+ P(B)PIC)P(D) =
=0.6-0.2-0.3+0.4-0.8-0.3+0.4-0.2-0.7 = 0.188.
Now we can introduce two hypotheses
H, = BCD (hitting of the first shot and misses of the other), H, = H, .
The probability of the first hypothesis and corresponding conditional probability of
the event 4 equal respectively
P(H,)=P(BCD)= P(B)P(C)P(D)=0.6-02-03=0.036, P(4/H,)=1.
Hence by Beyes formulas (5) we get

P(H,)P(4/H,) _ P(H,) _0.036

= ~0.19.
P(A) P(4) 0.188

P(HI/A):

Thus with the probability 0.19 namely the first shot has hit in the target. By the
same way we can find the other probabilities P(H,/A4), P(H,/A).

Ex. 14. There are 5 balls in the urn. One has taken at random 3 balls, and he
has seen that they are white. Find the probability that the urn contains only white
balls provided that all suppositions about number of white balls are equiprobable.

Let A be an event “to take 3 white balls from the urn”. Let’s introduce the next

hypotheses H,,i = 0,5 , which mean that the urn contains i white balls.

Our aim is to find the probability P(H,/A).



Main Rules of Evaluating Probabilities 24

By conditions of the problem the probabilities of the hypotheses equal
P(H,)= P(H,)= P(H,)=P(H,)=P(H,)= P(H,)= P(H,)=1/6.
Corresponding conditional probabilities of the event 4 are equal to

P(A/H,)=P(A4/H,)=P(4/H,)=0, P(4/H,)=1/C: =g=o.1,

5-4.3
P(A4/H,)=C]/C}=0.4,P(4/H,)=1.
By virtue of the formula of total probability (4) and Beyes formulas (5) we obtain the
probability to take three white balls from the urn,

P(A4)= iP(Hi)P(A/Hi): 1/6:0.1+1/6-0.4+1/6-1=0.25,

i=3
and the probability of the hypothesis that the urn contains only white balls
PUHP(A/H,) _ 161

P(H,/4)= P(A) 0.25

=0.(6)~0.67.

Thus, with the probability 0.(6) ~ 0.67 the urn contains only white balls (in

condition that three white balls were at random taken from there).
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KUIBKICTh BCiX
KOMOiHali 3 n
€JIEMEHTIB 110 k

KUIBKICTh ~ Ha-
CTaHHS [KiJIb-
KIiCTh MosiB|

nonii B n He-
3aJeKHUX BH-
IpOOYBAHHAX

KUIBKICTH  He-
3aJIEKHUX BU-
poOyBaHb

KUIBKICTh CIIO-
co0iB (3pobuTu

Uocyw)

number of all
arrangements
of n ¢lements
(taken) k£ at a
time [of all ar-
rangements of
k  (élements)
out of n , of all
k-fold arrange-
ments of n éle-
ments]

number of all
combinations
of n élements
(taken) k£ at a
time [of all
combinations
of k (¢lements)
out of n, of all
k-fold combi-
nations of =n
¢lements]

number of oc-
currences of an
evént in n in-
depéndent tri-
als [expéri-
ments]

namber of in-
depéndent tri-
als [expéri-
ments]

namber of wa-
ys [modes, mé-
thods] (to do

nombre m de
tous les arran-
gements de n
éléments ka k

nombre m de
toutes les com-
binaisons de n
éléments ka k

nombre m
d’arrivées/
d’apparitions
d’un événe-
ment a n ex-
périences/ép-
reuves  indé-
pendantes [a n

d’essais  indé-
pendants]
nombre m

d’expériences/
d’épreuves in-
dépendantes
[d’essais indé-
pendants]
nombre m de

fagons [modes,
méthodes] de

ten

Die Anzahl (f)
[die Gesamt-
|lzahl f] aller
Variationen

von n Elemen-
ten zur k-ten
Klasse [von n
Eleménten zu

je k]

Die Anzahl (f)
[die Gesamt-
|lzahl f] aller
Kombinatiénen
von n Elemén-
ten zur k-ten
Klasse [von n
Eleménten zu

je k]

Anzahl (f) von
Eintritten) [von
Eintretenen] ei-
nes Eréignisses
in n Unabhi-
ngigen Versu-
chen [Experi-
ménten (n),

Proben (f)]

Anzahl (f =)
unabhéngiger
Verstche [Ex-
periménte, Pro-

ben]

Anzahl (f =)
von Arten [von
Wéisen] (etwas
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1) smth) (faire gch) machen)
35.xomOuna-  koMOiHartopu- cOombinatorial  théorie f des Kombinatorik
TOpHKa Ka [combinatori-  combinaisons, (f =) [Kombi-
al] analysis, analyse f com- nationslehre (f
combinatorics, binatiore =,-n)]
combinatdrics
36.moHeTa MOHeTa coin piece f Miinze (f)
37.nactymne-  HacTaHHsA [no- occurrence of arrivée f [ap- Eintritt (m -
e [noseine- sBa] xoua 6 (at least of parition f]d’au (€)s,-¢) [Ein-
HUe] XxoTs Obl onHi€l mofii one) event [du] moins seul treten ()] min-
OJTHOTO COOBI- jun evénement destens des ei-
THS m nes Eréignisses
38.macrymne-  HacTaHHA 1o0- occurrence of arrivée f [ap- Eintritt (m -
HUE coObITHA [l an evént parition f ] (e)s,-¢) [Ein-
d'un  événe- treten (n)] ei-
ment nes Eréignisses
39.naynauy HaBMaHHS at random au *hasard [a beliebig, zafil-
[Hayran] tout *hasard, a lig, zufilliger-
I’aventure] weise
40.HEBO3MOXK-  HEMOXJIMBA imp0ssible evénement unmogliches
HOE COOBITHE  TOJIs evént [évé-] m impo- [unmogliches]
ssible Eréignis
41.He3aBucu-  He3zanexkHi B indepéndent evénements insgesamt [vol-
MbI€ B COBOKY- CYKYITHOCTI set of evénts indépendants  Istdndig] Un-
MMHOCTH COOBI- MOl dans leur en- abhéngige
THS semble Eréignisse
42 .He3aBUCH-  He3alexxHi BU- indepéndent expériences f Unabhédngige
MbI€ HCHbITA- MPOOYBaHHS trials [expéri- [épreuves f ] Verstche [Ex-
HUS ments] indépendantes; periménte, Pro-
essais m indé- ben]
pendants
43 .He3aBUCH-  He3alexHi mo- indepéndent evénements m Unabhédngige
MBbIE€ COOBITHSL Tl evénts indépendants  Eréignisse
44 necoBMecT- HecyMicHI mo- disjoint  [in- evénements m unveréinbare
HBbIC COOBITHSL [l compatible, incompatibles  [Unvereinbare,
mutually  ex- unvertrigliche,
clusive] evénts unvertrigliche]
Eréignisse
45.00pa3oBbl-  yTBOPIOBATH form the com- constituer/en-  Gesamtheit (f)
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BaTh TMOJHYIO TMOBHY rpyny pléte group/set gendrer un der Elementar-
rpynimy o1 of evénts [form groupe complet ereignisse er-
the full evént zéugen [(sich)
group/set, be bilden]
the exhaustive
eveénts]
46.0CHOBHOW ~ OCHOBHHHU basic [funda- principe m fon- fundamentéles
OPUHLOUI KOM- TpUHOMI KoM- méntal, main, damental de [grandlegen-
OMHATOPUKH OiHATOPUKHU basis] principle théorie f des des] Kombina-
of combinaté- combinaisons  tidnsprinzip (n
rics [of combi- [d’analyse [ -s,-e u -pijen)
natorial/com-  combinatoire]  [Prinzip  von
binatorial ana- Kombinatorik]
lysis]
47.oTHOCUTe-  BigHOCHa 4ac- rélative fré- fréquence  f relative  Fre-
JbHAsT YacToTa TOTa MOl quency of an relative d’un quénz (f =,-en)
COOBITUS event événement [Haufigkeit (f
=)] eines Eréi-
gnisses
48.mepecrtaHo- mepecTaHoBKa  pérmutation of permutation f Permutation (f)

BKa M3 n 3JIC-
MCHTOB

49 nonHas Be-
POSITHOCTh

50.moyHas

rpymmna mnomap-
HO HECOBMECT-
HBIX PaBHOBO3-
MOHBIX COOBI-

Ui (00 27eme-
HTapHBIX  CO-
OBITUAX, 0
1IaHCcax)

3 71 eJIEMEHTIB

MOBHA IMOBIp-
HICTb

MOBHA  TIpymna
napamMu Hecy-
MICHUX pIiBHO-
MO>KJIMBUX IIO-
nii (mpo ene-

MEHTapHi Mo-
aii, mpo IaH-
CH)

n élements

total [compo-
site, average]
probability

compléte/total
group of pair-
wise  disjoint
[incompatible]
and equally [li-
kely] possible
evénts (of ¢le-
méntary even-
ts, of chances)

de n éléments

probabilit¢  f
compléte  [to-
tale]

groupe m
complet d’évé-
nements in-
compatibles

deux a deux et
¢galement pos-
sibles (sur des
evénements
élémentaires,
sur les chan-
ces)

von n Elemén-
ten

totale [voll-
standige]
Wabhrschéin-

lichkeit

Gesamtheit (f
=) von paar-
weise  unve-
réinbaren [un-
vereinbaren,
unvertragli-
chen, unvertré-
glichen] und
gléichmogli-
chen Eréignis-
sen (lUiber Ele-
mentarereig-
nisse, iiber

Chancen [ [an-

san, "[a:s(a)n])
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51.monHas noBHa Tpyma exhaustive groupe m Gesamtheit (f
rpynmna coObl- MoAii evénts  [total complet d’évé- =) der Elemen-
TUH [compléte] nements tarereignisse
group of [von Elemen-
evénts] tarereignissen]|
52.monapHo napamMM He3a- pairwise [in evénements m paarweise Un-
HE3aBHCHUMBIE  JICKHI MOIT pairs, mutual- indépendants  abhingige
COOBITHS ly] indepén- deux adeux Eréignisse
dent evénts
53.monapHo napamu Hecy- mutually [pair- evénements paarweise un-
HECOBMECTHBIE  MIiCHI MOJil wise] disjoint incompatibles  veréinbare [Un-
COOBITHS [exclusive, in- deux a deux vereinbare, Un-
compatible] vertragliche,
evénts unvertrigliche]
Eréignisse

54.mpousBene-
HUe (mepeceye-
HUE) COOBITUI

55.poucxo-
IuTh (0 COOBI-
THHN)

56.MpoTHBO-
[I0JIOKHBIE CO-
ObITUA

57.paBHOBEPO-
SITHbIE [OJIMHA-
KOBO  BEpOSAT-
HbIE| COOBITHS

58.paBHOBO3-

MOJKHBIE [0/IH-
HaKOBO BO3MO-
KHbBIE |COOBITHS

59.pa3mere-

nobyrok  (me-
pepi3) moxiit

BinOyBaTHCSA
[HacTaBatH,
3"ABIATHUCS |
(mpo moito)

MPOTUIICKHI
o il

PiBHOWMOBIpHI
[onHAaKOBO
iiMoBipHi| moO-
Tt
PIBHOMO>KJIMBI
[onHaKOBO MO-
JKIIMBI | o il

PO3MIIIEHHS 3

product [com-
position (inter-
séction)] of
events

occur [appéar,

happen, take
place] (about
an evént)

opposite [cOm-
pleméntary,
contrary]
evénts

equiprobable
eveénts

équally [like-
ly] possible
eveénts

arrangement of

produit m (in-
tersection  f)
d’événements

arriver [se pré-
senter] (sur un
événement)

evénements m
contraires

evénements m,
équiprobables

[ekni]

evénements
¢galement pos-
sibles

arrangement m

Produkt (n—e)s,
-¢) [Durchsch-
nitt(m—(e)s,-¢)]
von Eréignis-
sen; Durchsch-
nittseréignis (n
—ses,-se)

Eintreten*(-tre-
te,-trittst, -tritt)
[éintreffen™(-
treffe,-triffst,-
trifft)]  (iber
ein Eréignis )
entgégenge-
setzte [komple-
mentédre] Eréi-
gnisse

gléichwahr-
scheinliche
Eréignisse

gléichmogli-
che Eréignisse

Variation [va-]
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HUE W3 n 3Jie- 1 eJIEMEeHTIB o n élements (ta-

MEHTOB] 110 k

60.pe3ynbTar
[cnencTBuE]
UCTIBITaHUS

61.cnenarts
Ymo-mo n CIIo-
cobaMu

62.cepust u3 n
HE3aBUCUMBIX
HUCIILITAHUU

63.ciencTBue
[pe3ynbTaT]
HACIIBITAHUS

64.ciydaitHoe
coObITHE

k

pe3yiabTaT [Ha-
CJIiZIOK]| BUIpO-
OyBaHHS

3pO0OUTH  WOCH
7 crocobaMu

cepis (3 n He-
3aJIe)KHUX) BU-
poOyBaHb

HaCIiIOK [pe-
3ynbTar]| (BU-
poOyBaHHs)

BUIMAAKOBA T10-
st

ken) k at a ti-
me, arrange-
ment of & (éle-
ments) out of n
[k-fold arran-
gement of n
¢lements]

result [occur-
rence, Outco-
me] of a trial
[of an expéri-
ment]

do smth in/by n
ways [mé-
thods, modes]

séries of n in-
depéndent
trials [expéri-
ments]

result [occur-
rence, Outco-
me] (of a trial)

random [acci-
dental, aleato-
ry, casual, cha-
nce, stochas-

de n éléments k
ak

résultat m [cas
m, issue f]
d’expérience
[d’essai, d’ép-
reuve]

faire gch de n
fagons [modes,
méthodes]

sériec f de n
expériences in-
dépendantes

résultat m [cas
m, issue f]
(d’essai/d’ex-
périence)

evénement m
aléatoire

(f =,-en) von n
Eleménten zur
k-ten  Klasse
[von n Elemén-
ten zu je k]

Priifergebnis (n
-ses,-se) [Ver-
suchsergebnis,
Verstchsaus-
gang (m —(e)s,
..ginge)]; Aus-
gang [Ergéb-
nis, Resultat n
(—(e)s,-e)] von
Versuch(e)
[von  Experi-
mént(e), von
Probe]

Etwas auf (A)
[mit (D)] n Ar-
ten [Wéisen]
machen

Réihe f [Sérije]
von n unabhé-
ngigen Versu-
chen [Experi-
ménten, Pro-

ben]

Versuchsaus-
gang (m —(e)s,
..ginge) [Aus-
gang (von Ver-
such(e),von
Experimént(e),
von Probe]

Zufallsereignis
(n—ses,-se), Zu-
falliges Eréig-
nis
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65.co0bITHE

66.coBMeECT-
HbIE COOBITHS

67.coBmaje-
HHE KJIaccude-
CKOH M cTaTHcC-
TUYECKON Be-
posATHOCTEMN

68.coueranue
A3 N DIEMEH-
TOB 110 k

69.cTtaTtuctu-
YyecKasi BEeposiT-
HOCTb

70.cTaTucTH-
yeckas yCTOW-
YUBOCTb OTHO-
CUTEJIbHBIX
4acTOT

71.cTaTucTu-
YecKoe  OTpe-
JICJICHUE BEPO-
SITHOCTH

72.cymma
(oObenuHeHue)
coOBITUI

nois

CYMiCHI MOl

30  KJIaCH4Y-
HOI 1 CTaTUCTH-
YHOi  HMOBIp-
HOCTel

KoMOiHamiga 3
71 €JIEMEHTIB 110

k

CTaTUCTHYHA
HMOBIpHICTb

CTaTUCTUYHA
CTIMKICTHb BIJ-
HOCHUX  4ac-
TOT

CTaTUCTUYHE
O3HAYEeHHS
HMOBIpHOCTI

cyma (00"en-
HaHHS) MOIN

tic] evént; acci-
dent

evént [act, oc-
currence]
joint [compati-
ble] evénts

coincidence of
classic and sta-
tistic(al) proba-
bilities

combination of
n élements (ta-
ken) k at a ti-
me, combina-
tion of k (éle-
ments) out of n
[k-fold combi-
nation of n éle-
ments]

statistic(al)
probability

statistic(al) sta-
bility of réla-
tive  fréquen-
cies

statistic(al) de-
finition of pro-
bability

sum (Union) of
eveénts

evénement
[évé-] m
evénements
compatibles

coincidence f
de probabilités
classique et
statistique

combinaison f
de n éléments k
ak

probabilit¢  f
statistique
stabilité  sta-

tistique des fré-
quences relati-

ves
définition  f
statistique  de
probabilité

somme f ((ré)-
union f) d’évé-
nements

Eréignis (n —
ses,-se)

veréinbare
[vertragliche,
kompatibele]
Eréignisse
Uberéinstim-
mung  kléssi-
scher und sta-
tistischer
Wahrschéin-
lichkeiten

Kombinatién

(f) von n Ele-
ménten zur k-
ten Klasse [von
n Eleménten zu

je k]

statistische
Wahrschéin-
lichkeit

statistische
Stabilitét rela-
tiver Frequen-
zen [Haufig-
keiten]

statistische De-

finition von
Wahrschéin-
lichkeit
Simme  (f=.-
en) [Veréini-
gung (f =,-en),
Zusammenfas-
sung(f =,-en)]

von Eréignis-
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sen; Summen-
eréignis
73.cymma cyma no6yrkiB sum of pro- somme f de Stimme (f) von
npousBeAcHU  (00"eqHAHHS ducts (inion of produits ((ré)- Produkten (Ve-
[oObenuHeHne mepepisiB) mo- interséctions)  union d’inter- réinigung (f =,-
nepecedyeHuit]  aii of evénts sections) d’é- en), [Zusam-
COOBITHI vénements menfassung
()] von Durch-
schnitten) von
Eréignissen
74.Teopust Be- Teopis HMOBI- probability thé- théorie f[cal- Wahrschéinli-
pOSsITHOCTEH pHOCTEH ory cul m] des pro- chkeitslehre f,
babilités Wahrschéin-
lichkeitsrech-
nung f, Wahr-
schéinlich-
keitstheorie f
75.ycnoBHas yMOoBHa Hmo- conditional probabilit¢  f bedingte
BEPOSITHOCTh BIpHICTh probability conditionnelle =~ Wahrschéin-
[conditionnée, lichkeit
liée]
76.ycioBHas yMOBHa BijHO- conditional ré- conditional ré- bedingte rela-
OTHOCHTEJIb- cHa  dacrtora lative fréquen- lative fréquen- tive Frequénz
Has ~ YacToTa MOMil cyofanevént cyofanevent (f =,-en) [~~
COOBITUS Haufigkeit f]
eines Eréignis-
ses
77.dbopmyrna ¢dopmyna beit- Beyes formula formule f de Formel (f =,-n)
beiieca eca (pl foérmulae/ Beyes von Bayes [Ba-
formulas) yessche  For-
mel]
78.dbopmyrna dopmyna #imo- formula of pro- formule f de Foérmel (f =,-n)
BEpPOSITHOCTEH  BipHOCTeW ri- babilities  of probabilités iiber die Wahr-
THITOTE3 note3 hypotheses des hypothéses schéinlichkeit
von Hypothé-
sen
79.dbopmyna ¢dopmyna mo- formula of the formule fde la Foérmel (f =,-n)
HIOJIHOM Bepos- HOi HMOBIPHO- total [cOmpo- probabilité von totaler
THOCTH cTi site, 4average] complete/totale [vollstandiger]
pr(‘)babﬂlty Wahrschéin-

lichkeit
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80.mudpa [pe- umdpa [pemka] tail pile Zahl (f =,-en)
IKa |
8l.gacrota co- uacroramomii fréquency of fréquence f Frequénz (f =.-
OBITHS an evént d’un  événe- en) [Haufigkeit

ment (f =)] eines
Eréignisses
82.1mmaHc HIaHC chance chance f Chance ['fanss
u ‘fas(a)] (F=,
-n)
83.n;memeHTap- enemeHTapHa  ¢leméntary evénement (é-) Elementar-
HOE COOBITHE  TOJis [simple] evént m ¢lémentaire ereignis (n —
[simple] ses,-se)
84.pnemeHTap- eneMeHTapHui ¢leméntary résultat m [cas elementarer
HBIH UCX0J Hachijmok [pe- [simple] result m, issue f] €lé- Ausgang (m —
[pe3ynbTaT] 3yapTaT| (BU- [occurrence, mentaire/sim-  (e)s,..gidnge)
(ucnpiTanus)  mpoOyBaHHS) dutcome] (of a ple ’(.d’essai/ [Verstchsaus-
d’expérience)  gang (m)]

trial)
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l. a priory
[prior, préma-
ture, existence]
probability

2. a posteriori
[postérior, af-
ter-the-evént,
final] probabi-
lity

3. action

4. arrangment
of n ¢élements
(taken) k at a
time, arrange-
ment of & (éle-
ments) out of

[k-fold arran-
gement of n
¢lements]

5. at random

6. axiom

7. basic [fun-
daméntal,main,
basis] principle
of combinatoé-
rics [of combi-
natorial/ com-
binatérial ana-
lysis]

8. Beyes for-
mula (p/ for-
mulae/formu-
las)

9. cértain [per-
sistent,  sure]
evént

probabilité¢ f a
priori

probabilité¢ f a
posteriori

action f

arrangement m
de n éléments k
ak

au *hasard [a
tout *hasard, a
I’aventure]

axiome m

principe m fon-
damental  de
théorie f des
combinaisons
[d’analyse  f
combinatoire]

formule f de
Beyes

evénement m
certain

Wahrschéin-
lichkeit (f =) a
priori

Wabhrschéin-
lichkeit (f =) a
posteriori

Aktion (f)
Variation [va-]
(f =,-en) von n
Eleménten zur
k-ten  Klasse
[von n Elemén-
ten zu je k]

beliebig, zufil-
lig, zufilliger-
weise

Axiom (n—s,-e)
fundamentales
[grandlegen-
des] Kombina-
tionsprinzip (n
-s,-¢ u -pien)
[Prinzip  von
Kombinatorik]

Formel (f =,-n)
von Bayes [Ba-
yessche  For-
mel]

sicheres Eréi-
gnis (n—ses,
-se)

arnpuopHas Be-
POSITHOCTh

arnocTepuop-
Has ~ BepOsT-
HOCTh

nercTBUe

pa3MenieHue
U3 n D3JIEMeH-
TOB] 10 k

Haynauy [Hay-
raj|

aKkCnuomMma

OCHOBHOM
INPUHIUI KOM-
OMHATOPUKU

dopmyna beii-
eca

JI0CTOBEPHOE
CcOOBITHE

ampiopHa #Mo-
BIpHICTb

arocTepiopHa
HMOBIpHICTb

st
pPO3MIlIICHHST 3
71 €JIEMEHTIB 110

k

HaBMaHHA

akcioMma

OCHOBHUI
NPUHIMAI KOM-
OiHaTOpUKHU

dopmyna beii-
eca

BiporigHa [mo-
cToBipHa] TIO-
Tist

OTdopMaTMpPOBaHO:
PaznunyaTb KONOHTUTYbI:
nepBoy CTpaHMLbl
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10.chance chance f Chance [fagse aHC IaHC
u fasG)] (¢
:,_n)
11.classic deé- définition f Kklassische De- kiaccuveckoe  KJIacHYHE  03-
finition of pro- classique de finitibon = von ompeneneHue  HayeHHS KHMO-
bability probabilité Wahrschéin- BEPOSATHOCTH  BIPHOCTI
lichkeit
12.classic(al)  probabilit¢  f classische KJlacCHuYecKas  KJIaCHYHa MMO-
probability classique Wabhrschéin- BEPOSTHOCTh BipHICTh
lichkeit
13.coin piece f Miinze (f) MOHETa MOHETa
14.coinciden-  coincidence f Uberéinstim-  coBmajenue 30ir  KJjacuu-
ce of classic de probabilités mung klassi- kimaccuveckoil HOi i CTaTHCTHU-
and  statistic- classique et scher und sta- u cratuctuue- uyHOi  HMOBIp-
(al) probabili- statistique tistischer CKOH BEpoOsIT- HOCTEH
ties Wabhrschéin- HOCTEH
lichkeiten
15.cointossing, lancer m Wérfen (n —s) Opocanue KUJAHHA [mifd-
toss [tossing, [lancement m] [Hochwerfen [momOpackiBa-  KWJaHHS| MO-
flipping] of a d’une piéce (n —s)] einer HUE] MOHETHI  HETH
coin Miinze
16.combina- combinaison f Kombination = coderanue u3 n KomOiHalisg 3
tion of n ¢éle- den éléments k (f) von n Ele- sneMeHTOB 1O 7 €IEMEHTIB MO

ments (taken) &
at a time, com-
bination of &
(élements) out
of n [k-fold
combination of
n élements]
17.combinat6-
rial [combina-
torial] analysis,
combinatorics,
combinatorics

18.compléte/

total group of
pairwise  dis-
joint [incompé-
tible] and equ-

ak

théorie f des
combinaisons,
analyse f com-
binatiore

groupe m
complet d’évé-
nements in-
compatibles

deux a deux et

ménten zur k-
ten Klasse [von
n Eleménten zu

je k]

Kombinatorik
(f =) [Kombi-
nationslehre (f

:,-1’1)]

Gesamtheit (f
=) von paar-
weise  unve-
réinbaren [Un-
vereinbaren,

k

KOMOUWHATO-
puka

MOJIHASI TPYIIIa
MOTIapHO HECo-
BMECTHBIX PaB-
HOBO3MOJKHBIX
cobbiTuil (00

k

KOMOiHaTOpH-
Ka
[OBHAa  TIpyna

napamm Hecy-
MICHUX pIBHO-
MOJKJIMBUX TIO-
nid (mpo  ene-
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ally [likely] ¢€galement pos- unvertragli- AJIEMEHTApPHBIX MEHTapHi  TO-
possible evénts sibles (sur des chen, unvertrd- coObITHSX, O [ii, TpO IIIaH-
(of ¢leméntary evénements glichen] und maHcax) CH)
events, of élémentaires,  gléichmogli-
chances) sur les chan- chen Eréignis-

ces) sen (liber Ele-

mentarereig-

nisse, iiber

Chancen ['[an-

san, "Ja:s(a)n])
19.conditional probabilit¢  f bedingte yCIIOBHAs Be- yMOBHAa HMoO-
probability conditionnelle =~ Wahrschéin- POSATHOCTH BIpHICTb

[conditionnée, lichkeit

liée]
20.conditional  conditional ré- bedingte rela- ycnmoBHas oT- yMOBHa BiJHO-
rélative fré- lative fréquen- tive Frequénz HocuTenbHas  cHa  YacToTa
quency of an cyofanevent (f =,-en) [~~ wuyacToTa COOBI- mMOmIii
evént Hiufigkeit f] Tus

21.die pl/ dice
[fairdie]

22 .disjoint [in-
compatible,
mutually  ex-
clusive] evénts

23.do smth
inby n ways
[méthods, mo-
des]

24 .¢leméntary
[simple] evént

25 .¢leméntary
[simple] result
[occurrence,
outcome] (of a
trial)

26.équally [li-

dé m (a jouers)

evénements m
incompatibles

faire gch de n
fagons [modes,
méthodes]

evénement
¢élémentaire
[simple]

m

résultat m [cas
m, issue f] élé-
mentaire/sim-
ple  (d’essai/
d’expérience)

evénements

eines Eréignis-
ses
Wiirfel (m—s,=)

unveréinbare
[Gnvereinbare,
unvertragliche,
unvertragliche]
Eréignisse
Etwas auf (A)
[mit (D)] n Ar-
ten [Wéisen]
machen
Elementar-
ereignis (n —
ses,-se)
elementarer
Ausgang (m —
(e)s,..gdnge)
[Versuchsaus-
gang (m)]

gléichmogli-

UrpajbHas KO-
CTb

HECOBMECTHBIE
COOBITHSA

clenarb  uYmo-
mo n CIoco-
Oamu

3JIEMEHTaApPHOE
CcoOBITHE

3JIEMEHTapHbIN
HCX0]1 [pe-
3ynbTar] (uc-
IIBITaHU)

PaBHOBO3MOX-

rpanbHa KicT-
Ka

HEeCyMicHI To-
ait

3pOOHUTH  WOCh
n crmocobaMu

eJIeMEHTapHa
nois

eJIeMEHTapHUI
HaclIoK [pe-
3ynpTar| (BU-
poOyBaHHs)

PIBHOMOJKJIMBI
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kely] possible également pos- che Eréignisse Hble [oauHa- [0JHAKOBO MO-
evénts sibles KOBO BO3MOJK- KJIMBI]| momil
HBIE |COOBITHS
27.equiproba-  evénements m, gléichwahr- paBHOBEPOAT-  PIBHOHMOBIipHIi
ble evénts équiprobables  scheinliche Hble [0aWHA- [0JIHAaKOBO
[ekni] Eréignisse KOBO BEpOSAT- KMOBIpHi]| TO-
HbIe] cOOBITHS il
28.evént [act, evénement Eréignis (n — coObiTHE noJis
occurrence] [évé-]1 m ses,-se)
29.exhaustive  groupe m Gesamtheit (f momHas rpyn- THOBHa Tpyma
evénts  [total complet d’évé- =) der Elemen- mnmacoObituii  monuiit
[compléte] set/ nements tarereignisse
group of [von Elemen-
evénts] tarereignissen|
30.favourable  cas m [résultat glinstiger Ver- Omnaromnpusr- CHPUATIMBUN
[occurrence, m, issue f , sUchsausgang  crByomee [Hacmigok, pe-
Outcome, case, chancef]favo- (m) [Ausgang (cuencrsue), 3yJbTaT, IIaHC |
chance]; rable; succés m  (m-(e)s,.ginge, Oaaromnpusarc-
succéss Chance ['fanse TByOUIMI (pe-
. 3yJbTaT, IIAHC)
u ‘fas(e@)] (f
:,-1’1)]
3l.form  the constituer/en-  Gesamtheit (f) oOpa3oBbIBaTb YTBOPIOBATH
compléte set gendrer un der Elementdr- momHyio rpym- MOBHY Tpymy
/group of groupe comp- ereignisse er- my nmomii
evénts  [form let zéugen [(sich)
the full evént bilden]
group/set, be
the exhdustive
evénts]
32.formula of formule f de Formel (f=-n) ¢dopmyna Be- ¢opmyna Hmo-
probabilities of probabilités iiber die Wahr- posiTHOCTEH BipHOCTEH  Ti-
hypotheses des hypothéses schéinlichkeit  runores noTe3
von Hypothé-
sen
33.formula of formule f'de la Formel (f =-n) ¢dopmyna mnona- ¢opmyna moB-
the total [cOm- probabilité von totdler HOW  BeposAT- HOI HMOBIPHO-
posite, avera- complete/totale [vollstindiger] HocTH CTi
ge] probability Wahrschéin-
lichkeit
34 .fréquency  fréquence f Frequénz (f =,- yactora cOOBI- YacTOTa MOJIl
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of an evént d’un  événe- en) [Haufigkeit tus
ment (f =)] eines
Eréignisses
35.head téte f Kopf (m —(e)s, repb [open] rep0 [open]
Kopfe)
36.hypothesis  hypothése f Hypothése (f=, rumoresa rinoresa
(p! -ses) -n)
37.impdssible  evénement m unmogliches HEBO3MOXXHOE  HEMOXKJIMBa
evént impossible [unmogliches]  coOwiTHe OISt
Eréignis
38.depéndent  evénements m abhingige 3aBHCHMBIE CO- 3aJICKHI MOIii
evénts dépendants Eréignisse ObITUSA
39.indepéndent evénements m Unabhingige HE3aBHCHUMBIC  HE3aJIC)KHI TIO-
evénts indépendants  Eréignisse COOBITHS ait
40.indepéndent evénements Insgesamt HE3aBHCHMBIC  HE3AJIe)KHI B
set of evénts indépendants  [vollstidndig] B COBOKYIHO- CYKYIHOCTI
dans leur en- tUnabhéngige CTU COOBITHSL  TOAil
semble Eréignisse
41.indepéndent expériences f unabhingige HE3aBHCHUMBIC  HE3aJIC)KHI BH-
trials [expéri- [épreuves f ] Versiche [Ex- wucnbiTanuns poOyBaHHs
ments)] indépendantes; periménte, Pro-
essais m indé- ben]
pendants
42.joint [com- evénements veréinbare COBMECTHBIE cyMicHi nofii
patible] evénts compatibles [vertragliche,  coObiTus
kompatibele]
Eréignisse
43.]law of ad- loi f d'addition Additiongesetz 3akon  [dop- 3akoH [opmy-
dition of pro- des probabi- (n) der Wahr- myma] cnoxe- mna] monaBaHHS
bability lités scheinlichkei- Hus BeposTHO- HMOBipHOCTEH
ten crei
44 mutually evénements paarweise un- MOMApHO HECO- MMapamMH HeCy-
[pairwise] dis- incompatibles  veréinbare [Un- BMecTHBIE CO- MiCHI oIl
joint [exclusi- deux a deux vereinbare, n- OBITUS

ve, incompati-
ble] evénts

45 nimber of
all arrange-
ments of n éle-

nombre m de
tous les arran-
gements de n

vertragliche,
unvertragliche]
Eréignisse

Die Anzahl (1)
[die Gesamt-
|lzahl f] aller

KOJIMYECTBO
BCEX pa3me-
HMIEHUH U3 n

KUIBKICTHh BCiX
PO3MILIIEHb 3 71
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ments (taken) &
at a time [of all
arrangements
of k (élements)
out of n , of all
k-fold arrange-
ments of n éle-
ments]

46 .nimber of
all combina-
tions of n éle-
ments (taken) &
at a time [of all
combinations
of k(élements)
out of n, of all
k-fold combi-
nations of =n
¢lements]

47 nimber of
all  permuta-
tions of n éle-
ments

48 .namber of
indepéndent
trials  [expéri-

ments]

49 nimber of
occurrences of
an evént in »n
indepéndent
trials [expéri-
ments]

50.nimber of
ways [modes,

éléments k a k

nombre m de
toutes les com-
binaisons de »
éléments ka k

nombre m de
toutes les per-
mutations de »
¢éléments

nombre m
d’expériences
/d’épreuves in-
dépendantes
[d’essais indé-
pendants]

nombre m d’ar-
rivées/d’appa-
ritions d’un
événement a n
ex-périences/
épreuves indé-
pendantes [a n
d’essais  indé-
pendants]
nombre m de
fagons [modes,

Variatidnen

von n Elemen-
ten zur k-ten
Klasse [von n
Eleménten zu

je k]

Die Anzahl (1)
[die Gesamt-
|lzahl 7" ] aller
Kombinationen
von n Elemén-
ten zur k-ten
Klasse [von n
Eleménten zu

je k]

Die Anzahl (1)
[die Gesamt-
|lzahl 7" ] aller
Permutationen
von n Elemén-
ten

Anzahl (f =)
unabhingiger
Versuche [Ex-
periménte, Pro-

ben]

Anzahl (f) von
Eintritten [von
Eintretenen]

eines Eréignis-
ses in n Unab-
héngigen Ver-
suchen [Expe-
riménten, Pro-

ben]

Anzahl (f =)
von Arten [von

CIICMCHTOB IIO

k

KOJINYECTBO
BCEX CcOyYera-
HUI U3 n dJe-
MEHTOB 110 k

KOJIMYECTBO
BCEX IEpecCTa-
HOBOK H3 1
3JICMCHTOB

KOJINYECTBO
HE3aBHUCUMBIX
HUCIIBLITAHU U

KOJIMYECTBO
HACTYILICHUI
[KOJIM4EeCTBO
MOSIBJICHUH |
COOBITHSI B n
HE3aBUCUMBIX
HCIIBITAaHUSX

KOJIMYECTBO
croco0oB (cae-

eJIEMEHTIB 10 k

KUIBKICTHh BCiX
KoMOiHaLi 3 n
€JIEMEHTIB 110 k

KUIBKICTHh BCiX
MePECTAaHOBOK
3 11 €JIEMEHTIB

KUIBKICTh  HE-
3AJIE)KHUX BHU-
npoOyBaHb

KUIBKICTh
CTaHHS [KiJb-
KIiCTh nosiB|
noxii B n He-
3aJIC)KHUX BU-
MpoOYBaHHIX

Ha-

KUIBKICTB CIIO-
co0iB (3pobutu
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méthods] (to méthodes] de W¢isen] (etwas naTh umo-u.) Woco)
do smth) (faire gch) machen)
5l.occar [ap- arriver [se pré- éintreten*(-tre- npoucxoauTh  BiIOyBaTHCA
péar, happen, senter] (sur un te,-trittst, -tritt) (o coObITHR) [HacraBaTH,
take place] événement) [¢intreffen*(- 3"aBIATHCA |
(about an treffe,-triffst,- (Hpo HO]IiI'O)
evént) triftt)]  (tber

ein Eréignis)

52.occurrence  arrivée f [ap- Eintritt (m — HacTymieHHe  HACTAHHS [rO-
of (at least of parition f] d’au (¢)s,-¢)  [Ein- [nosBnenue] sBa] xo4ya O

one) event

53.occurrence
of an evént

54.only possi-
ble evénts

55.only p0ssi-
ble  pairwise
disjoint [in-
compatible]
and équally [li-
kely] possible
evénts

56.6pposite
[complemén-
tary, contrary]
evénts

57 .pairwise
[in pairs, mu-
tually]  inde-
péndent evénts

58.pérmutation
of n élements

[du] moins
seul/un evéne-
ment m

arrivée f [ap-
parition f ]
dun  événe-
ment
evénements m
uniquement
possibles

evénements
uniquement
possibles
compatibles
deux a deux et
¢galement pos-
sibles

in-

evénements m
contraires

evénements m
indépendants
deux a deux

permutation  f
de n éléments

treten (n)] min-
destens des ei-
nes Eréignisses
Eintritt
(e)s,-e) [Ein-
treten (n)] ei-
nes Eréignisses

(m -

éinzig mogli-
che Eréignisse

éinzig mogli-
che paarweise
unveréinbare

[Gnvereinbare,
unvertragliche,
unvertragliche]
und gléichmo-
glichen Eréig-
nisse

entgégenge-
setzte [komple-
mentére] Eréi-
gnisse
paarweise Un-
abhingige
Eréignisse

Permutation (f)
von n Elemén-
ten

XOTs OBI OIIHO-
r0 COOBITHSA

HACTYIUICHHE
COOBITUSA

€IMHCTBEHHO
BO3MOYKHEBIE
COOBITHSA

€IMHCTBEHHO
BO3MOYHBIE
MOTIAPHO HECO-
BMECTHBIE  H
PaBHOBO3MOX-
HBIE COOBITHSA

MPOTUBOTIO-
JIOKHBIE COOBI-
TUSL

ornapHo HE3a-

BUCUMBIE  CO-
ObITHA
nepecTaHOBKA

n3 n DJSJICMCH-
TOB

omHi€el momii

HaCTaHHA IIO-

il

€IUHO MOXKJIU-
Bl momii

€IMHO MOXKJIM-
Bi MapaMu He-
CyMicHI ¥ piB-
HOMOJIMBI
noii

MPOTUJICIKHI
noii

napamMm Hesa-
JIEXHI TTOHIT

MepecTaHOBKa
3 71 €JIEMEHTIB
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59.probability

60.probability
of a hypothesis
(if the result of
a trial [of an
expériment] is
knoéwn)

61.probability
of an evént

62.probability
of occurrence
at least of one
event

63.probability
of occurrence
of an evént

64.probability
of the hypdthe-
sis
65.probability
théory

66.product

probabilité f

probabilit¢ 1
d‘une hypothe-
se (si le résul-
tat d’une expé-

rience/épreuve
[d‘un essai] est
connu(e))
probabilité

dun  événe-
ment
probabilit¢ 1

d’apparition f
[d’arrivée [ ]
d’au [du]
moins seul/un
événement

probabilité
d’apparition
[d’arrivée]
d’un ¢véne-
ment

f

probabilité 1 de
I‘hypothése

théorie f[cal-
cul m] des pro-
babilités

produit m (in-

Wahrschéin-
lichkeit (f =)

Wabhrschéin-
lichkeit der
Hypothése
(wenn den
Versuchsaus-
gang [das
Versuchserge-
bnis] bestim-
mt ist)

Eréigniswahr-
scheinlichkeit
(f =); Wahr-
schéinlichkeit
von Eréignisse

Wahrschéin-
lichkeit (f =)
von Eintre-
ten(e) [von
Eintritt(e)]
mindestens des
eines Eréignis-
ses
Wahrschéin-
lichkeit von
Eintreten(e)
[von Eintritt(e)
] eines Eréig-
nisses
Wahrschéin-
lichkeit einer
Hypothése

Wahrschéinli-
chkeitslehre £,
Wabhrschéin-
lichkeitsrech-
nung f, Wahr-
schéinlich-
keitstheorie f

Produkt (n—e)s,

BCPOATHOCTDb

BEPOSITHOCTh
rumnoTe3sl  (ec-
JM  U3BECTEH
pe3ysbTaT uc-
IIBITaHU)

BEPOSTHOCTh
COOBITUSA

BEPOSATHOCTh
HACTYIUJICHUS
XOTd OBl OJHO-
ro cOOBITHS

BEPOSTHOCTb
HACTYTUICHHSI
COOBITUSA

BCPOATHOCTDb
THUIIOTE3bI

TeOpus
SITHOCTEN

BEpO-

MIPOU3BEJICHNE

IMOBIpHICTb
[AMOBIpHICTB]

IMOBIpHICTb Ti-
more3ud  (SKIIO0
BiIOMHH pe3y-
JAbTaT  BUIPO-
OyBaHHs)

IMOBIpHICTb
[AMOBIpHICTB]
noii

IMOBIpHICTb
[AMOBIpHICTB]
HACTaHHS  XO-
ya 0 oxHiel mo-
il

IMOBIpHICTb
[AMOBIpHICTB]
HACTaHHS IIO-
il

IMOBIpHICTb Ti-
noTe3u

Teopis MMOBI-
pHOCTEN

noobyrok  (me-
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[coOmposition
(interséction)]
of events

67.product law
of probability

68.random [ac-
cidental, alea-
tory, casual,
chance, stocha-
stic] evént; ac-
cident

69.rélative fré-

quency of an
event

70.result [oc-
currence, oOut-
come] (of a
trial)

71.result [oc-
currence, oOut-

come] of a trial
[of an expéri-
ment]

tersection  f)
d’événements

loi f de com-
position  des
probabilités

evénement
[évé-] m aléa-
toire

fréquence  f
relative  d’un
événement

résultat m [cas
m, issue f]
(d’essai/d’ex-
périence)

résultat m [cas
m, issue f]
d’expérience f
[d’essai m,
d’épreuve f]

-e) [Durchsch-
nitt(m—(e)s,-e)]
von Eréignis-
sen; Durchsch-
nittseréignis (n
—ses,-se)

Multiplika-
tionsgesetz (1)
der Wahr-
scheinlichkei-
ten

Zufallsereignis
(n —ses,-se),
Zufilliges
Eréignis

relative  Fre-
quénz (f =,-en)
[Haufigkeit (f
=)] eines Eréi-
gnisses

Versuchsaus-
gang (m —(e)s,
..ginge) [Aus-
gang (m) (von
Versuch(e),von
Experimént(e),
von Probe]

Priifergebnis (n
-ses,-se) [Ver-
suchsergebnis,
Versuchsaus-
gang (m —(e)s,
.ginge)]; Aus-
gang [Ergéb-
nis n, Resultat
n (=(e)s,-e)]
von Versuch(e)
[von  Experi-
mént(e , von
Probe]

(nepeceuenue)
cOOBITUI

3akoH  [dop-
Myna] Tpowus-
BEJICHUS BEPO-
SITHOCTEHN

CIy4ailHOe co-
ObITHE

OTHOCHUTEJb-
Hasg  4acToTa
COOBITUSA

CleICTBHE [pe-
3ynbTar|  Mc-
MIBITAHUS

pe3yJybTaT
[cnencTBHE]
HCIIBITAaHUS

pepi3) noxii

3aKoH [(hopmy-
na]  #AoOyTKy
iMOBipHOCTEH

BUMAJAKOBA IO-
st

BIJIHOCHA 4Yac-
TOTA MOMIT

HaclIoK [pe-
3ynpTar]| (BuU-
poOyBaHHs)

pe3yabpTar [Ha-
CJIIZIOK] BUMPO-
OyBaHHS
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72.séries of n
indepéndent
trials [expéri-
ments]

73 .statistic(al)
definition  of
probability

74 .statistic(al)
probability

75 .statistic(al)
stability of ré-
lative fréquen-
cies

76.sum  (Gni-
on) of evénts

77.sum of pro-
ducts (inion of
interséctions)
of evénts

78.tail

79.throw
[throwing] of a
die [rolling of
a fairdie]

série [ de n
expériences in-
dépendantes

définition  f
statistique  de
probabilité

probabilit¢ 1
statistique

stabilit¢  sta-
tistique des fré-
quences relati-
ves

somme f ((ré)-
union f) d’évé-
nements

somme f de
produits  ((ré)-
union d’inter-
sections) d’¢é-
vénements

pile /'

lancer m
[lancement m]
d'un dé

Réihe 1 [Série]
von n unabhé-
ngigen Versu-
chen [Experi-
ménten, Pro-

ben]

statistische De-
finition von
Wahrschéin-
lichkeit

statistische
Wahrschéin-
lichkeit

statistische
Stabilitdt rela-
tiver Frequen-
zen [Haufig-
keiten]
Simme  (f=.-
en) [Veréini-
gung (f =,-en),
Zusdmmen-
fassung(f =-
en)] von Eréi-
gnissen; Sum-
menergignis n—
ses,-se

Stmme (f) von
Produkten (Ve-
réinigung (f =,-
en), [Zusam-
menfassung

()] von Durch-
schnitten) von
Ereignissen

Zahl (f'=,-en)

Weérfen (n —s)
eines Wiirfels

cepus U3 n He-
3aBACUMBIX
HUCIIBLITAHUU

CTaTUCTHYCC-
KOC oIpeaciie-
HHUC BCPOAT-
HOCTH

CTaTUCTUYEC-
Kasg  BeposT-
HOCTb

CTaTUCTUYEC-
Kasg yCTOWYM-
BOCTb OTHOCH-
TEJIbHBIX Yac-
TOT

cymma (o0be-
JTMHEHUE) CO-
ObITHI

CyMMa TIpPOU3-
BeZIeHUI [00B-
eJIMHEeHUE Tie-
pecedyeHui |
cOOBITUI

uudpa  [peu-

Ka]

OpocaHue
[moaOpackiBa-
HUe| wurpaib-
HOW KOCTH

cepis (3 n He-
3aJIe)KHUX) BU-
npoOyBaHb

CTaTUCTUYHE
O3HAYEHHS
HMOBipHOCTI

CTaTUCTHYHA
HMOBIpHICTb

CTaTUCTHYHA
CTIMKICTh Bij-
HOCHHX  4ac-
TOT

cyma (00"en-
HaHHs) MOIiH

cyma N00yTKiB
(00"enqHanHS
nepepisiB) mo-
T

uudpa  [peu-

Ka]

KUJIaHHS  [Imij1-
KMJlaHHs| Tpa-
JIBHOI KICTKH
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80.throw adie lancer [jeter] Wiirfeln Opocarb [moa- Kujmatu  [mia-
un dé OpachIBaTh | KMJIaTu] rpajb-
UTPaAIbHYIO HY KiCTKY
KOCTb
81.toss [throw, lancer [jeter] eine Miinze Opocatb Kugatu  [mia-
flip] a coin une piece )] wérfen* [monOpacki- KHJIaTH| MOHe-
(wérfe, wirfst, BaTp] MOHETY Ty
wirft)
82.total [cOm- probabilité  f totale [voll- monnas Bepo- MOBHA HMOBIp-
posite, avera- compléte [to- sténdige] STHOCTb HICTh
ge] probability  tale] Wabhrschéin-
lichkeit
83.trial [expé- essai m [ép- Versuch (m — wucnbiTaHue BUIIPOOYBaHHS
riment] reuve f, expé- (e)s,-¢)  [Ex- [oxcmepument,
rience f ] perimént (n — oOmBIT]
(e)s,-e); Probe
(f:,-l’l)]
84 .incondi- probabilit¢  f tuUnbedingte 0e3ycloBHAs 0e3yMOBHa
tional [4absolu- incondition- [absolute] [aOcomoTHast]  [abcosroTHA]
te] probability  nelle [absolue] Wahrschéin- BEPOSITHOCTh HMOBIPHICTB

lichkeit



LECTURE NO. 3. RANDOM VARIABLES
LE TROUSIEME COURS. VARIABLES ALEATOIRES
DRITTE VORLESUNG. ZUFALLSGROBEN

POINT 1. A RANDOM VARIABLE. Variable alé¢atoire. ZufallsgroB3e.

POINT 2. BERNOULLI [BINOMIAL] DISTRIBUTION. Distribution de
Bernoulli [distribution binomiale]. Bernoullische Verteilung [Binomialverteilung].

POINT 3. LAPLACE LOCAL AND INTEGRAL THEOREMS. Théorémes
local et intégral de Laplace. Laplaceschere lokaler und integraler Theoreme.

POINT 4. POISSON FORMULA AND DISTRIBUTION. Formule et

distribution de Poisson. Poissonsche Formel und Verteilung.

POINT 1. A RANDOM VARIABLE

Def. 1. A random variable is called a variable which takes on some value in
any trial and this value isn’t known beforehand [in advance].

We’ll denote random variables by letters &, 77, £,... and their possible values by
Xy Vs Zy oen .

We’ll study discrete and continuous random variables.

Def. 2. A random variable is called discrete one if it can take on only separate
isolated possible values (with some probabilities).

Ex.1. A number £ of occurrences of an event 4 in one trial: § = 1 if 4 occurs,
and & =0, if 4 doesn’t occur (that is an opposite event 4 occurs);
P(g =1)=P(4), P(£=0)= P(4)=1-P(4).

Ex. 2. The number of students on the lecture.

Ex. 3. The daily production of some factory (in items).

Definition of a continuous random variable will be given below. Now we’ll
only say that its possible values completely fill some interval.

Ex. 4. The human height and weight.

Ex. 5. The size of an item.
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Ex. 6. The error of measurement.

Def. 3. The distribution [the distribution law, the law of distribution, the law]
of'a random variable is called a rule which sets a correspondence between its possible
values and corresponding probabilities.

The distribution law of a random variable can be expressed:

1) analytically by a formula (for example P(E =k)=CL p“q"™);

2) tabularly (by the distribution table for discrete random variables);

3) geometrically (by distribution polygon for discrete random variables, by
graph of the distribution function or density (see below)).

The distribution table of a discrete random variable & (with finite number »

of possible values) has the next form:

g X, X, x

n

Pi P P, - P
Its first row contains all possible values of the random variable, and the second row

contains corresponding probabilities of these values. The notation & = x; means that
the random variable & takes on a value x,. Events
(E=x)(E=x)n(E=2x,)
are pairwise disjoint and form a total group. Therefore, the sum of their probabilities
p,=P(E=x),p,=P(E=x,)..,p,=P(E=x,) equals 1,
p+p,+..+p,=1.
p : The distribution polygon of a discrete random
.. variable is a broken line [a polygonal line, an open
polygon] which is generated by successive joining of
4, the points 4 (x,; p, ) 4,(x,; p, ). 4,(x,; p,) (fig. 1).
_ 2, :}:nx Ex. 7. An urn contains 7 balls (namely 3 white
Fig. 1 and 4 black balls). One at random draws 3 balls. Find

the distribution law of the number & of white balls which can be taken from the urn.
Possible values of the random variable & are 0, 1, 2, 3. We determine corre-

sponding probabilities
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D =P(§ :0)’172 =P(§=1),p3 =P(§=2),p4 :P(§:3)

with the help of the classical definition of probability. Elementary events (chances)

for every of these four cases are sets of 3 balls that is 3-fold combinations of 7 ele-

ments. Hence the general number of chances equals

LT s
1-2-3
Numbers of favourable chances are represented in the table
Event Number of favo- Explication
rable chances
E=0 m,=C, =C, =4 | One can take 0 white (and so 3 black) balls by
the number of 3-fold combinations of 4 elements
E=1 m,=3-C; =18 One can take 1 white ball by 3 ways and 2 black
balls by C; ways
=2 m,=C;-4=12 | One can take 2 white balls by C; ways and 1
black ball by 4 ways
&E=3 m, =1 One can take 3 white balls in one unique way

Numbers m,, m, are calculated with the help of the main principle of combina-
torics.
The distribution law of the random variable & is represented by the next distri-

bution table:

& 0 1 2 3

pi | py=m[n=4/35| p,=m,/n=18/35| py=m,[/n=12/35 | p,=m,[n=1/35

The sum of obtained probabilities equal 1:
D+ Dp,+p+p, =4/35+18/35+12/35+1/35=1.
The most probable value of the random variable is £ =1.
The distribution polygon of the random variable & is shown on the fig. 2 a.
Ex. 8 (trials to the first success). Let's fulfil trials until the first success 4 (that
is until the first occurrence of some event 4). Probability of the success is constant

one (P(A) = const = p ), and the number of trials is limited by some number 7.
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Determine the distribution law of a random variable & namely the number of

really realized trials.

0.6

Fig.2 a Fig.2b

We suppose for example that one has 4 cartridges and shoots at a target to the
first hitting with the hitting probability 0.6. Find the distribution law of a random va-
riable £ which means the number of shots which can be done in reality.

Let the success 4 be a hitting in a target, so 4 be a miss. Possible values of the

random variable & are 1, 2, 3, 4. It can be easily seen the validity of equalities

(E=1)=4,(6=2)=A4,(6=3)= 444, (6 =4)= AAdAd = AAAA+ AAAA.

Probabilities of these events are equal

py=P(E=1)=P(4)=06; p, = P& =2)= P(44)= P(4)P(4/ 4)=0.4-0.6=0.24;
py = P(& =3)=P(444)= P(a)P(4 / 4)P(4 / 44)=0.4-0.4-0.6 = 0.096;
p,=P(E=4)=P(444)=P(4)P(4/ 4)P(4/ 44)=0.4-04-0.4=0.064.

Now we can compile the distribution table of the random variable & .

4 1 2 3 4

P; p,=0.6 p, =0.24 p; =0.096 p, =0.064

The most probable value of & is 1.
Let’s test the distribution table by adding the probabilities of all values of the

random variable &:

p+p,+p,+p,=0.6+0.24+0.096 +0.064 =1.

The distribution polygon of the random variable & is shown on the fig. 2 b.
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POINT 2. BERNOULLI [BINOMIAL] DISTRIBUTION

Def.4. Let a random variable £ be the number of successes (the number of oc-
currences of some event A4) in n independent trials with constant probability of the

success 4 in any trial
P(A): p= const:P(g): q :1—P(A): I-p.
One says that & is distributed binomially (by Bernoulli' [binomial] law) or simply:
& is Bernoulli (binomial) distribution (briefly: & distr. B).
Let’s find a probability P(£ = k)= P,(k), that is the probability of k successes.
We’ll get so-called Bernoulli formula:
P(&=k)=F (k)=C,p'q"". (1)
mFor simplicity let 7 =3, k =2, and it is a matter of the probability P(£ =2).
The event (& = 2) can be represented as follows
(E=2)=AAA+ AAA+ AAA.
It is a sum of 3= C; pairwise disjoint summands® with the same probability. For ex-
ample, P(444)=P(A)P(4)P(4)=p-p-q=p*-q=p*>-¢°>. Hence,
P(E=2)=3p’¢" =Cip’q"" =
Note 1. For £ =0, 1, 2,...the value of the probability (1) first increases and then
decreeses, and therefore there exists so-called the most probable number &, of suc-
cessses. It is defined by the next double inequality
np—q<k,<np+p. (2)
Note 2 (to the name of binomial distribution). Numbers C* in Bernoulli for-

mula are coefficients of Newton binomial (so-called binomial coefficients)

(a+b) =a"+Cla"'b+C2a" b +..+b",a" =1-a" =C’a",b" = C'b",

' Bernoulli, Jacob (1654 - 1705), the famous Swiss mathematician
2 The number of 2-fold combinations of 3 places.
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a"=1-a"=C)-a",b"=1-b"=C"-b".
Note 3. Probability of no less than &, and no greater than k&, successes equals
Pk, <E<k,)=P(k,k,)=P(E=k)+P(E=k +1)+..+P(E=k,) (3)
because of (kl <é< k2)= (ﬁ = k1)+ (ﬁ =k, + 1)+ ot (ﬁ = kz), and the ad-
dends of the sum are pairwise disjoint events. Their probabilities we can find by Ber-
noulli formula (1).

Ex. 9. 6 independently working engines are installed in a shop. Probability for
any engine to work at a given moment is 0.8. Find the distribution of a random va-
riable £ which is a number of working engines at this moment. Find the probabilities
of at least one engine to work, of no less than 2 and no greater than 5 engines to work
and the most probable value of &.

We can consider setting of an engine as a trial. So we have » = 6 independent
trials. Let a success 4 mean that an engine works.

P(A)=0.8=const=p,q=1-p=02.
The random variable & has Bernoulli distribution (briefly “¢ distributed B”), it can
take on the values 0,1, 2, 3,4, 5, 6, which one calculates by Bernoulli formula (1). For

example
P(E=0)=P(0)=Cp°¢" " =¢° =0.2° =0.00006,

P(E=3)=P(3)=C;p’q"” = %-0.83 .0.2° =0.08192

By the same way the other probabilities are calculated, and the distribution table of

the random variable is the next one

g 0 1 2 3 4 5 6

D 0.00006 | 0.00154 |0.01536 | 0.08192 | 0.24576 | 0.39321 | 0.26214

The probability of at least one engine to work equals
P(E>0)=P(E>1)= 1—P(e§ > 0): 1-P(£=0)=1-¢°=1-0.00006 = 0.99994.
The most probable value of &, k, =5, we see in the table. Evaluation of &, by

the formula (2) gives np—q <k, <np+p,6-0.8-0.2 <k, <6-0.8+0.8, whence it
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follows that 4.6 <k, <5.6 =k, =5.

Probability of no less than 2 and no greater than 5 engines to work on the base

of the formula (3) equals
P(2<E<5)=P(2,5)=P(E=2)+P(&=3)+P(E=4)+ P& =5)=
=0.01536+0.08192+0.24576+0.39321=0.73625~0.74

Ex. 10. Probability of a boy birth is 0.51. Find the probability to have two boys
for a family with 5 children and the most probable number of boys.

It is useful to solve the problem by the next scheme.

1. A trial is a child birth.

2 We nave n = 5 independent trials.

3. A success 4 is a boy birth.

4 The probability of the success

P(4)=0.51=const=p=>q=1-p=0.49.
5. Let’s introduce a random variable &, namely the number of boys.
6.  ¢distributed B, and we must find the probability P(& =2).

On the base of Bernoulli formula (1)

P(E=2)=P(2)=Cp’¢ > =C2p°q’ =%-0.512 .0.49°=0.5
The most probable number of boys

5-0.51-0.49<k,<5-0.51+0.51,2.06< k, <3.6 =k, =3.
Ex. 11 (inverse problem). Probability of a boy birth equals 0.51. How many

children must have a family to have at least one boy with probability no less than

0.99?

A random variable & is a number of boys among #n children. We have to find n

from the condition
P(£>0)>0.99.
But

P(E>0)=1-P(E>0)=1-P(E=0)=1-C"p’q"" =1-¢" =1-0.49",
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and it’s a matter of solving the inequality 1—0.49" >0.99, 0.49" <0.01. Taking the

logarithm we get

[g0.49" <1g0.01,nlg0.49<-2=>n> =3.22.

1g0.49

Answer: the minimal value of n is n_, =4, therefore n>4.

Bernoulli formula (1) isn’t convenient for large number n of trials. There are

some approximate formulas.
POINT 3. LAPLACE' LOCAL AND INTEGRAL THEOREMS

Laplace local theorem gives an approximate value of the probability
P(§=k)="P,(k)
of k successes in n independent trials (with constant probability p of the success in
any trial). Namely, for large n we can substitute Bernoulli formula (1) by the next ap-

proximate one:

1
P(§ =k)=P,(k)~ ol(x,) (3
\pq :
where
. k—np
= 4
= oo 2
: and
J :
1 1 X
| A0 Q(x)= e’ (5)
B/ i) V27
: ' is so-called small Laplace function. Let’s in-
-/ 0 / x

vestigate and plot it.
Fig. 3 1. Domain of definition and continuity

of the function is R = (— oo,+oo). Its graph doesn’t have vertical asymptotes.

'Laplace, P.S. (1749 - 1827), a French mathematician, physicist, and astronomer
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2. The function is even one, that is
p(-=x) = 9(x),
and therefore its graph is symmetric with respect to the Oy -axis. We can investigate
the function only over the interval [O,+oo).

3. The function is positive for all x € [0,4+c0).

4. The point A(O; 1/ N 271')6 Oy is unique common point of the graph with coor-

dinate axes.

X2

5. lim (x) = ! lime 2 =0 and therefore (the right part of ) the graph has

X—>+00 ¢ 27T x>t

the horizontal asymptote y =0 (the Ox-axis).

6. The first derivative of the function

2
X

xe * = —xo(x)<0

P'()=-—=
2r
for x € [0, +o0) and so the function decreases on the interval [0, +0) and doesn’t

have local extrema.

7. The second derivative of the function
9"(x)=~(p(x)+ xg'(x)) = ~(p(x)+ x(- xg(x))) = p(x)x* 1),
It equals zero at the point x =1, is negative over the interval (0,1) and positive over
the interval (1, + ). The graph of the function is convex over the interval (0,1), con-
cave over the interval (1, +o0) and has an inflexion point for x =1 that is the point
C(i; (1) = C(1;1/v27e ) 1/\27e ~ 0.24.
The graph of the function y = ¢(x) is represented on the fig. 3. The function is

tabulated one. For example

?(2)=0.0540, p(3)=0.0044, »(3.9) = 0.0002, ©(3.99) = 0.0001.

We can suppose go(x)= 0 for \x‘ >4,

Integral Laplace theorem gives an approximate value of the probability of hit-



56 Random Variables

ting of values of Bernoulli distribution in a segment [k, k, ]. Namely for large n we
can substitute the exact formula (3) by the next approximate formula:
P(klSgSk2)=P(k1,k2)zq)(x2)—¢)(x1), (6)

where

b ko 7
N g T npg )

and a function

1 F -
e 2dt 8
7”! @®)

is so-called Laplace function (or normed Laplace function).

@(x)z

Let’s investigate Laplace function and plot its graph.

1. Domain of definition and continuity of the function is the set of all real
numbers. Its graph doesn’t have vertical asymptotes.

2. The function is odd one, that is ®(-x)=—®(x).

t=—z, t |0 |—x

1 7L
DO(—x)=—— 2dt =
. (x) N Je ! di=—dzz |0 | x

R
= [e 2dz=—-d(x).
m!e 2= —d(x).m

Oddeness of the function means that its graph is symmetric in respect to the origin,
and we can investigate the function only over the interval [0, + oo).

3. The function is positive for all positive values of x because its integrand is
continuous and positive one.

4. The origin of coordinates is unique common point of the graph with coordi-
nate axes.

5. Limit of the function for x — +oo equals 0.5, and therefore (the right part of)
the graph has a horizontal asymptote y =0.5.

mTo prove the property we’ll take into account Poisson integral

Te‘xzdx =*/2;. (9)

Now we’ll do as follows:
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limq)(x)lee_ t/ﬁ:y,%i’ﬂ:ﬁ]?e_yzdyzl.\/;zl..
i N27 dt=~2dyy | 0 | +o0| 27§ Nr o2 2

6. The first derivative of Laplace function is equal to that of small Laplace

12

2=

function,

For x >0, and so the function increases on the interval [0, + oo) and hasn’t local ex-
trema.
7. The second derivative of Laplace function equals
®"(x)=¢'(x)=-xp(x)<0 for x>0,
k| and therefore its graph is a convex line over the interval

y=0@ (0,+w).

i 3

The graph of the function y = ®(x) is represented

=3 ' onthe fig. 4.

Fig. 4 Laplace function is that tabulated. For example,
D(2)=0.4772, D(3)=0.49865, D(4)=0.499968..
It means that the function increases to 0.5 very quickly, and we can suppose
®(x)=0.5 for x>5.

Ex. 12. Probability of boy birth 0.51. Find probabilities for a) 50, b) not less
than 50 boys to born if 100 children were born.

Solving the problem we use the same scheme as in Ex. 9, 10.

1. A trial is a child birth.

2. We nave n = 100 independent trials.

3. Success 4 is a boy birth.

4. Probability of the success P(A) =0.5l=const=p=>q=1-p=0.49.

5. Let’s introduce a random variable &, namely the number of boys.

6. ¢ distributed B, and we must find the probabilities P(& = 50), P(& > 50) =
= P(50 <£<100).
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Using Laplace local and integral theorems we have

np =100-0.51=51,

npg=100-0.51-0.49 =24.99, \/npg =5,

k=50
’ 1 1 0.2) 0.3910
Pe=50)= |, 5=l = Lol-02)- 2020200 <o,
Nnpq Pd
k =50,x = k=P _30=51_ 4,
N 5
P(50< & <100) = d(x,)-D(x,)= o 100—51 =
k, =100,x, =2 _ =9.8
\1pq 5

=(9.8)—®(-0.2)=0.5+0.0793 = 0.58.
Ex.13 (inverse problem). Probability of a success 4 in independent trials equals

p =0.05. How many trials it’s necessary to fulfil to have no less than 5 successes with

probability not less than 0.8.

Let & be a number of successes. We have to find # (a number of trials) to satis-

fy the next inequality
P(5<£&£<n)>0.8.

Here

_S5-np 5-0.05n  0.05n-5 n—np  0.95n ~ 4.3,

X, = = =— ,X, = =
' mpg 0.224n 022n "7 Jnpg  0.22/n

and by Laplace integral theorem

_ 0.05n-5
P(5<E<n)=d(43n)+ @[0 T j

We can suppose 7 so large that4.3+/n > 5 (it’s sufficient to supposen > 2; by the

condition 7> 5 and so 4.3+/n >9.6). Hence we must solve the inequality

0.05n-5 0.05n-5
P(5<E<n)=05+@ "2 1>080r @] =22 1>0.3.
(Ssc=n) [o.zzﬁj [ 22&)

Using the table of Laplace function and the property of its increasing we get

0.05n-5
0.22-/n

>0.84 =n>12,n>144.
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Answer. Minimal value of n is 144.

Ex. 14. The probability of the deviation of the relative frequency of an
event A from its probability p = P(4) (in n independent trails with constant probabi-
lity P(4) = const = p of the event) can be find by the next formula

PQP:(A)—P(A)Sg):PQP:(A)—pSg):Z(D[g ”J (10)
pq
mLet a random variable £ be a number of occurrences of the event A. Then its

relative frequency equals P, (A) = ° , and with the help of Laplace integral theorem
n

we obtain

Se]:PQ§ —np‘ﬁne)z

_np+ng—np _o |

X, =—— =
n pPq
:P(—ngﬁg—npgng)zp(np_ngSggng_‘_np): m _
x _hp—ne—np n
| ——c |—

B \Npq pq

AR Al oA

If for example
n =100, P(4)= p =0.03,& =0.02,
then the formula (10) gives

100

P( P, (A)-0.03<0.02)=2d| 0.02,| ————
(1 Biof 4)=0.03< 0.02) [ 0305

J: 29(1.17)~2-0.3790 = 0.76.

Ex. 15. Probability for an item to be imperfect is 0.03. How many imperfect
items are contained in a batch of 100 items with probability 0.9?

Let a random variable £ be a number of imperfect items in a batch, and a suc-
cess A means that an item, taken at random, is imperfect one. The problem can be re-

duced to finding of some number ¢ and possible values of ¢ from the next equality



60 Random Variables

Se]:0.9

p( :
or, by virtue of the formuls (10),

e ngzzq{g\/ZJ:w.

n
——bp
By conditions of the problem we have p = P (4)=0.03,g=1—-p=0.97,n = 100,

n
<g |=2Dd| ¢ & =09.
0.03-0.97

of e |19 |_g9
0.03-0.97

we at first find the value of ¢, namely

®(58.626)=0.45, 58.626 =1.65=> & =0.028.

and therefore

P i—0.03
100

a) Using the equality

b) Now we find possible values of ¢ with the help of the relation
P & _ 0.03
100

from which with the probability 0.9

< 0.028) =0.9,

5—0.03 <0,028,

100

£-3<2.8,-28<£-3<28,02<&E<58.

Answer. With the probability 0.9 there are no less than 1 and no greater than 5
imperfect items in a batch.

Ex. 16. Probability for an item to be imperfect is 0.03. How many items is it
necessary to take in order that the deviation of the relative frequency of imperfect
items from probability of item imperfection were no greater than ¢ = 0.02 with pro-
bability no less than 0.9.

Let an event 4 mean that an item is imperfect, p = P(4) = 0.03, g = 0.97.

® n
PP (4)- P(4) < 0.02)= 2@[0.02, /0.03-0.97J >0.9, (0.117n )> 0.45,
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0.117/n > 1.65, Jn > 14.10,n >2198.81=n,, =199.

POINT 4. POISSON FORMULA AND DISTRIBUTION

Let a random variable & be distributed B. Let’s suppose that the number n of

trials tends to infinity, the probability p of a success 4 goes to zero, but a product np

retains constant,
n— oo, sz(A)—)O, np =const=a.
In this case the limit of the probability P(¢ = k)= P,(k), which is defined by Ber-

noulli formula (1), equals

k

. CaN 1 ko ok ok _ 94 _a
im PE=R)= lim Clp'gt = e (1)
np=a np=a

m It follows from the equality np =a that p=a/n,q=1-p=1-a/n. Hence

lim Ck k n—k=limn(n—l)(n—Z).___.(n_(k_l))- g k- l_g ,,_kz
n—0,p—0 np q s k' ; :
np=a

=

k _ _ (1 _ (1_
_a o nm 1 n 2n (k 1).

CKlnoen on n

I G ) G

S
I/

.

|
I |||
~—

. n . _n\"“|by the second .
=% lim [1 - a) N lim(l - a) ’ standard | = % e’‘n
limit )
Def. 5. One says that a discrete random variable & (with non-negative integer

possible values) has Poisson' distribution with a parameter a if its distribution law is

! Poisson, Simeon Denis (1781 - 1840), a French mechanic, physicist, and mathematician
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given by the next formula (Poisson formula):

k

a -a
P(5=k)=ﬁe . (12)

Probabilities in the formula (12) are tabulated (see table 1).

a —a
Table 1. Probabilities (& =m) = %e (Poisson distribution)

? m lla=01|a=02|a=03|a=04 | a=05]| a=06| a=07] a=0,8]{ a=0,9
1 0 |l0,9048|0,8187|0,7408| 0,6703 | 0,6065 | 0,5488 | 0,4966 | 0,4493 | 0,4066
1 1 [l0,0905!0,1638(0,2222] 0,2681 | 0,3033 { 0,3293 | 0,3476 | 0,3595 | 0,3659
2 [10,0045| 0,0164] 0,0333{ 0,0536 | 0,0758 | 0,0988 | 0,1217 | 0,1438 | 0,1647
3 (10,0002 0,0019 0,0033| 0,0072 | 0,0126 | 0,0198 | 0,0284 | 0,0383 | 0,0494
4 0,0001| 0,0002| 0,0007 | 0,0016 | 0,0030 | 0,0050 | 0,0077-{ 0,0111
5 4 0,0001 | 0,0002 | 0,0004 | 0,0007 | 0,0012 | 0,0020
6 0,0001; [ 0,0002 | 0,0003
m a=1 a=2'| a==3 a=4 a=>5 a=6 a==7 a==8 a=9 | a==10
0 10,3679 0,1353! 0,0498] 0,0183 | 0,0067 | 0,0025 | 0,0009 | 0,0003 | 0,0001 | 0,0000
‘1 10,3679| 0,2707| 0,1494] 0,0733 | 0,0337 | 0,0149 | 0,0064 | 0,0027 | 0,0011 | 0,0005
2 |l0,1839|0,2707| 0,2240| 0,1465 | 0,0842 | 0,0446 | 0,0223 | 0,0107 | 0,0050 | 0,0023
3 [0,0613|0,1804| 0,2240| 0,1954 | 0,1404 | 0,0892 | 0,0521 | 0,0286 | 0,0150 | 0,0076
4 [ 0,0153| 0,0902| 0,1680| 0,1954 | 0,1755 | 0,1339 | 0,0912 | 0,0572 | 0,0337 | 0,0189
5 ||0,0031|0,0361|0,10080,1563| 0,1755 | 0,1606 | 0,1277 | 0,0916 | 0,0607 | 0,0378
6 |0,0005|0,0120| 0,0504( 0,1042 | 0,1462 | 0,1606 | 0,1490 | 0,1221 | 0,0911 | 0,0631
7 ]l0,0001| 0,0037] 0,0216] 0,0595 | 0,1044 | 0,1377 | 0,1490 | 0,1396 | 0,1171 | 0,0901
8 0,0009| 0,0081! 0,0298 | 0,0653 | 0,1033 { 0,1304 | 0,1396 | 0,1318:( 0,1126
g 0,0002( 0,0027] 0,0132 | 0,0363 | 0,0688 | 0,1014 | 0,1241 | 0,1318 | 0,1251
t0 0,0008] 0,0053 | 0,0181 | 0,0413 | 0,0710 ] 0,0993 | 0,1186 | 0,1251
11 - L7 10,0002 0,0019 10,0082 [ 0,0225 | 0,0452 | 0,0722 | 0,0970 {0,1137
12 =3F- . | 0,0001{ 0,0006 | 0,0034 | 0,0126 | 0,0263 | 0,0481 | 0,0728 | 0,0948
13 0,0002 | 0,0013 { 0,0052 | 0,0142 | 0,0296 | 0,0504 | 0,0729
14 : - 0,0001 | 0,0005 | 0,0022 | 0,0071 | 0,0169 | 0,0324 | 0,0521
- 15 : 0,0002 | 0,0009 | 0,0033 | 0,0090 | 0,0194 | 0,0347
16 B ' 0,0003 | 0,0014 [ 0,06045 | 0,0109 | 0,0217
17 o SR ~ 10,0001 | 0,0006 | 0,0021 | 0,0058 | 0,0128
18 S AT U TR R "+ 10,0002 | 0,0009 | 0,0029 | 0,0071
19 [ SRS S SO : 0,0001 | 0,0004 | 0,0014 | 0,0037
20 IR o - 0,0002 | 0,0006 [ 0,0019
21 , 5 - B 10,0001 | 0,0003 | 0,0009
22 e ‘ N : 0,0001 | 0,0004
23 N S IR & : B 0,0002

The next conclusion follows from the formulas (11), (12).
Let a random variable ¢ have Bernoulli distribution (short: ¢ is distributed B),

the number of trials # is large, the probability p of a success is small and np <10. In
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this case we can consider ¢ as having Poisson distribution with the parameter a = np
and use the formula (12) instead (1). By this reason Poisson distribution is sometimes
called the law of rare events.

Ex. 18. 500 items are sent. Probability of damage of an item in the trade is
0.002. Find the probabilities: a) 3, b) less than 3, ¢) more than 2 items are damaged;
d) at least one item is damaged.

We have n = 500 independent trials, a success 4 is a damage of an item, p =
= P (4) = 0.002 = const, a random variable & is a number of damaged items. & is di-
stributed B, but # is large, p is small, np = 1. Therefore we can consider & as Poisson
distribution with @ = 1 and make use of Poisson formula (12).

a) P(6=3)=0.0613;b) P(6<3)=P(£<2)=P(E=0)+P(E=1)+P(¢=2)=
=0.3679+0.3679+0.1839 =0.9197; ¢) P({ > 2)=1-P(& <2)=1-0.9197 = 0.0803

d) P(6>1)=P(£>0)=1-P(£ =0)=1-0.3679 =0.6321.



LECTURE NO. 4. THE DISTRIBUTION FUNCTION AND DENSITY
LE QUATRIEME COURS. FONCTION ET DENCITE DE DISTRIBUTION
D'UNE VARIABLE ALEATOIRE.
VIERTE VORLESUNG. VERTEILUNGSFUNKTION UND VERTEILUNGS-
DICHTE VON ZUFALLSGROBE

POINT 1. THE DISTRIBUTION FUNCTION OF A RANDOM VARIA-
BLE. La fonction de distribution d'une variable aléatoire. Die Verteilungsfunktion
von Zufallsgrosse.

POINT 2. THE DISTRIBUTION DENSITY OF A RANDOM VARIABLE.
La dencité de distribution d'une variable aléatoire. Die Verteilungsdichte von Zufalls-
grosse.

POINT 3. A FUNCTION OF A RANDOM VARIABLE. Une fonction d'une

variable aléatoire. Eine Funktion einer Zufallsgrosse.

POINT 1. THE DISTRIBUTION FUNCTION OF A RANDOM VARIABLE

The distribution function is the most general form of the distribution law of a
random variable &.
Def. 1. The distribution function' of a random variable & is called a function:
F(x)=P(£ <x) = P( & (~0,x)). (1
The distribution function F (x) is the probability for the random variable & to take on
values which are less than x or the probability of hitting of the random variable in the

infinite interval (the half-axis) (— 00, x) (fig. 1)

5 - . Ex.1. Distribution function of a dis-
? . crete random variable with finite number
Fig. 1 of possible values. Its distribution law is gi-

ven by a distribution table.

' Or: accumulated distribution, cumulative distribution, cumulative distribution function, cumulative frequency func-
tion, integral distribation [partition] finction, partition function.
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é X X2 Xi Xi+1 Xn
pi pi b2 pi Di+i Pn
It’s known that
Zpi =p +p,+..+p, =1
i=1
% e P We’ll as the rule suppose that all values of the
Il 1 1 . . . .
x f . random variable are arrainged in order of magnitu-
ot 7 Y .
‘ ‘ x . . de, that is
o N . i"” e, X, <X, <..<X,.
% N &%y S At first let x < x, (fig. 2). In this case the event
Fig. 2 & < x is impossible one, and therefore

F(x)=P(£ <x)=0.

Now let x, < x<x,, (see fig. 2). In this general case
Fle)= P& <3)= P(E=5)+ (£ =)t (=)=

=P(E=x)+P(E=x,)+...+P(E=x,)=p, +p, +... ¥ ;.

If finally x> x, then

F(x)=P(¢<x)=P(E=x)+P(E=x,)+..+P(E=x,)=p, +p,+..+p, =1.

We have established the next result:

or in the compact form

ptp,tet+p,,+tp, =1

TPt tp,

F(x)z Zpi .

Xj <X

if
if
if
if

if
if

(2)

(3)
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We see that the distribution function F' (x) of a discrete random variable & is
equal to the sum of probabilities p,of such possible values of & which are less than x.

The graph of the distribution function (fig. 3) is a system of segments which

are parallel to the Ox -axis and have deleted left end-points, namely:

y=0(x<x)y=p (x, <x<x)r y=p,+p, (¥, <x<x,)y y=1(x>x,).

7

t e
T__.
AP et |

Ve
x
g I/ 7& 1/.3 1‘” 7 X
Fig. 3

Ex.2. Firing at a target to the first hitting with hitting probability 0.6 and with
four cartridges (see Ex. 8 of the preceding Lecture).
& 1 2 3 4
Di 0.6 0.24 0.096 0.064

The distribution function of the random variable &, namely of the number of

shots which can be done in reality, and its graph are given as follows:

g i 0 if x<1,

= 0.6 if 1<x<2,

T F(x)={ 0.6+024=084 if 2<x<3,

0.84+0.096=0.936 if 3<x<4,

0 g e = 1 if x>4.
Fig. 4

Properties of the distribution function

1. The distribution function, being a probability, lies between 0 and 1 [ranges
from 0 to 1]:

0< F(x)<1.
2. The event & < —o0 is impossible one, and so we can accept by definition that
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F (— oo) =0.
3. The event & < +oo is certain one, and we accept by definition that
F(+0)=1.
4. Probability of hitting of a random variable & in a half-interval [a, b):
Pla<é<b)=P(é€la,b))=F(b)-Fl(a). (4)
m The event
(€ <b)=(& e(-o0,b))
equals the sum of two disjoint [exclusive, incompatible] events, namely
(E<a)=(e(-m,a) and (a<&<b)= (¢ ela, b)) = (E<b)=(E<a)+(a<E<b)
and therefore
P(E<b)=P(((<a)+(@<E<b)=PE<a)+Pla<é<b).
On the base of the formula (1) we can rewrite this latter equality in the form
F(b)=F(a)+Pla<&<b)
whence it follows the required formula (4).m
Corollaries:
Pla<é<b)=Pela,b)=Pla<é<b)-P(E=a), (5)
Pla<&<b)=P(é€la,b])=Pla<&<b)+P(E=b), (6)
Pla<&<b)=P(e(a,b))=Pla<&<b)-P(E=a)+P(E=b). (7)
5. Probability of a separate value of a random variable ¢.
Let’s represent the probability of a separate value a of a random variable ¢ as

the next limit (the right limit) at the point a,
P(é=a)= %imP(a <éE<bh)= blimOP(a <E<D).

By virtue of the formula (4) we’ll get either zero if the distribution function F (x) is

continuous one at the point @, or some non-zero number 4, namely

P& =a) =1im(F(b)- F(a))=lim F(b)- F(a) = { 0 if limF(b)=F(a)

b—a

b—a ’
A=0if 1imF(b)# F(a). (8)



68 Distribution Function and Density

Def. 2. A random variable is called that continuous if its distribution function
F(x) is continuous at all points of the set of real numbers.
For continuous random variable
Pla<é<b)=Pla<é<b)=Pla<&<b)=Pla<&<b)=F(b)-F(a)
or
P(¢ ela, b))= P(¢ € (a. b)) = P(¢ ela, b)) = P& € (a,b]) = F(b)- F(a).
In this case we can substitute all the formulas (4) — (7) by the next one
P(ée<a,b>)=F(b)-F(a) (9)
if we’ll denote by < a, b > an interval with the end points @, b (no matter the points q,
b belong or not to the interval).

6. Distribution function never decreases.

mLet x,, x, be two values of x and x, < x,. Making use of the formula (4) we

obtain

F(x2)_F(x1):P(xl S§<x2)ZO,F(x2)ZF(x1),

and therefore the distribution function doesn’t decrease.m

The graph of distribution function lies in the strip between the straight lines

y=0,y=1 and doesn’t steep [doesn’t go down]. In the case of continuous random

variable it’s a continuous non-steeping curve.

random number & of working engines

Ex. 3. In Ex. 9 of the preceding Lecture we’ve found the distribution law of the

S

0

1

2

3

4

5

6

DPi

0.00006

0.00154

0.01536

0.08192

0.24576

0.39321

0.26214

Let’s compile the distribution function of the random variable £ and with its help

find the next probabilities: a) no less than 2 and less than 5 engines work; b) greater

than 2 and less than 5 engines work; c) no less than 2 and no greater than 5 engines

work; d) less than 2 and no greater than 5 engines work.

On the base of the formula (2) the distribution function of & is




Distribution Function and Density 69

0 if  x<0,
0.00006 if 0<x<l,
0.00006+0.00154=0.00160 if 1<x<2,
0.00160+0.01536=0.01696  if 2<x<3,
0.01696+0.08192=0.09888  if 3<x<4,
0.09888+0.24576=10.34464 if 4<x<5,
0.34464+0.39321=0.73785 if 5<x<6,

0.73785+0.26214=0.99999=1 if x>6.

Probabilities a) — d) we calculate by virtue of the formulas (4) - (7) namely:
a) P(2<¢&<5)=F(5)- F(2)=0.34464-0.00160 = 0.34304;
b) P(2<&<5)=P2<&<5)-P(£=2)=0.34304-0.01536=10.32768 ;
¢) P2<E<S5)=PR2<E<S)+P(E=5)=0.34304+0.39321=0.73625;
d) P(2<&<5)=PQ2<&<5)+P(E=5)=0.32768+0.39321=0.72089.
We notice that the result of ¢) coincides with that in Ex. 9 of the Lecture No. 3.
Ex. 4. Let’s calculate the known probability P(£ = x, ) = p,of adiscrete random
variable of Ex. 1 with the help of the formula (8). We’ll have
P(§ = xl.): XE){EOF(X)—F(xi): (p1 +p,+..+ D +pl.)—(p1 +p, +...+pl._1): D;-

Ex. 5. Given the distribution function of a continuous random variable &

0 if  x<-1
F(x)={aarcsinx+b if -1<x<I,
1 if x>1.

It’s required to find: a) the values of the parameters a and b; b) probability of hitting
of the random variable & in the interval <—1/2,~/3/2> (that is in the interval with
the end points —1/2,/3/2).

a) By virtue of continuity of the random variable its distribution function is
continuous for all x and therefore must have the same unilateral limits at the points
x=-1Lx=1,

lim F(x)= lim F(x), lim F(x)= lim F(x).

x—>-1-0 x—>—1+0 x—>1-0 x—>1+0
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But

lim F(x)=0, lim F(x)=—"—a+b, lim F(x)="a+b, lim F(x)=1,

x—>-1-0 x—>—=1+0 2 x—1-0 2 x—1+0

and we get the next system of equations in a, b:

—Ea+b=0,
2
Za+b=
2
. . 1 1
It is obviously that a = —, b =—, and so
Vs 2
0 if x<-1,
F(x)= 1arcsinx+; if -1<x<1,
T
1 if x>1.

The graph of the distribution function is

x represented on the fig. 5. The function increa-

ol

Fig. 5 ses on the segment [— 1, 1], its graph is convex

over the interval (— 1, 0) and concave over the interval (O, 1). We can see these facts

if we study signs of the first and second derivatives of the function,

0 if |>1,
F(x): l ! >0if —l<x<1;
T A1-x?
0 if |x[>1,
F'(x)=41 x <0 if ~1<x<0,
T (1—X2N1—x2 >0 if0<x<l.

b) Now we find the required probability using the formula (9)

<_;,f>]=F[f]_F[_;jz[;arcsinf+;]_[;arcsin[_;j+;]=

(o5l G i)
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POINT 2. THE DISTRIBUTION DENSITY OF A RANDOM VARIABLE

Let & be continuous random variable and F(x) its distribution function. The

probability of hitting of the random variable in an infinitely small interval

<x,x+Ax > (fig. 6)

X x+Ax x by the formula (9) equals
Fig. 6 P& e<x,x+Ax>)g)F(x+Ax)—F(x)zAF(x).

The average density of this probability on the interval < x,x + Ax > equals

:F(x+Ax)—F(x)=AF(x)'

)= G ),

its limit as Ax goes to zero is the density of probability at the point x,

£(0)= i £, )= i ZEEEV =) i SECD )

Def. 3. The distribution density' (the density of probability) of a continuous
random variable ¢& is called the derivative of its distribution function,
S(x)=F'(x). (10)
It follows from the definition 3 that:
1. The distribution function of a continious random variable is a primitive (an
antiderivative) of its distribution density.
2. Accurate [with an accuracy] to infinitely small of higher order
P(& e<x,x+dx>)= f(x)dx; (11)
the express in the right side of the formula (11) , namely
f(x)dx, (12)
is called a probability element. It's the differential of the distribution function of the

random variable which we consider,

f(x)dx =dF(x)=F'(x)dx .

" Or: density, density function, density of distribution, distribution density of probabilities, differéntial distributive finc-
tion, elementary probability law, frequency distribution function, partition dénsity, partition dénsity of probabilities,
probability density (function), relative distribution function, relative frequency function.
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Properties of the distribution density

1. The distribution density is non-negative function,
f(x)=0. (13)
mThis fact immediately follows from non-decreasing of the distribution func-
tion and the definition 3.m
2. The probability of hitting of a continuous random variable & in an interval

<a,b> with end-points @ and b can be represented in terms of its distribution den-

sity
P(E e< a,b>)=jf(x)dx (14)

mValidity of the property follows from the formula (9) and Newton-Leibniz
formula because the distribution function is a primitive of the distribution density. It
can be proved in other way, that is with the help of summation [accumulation, add-
ing, addition] of probability elements (12).m

The definite integral in the formula (14)

Jh- f(x)dx

must be considered as improper one if the distribution density f (x) has discontinuity

points.

The formula (14) can be extended on the cases a = —0, b = +o©.

3. Expressing the distribution function through the distribution density. Extend-

ing the formula (14) on the case a = —0 we get
F(x):P(fe(—oo,x)):J-f(x)dx. (15)

4. If we extend the formula (14) on the case a = —w0, b =+ and take into ac-

count the formula (15) and the property 3 of the distribution function, we’ll obtain

very important formula
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]Ef(x)dle. (16)

If a non-negative function f(x) satisfies the condition (16), it can be conside-

red as the distribution density of some continuous random variable.

Ex. 6. Let there be given a function f (x)z Ae™ . Find the value of the pa-
rameter 4 so that the function can be the distribution density of some continuous ran-
dom variable. Find and graph its distribution function.

The function in question is non-negative one. To be the distribution density it

must satisfy the condition (16). Using Poisson integral we find the value of 4

0 0

1= J-f(x)dx:AJ-e_xzdx:A\/;jA:

—00

1
i’

and by virtue of the formula (15) the distribution function of the random variable is
x 1 x _X2
F(x)::[of(x)dx:\/;_[oe dx .

The graph of the distribution density f(x), up to the scale coefficient 1/ Jr | co-

incides with Gaussian curve (see Lect. No. 17, Ex. 14, fig. 19). To plot the distri-

bution function F(x) let’s observe:

0
a) lim F(x)=0,lim F(x)=1, F(0)= \IF je-xzdx = \IF : */2; =0.5, that is the
X—>—00 X—>00 71- e 71-

graph of the function has two horizontal asymptotes y = 0 (for the left part), y = 1 (for
the right part) and passes through the point
(O; 0.5) of the Oy-axis;

/ | b) F(x)= f(x)= Jl;e >0, so the

0 = function F(x) increases and has a rising [an

Fig. 7 ascending] graph;
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!

O P 0=[ e =20 e =20l T

hence the graph of the function is concave over the interval (oo, 0) and convex over

the interval (0, o).

The distribution function F (x) is plotted on the fig. 7.

Ex. 7. The same problem for the function

()= Acosxif x| <7/2,
Y71 0 it > a2

On the base of the condition (16)

T s T
0

2 2 0 2
1= If(x)dxz Ide+ IAcosxdx+Ide=Asinx =A(1—(—1))=2A:>A=;

2 2 2

1 )
Z if  |x|<7m/2,
f(x)z > COSX . ‘ ‘ /
0 if  |x>7n/2.
Futher we make use of the formula (15) for three cases:
a) x<-r/2;b) —7/2<x<m/2;¢c) x>r/2 (fig. 8.1 a,b,c¢).

a) In the first case (x < —7/2)

F(x)= Ide=0;

b) in the second case (—7/2 < x<7/2)

s

_2 x X
F(x)= J.de+; J.cosxdx=;-sinx i =;(sinx—(—1))=;(l+5inx);
2

¢) in the last case (x > 7/2) by the sense of finding of the parameter 4

F(x)= J.de+; Jz.cosxdx+]dex=1.

2
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Thus the distribution function of the random variable is given by the formula
0 if x<-7m/2,

F(x)= ;(l+sinx) if -m/2<x<n/2,
if x>r/2.

S Ry
}{
I
.
R

0 \
/ "
£

L7 7 S 7 B G
7 T 7 7 ) il
Fig. 8.1 Fig. 8.2 Fig. 8.3

To plot the distribution function and density we find their corresponding de-

rivatives.

lcosx>0 if ‘x‘<£,
a) F'(x)=f(x)=147 » 72r F(x) increases on (- 7/2,7/2).
0 1 ‘x‘ > E,

1 {>Oif—ﬂ/2<x<0,

b) F”(x):f’(x): —Esmx <0if 0<x<7/2,
0 if ‘x‘>7r/2;

the graph of the function F(x) is concave over (- 7/2,0) and convex over (0, 7/2);
the function f(x) increases on(-7/2,0), decreases on (0, 7/2) and has a local ma-
ximum 1/2 at the point x =0.
L osxco i B<3
C) f//(x) — 5 cosx < 7%
0 it [x>=;
2
the graph of the function f(x) is convex over the interval (- z/2, 7/2).
The graphs of the functions F(x), f(x) are represented on the fig. 8.2, 8.3.

Ex. 8. Solve the same problem for the function
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3 szifxe(O,Z);
f(x)_{o if x¢(0,2).

Answer. 4=3/8,

IdezOforx<O,

F(x)= j.de+j.§x2dx=Z-

0

3
x? x for0<x<2,

o0 | —

X
| =
0

j.de+J2.§x2dx+j:0dx=1forx>2.
—0 0 2

Ex. 9. Find and graph the distribution density of the random variable which
we’ve studied in Ex. 5.

The distribution function of the random variable is

0 if  x<-1
1 . 1.
F(x)= —arcsmx+5 if -1<x<1,
T
1 if x>1.

Its distribution density by the definition 3 (see the formula (10)) equals
0 if |x>1,
fx)=Flx)=41 1

——if-1<x<l.

T oA1-x°
To graph the distribution density f (x) we’ll notice:
a) liHll . f (x) = lirln0 f (x) = +o0; the part of the graph over the interval (— 1, 1)

has two vertical asymptotes namely x =—1,x =1;

.S b)

|

| I 0 if x> 1,

| .

| l fix)=F"(x)=41._ ¥  [<0if-1<x<0,

: E 7 (1-x°N1-2* >0 ifo<x<l.

I

oA 1_? the function f(x) decreases on the interval (~1,0), increases

)
=~
o g

on (0,1) and has a local extremum 1/7 at the point x = 0; its

Fig. 9 graph descends over (—1, 0) and ascends over (O, 1) and pas-
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ses through the point (O; 1/ 71) of the Oy-axis.

0 if |d>1,
" _ 2
©) f'(x)= L I+2x >0if —1<x<1;

r (1—x2)2\/1—x2

the curve of the function f (x) is concave over the interval (~1,1). Its graph is repre-

sented on fig. 9.

POINT 3. A FUNCTION OF A RANDOM VARIABLE

Let a random variable 7 be a function of a random variable &,

n=0(5).
It’s necessary to find the distribution law of # knowing that of £.

At first let & be a discrete random variable with the distribution table

g X, X, X

pi:P(gz'xi) pI:P(gle) p2=P(§:x2) pn:P(gzxn)

a) If a function y = go(x) is monotone one, then to any value & = x, of & there
corresponds unique value y, = ¢(x,) of 1 with the same probability as that of & = x;,
4 =P(77 :yi):P(n :q)(xi)):P(g :xi):pi’

Hence the distribution table of the function n = (p(§) in this case is

n=p&) v, =o(x) n=ox) || y.=ol)

q,=Pn=y)=Pln=0x,)) 4, =P, 4 =D, N q, =P,

b) If a function y = go(x) isn’t monotone one, then to some value n = y, of the
random variable 1 =¢@(£) there can correspond several values X; s X, 500 X, OF the
random variable &. In this case to find the probability of the value n = y, we must

take the sum of all the probabilities of those values of &,

P(n = yi):P((g =X, )+(§ :xi2)+...+(§ =X, »: Pyt D, tt D,
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Ex. 10. Compiling the distribution law of the function 1 = ¢(&)= & of a dis-

crete random variable & (see the next two tables).

El 21171 o 1 2 3 [p=¢2] 0 1 4 9

D, 0.1 { 02 | 01 | 03 | 02 | 0.1 q; 0.1 | 05 ] 03 | 0.1

Here P(n=0)=P(£=0)=0.1, P(n=9)= P(£ =3)=0.1, and
Pln=1)=P(E=-1)+(E=1)=P(=-1)+P(E=1)=0.2+03=0.5,

Pln=4)=P(=-2)+(=2)=P(E=-2)+P((=2)=0.1+0.2=0.3.

Now let ¢ be a continuous random variable with the distribution density f(x),
and let

n=9(¢)

be its function. It’s required to find the distribution function and, ifit's possible, the
distribution density of this function.

Let’s denote by M, the next set of reals:

Mx,y = {x : QD(X)< y}
Then the distribution function of the random variable 7 = ¢(&) can be found as fol-

lows

G(v)=Ply <y)=Plp(e)<y)=PlecM,, Ifﬂw— [ 7Gx (17)

p(x)<y
If the latter integral possesses the derivative, then the function 7 = ¢(&) has the dis-
tribution density, namely
g(»)=G"(y). (18)
The formula (17) introduces a number function y = ¢(x). Its domain of defini-
tion depends on the values which can take on a random variable & .
There are formulas which express g(y) in terms of inverse function x = ¢(y)

of the function y = @(x) if the latter is increasing or decreasing one. Namely,

g(v)=f(#(y))¢'(») if the function y =¢(x) increases,
g(y) = —f(¢(y))¢’(y) if it decreases.
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There are also general notices for treating with non-monotone (non-increasing
or non-decreasing) function y = ¢(x).

We’ll put aside these general considerations and study some interesting exam-
ples.

Ex. 11. Let 5 be a linear function of &,

n=¢(§)=a§+b,a¢0. (19)

Corresponding number function is y = @(x)=ax+b. It’s defined on the whole
set of reals and can take on all real values. By the formula (17) the distribution func-
tion of the random variable n equals

G)= [fx)xr.
ax+b<y
a) If a >0, then the inequality ax+5b < y implies x < (y - b)/a , whence it fol-

lows that

and, in condition of continuity of the function f (x),

!’

o] - (2] -5
—® a a a a
b) If a <0, then the inequality ax+b < y implies x > (y—b)/a, hence
G(y): If(x)dx =- If(x)dx

and

As general result we can write
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g(y)—lf(y"’]. (20)

e\ a
Ex. 12. Let n = (&)= & and a random variable can take on all real values.

Corresponding number function y =@(x)=x has the domain of definition
D(y)= (-0, ) and takes on non-negative values. With the help of the formula (17)
(after solving the inequality x* < y, fig. 10 a) we obtain the distribution function of
the random variable 7 = &

S
G)= [ f()ax= [ flx)dx
-

x2<y
provided that y > 0. It’s evident that G(O) =0, and we must put G(y) =0 for y<O0.

Therefore

and so the distribution density of the function in question equals

!

N
g(v)=G'(y)= { J.ff(x)dx} y for y >0,
yO for y<O0.

Since (if f(x) is a continuous function)

NE , o 5 ! , |
{—J.ff(X)de y =£J.f(x)dx— J.f(x)de v :f(\/;x\/;) ‘f(—ﬁ)(—ﬁ) _

we finally get
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Ex. 13. Let n=¢(&)=¢&7 as in the prece-
ding example, but let a random variable & take on

its values only on the interval (-2,4) having the

distribution density
flx)= {

Corresponding function y =g(x)=x

filx)if —2<x<4,
0if x<—-2o0rx>4.

2 s

7 G d

:\)

’&
U il
NN
2 &l
\ I a8
| | |
| ’ f
‘ | |
; | A
| | ; |
| | | ‘e‘ |

| i >

R N
Fig.10a Fig.10b

defined on the interval (— 2, 4). For x e (— 2, ) the

2
values of y are included in the interval [0, 4), and

for x €[2,4) in the interval [4,16) (see fig. 10 b). On the interval x e(-2,2) (for

yE [0, 4)) the inequality go(x) =x’ < y implies —\/; <x< \/; (as in Ex. 12). On the

interval [2,4) (for y €[4,16)) the inequalityp(x)= x* < y gives2 < x < \/; (fig. 10b).

By the formula (17) the unknown distribution function (for 0 < y <16) equals

G(v)=Pln<y)=P" <y)= [ f(x)dx=

vy
J.fl(x)dxif0<y<4,
v
g
Iﬁ(x)dxif4<y<l6.
2

We must suppose G(y) =0 for y<0 and G(y) =1 for y >16. As to the distribution
density of the function 77 = (&)= &> we obtain its value by analogy with Ex. 12,

2&( () Al it

O<y<4,

if 4<y<le,

2bﬁ(ﬁ)
0

if y<0ory>1lé.



RANDOM VARIABLES: basic terminology RUEFD

1. buHOM
Hrrotona

2. OMHOMHA-
abHas  op-
MyJia

3. OuHOMHA-
JBHO pacmpe-
JIeJIeHHAs CI1y-
yaiiHasg BeJd-
yp{Ha

4. OMHOMHA-
JIBHOE pacmpe-
JIeJICHUE

5. GuHOMHa-
JBHBIA KO-
¢bunment

6. ObITb pac-
MpEeJIeIEHHO N
0  JaHHOMY
3aKOHY

7. BEpOSITHO-
CTb OTAEJIBHO-
ro 3Ha4YeHUs
CIIy4yaiiHOH
BEJIMYMHBI

8. BepoATHO-
CTb  IOIaja-
HUSA  CIy4au-
HOW  BEJINYHU-
Hbl Ha MOJYN-
pAMYIO [B HH-
TepBaJ, Ha OT-
pe30K, B MOJIY-
UHTEpBa|

6inom H"toto-
Ha

6iHomMHa ¢op-
myna, (popmy-
na GiHoMa

01HOMHO pO3-
MOJiJICHa BH-
MaJIKOBa BEJIH-
YyHa

OlHOMHUI
po3moi

OIHOMHHUI KO-
ediuieHt

Oytu  posmno-
JIIJICHOK 32
JaHUM  3aKO-
HOM

IMOBIpHICTb
OKpEMOTO 3Ha-
YyeHHsS BHUIA-
KOBO1 BEJIMYH-
HHU

IMOBIpHICTb
MOTIaJJaHHs
BUIIAIKOBO1
BEJMYUHHU Ha
miBnpsiMy  [B
iHTepBan, Ha
BiJPi30K, B
miBiHTEpBa |

Newton's  bi-
nomial
bindémial
mula

for-

bindmially di-
stributed ran-
dom variable

binémial dis-
tribution [par-
tition, law]

bindmial co-
efficient

be distributed
by [according
to, in accor-
dance, accor-
dingly] the gi-
ven law

probability of
séparate/isola-
ted value of a
random varia-

ble

probability of
hit/hitting of a
random varia-
ble on a halfli-
ne [in an in-
terval, in a
ségment, in a
half-interval]

binéme m de
Newton
formule f bi-
nomiale

variable f alé-
atoire  distri-
buée [répartie]
binomialle-
ment
distribution  f
[répartition [,
loi f] binomia-
le

coefficient m
binomial

etre distribuée
[répartie] sui-
vant [en, par,
conformé-
ment] la loi
donnée
probabilit¢  f
d’une valeur
séparée [iso-
lée, particu-
liere]  d’une
variable aléa-
toire
probabilité f
du coup
[d’impact,
d’atteinte ]
d’une varia-
ble aléatoire
sur une demi-
droite [dans
un intervalle,
dans un seg-
ment, dans un

Newtonscher
Binom(n—s,-¢)
Binomialfor-

mel (f'=,-n)

binomialver-
teilte Zufalls-
grofle

Binomialver-
teilung (=)

Binomialkoef-
fizient (m —en,
-en)

nach gegébe-
nem  Gesétz
vertéilt sein

Wahrschéin-
lichkeit (f =)
von  Einzel-
wert(e) einer
ZufallsgrofBBe

Wahrschéin-
lichkeit (f) von
Tréffer einer
ZufallsgroBBe
in/auf/an einer
Halbegerade
[in ein Inter-
vall, in/auf/an
einem Absch-
nitt(e) [einem
Segmént(e),

OTdopMaTMpPOBaHO:
PaznunyaTb KONOHTUTYbI:
nepBoy CTpaHMLbl
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semi-interval-  einer Strécke],
le] in ein Halbin-

tervall (n)]
9. BEposATHO-  IMOBIpHICTH succéss  pro- probabilit¢ f Erfolgswahr-
CTb ycriexa yCmixy bability d’un succes scheinlichkeit
(=)

10.B03MOX- MOXJMBe 3Ha- possible va- valeur f pos- moglicher
HOoe 3HaueHWe uyeHHs (Buman- lue (of a ran- sible  (d’une Wert (m —(e)s,
(cmyuaitHoi KoBoi Beqmuu- dom variable) variable aléa- -e) einer Zu-
BEJIMYUHBI) HH) toire) fallsgrofle
11.auckper-  AHMCKpETHA discréte ran- variable f alé- diskréte Zu-
Has  ciyyail- BumagkoBa Be- dom variable  atoire discrete  fallsgrof3e
Has BeJIMYMHA JIMYUHA
12.1udde- audepenmia-  differéntial fonction f dif- differentiale
peHuuanbHas — sbHa ¢yHkuis distributive férentielle de Vertéilungs-
¢GbyHKUUSA pac- PpO3MOIiTY function répartition [de funktion
npeIeICHHs distribution ]
13.3ako0H [pac- 3akoH [posmo- law of pro- loi fdes pro- Wahrschéin-
npeneneHue]  ain] iMoBipHO- Dbabilities babilités lickeitsgesetz
BEPOSITHOC- cTel (n —es,-e)
Teu
14.3ak0oH pac- 3akoH po3no- distribition loi f de répar- Vertéilungsge-
npeIeICHHs Ty [partition]law, tition [de dis- setz (n —es, -€)

law of distri- tribution]

bution [of par-

tition]
15.3akoH pac- 3akoH posno- law of (pro- loi f de distri- Vertéilungsge-
npeaeseHus niny (#moBip- bability) dist- bution [répar- setz (n) (von
(BeposiTHOC-  HOCTe#) BuU- ribltion, dis- tition] (des Wahrschéin-
Teil) cmyuaii- maakoBoi Be- tributive law probabilités)  lichkeiten) ei-
HOW  BEIMYH- JUYUHU (of probabi- d’une variable ner  Zufalls-
HBI lities) (of a aléatoire grofle

random véria-

ble)
16.3akoH pac- 3akoH posno- Bernoulli('s) loi f de distri- Bernoullisches
npeaeIeHus ainy bepuynni  law of distri- bution [de ré- Vertéilungsge-
bepuymnnu bution, Ber- partition] de setz (n —es,-¢e)

noulli  distri- Bernoulli

butive law
17.3akoH pen- 3akoH pinkux law of rare loi f d'événe- Gesétz n der
KHX COOBITUI  momiil evénts ments rares séltenen Eréi-

18.3HaueHHne
CIIy4yaitHOU

3HAUYEeHHS BU-
HaJgKoBOI Be-

value of a ran-
dom variable

valeur f d’une
variable aléa-

gnisse
ZufallsgroBe-
wert (m—(e)s,-
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BEJIMYHHBI YU HH toire e)

19.umeth nan- maru  gaHuii have a given avoir une di- gegébene Ver-

HOe pacmpe- po3nonin (mpo distribution stribution [ré- téilung haben*

JeJICHUE (o BumamkoBy Be- [partition,law] partition, loi ] (habe, hast,

CIlydaiftHOU JMYUHY) (of a random donnée (de hat) (iiber eine

BEJIMYHHE) variable) variable faléa- Zufallsgrofe)

toire)

20.uHTerpa- interpanbHa  Laplace inte- théoréme m Laplacesches

npHas Teope- Teopema Jlam- gral théorem  intégrale  de Integraltheo-

Mma Jlanaca jaca Laplace rem (n), Lap-
lacescher
Grénzwertsatz

21.unHTerpa-
npHast  QyHK-
Usl  pacrpe-
JieJIeHUs

22 .MCIBITaHUS
0  TEepBOTo
ycrnexa (mo
MepBOro  Hac-
TYIJICHUS] CO-
OBbITHS)

23.K0onu4ecT-
BO HE3aBUCH-
MBIX HCIIBITa-
HUW 10 TIEPBO-
ro ycmexa [0
NepBOro Hac-
TYIUICHUSI CO-
OBITHA|

24. xoqmyecT-
BO YCTIEXOB

iHTerpainbpHa

¢byHKLIS  po3-
MO ILTY

BUIIPOOYBaH-

HS 10 TepuIo-
ro ycmixy (1o
NepIIoro Hac-
TaHHsA[nepoi
MOSIBU| TOJIT)

YUCIIO/KUTbKI-
CTb He3aJex-
HUX  BHUIIPO-
OyBaHb 10
[epuoro  yc-
nixy [#o mep-
IOTO HACTaH-
Hs, 10 IEepIIol
TTOSIBH TTOTii

YHUCIIO/KIIbKI-
CTb  YCHiXiB

integral  dist-
ribution [par-
tition]function

trials/expéri-
ments till
(=until) [up to,
to] the first
succeéss [to the
first occur-
rence of an
evént]

number of in-
depéndent tri-
als  (un)till/to
the first suc-
céss[(un)till/to
the first occir-
rence of an
evént]

of
(of

namber
succésses

fonction f in-
tégrale de ré-
partition  [de
distribution ]

expériences
[épreuves, es-
sais] jusqu‘au
premier succes
[jusqu‘a la
premicre arri-
vée [appari-
tion] d’événe-
ment]
nombre m des
expériences
[épreuves]
indépendantes
[des essais in-
dépendants]
jusqu‘au pre-
mier  succes
[jusqu‘a la
premicre arri-
vée/apparition
d’événement]
nombre m des
succes [des

(m), Laplace-
scher integra-
ler Grénzsatz
Integralvertei-
lungsfunktion
(), Integrale
Vertéilungs-
funktion
Versuche (m)
[Experiménte
(n),  Proben
()] bis den er-
sten Erfolg
[bis den ersten
Eintritt des
Eréignisses]

die Anzahl (f
=) von unab-
héngigen Ver-
suchen/Expe-
riménten/Pro-
ben bis den er-
sten Erfolg
[bis den ersten
Eintritt/Eintre-
ten des Eréig-
nisses]

die Anzahl (f
=) von Erfol-
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(HacTymneHmii  (mosiB/HacTaHb occurrences of arrivées/appa- gen [die An-
coOBITHsA) B n TOAi() B n He- an evént) inn ritions d’évé- zahl von Ein-
HE3aBUCHUMBIX 3aJIe)KHMX BHU- indepéndent nement] a n tritten/Eintre-
UCIbITaHUAX ~— npoOyBaHHsx  trials (as the expériences/  tenen  eines
(nmpu  mocto- (nmpu  cramiii probability of épreuves indé- Eréignisses] in
AHHOM BEpOAT- WMOBipHOCTI  the  succéss/ pendantes [es- 7 Unabhdngi-
HOCTH  CoOBI- mopii/ycmixy) —evént is cOns- sais indépen- gen Versu-
THsI/ycriexa) tant) dants] (si la chen/Experi-
probabilité du ménten/Pro-
succes [d’évé- ben (wenl? die
nement]  est Wahrs.chéln-
constante) lichkeit  des

Erfolges [des

Eréignisses]

konstant ist)
25 .xpuBas KpuBa posno- distribution courbe [ de Vertéilungs-
pacmpenene- iy [partition] clr- répartition [de |, ve ([-vo
HUS ve distribution f]

—fa]f:,-l’l)
26.n0KkanbHas  JokanbHa Te- laplace 1ocal théoréme  m Laplacescher
teopema Jlanm- opema narta- théorem local de la- lokaler Grénz-
naca ca place (wert)satz (m)

27 .MHOTOYTO-
JBbHUK  pac-
IpeeeHus

28.HauBepo-
SITHEWIIee 4u-
clio

29 .He3aBHUCU-
MbI€ MCIIBITA-
HUSA

30.HenpepbIB-
Hasg  ciyyau-
Has BeJIMYMHA
31.orpanu-
YEeHHOE KOJIU-
YECTBO HCIIbI-
TaHUI

MHOTOKYTHHK
po3nonairy

HalliMOBIpHi-
I11€ YUCIIO

He3aJIexXHi
BUIIPOOYBaH-
HS

HernepepBHa
BHUIIAJKOBA Be-
JINYMHA
oOMeKeHa Ki-
JIBKICTb  BHII-
poOyBaHb

polygon of di-
stribution [pa-
rtition,  law],
distribution
polygon

the most pro-
bable nimber

indepéndent
trials [expéri-
ments]

continuous
random varia-
ble

limited nOm-
ber of trials

polygone m de
distribution
[de répartition
,deloi ]

nombre m le
plus probable

expériences f
[épreuves ]
indépendantes
[essais m indé-
pendants]

variable f alé-
atoire continue

nombre m li-
mité des expé-
riences

Hiufigkeits-

polygon
Vertéilungs-

polygon n

n,

wahrschéinli-
chste Anzahl

unabhéngige
Versuche (m)
[Experiménte
n, Proben (f)]

stétige [konti-
nuierliche]Zu-
fallsgroB3e (f)

Begrénzte/be-
schrankte/li-

mitierbare An-
zahl von Ver-
suchen [Expe-

85
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riménten, Pro-
ben]
32.0TKIIOHE-  BIAXHWJICHHS deviation of a déviation  f Abweichung (f
HUe (OTHOCU- (BIHOCHOT) (rélative) fré- [écart m]d‘une =,-en) (relati-

TEJIbHOM) Yac-
TOTBI COOBITHSA
OT €r0 BEeposT-
HOCTHU

33.II0THOCTH
BEPOSITHOCTH

34 .I0THOCTH
pacnpenene-
HUA

35.MI0THOCTD
pacmpenene-
HUST BEPOSITHO-
cTen

36.mpuUHUMATh
3HaueHue (0
CIIy4yaitHOU
BEJIMYMHE)
37.npuUHUMATh
OT/EJIbHBIC
W30JIMPOBaH-
HBbIE BO3MOX-
HBIC 3HAYCHUS
38.mpoucxo-
IITh k pa3 B n
HE3aBHCUMBIX
UCTIBITAHUAX
(o coObITHM)

YacTOTH TMOMil
Bix 1i HMOBIp-
HOCTI

HIIBHICTD
H#MOBIpHOCTI

IIJIbHICTD
po3noniny

UIiJIbHICTh
po3mnoniny
iMoBipHOCTEH

Ha0yBaTu
3HauyeHHs (Ipo
BUIIA/IKOBY Be-
JIMYUHY)
Ha0yBaTU OK-
peMux 130J1b0-
BaHUX MOJXKJIU-
BUX 3HAYECHb

BinOyBaTucsa k
pa3 B n He3a-
JICKHHUX BHII-
poOyBaHHIX
(mpo moziro)

quency of an
evént from its
probability

probability
dénsity, dénsi-
ty of probabi-

lity
dénsity of di-
stribution [of

partition], dis-
tribution [par-
tition] dénsity
dénsity of dis-
tribution [par-
tition] [distri-
bution [parti-
tion] dénsity]
of probabili-
ties

take on a va-
lue (of a ran-
dom vériable )

take on sépa-
rate  isolated
possible  va-
lues

occur [ap-
pear, happen,

take place] &
times in n in-
depéndent tri-
als (about an
event)

fréquence (re-
lative) d’évé-
nement de sa
probabilité

densit¢ f de
probabilité

densit¢ f de
répartition  f
[de distribu-
tion f]

densit¢ f de
répartition [de
distribution]
des probabi-
lités

prendre  une
valeur (d’une
variable aléa-

toire)
prendre  des
valeurs  pos-

sibles séparées
isolées

arriver [se
présenter] k&
fois a n expé-
riences/épreu-
ves indépen-
dantes [essais
indépendants]
(sur un événe-

ver) Frequénz
[einer  Hau-
figkeit (f)] ei-
nes Eréignis-
ses von ihr
Wabhrschéin-
lichkeit
Wabhrschéin-
lichkeitsdichte

%)

Vertéilungs-
dichte (f)

Vertéilungs-
dichte (f) von
Wahrschéin-
lichkeiten (f)

Wert (m —(e)s,
-e) annehmen*
(liber eine Zu-
fallsgrofB3e)
¢inzelne  iso-
lierte mogli-
che Werte an-
nehmen*

Eintreten*(-
trete,-trittst,-
tritt) £k Male in
n Unabhingi-
gen Versu-
chen/Experi-
ménten/Pro-
ben (iiber ein
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39.pacnpene-
JIeHne

40.pacnpene-
JIEHUE bep-
HYJLTA

41.pacnpene-
JIEHUE BEPOSIT-
HOCTEU

42 .pacnupene-
nenne Ilyac-
COHa

43 .pacnpene-
JICHUE PEIKHUX
coObITHil (pac-
npeeyeHue
Ilyaccona)

44 cBs3p  [co-
OTHOIICHHE,
COOTBETCTBHE |
MEXy BO3MO-
KHBIMU 3Haue-
HUSIMH  CITy-
YallHOW BeJIU-
YUHBI U COOT-
BETCTBYIOIIH-
MU BEpOSITHO-
CTSIMU

45.cnydaiinas
BEJIMYHMHA

46.Tabmmia
pacnpenene-
Hus (cimyvan-
HOM BeJINYU-
HBI)

po3moi

po3moi
bepnymi

po3moi
iiMoBipHOCTEH

posnonin Ily-
accoHa

po3nonin pia-
KHUX IOA1M
(posmomin ITy-
accoHa)

3B"s130K [CrHiB-
BiJHOIIIEHHS,
BiJITOBITHICTE
] Mixx MOXJITH-
BUMHU 3HAa4eH-
HIMU
BHUITAJKOBO1
BEIMYHHU Ta
BiJIIOBIIHUMU
H#MOBIpHOCTS-
MH

BHUIIaAKOBa
BCJIMYHMHA

TabIuIs  po3-
noxiny  (Bu-
MajJKoBOi Be-
JIMYMHHN)

distribtion
[partition,law]

Bernoulli(’s)
distribution
[partition,law]

probability di-
stribution[par-
tition,  law],
distribtion
[partition,law]
of probabili-
ties
Poisson(’s)
distribtion
[partition,law]

distribtion
[partition,law]
of rare evénts

connéction
[relation, cor-
relation, cor-
respondence]
between pOs-
sible values of
a random va-
riable and cor-
responding
probabilities

random/éle-
atory variable

table of the
distribation
[partition,law]
of a random
variable

ment)
distribution  f
[répartition f,
loi /]
distribution  f
[répartition f,
loi /'] de Ber-
noulli
distribution  f
[répartition f,
loi f] (des pro-
babilités)

distribution  f
[répartition f,
loi f] de Pois-
son
distribution  f
[répartition f,
loi f] d'événe-
ments rares

lien m [corré-
lation f, cor-
respondance f]
entre  valeurs
possibles

d’une variable
aléatoire et
des probabi-
lités  corres-
pondantes

variable f alé-
atoire, aléa m
numérique

table f [tab-
leau m ] de di-
stribution /' [de
répartition  f]

Eréignis)
Vertéilung (f)

Bernoullische
Vertéilung

Wahrschéin-
lichkeitsver-

teilung (=)

Poissonvertei-
lung, Poisson-
sche  Vertéi-
lung
Vertéilung (f
=) der séltenen
Eréignisse

Zusdmmen-
gang m [Ver-
bindung f
Verhiltnis n]
zwischen mo-
glichen Wer-
ten einer Zu-
fallsgrofe und
entspréchen-
den Wabhr-
schéinlichkei-
ten
ZufallsgroBBe
(f =,n) [alea-
torische Grof3e
Vertéilungsta-
belle (f) (einer
ZufallsgroBe

87
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d’une variable

aléatoire
47.ycnex yCIix succéss succes m Erfolg (m -

(e)s,-e)

48.popmyna  dopmyna Ily- Poisson's for- formule f de Poissonsche
[Tyaccona accoHa mula Poisson Formel (f)
49.pyukums ¢byHkuis po3- distribution fonction f de Vertéilungs-
pacmnpenene-  MOJIiTY [partition] fiun- répartition  f funktion (f)
HUS ction [de distribu-

tion f]
50.byHKUMSA ¢byskuis po3- distribution fonction f de Vertéilungs-
pacmpenene- — momiiny ¥mo- [partition] fin- répartition  f funktion von
HUSL  BEPOAT- BIPHOCTEH ction of proba- [de distribu- Wahrschéin-
HOCTEH bilities tion f] des pro- lichkeiten (f)

babilités
51.¢ynuus ¢yukuis Jla- Laplace func- fonction f de Laplacesche
Jlannaca miaca tion Laplace Funktion
52.1uenMKom 1JTKOM 3a- fill  comple- remplir (de ein gewissere
3aloJIHATh HE- TOBHIOBATH tely [entirely] facon comp- Intervall (n)
KOTOPBI WH- Jeskuid iHTep- some interval léte) un inter- ganz [vollstén-
tepBai (0 Bo3- Bau (mpo Mox- (of  pdssible valle certain dig, vollig]
MOJKHBIX 3Ha- JIMBI 3HaueH- values of a (de valeurs fiillen  (iiber
YeHHUAX Hem- Hs Hemepeps- continuous possibles mogliche
pEepBIBHOM HOi Bumagko- random varia- d’une variable Werte  einer
CIlydaiftHOU BOi BenmuuHu) ble) aléatoire con- stétigen Zufal-
BEJIMUHHBI ) tinue) IsgroBe (f))
53.3meMeHT eleMeHT iMo- probability elément m de Wahrschéin-
BEPOSATHOCTH  BIPHOCTI ¢lement probabilité lichkeitsele-

ment (n—(e)s,-

e)



RANDOM VARIABLES: basic terminology EFDRU

1. be distri-
buted by [ac-
cording to, in
accordance,
accordingly]
the given law
2. Bernoul-
li(s) distribu-
tion [parti-
tion, law]

3. Bernoul-
li(’s) law of
distribution,
bernoulli dis-
tributive law
4. binomial
coefficient

5. bindémial
distribution
[partition,
law]

6. bindémial
formula

7. bindmially
distributed
random  vari-
able

8. connéction
[relation, cor-
relation, cor-
respondence]
between poOs-
sible values of
a random va-
riable and cor-
responding
probabilities

etre distribuée
[répartie] sui-
vant [en, par,
conformé-
ment] la
donnée
distribution  f
[répartition f,
loi /'] de Ber-
noulli

loi f de distri-
bution f'[de ré-
partition f] de
Bernoulli

loi

coefficient m
binomial

distribution f
[répartition [,
loi f] binomia-
le

formule f bi-
nomiale

variable f alé-
atoire  distri-
buée [répartie]
binomialle-
ment

lien m [corré-
lation f, cor-
respondance f]
entre  valeurs
possibles
d’une variable
aléatoire et

des probabi-
lités  corres-
pondantes

nach gegébe-
nem  Gesétz
vertéilt sein

Bernoullische
Vertéilung (1)

Bernoullisches
Vertéilungsge-
setz (n —es,-€)

Binomialkoef-
fizient (m —en,
-en)
Binomidlver-
teilung (=)

Binomialfor-

mel (f=,-n)

binomialver-
teilte Zufalls-

groBe (f=,-n)

Zusadmmen-
gang m [Ver-
bindung f
Verhiltnis 7]
zwischen mo-
glichen Wer-
ten einer Zu-
fallsgroe und
entspréchen-
den Wahr-
schéinlichkei-
ten

ObITH pacrpe-
JIeIEHHON 110
JaHHOMY  3a-
KOHY

pacnpenee-
Hue bepnyi-
M

3aKOH paclpe-
nenenust bep-
HYJUIA

OMHOMHUAJIb-
HBIH K03 u-
LIMCHT
OMHOMHAJIb-
HOE pacmpe-
JIeJICHUE

OMHOMMUAJIB-
Has popmyia

OMHOMHAJIB-
HO pacnpeje-
JIEHHast  CJy-
YJaiiHasi BEJIH-
YHHA

CBA3b  [cOOT-
HOIIIEHUE, CO-
OTBETCTBHC]
MEXIy BO3MO-
JKHBIMU 3Haue-
HUSMH  CIy-
YaiiHOl BeEJH-
YUHBI U COOT-
BETCTBYIOIIH-
MU BEPOSITHO-
CTSMHU

Oyt  po3smo-
IiJICHOK  3a
JAHUM  3aKO-
HOM

posnonin bep-
HYJLTI

3aKOH pO3IIOo-
niny bepnymi

OIHOMHHH KO-
edimient

OlHOMHUI
pO3M0Tia

6inomHa Qop-
Myina, (Ghopmy-
na 6iHOMa
OIHOMHO pO3-
MoJiJiecHa BH-
MaJIKOBa BEJIU-
YHHA

3B"S130K [CITiB-
BiJHOIIIEHHS,
BiJIIOBIIHICTE
] Mik MOXJTH-
BUMHU 3HA4yeH-
HIMU
BHUITaJKOBO1
BEIMYMHU Ta
BiJAIIOBITHUMU
HMOBipHOCTS-
MH
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Random Variables: basic terminology EFDRU

9. continuous
random varia-
ble

10.dénsity of
distribution
[of partition],
distribution
[partition]
dénsity
11.dénsity of
distribution
[partition],
distribution
[partition]
dénsity of pro-
babilities
12.déviation
of a (rélative)
fréquency of
an evént from
its probability

13.differéntial
distributive
finction

14.discréte
random varia-
ble
15.distribu-
tion [partition,
law]
16.distribu-
tion [partition,
law] of rare
evénts

17.distribu-
tion [partition]
curve

18.distribu-

variable f alé-
atoire continue

densit¢ f de
répartition [de
distribution]

densit¢ f de
répartition [de
distribution]
des probabili-
tés

déviation  f
[écart m]d‘une
fréquence (re-
lative) d’évé-
nement de sa
probabilité

fonction f dif-
férentielle de
répartition [de
distribution]

variable f alé-
atoire discrete

distribution f
[répartition f,
loi f]
distribution f
[répartition f,
loi f] d'événe-
ments rares

courbe [ de
répartition [de
distribution]

fonction f de

stétige [konti-
nuierliche]
Zufallsgrofle
Vertéilungs-
dichte (/)

Vertéilungs-
dichte (f) von
Wabhrschéin-
lichkeiten

Abweichung (f
=,-en) (relati-
ver) Frequénz
[einer  Hau-
figkeit] eines
Eréignisses
von ihr Wahr-
schéinlichkeit
differentiale
Vertéilungs-
funktion

diskréte
fallsgrofBe

Z0-

Vertéilung (f)

Vertéilung der
séltenen Eréi-
gnisse

Vertéilungs-
kurve ([-v® #u

_fa] f:a-n)
Vertéilungs-

HeIpepbIBHAs
Cly4aiiHas Be-
JTMYUHA
MJIOTHOCTh
pacnpenere-
HUS

IJIOTHOCTH
pacnpenene-
HUSI BEPOSITHO-
cTen

OTKJIOHEHHE
(oTHOCHUTEB-
HOM) YacTOThI
COOBITHS  OT
€ro  BEposT-
HOCTH

nuddepeH-
UagbHast
¢byHKuus pac-
npeaesIeHUs
JIUCKpEeTHas
ClyvaitHas
BEJIMYMHA
pacnpenese-
HUE

pacmpezene-
HUE  PEIKUX
coObITHi (pac-
npezeseHue
IIyaccoHa)

KpHuBas  pac-
npeaeIeHus

¢byHKkuus pac-

HerepepBHa
BUIIA/IKOBA Be-
JMYUHA
IIJIBHICTD
po3mnoainy

IITBHICTh
po3mnoainy
iMoBipHOCTEH

BIAXUIICHHS
(BiZHOCHOT)
YacTOTH MOMIil
Bix ii WMOBIp-
HOCTI

nudepeHiiia-
7IbHA (YHKIS
po3mnoainy

JMCKpeTHA
BUIIA/IKOBA Be-
JMYUHA
pO3M0Tia

po3nonia pij-
KHAX IOA1M
(po3moain my-
accoHa)

KpUBa PO3IMO-
Ty

¢byHKLIS po3-



Random Variables: basic terminology EFDRU

tion [partition]
function
19.distribu-
tion [partition]
function of
probabilities

20.distribu-
tion [partition]
law, law of di-
stribution [of
partition]
21.fil1  com-
pletely [enti-
rely] some in-
terval (of pos-
sible values of
a continuous
random varia-

ble)

22.have a gi-
ven distriba-
tion [partition,
law] (of a ran-
dom vériable)

23.indepén-
dent trials [ex-
périments]

24 .integral
distribution
[partition] fun-
ction

25.Laplace
function
26.Laplace
integral théo-
rem

répartition [de
distribution]
fonction f de
répartition [de
distribution]
des probabili-
tés

loi f de répar-
tition [de dis-
tribution ]

remplir  (de
fagon comp-
léte) un inter-
valle certain
(de valeurs
possibles
d’une variable
aléatoire con-
tinue)

avoir une di-
stribution [ré-
partition, loi]
donnée (de va-
riable aléa-
toire)
expériences f
[épreuves ]
indépendantes
[essais m indé-
pendants]
fonction f in-
tégrale de ré-
partition  [de
distribution]

fonction f de
Laplace
théoreme
intégrale
Laplace

m

de

funktion (f)

Vertéilungs-
funktion von
Wahrschéin-
lichkeiten

Vertéilungsge-
setz (n —es, -€)

ein gewissere
Intervall  (n)
ganz [vollstin-
dig,  vollig]
filllen  (liber
mogliche
Werte  einer
stétigen Zufal-
Isgrofe)
gegébene Ver-
téilung(f=) ha-
ben*  (habe,
hast, hat)(iiber
eine Zufalls-
grofie)
unabhingige
Versuche (m)
[Experiménte
n, Proben (f)]

Integralvertei-
lungsfunktion
(f), Integrale
Vertéilungs-
funktion (f)

Laplacesche
Funktion

Laplacesches
Integraltheo-
rem, Laplace-
scher Grénz-
wertsatz  (m),

IpeaesIeHUS

¢byHKuus pac-
IIpeieIeHUs
BEPOSITHOCTEN

3aKOH pacrpe-

JACIICHUA
OCcJIMKOM  3a-
IIOJIHATDH HE-

KOTOPBIA  HH-
TepBal (0 BO3-
MOXXHBIX 3Ha-
YEHUsIX  Hel-
PEpPBIBHOM
CIy4yailHOU
BEJIMYHHBI)
UMETh JTaHHOE
pacmpenene-
Hue (o ciy-
YallHOW BeJIU-
YUHE)

HE3aBUCHUMBIC
HUCIIBITaHUA

HUHTCrpajibHas

¢byHKuus pac-
npeaesIeHus

¢bynuus  Jlan-
jaca
UHTErpajbHast
Teopema Jlan-
jaca

MOy

¢byHKLIS po3-
noauty  HWMo-
BipHOCTEH

3aKOH pPO3MO-
Ty

IKOM

MIOBHIOBATH
JesIKUil 1HTep-
BaJ (PO MOX-
JMBI  3HAUYEH-
HS HeIepepB-
HOI BHWIAJIKO-
BOI BEJIMYUHHU)

3a-

MaTH  JaHuU
po3nonin (mpo
BHUITAJIKOBY Be-

JMYUHY)
HE3aJIexXHi
BUIIPOOYBaH-
HS
iHTerpagbHa
¢byHKLIS po3-
MOy
¢yukuis  Jla-
iaca
iHTerpambHa

Teopema Jlan-
jaca

91
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Random Variables: basic terminology EFDRU

27.Laplace 16-
cal théorem

28.law
(probability)
distribution,
distributive
law (of pro-
babilities) (of
a random vari-
able)

29.law of pro-
babilities

of

30.law of rare
evénts

31.limited
namber of tri-
als

32 .Newton's
bindémial
33.namber of
indepéndent
trials  (un)till/
to the first
succeéss[(un)til
/to the first oc-
currence of an
evént]

34 .number of
succésses (of

théoreme m
local de La-
place

loi f de distri-
bution [ré-
partition] (des
probabilités)
d’une variable
aléatoire

loi f des pro-
babilités

loi f d'événe-
ments rares

nombre m li-
mité des expé-
riences

bindme m de
Newton
nombre m des
expériences
[épreuves]
indépendantes
[essais  indé-
pendants]
jusqu‘au pre-
mier  succes
[jusqu‘a la
premicre arri-
vée/apparition
d’événement]
nombre m des
succes [des

Laplacescher
integraler
Grénzsatz
Laplacescher
lokaler Grénz-
(wert)satz (m)

Vertéilungsge-
setz (n) (von
Wabhrschéin-
lichkeiten) ei-
ner  Zufalls-
grofle

Wahrschéin-
lickeitsgesetz
(n —es,-e)
Gesétz n der
séltenen Eréi-
gnisse
begrénzte/be-
schrankte/li-
mitierbare An-
zahl von Ver-
suchen [Expe-
riménten, Pro-
ben]
Newtonscher
Biném(n—s,-¢)
Die Anzahl (f
=) von unab-
hingigen Ver-
suchen/Expe-
riménten/Pro-
ben bis den er-
sten Erfolg
[bis den ersten
Eintritt/Eintre-
ten des Eréig-
nisses]

die Anzahl (f
=) von Erfol-

JOKaJIbHasl Te-
opema  Jlam-
jaca

3aKOH paclpe-
neneHus  (Be-
pOSITHOCTEH)
CIy4yailHOU
BEJINYUHBI

3aKOH  [pac-
npezesneHue |
BEpPOSITHOCEN
3aKOH PEeIKUX
coObITUI

OTPAaHUYEHHOE
KOJINYECTBO
HUCIILITAHUU

o6unom Heto-
TOHA
KOJIMYECTBO
HE3aBUCUMBIX
HCTBITAaHUH 10
MepBOro ycre-
Xa [0 mepBo-
ro HacTyIuie-
HUS COOBITHS |

KOJIMYECTBO
ycrexoB (Ha-

JOKaJlbHa Te-
opema Jlama-
ca

3aKOH pO3Io-
ainy (fiMoBip-

HOCTEH)  BU-
aJKOBOI Be-
JIMYMHA

3aKOH [po3mo-
ain] iMOBipHO-
cTen
3aKOH PIIKUX
MOJTii

oOMeXxeHa Ki-
JIBKICTh  BUII-
poOyBaHb

6inom H"torto-
Ha
YHUCIIO/KIITbKI-
CTh HE3aJIeK-
HUX  BHUIPO-
OyBaHb hi(s)
NepIoro  yc-
nixy [mo mep-
IOT0 HAaCTaH-
Hs, 10 IepIIOl
TTOSIBH IO |

YHCII0/KIJIbKi-
CTb  YCHiXiB



Random Variables: basic terminology EFDRU

occurrences of
an evént) in n
indepéndent
trials (as the
probability of
the  succéss/
evént is cons-
tant)

35.occur [ap-
pear, happen,
take place] &
times in n in-
depéndent tri-
als (about an
event)

36.Poisson(’s)
distribution
[partition,law]

37.Poisson's

formula
38.polygon of
distribution
[partition,
law], distribu-
tion pdlygon
39.possible
value (of a
random  vari-
able)
40.probability

dénsity, dénsi-
ty of probabi-
lity

41 .probability

arrivées/appa-
ritions d’évé-
nement] a n
expériences/

épreuves indé-
pendantes [es-
sais indépen-
dants] (si la
probabilité du
succes [d’évé-
nement]  est
constante)

arriver [se
présenter] k
fois a n expé-
riences/épreu-
ves indépen-
dantes [essais
indépendants]
(sur un événe-
ment)
distribution f
[répartition f,
loi f] de Pois-
son

formule f de
Poisson
polygone m de
distribution  f
[de répartition,
de loi]

valeur f pos-
sible  (d’une
variable aléa-
toire)

densit¢ f de
probabilité

distribution f

gen [die An-
zahl von Ein-
tritten/Eintre-
tenen eines
Eréignisses n]
in n Unabhéa-
ngigen Versu-
chen/Experi-
ménten/Pro-
ben (wenn die
Wabhrschéin-
lichkeit  des
Erfolges [des
Eréignisses]|
konstant ist)
¢intreten™(-
trete,-trittst,-
tritt) £k Male in
n Unabhingi-
gen Versu-
chen/Experi-
ménten/Pro-
ben (iliber ein
Eréignis)
Poissonvertei-
g (f =),
Poissonsche
Vertéilung
Poissonsche
Formel (f)
Haufigkeits-
polygon
Vertéilungs-
polygon n

n,

moglicher
Wert (m —(e)s,
-e) einer Zu-
fallsgrofBe
Wabhrschéin-
lichkeitsdichte

)

Wahrschéin-

CTYIUIEHUH
COOBITHS) B 7
HE3aBUCHUMBIX
HCIBITAHUAX
(mpm  mocro-
SIHHOU BEPOSIT-
HOCTH  COOBI-
TUs1/ycrnexa)

MPOHUCXO/IUTh
k pa3 B n He-
3aBUCHMBIX
UCTIBITAaHUAX
(o coObITUN)

pacnpenere-
nue Ilyacco-
Ha

dopmyna Ily-
accoHa
MHOT'OYTOJIb-
HUK  pacrpe-
JeTIeHUsI

BO3MOYKHOE
3Ha4YeHUe
(cyqaitHo#
BEJIMYHHBI)
IUIOTHOCTh
BEPOSITHOCTH

pacmpenene-

(mosiB/HacTaHb
nofii) B n He-
3aJeKHUX BU-
IpOOYBAHHAX
(mpu  crami
iMOBipHOCTI
HOJ11/yCIixXy)

BinOyBatucs k
pa3 B n Hesa-
JIOKHUX BHUII-
poOyBaHHSIX
(mpo moiro)

posnonin Ily-
accoHa

dopmyna Ily-
accoHa
MHOTOKYTHHK

po3noainy

MOXJIMBE 3HA-
YyeHHs (BUMa-
KOBOI BEJINYHU-
HU)

UITBHICTh
HMOBipHOCTI

po3MoIia iMO-

93



94 Random Variables: basic terminology EFDRU
distribttion [répartition f, lichkeitsver-  Hue BeposAT- BipHOCTEH
[partition, loi f] (des pro- teilung (f'=) HOCTeH
law],  distri- babilités)
bation [parti-
tion, law] of
probabilities
42 probability elément m de Wahrschéin-  asmeMeHT Be- e€JIeMEHT iMo-
¢lement probabilité lichkeitsele- POSITHOCTH BipHOCTI
ment (n—(e)s,-
e)
43 .probability probabilit¢ f Wahrschéin-  BepoSTHOCTH  IMOBIpHICTh
of hit/hitting du coup lichkeit (f) von mnonamanus MoTaiaHHs
of a random [d’impact [-kt] Tréffer einer ciyuailinoi BHITaJIKOBOT
variable on a m, d’atteinte f] ZufallsgroBe  BennuMHBI Ha BENWYMHU Ha
halfline [in d’une varia- in/auf/an einer nomynpsmyro — miBOpsAMy [B
an interval, in ble aléatoire Halbegerade [B wuHTepBay, iHTEepBajg, Ha
a ségment, in sur une demi- [in ein Inter- Ha OTpe3oK, B BiApI30K, B
a half-interval] droite  [dans vall, in/,auf/an MOJIYMHTEP- MiBiIHTEpBaI|
un intervalle, einem Absch- Bai]
dans un seg- nitt(e) [einem
ment, dans un Segmént(e),
semi-interval- eine Strécke],
le] in ein Halbin-
tervall]
44 probability probabilit¢ f Wahrschéin-  BepoSTHOCTH  IMOBIpHICTh
of  séparate/ d’une valeur lichkeit (f =) otmenbHOTO OKPEMOTI0 3Ha-
isolated value séparée [iso- von  Einzel- 3HaueHms ciy- ueHHs BHmaj-
of a random lée, particu- wert(e) einer 4aliHOW BeIM- KOBOI BEJIHYH-
variable licre] d’une ZufallsgroBe — uuuBI HU
variable aléa-
toire
45 .random/ variable f alé- ZufallsgroBe — ciyuaiinas BUITAKOBA
aleatory vari- atoire, aléa m (f =-n) [alea- BenuuuHa BEJIMYMHA
able numérique torische Gro-
Be]
46.succéss succes m Erfolg (m — ycmex ycmix
(e)s,-e)
47 .succéss probabilit¢  f Erfélgswahr-  BeposSTHOCT,  IMOBIpHICTB
probability d’un succes scheinlichkeit ycnexa yCHixy
(=)
48.table of the table f [tab- Vertéilungsta- Tabmuua pac- Tabmuus pos-
distribution leau m ] de di- belle (f) (einer mnpenenenus noxity  (Bu-
[partition,law]  stribution f[de Zufallsgrofie) (caydaiinon MajkoBoi  Be-
of a random répartition /] BEJIUYHHBI) JTUYUHH)



Random Variables: basic terminology EFDRU

variable

49.take on a
value (of a
random varia-
ble)

50.take on sé-
parate isolated
possible
values

51.the  most

probable nim-
ber

52.trials/expé-

riments till
(=until) [up to,
to] the first

succéss [to the
first occurren-
ce of an evént]

53.value of a
random varia-

ble

d’une variable
aléatoire

prendre  une
valeur (d’une
variable aléa-

toire)
prendre  des
valeurs  pos-

sibles séparées
isolées

nombre m le
plus probable

expériences
[épreuves, es-
sais] jusqu‘au
premier succes
[jusqu‘a la
premicre arri-
vée [appari-
tion] d’événe-
ment |

valeur f d’une
variable aléa-
toire

Wert (m —(e)s,
-e) annehmen*
(iiber eine Zu-
fallsgroBe (f))

Einzelne iso-
lierte  mogli-
che Werte (m
pl) &nnehmen*

wahrschéinli-
chste Anzahl

Versuche (m)
[Experiménte
(n),  Proben
(] bis den er-
sten Erfolg
[bis den ersten
Eintritt des
Eréignisses]

Zufallsgrofle-
wert (m—(e)s,-

e)

MPUHUMATD
3HAYEHHE
CIy4yaitHOU
BEJINYUHE)
MPUHUMATD
OTJIENIbHBIC
M30JIMpOBaH-
HbIE BO3MOX-
HbIE 3HAYEHUS
HauBEpOSAT-
Heiliiee
CJI0

(o

qu-

UCTIBITAHUS 10
NepBOro  yc-
nexa (mo mep-
BOTO Hac-
TYIJIGHUS. CO-
OBbITHS)

3HAUEHUE CHY-
YalHOW BeEJH-
YUHBI

HaOyBaTu
3Ha4eHHs (mpo
BUIIAJIKOBY Be-
JMYUHY)
HaOyBaTu OK-
pemMux 130760~
BaHUX MOXJIU-
BUX 3HAYECHb

HailiMOBIpHi-
I11€ YUCIIO

BUIIPOOYBaH-

HS 10 TepuIo-
ro ycmixy (1o
MepLIoro Hac-
TaHH:A[nepuIoi
MOSIBU | TOi1)

3HA4YEHHS BU-
OagKoBOI Be-
JUYUHA

95



LECTURE NO. 5. NUMBER CHARACTERISTICS
OF RANDOM VARIABLES
LE CINQUIEME COURS. CARACTERISTIQUES NUMERIQUES DE
VARIABLES ALEATOIRES
FUNFTE VORLESUNG. ZAHLENMABIGE CHARACTERISTIKEN VON ZU-
FALLSGROBEN

POINT 1. THE MATHEMATICAL EXPECTATION OF A RANDOM
VARIABLE. Espérance mathématique d'une variable aléatoire. Erwartungswert einer
Zufallsgrofe.

POINT 2. THE DISPERSION AND ROOT-MEAN-SQUARE DEVIATION
OF A RANDOM VARIABLE. Dispersion et écart quadratique moyen. Dispersion
und durchschnittliche quadratische Abweichung einer Zufallsgrofe.

POINT 3. MOMENTS OF A RANDOM VARIABLE. Moments d'une varia-
ble aléatoire. Momente einer Zufallsgrofe.

POINT 4. CHEBYSHEV INEQUALITY. LAW OF LARGE NUMBERS.
Inégalité de Tchebichof. Loi des grands nombres. Tschebyschewsche Ungleichung.
Gezetz der grolen Zahlen.

Distribution function completely describes a random variable. Nevertheless
there are some numerical quantities which characterize some its properties, for exam-
ple: a) its mean value; b) concentration of its values about the mean value; c) symme-
try or asymmetry of its distribution; d) its the most probable value (mode) etc.

In this lecture we’ll study some of them.
POINT 1. THE MATHEMATICAL EXPECTATION OF A RANDOM
VARIABLE
Definition of the mathematical expectation

Let's suppose that n independent trials on a random variable & are fulfilled and



Number Characteristics of Random Variables 97

obtained results are represented by the next table:

¢ X, X, X, X,

n; n, n, ny n,

1

Here x, (i =1, k) are observed values of ¢, and n, are numbers of their occurrences,
n+n,+n+..+n=n.
The mean [average] value of these results equals

= Xn X0, +..+x,n, _on n, n, . . .
&= =X, —+X, —=+..+x —L=xp +X,p, +..+ XD,
n n n n

where
p; = })n*(g = xi): n/n
is the relative frequency of occurrences of the value & =x;,.

Now let £ be a discrete random variable with a distribution table

& X, X, X, X; ... X,

)2 b D, D5 )2 ... D,

According to statistic definition of probability we introduce the next definition.
Def. 1. The mathematical expectation' of a discrete random variable & is called

the next expression

mé=M(§)=x1p1+x2p2+...+xnpn=le,pi (1)

i=l1
that is the sum of products of its possible values and corresponding probabilities of
these values.

Let ¢ be a continuous random variable with the distribution density f(x). If we
substitute a separable value x, of a discrete random variable by the continuous varia-
ble x and the probability p, of occurrence of the value & = x, by the probability ele-
ment f (x)dx, that is by the probability of hitting of the random variable in an infini-

tely small interval (x, X+ dx), we’ll get an element of the mathematical expectation

'Or: average of distribution, average value, distribution centre, expectation, expectation function, expectation value,
mean of distribution, mean value, probabilistic average, statistical expectation
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dM = xP(§ € (x, X+ dx)) =xf (x)dx.
Adding all these elements we get the mathematical expectation of a continuous ran-

dom variable in the form of the improper integral

0

me =M(&)= [ xf (x)dx. (2)

If a continuous random variable £ takes on all its values only on a finite inter-

val < a, b > thatis
f(x)=0 forx<aorx>b,

then its mathematical expectation will be expressed by the next proper definite inte-

gral:

b

m, =M(&)= [ xf (x)dx. (3)

a

Probability [probabilistic] sense of the mathematical expectation of a ran-
dom variable: it is its mean [average] value.
Ex. 1. Let a discrete random variable ¢ be the number of occurrences of an

event A in one trial: £ =1 if 4 occurs, and £ =0, if 4 doesn’t occur (that is an opposite

event A occurs); such the random variable is often called the indicator of the event A.

g 1 0 Its mathematical expectation by the formula

p | p,=P(4) pzzP(Z)=1—P(A) (1) equals

m;=M(&)=1-p,+0-p, = p, = P(4).

Ex. 2. The mathematical expectation of the next discrete random variable

& X, =-2 x, =-1 x;=0 x, =1 x;=3

pi =011 p,=03 | p;=02 | p,=01) ps=03

on the base of the same formula (1) equals
5
m.=M(E)=>xp =(=2)-0.14(=1)-03+0:0.2+1-0.1+3-0.3=0.5.
i=1

Ex. 3. A continuous random variable & is defined by the distribution density
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2

|-
f(x):ﬁe

(see Ex. 6 of the Lecture No. 4). By virtue of the formula (2) its mathematical expec-

tation equals

) 0 b
m. = M(g)= _J;xf(x)dx = \/1; _J;xe_xzdx = \/1; ,1,512 C xe ¥ dx =

b

1 2 )

:——lim(e"’ —e )20.
2 ’ﬂ,’ b—o

c—>—w

lim[ —L e
\/> bgg e

c
c—>—0

Remark. One can do simplier by introducing the notion of the principle value

of an improper integral over the set (— oo, ) of all reals, namely:

) 0 b
m§=M(§):\/1;J-xe dx—\/lgpvj-xe dx_\;;}l)ig xe ™ dx =
—o - —b

Z
lime™

2\/> b—0 W - 2\/; b—>0

One can also observe at once that

b
Ixe_xzdx =0
-b

because of oddness [oddity, unevenness] of the integrand.
Ex. 4. The distribution density of a continuous random variable £ equals (see

Ex. 7 of the Lecture 4)

f(x)=

0 if x<-m/2orx>n/2.
In this case the mathematical expectation must be calculated by the formula (3),

u=x dv=cosxdx
xcosxdx ==

me =M (&)= | xf(x)dx =

2

N IR
N | —
L LU

du =dx y=sinx

S
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l\(n . & T . ps 2
sinxdx |=—|| —sin——| —— |sin| —— | |+ cosx =0.
2102 2 2 2 .

The mathematical expectation of a function of a random variable

T
2
(xsinx

s

'—.M\N

N | —

)
SRR

Let a random variable 7 be a function of a random variable &,
n=9(),
and it is required to find its mathematical expectation.
1. At first we’ll consider the case of a discrete random variable &.
a) If a function y = ¢(x) is monotone one, then (see the beginning of P. 3 of
the Lecture No. 4) the distribution table of the function 1 = ¢(&) is

n=0(¢) 7 =9x) n=olx) || y.=0)
g.=Pn=y)=Pl=0(x) | a=p 0 =p, - a4.=p
By the formula (1) the corresponding mathematical expectatlon will be equal
m, =M(n)=M@(&))=D v4, =D 0l )p, (4)
i=1 i=1

b) Now let's suppose that a function y = go(x) isn’t monotone one and to some

value n = y, of the random variable 7 = (p(§) there correspond several values of the

random variable &. For example let such values be x; ,x

5Ny aees

x,, for which
Y= 9”(’?/1 )= CD(X_/Z )=..= ¢(x_/k )

In this case by virtue of the same part of the Lecture 4

g, =Pln=y,)=PE=x,)+E=x, Jrtle=x,)=p, +p, +tp,,
and the sum above will contain the summand

Yid; = yjP(n = y_/).
We can transform it to the next form:
v, =y\py + 0+t p, )= 0lx, o, ol oy, +otolx, o,

and therefore the mathematical expectation of the function 1 = go(§) will be expressed

by the same formula (4) in which the sum is extended on all possible values of the
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random variable ¢.
Ex. 5. Evaluate the mathematical expectation of the function 7 = (&)= &> of

the discrete random variable & which we’ve studied in the Ex. 2. The distribution ta-

ble of the function is

n=p&)=1 »=0 [ y =1 | »=4 | »=9

g=Pl=y,) 4=02 | ¢,=04 | ¢,=01 | ¢,=03

Here

¢, =Pn=y)=Pn=0)=PE=0)=0

¢, =P =y,)=Pl=1)=P(E=-1)+P(¢ 1):0.3+0.1=0.4,
¢ =Pn=y,)=Pln=4)=PE=-2)=0
q4=P(n=y4)=P(77=9)=P(if=3)=

Henceforth we’ll realize calculations by two ways.

a) Making use of the formula (1) and the distribution table of Ex. 5 we obtain

4
m,=M(n)=>y,q,=0-02+1:04+4-0.1+9-03=3.5.

n
i=1

b) The same result we get with the help of the formula (4) (where go(xi) =x7)

and the distribution table of Ex. 2,
5
M(n)=M(E)=> x2p, = (=2 -0.14 (=1 -0.3+0>-02+1> 0.1+ 3*-03=3.5

2. In the second case, when § is a continuous random variable, we apply the sa-
me device [stratagem, strategy, trick] as in passage from the formula (1) to the formu-

la (2). Namely, we substitute a separable value x; of a discrete random variable by a
continuous variable x and the probability p, of occurrence of the value & = x; by the
probability element f (x)dx in the formula (4). We’ll get an element of the mathema-

tical expectation

d(M(n))=d (M (p(£))= p(x)f (x)dx

and (after summation of elements) the mathematical expectation in question,
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M) = M) = [o(x)f () (5)
W)= M(p(E) = [ o) (ks (6)

if the random variable & takes on its values only on the interval <a, b>.
Ex. 6. Calculate the mathematical expectation of the function
n=p(&)=¢’
of the random variable we’ve dealt in Ex. 3.
By the formula (5), where go(x) = x’, we get (with the help of the principal va-

lue of the integral)

0

M(U)=M(€0(§)):M(§3)= Tx I = p.v.Tx3e"X2dx=

b

—hm e_xzdx =0
\/> h~>oo

because of the integrand is an odd function.

Ex. 7. A continuous random variable is given by the distribution density
300 0<x<2
S(x)=148 ’

0 if x<Oorx>2
(see Ex. 8 in the Lecture 4). Find the mathematical expectation of the function
n=p(£)=sing’.
Using the formula (6) for ¢(x)=sinx’,a=0,b=2 we’ll have
2

M(n)= M (sin &%) :J.sinx3 -gxzdx—

0

x |02
a (1018

=t
2abc-l
3

8
=;(cos0—00s8)z;(l—(—O.lS))zo_M_

0

OO\UJ

1
sintdt = _§ cost

w\»—
S Ly, 0
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Properties of the mathematical expectation

1. The mathematical expectation of a constant quantity C equals the same
quantity,
M(C)=C.
mLet’s interpret C as a random variable with unique possible value C the prob-
ability of which equals 1. In such the case
M(C)=C-1=Cn
2. A constant quantity C can be taken outside the sign of the mathematical ex-
pectation,
M(CE)=CM(&).
mLet a random variable
n=0(£)=C¢
be a function of the random variable &.

a) If the random variable ¢ is discrete one determined by the distribution table

& X, X, X, X, e X,

pi P D> D )2 . D,

then by virtue of the formulas (4) and (1)

M(?]) = M(C&) = Z(C'xi )pi = zcxipi = szipi = CM(&)
i=1 i=1 i=1
b) If the random variable & is continuous one determined by the distribution
density f (x) , then on the base of the formulas (5) and (2) one has

0

Mln)=M(CE)= [(Cx) (e = [ Cof(whax = o (e = Chr2) m

—00

Def. 2. A sum & +n of two random variables &, 7 is called a random variable
whose possible values are equal to sums of any possible value of & with any possible
value of 7.

3. The mathematical expectation of a sum of two random variables equals the

sum of their mathematical expectations,
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M(E+n)=M(&)+M(n).

mNow we can prove this property for discrete random variables with finite

numbers of possible values. The case of those continuous will be studied in the Lec-

ture No. 7. Let random variables &, n be represented by their distribution tables

S I S YU I PR I 1/ H I VR I O TR I U I

pP; P P, pP; P q, q, 9 q; q.,

For the sake of simplicity we’ll suppose the sums x; + y, for all pairs (5 =Xx,n= yj)

to be different. By the definition of the mathematical expectation

M(E+n)= ZZ(X +y )P(E=xn=»,).
i=1 =1
After rearrangement of the summands we get

ME+n) =YY xP(E=x)n=y )+ XX P(Ee=x)n=y))=

i=l j=1 J=1i=1

:;leiip((g zxi)(n :y./))+iy_/ip((§ zxi)(n :y./)):

n

32l G =5 )=, ) S0, 5 Ple = )Pl = e =)

i=1 j=1

n

On the base of the formula of total probability [the probability invariance rule]

ﬁP(n =y P(E=x)/lr=7,)=PE=x)=p,
3Pl =5)Plln =, )& =5))=Pla=3,)-1,.

whence it follows that
M(E+n)= prﬁZy q,=M(E)+M(n).m

Corollary 1. The property is extendable for a sum of several random variables,

for example

M(E+n+8)=M(E)+M@n)+M ().
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Corollary 2. For any constant C
M(E+C)=M(&)+C.

Def. 3. A product £n of two random variables &, 77 is called a random variable
which possible values are equal to products of any possible value of & and any pos-
sible value of 7.

Def. 4. Two random variables ¢, 7 are called those independent if the distribu-
tion law of one of them doesn’t depend on values which the other random variable
can take on.

4. The mathematical expectation of a product of two independent random vari-
ables equals the product of their mathematical expectations,

M(&n)=MEM ().

One can prove this property only for discrete random variables (try to do it
yourselves).

The key [the hint].

D=3y P(e=x)n=1)=3 5y PE=x)Plr =)=

i=l j=1 i=l j=1
—szypq, —prlZy 4, = prl Zy q,=M(E)Mn).
i=l j=l1

The proof of the property for the case of continuous random variables can be
done in the Lecture No. 7.

Def. 5. Several random variables are called those mutually independent if the
distribution laws of any number of them doesn’t depend on values which the other
random variables can take on.

The property 4 is extendable for a product of several mutually independent

random variables, for example

M(Eng)=M(E)MnM(S).

Ex. 8. Two independent random variables &, ny are given by their distribution

tables



106 Number Characteristics of Random Variables

& -1 0 2 3 n -2 1 3 4

P, 0.2 0.3 0.1 0.4 p, 0.1 0.2 0.4 0.3

J

Find the distribution table and the mathematical expectation of the product { =& -n
of these random variables.

Solution. The product & of the random variables &, ny can take on the next va-
lues: - 6, -4,-3,-1,0, 2, 3,6,8,9, 12 (products of all pairs of possible values of the
variables&, n7). We’ll find their probabilities making use of independence of &, 7.

a) P(¢ =0)=P(¢ =0)=

b) P(¢ =—6)=P((£ =3)n =-2))= P(6 =3)P(n =—2)=0.4-0.1=0.04
and by analogy

P(¢ =-3)=P(& =-1)P(n=3)=0.08, P({ =—1)=P(¢ =-1)P(n =1)=0.04,
P(¢ =3)=P(£ =3)P(n=1)=0.08, P({ =6)=P(£ =2)P(n =3)=0.04,
P(¢ =8)=P(¢=2)P(n=4)=0.03, P({ =9)=0.16, P({ =12)=0.12.
0) P(¢ =-4)=P(E=-1)n=4)+(=2)n=-2))=P(E=-1)n=4)+
+P((&=2)n=-2))=P(& =-1)P(y =4)+ PE =2)P(n =-2)=0.07
and by analogy

P(¢ =2)=P((§=-1)n=-2)+(£ =2)n=1))=P(& =-1)n=-2))+

+P((&=2)n=1))= P =-1)P(n =-2)+ P(& =2)P(n =1)=0.04.

Now we can compile the distribution table of the random variable in question

C=En ] 6] 4 3 -1]0] 2361287 9]I12

p., 0.04 { 0.07 | 0.08 | 0.04 | 0.30 | 0.04 | 0.08 | 0.04  0.03 | 0.16 | 0.12

The mathematical expectation of the variable { =& -n we’ll find by two ways
namely directly and with the help of the corresponding property of the mathematical
expectation of a product of two independent random variables.

a) M(¢)=M(&n)=(~6)-0.04+(-4)-0.07+(-3)-0.08+(~1)-0.04 +

+0-0.30+2-0.04+3-0.0846-0.04+8-0.03+9-0.16+12-0.12 =2.88.

b) M(£)=(-1)-02+0-0.3+2-0.1+3-04=12,
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M(n)=(~2)-0.1+1-02+3-0.4+4-0.3=2.4,
and therefore
M()=M(En)=M(E)M(@n)=1.2-2.4=2.88.
Of course two results coincide.
Find yourselves the distribution function of the random variable{ =& -n.
Ex. 9. Find the distribution table and the mathematical expectation of the sum

¥ =& +n of the same random variables as in Ex.8.

Answer. a) The distribution table of the random variable y =&+ 17 is

X -3 -2 0 1 2 3 4 5 6 7

p., | 002|003 | 005 | 0.10 | 0.08 | 020 | 0.17 | 0.04 | 0.19 | 0.12

b) M(x)=M(&+n)=3.6.

Find yourselves the distribution function of the random variable y =& +17.

POINT 2. THE DISPERSION AND ROOT-MEAN-SQUARE DEVIATION

Def. 6. The deviation of a random variable & from its mathematical expectation

is called the next random variable

E=c-M(o). (7)

Its mathematical expectation equals zero,

M(E) = M(E~M(£)) = M(E)~ M(M(E) = M(&)~ M (&) =0.
Def. 7. A random variable with zero mathematical expectation is called center-
ed one.
By virtue of the definition 7 the deviation (7) is a centered random variable.
Def. 8. The dispersion' of a random variable & is called the mathematical ex-

pectation of the square of its deviation (7) from its mathematical expectation

1 B
Or: the variance
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2
b, = ofe) | [£] |- te- e (%)
Probability [probabilistic] sense of the dispersion: the dispersion characteri-
ses [discribes] a dissipation of a random variable about its mathematical expectation,
that is about its mean [or average] value.
Let’s denote by [4] the dimension of a quantity A. As can be easy seen
[D()]=[eT (9)
that is the dimension of the dispersion of a random variable equals the square of its
own dimension. By this reason it is well to introduce a more convenient characteristic
of the dissipation of a random variable about its mathematical expectation which has
the same dimension, namely the root-mean-square deviation.
Def. 9. The root-mean-square deviation' of a random variable & is called the

square root of its dispersion, that is

o(¢)=0, =[D, =/D(¢). (10)

It is obviously that

lo(@)=[¢]. (11)
It follows from (11) that

D()=0%(&)or D, =0. (12)
Calculating formulas for the dispersion

Introducing the next function of a random variable ¢ :

n=¢@%{gf=@—kﬂﬁf (13)

we can avail ourselves of the formulas (5), (6).

a) For a discrete random variable £ with the distribution table

¢ X, X, X, X,

D, P P> D3 D,

Or: quadratic mean deviation, mean-square deviation, mean-square distance, root-mean-square difference, sigma,
squared error distance, standard deviate, standard deviation
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we’ll have by the formula (4)
DE)=D, =Y (x - ME) ;3 (14)

b) For a continuous random variable & with the distribution density f (x) the

formula (5) (or (6) if & takes on its values only on the interval < a, b>) gives

b

DE)=D; = [(x-ME (kv (or D(E)=D, = [(x-M(E)] (k). (15)

a

But the best convenient formula directly follows from the definition (8) of the
dispersion, namely
D(&)=Mm(e)-m°(&). (16)
mBy virtue of the formula (8)
D(E)=M(E-M(E)) =

= M(E7 28 M(E)+ M3 ()= M(?)-2M (& - M(£))+ M (M3 (€)=
= M(E)-2M(&)- M(E)+ M (€)= M(2)-2M3(£)+ M*(£) = M(£2)- M2 (¢).

We’ve taken the constant quantities M (&), M*(£) outside the sign of the mathemati-

cal expectation.m

The formula (16) can be written in the form

DE)=D, =Y x"p, - M*(£) (17)

i=1

for a discrete random variable and in the form
D(&)=D; = [ f(x)dx—M*() (18)

for that continuous. For this purpose it’s sufficient to introduce the next function
n=p(& ) = £? of the random variable & and then to apply the formulas (4), (5).

Ex. 10. The dispersion and root-mean-square deviation of the indicator of an
event A4 (see Ex. 1), that is of the random variable £ with possible values 1, 0 and

corresponding probabilities p, = P(A), P, = P(Z): 1- P(A) =1-p, , are equal to

D(&)=P(4)-(1- P(4)), 0(£) = D) = P(4)-(1- P(4)).
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mThe distribution table of & and the value M (&)= P(4) see in Ex. 1. The di-

stribution table and the mathematical expectation of &*are respectively

n=p(&)=&| »n=I y,=0
6, =Pn=y)|a=P4) g =P4)=1-P(4)

M(E?)=1-P(4)+0-P(4)= P(4).
Hence by the calculating formula (16)
D(g)=M(&*)-M* (&)= P(4)- P*(4)= P(4)1- P(4)), o(&) = P41~ P(4)) .
Ex. 11. Calculate the dispersion and root-mean-square deviation of the random
variable £ of Ex. 2.

The distribution tables of & and its square (see Ex. 5) are

& x, =2 x, =-1 x;=0 x, =1 x;=3

pi p=0.1 1 p,=03 | p;=02 | p, =01} ps=03

n=p&)=& | »=0 | y,=1 | y;=4 | »=9
q, =P(TI=)’,-) q,=02 q,=04 g, =0.1 q, =03

Corresponding mathematical expectations equal
M(E)=0.5,M(£?)=35,
and by the formulas (16) and (10) we obtain
D(&)=M(E*)-M>(£)=3.5-0.5> =325
o(£)=,/D(&) =325 ~1.80.

Ex. 12. Calculate the dispersion and root-mean-square deviation of the random
variable & of Ex. 4.

The distribution density of the random variable is

f(x)=

0 if x<-zm/2orx>n/2,

the mathematical expectation equals 7/2. The integral of the formula (18) after two

integrations by parts will be equal
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/2

Tx2f(x)dx :; Ixz cosxdx =

-7/2

2
Uu=x dv = cos xdx

du = 2xdx y=sinx

u=x dv=sinxdx

o2 2 du=dx v=-cosx

1 7/2 /2 /2

=— (xzsinx -2 Ixsinxdx S Ixsinxdxz
2 -7/2

7/2
=x*-2.

7/2 /2
=7T2—£—(XCOSX# + J.cosxde=ﬂ2+O—sinx
-n/2

-7/2 g2

Therefore the dispersion and root-mean-square deviation of the random variable &

0

equal D(¢)= [x* f(x)dx -~ M*(£)=7" ~2-0" 2 7.87, o(£) = /D(€) ~\/7.87 ~2.81.

Properties of the dispersion

1. The dispersion of a constant quantity C equals zero,
D(C) =0,C — const.
mLet’s consider C as a random variable & which takes on unique possible value
C with the probability 1 (see the proving of the first property of the mathematical ex-

pectation). In this case

M(£)=M(C)=C.& =~ M(£)=C~C =0,

and by the definition of the dispersion
2
D(£)=D(C)= M((%j ] = M(0*)=0.m

Remark. The property can be proved with the help of the formula (16), namely
D(£)=D(C)=M(C*)-M>*(C)=C*-C*=0.
2. The square of a constant factor C can be taken outside the sign of the disper-
sion,
D(C&)=CD(§).
mLet’s consider a random variable

n=o(&)=C<E
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By the second property of the mathematical expectation
0

M(n)=M(CE)= CM(E), 1 =n— M(n)= C&— CM(£) = C(E - M(£)) = CE,

and by virtue of the definition of the dispersion

D)= D(CE)- M[(njj - M[[CEIJ - M[cz(%ﬂ - czM[(En —C*D(¢)m

The other method of proving is based on the formula (16):
D(ce)=M((Ccey)-m(ce)=CMm(E?)-C2M2(E) = C*(M(£2)- M2 (€)= C*D(&).

3. The dispersion of the sum of two random variables equals
0 0
DI +n)=D(E)+ Dlg)+2m( £, (19)

mLlect
g=8+1.

Then on the base of the definition of the dispersion we do as follows
M(E)=M(E+n)=M(E)+Mn)& =¢ - M(C)=§+n—(M(§)+M(n))=

—(E-ME)+(-M(p)=E+n:

D¢)=Dl¢ +n)= | £ J [EmJ [ 02+2§5J
=M((fs) ]+M((n) ]+2M(§n) D)+ Dlr)+ 24 7 m

Corollary 1. The dispersion of the sum of two independent random variables
equals the sum of their dispersions,
D(g+n)=D(&)+ D). (20)

mFor independent random variables &, n

m(&n )= ma(EJm(n) =0,

and the formula (19) must be substituted by the formula (20).m

Corollary 2. The corollary 1 is extendable on the sum of arbitrary number of
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mutually independent random variables¢,,é,,..., &, , that is
D(gl+§2+"'+§n):D(§1)+D(§2)+'"+D(§n)’ (21)
Corollary 3. If £,&,,...,&, be mutually independent random variables, then the
root-mean-square deviation of their sum equals

oG +&+.+&)=\o &)+’ (&)+..+07(&,). (22)
mBy the formulas (10) and (21)

o(&+& +..+E)=[D(E +& +..+&,)=/D(&)+D(&,)+..+ D(E,) =
=Jo?(&)+ (&) +..+o%(E,)m

Corollary 4. For any constant quantity C
D(&+C)=D(§).

Corollary 5. The dispersion of the difference of two independent random vari-

ables &, n equals the sum of their dispersions,
D(&~n)=D(&)+D(n)
m D(& -11)=D(&)+ D(=n)=D(£)+(=1)Dln)=D(& )+ Dln)m

Ex. 13. Let a random variable

:§1+§2+...+§n (23)

n

n

be the arithmetic mean [the arithmetic average] of n (mutualy) independent random
variables. It’s necessary to find the mathematical expectation and dispersion of7.
Making use of the properties of the mathematical expectation and dispersion

we obtain

51+52+...+5,,):M(51+52+...+5,,) M)+ M(E)+ .4 M(E)

n n n

)=
that is the mathematical expectation of the arithmetic mean of » independent random

variables equals the arithmetic mean of their mathematical expectations;

D(U)ZD[51+52+---+§,,):D(51+52+---+§n) D(&)+D(E)+.-+D(E,) o)

= 2
n n n
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the dispersion of the arithmetic mean of n independent random variables equals the
sum of their dispersions divided by n* (or the arithmetic mean of their dispersions
divided by n).

Ex. 14. Find the mathematical expectation, dispersion and root-mean-square
deviation of Bernoulli and Poisson distributions (see PP. 2, 4 of the Lecture No. 3).

a) At first let's suppose that a random variable £ has Bernoulli distribution (the
number of successes 4 in n independent trials with a constant probability p = P(A) of
the success). One can represent & as the sum of # independent random variables

E=E+E+.+ &+ 4+,
where &, is the number of successes in the ith trial. As we know from Ex. 1 and 10
M(&)=P(4)=p, D(&)=P(4)1-P(4))= p(1-p)=pq.
Therefore by virtue of the property 3 (corollary 1) of the mathematical expectation
and 3 (corollary 2) of the dispersion we obtain
M(§)=np. D(§)=npq. o(§)=+lnpq. (26)

Remark. The formulas (26) can be obtained directly from the definition (1) of

the mathematical expectation and Bernoulli formula (1) of the Lecture No. 3. It's suf-

ficient to establish that

M(&)= ikp(f = k)= ikC,',‘pkq""k = ikq’jp"q”"‘ = np,
k=0 k=0 k=1

M(&*)= ikzP(i =k)= ikch plg = iszf P =npg+(np).
k=0 k=0 k=1

But our method of proving is the most simple.
b) Now let a random variable & have Poisson distribution with a parameter a.
Its mathematical expectation, dispersion and root-mean-square deviation we can ob-
tain passing in the formulas (26) to the limit when
n—o, p—>0,np=const=a.
We’ll have

limnp =lima = a, limnpg =limaqg =alimg = alim(l—p)= a.
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Thus, the mathematical expectation, dispersion and root-mean-square deviation

of Poisson distribution with a parameter a are equal to

M(§)=D()=a. o(§)=va. (27)

Remark. If we extend the definition (1) of the mathematical expectation on the

case of a random variable with infinite number of non-negative integer values, we'll
prove the formulas (27) making use of series. Indeed, by virtue of Poisson formula

(12) of the Lecture No. 3 we'll have

) o0 ) k

M(E)=YkP(E=k)=Y kP(E=k)=D k" e Z :

1
=l (k-1)

k—

2 3
- a- a -
=qge "[1+a+21++..j:ae “.e" =aq,

3
M(E?)= ikzP(i =k)= ikzP(ﬁ =k)= ikz c,l;e = ae_aik (::)1 -

!

2 3 3 4
:ae_a[1+20+3a+4a+...J:ae_a[a+a2 +a+a+...j «=
2! 3! 21 3l

!

2 3 '
_ a- a _ _
=qe “(a(l+a+2'+3'+...]] «=ae “(ae“)a =aqae “(e" +ae“):a+a2,

D(E)=M(E)-M*()=a+a*~a* =a.
POINT 3. MOMENTS OF A RANDOM VARIABLE

Def. 10. The kth order initial moment of a random variable ¢ is called the ma-

thematical expectation of its kth power,

o =a,(£)=M(") (28)
Example 15.
o (&)= mlg ),
that 1s the first order initial moment of a random variable & coincides with its mathe-

matical expectation.
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Def. 11. The kth order central moment of a random variable ¢ is called the ma-
thematical expectation of the kth power of its centered random variable,
0

= uk(af)=M[(a5jkj ~ml(e-mE))=mle-m.)) (29)

Ex. 16.
1,(8)=D(&),

that 1s the second order central moment of a random variable & coincides with its dis-
persion.

For random variables with zero mathematical expectation (that is for centered
random variables) the initial and central moments coincide.

The kth order initial moment can be evaluated with the help of the formula
(&)= xp, (30)
i=1

for a discrete random variable with #n possible values, and the formula

0

o, (&)= [+ f(x)ax (31)

—o0
for a continuous random variable. For the kth order central moment there are cor-

responding formulae

€)=~ M) p, =D () (32)
b= [ M) ek = [lem, s, (33)

Theorem. If the distribution of a random variable is symmetric about its ma-
thematical expectation, then all its odd-order central moments are equal to zero
Wy =ps =y =...= ly,  =...=0.
mFor example let& be a continuous random variable with the distribution den-
sity f(x). The symmetry of this variable about its mathematical expectation means

that
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f(mé —x):f(mé +x).
In this case by virtue of the formula (33) after some simple changes of variables

0 m & 0

Moy = I(x —m )2k_1 fx)dx = I(x —m )2k_1 (% )dx + I(x —m, )2k_1f(x)dx =

—o0 —00 mé

x—m,=z,dx=dz x-m,=y,dx=dy

0 0
X | =% | m X | mg | ® = J.sz_lf(mg +Z)dZ+J.y2k_1f(m¢ +J’)dy =
z|—oo| 0 y| 0 | —e 0

0

:Jq(_y)2k_1f(mé _y)(—dy)JfJ.yzk_lf(mé + )y =

0

0

= [92flng = phay+ [y f o+ p)dy = =[ 7 flom, = y)dy+ [ 7 £, + y )y =

0
0

:—J‘yzk_lf(mé +y)dy+J-y2k_1f(m§ +y)dy:0.l

0
Cental moments can be expressed in terms of initial moments, for example

those of the second, third and fourth orders are equal
=0, =),
W =, —3a,0, + 20,
U, =a, —4a.o, +6a,a] —3a; .
mIndeed,
= m(E)=D(E)=M(&)- M) = (§) - ()=~ e,

1y = 1(E) =M (& -ME) )= M(& - ) )= M(E -38%0, + 350} - )=

= M(§3)— 3M fz)al +3M (&)l —a) =a, —3a,0, + 30 —a = o, = 30,0, + 20,0
1) =M(E-Mm(&)))=M(E - ) )=M(E — 480, + 6% — 40} + a1 )=
= M(E*)-aM (o, +6M(E2)a? — 4M (£ )t} + o =, — da, + 6a,0 — Aot} +arf =
—a, —da,a, +60,0) — 3o’ m
There are two quantities which one introduces side by side with the third and

fourth central moments of a random variable, namely its asymmetry and excess. The
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asymmetry of a random variable & is defined by a quotient

As=As(§)=’u3(§) (&) =30, (§)ar, (£) + 20 (8) (34)

() o (&)

and describes the symmetry or non-symmetry of its distribution law. The excess of &

is given by a quotient

ey Ma(8) o ay(E) =4 (&) (§)+ 60, (£l (§) -3 (E)
Ex—Ex(é)—G4(§) 3= @) 3 (35)

and describes so-called disnormality of & that is the deviation of the distribution law

of & from the normal distribution (see the next lecture).

It is obvious that the asymmetry and excess are dimensionless quantities, that is

as(e)]=0, [Ex(&)]=o0.

Ex. 17. Evaluate the third-order and fourth-order initial and central moments,
asymmetry and excess of the discrete random variable which were studied in Ex. 2,
10.

The mathematical expectation and root-mean-square deviation of the random

variable in question are m, =0.5, o, =1.8. By the formulas (30), (32) we’ll get

Nelx e xp x| 5mme| (g -m ) p | (5 -m ) p,
. [2]01 08 1.6 25 156 3.91
2. |-1]03] 03 0.3 15 101 1.52
3.10]02] 00 0.0 0.5 20.03 0.01
4101 o1 0.1 0.5 0.01 0.01
5. 1303 81 243 25 4.69 11.72
S a,(E)=7.1] a,(&)=263 1(E)=2.10 | u,(£)=17.17

Thus, a,(£)="7.1, a,(£)=26.3, u,(£)=2.10, u,(£)=17.17.
Finally by the formulas (34), (35) we obtain

_/v‘3(§)_2-10_ _/J4(§)_ _17-17_ _
As(g)—a3(§)—l.83—0.36, Ex(&)—a4(§) 3= g ~3=-136.

Remark. We can evaluate all moments and number characteristics of the ran-
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dom variable & with the help of a common table

1 2 3 4 5 >
1 X, -2 -1 0 1 3
2 12 0.1 0.3 0.2 0.1 0.3 1.0
3 XD, 02 | -03 | 00 | 0.1 0.9 o, =M(£)=0.5
4 x’p, 0.4 0.3 0.0 0.1 2.7 o, =3.5
5 x'p, -0.8 -0.3 0.0 0.1 8.1 a,=17.1
6 x'p. 1.6 0.3 0.0 0.1 243 o, =263
7 x,—M(&) 25 | -15 | 05 | 05 | 25
8 | (x-M(&)fp, | 0063 | 068 | 005 | 003 | 1.8 | u=D(¢)=3.25
9 (x, —M(ﬁ)fpi -1.56 | -1.01 | -0.03 | 0.01 | 4.65 u, =2.10
10 (x, —M(i))4pi 3.91 0.01 0.01 | 0.01 | 11.72 u,=17.17

The rows 3 and 8 give M(£)=0.5, D(&)=3.25,0(£)=+/D(£)=+/3.25=1.8.
The rows 3 and 4 give the same value of the dispersion with the help of initial mo-
ments D(£)=a, —a =3.5-0.5> =3.25. The rows 9 and 10 give

_17.17
1.8

As(§)=ﬁ=2'10—0.36, Ex(£)= ZAG ~3--1236,

o'€) 18 a'(¢)
and the rows 3-6 give the same result with the help of initial moments

o, -3a,a,+2a° 7.1-3-35-05+2-0.5°
As(g)== S 1.8

2 4
o, —4a 0, + 60,0, -3,

a*(¢)

=0.36.

263-4-7.1-05+6-3.5-0.5°-3-0.5"

-3
1.8*

-3=-1.36.

Ex(e) -

POINT 4. CHEBYSHEV INEQUALITY. LAW OF LARGE NUMBERS

Chebyshev' inequality

! Chebyshev, P.L. (1821 - 1894), a prominent Russian mathematician
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For any random variable £ with the mathematical expectation M (5) and the

dispersion D(é) the next inequality holds

PQ@-M(@}Zg)sD(f) (36)
£
or, as the corollary, the inequality
PQ&—M(&)‘<5)21—D(§). (37)
£

mTo prove the inequality (36) it’s useful to introduce a set 4, of all reals which
satisfy the inequality
‘x -M (5] >,

A = {x:‘x—M(&] Ze}.
In this condition we can interpret the inequality
M)z

as the result of hitting of a random variable & in the set 4_,

{e-ME)2efaiteal.
Starting the proof of the inequality (36) we'll consider two cases.

a) At first let & be a discrete random variable. It follows from the formula (14)

that

n

D)= (x~ME) p = X (x,-ME)f p, 2" Y p,=c"P(lc )=

i=1 x; €A, x;€4,

~ Pl M(e)2 )= PlE-M(e) 20)< 2E)

b) For the case of a continuous random variable & we use the formula (15),

namely

D(E)= [ (x- M £ [(x— M fhd > &2 [ (kv = £ PlE < 4,)-
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The inequality (36) is proved. Validity of the inequality (37) follows from the

fact that the events
E-M(&)<eand [E-M(E)ze

are those opposite.m

In practice Chebyshev inequality (37) is applied the most often.

Ex. 18. Estimate the probability of the inequality

E-M(E)<3

for the random variable of Ex. 2.

By virtue of Ex. 10 the dispersion of the random variable in question equals
D(& ) = 3.25. Therefore Chebyshev inequality (37) (for & = 3) gives

Pe-m(g)<3)=1 —335 ~1-0.36=0.64, P(& - M(£) <3)>0.64.

In the case of Bernoulli distribution & (here M (5) = np,D(é) =npq; see the
formulas (26) in Ex. 13) the inequality (37) takes on the form

P(e-M()<&)=P(e-np|<e)>1-24 (38)

iy
&
and in the case of Poisson distribution & (M (&)= D(&)=a, ibid., (27)) the form
P(E-d<e)>1-=. (39)
&

Ex. 19. A device consists of 200 independent working elements. The probabili-
ty of the failure of each element during the time 7 equals 0.01. With the help of Che-
byshev inequality estimate the probability that the number of failed elements during
the time 7 differs from the mean number of failures: a) less than by 5; b) not less than
by 5.

Let a random variable £ be the number of failed elements during the time 7. It
is obvious that & distributed B with

n=200, p=0.01,¢4=0.99, M(£)=np=2,D(é)=npg=198.
By the inequality (37) (in the form (38), with £ =5)
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PQ@-M(§)<5)21—1jS928z0.92.

On the base of the inequality (36)

Pe-m(&)=5)< D) _198 4 0s.

Let
51’52’ 53""’ 5,,,--- (40)

be a sequence of (mutually) independent random variables. The arithmetical average

of n first its terms, that is
n“

n:wzlié’ (41)

has the next mathematical expectation and dispersion (see Ex. 12, (23), (24), (25))
M)+ M +..+M I <
M(U): (51) (52) (gn):nZM(é),
i=1

n

2
n

D(&)+D(E)+..+D(E) 1 <
plg)= P PE) D) LS e
i=1
Chebyshev inequality (37) gives us the estimate of the deviation of the arith-
metical average of n first independent random variables from the arithmetical average

of their mathematical expectations, namely

PQU—M(n]<8)Zl—Dg(?),

or in the complete form

e e >D(&)
P(HZ@—”;M(@#«%ZI—“. (42)

= n°e
Further let the dispersions of all these random variables don’t surpass some
number C, that is
Vi:D(£)<C.

In this case the inequality (42) passes to the next one:
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1< 1< C .
p[nlzlgi—n;M(giﬂqu—Mz (Vi:D(&)<C). (43)

Let’s finally suppose that all these random variables have the same mathematical ex-

pectation a. We’ll get the next final result
P 1 i E—a
noi i

Ex. 20. How many measurements must one fulfil to assert that with the proba-

2
ne

<gJ21—C (Vi:M(&)=a,D(&)<C). (44)

bility 0.99 the error of the arithmetic mean of results of these measurements is less
than 0.01 if the root-mean-square deviation of each measurement equals 0.03?

We can consider results of measurements as independent random variables ¢,
with the same mathematical expectation a (the exact value of a quantity to be mea-
sured) and dispersion

D(&)=07(&)=0.03> =0.0009.
Supposing
C=D(£)==0.0009, ¢ =0.01

in the inequality (44) we have to find # from the next relation

IR 0.0009
P| - —a|<0.01>1- =0.99
[n ;é J n-0.01°
or in point of fact
120009 _ 99,
n-0.01

This last equation gives n =900, and therefore it’s sufficient to fulfil not less than
900 measurements.

Chebyshev inequality permits us to estimate the deviation of the relative fre-
quency P’(A) of some event A from its probability p = P(4).

Let's suppose that we fulfil » independent trials with a constant probability

p= P(A) of an event 4. If a random variable & is the number of occurrences of the

event 4, then the relative frequency of 4 equals
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P*(A):é.

! n
It is obvious that & has Bernoulli distribution for which M (&)= np, D(&)=npq . The-

refore

n

P[P (4)-P(4) < )= P(i —p

<e]:PQ§—np<ne):PQ§—M(§}<n8)ﬂ

Using the inequality (38) (with ne as ¢) we’ll get

PQP:(A)—P(AX<8)=PQ§—M(§)\<n5)21— npq2 —1- nfaqz —1- pq2 _
(ns) ne ne

Thus the deviation of the relative frequency of an event 4 from its probability

is estimated by the next formula:

ﬁ"‘P
n

7
ne

n

P(P;(4)- P(4) < )= P[

<gj21—pq (45)

Remark. The formula (45) can more directly be obtained from the formula

(38). Indeed,
S

n

p

<2J=P[Pj(A)—P(A] <ij21—’f2‘].

PQi—np<8)=P[

If we substitute & by & and so & by ne¢ in this inequality, we’ll obtain (45).
n

Ex. 21 (see Ex. 15 of the Lecture No. 3). Probability for an item to be imperfect
is 0.03. How many imperfect items are contained in a batch of 100 items with proba-
bility 0.9? Solve the problem with the help of Chebyshev inequality and compare the
result with that obtained in the Lecture No. 3 on the base of the formula (10).

Let a random variable ¢ be a number of imperfect items in a batch, and an
event 4 means that an item, which is taken at random, isn’t perfect one. By condi-
tions of the problem p = P (4) = 0.03, g ==1 - p =0.97, and by virtue of the formula

(45) we can write

£ 0.03-0.97

0.9.
100-&2

n

PP (4)-P(4)<¢)= P[lﬁo ~0.03|< gj >1
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0.03-0.97

The equality 1— 10022 0.9 gives £ =0.05, and so we must find possible values
¥

of & from the relation
P ¢ _ 0.03
100

This latter gives that with probability 0.9

< 0.0SJ =0.9.

<0,05,

i%—003 §-3<5-5<5-3<5-2<£<8,0<8<8.

Answer. Chebyshev inequality (45) gives that with the probability 0.9 there are
less than 8 imperfect items in a batch (0 <& <8). The method of the Lecture 3 gives

more exact result (1< & <5).

Convergence in probability of random variables

Def. 12. One says that a sequence of random variables

£ EprarEynns
converges to some value 4 in probability,
&, —> A4,

prob
if for any positive however small number & the next limit takes place:

lim P&, - 4] <&)=1. (46)

It follows from the definition that for any & and sufficiently large n one can re-

gard the event

£, —A<e

as that practically certain.

Law of large numbers

Law of large numbers consists of some important theorems. We’ll study seve-

ral of them.
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Theorem 1 (Chebyshev small theorem). Let (40) be independent random va-
riables with the same mathematical expectation @ and whose dispersions don’t sur-
pass some number C. In this case the arithmetic mean (41) of these random variables
converges in probability to their common mathematical expectation (if n — o).

mLet £ be any positive however small number. From the conditions of the the-

orem it follows the inequality (44). Passing to limit as n — c we obtain
liggP[}iiéi —a|< EJ >1.

i1
The sign “>” isn’t possible. Therefore we’ll have the equality
liiEP£’11i§i —a <5J =1.

i1
It means by virtue of the definition 12 that the arithmetic mean

1 n
;;51

converges to a in probability,

1 n
;;é —a.m

prob

Chebyshev small theorem is often applicable in measurement practice.

Let's we fulfil independent measurements of some quantity. We can regard re-
sults of measurements as independent random variables &,,i=1,2,..., with the same
mathematical expectation a (which is the exact value of a quantity to be measured). If
systematic biases absent that is the measurement dispersions are uniformly bounded
by some number C, Vi=1,2,... D(gl_)s C, then by Chebyshev small theorem the ar-
ithmetical mean of the results of measurements converges to a in probability.

Theorem 2 (Chebyshew large theorem). Let the random variables (40) have
different mathematical expectations in conditions of Chebyshev small theorem. In

this case the difference

1 1
;;é _;;M(gi)’
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that is the difference between the arithmetical average (41) of the first » random va-
riables and the arithmetical average of their mathematical expectations, converges to
zero in probability (if n — ),

1 1
;;é—;;M(é)_)O

prob

To prove the theorem it’s sufficient to pass to the limit for » — « in the in-
equality (43). Do it yourselves.

Theorem 3 (Bernoulli'). A relative frequency of every event A converges in
probability to its probability P(4) (if n — o),

P (4)—> P(4).

" prob
It’s sufficient to pass to the limit for n — oo in the inequality (45). Verify!
Remark. Bernoulli theorem is the theoretical base of the probability theory.
It’s sufficient to take into account the statistical definition of the probability of
an event.
Theorem 4 (Markov?). Let (40) be dependent random variables and
fim 26+t E) limlzD(ié} ~0.
i1

n—>0 n n—>0 n

Then the difference between the arithmetical average (41) of the first » random varia-
bles of the sequence (40) and the arithmetical average of their mathematical expec-

tations, that is the difference

1< 1<
;;é _;;M(gi)’

converges to zero in probability (if n — ),

1 1
;;é—;;M(@)_}O

prob

Try to prove this theorem yourselves!

' Bernoulli, Jacob (1654 - 1705), the famous Swiss mathematician
2 Markov, A.A. (1856 - 1922), , a noted Russian mathematician



NUMBER CHARACTERISTICS OF RANDOM VARIABLES:
basic terminology RUEFD

1. acummer-

pust

2. Ge3pasmep-
Hasl BeJTMYMHA

3. bepnymiu

Teopema

4. nucnepcus
CIIy4ailHON Be-
JIMYUHBI

5. nucnepcus
CyMMBI  JIBYX
(ne)3aBucu-

MBIX  CJIy4ai-
HBIX BEJIMYUH

6. 3akoH  0oO-
JIBIINX YHCENT
7. MapkoBa
Teopema

8. MareMaru-
YeCKoe OXKHJa-
HHE

9. maremartu-
yecKoe OKuja-
HUE TIPOU3BE-
JIeHUS  JABYX
(ue)3aBucu-
MBIX  CJIy4ai-
HBIX BEJIMYUH

10.maremaru-

acuMeTpis
6e3po3MipHa
BEJIMYMHA
bepnymni Teo-
pema
JUCTIepCis BU-
MajJKoBOi  Be-
JTUYUHH

JUcTepcist cy-
MU JBOX (He-)
3aJe)KHUX BHU-
MaJIKOBUX Be-
JTUYUH

3aKOH BEJIMKUX
qucen
MapkoBa Teo-
pema
MaTeMaTHYHE
CIOIiBaHHS

MaTeMaTU4He
CIOTiBaHHS
n0OyTKy JBOX
(He)3aneKHUX
BUIIAJIKOBUX
BEJIMYHH

MaT€MAaTu4HEe

Asymmetry,
skéwness
diménsionless/
néndiménsio-
nal magnitude/
quantity
Bernoulli théo-
rem

variance [dis-
pérsion] of a
random variab-
le

variance [dis-
pérsion] of a
sum of two in-
depéndent [de-
péndent] ran-
dom variables

law of large
numbers
Markov
rem
mathematical
expectation
[éxpectation
value]

théo-

mathematical
expectation of
the product of
two indepén-
dent [depén-
dent] random
variables

mathematical

asymétrie f

grandeur f
[quantité 1
sans dimension

théoréme m de
Bernoulli
variance f [di-
spersion ¥i
d‘une variable
aléatoire

variance f [di-
spersion 1
d‘une somme
de deux varia-
bles aléatoires
indépendantes

[dépendantes]

loi des grands
nombres
théoreme m de
Marcof
espérance  f
mathématique

espérance  f
mathématique
du produit de
deux variables
aléatoires indé-
pendantes [dé-
pendantes]
espérance  f

Asymmetrie f

dimensions-
lose Grof3e f

Bernoullischer
Satz m
Varianz f [Dis-
persion f
Streuung 1
Streuungsqua-
drat n] einer
ZufallsgroBBe
Varianz f [Dis-
persion f
Streuung f] der
Simme  von
zwel Unabhi-
ngiger [abha-
ngiger|] Zufal-
Isgrofen
Gesetz n der
groflen Zahlen
Markowscher
Satz m
Erwartung-
swert m [ma-
thematische
Erwartung  f,
mathematische
Hoffnung f]
Erwartungs-
wert m des
Produkt(e) von
zwel Unabhi-
ngiger [abha-
ngiger|] Zufal-
Isgrofen
Erwartungs-

OTdopMaTMpPOBaHO:
PaznunyaTb KONOHTUTYbI:
nepBoy CTpaHMLbl
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YECKOE OXKUA- CIOJIiBaHHS expectation of mathématique wert m [ma-
HUE  Ciydaii- BHIIAJAKOBOi a random vari- d‘une variable thematische
HOW BEJIMYMHBI  BEJIMYUHU able aléatoire Erwartung  f,
mathematische
Hoffhung  f]
der Zufallsgro-
Be
11.mMatemaTu- wmaremarnyHe  mathematical  espérance  f Erwartungs-
YECKOE OXKHAa- CIIOJIiBaHHs expectation of mathématique wert m  der
HUE CyMMBI CyMH 1BOX BU- the sum of two d'une somme Summe  von
IBYX Ciydaii- maakoBux Be- random variab- de deux varia- zwei Zufalls-
HBIX BEJIMYUH  JINYHMH les bles aléatoires  grofen
12.mMenuana Memiana  Bu- médian [médi- médiane f Median m
ciydaiiHOM Be- mankoBoi Be- an value] of a d’une variable [Zentralwert
JINYUHBI JTUYHHA random varia- aléatoire m] einer Zufal-
ble Isgrofe
13.Mona cny- moma Bumang- mode of a ran- mode f d’une Mode f [hdu-
JaifHOW Benu- KoBOi Benmuu- dom variable — variable aléa- figster Wert m|
YUHBI HU toire einer Zufalls-
grofle
14.MmoMeHT MoMeHT  Bu- high-order moment m hoheres  Mo-
BBICIIET'0  MMO- I0ro mopsiaky moment (coef- d’ordre supé- ment
psaka ficient) rieur
15.MoMeHT MOMEHT po3- moément of di- moment m Moment n von
pacnpenene- MOy stribation [dis- d’une  distri- Vertéilung,
HUS tribition mo6- bution [d’une Vertéilungs-
ment] répartition | moment 7
16.MmoMeHT MOMEHT  BH- moment of a moment m Moment n ei-
cilydyaiiHOW Be- mankoBoi Be- random varia- d’une variable ner — Zufalls-
JIMYMHBI JUYUHU ble aléatoire grofle
17 HayaabHBIM MOYaTKOBHIM first-, second-, moment m ini- Anfangsmo-
MoMeHT (mep- MomeHT (mep- third-, fourth- tial (du premi- ment n (erster,
BOTO, BTOporo, imoro, npyro- order, n-th 6r- er, deuxiéme, zweiter, dritter,
TpeThero, 4dYe- ro, TpeTboro, der) initial [O6r- troisiéme, qua- vierter, n-ter
TBEPTOTO, n-ro uerBepToro, n- dinary] mo- triéme, n-iéme Ordnung)
nopsiika, TO- TO  TOpSAKYy, ment ordre, d’ordre
psanka n) MOPSAKY 1) n)
18.He3aBucu-  He3amexHi BU- indepéndent variables f unabhéngige
Mble Cciydaii- maakoBi Beiau- random vdariab- aléatoires indé- ZufallsgroBen
HBIC BEJIMYMHBI YUHH les pendantes
19.HecumMmMeT- HecUMeETpH4-  asymmétric- distribution  f Unsymmetri-
puuHoe  pac- Hui posmomin (al)  distribu- [répartition f] sche  Vertéi-
npenecHue tion asymétrique lung
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20.0TKIIOHE- BIIXUJICHHS deviation of a déviation f Abweichung (f
HUe (ciaydaii- (BUIALKOBOI random varia- [écart m](d‘une =,-en)  einer
HOW BeJMYMHBI BeaMuuHU Big ble from its variable aléa- Zufallsgrofle
oT ee mareMa- i Mmarematud- mathematical  toire de son es- von ihm Er-
TUYECKOTO HOTO  cmofi- expectation pérance  ma- wartungwert(e)
0KHUJIAHNS) BaHHS) thématique [von ihr ma-
thematische
Erwartung,von
thr mathemati-
sche Hoft-
nung]
21.mepBblii nepmuii  Mo- first moment  le premier erstes [das er-
MOMEHT MEHT moment ste] Moment
22.mocnenoBa- mociuifoBHicTh séquence  of suite f de va- Folge f [Fol-
TEIBHOCTh BUITAJIKOBUX random variab- riables aléatoi- genreihe f] der
Clly4ailHBIX Be- BEJIUYUH les res ZufallsgroBen
JMYHH
23.ITyaccona  Ilyaccona teo- Poisson théo- théoréme m de Poissonscher
TeopeMa pema rem Poisson Satz
24.pasmepHas  po3mipHa Be- diménsional variable f dimensions-
BEJIMYMHA JTUYUHA [denéminate]  [quantité /., behaltete [di-
magnitude grandeur  f] mensionale]
[quantity] dimensionnelle Grof3e
25.pa3MepHOC- PO3MIpHICTh diménsion [di- dimension  f Dimension f
Th BEJIMYMHBI  BEJIMYHUHU mensionality] d’une variable einer Grofe
of a magnitude [d’une quanti-
[of a quantity] té, d’une gran-
deur]
26.paccessHue  poscisiHHS (BU- variance [cOn- variance f Varianz f [Dis-
(cmyuaitHoi nmajgkoBoi  Be- sentration, dis- [concentration persion f, Kon-
BEJIMUHHBI ) JIMYUHU ) pérsion, dissi- £ dispersion f] zentration  f,
pation, scatter, (d‘une variable Streuung 1
scattering] of a aléatoire) Zerstreuung  f]
random variab- einer Zufalls-
le grofle
27.cuMmMmeTpu- cuMmeTpudHuil  symmétric(al)  distribution  f symmétrische
YHOE pacmpe- pO3MOALI distribation [répartition f] Vertéilung
JeTICHUE symétrique
28.cucrematu- cuctemMatuuHa systematic(al) erreur f systé- systematischer
yeckas OIIMO- MOMHIIKA [cOnstant, fi- matique [regelméBiger]
Ka xed, hard, non- Féhler
sampling, so-
lid] érror
29.cpenne- cepedHe KBai- root-méan- ecart f quad- durchschnitt-
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KBaJIpaTHyec-
Koe [cpemHee
KBaJipaTHye-
CKO€]| OTKJIOHE-
HUE

30.cpennee
apupmeTHyec-
Koe (HaOmona-
BINIUXCA  3Ha-
YEHUH Cllydaii-
HOW  BEIUYH-
HBI)
31.cpennee
B3BEILIEHHOE
32.cpennee
3HAYEHUE CIIy-
YallHOW BeJH-
YUHBI

33.cx0amuMo-
CTh 110 BEPOST-
HOCTH

34.cxoauThCs
M0 BEpPOATHO-
CTH
35.bynkuus
CIIy4ailHON Be-
JIMYMHBI
36.ueHTp pac-
npeaeIeHus
[ueHTp pacces-
Hus| ciydai-
HOW BEJIMYUHBI

paTudHe
pEeIHBOKBA-
IpaTuvHe]| Bij-
XUJIEHHS

[ce-

cepesiHE
¢bmeTnuHe
(coctepexe-
HUX  3HaYeHb
BUNAJKOBO1
BEJIMYMHH)

apu-

CepeiHe
JKeHe
cepellHE 3Ha-
YeHHS BUIIaJ-
KOBOI  BeIMY-
HHU

3Ba-

301KHICTb
HMOBIpHICTIO

3a

30irarucs
HMOBIpHICTIO

3a

BHU-
BC-

byHKITIS
naJKoBO1
JINYMHHA
LEHTp pO3Io-
JiTy/po3CisiH-
HS BUNAAKOBOI
BEIMYHHU

square  [qua-
dratic  méan,
meéan-square]

déviation, stan-
dard déviation

arithmétical
average/méan
[arithmétical
méan  value]
(of  obsérved
values of a ran-
dom variable
wéighted ave-
rage

average [méan
value] of a ran-
dom variable

probability
convérgence,
convérgence in
probability
convérge
probability

in

finction of a
random varia-

ble
distribation
centre, centre

of distribution
[of concentra-
tion, of dispér-
sion, of scatter,
of scattering]
of a random

ratique moyen,

écart type
[écart-type m,
dispersion  f
standard]

moyenne f
arithmétique
(de valeurs ob-
servées d’une
variable aléa-
toire)

moyenne f
pondérée
valeur f moy-
enne d‘une va-
riable aléatoire

convergence f
en probabilité

converger
probabilité

cn

fonction f
d‘une variable
aléatoire
centre m de di-
stribution [de
répartition, de
dispersion, de
concentration
de  variance]
d‘une variable
aléatoire

liche quadrati-
sche  Abwei-
chung, mittle-
re quadratische
Abweichung f,
Streuung [,
Standardab-
weichung f
arithmétisches
Mittel (n —s,=)
von Beobach-
tungswerten
einer Zufalls-
grofle

gewogenes
Mittel n —s,=
Durchschnitt m
[Durchschnit-
tsgrofBle 1
Durchschnitts-
wert m, Mittel-
wert m, mit-
tlerer Wert m]
einer Zufalls-
grofle
Konvergénz in
Wahrschéin-
lichkeit

konvergieren
in Wabhr-
schéinlichkeit
Funktion f ei-
ner  Zufalls-
grofle
Vertéilungs-
zentrum (n)
[Zéntrum  (n)
von Vertéi-
lung] einer Zu-
fallsgrof3e
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37.1eHTpalb-

HBIA  MOMEHT
(nepBoro, BTO-
poro, TpeThe-
ro, 4YeTBepTo-
ro, n-ro nops-
JKa, TOopsJKa

n)

38.1ueHrpupo-

BaHHAas  CIy-
YyailHas BeJd-
YpHA

39 .YeOpnména
HEPABEHCTBO

40.YeOn11éBa
TeopemMa

41 .yncnosas
XapaKTepUCTH-
Ka (ciydaitHoi
BEJIMUMHBI)

42 skcuecc
43 5HHBIN  (n-
bIif) MOMEHT

LEeHTpaIbHUN
MOMEHT (mep-
hIoro, Jpyro-
ro, TpPeThOrO,
YeTBEepTOro, -
ro  HOPAAKY,
HOPAIIKY 7)

LEHTPOBaHa
BUIIaJIKOBA Be-
JMYMHA

YeOumona He-
PiBHICTD

YeOumiosa Te-
opema

4yycioBa - Xa-
paKkTepUCTHKa
(BumagkoBoi
BEJIMYMHH)

eKclec
€HHUU
MOMEHT

(n-)

variable
(first-, second-
third-, fourth-
order, n-th oOr-
der) céntral
moment

céntered ran-
dom variable

Chebyshev's
inequality

Chebyshev
théorem

number [nu-
mérical] cha-
racteristic [k-]
of a random
variable
exceéss

n-th mément

moment m
central (du pre-
mier, deuxié-
me, troisiéme,
quatriéme, n-
1éme ordre;
d’ordre un,
deux, trois,
quatre, n )
variable f aléa-
toire centrée

inégalité¢ [ de
Tchebichof

théoréme m
Tchebichof

caractéristique
numérique
d‘une variable
aléatoire

eXCces m
moment m n-
iéme

zentrales Mo-
ment n (erster,
zweiter, dritter,
vierter, n-ter
Ordnung)

zéntrische Z0-
fallsgrof3e

Tscheby-
schewsche
Ungleichung
Tscheby-
schewscher
Satz m
zahlenmaBige
Charakteristik /'
einer Zufalls-
grofle

Exzel3 m
n-tes Moment
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1. arithmétical
average/méan
[arithmétical
méan  value]
(of  obsérved
values of a
random  vari-
able

2. asymmeét-
ric(al)  distri-
bution

3. asymmet-
ry, skéwness
4. average
[méan value]
of a random
variable

5. Bernoulli

théorem

6. céntered
random  vari-
able

7. céntral mo-
ment (first-, se-
cond-, third-,
fourth-order,
n-th o6rder)

8. Chebyshev
inequality

9. Chebyshev

moyenne f
arithmétique
(de valeurs ob-
servées d’une
variable aléa-
toire)

distribution  f
[répartition f]
asymétrique
asymétrie f

valeur f moy-
enne d‘une va-
riable aléatoire

théoréme m de
Bernoulli
variable f aléa-
toire centrée

moment m
central (du pre-
mier, deuxie-
me, troisiéme,
quatriéme, n-
iéme ordre;
d’ordre un,
deux, trois,
quatre, n )

inégalit¢ f de
Tchebichof

théoréme m

arithmétisches
Mittel (n —s,=)
von Beobach-
tungswerten
einer Zufalls-
grofle

unsymmetri-
sche  Vertéi-
lung
Asymmetrie [

Durchschnitt m
[Durchschnit-
tsgrofle f
Durchschnitts-
wert m, Mittel-
wert m, mit-
tlerer Wert m]
einer Zufalls-
grofle
Bernoullischer
Satz m
zéntrische Zu-
fallsgrofBe

zentrales Mo-
ment n (erster,
zweiter, dritter,
vierter, n-ter
Ordnung)

Tscheby-
schewsche
Ungleichung
Tscheby-

cpeaHee  apu-
bmeTHyeckoe
(Habmro1aBIIN-
XCsl 3HAYCHHI
CIIy4yailHON Be-
JIMYMHBI)

HECHUMMETpPH-
YHOE pacImpe-
JieJIeHne
acUMMeTpus

cpeaHee  3Ha-
YeHHe CcIly-
JaliHOM BEJIU-
YHHBI

bepnymm  Tte-
opema
LEHTPUPOBAH-
Hasg  clly4ail-
Has BeJIMUYMHA
LIEHTPaJIbHBIN
MOMEHT (mep-
BOrO,  BTOpO-
ro, TpPETbEro,
YeTBEpTOro, /-
ro  TOpsJKa,
MOPSI/IKA 1)

HEPaBEHCTBO
YeOnIméa

YeoOpImésa Te-

cepenHe
dbmeTnuHe
(cnoctepexe-
HUX  3HAYeHb
BUNAJKOBOT
BEJIMYMHH)

apu-

HECUMETpHY-
HUM PO3MOALN

acuMeTpis

CepeHE 3Ha-
YeHHS BUIIaJ-
KOBOi  BeJIM4Y-
HHU

bepnymni Teo-
pema
LIEHTPOBaHa
BUMA/IKOBA Be-
JTUYUHA
LIEHTPaJIbHUI
MOMEHT (mep-
mioro, JApyro-
ro, TPETHOIO,
4eTBEpPTOrO, -
ro  MOpSAKY,
HOPAIIKY 1)

HEpIiBHICTh
YeOumona

YeOuurosa Tte-
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théorem Tchebichof schewscher opema opema
Satz m
10.convérge in converger en konvergieren  cxomuThcs mO 30iratMcs  3a
probability probabilité in Wahr- BeposSITHOCTH  WMOBIpHICTIO
schéinlichkeit
11.deviation of déviation f Abweichung (f oTknoneHue BiJIXUJICHHS
a random vari- [écart m](d‘une =,-en) einer (cimy4yaiiHOM (BUMamKoBOi
able from its variable aléa- ZufallsgroBBe BEJIMYMHBl OT BEJWYUHU BIJ
mathematical  toire de son es- von ihm Er- ee wmaremaru- ii maremaTuu-
expectation pérance  ma- Wwartungwert(e) 4YECKOro O0XH- HOTO0  CHOZi-
thématique [von ihr ma- nanus) BaHH:)
thematische
Erwartung,
von ihr ma-
thematische
Hoffhung]
12.diménsion  dimension  f Dimension f pa3MepHOCTb  PO3MIpHICTbH
[diménsiona-  d’une variable einer Grof3e BEJINYUHBI BEJIMYMHU
lity] of a mag- [d’une quanti-
nitude [of a té d’une gran-
quantity] deur]
13.diménsion- variable f dimensions- pasMepHas Be- pO3MipHAa  Be-
al [dendmina-  [quantité f, behaltete [di- muuunHa JMYMHA
te] magnitude grandeur  f] mensionale]
[quantity] dimensionnelle GroBe
14.diménsion-  grandeur f dimensions- Oe3pasmepHas  Oe3po3MipHa
less/nondimén- [quantité f] lose GroBe BEJIMYMHA BEJIMYHMHA
sional magni- sans dimension
tude/quantity
15.distribation  centre m de di- Vertéilungs- LHEHTP pac- ULEHTp pO3Io-
centre, centre stribution [de zentrum  (n) mnpeneneHus JiTy/po3CisiH-
of distribation répartition, de [Zéntrum (n) [UeHTp pacces- Hs BUIATKOBOI
[of concentra- dispersion, de von Vertéi- HusA| ciy4ail- BeJIWYUHU
tion, of dispér- concentration, lung (f)] einer HO BeIMYMHBI
sion, of scatter, de  variance] Zufallsgrofle
of scattering] d‘une variable
of a riandom galéatoire
variable
16.excéss exces m ExzeB3 m JKCLECC eKcLec
17.first  moé- le premier mo- erstes [das er- mepBblii ~ MO- mepmMii  Mo-
ment ment ste] Moment MEHT MEHT
18.first-,  se- moment m ini- Anfangsmo- HayvaJIbHBIN [IOYATKOBUH
cond-, third-, tial (du premi- ment (erster, momeHT (mep- MoOMeHT (mep-
fourth-order, er, deuxiéme, zweiter, dritter, BOro, BTOporo, mIOro, JApPyro-
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n-th order) ini- troisiéme, qua- vierter, n-ter TPEThEro, 4eT- TO, TPETHOTO,
tial [o6rdinary] triéme, n-ieme Ordnung) BEpTOrO, #n-r0 4YETBEpPTOTO, n-
moément ordre, d’ordre Nopsifika, TO- IO  MOPSAAKY,

n) psaKa n) HOPAZIKY 1)
19.fanction of fonction f Funktion f ei- ¢yHkuusa ciay- QyHKOis — BH-
a random vé- d‘une variable ner  Zufalls- wuaiiHol Be- MAaJKOBOi  Be-
riable aléatoire grofle JIMYMHBI JTUYUHA
20.high-6rder = moment m hoheres Mo- MOMEHT BbIC- MOMEHT  BH-
moment (coef- d’ordre supé- ment IEeTO MOpSAAKa  LIOT0 HOPSAKY
ficient) rieur
21.indepéndent variables f unabhéngige HE3aBUCHMbIE  HE3aJeXKHI BH-
random  vari- aléatoires indé- Zufallsgrofen  ciyuaiinbie MaJIKOBI BeJH-
ables pendantes BEJIMYMHBI YUHU
22.law of large loi des grands Gesetz n der 3akoH  00Jb- 3aKOH BEJMKHX
nambers nombres groflen Zahlen mmx uucen qucel
23.markov théoreme m de Markowscher mapkoBa Teo- MapkoBa Teo-
théorem marcof Satz pema pema
24 .mathemati- espérance  f Erwartung- MaTeMaruue-  MaTeMaTH4YHe
cal éxpectati- mathématique swert m [ma- ckoe OXuaa- CHOJiBaHHS
on [éxpectation thematische HUE
value] Erwartung  f,

mathematische

Hoffhung f]
25.mathemati- espérance [ Erwartungs- MaTeMarhue-  MaTeMaTU4YHe
cal  éxpectd- mathématique wert m [ma- ckoe OXuaa- CIOJiBaHHS
tion of a ran- d‘une variable thematische HUE  CJIydail- BHIIQAKOBOI
dom vériable  aléatoire Erwartung f, HOW BeIMYUHBI BEJIMYUHU

mathematische

Hoffhung  f]

der Zufallsgro-

Be
26.mathemati- espérance [ Erwartungs- MaTemMaruue-  MaTeMaTU4YHe
cal eéxpectation mathématique wert m des ckoe o0Xuma- CHOJiBaHHS
of the product du produit de Prodiukt(e) von Hume mnpousBe- AOOYTKY ABOX
of two inde- deux variables zwei Unabhd- nenuss  AByX (He)3aleKHHUX
péndent [de- aléatoires indé- ngiger [abhd- (He)3aBucu- BUITAJIKOBUX
péndent] r4n- pendantes [dé- ngiger] Zufal- mpIX ciydaili- BenMYMH
dom variables  pendantes] IsgrofBen HBIX BEJIUYHUH
27.mathemati- espérance [ Erwartungs- MaTeMarhue-  MaTeMaTU4YHe
cal eéxpectation mathématique wert m  der ckoe OXuaa- CHOJiBaHHS
of the sum of d'une somme Simme von Hue CYMMBI CYMH JABOX BH-
two  random de deux varia- zwei Zufalls- aByx ciyuaii- maakoBux Be-
variables bles aléatoires  groBen HBIX BEJIMYUH  JINYMH
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28.médian médiane f Median m MeJWaHa CIy- MeJiaHa  BHU-
[médian value] d’une variable [Zentralwert yaitHO I Be- IAJKOBOi  Be-
of a random aléatoire m] einer Zufal- nMYMHB JTUYUHA
variable IsgrofBe
29.mo6éde of a mode f d’une Modde f [hdu- moma ClIly- MoJa  BUNAJ-
random varia- variable aléa- figster Wert m] waiiHOW BeiM- KOBOI BeJIHYH-
ble toire einer Zufalls- uuHbI HU

grofle
30.mément of moment m Moment n ei- MOMEHT CJIy- MOMEHT  BH-
a random vé- d’une variable ner  Zufalls- uaiiHol Be- TMAaJKOBOi  Be-
riable aléatoire grofle JIMYMHBI JTUYUHA
31.mément of moment m Moment n von MOMEHT pac- MOMEHT pO3-
distribttion d’une  distri- Vertéilung, npeaesIeHUs MOJLTY
[distribution bution [d’une Vertéilungs-
moment] répartition] moment 7
32.n-th  mdé- moment m n- n-tes Moment OSHHBIA (n-bIil) eHHMH  (n-i)
ment iéme MOMEHT MOMEHT
33.number caractéristique zadhlenméfige uucnoBas xa- 4YuclioBa  Xa-
[numérical] numérique Charakteristik /' pakrepucTuka pakTepUCTHKA
characteristic =~ d‘une variable einer Zufalls- (ciyuaiinoit (BUManKoBOi
[k-] of a ran- aléatoire grofle BEJIUYHHBI) BEJIMYMHH)
dom vériable
34 .poisson théoréme m de Poissonscher = myaccoHa Teo- myaccoHa Teo-
théorem poisson Satz pema pema
35.probability  convergence f Konvergénz in cxoaumocTh 30DKHICTL 32
convérgence,  en probabilit¢ =~ Wahrschéin- [0 BEPOATHO- WMOBIPHICTIO
convérgence in lichkeit CTH
probability
36.root-méan- ecart f quad- durchschnitt-  cpenHee kBaa- cepeaHe KBa-
square  [qua- ratique moyen, liche quadrati- paruueckoe patuuHe [ce-
dratic  méan, écart type sche Abwei- [cpemHekBag-  peIHBLOKBAJI-
méan-square]  [écart-type m, chung f, mittle- paTuueckoe] patuune] Bif-
deviation, stan- dispersion  f re quadratische oTkIOHEHHE XHJICHHS
dard deviation standard] Abweichung f,

Streuung [,

Standardab-

weichung f
37.séquence of suite /' de va- Folge f [Fol- mocnenosa- MOCJIiTOBHICTh
random vériab- riables aléatoi- genreihe f] der TempHOCTB BUIIAIKOBUX
les res ZufallsgroBBen  cmydaiiHbIx BEJIMYUH

BEJIMYHMH

38.symmét- distribution f symmétrische = cummeTpud- CUMETPUYHUI
ric(al) distribi- [répartition f] Vertéilung HOE  pacmpe- pO3IMOALI
tion symétrique JIeJIeHNE
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39.systema- erreur f systé- systematischer cucremaTude- —CUCTEMaTH4YHA
tic(al) [cOns- matique [regelmidBiger] ckas ommOka  TOMMIKA
tant, fixed, Féhler
hard, non-
sampling, soO-

lid] érror
40.variance variance f Varianz f [Dis- paccesnue po3cisiHHA (BH-
[consentration, [concentration persion f, Kon- (ciaydaitHoit MaJKoBOI  Be-
dispérsion, dis- £ dispersion f] zentration  f, BenMYHMHbI) JIUYHHU )
sipation, scat- (d‘une variable Streuung 1
ter, scattering] aléatoire) Zerstreuung  f]
of a random einer Zufalls-
variable grofle
41.vériance variance f [di- Varianz f [Dis- aucnepcus JHCIIEPCist BH-
[dispérsion] of spersion f] persion f , cioy4aiiHOW Be- TaAKOBOI  Be-
a random va- d‘yne variable Streuung f, TMYUHBI JIMYUHA
riable aléatoire Streuungsqua-

drat n] einer

Zufallsgrof3e
42 .véariance variance f [di- Varianz f [Dis- aucnepcus AucIepcis cy-
[dispérsion] of spersion f] persion f ., CymMMBl IBYyX MH JBOX (He-)
a sum of two d‘une somme Streuung f] der (He)3aBucH- 3aJ€KHUX BH-
indepéndent de deux varia- Simme f von MbIX Cy4ail- NaJKOBUX Be-
[depéndent] bles aléatoires zwel Unabhd- HBIX BEIUYMH  JIMYUH
random vériab- indépendantes ngiger [abha-
les [dépendantes] — ngiger] Zifal-

IsgrofBen
43.wéighted moyenne f gewodgenes CpelHee B3Be- CEpeaHE 3Ba-
average pondérée Mittel n —s,= HICHHOE KEHE



LECTURE NO. 6. SOME REMARKABLE DISTRIBUTIONS
LE SIXIEME COURS. QUELQUES-UNS DISTRIBUTIONS REMARQUABLES.
SECHSTE VORLESUNG. EINIGE AUSGEZEICHNETE VERTEILUNGEN

POINT 1. THE UNIFORM DISTRIBUTION. Distribution uniforme. Gleich-
verteilung.

POINT 2. THE NORMAL DISTRIBUTION. Distribution normale. Normal-
verteilung.

POINT 3. THE EXPONENTIAL DISTRIBUTION. Distribution exponen-
tielle. Exponentialverteilung.

POINT 4. GAMMA-DISTRIBUTION. Distribution gamma. Gammavertei-
lung.

POINT 5. SOME OTHER DISTRIBUTIONS. Quelques-uns autres d'entre

distributions. Einige andere Verteilungen.
POINT 1. THE UNIFORM DISTRIBUTION

Def. 1. One says that a random variable & has the uniform distribution over an
interval <a,b> (£ is uniformly distributed or simply & is the uniform distribution
over an interval < a, b>), if its distribution density is constant inside and equals zero

outside this interval,
C if xe (a, b),

0 if xgla,b) (1)

1=

We have to find the value of the constant C, the distribution function and num-
ber characteristics of the uniform distribution.

A. Finding the value of C.

On the base of the property 4 of the distribution density (see Lecture No. 4,

point 2, the formula (16)) we must have
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]Of(x)dle.

Dividing the interval (— 0, oo) into three partes, namely

(— o, oo): (— o0, a)U[a, b]U(b, oo),

we’ll get
1=:Lf(x)dx= Lde+£Cdx+£0dx::[Cdx:C:[dx:C(b_a),Cz L
and so the distribution density of the uniform distribution is the next one:
|
fx)={p—q ¥ elad) (2)

0 if xela,b]
B. Finding the distribution function of the uniform distribution.
Using the property 3 of the distribution density (the formula (15) of the Lecture
No. 4) we must study three cases.

a) The fist case: x<a.
F(x)= ~lif(x)dx: dex:O.

b) The second case: a<x<bh.

F(x)—jf(x)dx—dex+j 1 dx+]?0dx—ji 1 dx = 1 jdx—b_a—l
__OO __OO ~b—a A _a —a _b—aa b-a

Thus the distribution function of the uniform distribution is
0 if —-wo<x<a,
F(x)=P(¢<x)=1""2 if a<x<b, (3)

—-a
1 if b<x<om.
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It is continuous one for all values of x, and therefore the uniform distribution is a con-

tinuous random variable. The graphs of the distribution density and function of the

uniform distribution are represented on the figures 1, 2.

g i,’.:. e | .

i J“'//y; 7 - #z/
1 f |
Eﬁ-_{._—.lﬁ / -

<
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S

Fig. 1 Fig. 2

C. Finding the number characteristics of the uniform distribution.

We’ll limit ourselves to the mathematical expectation, dispersion and root-
mean-square deviation. For this purpose we’ll make use of the formulas (3), (6), (16),
(10) of the Lecture No. 5.

’ B b’ —a’ _a+b
Z(b - a) 2

b B b -a’ _az+ab+b2
“3(b-a) 3

2+ ab+ b +bY  a’+ab+b’ a>+2ab+ D’
D Dle= M) )= [ T

_4a’ +4ab+4b> —3a’ —6ab-3b" a’-2ab+b’ (b-a)y

12 12 12
0, =0(£)={DE)= D, =2 %

Thus for the uniform distribution on an interval < a, b >

m=m@="2", p.=p@=""0 o zol9=20 (@)

b

12
Ex. 1. The hitting probability of a random variable &, which is uniformly dis-

tributed over an interval <a, b >, on some part <c,d > of <a, b > is proportional to

the length d — ¢ of that part (with a proportional coefficient 1/(h— a)).
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mOn the base of the formula (9) of the Lecture No. 4 and the formula (3)

d-a c-a _d-c 1 -(d—c).l

P d b>)=F\d)-F(c)= - B -
(e<ed>c<ab>)=Fld)-Fle)=)— ~ — = — =1

The preceding example gives us a useful formula for the uniform distribution

1

—a

P(ée<c,d>c<a,b>)= (d-c). (5)

Ex. 2 (examples of application of the uniform distribution).

a) When we say, “Let’s take a point & at random on an interval <a,b>", we
keep in mind that & is a random variable which is uniformly distributed over the in-
terval <a,b>.

b) Saying, “Let’s at random choose a direction on a plane”, we intend that an
angle ¢ between the chosen direction and some axis on the plane is a random variab-
le which is uniformly distributed over the interval [0, 27).

c¢) The rounding errors & in Bradis tables of (anti)logarithms, (co)sines, (co)-
tangents etc. are uniformly distributed over the interval (—0.00005,0.00005).

d) The clock-face is marked every 5 minutes. The rounding error £ to the

nearest integer scale division is uniformly distributed over the interval (-2.5,2.5).

e) A trolleybus [ “trolibas] runs at intervals @ minutes. One comes to a (trolley-
bus) stop at a random time moment. The waiting time 7 is a random variable uni-
formly distributed over the interval (0, a).

Ex. 3. The time interval of the trolleybus service equals 5 minutes. Find the
probability that one will wait a trolleybus no longer then 2 minutes.

Solution. By Ex. 2e the waiting time 7 is a random variable uniformly distri-
buted over the interval (0, 5), and we have to find the probability P(T €<0,2>).

By virtue of the formula (5) (in which we must take respectively 0, 5,0, 2 for
a,b,c,d)

P(Te<0,2>):510-(2—0):0.4.

Ex. 4. A linear function of the uniform distribution.
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Let a random variable £ have the uniform distribution over an interval< a, b >,
and a random variable 1 = k& 4/ be a linear function of &. By the formula (20) of the
Lecture No. 4 the distribution density of the random variable 7 equals

g(y)=llc [y/;lj'

Let’s determine the form of the distribution law of the random variabler.

We must consider two cases, namely £ >0 and £ <O0.

a) In the case &k > 0 by the formula (2) for the distribution density f (x) of'the

random variable & we have

0 if yk—l<a or y<ka+l,
11 1 . y—1
g(y): E'b—a:(kb+l)—(ka+l) if a< <b or ka+l<y<kb+l,
0 if y;l>b or y>kb+1.

It follows from the same formula (2) that the random variable 1 =k¢& +1 has
the uniform distribution over the interval < ka +1, kb+1>.

b) In the case k <0 the random variable 17 = k& +/ has the uniform distribution
over the interval < kb +1, ka + 1 >. Prove this fact yourselves.

Thus a linear function of the uniform distribution also has the uniform distribu-
tion.

The mathematical expectation, dispersion and root-mean-square deviation of
the random variable n = k& +/ we’ll find on the base of corresponding properties of

the mathematical expectation and dispersion (see Lecture No. 5, Points 1, 2). Indeed,

M(n)= M(ke+1)= M(KE)+1 = kM (£)+1=k- 2241,
Dlo)= Dlke +1)= Dlke) = 0ie) < KO~

olo)= D7) =K D& = kDI =l ()= 0.
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POINT 2. THE NORMAL DISTRIBUTION

Def. 2. One says that a random variable ¢ has the normal distribution with pa-

rameters a, o > 0 (or that ¢ is distributed N (a, 0)) if its distribution density is the

next function:

(x=a)’
1 - 2
x)= e o . 6
S =5 (6)
The factor
1

\N2nmo

provides satisfaction of the condition
j fxkx=1. (7)

Indeed, by virtue of the famous integral (Poisson integral)

]Oe_”zdx=\/; (8)

we’ll have

X—da

1 ~ 7\/521‘, x:a+6t\/§
xdx=[——e 29 dx=—o[e 2 gx=| © =
S L MO E e
— 00 | O

— oV2 ¢ - df =
_\/271'6‘[6 =

—00

- - (x-a) w  (r-af

\/Lje_'zdt:\/L-\/;:I.
T, T

Investigation the distribution density f (x) and plotting its graph

1. The function f(x) is determined for all values of x, D(f)=(~o0, ).
2. The function f (x) is positive for any x, and so its graph lies above the
Ox —axis.

3. The function f (x) is even with respect to the x =a,
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fla—x)= fla+x)= ;eizxf’2 ,
270
and therefore its graph is symmetric with respect to the straight line x =a.
4. The limit of the function for x tending to £ oo equals zero, and so the Ox —
axis is the horizontal asymptote of the graph of the function.
5. The derivative of the function equals
(x—=a)’
f(x)= \/%Ge 20° -(— 2(;:261)) =2 ().

It is positive for x < a, negative forx > a, and so the function f(x) increases on the

interval (— 0, a), decreases on the interval (a, oo) and has a maximum at the point

xX=a,

S =f(a)=J2iM.

6. The second order derivative of the function f(x) equals

F106) =5 (5= a)f ) == (F )+ (=) () -
- L 0o LB (o) L= =)

It equals zero if

(x—a)2 ~-o’ =0, (x—a)2 =o', x—a=t0,x=ato,
is positive for x <a—o, x >a+o and negative for a —o < x <a+0o . Hence the
graph of the function f(x) is concave over the intervals (-0, a o), (a+0o,®), con-
vex over the interval (a — o, @+ o) and has two inflexion points for x =a + & that is

the next points:

2

_((azo)-a)
(aia;f(aia))= ato; ! e 2 = aia;#e =[aia;1j
N2no N2ro 2meo



Remarkable Distributions 145

/ y=f(z

I a Fa il

Fig. 3 Fig. 4

B

The graph of the function f(x), that is that of the distribution density of the
normal distribution, is represented on the figure 3.

Def. 3. The graph of the distribution density of the normal distribution is called
the normal curve.

The normal curve has the other and very fine name, namely the bell-like [or the
bell-shaped] curve.

The normal distribution is often called Gauss distribution, and the correspon-
ding normal curve is called Gauss curve.

Let’s consider two important facts connected with the distribution density f(x)
of the normal distribution.

Let the parameter o of the normal distribution tend to 0.

1. For x =a we have

limf =Ilim ! =0,

o—0 0%04/271'6 B

2. For x # a we have

lim f(x)=0.
Indeed, with the help of L’Hospital rule one easy find
(x—a)’ (x-a) - a1
1 - 2 1 . el 1 . (o} o =t
lim f(x)=lim e ¥ =——Ilimo'e ? = lim — = =
U*)Of( ) o0 L [271-0 4/271' o—0 A /271- o—0 (X_za) 072 t — 400
e
L L S S N St 1 =0
A 2T ot (X—a)ztz 4/271- t—>+00 (v} ! NVY R (x-a) 2 ’
e ? [62’ ] t x—a) e ?

It follows from 1, 2 that for ¢ — 0 the normal curve stretches along the straight
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line x = a and simultaneously presses to the Ox —axis.
On the fig. 4 we’ve represented three normal curves for @ =0 and for decrea-

sing values of o, namely 6 =2,0 =1,0 =1/2.

Number characteristics of the normal distribution

Let a random variable & be normally distributed with parameters a, o (o > 0)
(& distributed N(a,0), o >0). We assert that its number characteristics, namely the

mathematical expectation, dispersion, root-mean-square deviation, asymmetry and

excess, are represented by the next formulas:

M(&)=a, D(g)=c’, o(§)=0, 4s(£)=0, Ex(§)=0. (9)
mBy virtue of the formulas (2), (5), (15), (10), (33), (34), (35) of the Lecture
No. 5 and the formula (8) for Poisson integral we successively get

(x=a) w0  (x-a)

T T 1 207 207 g —
M(i)z__[oxf(x)dxzix-me dxzmj'xe dx =

—00

)\C/—a x:a‘l‘\/im \/5 © 0 \/5 ©
20 o -1 a -1 o -2
_ =22 (la+ 20tk dt=—— e dt+ 22 [te " dt =
_ Jodr =21 ® '\/271'6_‘[0( )e \/;_‘[O \/;_J;
— 00 o0

a fa_'
f\FJrf a;

Ite dt =0

(x-a)’

D(E)= ]O(x_a)zf(x)dx:rl [(x=afe = dv=| V2o =" dv=~2ou|-

7o : x—azﬁm‘

20° 7 2 2062 % ) u=t dv=te'dt
thze_’ dtzijt-te" dt = 1 _q|=
s N NC du = dt v=-ye

202( 1 .
= ——te
2

:\/\/22:0 T( 20;)2e"2dt=

0

Jr Jr

—00

+— I"dt] 20° (0+;\/;)202;
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=D(¢)=0;

,U3(§)
,u(f) 0, As (5) 63(5)_0

because of symmetry of the normal distribution about its mathematical expectation

(see the third property of the distribution density f (x) , namely f(a — x) = fla+ x));

2

© 0 _(x—a) x_a:
1(&)= [(x=a) f()x=——— [(x=af'e * dx=| V2o ' dv=~2odi=
—»o 271'6_00 X—GZ\/EG[
V20 2 42 4 T, u=t dv=te" dt
rgj(fotf dt = \/;_[ot e dt—\/;:[ot dedt=|, o v=—;€_tz -
4c*( 1 5 o7 3%, 4c* 60’ o 60 1 .
=2 e+ e dt 0+ e dt=-"— .~z =3c";
JE[ e J Jr JEJ Jr 2T

Ex(£)= ”3(5) ~3= 3“44 ~3=0.m
') o

Ex. 5. A linear function of the normal distribution.

Let a random variable & be distributed N(a, o). Let’s determine number cha-
racteristics (the mathematical expectation, dispersion and root-mean-square devia-
tion) and the distribution law of a linear function of & that is of a random variable

n=ké+1.

1. As to number characteristics we are making use of their properties and the
formulas (9), namely

M@n)=MkE+1)=MkE)+1=ka+1,
Dln)=D(k& +1)=D(k&)=k*D(§) =k,
_ D7) =" =}
2. As for the law of the random variable n =k& +/ we’ll find its distribution

density g(y) using the formula (20) of the Lecture No. 4 and the formula (6),
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Ui 1 2(jklo f

PR MRS S
KU k) |k N2ro J2r -Jklo 2z -Jklo

We see by the formula (6) that the distribution density g(y) of the random
variable 17 =k& +/ is that of the normal distribution and therefore 1 =4k& +/ is dis-

tributed N (ka +1, |k|o).

Thus a linear function of the normal distribution is also distributed normally.

The probability of hitting of the normal distribution on an interval

Let a random variable & be distributed N(a, o). The probability of its hitting

on an interval < a, f > can be calculated by the next formula:

P(¢ e<a, f>)=0(x,)-D(x,), (10)
Where
5 =220 P (11)
(e} (e}
and
R
q)(x)=m£e dt (12)

is known Laplace function.
mOn the base of the formula (14) of the Lecture No. 4 the probability in ques-

tion equals

xX—a
s N o x| a« | B
P(§€<aaﬁ>)=Jf(x)dx=m6Je 2" dx=|x=a+ot a-a__ ﬁ—azx =
“ “ dx = odt (o I (o ?

2 [Z

- \/%G Te_tzdt = \/;?[je_idt+i£e_idtj = \/;?Ie_idt —J%l e 2di=

X1 X1

= CD(xz)—CD(xl)l
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Ex. 6. The probability of the deviation of a random variable &, which is distri-

buted N (a, 0), from its mathematical expectation a is given by the next formula:

PQf—a<5):2®[8j. (13)
o
mUsing the formula (10) and oddness of Laplace function we easy get
a-€—a £

xl = = —
qu—a\<5):P(—g<§—a<8)=P(a—8<§<a+8)= afg—a gG:

X, =—=—

? o o

“ofo)olo)-olo Jrole)2o(0)
o o o o o
For example let € =30 . The formula (13) gives

P(&-a|<30)=Pla-30<&<a+3o)= 2@(36) = 2d(3)=2-0.49865=0.9973.
(o}

We’ve got so-called 36 — rule: with the very large probability 0.9973 all values

of the normal distribution are concentrated in the interval (a — 30, a +30).

The limit central theorem

The normal distribution is very widespread [is widely spread] because of the
next theorem.

Theorem (Lyapunov' limit central theorem). Let a random variable ¢ be a
sum of a large number of independent random variables,

E=&+E,+.. 48,

and influence of each of them on ¢ isn’t essential. In this case & has a distribution
which approximately coincides with some normal distribution.

Ex. 7. Let a random variable ¢ have Bernoulli distribution (be distributed B). It
means that ¢ is a number of occurrences of a success 4 in n independent trials with

constant probability p = P(A) of the success. We represent £ as the sum of n inde-

! Lyapunov, AM. (1857 - 1918), a noted Russian mathematician
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pendent random variables
E=&+E+.+ 8+ 48
where & is the number of successes in the i-th trial (compare Ex. 13 in the Lecture
No. 5). Let the number 7 of trials be large. Lyapunov limit central theorem permits us
to consider ¢ as a random variable with approximately the normal distribution, ¢ di-
stributed = N (a =np,o = \/@) As result we can use the formula (10) to find the
approximate value of the probability P(k, < & <k, )= P,(k,, k, ). Indeed,
Pk, <&<k))=P,(k, k)= D(x,)-D(x,),

where x, _kznp X _kznp

Jmpg T Inpg

We’ve got Laplace integral theorem.

Ex. 8 (examples of normally distributed random variables). The normal distri-
bution have:

a) errors of measurement of physical magnitudes;

b) errors of sizes of (industrial) products;

c) sizes of (industrial) products themselves under certain conditions (provided
established process of production and absence of systematic biases changing in time);

d) arange of a missile [ misail];

e) human height and weight.

Ex. 9. An industrial product of some factory is considered as defective one if a
deviation of its checking size from the set size surpasses 0.03. Root-mean-square de-
viation of the checking size equals 0.015 (in millimeters). Find a per cent of non-de-
fective products of this factory. Find an average number of non-defective products in
a batch of 200 products.

1) Let a random variable & be the checking size of a product. We can suppose
that & distributed normally with parameters a = M (&), o = 0.015.

At first let’s find the probability of the inequality

& —M(£)<0.03.
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By the formula (13), in which it’s necessary to take £ =0.03,0 =0.015, we’ll obtain

P(|&-M(£)<0.03)= 2@[&%) =2d(2)=0.95.

Therefore in average 95 per cent of products of the factory are non-defective.

2) Let’s introduce a random variable n that is a number of non-defective prod-
ucts in a batch of 200 products. It is obvious that n has Bernoulli distribution (the
number of independent trials n =200, the probability of the success 4 (a product is
non-defective) p=0.95, and ¢=0.05). Therefore an average number of non-
defective products in a batch in question equals

M(n)=np=200-0.95=190.

Ex. 10. The probability of hitting of a normally distributed random variable in

an interval <2,14 >, which is symmetric about a mathematical expectation, equals

0.9973. Find the mathematical expectation, root-mean-square deviation and the dis-
tribution density of the random variable.

On the base of 3o - rule we have

a-3c=2,
a+30=14,

that is a system of linear equations in a,c. Adding and subtracting its equations
termwise we find2a =18,60 =12, hencea =9,0 =2. The distribution density in

question is determined by the formula (6), and therefore

1 _(X_9)2 1 _(X_9)2

f(x):m'ze 22 = 8

=T e

Ex. 11. The average range of a missile is 1200 m, and the root-mean-square de-
viation of the range of a missile equals 50 m. Find the probability of the shot over the
target from 40 m to 60 m. Find the probability of non greater then two such results
after 10 shots.

1) In supposition of the normal distribution of the range & of a missile we have

to calculate the probability P(£ e<1240,1260>). With the help of the formula (10)
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(with a =1200, 0 =50) we get

P& €<1240,1260):®[1260—1zooj_®[1240—1200j

=®(1.2)- ®(0.8)~0.10.
2) Let arandom variable 7 mean a number of the misses in question. 7 has
Bernoulli distribution (why?), and it is a matter of determination of a probability that
n < 2. With the help of Bernoulli formula (n =10, p =0.1,¢=0.9) we’ll get
P(n<2)=P(n=0)+Pln=1)+Pn=2)=C}-0.1"-0.9° +C},-0.1'-0.9° + C, - 0.1’ -0.9° =
=0.9""+10-0.1-0.9° +45-0.1*-0.9° = 0.98(0.92 +0.9+ 0.45)z 0.43-2.16 ~0.93.

POINT 3. THE EXPONENTIAL DISTRIBUTION

We often deal with a call flow [a flow of calls] in a queuing system. Let’s de-
note by 4 an intensity of the flow that is a number of calls which take place (on the
average) per unit of time. Let £ be a number of calls during a time ¢. There are many
flows (so-called poissonian flows) for which ¢ has Poisson distribution with the para-
meter a = At. In particular the probability that £ will take on a value k equals

k
P& =k)= (/Z)e_’“.

Def. 4. Let a random variable 7 be the time interval between two successive
calls of some poissonian call flow. One says that 7 has the exponential distribution.
Our problem is to find the distribution function and density and number characteris-
tics of the exponential distribution.

Remark. There is fuller variant of study. We state it below.

OWe often deal with flows of events.

A flow of events is called a sequence of events which take place at random moments of
time.

Example. A flow of calls in every queuing [qju:1n] system.

A flow of events (in particular a flow of calls) is called that simplest (or that peissonian) if

it possesses the next three properties:



Remarkable Distributions 153

a) stationdrity [ sterf nerat1]: probability of occlirrence of n evénts during a time interval

(tl , tz) depends only on the length Af = ¢, —¢, of this interval;

b) absence of aftereffects [ ‘@bsans, “a:fterr  fekts]: this probability doesn't depend on a
number of events which have taken place before this time interval;

¢) érdinariness [ >:dnarmss]: for small Af = ¢, —¢, the probability of occurrence of one
evént (during a time interval (tl A )) is proportional to Af, and the probability of occtirrence of

n > 2 evénts can be neglécted [n1’glekt1d].

We'll denote by 4 an intensity of a flow of events that is a number of events which take
place (on the average) per unit of time.

Let & be a number of events of a simplest (poissonian) flow which occur during a time ¢. It
can be proved that ¢ has Poisson distribution with the parameter a = Az. It means that the probability

of occurrence of k£ events during a time ¢ equals

P& =k)= (;Z!)ke_l'.

Def. 4. Let a random variable T be the time interval between two successive events of a
simplest (poissonian) flow. One says that 7 has the exponential distribu-tion.

Our problem is to find the distribution function and density and number characteristics of
the exponential distribution.¢

For positive values of  the events (7' <¢) and (£ >1) coincide. They mean that

during time ¢ at least one call will occur. Hence the distribution function of the ran-

dom variable 7 for ¢ > 0 equals
0
F()=P(T <t)=P(E21)=1-P[E>1)=1- P =0)= 1—(’1(;)5“ —l-e

The expression 1—e * tends to zero with #, and therefore we can define the distribu-
tion function in question as follows
l-e™ if >0
Fl)= ¢ © 7% (14)
0 if ¢<0.

It is continuous for all values of ¢, and therefore a random variable 7 which has the

exponential distribution is continuous one.
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Differentiating the distribution function (14) we’ll obtain the distribution den-

sity of the exponential distribution,

.y .
{Ae if >0, (15)

0 if t<0.
To plot the functions y = £(¢), y = F(¢) on the interval (0, o) we’ll take into

account that (for 7> 0)

=) it

Fig.5a Fig.5b
F'(t)= f(t)>0,F"(t)= f'(t)=-e ™ <0, f"(t)=Ae ™ >0.
It means that the distribution function y = F(¢) increases and has a convex graph, and
the distribution density y = f (t) decreases and has a concave graph. The right limit
of the function y = f (t) at the point =0 equalsA (one often supposes f (0): A).
The graphs of both the functions y = f(t), y = F(t) are represented on fig. 5 a, 5 b.
Now we’ll calculate the mathematical expectation, dispersion and root-mean-
square deviation of the exponential distribution. For this purpose we use the formulas
(2), (5), (16), (10) of the Lecture No. 5 and integrate by parts in improper integrals.
We successively obtain
u=t, dv=edt,
du=dt, v= I e Mdt = —/lle_’“

M(T)= th(t)dt=&?te‘”dt=

-0 0

. _ . t
limze™ =lim— =
t—o t—o e'“

1 0 103 0
:A, ——(# —At - —/Mdt — i — —/Mdt:

{ ’1(6 #ou!e ] zlim((t)),zlim 1 !e
—>0 Mt
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10" 1(. » 1 1
S = lime ™ —1)==; M(£)=—.
i #0 PR ) 70 M=
i t u=t>, dv=edt,
M(T ):Agt erdi= du = 2tdt, V:J‘e_’“dt:—;e"“ -

1, ™ 2% | Y 20 4
:A[—A(ﬁe ”’# +}L£te%titJ=A[—A(}Lr£t2eA —0)+A£teldtJ=

! '

2 . : (tz), =1lim 2; =%11m(t7),=%11m%=0
—n (e,u) t>o Jo A 1o (e,u) Ao Je

2 0 : 0 . u= t, dV = e_/udt,
=A[O+A£te er=2£te = V:Ie_l,dtz_/lle_aﬁ

= —l(te_’“ +1J‘e_’“dt =2 O—Lze_’“
PRNEE R p

D(T):M(Tz)—Mz(T)=;_[/1J=1; o(r)=D(T) =~

Thus we’ve got
M(T)=0o(T)=—, (16)

that is the mathematical expectation and root-mean-square deviation of the exponen-

tial distribution coincide.

Ex. 12. Find the probability that during time # no one call of poissonian flow

will occur.

It’s necessary to find the next probability: P(T > t). T is a continuous random
variable, hence P(T = t) =0" and we get with the help of the formula (14) (for ¢ > 0)
P(T>t)=P(T>t)-P(T=t)=P(T>t)-0=P(T>t)=1-P(T <t)=1-F(t)=e".
Remark. A function determined (for # > 0) by the equality
R(t)=P(T>t)=e"

! The probability of a separate value of a continuous random variable equals 0.
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is found in several applications and is called a reliability function. It quickly decrea-
ses with increase of ¢. For example R(t)=0.001if A¢ = 7. Therefore large values of T
are improbable.

Ex. 13. A time 7T of safe in service of an element is distributed exponentially,
£(£)=0.005¢"" for t>0, f(¢)=0 forz<0.
Find the probability that the element will work during at least 50 hours.

On the base of the Ex. 12

P(T > 50) = 000530 — 70 i ~(.78.

{e
Ex. 14. Calculate the probability of hitting of exponentially distributed random

variable 7'in a time interval <¢,,¢, >.
For example let 7, > 0,7, > 0. Then on the base of the formula (14) for positive

values of ¢

(Te<t,t,>)=F(t,)-F(t,)= (1 —e ™ )—(l—e_’“1 ): et~

POINT 4. THE GAMMA-DISTRIBUTION

As we know from the Point 3 of the Lecture No. 23 the gamma-function is

called the next improper integral

F(a) = +jioxa_le_)‘dx. (17)

0

The integral (17) converges for any a > 0. The gamma-function is continuous and
has continuous derivatives of all orders for o > 0.

Let’s remember the properties of the gamma-function.

) IT(1)=1.

2) For any positive o

Ma+1)=a -T'a). (18)
3) For each natural number 7

[(n+1)=n!
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Def. 5. One says that a random variable ¢ has the gamma-distribution if its di-

stribution density is

1
la a-1_—-Ax f 0’

f(x)= 7F(a) x“e or x> (19)
0 for x<0

with two positive parameters «, A . The first parameter, «, is called that of a form,

and the second, A, the parameter of a scale.

For a =1 the gamma-distribution becomes that exponential. Indeed, I'(1) =1,
and therefore the distribution density

{xle"” for x>0,

f(x) - 0 for x<0

is that of the exponential distribution (compare with the formula (15)).

The mathematical expectation and dispersion of the gamma-distribution are

equal to
a a
M(&)=—, D(&)=—. 20
)= D)= (20)
mA. At first let 4 =1 that is we are speaking about the distribution density
1 a-1_-x
f(x)z @x e for x>0,
0 for x<O.
In this case by virtue of the formulas (17), (18)
? 1 7 _ 1 7 i Ta+1) o(a)
M(E)= | xf(x)dx = —— [ x-x e dx = —— | x'“" e~ dx = = =a,
! I(a) ! (e ! M(a)  (e)
N 12 ot 1 7 oyt v, Dl@+2) (@+D0(a+1)
M(é )—_([xf dx— _([ dx = (a)ox e dx = () = () =

_ (a+1)0d“((x)=(a+1)a,

F((x)

D(§)zM(§2)—M2(§)=a2 +a—(a) =a

B) In the general case A #1 the reasonings are similar. Namely,
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t
© © Ax=t,x=— ©
A D x| 0] o0 yi
M(E)= ddx = “e M = A = t"edt =
&) !xf(X) X F(a)-!'x e “dx dx:ﬂ (101w T(a)rz ) e
A
_ 1 Trmu_l _,dt_F(a+1)=aF(a)=g, M=%
(@) M) T(a)A 4 A
M(gz):]oxzf(x)dX= ~ ]Oxaﬂe_lxdx—‘/lx:t‘: /1aa+1 ]Ota”e_’dt:
T(a)s (@)r'as)
1 F e oy, Tla+2) (a+)(a+1) (a+ad(@) (a+1)a
= - [l e dr = g ) o) et
T(a)2 (o)A (o)A (o) Pl

D(E)=m(e?)-m2(e) =@ }1)“ —[j‘] =75 De)=7rm

The gamma-distribution has a lot of applications in the mathematic statistics.
With the help of the gamma-distribution one can study distributions of interests

and, in certain situations, of population saving.

POINT 5. SOME OTHER DISTRIBUTIONS
%’ - distribution

Let
C15825 G50 G,

be normally distributed random variables with the same zero mathematical expecta-

tions and unit root-mean-square deviations,
Vi=ln:M(&)=0,0(%)=1.
A random variable
=G G HE g (21)
is called y’- distribution with k degrees of freedom, where

‘ { n if therandom variables &, &,, &;,..., &, are independent, (22)
n

-1 if &.6,,¢;,..., &, are connected by a linear relation.

A linear relation between the random variables can have the next form:
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E+&+E+. :"E

where ¢ is the arithmetical mean of these random variables.

The distribution density of y*- distribution equals

0 if x<0,
1 XA

f(x)=1— p e?x2 if x>0. (23)
22r(2j

The formula (23) means that y*- distribution depends only on unique parame-
ter, namely on the number k of degrees of freedom.

There is a table which allows finding so-called critical value y’. of y* to have

P(y*> z%)=a, (24)
where o is some small probability, if one knows the number & of degrees of freedom.

If k — o, y’- distribution slowly approaches the normal distribution.
Student' distribution |t - distribution)

Let a random variable Z be distributed N(0, 1), a random variable ¥ be y?- dis-

tributed with k degrees of freedom, and Z, J are independent. The random variable
T= IZ (25)
—V
k

is said to have Student distribution (or the #-distribution) with k degrees of freedom,
where £ is determined by the formula (22). One can call 7 simply Student distribution
(the ¢-distribution).

The distribution density of Student distribution for the case k=n—-1 (when

random variables &,, &,, &,,..., &, are connected by a linear dependence) equals

! Gosset W.S. (pseudonym: Student W. S. (1907)), an English statistician
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It is an even function that is f(—x)= f(x).

Let y be some great probability, k =n—1, and ¢, is a number such that
P(r|<t,)=y. (27)

By the formula (26) we can write
PQT‘ <ty):P(—ty < T<ty)= j'S(x,n)dx=2j'S(x,n)dx=7/.
~t 0

There is a table which permits to find the number 7, if one sets a great proba-

bility y (y =0.9, y =0.95, y =0.99) and knows the value of n.
If k — oo, Student distribution quickly approaches that normal. For £> 30 we
can consider it as the normal distribution.

As can be proved,
M(T)=0,D(T)=k/(k-2) (k>2) (28)
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1. ramma-pac-
IpeJeNeHne

2. ramma-pac-
npeeaeHHas
Cly4aiiHas Be-
JMYMHA

3. MUHTEHCHB-
HOCTb

4. KOJIOKOJIO-
oOpa3Has Kpu-
Bas

5. xpuBas [a-
ycca [Jlamnaca
- ['aycca]

6. KpuBas
IUIOTHOCTH
HOPMAaJILHOTO
pacnpenere-
HUS

7. HOpMAaJb-
Hasi KpHUBas

8. HOpMaJIbHO
pacnpe/eneH-
Hasg  Cly4ai-
Hasl BeJTMYMHA
9. HOpMab-
HOE  pacrpe-
JieJIeHne

10.HOpManb-
HBIN 3aKOH
pacnpenene-
HUSA

11.moka3are-
JBHOE [3KCHo-
HEHIMaJbHOE |
pacmpenene-
HUE
12.moka3are-

rama-po3moIia

rama-pos3Io-
qiJleHa BUIIAJ-
KOBAa BEJIMUMHA

IHTEHCUBHICTb

J3BOHOMOII0-
Ha [/3BOHYBa-
Ta] KpuBa
kpuBa laycca
[JTannaca-Ta-
yccal

KpHUBa ILIiJIbHO-
CTi HOpMaJb-
HOTO PO3IO/Ii-

1y

HOpMaJIbHA
KpHUBa
HOPMAJIbHO
po3noiaeHa
BUIIJIKOBA Be-
JMYHHA
HOPMAaJIBHU I
pO3M0Tia

HOPMaJIbHU I
3aKOH  PO3IO-
iy

MOKa3HUKOBHUH
[ekciOHEHITIH-
HUI| po3noain

NOKa3HUKOBHUH

gamma distri-
bution

gamma random
variable

inténsity
bell-like [bell-

shaped] curve

Gaussian [Lap-
lace-Gauss]
curve

nérmal  distri-
bution curve

nérmal carve

nérmally  dis-
tributed  ran-
dom variable

nérmal  distri-
bution, gaus-
sian  distribu-
tion

nérmal [gaus-
sian] distribu-

tion law, gaus-
sian law, nor-
mal law
exponéntial
distribution,
exponential

exponéntial

distribution  f
[répartition f]
gamma
variable f aléa-
toire distribuée
gamma

intensité f
courbe f en
cloche

courbe f gaus-
sienne [de
Gausse, de La-
place-Gausse |
courbe de den-

sit¢ de la dis-
tribution nor-
male

courbe f nor-
male

variable f aléa-
toire distribuée
normalement

distribution  f
[répartition f ]
normale [gaus-
sienne]

loi f normale
de distribution
[de répartition]

distribution  f
[répartition f ]
exponentielle

loi f exponen-

Gammavertei-
lung f

gammaverteil-
te Zufallsgro-

Be f
Intensitat f

Glockenkurve f

Gaul3sche [La-
place-Gaul3]
Kurve f

Normalvertei-
lungskurve f

Normalkurve f

normalver-
teilte Zufalls-

grofle f

Normalvertei-
lung f, norma-
le Verteilung f

Normalvertei-
lungsgesetz,
normales Ver-
teilungsgesetz

Exponential-
verteilung f

exponentielles

OTdopMaTMpPOBaHO:
PaznunyaTb KONOHTUTYbI:
nepBoy CTpaHMLbl
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JBHBIN [3KCHO-
HEHILUAJIbHBIH |
3aKOH pacmpe-
JeeHUs
13.M0TOK  BBI-
30BOB

14.motok Tpe-
O6oBaHUI

15.motok
ObITHI
16.mpaBuio
TPEX CUTM
17.myaccoHoB-
CKHUH TIOTOK
18.paBHOMEp-
HO pachpene-
JeHHas  Cly-
yailHasi  BEJIU-
YuHa
19.paBHOMED-
HOE pacmpese-
JIeHue

CO-

20.pacnpene-
JIeHUe «XH-
KBaJIpaT»
21.pacnpene-
nenne [aycca,
rayccoBo pac-
npeeaeHue
22.pacnpene-
nenue  CTblo-
JeHTa  [t-pac-
npezeneHue]|

23.pacnpene-
nenne Dume-
pa-CHenekopa,
F-pacnipenene-
HUE

24 .pacnpene-
JIEHWE XUu-KBa-

[ekciOHEHITIH-
HUH| 3aKOH
po3mnoainy

HOTIK  BUKJIM-
KiB

MOTiK BUMOT

IOTIK IOJIH

NPaBUIIO TPHOX
CHI'M
MyacCOHIBCh-
KU TTOTIK
piBHOMIpHO
po3noiaeHa
BUIIJIKOBA Be-
JMYHHA

PiBHOMIpHHIA

pO3M0Tia

PO3MOMIT  «Xi-

KBaJpaT»

posmozin Tayc-

ca, raycciB
pO3M0Tia
pO3MOTi
CrteroneHTa [t -
po3moin]
posnonin  Di-

mepa-CuHefe-
kopa, F-po3sno-
T
po3nomin  Xi-
KBaJIpaT

law

flow of calls

flow of de-

mands
flow of evénts

three sigma ru-
le

poissonian
flow

uniform  ran-
dom variable,
random variab-
le distributed
uniformly
uniform distri-
bution

chi-squared
[chi-square]
distribution
gaussian
tribution

dis-

Student dis-
tribution, #-dis-
tribution

Fisher-Snede-

cor  distribu-
tion, F-distri-
bution

chi-squared
[chi-square]

tielle de distri-
bution [de ré-
partition]

flot m d'unités,
flot m d'appels

flot m de de-
mandes, arri-
vée f

flot m d’événe-
ments

regle f de trois
sigmas

flot m poisso-
nien

variable f alé-
atoire  distri-
buée uniformé-
ment

distribution  f
uniforme
distribution  f
[répartition f ]
de khi carré
distribution  f

[répartition  f]
gaussienne [de
Gausse]

distribution  f
[répartition [,
loi f] de Stu-
dent, de ¢

distribution  f
[répartition [,
loi f] de Fisher-
Snedecor [de f]

f
/.

distribution
[répartition

Verteilungs-
gesetz n

Strom m von
Aufrufen  m,
Aufrufstrom m
Forderungs-
strom m

Strom m von
Ereignissen
Régel f von
drei Sigma
Poissonscher
Strom m
gleichverteilte
ZufallsgroBe f

Gleichvertei-
lung f, gleich-
miBige  Ver-
teilung
Chiquadratver-
teilung f

Gaulvertei-
lung f, GauB-
sche  Vertei-
lung

Student-Vertei-
lung [ [Stu-
dentsche Ver-
teilung, #-Ver-
teilung]

Fisher-Snede-
corsche Vertei-
lung, F-Ver-
teilung

Chi-quadrat-
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apar

25.cucrema
MaccoBOIO0 00-
CITy>KHBaHUS

26.cinydaiinas
BEJIMYMHA, pac-
npeeaeHHas
110 CTbIOZCHTY
27.xXu-KBagpar
pacnpenere-
HUE

28.xu-KBagpar
pacrpeeneH-
Has cllydailHas
BEJIMYMHA

29.1eHTpalib-

Has Ipeleib-
Has  Teopema
JSIIyHOBA

30.ymucno cre-
mmeHeii cB0o0OO-
IIBI
31.3KCIIOHEH-
UAJTBHO  pac-
npeIescHHAs
Cly4aiiHas Be-
JIAYHAHA

32 .3KCIIOHEH-
nuanpHoe (T10-
Ka3aTeabHOoe
pacnpenere-
HUe)

CHCTEMa Maco-
BOro 00cCIyro-
BYBaHHS

po3noiseHa 3a
CTbro€HTOM
BUIIAJIKOBA Be-
JMYUHA
Xi-KBapar
pO3M0Tia

Xi-KBapar
po3noiaeHa
BUIIAJIKOBA Be-
JMYUHA

LEHTpaJbHa
rpaHuYHAa TEO-
pema JIAIyHO-
Ba

YHUCIO  CTEIe-
HiB BUIBHOCTI

€KCIIOHCHIIIH-
HO PO3MOJIiie-
Ha BHII3JKOBA
BeJIMYMHA

€KCIIOHCHIIIH-
ui  (MOKa3HHU-
KOBMI) pO3IMO-
T

distribution

queuing system

Student  ran-

dom variable

chi-squared
[chi-square]

distribution,
2%~ distribu-
tion

chi-squared
[chi-square]
random variab-
le

lyapunov cén-
tral limit théo-
rem

number of deg-
rées of free-
dom
exponéntial
random variab-
le

exponéntial
distribution

loi /] khi carré

systeme
d'attente

m

variable f alé-
atoire  distri-
buée de Stu-
dent

distribution  f
[répartition  f,
loi /] khi carré

variable f aléa-
toire distribuée
suivant [en,par,
conformément]
la loi khi carré

théoréme m
limite central
de liapounof

nombre m de
degrés de liber-
té

variable f alé-
atoire  distri-
buée exponen-
tiellement

distribution  f
[répartition [,
loi f] exponen-
tielle

verteilung, y?-
Verteilung
Massenbedie-
nungssystem #,
System n der
Massenbedie-
nung
Studentisierte
ZufallsgroBe f

Chi-quadrat-
verteilung, y?-
Verteilung

chi-quadrat-
verteilte Zufal-

IsgroBe f

zentraler
Grenzvertei-
lungssatz m
von Ljapunow
Anzahl f der
Freiheitsgrade

exponential-
verteilte  Zu-
fallsgroBBe f

Exponential-
verteilung f
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1. bell-like
[bell-shaped]
curve

2. chi-squared
[chi-square]
distribution

3. chi-squared
[chi-square]
distribution,
22~ distribu-
tion

4. chi-squared
[chi-square]
random variab-
le

5. éxponéntial
distribution

6. éxponéntial
distribution,
exponential

7. éxponéntial
law

8. exponéntial
random variab-
le

9. Fisher-Sne-
decor distribu-
tion, F-distri-
bution

10.flow of

courbe
cloche

distribution  f
[répartition [ ]

de khi carré
distribution
[répartition  f,

loi /] khi carré

variable f aléa-
toire distribuée
suivant [en,par,
conformément]
la loi khi carré

distribution  f
[répartition [,
loi f] exponen-
tielle

distribution  f
[répartition [ ]
exponentielle

loi f exponen-
tielle de distri-
bution [de r¢é-
partition ]

variable f alé-
atoire  distri-
buée exponen-
tiellement

distribution  f
[répartition [,
loi f] de Fisher-
Snedecor [de
F]

flot m d'unités,

f en Glockenkurve f

Chiquadratver-
teilung f

Chi-quadrat-
verteilung [,
x?-Verteilung

Chi-quadrat-
verteilte Zufal-
IsgroBe f

Exponential-
verteilung f

Exponential-
verteilung f

exponentielles
Verteilungs-
gesetz

exponential-
verteilte  Zu-
fallsgrofBe

Fisher-Snede-
corsche Vertei-
lung, F-Ver-
teilung

Strom m von

KOJIOKOJIO00-
pasHas KpuBas

pacmpenee-
HUE «XU-KBa-
par»
XH-KBaJIpaT
pacmpenee-
HUE

XHU-KBaJlpaT
pacnpeeneH-
Has cllydailHas
BEJIMYMHA

9KCIIOHEHIIH-
anpHOe (TIOKa-
3aTeJIbHOE)
pacmpenene-
HUE
MoKa3aresb-
HOE [aKcTo-
HEHIMAJIbLHOE |
pacmpenene-
HUE
MoKa3aresb-
HBIA  [PKCIHIO-
HEHITUAJIbHBIH |
3aKOH pacrmpe-
JeJICHUS
9KCIIOHEHIIH-
aJBHO pacrpe-
JIeJIeHHast CJIy-

yaiilHasg BEJU-
YUHa
pacupenene-

Hue Ouiuepa-
Cuenexopa, F-

pacmpenee-
HUE
MOTOK  BBI3O-

JI3BOHOTIOIO-

Ha [A3BOHYBa-
Ta] KpuBa
pO3MoTia
KBaJ[pam

«Xi-

Xi-KBajpar
pO3M0Tia

Xi-KBaipar
po3noiaeHa
BUIIAJIKOBA Be-
JMYUHA

€KCIIOHCHIIIH-
ui  (MOKa3HHU-
KOBUI) pO3MO0-
T

MOKa3HUKOBUH
[ekciOHEHITIH-
HUI| po3moin

MOKa3HUKOBU U
[ekciOHEHITIH-
HUH| 3aKOH
po3mnoainy

€KCIIOHCHIIIH-
HO PO3MOJiie-
Ha BHII3JKOBA
BeJIMYMHA

posnonin  Di-
mepa-CuHefe-
kopa, F-po3sno-
T

HOTIK  BUKJIM-
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calls

11.flow of de-
mands

12.flow
evénts
13.gamma dis-
tribution

of

14.gamma ran-
dom variable

15.Gaussian
[Laplace-
Gauss] curve
16.gaussian
distribution
17.inténsity

18.Lyapunov

céntral limit
théorem
19.n6rmal
[gaussian] dis-
tribation law,
gaussian law,
normal law
20.n6rmal cur-
ve

21.n6rmal dis-
tribution curve

22 n6rmal dis-
tribution,gaus-
sian  distribu-
tion

flot m d'appels

flot m de de-
mandes, arri-
vée f

flot m d’événe-
ments
distribution  f
[répartition f]
gamma
variable f aléa-
toire distribuée
gamma

courbe f gaus-
sienne [de
Gausse, de La-
place-Gausse |
distribution  f
[répartition [ ]
gaussienne [de
Gausse]
intensité f

théoréme m
limite central
de Liapounof

loi f normale
de distribution
[de répartition]

courbe f nor-
male

courbe de den-
sité /' de la dis-
tribution nor-
male
distribution  f
[répartition [ ]
normale [gaus-
sienne]

Aufrufen,
Aufrufstrom m
Forderungs-
strom m

Strom m von
Ereignissen
Gammavertei-

lung f

Gammaver-
teilte Zufalls-

grofe f

GauBlsche [La-
place-Gaul3]
Kurve

Gaulivertei-
lung f, GauB-
sche  Vertei-
lung

Intensitat f

zentraler
Grenzvertei-
lungssatz m
von Ljapunow
Normalvertei-
lungsgesetz n,
normales Ver-
teilungsgesetz

Normalkurve f

Normalvertei-
lungskurve f

Normalvertei-
lung f, norma-
le Verteilung

BOB

HOTOK
BaHUI

Tpebo-

HOOTOK  COOBI-
TUN
ramma-pac-

npeacICHUC

ramma-pac-
npeaeaeHHas
ciyyaiiHas Be-
JMYMHA
kpuBas ['ayc-
ca [Jlamtaca -
l"aycca]

pacnpenere-
Hue [ aycca,
rayccoBo pac-
npejeyeHue

MHTEHCHUBHO-
CTh
LIEHTpajbHas
npeaesbHas
teopema Jlsamy-
HOBa
HOPMAaJIbHBIN
3aKOH pacrmpe-
JETICHUS

HOpMaJbHast
KpUBast

KpuBas IJIOT-
HOCTH HOpMa-
JBHOTO  pac-
npeeneHus
HOpMaJIbHOE
pacnpenee-
HHE

KiB

MOTiK BUMOT

IIOTIK IOJIN

rama-po3mnoIia

rama-po3mo/ii-
JIeHa BHUIAJKO-
Ba BEJIMYHMHA

kpuBa laycca
[JTannaca-Ta-
yccal

pO3MOJIIN Tayc-
ca, raycciB
pO3MoTia

IHTEHCUBHICTb

LIEHTpajbHa
IrpaHUYHAa TEO-
pema JlanyHo-
Ba
HOPMaJIbHU I
3aKOH  PO3IMO0-
iy

HOpMaJbHa
KpHBa

KpHUBa ILIiJIbHO-
CTi HOpMaJb-
HOTO PO3IO/Ii-
1y
HOPMaJIbHU I
PO3MOTi
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23.n6rmally variable f aléa- normalverteil- HOpMaIBHO HOpMaJIbHO
distributed ran- toire distribuée te Zufallsgro- pacmpeaenen-  po3mofaineHa
dom variable normalement Be Has  cllyyaii- BHUIAJKOBa Be-
Has BEIMYMHA  JINYMHA
24 nimber of nombre m de Anzahl f der uyumcmo creme- umciaO  cTeme-
degrées of degrés de liber- Freiheitsgrade Heli cBOOOaBI  HIB BIIBHOCTI
freedom té
25.poissonian  flot m poisso- Poissonscher  myaccoHOB- MyacCOHIBCh-
flow nien Strom CKUU TIOTOK KU TTOTIK
26.queuing systéme m Massenbedie- cucTtema Mac- CHCTeMa Maco-
system d'attente nungssystem 7, COBOro 00CIy- BOTO 0O0CIyro-
System n der uBaHHA BYBaHH:I
Massenbedie-
nung
27.Student dis- distribution f Student-Vertei- pacmpenesne- po3nomin
tribution, f-dis- [répartition f , lung [Student- nHue Crbronen- CTblofeHTa [f -
tribution loi ] de sche  Vertei- ta [f-pacmpe- po3mojin]
Student, de ¢ lung, t-Vertei- nenenue]
lung]
28.Student ran- variable f alé- Studentisierte  ciydaiiHas Be- poO3MOjLIEHA 3a
dom variable  atoire  distri- Zufallsgrofle anyuHa, pac- CTbIOJIEHTOM
buée de Stu- npejiesicHHass ~ BHUIAJKOBAa Be-
dent 1o CThIOJICHTY  JINYMHA
29.three sigma régle f de trois Régel [ von mpaBuwio Tpex NPaBUIO TPHOX
rule sigmas drei Sigma CUTM CUTM
30.0niform dis- distribution f Gleichvertei-  paBHOMepHOe  piBHOMIpHUI
tribution uniforme lung f, gleich- pacmpenene- po3nomin
méfBige  Ver- Hue
teilung
31l.uniform ra- variable f alé- gleichverteilte paBHOMepHO piBHOMIpHO
dom variable, atoire  distri- Zufallsgrofle pacmpesiesieH-  po3MoAiiieHa
random variab- buée uniformé- Has ~ Ciy4yail- BHIIAJKOBa Be-
le distributed ment Hasl BEIMUMHA  JIMYUHA

uniformly
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LECTURE NO. 7. Nepeoli CTpaHuLbI

TWO DIMENSIONAL RANDOM VARAIABLES
LE SEPTIEME COURS. VARIABLES ALEATOIRES BIDIMENSIONNELLES
SIEBTE VORLESUNG. ZWEIDIMENSIONALE ZUFALLSGROSSEN

POINT 1. GENERAL NOTIONS. Notions générales. Allgemeine Begriffe.

POINT 2. THE DISTRIBUTION FUNCTION OF A TWO-DIMENSIONAL
RANDOM VARIABLE. La fonction de distribution d'une variable aléatoire bidimen-
sionnelle. Die Verteilungsfunktion von zweidimensionalen Zufallsgrosse.

POINT 3. THE DISTRIBUTION DENSITY OF A TWO-DIMENSIONAL
CONTINUOUS RANDOM VARIABLE. La densité d’une distribution d'une variable
aléatoire bidimensionnelle. Die Verteilungsdichte von zweidimensionalen Zufalls-
grosse.

POINT 4. FUNCTIONS OF TWO RANDOM VARIABLES. Fonctions de
variables aléatoires bidimensionnelles. Funktionen zweidimensionaler Zufallsgros-
sen.

POINT 5. CORRELATION MOMENT AND COEFFICIENT. Moment cor-

rélatif et coefficient de corrélation. Korrelationsmoment und Korrelationskoeffizient.
POINT 1. GENERAL NOTIONS

Def. 1. A system of » random variables

£=(6.8060mm8)
is called the n-dimensional random variable or n-dimensional random vector.
For example, the system of n sizes of some item generates the n-dimensional
random variable.
A random variable & = (&,,&,,¢&,....,&,) is called discrete [continuous] one if all

its components &, are discrete [resp. continuous] random variables.

We’ll consider for simplicity two-dimensional random variables ¢ = (&, 7).
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Distribution law of a discrete two-dimensional random variable

Let ¢ =(&,n) be a discrete two-dimensional random variable. It means that its
components ¢, i are those discrete. Let the random variable & have n possible values
X, Xy, X35..., X, , and 1 has m possible values y,, y,, y;,..., v, . In this case we can re-

present the distribution law of ¢ = (&, i) by the next distribution table (table 1).

Table 1
S
77 xl x2 xi xn py
Y1 P P Pi P P,
Vs Pn P Pi Pz p,,
Y, Py P2 Pi Dy Py,
Y Pim Pow Pim Pum pym
P, Py p., o P e ., 1
Here

Py = P(§ =X,n= y_/): P((§ = xi)(n = y_/»
is the probability of occurrence of the pair & = x,,17 = y,. The sum of all probabilities
of the i-th column of the table gives the probability of occurrence of the value & = x;

of the random variable &,
PntPp+tp;,+..+tp, = Zpg/ = P(§ = xi): P> (1)
J=
and the sum of all probabilities of the j-th row equals the probability of occurrence of

the value n = y; of the random variable 7,
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Dy tpytetp;t..tp,= Zpi/‘ :P(n Zy_,)zpy/. (2)
-1

mUsing the formula of total probability we'll have

ipf’ - 2P((5 =5 ) =r,))= iP(n =y JP(E=x)/n=y)=P(E=x)=p,:
fznl“p”‘ B lZn;‘P((g =5 ) =y,)= lan:P(i =x)P(r=y)/E=x)=Plr=y,)=p, =

It is obvious that

m

p,+tp, tp, +..+tp, = pr,- =1, p,tp,+tp, +.+p, = Zpy,- =1
i=1 =1

(see right lower square in the table 1).

Let's remark that the distribution table 1 of the random variable ¢ = (&, 1) gi-

ves us the distribution tables of both the random variables £ and ny (table 2). It means

Table 2
5 X X, xi xn
P, Ps, P, o Py, o by,
n Y Y 5 Y Y
py pyl pyz . py]_ . pym

that knowing the distribution law of a discrete two-dimensional random variable we
always can find the distribution laws of its components.

The inverse statement isn't true in general.

POINT 2. THE DISTRIBUTION FUNCTION OF A TWO-DIMENSIONAL
RANDOM VARIABLE

Def. 2. The distribution function of a two-dimensional random variable (£, 7)

is called the next function:

F(x,y)=P(<x,n<y)=P(&<x)n<y)=P(&n)eR,). (3)
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k4 : 7 Here R is the infi-
... ) .
‘ | nite open rectangle gener-
/?x(y } oo | w3y ated by two rays starting
x |
0 x; g Zy x x from the point (x; y) to the
Fig. 1 Fig. 2 Fig. 3

left and downwards in par-
allel to the coordinate axes (fig. 1). It is the infinite open quadrant with the right up-
per vertex at the point (x; y). The distribution function in question is the probability

of hitting of the random variable (&, 17) in the rectangle (quadrant) R .

Properties of the distribution function

1. If y — +oo, the rectangle R, transforms into the left half-plane R_, (with re-

spect to the straight line passing through the point (x; y) in parallel to the Oy-axis,

fig. 2). So we can take by definition
F(x,+0)=P(l<x)= Fé(x),
where F;, (x) is the distribution function of the random variable &.
If now x — +o0 we obtain by analogous way (see R
F(+o,y)=Pn<y)=F,(»)

where F, () is the distribution function of the random variable 7.

fig. 3)

0,y ?

2. Directing x and y to +o0 we rush the rectangle R to the xOy-plane and the

event (&, 17) € R, to certain one. As result we arrive at the property

7 Clad g 2 éﬂ-g{/ 4 F(+oo,+oo):F§(+oo):Fn(+oo):1.
d | (%.‘/_//%;;//
Vi | J 3.If x > —0 or y > —00, or
afed :
c J x — —o and y — —oo, the rectangle
4c B < :
a9 / X % R, vanishes, the event (5 , n)e R,
0 a €| x 0 | x
Fig. 4 Fig. 5 rushes to impossible one, and we can
accept

F(x,—oo)=0, F(—oo,y)=0, F(—oo,—oo)=0.
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4. Probability of hitting of a two-dimensional random variable (£, #) in a finite
half-open rectangle
R,.,={xy)a<x<bc<y<d}
with vertices 4, B, C, D (fig. 4) is determined by the formula
Pla<x<b,c<y<d)=P(&n)eR,,)=F(b,d)-F(b c)-Fla,d)+F(a,c).(4)
m In reality we must prove the next equality (see the formula (3) and fig. 4):
P((&.n)€ Ry )= P((E.n) € Ry )= P((E.m)€ Ry )= P((E.n) € R,y )+ P((E.m) € R, )-
But it is evident (see fig. 4) that
Riy =Ry URy UR Ry MRy = R, Ry N(R, UR, )=,
and on the base of the axiom 4 and the corollary 1 of the lecture No. 2 (Point 3)
P((&.n)e Ry )=P((&.1)€ Ry )+ P((Em) € (R, UR,))=
= P((E.n)€ Ry )+ P((&:n) € R,y )+ P((&.n) € R, )= P((S.n) € R,,),
P((&.n)€ Rypes )= P((&.1) € R,y )= P((&.1) € R, )= P((E.m) € R, )+ P((E.m)€ R, ) m

5. The distribution function never decreases with respect to each its argument:

if x, <x,,y,<y,,then
Fx, )< F(x,, ), Flx,y)<F(x, )

m For example let x;, < x,. In this case by virtue of the formula (3) the differ-

ence
F(xy,y)=F(x,»)=P(&n)eR,,)-P(&n)eR,,)
is the probability of hitting of the random variable (& ,17) in the hatched strip which is
shown on the fig. 5. Being a probability this difference must be non-negative, hence
F(xz,y)—F(xl,y)Z 0, F(xz,y)z F(xl,y)and F(xl,y)s F(xz,y).l

6. The components &, of a two-dimensional random variable (&, #) are inde-
pendent if and only if the distribution function F(x, y) of (& #) can be represented in
the form of a product of the distribution functions of these components,

F(x, y)=F,(x) F,(»).

ml. At first let the random variables &, 7 be independent. In this case
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F(x,y)=P(E<x,n<y)=P((&<x)n<y))=PE<x)Pln<y)=F,(x)F,(»)

2. Now let

It means that
P((§ <x)n<y))=P(E <x) Pln<y),
and therefore the random variables &, n are independent.
Remark. Knowing the distribution function of a two-dimensional random vari-
able (&, #) we always can find the distribution functions of its components ¢ and 7
(see the property 1). The inverse fact isn’t true in general. But the property 6 indicates
that knowing the distribution functions of two independent random variables we can

find the distribution function of their system (¢, 7).

POINT 3. THE DISTRIBUTION DENSITY OF A TWO-DIMENSIONAL
CONTINUOUS RANDOM VARIABLE

Let (&, n) be a continouos two-dimensional random variable, and R, (fig. 6) is
an infinitely small rectangle with vertices
M (x;y), N(x+Ax; y), 06y + Ay), P(x + Axs y + Ay).
The probability of hitting of (&, #) in this rectangle by the property 4 of the point 2

equals

P((&.n)eR,)=F(P)-F(N)-F(Q)+ F(M)=
:F(x+Ax;y+Ay)—F(x+Ax;y)—F(x;y+Ay)+F(x;y).

If we divide it by the area AxAy of the rectangle R, , we'll obtain the average

density [or the mean density] of the probability on R, that is

[, _Pener)
ay A_xAy °

Now let Ax > 0, Ay > 0. We'll get the density f (x, y) of the probability at the point

M(x;)
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rloon)= iy PEDER) g

ju As can be proved the density of the
e
J I @ R ?J probability is equal to
a
I v S y)=Fy(x y) (6)
X that is to the second mixed partial deriva-
0 = 2% x
Fig. 6 Fig. 7 tive of the distribution function of the

random variable (&, 7).
Def. 3. The distribution density (or the probability density) of a two-dimen-
sional continuous random variable (¢, #) is called the function f (x, y) defined by the

formula (6), that is the second mixed partial derivative of the distribution function

F(x, y) of this random variable.

It follows from the formula (5) that the probability of hitting of a two-dimen-

sional random variable (¢, #) in the infinitely small rectangle R, equals (with an ac-
curacy to infinitely small of higher order)
P((f,n)e RA)=f(x,y)dxdy (dx=Ax,dy=Ay). (7)

The formula (7) defines so-called probability element.

Properties of the distribution density

1. The distribution density is non-negative function,

f(xa y) Z O °
mIndeed,

— 1 P((&a’?)ER )
flx,y)= AHI(I)%%OAX—AyA >0

as the limit of the ratio of a non-negative probability to positive area AxAy .m

2. The probability of hitting of a random variable (&, ) in some domain D of
the xOy-plane (fig. 7) equals the double integral of its distribution density over the



174 Two Dimensional Random Variables

domain D,

P((&.n)e D)= [[ 1 (x, y)dxdy. (8)

D
mOne can obtain the formula (8) by adding the probability elements (7) over
the domain D.m
3. As corollary we can find the distribution function of a random variable (&, 7)

that is the double integral of its distribution density over the rectangle R,
F(x,y)=P(&n)eRr,)=[[ £(x, y)dxdy . (9)
Ry,

The formula (9) of the Lecture No. 24 permits us to represent F' (x, y) in the

form of repeated integrals

F(x,y)= jdXTf(x,y)dy, (9a)
F(x,y)= jdyjf(x,y)dX- (9b)

4. On the base of the property (1) of the distribution function of a random

variable (£,7) we find the distribution functions of its components & and 7,

()= F(xt0)= [d [ £l r)iv. (104)
F(y)=F(+wo,y)= [dv | f(x,p)dx. (10b)

5. On the supposition of satisfaction of corresponding conditions we find the

distribution densities of the random variables & and 7 by differentiation the integrals

(10 a), (10 b) with respect to their variable upper bounds [limits] x and y,

£:(x)=F(x)= [ f(x,y)dy, (11a)

£,0)=F ()= [ flx.y)x. (11b)
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6. On the base of the property 2 of the distribution function F (x, y) we have

0 00

[ [ £Gey)x = F.(+ )= F(+ %) =1 (12)

—00—00

7. The components &,n of a two-dimensional continuous random variable

(&, i) are independent if and only if the distribution density f(x, y) of (&, #) can be

represented in the form of a product of the distribution densities of these components,
fey)=£:6) £,(»).

mWe'll prove the first part of the property (prove yourselves the second one).
Let the random variables &, 7 be independent. By the property 6 of the distri-

bution function we have

and therefore by (6)
fey)=F(x, »)=F/(x)-F)(y)=f.(x) £,( ) m
By virtue of this last property the distribution density of a two-dimensional
random variable (¢, 77) with independent components equals the product of the dis-
tribu-tion densities of the components.
Ex. 1. The simplest normal distribution on the plane. Let &£,n be two inde-
pendent normally distributed random variables with the distribution densities

_(X—al )2 _(y—az)z

1 o? 1 o2
fW)=pre ™ L= e
1 2

The two-dimensional random variable (£, n7) with the distribution density

[ (v-a P, (y-a)" J

20'12 20'22

£ 9)= £, (5) = ———

- 2ro,0,
is said to have the simplest normal distribution on the plane xOy.
The function f'(x, y) retains a constant value along an ellipse (the concentra-

tion ellipse)
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(x—a1)2 +(y_az)2 _ )2

- 207 20,
% with the center (a,, a,) and semi-axes Ao, Ao, (fig. 8). The
7 z, z probability of hitting of the random variable (&, 1) inside the
Fig. 8 concentration ellipse equals
2
l-e 2,

it takes on the value 0.989 for A =3 (analogue of the 3o -rule for the one-dimen-
sional normal distribution).

Ex. 2. A two-dimensional continuous random variable (£, 7) is given by the

distribution density

| Axy if (x,y)eD,
f(x’y)_{ 0 if (v,y)eD,

where D is a rectangle: D = {(x, y): 0<x<q,0<y< b} (fig. 9).

Jic 2
6 Find the value of the parameter 4, the distribution densities of the
2, D components &, and the distribution function of the given
& iabl .
= g s random variable (£, 7)
% ! 1. The value of 4 we find on the base of the property 12 of
Fig. 9 the distribution density, namely
0 © a b A 4
1= x, v )dx = || Axydxdy = A|| xydxdy = A| xdx| ydy = —=a*b*, A= ,
_fw_jwf( ») IDI vd:xdy foy y ! !yy J X

xy if (x,y)eD,

4
[ y)=1a%?
0 if (x,y)eD.

2. To find the distribution densities of the components &, n we'll make use of

the formulas (11 a), (11 b).

b

- 4 4 2 .
fé(x): If(x,y)dyZ a2b2 ‘([xy 4 a2b2 x‘([y 4 a2 vl o “

0 if xg[0,a}
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4 2
Ifxydx— 2sz.xydx 2bzyj.xdx—bzy if 0<y<b,

0 if yel0,5]
3. Finding the distribution function with the help of the formula (9) we must
take into account five cases of disposition of the point (x, y).
a) If the point (x, y) lies in the domain D, (the union of the second, third and
fourth quadrants, fig. 9), the distribution density f(x, y) =0in R ,and F (x, y) =0.
In the next four cases the distribution density f(x, y) doesn't equal zero in cor-

responding intersections (in common parts) of the rectangle R, and the domain D.

These intersections are represented on figures 10 a-d.

4’; = 3 _jff _é_ﬁl{r;‘;y 1 b) If the point (x, y) lies in the

4l _%7_ (x:3) ¢ C,Z e = %A  rectangle D, the distribution density
4, g o 4 f}i 2 f (x, y) doesn't equal zero in the in-

0 ,!z a x £ . : 7% ersection Aof R, and D (which is
Fig.10a Fig. 10b

the rectangle, fig. 10 a), hence

y

F(x y Ty 2J‘J‘xya’xdy ;2jxdxjydy_ 2y2_

212
0 0 b

¢) If the point(x, y) lies in the domain D, defined by the inequalities 0 < x <a,
y>b, f(x,y)#0 in the rectangle A, = R, ND (fig. 10b), and so

X b 2
F(x, y)= pErE ”xydxdy = —dexf vdy =
0
E c s }'9‘"“‘""47**@#/9? d) If the point (x, y)
B 2y (f;'f/ ¢|C ? B~ lies in the domain D, de-
7| 2Ee, 2 s NN
a; o 2 e : fined by the inequalities
; A 2 Xl X
0 a bx o A x>a,0<y<b,
Fig. 10 ¢ Fig. 10d

f(x, y) # 0 in the rectan-
gle A, (fig. 10 ¢), so
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a y 2

F(x,y)zc;bz”xydxdyzc;bzJ.xdxj.ydyzZz.
Az

0 0
e) At last if the point(x, y) lies in the domain D, defined by the inequalities
x>a, y>b,wehave R (1D =D (fig. 10 d), and therefore

a

b
_[nydxdy = a24b2-[ xdx_!' ydy =1.

0

4

212
ab

F(x,y) =[] £ (e y)axdy = [[ f (x, y)dxdy =

Thus the distribution function of our two-dimension random variable (&, 7)
equals 0 in the domain D, , (x2 y’ )/ (a2b2) in the domain D, x*/a” in the domain D,
and y’/b* in the domain D,.

POINT 4. FUNCTIONS OF TWO RANDOM VARIABLES

The distribution law of a function of two random variable

Let a random variable § be a function of two random variables &, namely

& =& n).

We'll find the distribution law of  for the case of continuous random vari-

7?% / ables £, with known distribution density f(x, y) of two-
: ’%"ﬁ f",, dimensional random variable (&,7).
MN;;;:;@\ Denoting by M the next point set on the xOy-plane
7 o M ={(x, )i p)< 2},
Fig. 11 we obtain for the distribution density £ (z) of the random

variable ¢ = (£, n)
Fi(z)=P(¢ <2)=Plp(&,n)<2)=[[ f(x, y)axdy = [[ f(x, )dxdy  (13)

o(x,y)<z
We'll dwell on the important case namely the sum of two continuous random
variables
¢ =& m)=¢+n.

The formula (13), in which it's necessary to put



Two Dimensional Random Variables 179

M ={(x, y): x+y <z} (fig. 11),
gives

Fg(z):P((;<z) (§+17<z ”fx y)dxdy— ”fx ydxdy Idxffx v)d

x+y<z
because of —o0 < x < o0, and for each x € (-, 0) —w<y<z—x.
To find the distribution density of the sum ¢ =¢& +n we must differentiate the

distribution function. If necessary conditions for this operation are fulfilled we obtain

Sz (z)= F} (z)= _T dx(z_rf(x, y)dy] = jf(x, z—x)dx.

If the random variables &, # are independent, we have
S, y)=f.(01,(),

and therefore

[:2)= [ fe(0)f,(z = x)dx. (14)
Ex. 3 (the distribution law of tt_lz sum of two independent normal distributions).
Let independent random variables &, # be normally distributed with parameters
(ai, 01), (a2, 02) and the distribution densities

_(x-ay)? (y=ay)

1 1 20%

fg(x)=mg e fn(J’)=mG

correspondingly. We can at once find the mathematical expectation, dispersion and

root-mean-square deviation of the sum ¢ = & +n of these random variables, namely

M(§)=M(&+n)=M(&)+M(n)= al+az,D((§) (¢5+f7) D(£)+D(n)=07 +07,
o(()=0(E+n)=yD(£)+D(n) =0} +0;

but we don't know its distribution law and must seek it.
On the base of the formula (14) the distribution density of the sum § =& +7 is

represented by the next integral:
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0 _(X_al )2 _(Z—X—az)z

i ! i, 20 g
f@= [ L modv=g e 2 e 2 ds=

) _(X—al )2 _(Z—X—az )2

1 _(z=(ay+a,))

_ 1 Ie i 203 g — 2ot 103
2rno,0, 7, N2mAoy +0;

This result' shows that the random variable ¢ = & +7 has the normal distribu-

tion with the mathematical expectation a =a, +a, and root-mean-square deviation

2 2
o =40, +0; .

Thus the sum of two independent normally distributed random variables has
the normal distribution.

This result is valid for every number of summands.
The mathematical expectation of a function of two random variables

Suppose that we have a function of two random variables

¢ =9(&n),
and the question is to find its mathematical expectation.

If £ is a discrete random variable (it means that &,7 are discrete random vari-

ables), then its mathematical expectation is given by the next sum

MG)=Mp(En)= Y olc.v)p, = X olx.y JPE=x.n=y),  (15)

which is extended on all pairs of values (5 =Xx,,N= yj).

If £ is a continuous random variable (that is £,n are continuous random va-
riables), then the mathematical expectation is represented by the double integral over
the whole plane xOy

M) =M(plen)= [ ole, v)f G phisdv = [ [ole, v)f G, phisdv, (16)

R —00—

w , = B*+44C
"It can be obtained with the help of the known integral I e_AX +BX+Cdx = Ze 44 (A > 0)

—00
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where f(x, y) is the distribution density of the two-dimensional random variable

(& m).

The formulas (15), (16) allow us to prove the properties of the mathematical
expectation for a sum and product of two random variables. For discrete random va-
riables they were proved in the Lecture 5. Now we'll consider the case of those conti-
nuous.

For the mathematical expectation of a sum the formulas (16), (11 a), (11 b)

give
§+17 = ]O ]O x+y x y)dxdy j ~[)cf)c y)dxdy+ j jyfx ydxdy—
= [xac [ £ y)dy+jydyjfx ydx—jxfg x)dx+jyf M(E)+ M(y).

For the mathematical expectation of a product of two independent random va-
riables one gets with the help of the same formulas and the property 7 of the distribu-

tion density

=[x oo phicay= [ [t ()1, (v vy =

—00— 00 —00— 00

) j xf, (x)dx J Xy (vdy = M(E)M ().

POINT 5. CORRELATION MOMENT AND COEFFICIENT OF TWO
RANDOM VARIABLES

In the furute we'll widely applicate so-called correlation moment and correla-
tion coefficient of two random variables.

Def. 4. The correlation moment K (& ,17) = K, of two random variables &,n is

0
called the mathematical expectation of a product of the centered random variables &

0
and 7,
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K=K, =M{En)=M(E-M@a-MG).  (17)

It follows from the formula (17) the next representation for the correlation mo-
ment:
K(&,n)=K,, =M(sn)-M(E)M(n) (18)
By virtue of the formulas (15), (16) we can write
K(&,n)= ;xiy_,-pi,- - M (&M (n)= ;xiy_,-P(i =x,m=y,)-M(E)Mn)

for discrete random variables and
k(&)= [[xpf (x, y)axdy - M(EM ()= [ [xpf (x, y)aedy - M(£)M ()
RZ —00— 00
for those continuous.

Def. 5. The correlation coefficient of two random variables &, n is called their

correlation moment divided by the product of their root-mean-squares deviations,

Hem)=r, = = Kn) (19)

o0, ol&)oln)

The correlation coefficient is dimensionless [non-dimensional] quantity.
To ascertain probabilistic sense of the correlation moment and especially the
correlation coefficient we'll study some their properties.

Cauchy'-Bunjakowsky? inequality

For two arbitrary random variables & and 7 the inequality (Cauchy-Bunja-

kowsky inequality) holds

Mgm|<ym(g?)mla). (20)
mFor any real number A the next mathematical expectation M ((5 - An)2) isn't

negative. Hence,

M(E—-AnY = M(£* —248n+2°n*)= M(£?)-2aM (en)+ 2 M (n?)= 0.

' Cauchy, A.L. (1780 - 1859), an eminent French mathematician
? Bunyakowsky, V.J. (1804 - 1889), a Ukrainian mathematician
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We've got a quadratic trinomial in A which can take on only non-negative values.
Therefore its discriminant D must be non-positive, and so

D =M (En)- (& M) <0,

M (En)<m(@ () (MEn)<M(E ) mly®) m

Properties of the correlation moment and coefficient

1. The correlation moment of two random variables &, 7 doesn't surpass in mo-
dulus the product of their root-mean-square deviations,
K(&.n)<a(&)oln). (21)
mBy virtue of Cauchy-Bunjakowsky inequality (20) and the definition of the

dispersion and root-mean-square deviation
()< (&) ) (3] | - 200200 = ot

Corollary. The correlation coefficient doesn't surpass in modulus the unity,

‘r(f, 17] <1
because of the formula (19) and the inequality (21).

K(&,n)=

2. If random variables &, 7 are independent, then their correlation moment and

therefore the correlation coefficient are equal to zero.

mIn the case of independency of &, n one has
00 0 0
K(e.n)=m{&n )= m( £ (0] =0-0-0.m
3. Let random variables &, be connected by a linear dependence
n=k&E+1.

In this case

"’(5#7]:1,

or more exactly
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1 if k>0,
r(é,n)Z{ k>

-1 if k<O.
mlt's sufficient to find the correlation coefficient under the condition of a linear

dependence 1 = k& +/ between&, 7. One obtains successively:

0

M(n)=M(E +1)=KM(E)+1, 1 =n—M(g)= k& ~kM(E) =k(E~M()) =kE.

0

K(Em)=M 5-5)=M(fs-kff}kM((:ﬂ=kD(§)=koz(§),

otn)= /0% JM{(%);])JM{@«%};])JM{H({%T]_JHM{(%T]ka@

r(g’n):a(é)a(n):a(i)-ka(g):k: Z1if k<0,

It follows from the properties 2 and 3 that the correlation coefficient is the

measure of a linear dependence between random variables.

The equality to zero of the correlation coefficient of two random variables
means absence of a linear dependence between them but it doesn't mean that they are
independent. A dependence of the other kind can exist between the random variables.

Def. 6. Two random variables are called those correlated if their correlation co-

efficient doesn't equal zero and non-correlated otherwise.



TWO DIMENSIAL RANDOM VARIABLES : basic terminology RUEFD

1. BekTOpHas
ClyyaiiHasi Be-
JMYMHA

2. BEpOSITHO-
CTb  IOMaja-
HUSL  JIByMep-
HOM  cCllydaii-
HOW BEJIUYUHBI
B IPSIMOYTOJIb-
HHK, B 00/1aCTh

3. B3aMMHO
HEe3aBUCHUMbIE
CIIy4yailHble Be-
JIMYUHBI

4. nBymepHas
IUIOTHOCTD
pacnpenere-
HUS

5. IByMepHas
ClyyaiiHasi Be-
JMYMHA

6. nByMepHas
ClyyaiiHasi Be-
JUYMHA, paci-
peneneHHas 1o
HOPMaJIbHOMY
3aKOHY

7. nByMepHas
¢byHKUUA pacn-
peneneHus

8. AByMepHOe
HOpMaJIbHOE
pacmpenene-
HUE

BEKTOpPHA BH-
MaIKOBa BEJIH-
YHHA
IMOBIpHICTb
MOTIaJJaHH S
JBOBUMIPHOI
BUITAIKOBO1
BEIMYMHH B
IPSIMOKYTHUK,
B 00J1aCTh

B3a€EMHO He3a-
JIEKHI  BUIIa-
KOBI BEJIMYMHU

JBOBUMIipHa
IIiJIBHICTD PO3-
MO ILTY

JBOBUMIipHa
BUMA/IKOBA Be-
JTUYUHA
JBOBUMIipHa
BUMA/IKOBA Be-
JUYUHA, PO3-
HojJiNeHa  3a
HOpMaJIbHUM
3aKOHOM

JIBOBHUMIpHa

¢byHKIIST  po3-
MOILTY

JBOBUMIpHHM
HOPMaJIbHU I
po3moi

véctor random
variable

probability of
hit/hitting of a
two-diménsio-
nal random va-
riable in a rec-
tangle, in a do-
main

mutually inde-
péndent  ran-
dom variables

two-diménsio-
nal distribution
dénsity

two-diménsio-
nal random va-
riable
two-diménsio-
nal random va-
riable distribu-
ted by [accor-
ding to, accor-
dingly, corres-
pondingly]
nérmal law
two-diménsio-
nal distribution
[partition] fun-
ction

two-diménsio-
nal nérmal dis-
tribGtion

variable 1 aléa-
toire vectoriel-
le

probabilité f/ du
coup [d’impact

[-kt] m, d’at-
teinte f] d’une
variable aléa-

toire bidimen-
sionnelle dans
un rectangle,
dans un domai-
ne

variables f alé-
atoires mutuel-
lement  indé-
pendantes
densité f de ré-
partition f [de
distribution  f]
bidimension-
nelle

variable f aléa-
toire bidimen-
sionnelle
variable f alé-
atoire bidimen-
sionnelle  dis-
tribuée/répartie
suivant [en,par,
conformément]
la loi fnormale

fonction f de
répartition  f
[de distribution
] bidimension-
nelle
distribution  f
[répartition f ,
loi /'] normale
bidimension-

vektorielle
ZufallsgroBe f

Wahrschéin-

lichkeit (f) von
Tréffer  einer
zweidimensio-
nalen Zufalls-
groffe in  ein
Réchteck, in
ein Gebiet

einander  Un-
abhingige Zu-
fallsgroBen f

zweidimensio-
nale Vertéi-
lungsdichte (f)

zweidimensio-
nale Zufalls-
groBe (f)
zweidimensi-
onale Zufalls-
grofle die nach
dem Normal-
gesetz(e) ver-
téilt sein

zweidimensi-
onale Vertei-
lungsfunktion f

zweidimensi-
onale Normal-
verteilung f

OTdopMaTMpPOBaHO:
PaznunyaTb KONOHTUTYbI:
nepBoy CTpaHMLbl
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nelle
9. nBymepHoe nBoBUMIipHUH  two-diménsio- distribution f zweidimensi-
pacnpenene- po3moi nal distribation [répartition f , onale Vertei-
HHE loi £] bidimen- lung f
sionnelle
10.nBymepHbIii  nBOBUMIpHUH  two-diménsio- loi f de distri- zweidimensi-

3aKOH pacIpe-
TeNeHUs

11.1uckperHas
JByMEpHas
[TpexmepHas,
n-MepHasi |
ClyyaiiHasi Be-
JMYMHA

12.xkoMIo3u-

ousi  3aKOHOB
pacripenee-
HUSI

13.xkoMI03u-
ousi HOpMaJlb-
HBIX 3aKOHOB

14.xoppenu-
pOBaHHBIE CIIY-
yalilHbIe BeJU-
YHHBI
15.xoppens-
UOHHBIA MO-
MEHT

16.Komu-by-
HSIKOBCKOTO
HEpPaBEHCTBO
17.x03ppunm-
eHT Koppeis-
101201

18.mepa nuHe-
WHOU 3aBHCHU-
MOCTH MEXIY
JIBYMS CIIy4daii-

3aKOH PO3MOi-
1y

TUCKpeTHa
JBOBUMIpHA
[TpuBHUMipHa,
n-BUMipHa| BH-
MaIKOBa BEJIH-
YHHA

KOMITO3HITist
3aKOHIB pO3I0-
Ty

KOMIIO3HUIIIS
HOPMaJTbHHUX
3aKOHIB

KOpEJIbOBaHi
BUIAJAKOBI Be-
JIMYUHUA

KOpeJSIiiHuN
MOMEHT

Komi — byns-
KOBCBKOTO HeE-
PiBHICTb
KoeQilieHT
KOpemsii

Mipa JiHIHHOI
3aJ1€KHOCTI

MIXK JBOMAa BH-
MaJKOBUMH Be-

nal distribution
law

discréte  two-
diménsional
[three-dimén-
sional,  n-di-
ménsional |
random variab-
le

composition
[superposition]
of laws of dis-
tribution
composition
[superposi-
tion] of normal
laws

correlated ran-
dom/élea-tory
variables

correlation
[correlative]
mément [coef-
ficient]
Cauchy — Bu-
njakowsky in-
equality
correlation co-
efficient, coef-
ficient of cor-
relation
méasure of li-
near depénden-
ce between
two  random

bution f [de ré-
partition f] bi-
dimensionnelle
variable f aléa-
toire bidimen-
sionnelle [tridi-
mensionnelle,
n-dimension-
nelle] discrete

composée  f
[composition f]
de lois de dis-
tribution 1
composée [ des
lois normales

variables aléa-

toires cor-
rélées

moment m
corrélatif

inégalité¢ [ de
Cauchy-Bou-
niacovsky

coefficient m
de corrélation

mesure [ de
dépendence f
linéaire  entre
deux variables

onales Vertei-
lungsgesetz n

diskréte zwei-
dimensionale
[dreidimensio-
nale, n-dimen-
sionale] Zufall-
sgrofie (f'=,-n)

Komposition f
von Vertei-
lungsgesetzen
n
Komposition f
von Normal-
verteilungsge-
setzen
korrelierte Zu-
fallsgroBen f

Korrelations-
moment n

Ungleichung f
von Cauchy-
Bunjakowski
Korrelations-
koeffizijent m

Mal n von li-
nearer Ab-
hingigkeit  f
zwischen zwei
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HBIMH BEJIMYH- JINYUHAMHU variables aléatoires ZufallsgroBen
HaMHU
19.MHOrOMEp- OaratoBumipHa multidiménsial variable f aléa- mehrdimensi-
Has ciydaifHas BuMaakoBa Be- random variab- toire multidi- onale Zufalls-
BEJIMYHMHA JMYMHA le mensionnelle  grofBe f
[a  plusieurs
dimensions]
20.mHOTOMEp- OaratoBumip-  multidiménsial distribution f mehrdimensi-
HOe pacnpeae- HuM posnoain  [manydimén-  [répartition f , onale Vertei-
JICHUE sional] distri- loi £ ] multidi- lungf
bution mensionnelle
[a  plusieurs
dimensions]
21.unexoppe- HeKopenboBa-  uncoOrrelated variables f alé- unkorrelierte
JUPOBaHHBIC HI BHUIAAKOBI [non-correla-  atoires  non- ZufallsgroBen f
cllyyaiiHble Be- BEIMYMHH ted] random corrélées
JIMYMHBI variables
22 HempepblB-  HemepepepBHa continuous variable f aléa- stétige [konti-
Hasl IByMepHasi JBOBHMipHa two-diménsio- toire bidimen- nuierliche]
[TpexmepHas, [rpuBuMmipHa, nal [three-di- sionnelle [tridi- zweidimensio-
n-MepHasi | n-BuMipHa] BU- ménsional, n- mensionnelle, nale [dreidi-
ciy4yaiiHas Be- maakoBa Benu- diménsional] — n-dimension- — mensionale, n-
JUYMHA YHHa random variab- nelle] continue dimensionale]
le ZufallsgroBBe (f
=,-n)
23.HopMmanib- ~ HOopManbHUM  normal distri- distribution f Normadlvertei-
HOe pacmpezne- posmofin  Ha bution on the [répartition /] lung auf der
JICHWE Ha IUIO- TUIOIIMHI (8 plane (in the normale surle Ebene f, im
CKOCTH [B TIPO- MPOCTOPi) space) plan (dans 1’es- Raum(e) m)
CTpaHCTBE| pace)
24 nopmane-  HopManbHUE ~ normal law of loi f normale normaéles Ver-
HBIH 3aKOH 3akoH po3mno- distribution on de distribution teilungsgesetz
pacnpenene- aimy Ha muo- the plane (in f [répartition / n auf der Ebe-

HUS Ha ILUIOC-
KOCTH (B Ipoc-
TPaHCTBE)

25 .JI0THOCTH
BEPOSITHOCTH

26.117I0THOCTh
pacnpenene-
HUS
27.cucrema

el (B mpoc-
TOPi)

HIIBHICTD
HMOBIpHOCTI

HI{JIbHICTh
po3noniry

cuCreMa JBOX

the space)

probability
dénsity

distribution
dénsity

system of two

], loi f de lap-
lace-gauss sur
le plan (dans
I’espace)
densit¢ f de
probabilité

densité f d’une
distribution

systetme m de

ne f, im Raum-

(e) m)

Wahrschéin-
lichkeits||dich-
te f=
Verteilungs-
dichte f

System von
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IBYX [TpeX, 1]
CJIy4aiiHbIX Be-
JIMYUH
28.ciydaitHblii
BEKTOD
29.coBmecT-
HOE pacrmpene-
JIeHne

30.cocTaBist-
IoIast IByMep-

HOH [Tpexmep-
HOH,  n-Mep-
HOI| ciydaii-

HOH BEJIUYUHEI

31.7abauna
pacnpenene-
HUSA JUCKpET-
HOM  JByMeEp-
HOM  Cllydaii-
HOM BEJIUYUHBI

32.Tpexmep-
Has ciy4aiHas
BEJIMYMHA

33.Tpexmep-
HOE pacrmpene-
JIeHne

34.bynkuus
IBYX [TpeX, 1]
CIIy4yallHBIX Be-
JTHYUH
35.bynkuus
pacripenee-
HUSI

[TppOX, n] BU-
IMagKOBUX Be-
JIMYHMH
BUIaJKOBUM
BEKTOP
CyMICHHH pO3-
IO JTLJT

CKJIaIOBa JIBO-
BUMIipHOI1 [Tpu-
BUMipHOi, 0a-
raToBUMIpHOI,
n-BUMIPHOI |
BUIIAIKOBO1
BEJIMYUHH

TabIuIs  po3-
MOAUTY  JTUCK-
pETHOI JBOBU-
MIpHOi BHIAJ-
KOBOI BEJIMYU-
HU

TpUBHMIipHA
BUIA/IKOBA Be-
IUYUHA

TPUBUMIPHUI
po3moi

¢byHKLIS  IBOX
[TppOX, 1] BU-
MaJIKOBUX Be-
JTUYUH
¢byHKIIST  po3-
MOILTY

[three, n] ran-
dom variables

random véctor

joint [simulta-
neous]  distri-
bution

compodnent of
a two-dimén-
sional [three-
diménsional,

multidiménsi-
al, n-diménsi-
onal] random
variable

table of the
distribation
[distribution
table] (of a dis-
créte  two-di-
ménsional ran-
dom variable

three-dimén-
sional rédndom
variable

three-dimén-
sional distribu-
tion

function of two
[three, n] ran-
dom variab-les

distribution
function

deux/trois/n
variables f alé-
atoires

vecteur m alé-
atoire
distribution  f
jointe [loi f
conjointe] (de
probabilité)

composante f
[composant m]
d’une variable
aléatoire Dbidi-
mensionnelle
[tridimensionn
elle, multidi-
mensionnelle,
n-dimension-
nelle]

table f [tab-
leau m] de dis-
tribution f [de
répartition f ]
d’une variable

aléatoire  dis-
crete bidimen-
sionnelle

variable f aléa-
toire tridimen-
sionnelle [a
trois  dimen-
sions]
distribution  f
[répartition f
loi f] tridimen-
sionnelle
fonction f de
deux [trois, n]
variables aléa-
toires

fonction f de
distribution  f
[de répartition

zwei [drei, n]
ZufallsgroBen

Zufallsvektor
m
gemeinsame
Verteilung f

Anteil m[Kom-
ponente f] ei-
ner zweidi-
mensionalen

[dreidimensio-
nalen] Zufalls-

groBe (f)

Vertéilungs-
tabelle (f) einer
diskréte zwei-
dimensionale
ZufallsgroBBe (f
=,-n)

dreidimensio-
nale  Zufalls-

grofle f

dreidimensio-
nale Vertei-

lung f

Funktion  von
zwei [von drei,
von n] Zufalls-
groflen
Verteilungs-
funktion f
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]

36.3mmmrc eminc poscigH- ellipse of con- ellipse f de Streuungsellip-
paccesiHus HS centration concentration  sef
37.9H-MepHass  eH-BuMipHa (n n-diménsional variable f aléa- n-dimensionale
(n-mepHast) BUMipHa) BH- random variab- toire de dimen- ZufallsgroBe f
cilydaifHas Be- TMaJKOBa Belu- le sion n [n-di-
JIMYUHA YHhHA mensionnelle]
38.9H-MepHOe  eH-BuMipHUE  n-diménsional distribution f n-dimensionale
(n-mepHoe) (n-Bumipuuii)  distribation [répartition /] Vertéilung (f)
pacrpenee- po3noain de dimension n
HUe [n-dimension-

39.3H-MepHBIH
(n-mepHbIit)
CIIy4YalHbII
BEKTOP

€H-BUMIipHHUN
(n-BUMipHUIL)
BUITAIKOBUH
BEKTOP

n-diménsional
random véctor

nelle]

vecteur m alé-
atoire de di-
mension n [n-
dimensionnel-

le]

n-dimensiona-
ler Zufallsvek-
tor m
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1. Cauchy -
Bunjakowsky
inequality

2. compoOnent
of a two-di-
ménsional
[three-dimén-
sional, multi-
diménsial, »n-
diménsional]
random  vari-
able

3. composi-
tion [superpo-
sition] of laws
of distribution
4. composi-
tion [superpo-
sition] of nor-
mal laws

5. continuous
two-diménsio-
nal [three-di-
ménsional, n-
diménsional]
random variab-
le

6. correlated
random/alea-
tory variables

7. correlation
[correlative]
moément [coef-
ficient]

8. correlation
coefficient, co-
efficient of
correlation

9. discréte

inégalité¢ f (de
Cauchy—Bou-
niacovsky)
composante f
[composant m]
d’une variable
aléatoire bidi-
mensionnelle
[tridimensionn
elle, multidi-
mensionnelle,
n-dimension-
nelle]
composée  f
[composition f]
de lois de dis-
tribution 1
composée f des
lois normales

variable f aléa-
toire bidimen-
sionnelle [tridi-
mensionnelle,
n-dimension-
nelle] continue

variables aléa-
toires cor-
rélées

moment m

corrélatif

coefficient m
de corrélation

variable f aléa-

Ungleichung f
von Cauchy-
Bunjakowski

Anteil m[Kom-
ponente f] ei-
ner zweidi-
mensionalen

[dreidimensio-
nalen] Zufalls-

grofie (f)

Komposition f
von Vertei-
lungsgesetzen

Komposition f
von  Normal-
verteilungsge-
setzen

stétige [konti-
nuierliche]
zweidimensio-
nale  [dreidi-
mensionale, n-
dimensionale]
Zufallsgrof3e
korrelierte Zu-
fallsgroBBen f

Korrelations-
moment »n

Korrelations-
koeffizijent m

diskréte zwei-

HEPaBEHCTBO
Komn - byns-
KOBCKOI'O
COCTaBJIAOLIAs
JBYMEPHOU
[TpexMepHOH,
n-MEpHOM]
CIIy4ailHON Be-
JIMYMHBI

KOMITO3HIIUS
3aKOHOB  pac-
IpeaesIeHHS

KOMITIO3HMII U
HOPpMaJIbHBIX
3aKOHOB

HelnpepbIBHAs
JByMEpHas
[TpexmepHasi,
n-MepHas |
ClyyaiiHasi Be-
JMYMHA

KOppenupo-
BaHHbBIE  CIy-
yalilHple BeJU-
YHHBI
KOppEISLHOH-
HBIA MOMEHT

KOA(PPUIUEHT
KOPpeNsuu

AUCKpPETHAaA

HEpIiBHICTh
Komi — Bbyns-
KOBCBKOTO
CKJIaIOBa JIBO-
BUMIpHOI [TpH-
BUMipHOi, 0a-
raTOBUMIpHOT,
n-BUMIipHOi |
BUITAIKOBOT
BEJIMYUHH

KOMITO3HITi st
3aKOHIB pO3II0-
Ty

KOMIIO3HLI S
HOPMaJIbHHUX
3aKOHIB

HerepepepBHa
JBOBUMIipHA
[TpuBUMIipHa,
n-BUMipHa| BU-
MaJIkoBa BEJHU-
YHHA

KOpEJIbOBaHi
BUITAJIKOBI Be-
JTUYUHA
KOpEeJSIIHHNI

MOMCHT

KoeQiIieHT
KOpeTsii

AUCKPETHA
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two-dimén-
sional [three-
diménsional,
n-diménsion-
al] random va-
riable
10.distribution
dénsity

11.distribution

finction
12.ellipse  of
concentration

13.fanction of
two [three, n]
random variab-
les

14.joint
multaneous]
distribution

[si-

15.méasure of
linear depén-
dence between
two  random
variables

16.multidi-
ménsial [ma-
ny-diménsio-
nal] distribu-
tion

17 multidi-
ménsial  ran-
dom variable

18.mutually
indepéndent
random variab-
les

toire bidimen-
sionnelle [tridi-
mensionnelle,
n-dimension-
nelle] discréte

densité f d’une
distribution

fonction f de
distribution  f
[de répartition

/]
ellipse f de
concentration

fonction f de
deux [trois, n]
variables aléa-
toires

distribution  f
jointe [loi f
conjointe] (de
probabilité)

mesure [ de
dépendence f
linéaire  entre
deux variables
aléatoires

distribution  f
[répartition f ,
loi /'] multidi-
mensionnelle
[a  plusieurs
dimensions]
variable f aléa-
toire  multidi-
mensionnelle
[@  plusieurs
dimensions]
variables f alé-
atoires mutuel-
lement  indé-
pendantes

dimensionale
[dreidimensio-
nale, n-dimen-
sionale] Zufall-
sgrofie

Verteilungs-
dichte f

Verteilungs-
funktion 1

Streuungsellip-
sef

Funktion  von
zwei [von drei,
von n] Zufalls-
groflen
gemeinsame
Verteilung f

MaB n von li-
nearer Ab-
héngigkeit

zwischen zwei
ZufallsgroBBen

Mehrdimensi-
onale Vertei-

lung f

mehrdimensi-
onale Zufalls-
grofle

einander  Un-
abhingige Zu-
fallsgroBBen f

JByMEpHas
[TpexmepHasi,
n-MepHas |
ClyyaiiHasi Be-
JMYMHA

IUIOTHOCTh
pacmpenene-
HUSI

¢byHkuus pac-
npeaeIeHus

JUIMIC pacce-
STHHSI

GYHKIUS JIBYX
[Tpex, n] ciy-
YalHBIX BEJH-
YUH
COBMECTHOE
pacnpenese-
HUE

Mepa  JIMHEU-
HOM  3aBHCHU-
MOCTH  MEXKAY
JIBYMS CIIy4daii-
HbIMM BEJIUYU-
HaMH
MHOTI'OMEpHOE
pacnpenee-
HUe

MHOT'OMEpHas
ClyyaiiHasi Be-
JTMYUHA

B3aMMHO HeE3a-
BUCUMBIE CITy-
yaliHple BeJU-
YHHBI

JBOBUMIipHA
[TpuBUMipHA,
n-BUMipHa| BU-
MaJIkoBa BEJH-
YHHa

IIJIBHICTD
po3mnoainy

¢byHKLisT  po3-
MOy

JIINC PO3CisH-
Hsl

¢GyHKLIS ABOX
[TppOX, 1] BU-
MaJIKOBUX Be-
JTUYUH
CYMICHUH pO3-
MO

Mipa JiHIHHOT
3aJIEKHOCTI
MIXK IBOMA BHU-
MMaJKOBUMH Be-
JIMYMHAMH

GaraToBUMIp-
HUH po3moain

OaratoBuUMipHa
BUMA/IKOBA Be-
JTUYUHA

B3a€EMHO He3a-
JIEXKHI  BUITAf-
KOBI BEJJUUUHU
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19.n-dimén-
sional distrib(-
tion

20.n-dimén-
sional réndom
variable

21.n-dimén-
sional rédndom
véctor

22.n6rmal di-
stribition  on
the plane (in
the space)

23.n6rmal law
of distribution
on the plane
(in the space)

24 .probability
dénsity

25.probability
of hit/hitting of
a two-dimén-
sional random
variable in a
rectangle, in a
domain

26.random
véctor
27.system  of
two [three, n]
random  vari-

distribution  f
[répartition f ]
de dimension n
[n-dimension-
nelle]

variable f aléa-
toire de dimen-
sion n [n-di-
mensionnelle]
vecteur m alé-
atoire de di-
mension n [n-
dimensionnel-
le]

distribution  f
[répartition f ]
normale sur le
plan (dans I’es-
pace)

loi f normale
de distribution
f [répartition f
], loi £ de Lap-
lace-Gauss sur
le plan (dans
’espace)
densit¢ f de
probabilité

probabilité f du
coup [d’impact
[-kt] m, d’at-
teinte f] d’une
variable aléa-
toire bidimen-
sionnelle dans
un rectangle,
dans un domai-
ne

vecteur m alé-
atoire

systtme m de
deux/trois/n
variables f alé-

n-dimensionale
Vertéilung (f)

n-dimensionale
ZufallsgroBe f

n-dimensiona-
ler Zufallsvek-
tor m

Normalvertei-
lung auf der
Ebene f, im
Raum(e) m)

normales Ver-
teilungsgesetz

n auf der Ebe-
ne f, im Raum-

(e) m)

Wahrschéin-
lichkeits||dich-
te f=
Wahrschéin-
lichkeit (f) von
Tréffer einer
zweidimensio-
nalen Zufalls-
groBe (f) in ein
Réchteck n, in
ein Gebiet n

Zufallsvektor
m

System von
zwei [drei, n]
ZufallsgroBBen

SH-MepHOe (n-
MepHOe) pac-
npeaeneHue

SH-MepHas (n-

MepHasi) Ciy-
yallHasi BEJU-
YUHA

SH-MEpHBIA (n-
MEpHBIN) CIy-
YalHBIA  BEK-
TOp

HOpMaJIbHOE
pacrpenele-
HUE Ha IUJIO-
CKOCTH [B IIpO-
CTpaHCTBE|
HOPMAaJIbHBIN
3aKOH pacmpe-
JeJICHNS Ha
IUIOCKOCTH (B
IIPOCTPAHCTBE)

IINIOTHOCTH BC-
POATHOCTH

BEpPOSATHOCTh
IonaaaHus
JBYMEPHOU
CIIy4ailHON Be-
JUYMHBI B Ipsi-

MOYTOJIbHUK, B
0071acTh
CIIy4YalHbIN
BEKTOP
cucTeMa JIByX
[Tpex, n] ciy-
YalHBIX BE-

€H-BUMIipHHI
(n-BUMipHUIT)
pO3M0Tia

eH-BUMipHa (n
BUMipHa) BU-
MaJIkoBa BEJHU-
YHHa
€H-BUMIipHHI
(n-BUMipHUIT)
BUITAIKOBUI
BEKTOP

HOPMaJIbHU I
pO3M0Tia
TUTOIIHHI
IPOCTOP1)

Ha

(B

HOPMaJIbHU I
3aKOH  pO3Io-
iy Ha IUIO-
el (B mpoc-
TOpi)

LITBHICTD
HMOBIpHOCTI

IMOBIpHICTb
MOTIaaHHS
JBOBUMIPHOT
BUITAIKOBOT
BEIMYUHH B
PSIMOKYTHUK,
B 00J1aCTh

BUNAAKOBUM
BEKTOP
cHUCTeMa JBOX
[TprOX, ] BH-
MMagKOBUX Be-



193

ables

28.table of the
distribution
[distribution
table] (of a dis-
créte  two-di-
ménsional ran-
dom variable

29 .three-di-
ménsional dis-
tribution

30.three-di-
ménsional ran-
dom variable

31.two-dimén-
sional  distri-
buation

32.two-dimén-
sional  distri-
buation [partiti-
on] finction

33 .two-dimén-
sional  distri-
bution dénsity

34.two-dimén-
sional  distri-
bution law

35.two-dimén-
sional normal
distribation

36.two-dimén-
sional réndom

atoires

table f [tab-
leau m] de dis-
tribution f [de
répartition [ ]
d’une variable

aléatoire  dis-
crete bidimen-
sionnelle

distribution  f
[répartition f ,
loi f] tridimen-
sionnelle
variable f aléa-
toire tridimen-
sionnelle [a
trois  dimen-
sions]
distribution  f
[répartition f ,
loi /] bidimen-

sionnelle
fonction f de
répartition  f

[de distribution
f] bidimension-
nelle

densité 1 de ré-
partition f [de
distribution  f]
bidimension-
nelle

loi f de distri-
bution £ [de ré-
partition f] bi-
dimensionnelle
distribution  f
[répartition f ,
loi /'] normale
bidimension-
nelle

variable f aléa-
toire bidimen-

Vertéilungs-
tabelle (f) einer
diskréte zwei-
dimensionale
ZufallsgroBe (f
=,-n)

dreidimensio-
nale Vertei-

lung f

dreidimensio-
nale  Zufalls-

grofie f

zweldimensi-
onale Vertei-
lung

zweidimensio-
nale Vertei-
lungsfunktion

zweidimensio-
nale Vertéi-
lungsdichte (f)

zweldimensi-
onales Vertei-
lungsgesetz

zweidimensio-
nale Normal-
verteilung

zweidimensio-
nale  Zufalls-

JTMYUH
Tabauua pac-
IIpeieIeHUs
JIMCKPETHOU
JBYMEPHOU
CIIy4ailHON Be-
JIMYUHBI

TpexMepHoe
pacmpenene-
HUE

TpexMepHas
ClyvaiiHasi Be-
JTMYUHA

JIBYMEPHOE
pacmpenene-
HUE

IBYMEpHas
¢byHKLUs pacn-
penesneHus

JIBYMEpHas
IUIOTHOCTh
pacnpenere-
HUS

JBYMEPHBIN
3aKOH pacIpe-
JeJIEeHUs

JIBYMEpPHOE
HOpMaJIbHOE
pacmpenene-
HUE

JIByMEpHas
ClyyaiiHasi Be-

JTUYUH
TabIuIs  po3-
MOJUTY  JTUCK-
pETHOI JABOBH-
MipHOT BHMaJ-
KOBOI BEJWYH-
HU

TPUBUMIPHUI
pO3M0Tia

TpUBHUMIipHA
BUIIA/IKOBA Be-
IUYUHA

JBOBUMIPHHIA
pO3MOTia

JBOBUMIpHA

byHKLisT  po3-
MOy

JBOBUMIpHA
IIUTBHICTD PO3-
MOy

JBOBUMIPHHIA
3aKOH PO3MOJIi-

1y

JBOBUMIPHHIA
HOPMaJIbHU I
PO3MOTi

JBOBUMIpHA
BUIIAJKOBA Be-



194

variable
37.two-dimén-
sional random
variable distri-
buted by [ac-
cording to, ac-
cordingly, cor-
respondingly]
nérmal law
38.uncorrela-
ted [non-cor-
related]  ran-
dom variables
39.véctor ran-
dom variable

sionnelle

variable f alé-
atoire bidimen-
sionnelle  dis-
tribuée/répartie
suivant [en,par,
conformément]
la loi f normale

variables f alé-
atoires non-
corrélées

variable f aléa-
toire vectoriel-
le

grofie (f)

zweidimensio-
nale Zufalls-
grofle die nach
dem Normal-
gesetz(e) ver-
téilt sein

unkorrelierte
ZufallsgroBBen

vektorielle Z0-
fallsgrofBe f

JTMYUHA
JIByMEpHast
ClyvaiiHasi Be-
JMYMHA, paci-
peneneHHas 1o
HOPMaJIbHOMY
3aKOHY

HEKOPPEIUPO-
BaHHbIE  CIy-
yaliHple BeJU-
YHHBI
BEKTOpHas
ClyyaiiHasi Be-
JIMYMHA

JINYMHA
JBOBUMIipHA
BHUITAIKOBa Be-
JUYMHA, PO3-
mojijieHa  3a
HOpMaJIbHUM
3aKOHOM

HEKOPEJIbOBa-
HI BUIIQOKOBI
BEJIMYUHU

BCKTOpHA BHU-
nagKoBa BCJIHU-
YurHa



LECTURE NO. 8.

ELEMENTS OF MATHEMATICAL STATISTICS
LE HUITIEME COURS. ELEMENTS DE STATISTIQUE MATHEMATIQUE
ACHTE VORLESUNG. ELEMENTE MATHEMATISCHER STATISTIK

POINT 1. GENERAL REMARKS. SAMPLING METHOD. Notes générales.
Echantillonage. Allgemeine Bemerkungen. Stichprobenmethode.

POINT 2. VARIATION SERIES. Séries variationnelles. Variationsreihen.

POINT 3. APPROXIMATE DETERMINATION OF THE DISTRIBUTION
LAW OF A RANDOM VARIABLE. Détermination approchée de la loi de distribu-
tion d‘une variable aléatoire. Naherungsweise Bestimmung des Vertéilungsgesetzes
einer ZufallsgroBe.

POINT 4. ESTIMATION OF PARAMETERS OF THE DISTRIBUTION
LAW OF A RANDOM VARIABLE. Estimation de parameétres de la loi de distribu-
tion d'une variable aléatoire. Parameterschétzung des Vertéilungsgesetzes von Zu-
fallsgroBe.

POINT 5. TESTING STATISTIC HYPOTHESES. Test d'hypothéses en sta-
tistique. Statistischer Hypothesenpriifung.

POINT 1. GENERAL REMARKS. SAMPLING METHOD

Let's suppose that we study some random variable &.

We'll dwell upon three typical problems of the mathematical statistics.

1. Exact or approximate determination of the distribution law of a random va-
riable (for example it can be stated or hypothesized that a random variable & is dis-
tributed normally).

2. Estimation (approximate calculation) of parameters of the distribution law of

a random variable (for example estimation of m,, D,, c,, 4s,, Ex, of a random va-

riable &).



190 Mathematical Statistics

3. Testing statistical hypotheses (for example testing a hypothesis that a given
random variable ¢ is distributed normally).

There are various methods of solving such the problems. One of the most wide-
spread is the sampling method.

Suppose that we have some population' consisting a great number N of things
(the population of the size N) which must be studied with respect to some random
variable &. We take at random # things (n<<N) from the population, fulfil their all-
round testing with respect to & and extend obtained results on the whole population.

On the language of the mathematical statistics we do a sampling of the size n
(n << N) getting the sample (of the size n) which is subjected to thoroughly investiga-
tion with respect to a random variable in question.

A sample must be representative, that is it must certainly represent the popula-

tion. To be representative the sample must be random one.

POINT 2. VARIATION SERIES

A sample of the size n, which we obtain by a random sampling from the popu-
lation, we study with the help of so-called variation (or statistical) series. There are

variation series of two types namely those discrete and interval.

Table 1. A discrete variation series

&, x, X, X, X,
nl» nl n2 n,
* * *
pi:ni/n plznl/n p2=n2/n pl*:nl/n

1. A discrete variation series contains the row of observed values x, of a ran-
dom variable £ to be the investigated (as the rule in increasing order), the row of

2 . . .
numbers” n, of occurrences of these values and the row or their relative frequencies

' Or: a) parent [general, grand, total] population; b) parent universe.
? These numbers can be called frequencies.
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n./n (the table 1) .

p =
It must be
no+n,+..+n,=n, p +p,+..+p =1.
Such the discrete variation series can be represented geometrically with the
help of a polygon of frequencies or a polygon of relative frequencies. The polygon of
relative frequencies is a broken line which joins successively the next points:
4, ('xl; Pl*), Az(xz; p;)""’Al (xl; pl*)

(see fig. 1). It's useful to compare it with a distribution polygon of a random variable

(see Lecture No. 3, fig. 1).
The polygon of frequencies is a broken line joining successively the other

points namely those with ordinates (frequencies) n,,n,,...,n,
B, (x5, ), B, (%3515 ),y B (35 1))

If there are a lot of distinct observed values of a random variable £, they can be

united in intervals which generate so-called interval variation series.

¢
7

?.
:jp i x

Y %

s

¢l = =
Fig. 1

2. An interval variation series contains the row of intervals with all observed

values of a random variable ¢ in question, the row of numbers (frequencies) »n, of hit-

ting of these values in the ith interval and the row of corresponding relative frequen-

cies p; =n,/n (the table 2).

' One applies sometimes only one of two last rows.



192 Mathematical Statistics
Table 2. An interval variation series
Intervals [x1 , x2] (x2, x3] (x3a x4] (xz ) x1+1]
n, n, n, ny n,
pi=m/n | pl=m/n | pi=m/n | py=nin pi=n/n

The first interval is that close and the other / - 1 intervals are semi-closed ". Just as

in the case of a discrete variation series it must be
no+n,+..+n,=n, p +p,+..+p =1
The interval variation series can be represented geometrically by a histogram®
of frequencies or relative frequencies. The histogram of relative frequencies is the set
of rectangles with the bases (x, x.,, ] of the lengths Ax, =x,., —x, , i =1,/, and the

areas S, = p. (fig. 2). The altitude of the ith rectangle of such the histogram equals
h, :Si/A'xi :pi*/A'xi :

The histogram of frequencies contains rectangles of the areas S, =n, with the

same bases.
Often we form intervals of the same length Ax (in particular on the fig. 2).
If one wants to generate / intervals, he can put

Ax:xmax;xmin, (1)

where x__is the greatest and x,, is the least of observed values of a random varia-

X n

ble &. In practice it's useful sometimes to take instead x,__ some greater number and

instead x_;, some less number in the formula (1).

One can preset the length of intervals instead their number. For this purpose he

can use the next known approximate formula:

! One can take the other intervals: [x1 » Xy ), [x2 > X3 ), [x3 s Xy ),..., [x, s X141 ]
% Or a bar chart, bar diagram, block diagram, column diagram
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Ax ~ Xrmax ~ Xrmin ) (2)
1+3.322-1gn

As the left point of the first interval he can take
X, ~x,, —Ax/2 (3)
and get then the other points as follows
X, =X +Ax, x; =x, +Ax,..., X, =X, + Ax. (4)
The number / of intervals is determined by the condition
Xpg 2 Xy (5)
which means that the last /th interval must contain the value x,__of the random varia-
ble &in question.
Having an interval variation series we often must compile a corresponding dis-
crete variation series by taking some inner point x; in the ith interval (i = 1,7) For

example we can take

1zT,x2=xl+Ax,x3=x2+Ax,...,x,=x,_1+Ax (4)

and obtain the discrete variation series which is given by the table 3. We suppose

conditionally that the point x; represents the ith interval and therefore that the value

& = x; were observed n, times (with the relative frequency p; =n,/n). It means that

the tables 2 and 3 contain the same second and third rows.

Table 3. The discrete variation series which corresponds to that interval

* * ® *
X; X, X, X;
nl» nl n2 n,
* * * *
pi:ni/n plznl/n p2=n2/n pl:nk/n

Ex. 1 (the Basic example). To study a random variable £ a sampling is fulfil-
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led and the sample of the size n = 200 is obtained (the table 4). Study the random va-

riable.

Table 4. The sample with respect to the random variable & of the Basic example

1. 79 75 81 71 80 75 87 80 74 88
2. 80 84 81 80 78 80 73 81 78 79
3. &3 76 77 82 80 85 86 85 86 81
4. 70 &3 82 77 &3 87 75 80 82 88
5. 82 75 84 71 72 84 81 79 87 83
6. 78 81 75 77 89 76 85 82 77 84
7. 81 84 88 82 86 85 90 87 83 86
8. 76 71 84 76 80 79 82 80 78 83
9. 76 81 78 75 84 86 78 91 84 77
10. 82 78 &3 85 79 82 85 93 79 73
11. 76 84 &3 &3 87 83 82 92 81 85
12. 77 88 76 72 89 77 80 94 86 76
13. 82 88 87 89 &3 86 95 90 84 88
14. 74 78 84 76 80 75 81 72 &9 84
15. &3 89 82 81 73 91 80 92 83 77
16. 86 77 75 80 89 81 93 83 &9 94
17. 75 85 84 72 76 88 74 82 81 78
18. 87 76 82 78 81 88 76 &9 75 95
19. &3 81 71 84 80 87 91 93 92 94
20. 77 70 79 82 75 90 70 83 73 84

We have x,_ =95, x,, =70 here. Let's compile / =5 intervals of the length
ox ~ Xmin _ 93—70
I 5
A table 5 represents the interval variation series, inner points x; for corresponding

Ax = m

=5 (see the formula (1)).

discrete variation series and altitudes 4, of rectangles for plotting the histogram of re-

lative frequencies.
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Table 5. The variation series for the Basic example

Intervals [70,75] | (75,80] | (80,85] | (85,90] | (90,95]
Inner points x; 72 77 82 87 92
Frequencies n, 18 50 76 40 16

Relative frequencies p; =n, /n 0.09 0.25 0.38 0.20 0.08
Altitudes 7, zpj/Ax 0.018 | 0.050 | 0.076 | 0.040 | 0.016

The histogram and polygon of relative frequencies for the interval and corresponding
discrete variation series are represented on fig. 3, 4. For the sake of geometric visuali-

zation we draw to different scales along the axes.

J

44
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Fig. 3 Fig. 4
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POINT 3. APPROXIMATE DETERMINATION OF THE DISTRIBU-
TION LAW OF A RANDOM VARIABLE

The statistic distribution function

Def. 1. The statistic distribution function of a random variable & is called the
relative frequency of hitting of its observed values in the interval (- oo, x),
F'(x)=P(é<x). (5)
It's obvious that the statistic distribution function F*(x) equals the sum of

relative frequencies of those observed values of & which are less than x,
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F(0)=2p, (6)

X;<X

To find the statistic distribution function we must distinguish the cases of dis-

crete and interval variation series.

1. In the first case (for a discrete variation series) we have immediately by defi-

nition
0 if x<x,
Py if x <x<x,
P+ D, if x,<x<ux,

F'(x)= . . . .
() p,+p,+p, if x;<x<x,

1 if x> x,.
2. In the second case (for an interval variation series) we put successively

F*(xl): 0, F*(x2): P> F*(x3)= P+ s F*(x4)= Pr Dyt P F*(xm): 1,

then represent the points
4 ('xl; 0)’ Az(xz; pl*)’ A3(x3; P+ p;l 4, (x4;p1* +py + p;l oo Apy (x1+1; 1)
on the xOy-plane and plot the approximate graph of the function F (x) , nhamely in
the form of semi-segments or (if & is a continuous random variable) in the form of a
continuous line.
On the base of Bernoulli theorem the statistic distribution function F*(x) tends

in probability to usual (or theoretical) distribution function F(x)= P(& < x) for n ten-
ding to infinity,

prob

P ()= P(E <) PE < )= F().

Ex. 2. Find the statistic distribution function of the random variable & which is

studied in the Basic example.
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. . . . . . . *
Proceeding from the discrete variation series (see inner points x, and corres-

ponding relative frequencies p; =n,/n in the table 5) we obtain

0.00 if x <72,
0.09 if 72<x<77,
F*( ) 0.09+0.25=034 if 77<x<82,
xX)=
0.34+0.38=0.72 if 82<x<87,
0.72+0.20=0.92 if 87<x<92,
0.92+0.08=1.00 if x>92,
(see fig. 5).
z .
03 — 29
03 | | 08
o7 r—— | 07
0.6 1 | | 06
0.5 | [ l 05
0.4 [ | l B
+ SR s P 4
& ?_',‘ : “ { % 0:/
R TR T Y Vi =
Fig. 5

Using the interval variation series (the first and fourth rows of the table 5) we

get approximate values of the statistic distribution function
F"(70)=0, F*(75)=0.09, F"(80)=0.09+0.25=0.34, F"(85)= 0.34+0.38 =0.72,
F'(90)=0.72+0.20 = 0.92, F(95)=0.92+0.08 = 1.00,
represent corresponding points
4,(70;0), 4,(75; 0.09), 4,(80; 0.34), 4,(85; 0.72), 45(90; 0.92), 4,(95; 1)
on the xOy-plane and plot the approximate graph of the statistic distribution function

in the form of a continuous line (fig. 6).

Idea of the distribution density

If a random variable ¢ is continuous one and the number / of intervals (of the
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same length Ax) tends to infinity,

[ — o (Ax —0),

then the upper part of its histogram of relative frequencies tends to some curve which
is the graph of the distribution density f (x) for £. On fig. 4 we've represented the ap-
proximate graph of the distribution density.

Obvious symmetry of the approximate graph of the distribution density of the
random variable & which we study in the Basic example (fig. 6) permits us to state

the next hypothesis: & is normally distributed.

POINT 4. ESTIMATION OF PARAMETERS OF THE DISTRIBUTION
LAW OF A RANDOM VARIABLE

Let 6 be a parameter to be estimated and 6" be its estimate [or estimator].

This latter is a function of results of » trials on &.

In theory we consider results of trials as random variables &, &,, &;,..., &, with
the same distribution law as &, in particular with the same mathematical expectation

and dispersion

Vi:M(E)=M(E),D(E)=D(E), i=1n.
Respectively we suppose the estimate " to be a function of these random variables:

9* :f(glﬁgzﬁ 539""@)’

In practice we express the estimate 0° with the help of results of trials on the

random variable § represented by variation series.

For discrete variation series (with / observed various values x, of the random

variable &) we can write
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0" = f(x,, Xp00n X))

For interval variation series (with / intervals) we use the inner points x; of the

intervals and so

* * * *
0 = f(x1 s Xy seens x,)

There exist three necessary requirements which must be laid to every estimate:

consistency, unbiasedness and efficiency [effectiveness].

1. An estimate " is called a consistent estimator of the parameter 0 if it con-

prob.

verges to @ in probability (8" — 6).
2. This estimate 6" is called an unbiased estimator of the parameter 6 ifits
mathematical expectation equals 6 (M (0")=0).

3. The estimate 0" is called an efficient [effective] estimator of O if it has
minimal dispersion in comparison with all other estimates.
There are pointwise and interval estimates of the parameters of distribution

laws of random variables.

Pointwise [point] estimates [estimators]

Let's remember the formulas for number characteristics of a discrete random
variable £ (the mathematical expectation, dispersion, root-mean-square deviation,

asymmetry and excess)

m. ZM(g)Zinpi;

D, =D(E)=Y(x,-m.fp., DE)=D,=m.—(m) =ME)-M);
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In mathematical statistics we try at first to estimate corresponding parameters

by analogous formulas.
1. Estimate [estimator] of the mathematical expectation [estimation of expecta-

tion].

As the estimate [estimator] of the mathematical expectation of a random vari-

able & we take so-called sample mean [sample average, sample mathematical expec-

tation], that is the arithmetical average of the results of #» independent trials on &,

—:§1+§2+...+§n

S, 2)
n

Let's write the calculating formulas based on known variation series.

a) For a discrete variation series

ixlni zixipj. (2a)

ixjnizixjpj. (2b)

Testing of requirements to the sample mean that is to the estimate (2).

a) By small Chebyshev theorem

3 ZMTM@

:m’
n 4

and therefore the sample mean a is a consistent estimate.

b) The mathematical expectation of the sample mean equals

n

ME)- [ S ) (g g )= () M)t G -
— (MM M)+t MED = nM () = M) =
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and so & is an unbiased estimate.

¢) If & distributed normally then, as can be proved, the sample mean a is an

effective estimate.
2. Estimate [estimator] of the dispersion [variance estimate].

Let's take at first so-called sample dispersion

DS:(é‘l—§S)2+(é‘2—§s)2+---+(§n—é)z (3)

n

as the estimate [estimator] of the dispersion of a random variable &.
Corresponding calculating formulas

a) For a discrete variation series

‘I (xi—é)zni:i( i_a)zpj’ (3a)

D=3 -Efn =Yl -Ef (3b)
c) It follows from the formula (3) the next useful general formula
p=&-). (3¢)
(E-E)V+(& =)+ 4 (5,8 _

n

mD =

&S+ E () HE) .t (E))-206E + &+ A EE)

n

S (E) A+ Gt E

s —
n

+(E) -2 E=EH(EY-2AEY =E () m

_ &S+
n

§t+& S,
n
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As to necessary requirements to the sample dispersion (3) one can prove that it

converges to the dispersion D(ﬁ) in probability but its mathematical expectation is

less that D(&) namely

M(D,)=""p(£)< D(&).

n

Therefore the sample dispersion D, is consistent but biased [shifted] estimate
of the dispersion. To have an unbiased consistent estimator one introduces so-called

corrected dispersion
D=—D.. (4)

3. The root-mean-square deviation of the random variable & is estimated by

the sample root-mean-square deviation

o, =D, (5)

and the corrected root-mean-square deviation (or the standard)

G=s=AD. (6)

4. To estimate the asymmetry and excess we'll mention so-called sample asym-

metry and sample excess.

a) For discrete variation series they are

IS & >(-E) s
AS.Y:niZI 3 ) (73)
o o;
g Yk-g)
Ex =" B Y= ) (8a)
(e} (e}

b) For interval variation series
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=g ) Yl-g )

As, =—= = == = , (7b)
1 / . . /
;Z( i _é)sni Z(x -¢&, )4171
Ex =2 i Y= (8Dh)
o o,

Ex. 3. Estimate the mathematical expectation, dispersion, root-mean-square

deviation, asymmetry and excess of the random variable & of the Basic example.

Corresponding calculations are represented in the table 6.

Table 6
Interval | [70, 75] | (75,80] | (80,85] | (85,90] | (90,95] 2
n, 18 50 76 40 16 n=200
p,=n/n 0.09 0.25 0.38 0.20 0.08 1
x 72 77 82 87 92

xp, | 648 | 1925 [ 3116 | 1740 | 736 | £ —s1.651
(] | 5184 | 5929 | 6724 7569 8464

(] p; | 46656 | 148225 | 2555.12 [ 151380 | 677.12 | £2 — 60425
X —g | 965 [ 465 | 035 535 | 1035

(x_é?)Z 93.12 21.62 0.12 28.62 107.12
(x _ES)ZP; 8.38 541 0.05 5.72 8.57 D =28.13

( _g)’ -898.63 | -100.54 0.04 153.13 | 1108.72
( ;_gs)*p; -80.88 | -25.14 0.02 30.63 88.70 Uy, =13.33

(x_g)“ 8671.80 | 467.53 0.02 819.25
(x;_gs)“p; 780.46 | 115.88 0.01 163.85 918.02 | u, =1979.22

Thus the sample means of the random variable & and its square are equal to

£ =Y xp =8165 & =i(xj)2pj = 6694.85,
i=1

i=1

~

and therefore by (3 ¢) and (5) the sample dispersion and root-mean-square deviation
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are equal to
D, =& —(¢.F =6694.85—(81.65F ~28.13, o, =D, ~5.30.
The corrected dispersion and root-mean-square deviation equal by virtue of the
formulas (4), (6)

=" D, =f8(9)-28.13z28.27, G=s=D =+2827 ~5.32.
.

The sample symmetry and excess of the random variable & are equal by the

formulas (7 b) (8 b)

xi 5 pi xi -G, pi
As_Y — . _ 13.33 ~ 0.09;Exs = . 3= 1979.32
(o 5.30 o 5.30

N

i
=1

-3~-049.

Interval estimates [estimation by confidence interval]

Let O be a parameter to be estimated, 6 its estimate, € some small positive
number (so-called accuracy) and y is some large probability (the reliability).

The next relation
P(0-0" Kke)=y (9)
means that with the reliability y
10-0" ke, —e<0-0"<g, O —c<0<e+0, 0ec(0 —&,0 +s);
therefore it is equivalent to the next one:
PO -e<O<e+0)=POc(0 -¢,0 +g))=7. (10)
This last equality shows that with the reliability y the estimating parameter 6 is co-
vered by a random interval (8" —¢,0" +¢).
Def. An interval (8" —¢,0" +¢) which covers an estimated parameter 0 with
the reliability y is called confidence one.

Let a random variable & is normally distributed, and it's necessary to find the

confidence interval for its mathematical expectation a.
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We can suppose that the sample mean aand corrected root-mean-square devi-

ation & of & are found.

Let’s study an auxiliary random variable

PN el (11)
(2

It can be proved that 7 has Student distribution (or ¢-distribution) with £k =n—1 de-
grees of freedom (see Lecture No. 6, Point 5). Therefore for the given reliability y we

can find a number 7, such that
P(<1)=y (12)
(see the formula (28) in indicated Lecture). There’s corresponding table for finding ¢,

by known y and # (see the table 7 hear; the more detailed table see in [4, 11]).
Table 7
y=09 t, =1.645 y=0.9 t, =1.662

n=ce0(n>120) 52095 | =2576 | "=100 [ =095 -1984

7 =0.99 t, =3.291 y =0.99 t,=2.627

The formulas (11) and (12) determine the confidence interval in question. In-

deed
ty]:P(éy—a<ty -?):P(a—gs <t, -?}:
n n

:P[—ty-j%<a—§s<ty-\7%j:P[§s yf<a<§ +1, fj

and with the reliability y the mathematical expectation a is covered by the interval

(a—e,a+e), (13)

\/gfs—a <
o

y :P(t<ty):P(

where the accuracy

_, .o 14
ty\/; (14)

Ex. 4. Supposing that the random variable & of the Basic example has the nor-
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mal distribution find the confidence intervals for its mathematical expectation a with

the reliabilities y = 0.9,y =0.95.
a) For the reliability y =0.9 and 7 =200 (or # = o) we have t, =1.645 from

the table 7, hence the corresponding accuracy equals

i—1645 332 o6,

Y V200

and the confidence interval is
(€ -, & +£)=(81.65-0.62,81.65+0.62)=(81.03,82.27).

b) In the case y =0.95 the corresponding values of 7, and ¢ are greater then
those for y = 0.9, namely ¢, =2.576,

G 5.32
t =576 2 097,

and we obtain the confidence interval
(€ -, & +£)=(81.65-0.97,81.65+0.97)=(80.68, 82.62)
which is wider than that preceding.
Results of Ex. 4 demonstrate so-called Principle of indeterminacy: if the reli-
ability y of estimation increases, then its precision [correctness, exactness] decreases

and vice versa.

POINT 5. TESTING STATISTIC HYPOTHESES

We'll limit ourselves to hypotheses about distribution law of a random variable
which is investigated. For example our Basic example has generated the hypothesis
that & has the normal distribution.

Let we test a hypothesis that a random variable £ has certain distribution law.
For this purpose we introduce some non-negative random variable (goodness-of-fit
test) K which is the measure of deviation of the theoretical assumption (based on the
hypothesis) and the results of trials on the random variable. It's supposed that we

know exact or approximate distribution law of K. On the base of the result of trials on
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& (for example on the base of the fulfilled sample) we find so-called calculated value

K

calc

of K and compare it with some well defined critical value K_, of the same K.

Let for example the critical value K, of the goodness-of-fit test K is defined

by the relation
PK>K,)=a, (15)
where a is some small probability (0.05, 0.025,0.01 and so on). This probability is

often called the significance level in such the sense that the event K > K_, can be

crit
considered as highly improbable or even practically impossible. Correspondingly we

consider the occurrence of the result K_, > K, as low-probability [unlikely] out-

crit
come.
Comparison the calculated value K_, ofthe test K with its critical value K

cale crit

or K

calc

<K

crit ©

can give rise to two cases: K_, > K_,

In the first case we say that the results of trials contradict the hypothesis be-
cause of occurrence of the low-probability event. Therefore we can reject the hy-
pothesis in question.

In the second case we say that the results of trials don’t contradict the hypo-
thesis, and we can accept it.

Remark 1. It's necessary to understand that we ascertain contradiction or non-
contradiction of the results of trials to the hypothesis but we don't state its validity
or invalidity.

Henceforth we'll study some frequently used goodness-of-fit tests.

Pearson’ y*goodness-of-fit test

Let's introduce the next random variable (so-called Pearson distribution; it's of-

ten called Pearson y*goodness-of-fit test or simply y*goodness-of-fit test)

Z2Zi(ni_npi) :Zl:(nl_ln;) (”;:”pi)a (16)

! Pearson K. (Ch.) (1857 - 1936) - an English mathematician-statistician, biologist and philosopher-pésitivist
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where 7 is the number of trials on the random variable & (for example the size of a
sample if the trials consist in sampling); the sense of the other quantities, namely the
sense of /, n;, p,, depends on the form of a variation series which represents the re-
sults of trials.

a) In the case of a discrete variation series / is the number of different obser-

ved values of the random variable &, n, is the number of occurrences of the value x,
of &, and p, is the probability of occurrence of this value, p, = P(£ = x, ). This latter
is calculated on the base of the advanced hypothesis.

If for example we've hypothesized that a random variable & has Poisson distri-
bution, then

Xi

bi :P(§ :xi): (6)1;)' e,

where a_ is the point estimate of the parameter a (sample a).

b) In the case of an interval variation series / is the number of intervals, »; is
the number of values of & which have hit in the ith interval (that is the frequency of
hittig of observed values of £ in this interval), and p, is the probability of hitting of
& in this interval, p, = P(£ €[x,, x,,,)), calculated by virtue of the hypothesis.

For example in the hypothesis of the normal distribution of a random variable

& we can write
pi:P(‘xi<§<xi+l):q)(zi+l)_q)(zi)’ (17)

where

Z‘:xi_gs z :xi+1_§s. (18)

The law of Pearson distribution (16) is known: it approximately coincides with
the y°- distribution (see the Lecture No. 6, Point 5). The number k of degrees of

freedom of this distribution is proved to be the next:

k=1-(s+1), (19)
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where s is the number of independent parameters which we estimate as to our random

variable &.

Values of the parameter s for some known distributions are represented in the

table 8.

For known number of degrees of freedom & and a small probability (a signifi-

cance level) a there exists the critical value y_, of y*such that

P()(2 >Zc2riz):a-

(20)

It can be found with the help of a corresponding table if we'll preset yourselves the

significance level (see [4, 11]; the extract see in the table 9 hear).

Table 8. Values of the parameter s for some distributions

Ne Hypothesis Parameters to be The corresponding
estimated value of the parameter s
1 | & has the normal distri- | The mathematical expecta- 2
bution tion and dispersion
2 | & has Bernoulli distri- | The mathematical expecta- 1
bution tion = D(£)=M(£)g
3 | & has Poisson distribu- | The mathematical expecta- 1
tion with the parameter | tion = D (5 ) =M (5 ) =a
a
4 | & has the exponential The mathematical expecta- 1
f;f:elszn with the pa tion = &(&) = M(£) = i
5 | & has the uniform dis- | There aren't such the pa- 0

tribution on an interval
with endpoints a and b

rameters because of
a+b b—a
M(E)=222 o()=2"2
€)= oe)=2"

are known beforehand

Table 9. The critical values of the y’- distribution

A number of degrees 112 3 4 5 6 7 8 9 10
of freedom

A significance | 0.01 |6.6 9.2 | 113|133 | 15.1 | 16.8] 185 | 20.1 | 21.7 | 23.2

level o 0025150174 94 | 11.1]12.8 | 144|160 17.5]19.0] 205

005 |3.8160| 7.8 | 95 | 11.1]12.6|14.11155 169183

Application of the goodness-of-fit test y”is fulfilled by the next plan.
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1. At first on the base of advanced hypothesis we find approximate values of
all the probabilities p, = P(£ €[x,, x,,,)) and define the calculated value 2. of .
2. Knowing the number of degrees of freedom & and specifying some signifi-

cance level (a small probability) a we find the critical value y2, of & from the table.
3. Now we compare y_,. with x2. .
a) If y2,. < x’.,we say that results of trials don’t contradict the hypothesis.
b) If y2. > x_.,we say that results of trials contradict the hypothesis (because

of the event y* > y’., which we regarded as practically impossible, has occurred)
In the case a) we can accept the hypothesis, and in the case b) we can reject it.
Ex. 5. Test the hypothesis that the random variable & of the Basic example has
the normal distribution.
1. By virtue of the hypothesis we find approximate values of the probabilities
of hitting of the random variable in all the intervals of the interval variation series us-
ing the formulas (17), (18). Corresponding evaluations up to finding the calculated

value y2,.= 2,3 of jare represented in the table 10.

Table 10
5 9 End- Values
= .
@ points of Laplace ,
E E of 4=_ Zin = _ function pi = n = n; (ni _n;)z
s | .
g - intervals | _ X, —¢; _ X~ éx = CD(ZM)_ =hnp; n'
Z - - i
g g, - Dz,
W] o) Joe) | 0
1 70 | 75 -2.22 -1.27 -0.487 -0.398 0.089 18 18 0.00
2 75| 80 -1.27 -0.31 -0.398 -0.122 0.276 55 50 0.45
3 80 | 85 -0.31 0.64 -0.122 0.239 0.361 72 76 0.22
4 85| 90 0.64 1.59 0.239 0.444 0.205 41 40 0.02
5 90 | 95 1.59 2.54 0.444 0.495 0.051 10 6 1.60
Z 196 200 22,723

2. Let's choose the significance level (a small probability) « =0.05. Finding by
the formula (19) the number of degrees of freedom (/ =5,5=2)

k=1-(s+1)=5-(2+1)=2

we find the critical value y’, = 6.0 of x’from the table 9.
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3. We've obtained y’, = 2,3<6.0 = y_. . It means that the results of trials on
the random variable & in question don’t contradict the hypothesis that its distribution

law is normal one.
Romanovsky' goodness-of-fit test

Let's consider a random variable (Romanovsky goodness-of-fit test)

2
R:"T/%k (21)

where y’ is the calculated value of Pearson y° goodness-of-fit test (16) and & is the
number (19) of degrees of freedom. If
R<3, (22)

then the results of trials on a random variable & don't contradict the hypothesis to be
tested.

Ex. 6. Test the hypothesis about the normal distribution of the random variable
& of the Basic example.

We have

22.=23k=2

hence

23-2
N2:2

and the results of trials don't contradict the hypothesis.

R= =0.15<3,

Kolmogorov? goodness-of-fit test
g 8

Let & is a continuous random variable, and we advance the next hypothesis:
the given function F(x) is the distribution function of this random variable.
Let a number D is the greatest value of the absolute value of a difference of the

function F(x) and statistical distribution function F"(x) that is

! Romanovsky, V.I. (1879 - 1954), a noted Soviet mathematician
? Kolmogorov, A.N. (1903 - 1987), an eminent Russian mathematician.
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D = max|F(x)- F"(x). (23)

Kolmogorov has proved that the probability of the inequality
DNn>2
has a finite limit as n — oo . This limit is quite definite function P(A) of a parameter

A namely

lim P(D/n > 1)= P(1). (24)

The table 11 gives some values of the function P(1).
Table 11. The values of the function P(1)

A 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
P(1) 0.270 [ 0.172 | 0.112 { 0.068 | 0.040 | 0.022 | 0.012 | 0.006 | 0.003 | 0.002

The table 11 indicates decrease of the function P(ﬂ,).
On the base of the formula (24) we can suppose that for sufficiently large n the
next approximate equality
P(DVn = 2)=P(2) (25)
holds. It gives us the goodness-of-fit test in question.

We act in the next order.

1. At first we seek the calculated value D, of D and so the calculated value

calc

(D\/; )Ca,c of D/n . It possible to search out D, by simultaneous plotting the func-

tions F (x) and F (x) if the function F (x) is completely determined. But in practice
there exist more simple approximate methods (see Ex. 7).
2. Prescribing [assigning] a significance level (a small probability) o we
search out the critical valueA_, of A such that
P(A,)=c
or
P(DVn=2,,)=P(1,,)=a. (26)

and 1

3. Finally we compare (D\/; ) it *

calc
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a) If (D\/; )Calc > 1. » then the results of trials contradict the hypothesis be-

cause of occurrence of a highly improbable event.

b) In the case of (D\/;)mlc <A

crit

the results of trials don't contradict the hy-

pothesis.
Remark 2. The table 11 doesn't contain values of A for the values 0.05, 0.025,
0.01 of the significance level o = P(4,,, ). They can be found approximately with the
help of so-called linear interpolation method [or the method of proportional parts].
The method consists in approximate substitution of the function P(1) by that
linear on a segment [4,, A,]. Compiling the equation of a straight line through two
points (1,;; P(1,)), (4,; P(4,)), namely

A’_ﬂ’l _ P(A)_P(ﬂ'l)
Az_ﬂq B P(Az)_P(Al),

we get

;l“crit _ﬂ"l _ P (;Lcrit)_P (ﬂ“l)
=2 P(A,)-P()’

hence

Pl)=PO) (5 5y o= P(A) )-(/12—/11). (27)

=4+ el v WA
1 P(lz)_P(ll) P(ﬂ“z)_P(ll
Let for example a = P(4,, )=0.05. If we presume 4, =1.3, A, =1.4, we'll ob-

tain P(1,)=P(1.3)=0.068, P(1,)= P(1.4)=0.040 from the table 11 and then 1, by
the formula (27)
At = 1.3+M-(l.4—13): 1.36.
Analogously we get
Ay =1.48for a = P(2,,)=0.025and A, =1.63for a = P(4,,,)=0.01.

Ex. 7. Test the hypothesis of the normal distribution of the random variable of
the Basic example with the help of Kolmogorov goodness-of-fit test.

All necessary calculations for finding the calculated value D_, of D we repre-

cale
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sent in the table 12 using the results obtained above (tables 6 and 10, Ex. 2). The val-
ues of the statistical distribution function F*(x) at the right end-points of the inter-

vals were found in the example 2. By the same way we find approximate values of

the distribution function F (x) The value D_, =0.03 is situated in the seventh co-

calc

lumn of the table, and so (D7 ), = 0.03-+/200 ~ 0.24.

calc

Table 12
Numbers | Inter-

Of * * *
intervals vals D F'(x) Db F(x) ‘F(x)—F (xﬂ
1 [70,75] | 0.09 0.09 0.09 0.09 0.00
2 (75,80] | 0.25] 0.09+0.25=0.34 | 0.28 | 0.09+0.28=0.37 | 0.03=D,,

3 (80, 85] | 0.38 | 0.34+0.38=0.72 | 0.36 | 0.37+0.36=0.73 0.01

4 (85,90] | 0.20 | 0.72+0.20=0.92 | 0.21 | 0.73+0.21=0.94 0.02

5 (90, 95] | 0.08 | 0.92+0.08=1.00 | 0.05 | 0.94+0.05=0.99 0.01
1. If we choose the significance levela = P(4,, )= 0.04, we'll get A, = 1.4

from the table 11. Choosing a = P(/,, )= 0.05 we obtain A, =1.36 by remark 2.

crit

=0.24 and A

crit

~14 or (Dn), =024<2

crit

2. Comparing (D\/;)

calc

=1.4 (or A

crit

=1.36) we see that

(D), =024 <2 ~1.36.

crit

Therefore the results of trials don't contradict the stated hypothesis.
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1. Bapuanra
2. Bapuanu-
OHHBIN P

3. BriOopka
o0bema n
(npouecc)

4. Bribopka
obbema n (pe-
3yJbTar)

5. Bpibopou-
Has acUMMeT-
pust

6. Bpibopou-
Hasl JUCTICPCHsI

7. Bpibopou-
HOE cpejiHee

8. Bribopou-
HOE  cpejaHee
KBaJpaTuyec-
Koe [cpenne-
KBaJpaTuyec-
Koe] OTKJIOHe-
HUE

9. Bribopou-
HBIK METOI
10.Be16opou-
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Has COBOKYII-
HOCTh (0OBEMa

N)

Bapianra
Bapianivinuii
paA

Bubipka 00"e-
My 7 (TIpo1IeC)

Bubipka 006"e-
My n (pe3yib-
TaT)

BubipkoBa
acuMeTpis

BubipkoBa
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BubipkoBe ce-
penHe

BubipkoBe ce-
peIHe KBaIpa-
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BubipxoBuit
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BubipxoBuit
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I'enepanbHa
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(00"emy N)
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dratique] d'¢-
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Echantillonage
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f
/.

f
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tliche/mittlere
quadratische
Abweichung f,
korrigierte
Streuung f
Anzahl f der
Freiheitsgrade

Anpassungs-
test m, Gute f
der  Oberein-
stimmung,Ver-
traglichkeits-
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cordance, test kriterium n
of fit
22 Kputepuii  Kpurepiii 3ro- Kolmogorov Test d’accord Anpassungs-
cornmacuss Kon- nmu  Kommoro- goodness-of-fit de Kolmogo- test m  von
MOTOpOBa poBa test roff Kolmogorov
23 Kputepuii  Kputepiii 3ro- Pearson good- Test d’accord Anpassungs-
cornacus Ilup- au [lipcona ness-of-fit test de Pearson test m von
COHa Pearson
24 Kputepuit  Kpurepiii 3ro- chi-squared Test d’accord Chiquadrattest
cornacus Xu- 1M Xi-kBajpar  goodness-of-fit 2 (khi carré); m, Chi-quad-
KBaJpar test crittre m [test ratverfahrenn
m] x* (khi car-
ré)

25 Kputnue-  Kputnune 3Ha- Critical value Valeur f criti- Kiritischer
CKOE 3HaueHue 4YeHHA Kpute- of atest que d'un test Wert m eines
KpUTEpHUs pist Test(e)s
26.Marematn- Maremarnyna Mathematical — Statistique  f Mathematische
YyecKasi CTaTH- CTAaTUCTUKA statistics mathématique  Statistik f
CTHKA
27.Merox 00- Metong o0po6- Méthod of data Méthode f de Auswertungs-
paboTku (maH- Ku (maHuX, pe- procéssing, of traitement m methode [
HBIX, pe3ysib- 3YJIbTaTiB) tréatment the (des données,
TaTOB) results des résultats)
28.Hanex- Haniitnicth Reliability [de- Fiabilit¢ f [sé- Sicherheit  f
HOCTh [7OBe- [moBipua imo- pendability] of curité f, con- [VerlaBlich-
pUTENbHAs Be- BIPHICTH] OLIH- an €stimate fiance f] d'un keit f, Zuver-
POSITHOCTB | KH estimateur lassigkeit f] ei-
OLIEHKHU ner Schitzung

29.He npotuu-
BOPEUHUTh TU-
noteze (o0 pe-
3ynbTaTax Hc-
IIBITAaHUI)

30.HecMmemien-
Has OlleHKa

He npotupiuun-
TH rinoresi
(npo pe3ynbTa-
TH  BUIIPOOY-
BaTh)

Hesmimena
OIIHKA

Do not contra-
dict the hypo-
thesis  (about
the results of
trials)

Unbiased [bi-
as-free]  ésti-
mate

Ne pas contre-
dire l'hypothe-
se (sur les ré-
sultats d'expé-
rience)

Estimateur m
sans biais [ab-
solument cor-
rect, bien cen-
tré, sans distor-
sion]

f
Der Hypothése

nicht widers-
préchen (iiber
die Resultate
[Ergébnisse]
von  Experi-
ménten)
Erwartungs-
treue [bias-
freie, nichtver-
zerrte, unver-
zerrte]  Schat-
zung f, unver-
zerrte Abschi-

tzung f
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31.Hecmeren-
HOCTB OLIEHKH!

32.0Omnpenene-

HUe 3aKOHa
pacrpenee-
HUA  CIlydaii-

HOU BEJIUYUHEI

33.010pocuth
[OTKJIOHUTS |
THIIOTE3Y
34.0tHOCHUTE-
JBHAS YacToTa
BapUaHThI

35.0T1HOCHTE-
JbHAs YacToTa
MomnagaHusl Ba-
pUAHT B WHTE-
pBan

36.0O11eHUBATD,
HaXOJUTh
OIICHKY

37.0uenka
[HaxoIeHHe
OIICHKH, OIle-
HHUBaHWe]| Tma-
pameTpa 3ako-
Ha pacrpeje-
JIeHUs Cly4au-
HOW BEJIMYHHBI
(kak mpotecc)
38.0mnenka mna-
pameTpa 3ako-
Ha pacrpeje-
JIeHUs Cly4au-
HOW BEJIMYHHBI
(kak  pe3yiib-
TaT)

Hesmienicts
OLIIHKHU

Buznauenns
3aKOHY pO3MO0-
Iy BHIAAKO-
BOI BEJIUUYHHU

Bigkunytn
[BiIXHIIUTH |
rinoresy
BigHocna wua-
CTOTa BapiaHTH

BinHocHa uac-
TOTa MOMaJaH-
HS BapiaHT B
iHTEpBaI

Owi"roBatu,
3HAXOIUTH
OILIIHKY

Ouigka
XOJKCHHS
OL[IHKH,  OIli-
HIOBaHHS| Ta-
pamMmeTpa 3aKo-
HY PO3MOALTY
BUNAJKOBO1
BEJIIMYUHU (5K
npoyec)
Oninka mnapa-
MeTpa 3aKOHY
pO3MOIiy BH-

[3Ha-

MaJKoBOi  Be-
JUYUHU (5K pe-
3ya6mam)

Non-bias [un-
biasedness] of
an éstimate
Detérmination
the  distribu-
tion [partition]
law of a ran-
dom variable

Rejéct a hypo-
thesis

Variant rélati-
ve fréquency

Rélative fréqu-
ency of hitting
of variants in
an interval

Estimate

Estimation of a
parameter of a
distributive
law of a ran-
dom variable

Estimate [ésti-
mator;  assés-
sed/éstimated
value] of a pa-
rameter of the
distributive
law of a ran-
dom variable

Détermination
de la loi de ré-
partition f [de
distribution f]
d‘une variable
aléatoire

Rejeter une hy-
pothése

Fréquence f
relative d’une
variante

Fréquence f
relative du
coup [d’impact
m, d’atteinte f]
des variantes
dans un inter-
valle

Estimer

Estimation  f
dun paramé-
tres de la loi de
ré-partition  f
[de  distribu-
tion f] d‘une
variable aléa-
toire

Estimateur m
[estimation  f,
valeur estimée]
dun parameétre
de la loi de ré-
partition f [de
distribution f]
d‘une variable

Bestimmung f
des Vertéi-
lungsgesetzes

(n) einer Zu-
fallsgrof3e

Eine Hypothé-
se dblehnen

Relative  Fre-
quénz [ =,-en
einer Variante

S
Relative  Fre-
quénz f=, -en

von Tréffer der
Varianten f in
ein Intervall

(n)

Einschétzen,
eine Scha-
tzung f  fin-
den*
Parameter-
schitzung f des
Vertéilungsge-
setzes (n) einer
ZufallsgrofBBe

Parameter-
schitzung f des
Vertéilungsge-
setzes (n) einer
ZufallsgrofBle
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39.I1onuron

(oTHOCHUTEIB-
HBIX) YaCTOT

40.1Tpubmau-

JKEHHBI TIpa-
¢uK MIOTHO-
CTH pacmpene-
JICHUS

41 .11pubnu-
JKEHHBIM 3aKOH
pacnpenene-
HUA  CIlydaii-
HOM BEJIUYUHBI

42 Ilpunsath
TUIIOTE3Y

43 .TIpoBeputb
CTaTUCTHYEC-
KYIO TUIIOTE3Y

44 IlpoBepka
CTaTUCTUYE-
CKOU Ir'MIoOTE3El

45 I1pousso-
IUTH BBIOOPKY
o0bema n

46.11potuBo-
pEUUTh THUIIO-
Teze (0 pesy-
JbTaTaxX HCIIbI-
TaHUi)

47.Pacnipene-

[Toniron (Big-

HOCHHMX) 4ac-
TOT

Habmmwxenuit
rpadik  IIiTb-
HOCTI  poO3Io-
Ty

Habmmxenuit

3aKOH PO3MOi-
JIy BUIAJKOBOL
BEJIMYMHU

[puitasiTa  Ti-
noTesy
[TepeBipuTH
CTaTUCTHYHY
rinoresy

ITepesipka cTa-
TUCTUYHOI Ti-
oTes3u

Pobutn BuOip-
Ky 00"eMy n

[TpoTupiuntu
rinore3i  (mpo
pe3ynbTatu
BUIIPOOYBATh)

Posnonin Crb-

Polygon of (ré-
lative) fréquen-
cies
Approximate
graph of the
distribation
density

Approximate
distribution
law of a ran-
dom variable

Accépt a hy-
pO6thesis
Test
vérify]
tistical  hypo-
thesis, réalize
statistical tést-
ing

statistical hy-
pothesis check-
ing, statistical
testing, statis-
tical hypothe-
sis test, proof
of  statistical
hypothesis
Sample, carry
out [fulfill, ac-
complish] a

[check,
a sta-

sampling  of
the size n
Contradict the
hypothesis

(about the re-
sults of trials)

Student’s  dis-

aléatoire
Polygone m
des  fréquen-
ces f(relatives)
Graph m [gra-
phique m] ap-
proximatif de
la densit¢é de
distribution

Loi f approxi-
mative de dis-
tribution f [de
répartition  f]
d’une variable
aléatoire
Accepter
hypothese
Tester  [véri-
fier, controler]
une hypothese
en statistique

une

test m d'hypo-
thése en statis-
tique

Effectuer
echantillonna-
ge m [sondage
m, tirage m] de
la taille n
Contredire
I'hypothese
(sur les résul-
tats  d'expéri-
ence)

Loi f de Stu-

Polygon n von
(relativen) Fre-
quénzen
Angendherte
Gréphik f [an-
gendhertes
Bild] der Ver-
téilungsdichte
)
Angenahertes
Vertéilungs-
gesetz (n) einer
ZufallsgrofBle
)

Eine Hypothé-
se akzeptieren
Statistische
Hypothese
kontrollieren
[priifen, testen,
iiberpriifen,
iiberwachen]
Statistischer
Hypothesen-
prifung f, Pri-
fung f von sta-
tistischer
Hypothese

f

Stichprobe
[Auswahl
des
(e)s
gen
Der Hypothése
widerspréchen
(iber die Re-
sultate [Ergéb-
nisse] von Ex-
periménten)

Studentvertei-

f
hl /]
Umfang-
n erzeu-
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nenne Crhlo- I0JEHTa [7-po3- tribution, (Stu- dent lung £, Student-
neHta  (¢-pac- TOJIiN] dent’s)  t-dis- sche  Vertei-
npeIeIICHHE) tribution lung, +Vertei-
lung
48.Pacnipene-  Posmomin  xi-  y2-distribu- Distribution  f* 4?-Verteilung
JIEHUE XU-KBa- KBajJpar tion, chi-squa- de x* (khicar- f | Chi-quad-
Apar red [chi-squa- ré) ratverteilung f
re] distribu-
tion
49 .Pacmipo- [Mommputn Transfer [carry Etendre (i1 Resultate [Er-
CTpaHHThb pe- [mepeHecTH] over, exténd] étends, n. aten- gébnisse] der
3yJbTaThl HC- Pe3yJbTaTH results of invé- dons) les résul- Stichprobenun-
CIIeIOBAHUS nocmikeHHs  stigation of the tats — d’étude tersuchung auf
BbIOOpkM  Ha BuOipku Ha re- sample on the d’échantillon  die Grundge-
TeHEpalbHYI0  HEepajibHy Cy- pdarent universe sur l’univers samtheit f dila-
COBOKYITHOCTh  KYIHICTh tieren
50.PacuetHoe  PospaxynkoBe Rated [calcu- Valeur f calcu- Réchnungsg-
3HaueHWe Kpu- 3HaueHHs Kpu- lated] value of Iée d'un test rofe f
Tepus Tepis a test
51.Penpesen-  Penpesenra- Répreséntative  Echantillon m Reprisentative
TaTUBHAs Bbl- THBHA BUOipka sample représentatif Stichprobe  f
Oopka [Auswahl f]
52.Cucrema Cucrema mnps- System of réc- Systeme m des Rechteckssys-
OpsMOYrojb-  MOKYTHHKIB 3 tangles  with rectangles des tem mit den
HUKOB C OCHO- OCHOBamH ... 1 bases and bases ... et des Basisen f pl...
BaHUSMH... M IUIOIIAMU ... the areas ... aires ... und den Fli-
IUIOLIAJIIMH. . . cheninhalten m
pl...

53.Cnyuaiinas BumaakoBa Bu- Random sam- Echantillon m Zufillige
BbIOOpKa Oipka ple aléatoire [pro- Stichprobe f

babiliste] [Auswahl f]
54.CwMmeleH- 3MimeHa omin- Biased [shif- Estimateur m Nichterwar-
Hasl OLICHKa Ka ted] éstimate avec biais [mal tungstreue

centré, biais¢]  Schétzung 1
55.Cocrosite-  OOrpynroBana Consistent ¢és- Estimateur m Konsistente
JbHAS OLIEHKAa  OLliHKa timate convergent Schitzung f

[correct]
56.Cocrosite-  OO6rpynroBani- Consistency of Consistance [ Konsisténz f =
JBHOCTh OIIEH- CTh OLIHKU an éstimate d'un estima- einer  Schét-
KU teur zung f
57.Cumomnoe  CymisibHe nmo- Total invésti- Etude f totale Gesamte Stich-
uccleloBaHNe  ciijpkeHHs BU- gation of a dun  échan- probenuntersu-
BBIOOPKH Oipku sample tillon m chung f
58.Cpennee Cepenne apu- Arithmétical Moyenne f Arithmétisches
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apupmeTHye-
ckoe  (momy-
YEHHBIX  3Ha-
YEHUH Cllydaii-
HOM  BEIUYU-
HBI)

59.Cranpapr

60.Cratuctu-
yeckas (3MIu-
pudeckast)
¢byHkuus pac-
peaeIeHHs
61.Cratuctu-
yeckas OLIeHKa

napamerpa
(kak  pe3ylib-
TaT)

62 .Crarucru-
YECKHUU Pl
63.CTpemMuTh-
Csi TO BEPOSIT-
HOCTH K TOY-
HOMY  3Haue-
HUIO (mapame-
Tpa)

64.Cxonutbcs
M0 BEPOSATHO-
CTH K TEOPETH-
yeckor (yHK-
MU pacrpee-
nenus (0 cra-
THCTUYECKOM

¢byHKIMU pac-
IIpe1esIeHHs])

65.TeopeTuue-
cKasi (YHKIHS
pacrpenee-
HUSI
66.Tunuunbie

¢dbmeTnuHe
(coctepexe-
HUX 3Ha4YeHb
BUNAJKOBO1
BEJIMYUHH)

Crangapt

CratuctuyHa
(eMmipuyHa)
¢byHKIIST  po3-
MOILTY

CratuctuyHa
OIliHKa Tapa-
MeTpa (ax pe-
3ya6mam)

CratucTuyHMA
pAaA
IIpamyBatu 3a
HMOBIpHICTIO
10 TOYHOTO
3HaueHHs (ma-

pametpa)

3b6irarucs
HMOBIpHICTIO
10 TEOpeThd-
HOT  (yHKUii
po3nonairy
(mpo crarucTu-
yHy [emmipuy-
Hy]  dyHKiiO0
po3mnoniny)

3a

Teopetnuna

¢byHKLIST  po3-
MOILTY

TumoBi 3amaui

average/méan
[arithmétical
méan  value]
(of  obsérved
values of a ran-
dom variable
Standard

Statistic(al)/
empiric(al) dis-
tribution finc-
tion

Statistic(al)
¢stimate [ésti-
mator;  assés-
sed/éstimated
value] of a pa-
rameter
Statistic(al) sé-
ries

Tend in proba-
bility to exact
value of a pa-
rameter

Convérge in
probability to
the theoretic-
(al)  distribu-
tion function
(of a statistic-
(al)/empiric(al)
distribttion

function)

Theorétic(al)
distribation
finction

Typical prob-

arithmétique
(de wvaleurs f
observées
d’une variable
faléatoire)

Standard m
Fonction sta-

tistique/empi-
rique de distri-

bution
Estimateur m
[estimation  f,

valeur estimée]
statistique d'un
parametre

Séries f statis-
tique

Tendre (il/elle
tend) en proba-
bilit¢ vers une
valeur f exacte
(d'un paramé-
tre)

Converger
probabilité
vers la fonc-
tion théorique
de distribution
(sur une fonc-
tion statistique/
empirique de
distribution)

cn

Fonction théo-
rique de distri-
bution

Problémes ty-

Mittel (n —s,=)
von Beobach-
tungswerten
(m) einer Zu-
fallsgroBe  (f
=,-n)

Standard m —
S,-S
Statistische
[empirische]
Verteilungs-
funktion f

Statistische Pa-
rameterschéa-

tzung f

Statistische
Reihe f

Gegen genauen
Wert m (eines
Parameters
(m)) in Wahr-
schéinlichkeit
konvergieren
[streben]
Gegen theoré-
tische Ver-tei-
lungsfunktion f
in Wahrschéin-
lichkeit  kon-
vergieren (iiber
eine  statisti-
sche/empiri-
sche  Vertei-
lungsfunktion
f
Theorétische
Verteilungs-
funktion f

Typische Auf-
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3aJayd = Mare-
MaTUYECKOU
CTAaTUCTUKH

67.Toueunas
OIIEHKA
68.TouHoE
3HaueHue (ma-
pamerpa)
69.To4HOCTH
OIICHKHU

70.TpeboBa-
HUS K OIICHKE

71.YpoBeHb
3HAYUMOCTH

72 Yacrtora Ba-
pHUAHTHI

73 .YacrtoTa
MomnagaHusl Ba-
pUAHT Ha WH-
TepBaI

74.23¢pexTus-
Hasl OLICHKA

75.9ddexTus-
HOCTb OLICHKH

MaTeEMaTUYHOT
CTAaTUCTHUKH

ToukoBa OLiH-
Ka
TouHe 3HA4YeH-
Hi (mapameT-
pa)
TouHiCTb OILIH-
KH

Bumorn
OLIIHKHU

0

PiBenp 3Hauy-
I10CTI

YacTtoTa Bapi-
aHTU

Yacrora nomna-
JaHHS BapiaHT
Ha iHTEepBaJ

EdextuBHa
OIIHKA

EdexTuBHICTD
OIIIHKH

lems of mathe-
matical statis-
tics

Point éstimate

Exact value (of
a parameter)

Exactness [ac-
curacy, prici-
sion] of an és-
timate

Requierments
[demands] to
an éstimate

Significance
level

Variant fréqu-
ency

Fréquency of
hitting of vari-
ants on an in-
terval

Efficient  és-
timate [éstima-
tor]

Efficiency [ef-
féctiveness]| of
an éstimate

piques de sta-
tistique f ma-
thématique

Estimation  f
ponctuelle

Valeur f exac-
te (d'un para-

metre)
Exactitude  f
[précision  f]
d'un estima-
teur

Demandes f pl
[réquisitions [
pll a un esti-

mateur m
Niveau m
[seuil m] de
signification

Fréquence f
d’une variante

Fréquence f du
coup [d’impact
m, d’atteinte f]
des variantes
sur un inter-
valle

Estimateur m
efficient [effi-
cace] [efisja,
efikas]

Effectivité [
[efficacité  f]

[efe-, efi-] d'un

estimateur

gaben (f) [Pro-
bléme (n)] der
mathemati-

schen Statistik

J

Punktschét-
zung f
Genauer Wert
m (eines Para-
meters (m))
Exactheit f
[Genauigkeit f,
Prézision f] ei-
ner Schitzung

s

(An)forderu-

ngen f pl gégen
eine Schétzung

f

Signifikanzni-
veau n

Frequénz f =,-
en einer Vari-
ante f°

Frequénz f =,-
en von Tréffer
der Varianten f
in ein Intervall

(n)

Effiziente [ef-
fektive, leis-
tungsfahige,
wirksame,
wirksamste]
Schétzung f
Effektivitit  f
[Leistungs-
fahigkeit f
Wirksamkeit f]

der Schiatzung
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1. accépt a hy-
pothesis

2. approxima-
te distribution
law of a ran-
dom variable

3. approxima-
te graph of the
distribution
density

4. arithméti-

cal  average/
méan [arithmé-
tical méan va-
lue] (of obsér-

accepter
hypothese
loi f approxi-
mative de dis-
tribution f [de

unc

répartition ]
d’une variable
aléatoire

graph m [gra-
phique m] ap-
proximatif de
la densité¢ de
distribution

moyenne f
arithmétique
(de wvaleurs f
observées
d’une variable

ved values of a faléatoire)

random variab-
le

5. biased [shi-
fted] éstimate

6. chi-squared
goodness-of-fit
test

7. confidence
interval

8. confidence
probability

9. consistency
of an éstimate

10.consistent
éstimate

estimateur m
avec biais [mal
centré, biaisé]
test d’accord
2? (khi carré);
critere m [test
m] z? (khi car-
ré)

intervalle m de
confiance
probabilité f'de

confiance

consistance  f

d’'un estima-
teur

estimateur m
convergent

[correct]

eine  Hypothé-
se akzeptieren
angenéhertes
Vertéilungsge-
setz n einer
Zufallsgrof3e

angenéherte
Gréphik f [an-
gendhertes
Bild #]
Vertéilungs-
dichte
arithmétisches
Mittel n von
Beobachtungs-
werten  einer
Zufallsgrof3e

der

nichterwar-
tungstreue
Schétzung f
Chiquadrattest
m, Chi-quad-
ratverfahren n

Konfidenzin-
tervall n
Konfidenz-
wahrschein-
lichkeit f

Konsisténz ~ f
einer  Schét-
zung
konsistente
Schétzung f

MIPUHSATH
noTe3y
pUOJIMKEH-
HBIN 3aKOH
pacnpenene-
HUA  CIlydaii-
HO# BEJIMYMHBI

Tu-

pUOJIMKEH-
HBIH  Tpaduk
IUIOTHOCTH
pacrpenee-
HUS

cpennee apud-
METHYECKOE
(momy4yeHHbBIX
3HAYECHUH CI1y-
YallHOW BeEJu-
YUHBI)

CMCIICHHAaA
OIICHKa

KpUTEpUH  CO-
IJIacUsl XU-KBa-
apar

JIOBEpUTEIIb-
HBII MHTEPBAJ
JIOBEpUTEIIb-
Hasi  BEpoOST-
HOCTh (HagexX-
HOCTb)
COCTOSITEIIb-
HOCTb OLICHKH

COCTOATCIIb-
Hasjg OLICHKa

OPUHHATH  Ti-
oTe3y
HaOJIMKEeHUH
3aKOH PO3MOi-
JIy BHUIAJKOBOL

BCJIIMYUHHU

HaOIMKEHU I
rpadik  IIiIb-
HOCTI  pO3II0-
Ty

cepenHe
bmeTnuHe
(cnoctepexe-
HUX  3Ha4YeHb
BUNAJKOBOT
BEJIMYUHH)

apu-

3MIlE€Ha OILliH-
Ka

KpUTepiil 3ro-
IIM Xi-KBajpar

JOBIpUMHA  1H-
TepBaj
JoBipua HMO-
BipHICTh (Hai-
HHICTD)

0OIpyHTOBaHI-
CTb OLIIHKHA

oOrpyHTOBaHa
OLIIHKA
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11.contradict
the hypothesis
(about the re-
sults of trials)

12.convérge in
probability to
the theoretic-
(al)  distriba-
tion  finction
(of a statistic-
(al)/empiric(al)
distribution
function)

13.corrécted
root-méan-
square [quad-
ratic méan,
méan-square]
déviation

14.corrécted

variance [dis-
pérsion]
15.critical va-

lue of a test

16.detérmina-
tion the distri-
buation [parti-
tion] law of a
random  vari-
able
17.discréte va-
riation séries

18. y*-distri-
bution, chi-
squared [chi-
square] distri-
bution

contredire I'hy-
pothése  (sur
les  résultats
d'expérience)

converger
probabilité
vers la fonc-
tion théorique
de distribution
(sur une fonc-
tion statistique/
empirique de
distribution)

cn

ecart f
quadratique
moyen [écart
type [écart-ty-
pe, écart quad-
ratique]] corri-
gé(e)

variance f [dis-
persion 1
corrigée

[é-]

valeur f criti-
que d'un test

détermination

de la loi de ré-
partition f [de
distribution f]
d‘une variable

aléatoire
séries f varia-
tionnelle  dis-
créte

der Hypothése
widerspréchen
(iber die Re-
sultate [Ergéb-
nisse] von Ex-
periménten)
gegen theoréti-
sche  Vertei-
lungsfunktion
in Wahrschéin-
lichkeit  kon-
vergieren (liber
eine  statisti-
sche/empiri-
sche  Vertei-
lungsfunktion )
korrigierte
durchschnit-
tliche/mittlere
quadratische
Abweichung f,
korrigierte
Streuung 1
korrigierte Va-
rianz f [Disper-
sion f, Streu-
ung /]
kritischer Wert
eines Test(e)s

Bestimmung f
des Vertéi-
lungsgesetzes
einer Zufalls-
grofle

diskrete Varia-
tionsreihe f

distribution  f° »2-Verteilung
de x* (khi car- f | Chi-quad-

ré)

ratverteilung 1

MIPOTHBOPE-
YUTh THIIOTE3E
(o pesynbra-
Tax  HCIbITa-
HUMN)

CXOAUTHCA IO
BEPOSITHOCTH K
TeopeTuyec-
KoM (yHKIUHU
pacnpenese-
Husa (o craru-
CTUYECKOH
¢byHkuuu pac-
IIpeIeIeHMs])

UCTIPaBJICHHOE
cpeaHee KBaj-
paTtuueckoe
[cpenHekBa-
patudeckoe]
OTKJIOHCHHE

UCIIpaBJICHHAs
aucnepcus

KpUTUYECKOE
3HAYE€HHUE KpH-
Tepus
olnpejeseHne
3aKOHa pacll-
peneneHus
CIIy4ailHON Be-
JIMYUHBI

JTIMCKPETHBIN
BapHUaloOH-
HBIU P
pacmpenene-
HHUE XU-KBaJ-
par

POTUPIYUTH
rinore3i  (mmpo
pe3ynbTatu
BUIIPOOYBATh)

36iratucs
HMOBIpHICTIO
10 TEeOpeThd-
HOl  (yHKIii
po3mnoainy
(mpo crarucru-
YyHY [emmipuy-
Hy] ¢yHKIiIO
po3mnoainy)

3a

BUITPABJICHE
CepeaHE KBa/l-
paTudHe  Bij-
XUJICHHS

BUIIPaBIICHA
JHCIIepCist

KpUTUYHE 3Ha-
YeHHS KpHUTe-
pist
BU3HAYCHHS
3aKOHY pO3II0-
ATy BUIAIKO-
BOI BEJINYUHU

JUCKPETHUI
BapianiiHui
pAn
PO3MOTi
KBaJpar

Xi-
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19.do not con- ne pas contre- der Hypothése He  mpOTHBO- HE MPOTHPIYH-
tradict the hy- dire I'hypothé- nicht widers- peunth rumo- TH rinoresi
pothesis (about se (sur les ré- préchen (iiber tese (o pesy- (mpo pesyibra-
the results of sultats d'expé- die Resultdte npraTax wcnmel- TH  BHIPOOY-
trials) rience) [Ergébnisse] TaHUM) BAaTh)

von  Experi-
ménten)
20.efficiency  effectivit¢ =~ f Effektivitit [ sddexTuBHO-  e(peKTUBHICTH
[efféctiveness] [efe-] [effica- [Leistungs- CTb OIICHKHU OI[IHKH
of an éstimate  cité f] d'un es- fahigkeit 1
timateur Wirksamkeit f]
der Schitzung
2]1.efficient és- estimateur m effiziente [ef- »(dexTuBHAsE  edexTUBHA
timate [éstima- efficient [efi- fektive, leis- omenHka OIliHKa
tor] sja] [efficace tungsfihige,
[efikas]] wirksame,
wirksamste]
Schétzung f
22 .éstimate estimer Einschétzen, OIICHMBATh, Ha- OI[IHIOBATH,
eine Schéd- xoauTh OLEHKY 3HAXOAUTU
tzung f  fin- OLIIHKY
den*
23.éstimate estimateur m Parameter- OLlEHKa Tapa- OIliHKa [apa-
[éstimator; as- [estimation f, schitzung fdes MeTpa 3akoHa MeTpa 3aKOHY
séssed/éstima-  valeur estimée] Vertéilungsge- pacnpenene- poO3MoiTy BH-
ted value] of a d’'un parametre setzes einer HUS  ciaydald- MAAKOBOI  Be-
parameter of de la loi de ré- Zufallsgrofle HOW BEIWYHMHBI JIMYUHHU (K pe-
the distributive partition f [de (kak  pe3ylb- 3yabmam)
law of a ran- distribution f] TaT)
dom vériable  d‘une variable
aléatoire
24 .¢stimation  estimation  f Parameter- OIlCHKAa [Haxo- OIliHKa [3Ha-
of a parameter d'un paramé- schitzung fdes »aeHHe OICH- XOIKCHHS
of a distribu- tres delaloi de Vertéilungsge- «u, oOleHUBAa- OLIHKH,  OIi-
tive law of a répartition [ setzes (n) einer Hue| mapameT- HIOBaHHs| Tia-
random vari- [de  distribu- ZufallsgroBBe pa 3akoHa pac- pameTpa 3aKo-
able tion f] d‘une IpeaesIeHUs HY PpO3MOJLTY
variable aléa- CJIy4aiiHOW Be- BHIAJIKOBOI
toire JUYUHBL  (KaK BEJIMYMHH (4K
MPOIIECC) npoyec)
25.exact value valeur f exac- genauer Wert TOYHOE 3Haue- TOYHE 3HAYCH-
(of a parame- te (d'un para- m (eines Para- Hue (mapamer- Ha (mapamer-
ter) metre) meters (m)) pa) pa)
26.exactness exactitude  f Exactheit f TOYHOCTb TOYHICTH OIIiH-
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[accuracy, pri- [précision  f] [Genauigkeit f, oueHku KH
cision] of an d'un estima- Prézision f] ei-

éstimate teur ner Schitzung

27.fréquency
of hitting of
variants on an
interval

28.goodness-
of-fit test, go-
odness  mea-
sure, goodness
of fit, test for
concordance,
test of fit
29.histogram
of  (rélative)
fréquencies

30.interval és-
timate
31.interval va-
riation séries

32.Kolmogo-
rov goodness-
of-fit test
33.mathemati-
cal statistics

34.méthod of
data  procés-
sing, of tréat-
ment the re-
sults
35.no0n-bias
[unbiasedness]
of an éstimate
36.nimber of

fréquence f du
coup [d’impact
m, d’atteinte f]
des variantes
sur un inter-
valle

test d accord

histogramme m
des  fréquen-
ces f (relatives)

intervalle d’es-
timation f°
séries [ varia-
tionnelle aux
intervalles
test d’accord
de Kolmogo-
roff
statistique ~ f
mathématique

méthode f de
traitement m
(des données,
des résultats)

nombre m de

Frequénz f von
Tréffer der Va-
rianten in ein
Intervall

Anpassungs-
test m, Gute f
der Oberein-
stimmung, Ver-
traglichkeits-
kriterium n

Histogramm n
[Séaulendiag-
ramm n, Staf-
felbild n, Tre-
ppenpolygon
n] von (relati-
ven) Frequén-
zen
Intervallschét-
zung f
Intervallvaria-
tionsreihe fIn-
tervallreihe f)
Anpassungs-
test m von
Kolmogorov
mathematische
Statistik f

Auswertungs-
methode /'

Anzahl f der

JyacToTa I10Ia-
JaHWs BaApUaHT
Ha UHTCPBAJI

KpUTEpUH COr-
Jacus

rucTorpaMmma
(oTHOCHUTEIB-
HBIX) YacTOT

MHTEpBajbHAas
OLICHKA
MHTEPBaJIbHbII
BApUALIUOH-
HBIN P
KpUTepui
rJ1acus
MOIOpoBa
MareMaTH4ec-
Kasg CTAaTUCTH-
Ka
METOJ
00TKH
HBIX,
TaTOB)

co-
Koi-

o0pa-
(man-
pe3yib-

HCCMCIICHHO-
CTh OLICHKHU

KOJIMYECTBO

YyacToTa Iorma-
JaHHS BapiaHT
Ha 1HTEepBaj

KpUTepiil 3ro-
hi7

ricrorpama
(BiIHOCHHUX)
4acToT

iHTepBabHA
OLIIHKA
1HTepBaNbHUI
BapiauiiHui
pan

KpUTepiil 3ro-
o Koamoro-
poBa
MaTeMaTu4Ha
CTaTUCTHKA

MeTo 00po0o-

KM (JlaHuX, pe-
3yJBTaTiB)

HE3MILIEHICTh
OLIIHKHU

KUIBKICTH CTe-
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degrées of
fréedom
37.parent Uni-
verse, (parent,
géneral, grand,
total) popula-
tion (of the si-
ze n)
38.Pearson
goodness-of-fit
test
39.pdint
mate
40.polygon of
(rélative) fré-
quencies
41.random
sample

ésti-

42 rated
culated]
of a test
43.rejéct a hy-
pothesis

[cal-
value

44 rélative fré-
quency of hit-
ting of variants
in an interval

45 reliability
[dependabili-
ty] of an ésti-
mate

46.represénta-
tive sample

47 .requierm-
ents [demands]
to an éstimate

degrés de li-
berté

population  f
générale, uni-

vers m (de la
taille n)

test d’accord
de Pearson

estimation  f
ponctuelle

polygone  m
des  fréquen-
ces f (relatives)

echantillon m
aléatoire [pro-
babiliste]
valeur f calcu-
1ée d'un test

rejeter une hy-

pothese
fréquence  f
relative du

coup [d’impact
m, d’atteinte f]
des variantes
dans un inter-
valle

fiabilité f [sé-
curit¢ f, con-
fiance f] d'un
estimateur

echantillon m
représentatif

demandes [ p/
[réquisitions [
pll a un esti-
mateur m

Freiheitsgrade

Grundgesamt-
heit /' (des Um-
fang(e)s N)

Anpassungs-
test m von
Pearson
Punktschat-
zung f
Polygon n von
(relativen) Fre-
quénzen
zufillige Stich-
probe f [Aus-
wabhl f]
Réchnungs-
grofle f

eine  Hypothé-
se ablehnen

relative Frequ-
énz f von Tréf-
fer der Varian-
ten in ein Inter-
vall

Sicherheit  f
[VerlaBlich-
keit f, Zuver-
lassigkeit f] ei-
ner Schitzung
reprisentative
Stichprobe
[Auswahl f]
(An)forderu-
ngen f pl gégen
eine Schitzung

f

CTEIIeHEH CBO-
00.IBI
reHepajibHas
COBOKYITHOCTh
(oObema n)

KpUTepui
rJ1acust
COHa
TOYEYHast
OLICHKa
noauron  (oT-
HOCHTEJIbHBIX)
4acToT
Cly4aiiHasi BbI-
O6opka

co-
[Tup-

pacueTHoe
3HaYEHUE KpH-
Tepus
oTOpOCUTH [OT-
KJIIOHUTh| TH-
oTe3y
OTHOCHTEJIb-
Has  yacTora
MoTIalaHusl Ba-
pUAHT B WHTE-
pBan

HaJEKHOCTh
[ToBepuTEDb-

Has  BEposT-
HOCTbh | OLIEHKH

penpeseHTaru-
BHas BEIOOpKa

TpeboBaHUs K
OLIEHKE

MEeHIB CBOOOIU

reHepaibHa

CYKYIHICTb
(00"emy n)

KpUTepiil 3ro-
au [Tipcona

TOYKOBa OILiH-
Ka

nmoyiron  (Big-
HOCHHMX) 4ac-
TOT
BUIIAJKOBAa BH-
Oipka

PO3paxyHKOBe
3HAYEHHS KpH-
Tepis
BIJIKHHYTH
[BiIXHIIUTH |
rinoresy
BITHOCHA 4ac-
TOTa MOTMAaJaH-
HS BapiaHT B
iHTEpBAI

HaIIWHICTH
[moBipua iiMo-
BIpHICTB| OIIiH-
KU

penpeseHTa-
THUBHA BUOIpKa

BUMOTHY
OLIIHKH

a0
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48.sample ecart [ [é-] stichprobenar- BbpIOOpOYHOE  BHOIpKOBE Ce-
root-méan- quadratique tige durchsch- cpemnee kBan- peaHe KBaupa-
square [quad- moyen, écart nittliche/mitt-  parudeckoe TUYHE BIAXH-
ratic méan, type [écart-ty- lere quadrati- [cpenHekBax- — JeHHA
méan-square]  pe, écart qua- sche Abwei- paruueckoe]
deviation dratique] d'é- chung f, stich- orTknoneHue
chantillonnage probenartige
Streuung 1
49 sample asymétrie f stichprobenar-  BbIOOpOUHas BHUOIpKOBa
asymmetry d'échantillon-  tige Asymme- acummerpus acuMeTpis
[skewness] nage trie f
50.sample ex- excés m d'é- stichprobenar- BeIOOpOYHBIE  BHOIpPKOBHUI
céss chantillonnage tiger ExzeB m skcuecc eKCIec
51.sample moyenne f stichproben- BBIOOPOUYHOE BUOIpKOBE ce-
mean [average] d'échantillon-  durchschnitt m, cpennee peaHe
nage Stichproben-
mittel #» Durch-
schnitt m, Mit-
tel n)
52.sample of echantillon Stichprobe  f BeIOOpka 00B- BubOipka 00"e-
the size n mdelataillen [Auswahl f] ema n (pe3y- My n (pe3ynb-
des Umfang- nbrar) TaT)
(e)s n
53.sample va- variance f [dis- Stichprobens-  BbiOOpouHas BUOIpKOBa
riance [dispér- persion f] d'é- treuung f, nmcnepcus JUCTIEPCist
sion] chantillonnage Stichproben-
varianz f
54.sample, car- effectuer Stichprobe = f mpousBoguth  pobutu BUOIp-
ry out [fulfill, echantillonna- [Auswahl f] BbIOOpKY 00B- Ky 00"eMy n
accomplish] a ge m [sondage des Umfang- eman
sampling  of m, tirage m] de (e)s n erzeu-
the size n la taille n gen
55.sémpling echantillonage Stichproben-  BbIOOpOuHBI  BHOIpKOBHIA
(méthod) m, sondage m  methode f METO/T METO]T
56.sampling of echantillonna-  Stichprobe f BriOOpka 00B- Bubipka 00"e-
the size n ge m [sondage [Auswahl f, ema n (nmpo- My n (mporec)
m, tirage m] de Stichproben- 1ecc)
la taille n auswahl f] des
Umfang(e)s n
57.significance niveau m [seuil Signifikanzni- ypoBeHb 3Ha- piBeHb 3HaYYy-
level m] de signifi- veaun YUMOCTHU [0CTi
cation
58.standard standard m Standard m CTaHAApT CTaHAapT
59.statistic(al) estimateur m statistische Pa- craTuctuue- CTaTUCTUYHA
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¢stimate [ésti- [estimation f, rametersché- CKas  OIICHKa OIlliHKa Iapa-
mator; assés- valeur estimée] tzungf napaMmerpa MeTpa (K pe-
sed/éstimated  statistique d 'un (kak  pe3ylb- 3yabman)
value] of a pa- parameétre TaT)
rameter
60.statistic(al) séries f statis- statistische CTaTHCTUYEC-  CTAaTUCTUYHHH
séries tique Reihe 1 KUH psg psn
61.statistic(al)/ fonction  sta- statistische CTaTHUCTUYEC-  CTAaTUCTUYHA
empiric(al) dis- tistique/empi-  [empirische] Kasg (OMOupH- (emmipudyHa)
tribution func- rique de distri- Verteilungs- yeckasd) QyHK- ¢(yHKOiE pos-
tion bution funktion Ul pacrpeze- MOAiTy

JCHUSI

62.statistical test m d'hypo- statistischer IpoBepKa CTa- TMepeBipKa CTa-
hypothesis thése en statis- Hypothesen- TUCTUYECKOW  TUCTHYHOI Ti-
checking, sta- tique prifung f, Prii- rumoressl noTe3u
tistical testing, fung f von sta-
statistical hy- tistischer
pothesis  test, Hypothese
proof of statis-
tical hypothe-
sis
63.Student’s loi f'de Student Studentvertei- pacnpenee- posnonin Ctb-
distribution, lung £, Student- Hme CThIOJIEH- FOJACHTA [t-pO3-
(Student’s) t- sche  Vertei- ta (¢-pacmpe- mnomii|
distribttion lung, +Vertei- nenenue)

lung
64.system of systtme m des Rechteckssys- cucrema mps- cucrema mps-

réctangles with
bases and
the areas ...

65.tend in pro-
bability to ex-
act value of a
parameter

66.test [check,
vérify] a sta-
tistical  hypo-
thesis, réalize
statistical tés-
ting

rectangles des

bases ... et des
aires ...
tendre (il/elle

tend) en proba-
bilit¢ vers une
valeur f exacte
(d'un parame-
tre)

tester [véri-
fier, controler]
une hypothese
en statistique

tem mit den
Basisen f pl...
und den Fla-
cheninhalten...
gegen genauen
Wert m (eines
Pardmeters) in
Wabhrschéin-
lichkeit  kon-
vergieren [stre-
ben]
statistische Hy-
pothese f kon-
trollieren [prii-
fen, testen,
iiberpriifen,
iiberwachen]

MOYTOJIbHUKOB
C OCHOBaHUS-
MH... U IUIO-
IAIMH. . .

CTPEMHTHCS 10
BEPOSATHOCTH K
TOYHOMY 3Ha-
yeHuto (mapa-

MeTpa)

IIPOBEPUTH
CTaTUCTUYEC-
KYIO TMIIOTE3Y

MOKYTHHKIB 3
OCHOBaMH ... 1
IUIOILAMH ...

npsMyBaTH 3a
HMOBIpHICTIO

10 TOYHOTO
3HaueHHs (ma-

pamerpa)

NepeBipuTU
CTaTUCTHYHY
rinoresy
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67.theorétic(al) fonction théo- theorétische TEeopeTHYecKas TeOopeTHYHa
distribttion rique de distri- Verteilungs- ¢ynkuus pac- QyHKOiS  po3-
finction bution funktion 1 npeaesIeHUs MOJLTY
68.total invés- etude f totale gesamte Stich- crutomHOe wHc- CyIigbHE  JI0-
tigation of a dun  échan- probenuntersu- cnenoBaHue CJIiJKCHHSI BU-
sample tillon m chung f BBIOOPKHU Oipku
69.transfer etendre (il Resultate [Er- pacmpocTpaHu- MNOIIUPUTH
[carry over, ex- étends, n. aten- gébnisse] der Tb pe3ynbTaThl [HEPEHECTH |
ténd] results of dons) les résul- Stichprobenun- wuccnenoBanus pesynbTaTH
invéstigation tats d’étude tersuchung auf BBIOOpKM  HA JOCIHIKCHHS
of the sample d’échantillon die Grundge- renepanbHyro  BUOIpKH Ha Te-
on the parent surl’univers samtheit /' dila- COBOKYMHOCTb HepaJbHYy CY-
universe tieren KYIHICTh
70.typical pro- problémes ty- typische Auf Tunmumele 3a- THmOBi 3amaui
blems of ma- piques de sta- gaben (f) [Pro- nmaum Marema- MaTeMaTHYHOI
thematical sta- tistique f ma- bléme (n)] der TuYeckoil cTa- CTaTUCTUKH
tistics thématique mathemati- TUCTHKHU
schen Statistik
71.unbiased estimateur m erwartungs- HECMENICHHas  He3MillleHa
[bias-free] ésti- sans biais [ab- treue [bias- oneHka OIliHKa
mate solument cor- freie, nichtver-
rect, bien cen- zerrte, unver-
tré, sans distor- zerrte] Schat-
sion] zung f, unver-
zerrte Absché-
tzung f
72.vériant variante Variante f BapuaHTa BapiaHTa
73.variant fréquence  f Frequénz f ei- uactora  Ba- 4YacTtoTa Bapi-
fréquency d’une variante ner Variante f  puaHTBHI aHTU
74.variant réla- fréquence  f relative Frequ- oTHOcuTENb- BiIHOCHA 4a-
tive fréquency relative d'une énz feiner Va- Has  4YacToTa CTOTa BapiaHTH
variante riante BapUaHTBI
75.variation séries f varia- Variationsreihe Bapuanuon- BapiauiiHui
séries tionnelle f HBIN psijg psn



Tasks for individual work on mathematical statistics

PROBLEM. 100 independent trials are fulfilled on a random variable ¢, and
the results of trials are represented by corresponding sample of the size n = 100.

1. Compile the interval variation series for the random variable &, plot the his-
togram of relative frequencies and approximate graph of the distribution density.
Find the statistical distribution function for the interval variation series and con-
struct its approximate graph.

2. On the base of the interval variation series form the discreet variation se-
ries by taking inner points in each interval. Construct the polygon of relative fre-
quencies. Form the statistical distribution function for the discreet variation series
and plot its graph.

3. Calculate the sample mean [the sample average], dispersion, root-mean-
square deviation, asymmetry and excess of the random variable. Draw a conclusion
as to symmetry of its distribution law and deviation of this law from the normal dis-
tribution.

4. Find the corrected dispersion and root-mean-square deviation of the random

variable. Compare their values with corresponding sample estimators.

5. Search out the confidence intervals for the mathematical expectation of the
random variable & with reliabilities 0.95 and 0.99, basing on the hypothesis of its
normal distribution (see a corresponding table in the books [4, 11], appendices 3).

6. Find approximate values of the probabilities of hitting of the random vari-

able & on all the intervals of its variation series proceeding from the hypothesis of the
normal distribution of &.

7. Test the hypothesis on the normal distribution of the random variable & with
the significance levels a =0.01,a = 0.025,a = 0.05 making use of Pearson x> (see a cor-

responding table in the books [4, 11], appendices 5), Romanovsky and Kolmogorov

goodness-of-fit tests.
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0,89
2,54
1,80
1.17
0,81
1,43
1,98
0,71
0,62
3.10

548
1.18
5,77
2,91
3,77
2,54
1,98
3,83
223
5,58

53,9
71,4
72.8
76,6
47,6
417
69.9
74,1
68,1
79,3

1,33
0,33
1,13
0,71
0,50
1,74
1,69
1,83
1,28
0,89

6,24
3,05
421
1,07
2,01
4,10
2,40
221
2,97
0,98

82,6
70,5
71,5
71,8
47,6
354
63,0
53,5
59,4
34,2

Variations of tasks

2,81
3,69
1,28
0,71
1,41
1,28
2,14
0,48
0,96
3,84

0,64
0,84
1,98
2,67
1,72
1,50
1,80
3,72
0,81
1,61

10,05 11,18
7,28 12,70
6,57 11,54
6,54 8,18
7,21 6,92
8,02 6,72
5,11 9,74
6,09
1,57
3,17

2,89
1,05

56,6
45,2
45,6
42,3
49,5
51,6
64,6
443
41,1
69,3

20,4
18,5
17,0
37,2
49,5
41,8
46,1
28,3
51,0
49,0

Variant 1

2,67
2,96
2,33
2,97
2,46
5,16
2,58
5,84
2,93
2,75

2,13
3,63
3,89
3,48
2,09
3,13
3,06
2,72
2,38
3,01

Variant 2

429 6,28
9,07 5,05
524 11,30
437 7,94
6,01 11,97
821 5,11
597 4,49

8,23 10,20 9,11

1,32 3,86
1,69 6,38

Variant 3

52,8
48,2
32,8
23,9
45,0
53,1
57,5
56,0
19,8
44,7

23,8
29,0
23,2
332
28,5
44.9
25,1
32,1
30,7
225

4,27
2,44
2,53
2,87
3,47
4,92
2,07
2,10
2,12
0,45

5,48
4,83
1,67
3,61
2,94
3,18
3,83
3,39
3,77
0,48

12,23
6,83

6,22
10,70
8,06 8,07
6,29 6,18
4,64 9,39
6,21 7,39
6,12 5,17
8,99 8,50
4,11 6,23
4,00 3,47

37,4
20.0
32,3
35,0
47,9
16,5
37,3
43,8
58,0
35,0

36,0
31,8
242
453
27,7
30,9
31,5
29,3
16,9
332

222
4,12
3,70
2,20
438
2,41
2,56
2.19
2,84
2,95

13,90
4,88
11,40
6,01
6,98
10,15
6,30
4,94
4,51
4,23

31,3
31,8
32,1
28,9
27,6
38,3
34,1
36,5
34,9
35,9

4,11
1,89
3,22
0,35
1,82
1,79
3,65
1,47
1,61
2,77

8,57
10,10
9,45
6,29
13,70
14,10
8,29
8,62
5,18
6,03

31,9
334
31,0
61,5
432
41,5
57.4
53,1
59,3
63,6
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13,13
13,63
19.05
11,68
12,74
14,79
18,30
11,95
18,13
12,88

12,8
4.8
9.0
10,2
19,4
7.1
12.4
12,6
7.9
17,8

15,35
13,84
14,28
14,56
14,70
14,77
16,07
18,59
13,96
12,45

4,00
1,17
1,16
1,08
1,13
0,99
1,00
0,98
2,87
2,72

12,0 124 22
10,8 13,5 16,8

13,1

7,5 15,6

143 32 96
10,6 20,5 14,1
19,0 9.8 13,0
63 12,9 12,3
18,8 162 9,3
15,8 12,2 20,5
92 12,7 20,8

12,49
10,98
14,08
12,33
14,83

9,18
18,43
13,74
18,89
12,89

17,01
17,39
11,00
16,19
9,02
16,03
14,57
11,05
16,12
12,79

2,45 1,83 1,15
2,48 3,60 1,54
2,35 1,36 1,78
1,93 3,50 1,69
1,99 2,08 1,94
3,30 2,13 1,74
3,80 4,10 2,56
1,15 2,15 2,22
3,70 2,30 2,56

2,26 1,70 2,16.

Vari

12,5
234
8,8
142
12,2
11,6
18,7
222
16,1
14,7

Vari

15,33
16,58
10,84
14,90
12,57
19,62
14,67
16,05
14,79
12,85

ant 4

13,9
52
18,3
6,5
8,1
3,5
10,7
11,9
8,1
13,1

ant 5

16,59
10,65
10,55
11,26
16,18
11,17
16,91
13,87
17,43
14,51

Variant 6

291
3,61
2,68
2,89
3,02
3,03
3,08
3,78
1,53
1,72

1,91
1,53
1,37
1,29
1,34
1,36
1,48
2,54
3,05
1,94

15,4

6,0
243

7,0
11,0

8,5
12,8
14,0
12,5
11,8

12,05
9,35
16,01
10,78
12,90
10,66
10,02
10,74
14,73
12,89

11,1
16,4
10,7 15,1
17,9
12,7
12,3

18,5 16,6
10,9 8,0

16,2

94 11,4
16,6 15,8
9,312,4

8,0 11,719,1

10,4

6,5 10,7

9,5 14,8 4,7
7,6 184 122

15,93
19,51
12,62
14,87
9,05
13,63
14,95
14,99
17,17
12,91

1,84 1,79 1,95
1,54 2,04 1,04
2,16 2,02 248
1,88 2,37 1,87
1,76 2,60 1,81
1,77 1,91 1,73
1,86 1,78 4,08
1,80 2,47 2,67
1,72 2,79 1,80
2,05 2,01 1,51

13,75
14,18
14,55
16,15
13,68
14,97
15,13
12,04
14,89
17,51

1,36
1,34
121
1,34
1,30
122
0,99
1,10
1,38
1,86

17,32
11,98
15,79
12,11
16,54
17,91
12,13
17,23
19,40
10,16
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1,98
2,57
5,70
3,30
2,93
3,24
1,85
4,68
342
1,61

2,61
1,58
1,54
2,35
2,68
2,88
1,68
1.78
1,75
1,58

1,15
1,53
1,05
1,06
1,21
1,32
1,98
1.41
1,87
1.79

3,73
528
4,52
2,04
781
4,93
1,99
1,47
3,20
2,33

1,56 1,84 2,00
1,56 2,03 2,80
1,81 3,60 2,04
1,55 3,61 2,46
2,05 1,79 2,38
1,47 2,47 2,64
1,86 1,81 1,81
2,06 3,31 2,51
2,51 3,15 1,87
2,85 2,11 1,86

1,90 1,69 1,43
1,93 1,95 1,76
1,78 1,87 1,34
1,35 126 1,56
1,11 1,51 1,08
1,52 1,44 1,68
1,45 1,18 1,42
124 1,53 1,16
1,53 1,30 1,54
1,67 1,78 1,25

8,63
222
3,42
1,84
7,13
2,18
3,60
1,61
1,90
11,44

Variant 7

2,11
2,34
3,07
3,54
2,34
232
2,06
2,88
3,05
3,57

2,63
2,93
2,95
2,74
2,81
2,50
2,98
2,56
2,96
2,93

Variant 8

1,75
1,69
1,90
1,55
1,45
1,36
1,94
1,56
1,64
1,49

1,38
1,47
1,73
1,13
1,85
1,90
1,57
1,43
1,55
1,70

Variant 9

3,68 4,79
9,14 7,88
4,03 637
6,89 7,81 1
785 8,01
837 4,76
475 6,90
3,17 11,34
1,01 8,26
11,62 6,07

8,53
8,36
1,13
0,82
1,08
8,60
5,32
9,37
6,11
9,54

2,98
2,73
2,66
2,59
3,52
3,15
3,05
2,57
2,85
3,28

1,96
1,64
1,83
1,58
1,55
1,46
1,27
1,74
1,39
1,69

3,89
2,88
7,26
11,63
1,14
8,47
6,34
4,10
4,91
4,96

329 2,15 2,15
340 2,16 2,16
343 220 2,37
2,50 2,30 2,27
2,59 2,03 224
2,56 2,15 234
2,66 223 242
2,72 221 2,11
3,12 3,24 227
222 223 235

1,79 1,70 1,51
122 1,86 1,41
1,42 1,80 1,91
1,19 131 1,77
1,65 1,59 1,26
132 1,42 1,87
1,46 1,62 1,99
1,09 1,75 1,39
1,60 1,52 1,64
1,53 1,29 1,60

9,59
9,13
10,85
4,85
5,76
1,28
6,00
6,10
9,39
9,18

7,05
11,87
3,87
9,28
10,01
3,65
9,23
4,44
5,88
6,11

1,06
5,32
1,21
1,27
6,26

11,51
4,02

10,50
4,68
6,98
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37,91
37.90
37,82
37,80
37.87
37.88
37,82
37,87
3791
37,90

1,49
0,60
1,26
2,34
2,69
1,63
1,25
0,54
0,78
2,01

3,89
2,54
1,80
1,17
0,41
1,43
1,98
3,71
0,62
2,10

37,82
37,87
37,89
37,90
37,85
37,80
37,87
37,85
37,89
37,87

1,44
3,57
0,86
0,64
2,02
3,41
1,90
0,94
0,99
1,51

1,33
1,13
1,13
1,11
1,50
1,74
1,69
1,83
3,78
0,89

37,86
37,86
37,84
37,87
37,81
37,88
37,78
37,86
37,83
37,82

1,68
1,34
2,39
1,26
3,42
1,16
3,72
1,71
1,60
0,95

2,81
3,69
1,28
3,71
1,41
1,26
2,14
0,81

0,66.

3,84

2,48
1,59
3,05
4,32
1,19
1,44
2,05
1,52
2,07
3,17

1,04
0,84
0,98
2,67
1,72
1,50
1,80
2,72
0,54
1,61

37,80
37,87
37,80
37,78
37,83
37,83
37,85
37,86
37,83
37,81

Variant 10

3,93
4,30
2,38
0,68
2,66
0,45
2,38
1,38
2,17
1,08

Variant 11

0,67
0,98
1,33
4,97
1,46
2,16
1,58
0,84
1,53
1,45

Variant 12

37,84
37,88
37,85
37,86
37,90
37,84
37,87
37,92
37,93
37,86

2,34
0,74
0,80
0,92
1,00
2,41
1,80
1,32
1,47
1,09

2,13
1,63
0,89
3,48
2,09
1,13
1,06
0,70
2,38
1,01

37,85
37,81
37,85
37,90
37,84
37,78
37,81
37,86
37,85
37,84

7,00
1,62
1,24
0,69
1,82
0,87
2,88
1,01
0,82
2,43

4,97
1,44
1,53
4,80
3,17
4,12
2,07
2,10
2,12
0,45

37,90
37,91
37,81
37,87
37,88
37,76
37,87
37,91
37,80
37,87

1,56
2,13
0,76
1,77
3,04
0,81
2,02
0,79
1,95
1,88

5,48
4,83
1,67
4,61
4,14
4,18
3,33
3,39
4,77
0,48

0,46
222
1,65
1,02
3,92
2,85
1,26
1,71
0,28
2,64

2,22
2,82
2,71
2,20
1,38
2,41
2,56
2,19
2,95
0,84

37,88
37,87
37,91
37,86
37,88
37,82
37,83
37,88
37,87
37,85

1,14
3,63
0,92
1,07
1,44
1,94
1,11
0,99
2,36
4,80

2,71
1,89
3,22
4,25
1,82
1,79
3,05
1,47
1,61
2,77

37,90
37,93
37,77
37,91
37,94
37,81
37,82
37,86
37,85
37,80

37,79
37,83
37,88
37,89
37,90
37,78
37,95
37,90
37,88
37,84
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14,4
16.8
2.9
8.8
10.9
12,7
14,9
15,3
16,0
223

11,7
324
17,7
7.8
27.7
8,5
248
58.4
15,9
84,7

1,55
0,95
0,75
2.10
1,05
1,30
1,10
1,45
0,75
0,90

6,9
16,9
3,0
9,0
11,0
12,9
15,0
15,5
2.4
16,9

13,2
16,5
25,8
13,9
12,9
21,3
17,9
78,8
10,5
74,5

2,15
1,25
1,60
1,40
2,05
1,50
1,10
2,10
1,10
1,55

18,8

7,0
11,0

33
10,1
11,7
13,0
12,6
16,3
17,0

75,5
25,2
12,5
12,3
61,5
75,6
27,3
11,7
12,0
14,1

0,80
1,00
1,50
2,10
1,30
1,20
2,35
0,90
1,75
1,35

18,9
19,0
7.1
1,1
33
9,5
5.9
12,3
16,7
17,1

10,8

8,9
21,7
15,6
15,3
47,4
60,7
45,6
11,1
48,5

2,40
1,50
0,95
1,15
1,30
0,60
1,20
1,45
0,80
1,75

Variant 13

20,1
21,4
19,5
7.9
12
3,5
9,6
11,9
14,0
17,2

20,6
21,7
22,8
20,9
6,0
1.4
3,6
9,9
12,0
14,1

Variant 14

10,2
15,7
12,2
39,0
83,6
46,0
37,4
28,1
42,0
93,8

56,3
63,5
23,9
83,5
33,1
12,4
60,7
73,2
50,2
49,0

Variant 15

1,35
1,75
1,00
0,70
1,95
1,55
0,70
1,35
1,90
1,70

1,60
2,10
1,10
1,05
1,75
2,15
1,20
1,50
1,80
1,40

22,0
22,9
23,0
6,1
23,3
8,0
1,7
3.9
10,3
12,3

50,3
19,3
413
65,0
16,1
23,6
22,5
53,0
223
67.8

1,15
1,35
1,10
0,35
1,20
0,90
2,40
1,70
2,00
1,30

24.4
25,5
6,2
26,6
23,7
24,8
8,3
1,9
4,3
10,7

57,6
63,2
26,6
32,3
14,8
27,6
87.8
41,6
49,5
37,1

1,50
0,70
1,90
2,25
1,50
1,45
2,10
1,95
1,35
1,55

26,9
6,7
272
28,3
29,4
30,5
29,6
8,5
2,0
5,7

48,2
63,8
228
39,1
44.4
40,7
228
249
94,2
39,1

2,35
1,15
1,40
1,70
0,95
1,50
1,95
1,55
0,65
0,10

10,2
30,7
30,9
31,4
26,3
30,9
30,4
30,9

8,7
22,1

11,8
36,8
77,5
33,7
26,4
39,1
342
48,1
21,6

6,6

1,65
1,95
1,15
1,40
1,75
1,90
1,20
1,85
1,15
1,35
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10,09
9,27
10,36
8,38
9,18
10,49
11,28
9,96
11,23
11,13

964 11,19 9,23
9,19 13,76 12,33
11,15 1023 9,76
12,18 11,08 10,35
9,15 10,49 9,55
10,10 12,42 10,51
1148 7,73 9.23
8,75 11,86 10,28
11,43 10,05 10,22
10,75 10,95 10,79

Variant 16

9,68
11,75
12,69

9,95
10,49
10,71
10,64
10,31
10,45
11,24

11,58
13,38
10,58

9,56
12,33
10,50

9,76
10,42
10,22
13,74

Variant 17

31,8 54,8 46,4 28,0 35,8

33,8 52,8 42,9 38,1

43,5

247 41,1 42,6 39,4 553

26.8 44,0 29,5 46,1
18,3 59,0 49,2 4273

40,5
42,6

36,5 27,7 31,5 33,2 604
39,6 54,2 46,2 36,2 854
46.8 51,3 47,0 86,9 37,7
452 56,9 524 2272, 50,7

469 55,2 35,5 45,1

2,15 2,32 1,82 291
2.00 1,99 1,93 2,63

68,1

27,7
18,0
35,3
29,3
29,7
36,2
35,1
36,6
36,3
32,0

Variant 18

2,60
2,44

2,37 2,05 2,03 2,67 2,59

231 1,82 3,12 2,61

2,79

2,40 3,81 2,45 228 248
3,60 1,76 3,13 2,50 233
2,58 1,77 2,96 2,46 236
2,47 1,80 2,81 2,10 2,64
2,40 1,68 3,01 2,70 336
201 1,74 2,63 2,64 2,51

3,77
4,06
222
231
2,19
2,17
2,14
2,11
2,14
3,83

10,68
9,77
11,72
10,52
9,82
9,37
931
11,85
9,16
11,13

23,6
22,6
22,7
31,7
59,0
26,3
26,5
86,6
67,8
29,6

3,95
3,75
3,02
3,24
3,50
3,04
3,20
2,69
2,42
2,87

11,16
11,71
10,73

8,74
12,65

9,57
10,05
11,22
11,76
10,52

84,3 293
58,7 183
68,0 20,2
58,2 86,8
80,1 67,9
$7,0 83,2
24,2 28,9
65,3 75,1
27,7 59,5
60,5 74,7

2,44 2,86
3,53 2,92
333 3,92
2,80 2,22
323 2,15
340 2,16
343 232
2,50 2,27
2,89 224
2,36 2,34

11,47
9,91
10,98
13,88
8,26
10,12
13,31
10,34
10,36
10,69

58,7
67,5
73,1
21,9
77,0
86,0
34,5
80,5
21,5
38.4

2,98
2,73
2,96
293
3,04
3,15
3,05
2,87
2,85
3,28

12,16
11,47
12,56
11,71
11,92

9,28

9,75
10,21
10,47
11,57
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9,02

18,16
39,99
45,23
54,90
26,89
37,12
32,36
28,22
26,98

38,26
30,44
40,05
61,22
35,20
63,22
45,88
20,30
28,56
46,95

1,50
0,70
1,90
2,25
1,50
1,45
2.10
1,95
1,35
1,55

50,1
522
54,3
19,9
21,4
23,6
26,1
16,3
16,2
16,0

24,66
30,42
47,92
43,14
63,00
66,47
73,36
34,10
35,55
44,36

2,35
1,15
0,80
1,40
1,70
0,95
1,50
1,95
1,55
0,65

21,6
42.9
11,0
12,5
18,0
19,9
26,1
30,1
40,1
12,3

0,40
1,65
1,95
1,15
1,40
0,65
1,75
1,90
1,20
1,85

13,2

9.4
12,9
19,0
19,8
26,2
30,3
40,9
12,5

4,3

50,06
39,10
33,72
10,40
36,02
53,36
36,33
62,39
46,50
38,27

1,15
1,35
0,70
1,80
2,35
1,15
1,20
1,55
2,40
0,45

8,7
13,7
19,1
19,9
25,2
32,8
41,3
6,1
5.1
8,5

Variant 19

28,45
51,19
30,24
31,20
40,51
56,13
37,40
62,90
22,76
37,94

60,37
23,78
26,13
29,94
42,18
42,55
76,58
49,90
38,35
32,50

Variant 20

1,50
1,10
1,00
0,20
1,10
2,20
1,70
0,85
1,20
2,30

1,30
0,75
1,50
1,05'
1,10
2,40
0,30
1,50
0,50
0,50

Variant 21

38,8
19,3
20,1
25,3
33,9
423

6,3

5.0

9,0
14,1

19,2
20,3
24,1
34,0
43,4

5.9

4.8
11,9
14,0
19,4

33,22
44,77
53,32
58,14
34,33
15,00
19,23
34,95
79,19
44,10

1,30
1,60
0,90
2,15
1,15
1,65
1,10
1,85
1,35
1,00

20,7
26,9
27,0
27,8
27,9
28,0
34,1
44.4
352
42,5

1,10
0,35
1,20
0,90
2,40
1,70
2,00
1,30
0,95
2,10

35,3
354
36,5
49,6
48,5
54,4
20,9
25,1
253
25,9

31,38
35,94
59,10
18,09
39,02
84,02
40,38
71,38
89,37
35,72

1,10
1,05
1,75
2,15
1,20
1,50
1,80
1,40
1,15
2,00

19,7
18,9
18,4
18,7
15,1
16,7
17,3
17,0
11,1
12,4

19,96
71,14
36,03
49,32
32,52
36,33
62,93
43,18
26,30
47,84

0,40
1,55
1,00
0,85
2,30
1,25
1,05
1,45
2,05
0,95

12,3
12,0
4,7
4,2
4,1
4,9
10,3
10,1
5,7
53

50,36
24,50
43,29
59,95
35,34
53,14
70,36;
25,28
80,86
44,35



Mathematical Statistics: Tasks for Individual Work 239

Variant 22

1560 2,46 506 432 6,01 902 720 1120 1124 1321
2,11 414 516 3,68 6,12 9,12 725 11,06 11,34 13,40
2,12 4,18 4,14 333 644 914 793 11,01 11,66 13,80
2,14 442 518 441 690 9,16 798 10,01 11,69 692
2,13 3,00 520 517 692 9,18 801 1022 11,80 6,99
490 2,14 4,10 521 696 813 824 1027 11,86 6,01
2,99 2,18 244 241 7,00 922 815 10,12 12,01 690
2,64 3,11 500 590 7,02 928 845 10,16 12,12 15,01
2,73 244 508 592 7,14 944 900 10,14 13,01 1520
4,10 508 3,64 598 7,19 998 836 1099 13,20 1521

Variant 23

14,13 14,17 1420 14,10 1421 14,16 14,18 14,18 14,12 14,17
14.13 14,18 14,18 1421 14,17 1423 14,18 14,19 14,19 14,11
14,18 14,18 14,15 14,18 14,16 14,13 14,14 1424 1429 1425
1420 14,16 14,17 14,14 14,12 14,17 14,19 14,18 1426 1420
1420 1420 1421 14,11 14,15 1423 14,16 14,17 1420 14,11
14.14 1421 1423 1421 1420 1420 14,15 14,16 14,19 14,12
1421 14,12 14,16 14,19 14,15 14,18 1421 14,12 1423 14,12
14,12 14,18 1427 1422 14,19 14,17 14,17 14,10 14,18 1421
14,18 14,19 1422 1421 14,18 14,19 14,18 1425 1426 1428
14,19 14,13 14,12 14,15 14,16 14,12 14,19 14,17 1424 14,09

Variant 24

21,9 20,2 24,0 21,0 19,7 21,0 20,8 19,8 224 21,0
20,5 19,5 23,5 22,7 19,6 22,4 20,0 20,0 20,7 19,0
20,0 22,5 23,7 21,3 22,4 20,7 24,6 22,5 24,6 20,6
19,5 18,2 24,2 21,5 21,7 18,6 21,6 21,8 19,6 235
21.5 20,3 23,6 24,9 23,0 21,0 19,5 223 21,2 19,5
23,0 20,4 21,5 19,8 23,5 21,6 20,1 20,6 23,0 225
223 21,5 21,2 19,6 22,3 20,5 20,8 23,0 21,5 204
20,6 214 19,8 19,7 24,5 22,5 21,5 21,5 22,0 20,8
204 20,8 20,0 18,0 23,8 204 20,5 19,7 20,8 21,8
18,3 22,1 23,0 20,1 23,0 24,0 23,0 21,0 22,3 220
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Variant 25
12250 609,6 346,1 886,0 5754 323,1 664,2 551,0 281,2 9847
1062,7 605,6 2139 7354 582,0 3059 5332 524,0 313,0 11454
686,5 492,1 2244 5289 426,7 321,2 8059 4455 286,7 7495
696,4 413,1 3958 583,0 458,1 3634 705,1 446,8 357,2 8010
7622  438,4 3337 626,5 519,0 212,5 6404 496,8 3842 7722
629,1 415,7 367,6 539,6 483,0 921,3 557,5 4022 12159 688,6
798,0 4324 212,0 5194 451,8 899,0 5019 157,0 1100,0 752,9
677,0 402,3 1064,9 460,8 131,8 626,5 748,5 1442 913,1 7432
710,5 331,5 680,6 5856 2150 734,77 582,0 1329 882,1 7435
576,2 361,9 9240 732,6 3482 7524 511,6 2159 10833 8149
Variant 26
19 21 13 19 21 29 30 27 12 13
13 12 35 15 22 23 28 21 14 20
25 18 16 20 30 18 15 22 20 25
32 20 19 21 23 12 24 18 18 27
23 24 33 13 20 19 24 20 11 16
17 28 16 22 25 16 16 22 26 21
20 15 24 16 18 27 24 12 21 14
20 17 18 24 31 22 17 14 14 23
24 18 26 24 24 22 20 19 23 24
22 13 22 18 16 14 18 21 24 22
Variant 27
424 425 424 425 440 4,05 4,00 4,17 4,12 4,08
420 423 428 424 438 4,10 4,47 4,35 4,14 4,50
4,03 4,06 430 423 442 4,12 4,46 4,07 4,15 4,12
425 4,16 4,32 425 4,18 4,14 4,40 427 4,19 445
4,07 4,18 4,17 426 397 4,08 4,20 4,17 431 4,34
427 4,17 4,16 428 4,03 4,03 4,18 4,32 4,19 432
423 4,12 4,18 4,17 420 4,17 4,15 4,12 423 4,30
444 410 4,40 4,19 422 4,15 421 4,22 4,18 4,17
425 437 4,42 4,15 4,18 4,13 4,32 420 424 4735
4,18 435 4,38 4,12 424 4,16 4,10 4,30 430 4,40



LECTURE NO. 9.

ELEMENTS OF CORRELATION THEORY
LE NEUVIEME COURS. ELEMENTS DE THEORIE DE CORRELATION
NOUNTE VORLESUNG. ELEMENTE DER KORRELATIONSTHEORIE

POINT 1. CORRELATION DEPENDENCE BETWEEN TWO RAN-DOM
VARIABLES. Dépendance corrélative de deux variables aléatoires. Korrelationsab-
héngigkeit zwischen zwei Zufallsgrofen.

POINT 2. STATISTICAL ESTIMATES OF PARAMETERS OF COR-
RELATION DEPENDENCE. Estimations statistiques de paramétres de dépendance
corrélative. Statistische Parameterschiatzungen von Korrelationsabhingigkeit.

POINT 3. LEAST-SQUARES METHOD. M¢éthode des moindres carrés. Me-
thode der kleinsten Quadrate.

POINT 4. MULTIPLE CORRELATION. Corrélation multiple. Mehrfache

[multiple] Korrelation.

POINT 1. CORRELATION DEPENDENCE BETWEEN TWO RANDOM
VARIABLES

We study correlation dependence between two random variables in Points 1- 3
and that between three random variables in the Point 4.

There is deterministic [functional, stiff] dependence between random variables
&, n (for example linear dependence 7 = aé + b).

And there is undetermined [non-functional, non-stiff, statistic, correlation] de-
pendence between &, n, for example dependence between labour productivity and li-
ving standard, between a state of health and a productivity of a worker, between
height and weight of a man.

Correlation dependence between random variables ¢ and # is that between va-

lues of one variable and corresponding mean value [average value, distribution cent-
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re, mathematical expectation] of the other. Such dependence is defined by introdu-
cing conditional distributions of random variables and conditional mathematical ex-

pectations.

Conditional distributions

Let £, n be discrete random variables. The probability p, of ocurrence of a

pair (£ =x,7=y,) i=1k j=1k canbe represented in two ways
py=PlE=x.n=y)=P(E=x)n=y,)=
=P =x)Pn =y )(e=x))=Pln=y, P& =x)n =)
whence it follows that the probability for & to take on a value & = x, in the condition
that 7 takes on a value 5 = y, (the conditional probability of the event& = x,) equals

P(E=x)/n=y,)= P((Cf;(;;)(’; =) ) _ ;?4:,- | -

J

where it's denoted
pyj :P(n :y./‘)’
and the probability for 7 to take on a value i = y, under the condition that £ takes

on a value & = x; (the conditional probability of the eventrn = y ) equals

e e
where
D, =P(§ :xi)’

Let now & 7 be continuous random variables. In this case one introduces the
conditional distribution densities. Namely, the distribution density of the random va-
riable 17 under the condition that the random variable £ takes on a value x is given by

the formula
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f(y/x):f(x:y): wf(x:y) , (2a)
KT e

Similarly the distribution density of & under the condition that 7 takes on a value y is

f(x/y)=f(x’y)=wf(x’y) . (2b)
Sy (y) Jf(x,y)dx

If it's known the distribution density f (x, y) of the two-dimensional random

variable (£,7), one can find distribution densities of its components £, 17, because of

= ]Of(x,y)dy, f,)= ]Of(x,y)dX- (3)

Conditional mathematical expectations. Regression functions

Let &, n be discrete random variables. The mathematical expectation of 77 in the

condition that & takes on a value & = x; (the conditional mathematical expectation of

1) equals (with utilization of the formula (1 a))

m,(x,)=M(n/(&=x,) Zy, Pll=y,)/(E=x))= o Zypl,—

1
=—("Pa+ 12D+t V,Py)

Xi

(4a)

Analogously the mathematical expectation of & under the condition that 7 takes on a

value n = y, (the conditional mathematical expectation of &) equals (with utilization

of the formula (1 b))

mg(y_;):M(g/(U =y§))=i1xl.P((§ =xl-)/(’7 =y./))=l;ii1xipi/ =

1
= —(xlplj + Xy Pyt X Dy )
v

(4b)
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Let now &, 17 be continuous random variables. The mathematical expectation
of 17 in the condition that & takes on a value & = x (the conditional mathematical ex-
pectation of 77) equals (with utilization of the formula (2 a))

0

fl(x)fyf(x,y)dy- (5a)
e\X) 2,

Analogously the mathematical expectation of & under condition that 7 takes on a

mn(X)=M(77/(c'§=X))=_Tyf(y/X)dy=

value 1 = y (the conditional mathematical expectation of &) equals (with utilization

of the formula (2 b))

0

m.(y)=M(&/(n=y))= IOXf(x/ ¥)dx = ﬂl(y)_[oxf(x,y)dx- (5b)

Def.1. The conditional mathematical expectation of the random variable 7, that

is m, (x), is called the regression function of 77 on ¢, its graph is called the regres-

sion curve [regression line] of  on & (fig. 1), and the equation

y=m, (x) (6a)
is called the regression equation of 77 on &.
J o) By analogy is defined the regression function

—~ 21My :
: m; (y), the regression curve [regression line] (fig. 1) and

the regression equation

x:mé(y) (6b)

3(:,,}(;//

Fig. 1 of £on 7.
It can be proved that in the case when there is a functional dependence between
the random variables & and 7, both regression lines coincide.
Ex. 1. The general normal distribution on the plane that is two-dimensional

random variable (£, n7) with the distribution density

1 ((f—’”é f 2*(*"”5 )(y—’”n )+(y—’”;; f

2(1—r2)L 0'52 Og0p oy ) ( 7 )

1
fx,p) = e
2ro:0, V1-72
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If we find the distribution densities f, (x), Jy () of the components &, 77 mak-

ing use of the formula ( 3 ), we'll get (see [1, p. 188])

(x—mé )2 (y—m;, )2

1 - 20'52

T ; |
fﬂﬂ=iﬂ%ﬁ@=gfﬁﬂe ,ﬁmw=iﬂ%ﬁﬂ=aw5ﬂe

20,

Therefore the components &, are distributed normally (N(m,,o0), N(m,,0,)).
For the conditional distribution density f (y / x) the formula (2 a) gives

f(y/x)=W€_2l_r2 qz[y—[mwrZZ(x—mg)D .

Hence f(y/x) is the density of a normal distribution with the mathematical expecta-

tion (conditional mathematical expectation, regression function of  on &)

o
_,.On
m, (x) = r—(x—m§)+ m,
O¢
and the regression equation
c
y= r—"(x—mé)+mn.
O

By analogous way with the help of the formula (2 b) we find the conditional

distribution density f (x/ y) , the regression function and the regression equation of

gon 7

x=m,(y)=r25(y—m )+ m,.

o,

If = 0 in the formula (7), we have so-called simplest normal distribution on

the plane with the distribution density
1 _(x—mé )2 1
_ _ 20'52 20',72
x, )= fx)f, (y)=——=—¢ ———e
S(x,p) fg( )f;(y) \/EGg \/EG,

1

from which it follows that its components are independent and normally distributed

random variables.
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Regression functions possess so-called principle property. For the regression

function m, (x) the mathematical expectation of the square of the deviation of the ran-

dom variable 1 from m, (x) isn't greater then from any other function h(x), that is

Ml =m, () )< vl =) ).
In other words, the function
M- h(x))
attains [reaches, comes, obtains] its least value on the regression function m, (x).

The principle property of the regression function lies in the basis of many pro-
positions of correlation theory, in particular the justification of the least-squares me-
thod for finding of parameters of correlation dependence.

The regression function m, (x) (correspondingly m, (y)) is a function which as-
signs the mathematical expectation of the random variable 7 to every possible value
x of the random variable & (corr. the mathematical expectation of the random vari-
able & to every possible value y of the random variablen).

Def. 2. A correlation dependence between random variablesé, 7 is called a

functional dependence between possible values of one random variable and corres-

ponding regression function (average [mean] value) of the other.

Main problems of correlation theory (for the case of two random variables)

1. Determine the form of correlation dependence between random variables.

If regression functions of random variables &, 7 are those linear, then one says
about a linear correlation (or a linear correlation dependence) between these random
variables. Otherwise one says about non-linear (or curvilinear) correlation.

2. Determine the closeness of relation between random variablesé, .

Closeness problem is resolved with the help of the correlation coefficient ¢, ,

which is the measure of a linear dependence between &, 1, and the correlation ratios
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Pns Pen Which are the measure of a functional (not necessary linear) dependence be-
tween &, 7.

The correlation coefficient of random variables &, n7 is defined by the formula

Kén
rén = > ( 8 )
0.0,
where
K&=M@ﬂ=M@—%%rm»=M@mﬂ%m (9)

is the correlation moment of &, 7. For discrete random variables
K = Z(xi _mé)(y./ _mn)pi/‘ = iny./‘pi/‘ —mym,, Py = P((f = xi)(n = y_,)), (10)
ij
and for continuous random variables

Kay = | Jlemm Normm, )G yvdy = [ [t (e pvdy -mam,. (1)

If random variables are independent, then 7., = 0. The converse isn't true in
general: there are dependent random variables withr,, =0.

Def. 3. Random variables &, are called those correlated if their correlation
coefficient doesn't equal zero (7, # 0), and non-correlated otherwise (7., =0).

It’s known that

‘Sl, and ‘r

én‘zl

‘rén
if £, n are connected by linear (functional) dependence 1 = k& +b,

Lif k>0,
~1if k<0.

Ten =

Ex. 2. For the general normal distribution on the plane with the distribution
density (7) the formulas (8), (11) give
K =rozo,,1;

:]/',

n n

and so the parameter  is the correlation coefficient of the components &, of the

distribution. Theses components are independent if and only if » = 0. It means that
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for the general normal distribution on the plane the notions independence and uncor-
relatedness coincide.
The correlation ratio of a random variable n7 on a random variable & is called

the next quantity

pn§: > (123)

me (1)
Py =—. (12b)

It's known that

and

Pp=0, p, =0
if the random variables &, n are independent,

P =L pg =1

if there is a functional (not necessary linear) dependence between them.

Linear correlation

Let the regression functions of random

variables &, n are linear, that is there is a line-

:/ ar correlation between &, n7 . It can be proved
|
i that the regression functions are given by the
!

", = next formulas

. (o (o)
Fig. 2 mn(x)z G—”rén(x—mé)+ m,, mé(y)z G—érén(y —mn)+ m, . (13)
¢ n

Corresponding regression straight lines y =m, (x) x=my (y) (see fig. 2): a) inter-

sect at the point A(mé ,m, ); b) have the slopes



Correlation Theory 249

6’7 6’7 1 .
k,=tga=—r,, k,=tgf=—"—; (14)
O O: Iy

¢) coincide if 7., =*1 that is if there is a linear functional dependence between the
random variables & and 77; d) are perpendicular respectively to the Ox-axis and Oy-
axis if 7, =0 that is if £and 7 aren't correlated.

Ex. 3. Components &, n of the general normal distribution on the plane are

connected by linear correlation dependence.

POINT 2. STATISTICAL ESTIMATES OF PARAMETERS OF COR-
RELATION DEPENDENCE

Let 1 independent trials on two-dimensional random variable (&, 7) are fulfil-
led. We study correlative dependence between random variables &, 7 with the help

of the next table, which is called the correlation table (table 1).

Table 1
g X Xy X Xk ny
n

3% np Ny, e n; eee Ny I’ly1
Vo ny Ny e n;, eee Ny, l’ly2
yj I’l]j I’l2j e nij eee I’ij I’lyj
yl n]l nzl LI nll eee nkl nyl
n, I’lx1 I’lx2 e I’lxi eee I’lxk n

Here n;is the number of occurrences [appearances] of the pair (§ = x;,n=,);

the sum

!
My + My +o by +okn, =D 0, =n,
=
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is the number of occurrences of the value & = x; of the random variable & ; the sum

Py by g =) =0
i=l1

is the number of occurrences of the value 17 =y, of the random variable 7. It’s evi-
dent that n,o+n, +..+n_=n,+n, +..+n, =n.

At first we get the variation series for £,n from the correlation table (table 2)

and estimate the parameters of their laws &, D, ,0,,,D,,6.,1,,D,,,0,,D,,G,:

ns’ o ns?
Table 2
S X X2 X n by M2 Vi
n, n, n, n, n, n, n,, n,
* _ * * * * _ * * *
pe=nn| py | Py | | Py | Py=ny/nl by | by || By,

a) the sample (the statistical) means [averages]
1 k k o 1 i i
== xn, =3 xp,,  Mo=my=—>yn, =>yp,; (15)
nic i=l nje = :
b) the sample (the statistical) dispersions
* ) = \2 * * \2 * ) — \2 * + \2
D, =D, :éz _(53) =M. _(mg) . D, =D, :77.3 —(77.;) =m. _(mr]) ; (16)
c) the sample (the statistical) root-mean-square deviations

oy =0;=\D, =D, o,=0,=D, =\D;; (17)

d) corrected dispersions and root-mean-square deviations
~ n noo o= n =
D,=—~-D,=—-D;D,=—D, = 70 .G, =D, ,&, =\D,.(18)
n—1 n—1 n—1
Then we estimate correlation moment and correlation coefficient of &,n.

The sample (the statistical) correlation moment on the base of the formula

(10) is

ny, n,—&n.,, (19)

ny pr—En, =|p, =

where pl/ =n, / n is the relative frequency of occurrences of a pair (& = x,,n=y,).
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The formula (19) can be written more simple if we'll denote pairs of &, by

unique index,
* *  — 1 =
K, =K., = Z'xiyipi — &1, = ;Z'xiyini — &1, (192)

where p; =n,/n and n, are correspondingly the relative frequency and the number
of occurrences of the pair(& = x,, 77 = y, )and the sum is taken over all different pairs.

If we suppose that every pair occurs only one time', we'll get the simplest for-

mula
. 1 = = _
K.y :Kén :;inyi —5377.; =inyi —f.ﬁs- ( 19b)

As can be proved the sample correlation moment is a biased estimate of the

correlation moment K e because of

~1
M(K )= HTK@ <K.,,

and therefore one can introduce the corrected correlation moment

K="" kK.
n—-1 -

The sample (the statistical) correlation coefficient equals

*

r=r :71('Y = Ifén*. (20)
' 6.0, 0.0

n
It coincides with the corrected correlation coefficient, for
. K K
= = = = KY .
Gé Gn Géram

The sample (the statistical) correlation ratios are given by the next expres-

sions (with 7 __ =m, (x,), Ey:y_ =m;(y,)defined below by formulas (22 a), (22 b))

o =bi = (v bn, = - S -afn, (210)

ns i ns

1

"' In this case we say to have so-called non-integrated data. In the formulas (19), (19a) data are integrated.
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pémngnzalé\/;z“(gyy,_é)z \/’112( (y_/)_gs)znyl. (2106)

Estimation of regression functions

Regression functions are estimated by so called conditional means which one

gets by replacing probabilities p_, Py, Py in the formulas (4 a), (4 b) by correspond-

ing relative frequencies

% . N nl“
pxi = yj ’ p1/ %/a
n
namely
n..= —Zy n; = yln +y N, +..tyn, ) (22a)

Xi

_ . 1
5”/-:’"5(%‘):19* Z X,p Uz—lenU— (xn1/+x2n2/+ +xknk/) , (22b)

v My,
Table 3
4
n 1030 | 50 | 70 | n, & =my)
10 9 1 10 12.00
12 4 [ 10 | 2 16 27.50
7 1 9 6 1 17 38.24
16 3 [ 14 |10 | 27 55.19
18 6 | 18 | 24 65.00
50 6 6 70.00
n, 14 [ 23 | 28 | 35 |n=100
M. =m(x,) 10851322 [ 1571 | 17.66

Ex. 4. Results of n = 100 trials on random variables & and 7 are represented by

the table (table 3). Estimate number characteristics of &, 1, regression functions of n
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on & and &on n, correlation coefficient and correlation ratio of 77 on &.

Estimates of number characteristics of the random variable & (table 4)

s .1 4680 PR R .
E =m;==) xn =-———=4680; & =m§2=22xinxizz636,

: ns 100 ’
D, =D;=&—(E ) =2636—(46.80)° =445.76; 0, =0 = =D} =2111.
Table 4 Table 5
o 0 2 2
Ne X | on, | xn, xl»z x?”x,— e Vil My, | vy oy | vy,
1 10 14 | 140 | 100 | 1400 1 10 10 | 100 | 100 | 1000
2 30 | 23 | 690 | 900 | 20700 2 12 16 | 192 | 144 | 2304
3 14 17 | 238 | 19 | 3332
3 50 | 28 | 1400 | 2500 | 70000
4 16 27 | 432 | 256 | 6912
4 70 35 2450 | 4900 | 171500 5 18 24 432 324 7776
s Too | 4680 263600 6 20 6 120 | 400 | 2400
> 100 | 1514 23724

Estimates of number characteristics of the random variable n (table 5)

— .1 1514 —
no=my= 3y, = S=1514 gt = Zy/ ,, =237.24;
J
2
D, =D, =n>~(7,) =237.24-(15.14) =8.02; o, =0 = =D, =2.83.

Estimates of values of the regression function 1 on &, namely the values of
conditional means 77,_, = m, (xi), we give by the formula (22 a)
.10 =m;(10)=114(10-9+12-4+14-1)=10.85;
Moo =m;(30)=213(10-1+12-10+14-9+16-3)=13.22;
s :m;(SO):218(12-2+14-6+16-14+18-6):15.71;
T :m;(70):;5(14-1+16-10+18-18+20-6):17.66.

All these values are situated in the ninth row of the table 3.

By the formula (22 b) we find the estimates of values of the regression function
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& on 7, that is the values of conditional means & — m; (yj)

gy:lo =m§(10)= 10

1

1

(10-9+30-1)=12.00;

& =m(12)=7-(10-4+30-10+50-2)=27.50;

5}):14 =

& s =mg(16)=217(30-3+50-14+70-10)=55.19;

& s =mg(18)=214(50-6+70-18)=65.00;

1

&, =m.(20)= 70:6=70.00.

All these values are in the seventh row of the table 3.

mg(14)=117(10-1+30-9+50-6+70-1)=38.24;

|
20
/8- -]
./. -
16 PR
)
¥ =% |
T 0P i
/2 ""l ; . :
. -=" -~
10 il
70 75 30 7o o 7 70
Fig. 3

Let's denote (see fig. 3) by circles the points

(xi - )E (‘xi ; m; ('xi ))’

that is the points

that is

(10,10.85),(30;13.22), (50, 15.71), (70, 17.66),

and by crosses the points

(gYZYj ;y./‘

)E(mg(y./)’y./)’
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(12.00,10), (27.50,12),(38.34, 14), (55.19, 16), (65.00;, 18),(70.00; 20).

We represent then the approximate graphs of the regression functions (statistic reg-
ression lines) y =m, (x) and x =m c (») by abroken line and dash-and-dot line res-
pectively.

Nearness [aboutness, closeness, proximity] of the statistic regression lines sug-
gests [indicates] about essential correlation dependence between the random variab-
les &, 1. We can suppose that this dependence is a linear one.

Let's pass to estimation of the correlation coefficient and correlation ratio of
the random variables &, 1.

We estimate the Correlation moment by the formula (19)
K =K; :L(10-10-9+30-10-1+10-12-4+30-12-10+50-12-2+
100

+10-14-1+30-14-9+50-14-6+70-14-1+30-16-3+50-16:14+70-16-10+50-18-6+70-18-18+

+70-20-6) — 46.80-15.14 = 1(;0 -75900-46.80-15.14 = 50.448,

and the correlation coefficient by the formula (20)

. 50.448
ro=r

=————=0.84.

T 21.11-2.83

This latter is sufficiently large, so we can say that £ and 7 are connected by essential
linear dependence.

The sample correlation ratio p, . of non & we'll find on the base of the for-

mula (21 a). The radicand equals

1(1)0((10.85—15.14)2 14+(13.22-15.14) - 23+ (15.71-15.14)" - 28 +

(17.66-15.14) -35) = 1(1)0(18.40-14+3.69-23+O.32-28+6.35-35)=
_S5T368 o,
100

Remark. It's better to mount computings of the radicand with the help of the

next table



256 Correlation Theory

oo ong (e =my) | -0 =T, -1504 | [ -0 ) | @, -0,
10 | 14 10.85 429 18.40 257.60
30 | 23 13.22 -1.92 3.69 84.87
50 | 28 15.71 0.57 0.32 8.96
70 | 35 17.66 2.52 6.35 22225
T 573.68
Thus

and therefore

L1 e J5.74
Pre = Pe :G\/n Z(Ux:x,. —775)2”)(,. EEYTI 0.85.

By the same way we calculate the sample correlation ratio p,,, of Son n. We'll

fulfil calculations with the help of the next table.

— - — — — T —
& ", gy:y/ =M, (y-/) gy:y/ —& = gy:yi —46.80 (éy:y,- _éY) (éy:y; _éY)Znyi
10 10 12.00 - 34.80 1211.04 12110.40
12 16 27.50 -19.60 384.16 6146.56
14 17 38.24 - 8.56 73.27 1245.59
16 27 55.19 8.39 70.39 1900.53
18 24 65.00 18.20 331.24 7949.76
20 6 70.00 23.20 538.24 3229.44
Y 32582.28
Thus

(= - 32582.28
Z(gy:y,- _gs)znyl. :Tz 325.82,

n-j

and so

LT (E - J325.82
Pey = Py = GJHZ(% - 5.;)2’%,- =511 0.86
&s J .

Large values of the sample correlation ratios mean that there is essential func-
tional dependence between 7 and &, which is (by virtue of the preceding result

r, =r;, =0.84) alinear one.

N
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POINT 3. LEAST-SQUARES METHOD

Let's suppose that results of trials on two random variables & and 7 lead to a

hypothesis of existing of correlation dependence of the form m, (x)= f(x,a,b,..) be-

tween & and n with unknown parameters a, b,... . It's necessary to find a, b,... by the
best way. This way is the least-squares method which was devises by Legendre' and

Gauss® and jus-tified by Gauss.

The simplest case. Every pair of random variables was observed only one
time’.

Let each pair (5 =x,n= yi) of the random variables &, was occurred only
one time.

To each value x, of the random variable & = x, there correspond: a) a theore-
tical value m, (x,)= f(x,, a,b,...) because of the hypothesis; b) the value y. of 77 as
the result of trials on &, n7. The difference

g =f(x,ab,..)-y, (23)
is called the error, or the deficiency [the residual]. The substance [the essentiality] of
the least-squares method is to minimize the sum of squares of the errors [deficiencies,

residuals], that is to minimize the next function of the parameters a, b,...

@@aJ=Z#=ZU@%anﬁ. (24)

In accordance with the theory of functions of several variables we have to solve a
system of equations

@ =0,

@, =0, (25)

a) Let's suppose that we have hypothesized m, (x) =ax+b. Therefore we must

! Legendre, A.M. (1752 - 1833), a French mathematician
? Gauss, K.F. (1777 - 1855), a great German mathematician, astronomer, physicist, and land-surveyor
? The case of non-integrated data.
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minimize the function

(D(a,b):Z(axl.+b—yl.)2 (26)

i

Its partial derivatives with respect to a and b are equal to

P, = ZZ(axi +b_yi)xi :2[023&2 +b2xi —le,yl,j,
D, =22(axi+b—yi)-1=2[a2xi+nb—2yij_

Equating them to zero gives the system of linear equations in @ and b
ale.z +b2xi = le.yl.,
ale. +nb = Zyl-,

which is called the normal system of the least-squares method.

(27)

Ex. 5. In the result of » = 5 trials one has obtained the next pairs of values of
random variables &, 7 :
(0.0,2.9),(1.0;6.3),(1.5,7.9),(2.1,10.0),(3.0, 13.2).
Disposition of points
M,(0.0;2.9), M,(1.0;6.3), M,(1.5;7.9), M,(2.1;10.0), M(3.0;13.2)
(construct them yourselves!) suggests the hypothesis that
m, (x)=ax+b.

To find a, b we'll make use of the least-squares method (see the table 6)

By virtue of (27) we compile the system of equations

16.66a +7.60b = 78.75,
7.60a +5.00b = 40.30,

which solving gives a =3.42,6=2.86, m, (x) =3.42x+2.86.
The sixth column of the table 6 contains the values y; of m, (x) calculated by
the found formula, and the seventh column the moduli of differences

Ay; :yi_yj’

Small values of these differences indicate the well coincidence of the experimental
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and theoretical results.

Table 6

No X, Vi X2 XY Vi Ay
1 0.0 2.9 0.00 0.00 2.86 0.04
2 1.0 6.3 1.00 6.30 6.28 0.02
3 1.5 7.9 2.25 11.85 7.99 0.09
4 2.1 10.0 4.41 21.00 10.04 0.04
5 3.0 13.2 9.00 39.60 13.12 0.08
z 7.6 40.3 16.66 78.75

Let's study the normal system (27) theoretically. Dividing both its equations by
n, we get
alef+blei=leiyi, 22 .z |1
n< ns n% ag; +b&, _;inyi’
aizxﬁb:’liZyi; aE +b=T..
Using the formulas (16), (19 b) we have

G
E o1

2

A= :5;2_(5;) :Dr:szaézs’

1 _
— > Xy, 1 =
Al = nZ lyl gs :;inyi _5377.; :[(.Y :r.'yaé.rar]s’
1, i

and by Cramer's rule

A ro.o e} = Ou &
_A Ve s _ Vs -7 =7 Ui

0_2_72_ rs’b_ns_ags_n.r_ rS&-Y'
O O O

Therefore,

mr](x):ax+b :%er-i_ﬁr _Gm Krgs" mn(x):%rr(x_gr)+ﬁr’
O Oy

Obtained regression function (the sample, or the statistical regression function)
completely corresponds to theoretical regression function given by the formula (13).

If we apply the least-squares method to find the sample regression function of
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the form

m ( y) =cx+d,
we'll obtain the next result

_%s 3

m,(y) ;f;(y—ﬁ”)%,

ns
which corresponds to the second of the formulas (13).

b) Now let's state a hypothesis of curvilinear, namely parabolic, correlation
mn(x)z ax® +bx+c.
In this case we have to minimize the function

@(a,b,c)zZ(axf+bxi+c+yi)2, (28)

i

and the same method leads to the next system of equations in a, b, c:

afo +be3 +chl,2 = foyl,
alz“xf+blz:xlf+012xi=2xiyi (29)
lafo +lexi +lcnzzlyi

General case

Now we'll consider the general case when to arbitrary value of a random va-

riable £ it corresponds as the rule several values of a random variable 7, or well an
arbitrary pair of values (& =x;,17 = y,) of random variables &, appears n; times'

(see the table 1).

In conditions of a hypothesis m, (x) = f(x, a, b) to every of n, values & =x,
there corresponds: a) a theoretical value m, (xl, ) = f(xl,, a, b) because of the hypo-
thesis; b) the conditional mean 77 _ = m, (x,). Hence there are n, errors [deficien-

cies, residuals]

! The case of integrated data.
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& :f(xi,a,l'),...)—17)(:le zf(xi,a,b,...)—m;(xi),

and the question is to minimize a function

®(a,b,...)= Z(f(xl,,a,b,...)—17)(:le fn, = Z(f(xi,a,b,...)—m; (x)'n,, (30)
the problem which is reduced to solving the system of the form (25).
a) Finding parameters of a linear correlation.
If we hypothesize that
m, (x)=ax+b,
we'll have to minimize the function
®(a,b)=> (ax,+b-17,_ Fn. = lax,+b-m (x)]'n, , (31)

i i

whence it follows the next system of equations:
az x'n, + bz xn, = Z xm(x, )”x,- ,
i i i 32
ale.nxl_ +bn = Zm; (x, )”x,-' (32)

After dividing by n and corresponding transformations we obtain the same result

O _

m, (x)=—"r(x =& )+7,. (33)
o

By analogous way one gets

O N =

m(v)=—=r(v=1,)+&,, (34)
o

proceeding from the hypothesis
m, (v)=cy+d.

Ex. 6. Let's apply the least-squares method to find parameters a, b of a linear
regression function m, (x) = ax +b of the example 4 (see the table 7).
By virtue of the system (32) we get the next system of linear equations in a, b:

263600a +4680b = 75901.8
4680a+100b =1513.94,

whence a =0.113, 5 =9.852. Therefore the sample (statistical) regression function
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(and corresponding regression equation) of 7 on &

y=m,(x)=0.113x+9.852.

Table 7
Nelx, | ng | xiny, | X2 xfnxl_ m;(x,) my (x; )”x,- xmy (x; )”x,- m,(x,) | A,
1 10] 14 140 | 100 1400 10.85 151.90 1519.0 1098 |0.13
2 130 23 690 | 900 | 20700 13.22 304.06 9121.8 13.24 10.02
3 50| 28 | 1400 | 2500 [ 70000 15.71 439.88 21994.0 15.50 |0.21
4 |70 | 35 | 2450 14900 | 171500 | 17.66 618.10 43267.0 17.76 1 0.10
> 100 | 4680 263600 1513.94 75901.8
Let's remark that we can get this result from the formula (33), namely
2.83
y=m,(x)= TRTRS 84(x—46.80)+15.14, y =m, (x)=0.113x +9.852.

The sample (statistical) regression function (and corresponding regression

equation) of £ on n we obtain from the formula (34),

x=m.(y)= 2218131 -0.84(y —15.14)+46.80, x=m.(y)=6.27y—48.07.

b) Finding parameters of a curvilinear, namely parabolic, correlation.
For a hypothesis of a parabolic correlation m, (x) =ax’ +bx+c we have to

minimize a function ®(a,b,c)= Z (axf +bx; +c—m, (x, ))2 n, whence it follows

afon +b2x3n +c2x2n zzxfm;(x n
a12x3n +b2x n, +c2x1nx Iinm;(x n
aZx n, +b2xn +cn—z;n;(x )n

POINT 4. MULTIPLE CORRELATION.

If there is correlation dependence between several (more then two) random va-
riables, one says about multiple correlation. We'll confine ourselves to study correla-
tion dependence between three random variables &, #, {. With this purpose we intro-

duce corresponding conditional mathematical expectations (regressions).
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Mathematical expectation of a random variable { under condition that a random

variable ¢ takes on a value x and a random variable # takes on a value y, that is
me(x,y) =M /(& =x)n=y)).

is called the regression function of £ on &, 7. Analogously the regression functions

m; (y, z), m, (x, z) of £ on n,{ and non &, § are introduced. All these functions de-

termine dependence between values of two random variables and corresponding

means values of the third one.
At the same time one considers conditional mathematical expectations of one
random variable in conditions that the other takes on some value and the value of the

third one is fixed. For example, m, (x/ y) is the mathematical expectations of & on
conditions that & takes on a value x, and a value of 7 is fixed and equals y,

m,(x/y)=M(GN&=x)n=yis fixed)), m (y/x)=M( /(n=y)&=xis fixed)).
Main problems of multiple correlation

1. Determination the form of correlation dependence between &, #, (.

2. Ascertaining the closeness of connection between &, 7, {.

3.Finding out the closeness of relation between &, { for fixed # = y or between
n, ¢ for fixed & = x.

Results of n independent trials on three random variables &, 7, { we represent
by a system of tables. Every table settles, for example, the number of observed pairs
& =x,n=y, foravalue ¢ =z,. For sufficiently general example we'll consider the

next table system

g ¢ =z ¢ =1z, §=1z4
g
n X X, X3 n, X X, X3 n, X X, X3 n,
Vi 3 3 3 1 4 1 3 4
V) 5 1 4 10 5 2 1 8 4 3 7
V3 3 3 4 2 7
8 1 16 8 3 5 16 5 8 18
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From the table system we at first compile the variation series for each compo-

nent

g X X X3 n Vi Y2 Y3 ¢ Z Z; Z3

n 21 12 17 n 11 25 14 n 16 16 18

X y z

and find statistic estimates of their number characteristics (sample means [averages],

dispersions and root-mean-square deviations)

gs’ﬁs’éjs;D D Dgw Gés’a

&2 s O

s’
or omitting s for the sake of simplicity
§.1m.¢:D;.D,. D, 0,,0,,0.

Then we form the correlation tables for each pair of components and obtain the

n Xy | X | X3 | N, n Z Z | z3 | my ¢ x| x| x| n
w74 3441 g 1|7 |16
v, | 14 ] 6 51 25 v, | 10| 8 7 12510 z | 8 3 516
»3 22 H [y 347 14| "> 8 18
= n | 21|12 |17 | n=
ne | 2012017 | = e e | 18 | = || 0

50 z 50

sample correlation coefficients (without index s)

K K K

Fénz cn ,7'54: & ,anzing_ (35)
65617 6564 GTIG§

Here (if we denote n,; the number of occurrences of a pair (5 =x,n= yj), n, that of

a pair (5 =x,{ = Zk), n, that of a pair (17 =y, = zk))

| _ | _
K, :;Z(xi—g)(y_/_ﬁ)”i/:;iny./”i/_gﬁ’ (36a)
] LJ
| _ _ | .
Ky :n;(xi_gxzk_g)nik :;gxizknik_gg’ (36b)
1 _ — 1 =
Ky :nzk(y_/_” Zk_g)”_/k :;Zky_/zk”_/k_ng (36¢)
J> J>

are the sample correlation moments of the pairs &n, £, nd of the random variables

respectively.
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For the case of a linear correlation dependence between &, , { we'll find a li-
near regression function of { on &, 7 by the least-squares method.
The closeness of a linear correlation dependence between &, 1, C is estimated
by so-called total correlation coefficient
2 2
R:\/’%g_z"én"nc’%;"'"né _ (37)

2
l—rén

It's known that
0<R<LI,
if the random variables &, 7, { are independent, then R = 0; if between &, 1 and &

there is a functional linear dependence, then R = 1.

The closeness of linear correlation dependence between two random variables
¢and ¢ for fixed # (7 =y) or between 5 and { for fixed ¢ (&= x) are estimated by par-
tial correlation coefficients, namely

oo e T e poo e Tl (38)
1_2 1_2 ’ n¢ (x) .
rén rn

2 2
¢ I=rg =1

Least-squares method in multiple correlation

Let's now find a linear regression function (more precisely: a sample linear reg-

ression function) of ' on &, n, which we'll seek in the next form

z=m (x,y)=alx~&)+bly-m)+{ (39)
with unknown parameters a, b. For the sake of simplicity we suppose the data not to

be integrated that in result of # trials on the random variables &, 7, { n different trip-

lets of values were appeared, namely

gzxi,n:yi,é’:zi, i=Ln.

In this case to the values & = x,,n = y, there correspond: a) the theoretical value

mg(xi’yi):a(xi_g)-i_b(yi_ﬁ)+5 (40)
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and b) the value ¢ =z, which is obtained as the result of trials. The corresponding

error [deficiency, residual] is
g =alx,~&)+b(y,-7)+C -z,
and it's necessary to minimize the sum of squares of the errors [deficiencies, resi-
duals], that is to minimize the next function of two variables a and b:
n n _ . _ 5
@(a,b)zz(gfzz(a(xi—§)+b(yi—n)+§—zi) . (41)
i=1 i=1

Let's write formulas which give sample dispersions D,, D, and correlation mo-

ments K, , K, K, for the case of non-integrated data, namely:

1 n 2 n 2

Dé :Géz :72()61‘_5?) ’Drz :Gr? :lZ(yi _777;) )

n - nio

K., :lZ(xi _g)(yi _ﬁ)’KéC :;IZ(xi _gXZi —5),[(17; :’liz(yi _ﬁ)(zl’ _5)

i i

S

n

D, = 22(a(xi _5)+b(yi _77)"'5_21‘)'()61‘ —5)2

i=1

_ 2(0, (e -8 b33 -y, -m)- S - —c)],

i=1 i=1
@, = 2Aalx, - &)+ by, ~7)+& —2, ), -1m)=
i=1
DR R YERE 1 Vi) )
i=l i=1 i=1
Equating of partial derivatives @/, @, to zero leads to a system of linear equa-
tions in a, b

alan‘,(xi_5)2+bi(xi_§xyi_77):;(xi—§)(zi—é’)} o
aiznl‘,(xi ~&)y, —n)+biznl“(yi i)

Z(yi _77)(21‘ _5)
Dividing by n we get

Bl

i=l1
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> (o =& b2 > (w8 -) = 3l -ENe -2

i=l i=l

a-

i(xi—i)(yf _77)+b"11iznll(yi_77)2 :’lii(yi _77)( i_C)a

i=l1

a-

S|~ 3|~

or by preceding formulas
_ 2 _ _
{aDé +bK,, =K, {‘mé +br,0.0,=1,0.0,, {‘mé +br,0, =10,

K - 2 _ ) _
akK. +bD, =K, ; |ar,0c.0, +bo, = 1,:0,0:5 |ar,0; +bo, =r1,.0,.

&n & n

Finally on the base of Cramer rule we find corresponding main and auxilliary deter-

minants
o 7. O
A=| ° e =0,0 (1 r; ),
7. O o g g
&n ¢ n
r..o, 1.0 o 7.0
= %7¢ énnzaa(r—rr),zl: : éggzaa(r—rr)
1 r .o o n= ¢ \éd én'ng 2 r. o r .o §2 ¢ \ng éntée
ng = ¢ n én— & ng= ¢

and therefore

_Gnaé(’ké_’%nrné)_& Tee = Tenlne b_“éag(’”né_’%n’%:)_ﬂ e Tlenec 43
a= S b= =2 T el (43

Géan(l_rézn) O 1—}”52,7 Gégn(l_rézn) o, l_rén

Thus, the (sample) linear regression function of £ on &, 1 is

(2 Vee — V. T, — (2 vV, —r. r _
o, l-r, o, l1-r,

Ex. Statistical analysis of results of trials on three random variables &, n, { ha-
ve given the next data:
a) sample means & =0.05, 7=0.025, £ =0.02;
b) sample root-mean-square deviations o, =0.015, o, =0.06, o, =0.01;
¢) paired sample correlation coefficients r,, =0.5, r, =06, r, =0.4.
By the formulas (43) a =0.36, b = 0.022, and the sample equation of regres-
sionof { on &,nis
z=m,(x,y)=0.36(x—0.05)+0.022(y — 0.025)+0.02, z = 0.36x +0.022y +0.0015.

The total correlation coefficient on the base of the formula (37) equals
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R=0.61.

It's large enough and testifies to essential linear dependence between &,n and ¢ .
The sample partial correlation coefficients by virtue of (38) equal
I’ég(y) :0.5, I’ng(x) :0.14,
whence it follows that a linear dependence between &, ¢ is more essential than be-

tween 7, ¢ .
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1. BbIOOpOU-
HOE KOppeli-
LIMOHHOE OTHO-
LIEHHUE

2. BBIOOpOU-
HOE  ypaBHe-
HUE perpeccuu

3. BbIOOpOU-
HBI KOppes-
UOHHBIA MO-
MEHT

4. BBIOOpOU-
HBIH K03 du-
LIMEHT Koppe-
TSN

5. nerepMu-
HUPOBAHHAs
3aBUCUMOCTh
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BEJIMYMHAMHU
6. ucnpaBJeH-
HBI KOppes-
UOHHBIA MO-
MEHT

7. WcCHpaBIICH-
HBIH K03 du-
LIMEHT Koppe-
TSN

8. Koppeampo-
BaHHbIE  CIYy-
YallHbIE BEJIH-
YUHBI

9. Koppenupo-
BaHHBII
10.xoppensu-
OHHAas 3aBUCH-
MOCTh
11.xoppens-
HUOHHAA Tao-
amua

BUOIpKOBE KO-
pensiiiiHe Bij-
HOIIICHHS

BUOIpKOBE piB-
HSHHS ~ perpe-
cii

BUOIpKOBUI
KOpEeJSIiHHNI
MOMEHT

BUOIpKOBUI
KOoeQiIieHT KO-
pernsnii
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MOMEHT
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ent

deterministic
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dom variables
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rapport m de
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chantillonnage

¢quation f de
régression d'é-
chantillonnage

moment m cor-
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corrélation d'é-
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dépendence 1
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tre deux varia-
bles aléatoires

moment m cor-
rélatif corrigé

coefficient m
de corrélation
corrigé

variables f alé-
atoires  corré-
lées

corrélé

dépendance f
corrélative

table f corréla-
tive, tableau m
corrélatif

stichprobenar-
tiges Korrela-
tionsverhaltnis
n

stichprobenar-
tige  Regres-
sionsgleichung
A

stichprobenar-
tiges Korrela-
tionsmoment n

stichprobenar-
tiger Korrela-
tionskoeffizi-
ent m
determinierte
Abhingigkeit
zwischen zwei
ZufallsgroBen

korrigiertes
Korrelations-
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korrigierter
Korrelations-
koeffizijent m

korrelierte Zu-
fallsvariablen f

p!
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Korrelations-
abhéngigkeit f

Korrelationsta-
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correlation
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correlation
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méasure of
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péndence bet-
ween two ran-
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random variab-
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least-squares
method,method
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multiple [mul-
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rapport m de
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moment m cor-
rélatif
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coefficient
de corrélation

m

courbe f'de ré-
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curviligne

f

corrélation fli-
néaire
ligne f de rég-
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nie f, Bezieh-
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ZufallsgroBen

Methode f der
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minimieren,
minimisieren
mehrfache
[multiple] Kor-
relation f
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25.nexoppenu- HekopenboBa-  uncorrelated variables f alé- nichtkorrelierte
poBaHHBIE CIy- Hi BumaakoBi random variab- atoires  non- [unkorrelierte]
YaifHble BEJIM- BEIUYHHH les corrélées ZufallsgroBen
YUHEI [Zufallsvariab-

len]
26.HeKoppenu- HekopenboBa-  uncorrelated non-corrélé nichtkorreliert,
POBaHHBIN HUM unkorreliert
27 .HOpMaJIb- HOpMaibHa cU- normal system systéme m nor- normales Sys-
Has cuctema crema Merony of the least- mal de la mé- tem n der Me-

METOJAa HAUMCE-
HbBIIMUX KBaJpa-
TOB

28.ommuodKa
29.mpsimast  pe-
rpeccuu
30.perpeccus
31.cymma KkBa-
JpaToB
32.cymMa KBa-
IpaTtoB  OIIIH-
00K
33.Teopus Ko-
ppenaunu

34.ypaBHeHUE
JIMHEWHOHN per-
peccun
35.ypaBHeHue
perpeccuu
36.ycnoBHas
BEPOSITHOCTh

37.ycnoBHas
IJIOTHOCTH
pacripenee-
HUSI

38.ycnoBHas

¢byHKuus pac-
npeaeneHus

39.ycnoBHOE

HalMEHIIINX
KBaJpaTiB

MOMUJIKA
npsiMa perpecii

perpecis
cymMa KBaJpa-
TiB

cyMa KBaJpa-
TiB IOMHJIOK

Teopiss Kopens-
mii

pIBHSHHS  Jii-
HiltHOI perpecii

PIBHSHHS per-
pecii

YMOBHA
BIpHICTh

HMO-

YMOBHA IIiJIb-
HICTb PO3MOJi-

1y

yMoOBHa (pyHK-
1isl PO3MOILTY

YMOBHE Mare-

squares method

érror
regréssion
straight line

regréssion
sum of squares

sum of squares
of the érrors

correlation the-
ory

equation of li-
near regréssion

regréssion
equation
conditional
probability

conditional dis-
tribation dénsi-
ty

conditional dis-
tribation func-
tion

conditional

thode f des
moindres car-
1és

erreur f°

ligne droite de
régression

régression f
somme f des
carrés

somme des
carrés des er-
reurs

théorie f de
corrélation f
¢quation f de
régression liné-
aire

¢quation f de
régression
probabilit¢  f
conditionée,
conditionnelle
densité f con-
ditionnelle de
distribution f
[de répartition
/]

fonction f con-
ditionnelle de
distribution f
[de répartition
/]

espérance f

thode der klei-
nsten Quadrate

Féhler m —s, =
Regressionsge-
rade f , Aus-
gleichende Ge-
rade 1
Regression f
Quadratsumme
J
Quadratsumme
von Féhler

Korrelations-
theorie f
linearer Reg-
ressionsglei-
chung f
Regressions-
gleichung f
bedingte Wahr-
scheinlicheit f

bedingte Ve-
rteilungsdich-

te f

bedingte Ver-
teilungsfunk-
tion f

Bedingter Er-
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MaremMaTru4dcc-
KOC OKHMIAAHHEC

40.ycnoBHOE
pacnpenere-
HUE
41.ycnoBHoe
cpenHee

42 .ycnoBHBIN
3aKOH pacIpe-
JeJIeHUs]

43 .pynkumo-
HaJbHAsI 3aBU-
CUMOCTh MEX-
Iy OBYMS CIy-
YallHBIMH  Be-
JTUYAHAMU

44 . pyHKIHS
perpeccuun

MAaTUYHE CIIO-
JiBaHHS

YMOBHUH PO3-
MO

YMOBHa cepel-
Hs

YMOBHHH 3a-
KOH PO3TOALTY

¢ yHKIIOHAb-

Ha 3aJIeKHICTh
MIX IBOMA BU-
MaJIKOBUMH Be-
JTUYUHAMU
¢byHKLis  per-
pecii

mathematical
expectation

conditional dis-
tribation

conditional
mean, condi-
tional average

conditional law
of distribtion

finctional de-
péndence bet-
ween two ran-
dom variables

regréssion fun-
ction

mathématique
conditionnelle

distribution f
conditionnelle

moyenne con-
ditionnée [con-
ditionnelle]

loi f'condition-
nelle de distri-
bution f[de ré-
partition f]
dépendence 1
fonctionnelle
entre deux va-
riables aléatoi-
res

fonction de ré-
gression

wartungswert
m [bedingte
mathematische
Erwartung f]
bedingte Ver-
teilung f

bedingtes Mit-
tel n, beding-
ter Mittelwert
m

bedingtes Ver-
teilungsgesetz
n

Funktionalab-
héngigkeit f

zwischen zwel
ZufallsgroBen

Regressions-
funktion f
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1. conditional
distribation

2. conditional
distribution
dénsity

3. conditional
distribation
finction

4. conditional
law of distribu-
tion

5. conditional
mathematical
expectation

6. conditional
mean, condi-
tional average

7. conditional
probability

8. corrécted
correlation
coefficient
9. corrécted
correlative
[correlation]
moément
10.correlated

11.correlated
random variab-
les

distribution f
conditionnelle

densité f con-
ditionnelle de
distribution f
[de répartition
/]

fonction f con-
ditionnelle de
distribution f
[de répartition
/]

loi f'condition-
nelle de distri-
bution f[de ré-
partition f]
espérance f
mathématique
conditionnelle

moyenne con-
ditionnée [con-
ditionnelle]

probabilité
conditionée,
conditionnelle
coefficient m
de corrélation
corrigé
moment m cor-
rélatif corrigé

f

corrélé

variables f alé-
atoires  corré-
lées

bedingte Ver-
teilung f

bedingte Ve-
rteilungsdich-

te f

bedingte Ver-
teilungsfunk-
tion f

bedingtes Ver-
teilungsgesetz
n

bedingter Er-
wartungswert
m [bedingte
mathematische
Erwartung f]
bedingtes Mit-
tel n, beding-
ter Mittelwert
m

bedingte Wahr-
scheinlicheit f

korrigierter
Korrelations-
koeffizilent m
korrigiertes
Korrelations-
moment n

korreliert

korrelierte Zu-
fallsvariablen f

pl

YCIIOBHOE
pacmpenee-
HUE
yCIOBHas
IJIOTHOCTH
pacmpenee-
HUS

yCIOBHas

¢byHKUMA pac-
npeJeneHus

YCIJIOBHBIH 3a-
KOH pacripee-
JIeHUs

YCJIOBHOC Ma-
TEMATHUYCCKOC
OXHIaHUuC

YCJIIOBHOC
cpeaHee

yCIIOBHas
POSITHOCTh

BC-

HCTpaBIEHHbBIN
KOA(PPUITHEHT
KOppeISILNU
HCTpaBIEHHbBIN
KOpPpEJSILIUOH-
HBIA MOMEHT

KOppeJmpo-
BaHHBIN
KOppeJmpo-
BaHHbBIE  CITy-
yaliHbIe BeJIM-
YHUHBI

YMOBHUH PO3-
MO

YMOBHA IIiJIb-
HICTb PO3MOJi-
Ty

yMoOBHa (pyHK-
1isl PO3MOILTY

YMOBHHUH 3a-
KOH PO3TMOALTY

YMOBHE Marte-
MAaTUYHE CIIO-
JiBaHHS

YMOBHa cepel-
Hs

YMOBHa  WMO-

BIpHICTh

BUIIPABJICHUU
KoeQiIieHT KO-
pernsnii
BUIIPABJICHUU
KO e HHN I
MOMEHT

KOpEJIbOBaHUMN
KOpEJIbOBaH1

BUIAAKOBI Be-
JIMYUHA
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12.correlation
13.correlation
[correlative]
depéndence
14.correlation
[correlative]
moment
15.correlation
coefficient
16.correlation
ratio

17.correlétion
table

18.correlation
theory
19.curvilinear
[non-linear]
correlation
20.determinis-
tic depéndence
between two
random varia-

bles

21.equation of
linear regrés-
sion

22.érror

23 .fanctional
depéndence be-
tween two ran-
dom variables

24 least-squa-
res method,me-
thod of least
squares
25 linear
relation
26.méasure of
fanctional de-

cOr-

corrélation f
dépendance f
corrélative

moment m cor-
rélatif

coefficient m
de corrélation
rapport m de
corrélation

table f corréla-
tive, tableau m
corrélatif
théorie f de
corrélation f
corrélation  f
curviligne

Dépendence [
déterminée en-
tre deux varia-
bles aléatoires

équation f de
régression liné-
aire

erreur f°
Dépendence [
fonctionnelle
entre deux va-
riables aléatoi-
res

méthode f des
moindres car-
rés

corrélation f li-
néaire

Mesure f'de dé-
pendence f fon-

Korrelation f
Korrelations-
abhingigkeit f

Korrelations-
moment n

Korrelations-
koeffizilent m
Korrelations-
verhéltnis n

Korrelationsta-
belle 1

Korrelations-
theorie f
krummlinige
[nichtlinere]
Korrelation f
Determinierte
Abhingigkeit
zwischen zwei
ZufallsgroBBen

linearer Reg-
ressionsglei-
chung f

Féhler m —s, =
Funktionalab-
hingigkeit f
zwischen zwei
ZufallsgroBBen

Methode f der
kleinsten Qua-
drate

lineare Korre-
lation f

Mal n von
Funktionalab-

KOppeJsLus
KOppeJisiLHu-
OHHAasl 3aBUCH-
MOCTh
KOpPpEIJSILIUOH-
HBIA MOMEHT

KOA(PPUIHEHT
KOPpeISIIIH
KOPPEJSIHOH-
HOE  OTHOIIIe-
HUE
KOPPEJSIHOH-
Has Tabnuia

Teopusi Koppe-
JSAUU
KPUBOJIMHEH-
Hasi Koppes-
s
JNE€TEPMUHUPO-
BAaHHas  3aBHU-
CUMOCTb  Me-
KAy IBYMsI
CIIy4allHbIMU
BEJIMYMHAMU
YpaBHEHUE JIU-
HEWHOU  per-
peccun
omunoka

¢ yHKIHMO-Ha-
JIbHAs 3aBU-CU-
MOCTb  MEXIY
JIBYMS  Clly4da-
WHBIMU BE-JIH-
YUHAMU

METO [ Hau-
MEHBIINX KBa-
JpaToB

JIMHENHas KOp-

pensuus
Mepa (QYyHKIU-
OHWIBHOU  3a-

KOPEeJALis
KOpesiiiina
3aJIeKHICTD

KO e HHN I
MOMEHT

KoeQili€eHT KO-
pernsnii
KOpensiiiiae
BiTHOLIICHHS

KOpesiiiina
TadIMLA

Teopiss Kopens-
i
KpUBOJIiHIITHA
KOPEeJALis

JeTepMiHOBa-
Ha 3aJIEXKHICTh
MIX IBOMA BU-
MMaJKOBHMH Be-
JHYUHAMHA

pIBHSHHS  Jii-
HiltHOI perpecii

ITOMMJIKA

(b yHKIIOHAb-

Ha 3aJIEXKHICTh
MIX IBOMAa BU-
MMaJKOBHMM Be-
JIMYMHAMH

METO Hail-
MEHIINX KBaj-
pariB

JiHiiHA KOpe-
TS

Mipa ¢yHKIiO-
HaJbHOI 3aJe-
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péndence bet-
ween two ran-
dom variables

27.méasure of
linear depé-
ndence be-
tween two ran-
dom variables

28.minimize

29.multiple
[multivariab-
le] correlation
30.normal sys-
tem of the
least-squares
method

31.regréssion
32.regression
curve, regrés-
sion line

33.regréssion
equation
34.regréssion
function
35.regréssion
line

36.regréssion
straight line

37.sample reg-
réssion  equa-
tion

38.sample
correlation
coefficient

ctionnelle entre
deux variables
aléatoires

Mesure f'de dé-
pendence fli-
néaire entre
deux variables
aléatoires

minimiser

corrélation
multiple

f

systeme m nor-
mal de la mé-
thode [ des
moindres car-
rés

régression f
courbe f'de ré-
gression, ligne
fde régression

équation f de
régression
fonction de ré-
gression

ligne f de rég-
ression

ligne droite de
régression

équation f de
régression d'é-
chantillonnage

coefficient de
corrélation d'é-
chantillonnage

hingigkeit f
zwischen zwei
ZufallsgroBBen

Mal n von li-
nearer Abhén-
gigkeit f zwi-
schen zwel
ZufallsgroBBen

minimieren,
minimisieren
mehrfache
[multiple] Kor-
relation f
normales Sys-
tem n der Me-
thode der klei-
nsten Quadrate

Regression f
Regressions-
kurve f , Re-
gressionslinie
f, Beziehungs-
linie f
Regressions-
gleichung f
Regressions-
funktion f
Regressionsli-
nie f/, Bezieh-
ungslinie
Regressionsge-
rade f , Aus-
gleichende Ge-
rade f
stichprobenar-
tige  Regres-
sionsgleichung
f
stichprobenar-
tiger Korrela-
tionskoeftizi-

BUCUMOCTH Me-
KAy IBYMsI
CIIy4allHbIMU
BEJIMYNHAMHU
Mepa  JIMHEH-
HOW  3aBUCH-
MOCTH  MEXAY
JIBYMS CIlydai-
HbIMU BEJIMYU-
HaMHU
Munumuzupo-
BaTh
MHOKECTBEH-
Hasi  KOpes-
uus
HOpMaJIbHast
CUCTEMA METO-
Ja  HauMEHb-
muX  KBajapa-
TOB

perpeccus
KpuBas  per-
peccuu,  J-
HUS PErpeccuu

ypaBHEHHE pe-
rpeccuu
¢byHKUMSA per-
peccun

JUHUS perpec-
CUH

npsiMast
peccun

per-

BBIOOPOYHOE
ypaBHEHHE pe-
rpeccuu

BBIOOPOYHBIN
KOA(PUITHEHT
KOppeJsiuu

YKHOCTI MiXK
JIBOMA BUIIA[I-
KOBHMH BEIH-
YUHAMH

Mipa JiHiiHOT
3aJIEKHOCTI
MIX IBOMA BU-
MMaJKOBUMH Be-
JIMYMHAMH

MiHIMi3yBaTH

MHOXKHHHA KO-
psLis

HOpMaJIbHA CH-
cTeMa METOAY
HalMEHIIINX
KBaJpaTiB

perpecis
KpHUBa

perpecii

[miHis)

PIBHSHHS per-
pecii
byHKIis
pecii
JiHis perpecii

per-

npsiMa perpecii

BUOIpKOBE piB-
HSHHS ~ perpe-
cii

BUOIpKOBUI
KoeQili€eHT KO-
pernsnii
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39.sample cor-
relation ratio

40.sample
correlative
[correlation]
moment
41.sum
squares

42 .sum of
squares of the
érrors

43 uncorrela-
ted

44 uncorrela-
ted random va-
riables

of

rapport m de
corrélation d'é-
chantillonnage

moment m cor-
rélatif d'échan-
tillonnage

somme [ des
carrés

somme des
carrés des er-
reurs
non-corrélé

variables f alé-
atoires non-
corrélées

ent m
stichprobenar-
tiges Korrela-
tionsverhéltnis
n
stichprobenar-
tiges Korrela-
tionsmoment #

Quadratsumme
S
Quadratsumme
von Féhler

nichtkorreliert,
unkorreliert
nichtkorrelierte
[unkorrelierte]
ZufallsgroBBen
[Zufallsvariab-
len]

BBIOOPOYHOE
KOppEALHUOH-
HO€  OTHOIIIE-
HUe
BBIOOPOYHBIH
KOppEALUOH-
HBI MOMEHT

cymma KBa-
JpaToB

cymma KBa-
J[paToB  OLIU-
00K
HEKOPPEIUPO-
BaHHBIN
HEKOPPEIUPO-
BaHHbBIE  CIIy-

YyallHple BEJIU-
YUHBI

BUOIpKOBE KO-
pensiiiiHe Bij-
HOIIICHHS

BUOIpKOBUI
KOpeJsiHHu I
MOMEHT

cymMa KBajpa-
TiB

cymMa KBajpa-
TiB IIOMHJIOK

HEKOPEJIbOBa-
HUM
HEKOPEJIbOBa-
HI  BHUIIaJKOBI
BEJIUYNHU



Tasks for individual work

Linear and curvilinear correlations

PROBLEM. The correlation table, which is the result of trials on a two-di-
mensional random variable (£, n7), is given.

1. Form variation series for every component &, 17, estimate their mathematical
expectations, dispersions, root-mean-square deviations.

2. Find all values of conditional means for every component, plot approximate
graphs of the regression functions.

3. With the help of the least-squares method estimate parameters of the linear
correlation, write the sample regression equations of  on £ and & on 7.

4. Using obtained regression equations find the values of the sample regression
functions of n on £ and & on n for observed values of & and 7 respectively and
differences between these values and corresponding values of the conditional means.
Are these differences large? What does this fact indicate about?

5. Estimate the correlation coefficient of the random variables &, 7. What a
conclusion can one draw from the obtained result?

6. Test the significance of the sample correlation coefficient of the random va-
riables &, n for a significance level o =0.05.

7. With the help of the least-squares method estimate parameters of the para-
bolic correlation, write the sample regression equations of 7 on & and & on 7.

8. Find the values of the sample regression functions of 7 on & and £ on n
for observed values of £ and 5 respectively and differences between these values
and corresponding values of the conditional means (compare the point 4). Are these
differences large? What does this fact indicate about?

9. Estimate the correlation ratio of the random variable 7 on & and & on 7.

Draw a conclusion from the obtained result.
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Multiple correlation

PROBLEM. The system of tables, that is the result of trials on three random

variables &, 7, ¢, is given.

1. Form variation series for every random variable, estimate their mathematical
expectations, dispersions, root-mean-square deviations.

2. Compile the correlation tables for every pair of the random variables, esti-
mate the correlation coefficients of these pairs.

3. Write the sample equation of the linear regression of { on &, 7.
4. Estimate the total correlation coefficient of the random variables &, 71, ¢ . Do
a linear dependence between &£,n and ¢ expressed essentially?

5. Estimate the partial correlation coefficients. Which of two random variables

&, n has the most influence on & ?
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Variations of tasks
Linear and curvilinear correlations
Linear and curvilinear correlations Variant 1
4
10 30 50 70 n, m:(y,)
10 9 1
12 4 10 2
14 1 9 6 1
16 3 14 10
18 6 18
20 6
n, n=
m, (x;)
Linear and curvilinear correlations Variant 2
4
10 30 50 70 n, m:(y,)
n
10 7 3
12 2 11 4
14 3 8 7
16 1 10 9
18 5 8
20 2
n, n=
m;; (xi )
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Linear and curvilinear correlations Variant 3
4
10 30 50 70 n, m:(y,)
10 2
12 3 13 3
14 12 7
16 4 1 5
18 6 8
20 9
n, n=
m;; (xi )
Linear and curvilinear correlations Variant 4
4
10 30 50 70 n, m:(y,)
n
10 2
12 1 7
14 8 5
16 5 7
18 4 2
20 9
n, n=
m;; (xi )
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Linear and curvilinear correlations Variant 5
4
n 10 30 50 70 n, m:(y,)
10 3
12 1 5
14 2 7
16 1 8 9
18 5 6
20 4
n, n=
m; (xi )
Linear and curvilinear correlations Variant 6
4
Ui 10 30 50 70 n, m:(y,)
10 4
12 1 5
14 2 5
16 8 2
18 7 8
20 1
n n=
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Linear and curvilinear correlations Variant 7
4

n 10 30 50 70 n, m:(y,)
10 2
12 1
14 2 4 7
16 4 6
18 5 7
20 4
n, n=

m; (xi )
Linear and curvilinear correlations Variant 8
4

n 10 30 50 70 n, m:(y,)
10 5
12 4 2
14 7 8
16 1 7
18 6 1
20 4
n n=
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Linear and curvilinear correlations Variant 9
4
n 10 30 50 70 n, m:(y,)
10 1
12 2
14 2 4
16 1 4
18 3 4 5
20 5 3
n, n=
m; (xi)
Linear and curvilinear correlations Variant 10
4
n 10 30 50 70 n, m; (yj)
10 5 4
12 6 1
14 8
16 5
18 5
20 3
n, n=
m;; (xi)
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Multiple correlation

Multiple correlation

Variant 1
¢ ¢=z ¢=1z, ¢ =z
S
n X, X, X, n, X X, X, n, X X, X, n,
Y 3 4 3 1 1 3
Y2 5 1 4 5 2 1 4 3
Vs 3 4 2 5
Multiple correlation Variant 2
¢ ¢ =1z ¢ =1 =1z
S
n X, X, X, n, X X, X, n, X X, X, n,
) 1 3 3 3
¥, 5 1 4 5 2 1 4 3
Vs 2 2 1 5
Multiple correlation Variant 3
¢ ¢=z ¢=z, ¢ =z
S
n X, X, X, n, X X, X, n, X, X, X, n,
» 3 3 1
¥, 2 3 5 5 2 5 4 3 4
V3 6 4 1 5
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Multiple correlation Variant 4
¢ ¢=z ¢ =1 ¢ =1z
S
n X X, X3 | on, | X X, X3 | n, X X, X3 | n,
Y 2 3 1 4
¥, 5 7 1 7 2 2
V3 1 4 5 6 1 9
Multiple correlation Variant 5
¢ ¢ =z ¢=z § =z
S
n X X, X3 | on, | X X, xy | n, X, X, xy | n,
Y 1 3 2
¥, 6 4 3 2 8 5 3
V3 1 10 7 4 5 7
Multiple correlation Variant 6
¢ ¢=z ¢=z § =z
S
n X X, x5 | on, | X X, Xy | n, X X, Xy | n,
b2 8 2 1 6
¥, 6 1 1 5 9 1 4
V3 2 4 1 9 3
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Multiple correlation

Variant 7
¢ ¢ =z ¢=z, § =z
S
Y 1 5 5 8 7
¥, 5 2 1 4 2 7 1 2
V3 4 1 8 8
Multiple correlation Variant 8
¢ ¢ =z ¢=z § =z
S
Y 3 5 2 6
Vs 4 2 4 3 2 5 5
V3 1 6 7 3 8
Multiple correlation Variant 9
¢ ¢=z ¢ =1 ¢ =1z
S
Y 3 2 1 8 1 6
¥, 1 7 6 4 2 9 2 5 2
V3 5 1 5 2 3
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Multiple correlation Variant 10
¢ ¢ =1z ¢ =1 =1z
S
n X, X, X, n, X X, X, n, X X, X, n,
Y 3 2 2 1 3
¥, 6 8 7 9 4 2 1
V3 5 9 5 7 7
Multiple correlation Variant 11
¢ ¢=z ¢=z ¢ =z
S
n X, X, X, n, X X, X, n, X, X, X, n,
Y 2 7 2 9
¥, 1 8 9 7 3 8 4
V3 2 5 2 5 2
Multiple correlation Variant 12
¢ ¢=z ¢=z ¢ =z
S
n X, X, X, n, X X, X, n, X X, X, n,
Y 3 5 4 1 2 2
¥, 1 4 5 8 1 5
V3 2 9 6 4 8
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