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PROBABILITY THEORY AND MATHEMATICAL STATISTICS 
THEORIE DES PROBABILITES ET STATISTIQUE MATHEMATIQUE 
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LECTURE NO. 1. EVENT AND PROBABILITY 
LE PREMIER COURS. EVENEMENT ET PROBABILITE  

ERSTE VORLESUNG. EREIGNIS UND WAHRSCHEINLICHKEIT 

 

POINT 1. TRIAL [EXPERIMENT] AND EVENT. Essai  m épreuve f, ex-

périence f  et événement m. Versuch m [Experiment n; Probe f] und Ereignis n. 

POINT 2. ELEMENTS OF COMBINATORICS. Eléments d’analyse com-

binatoire. Elemente der Kombinatórik. 

POINT 3. CLASSIC DEFINITION OF PROBABILITY. Définition classique 

de probabilité. Klassische Definition von Wahrschéinlichkeit. 

POINT 4. STATISTIC(AL) DEFINITION OF PROBABILITY. Définition 

statistique de probabilité. Statistische Definition von Wahrschéinlichkeit. 

 

POINT 1. TRIAL AND EVENT 

The probability theory is the science of rules of mass random phenomena. One 

can say that it’s the learning dealing with regularities of mass random phenomena.  

Known sources of the probability theory are: a) investigations of demographyc 

processes [of population laws]; b) games of chance [games of luck, hazards].     

A trial and an event are the main notions of the probability theory.  

Def. 1. A trial is called realization of some complex of conditions. 

It’s supposed that a trial can arbitrary many times be realized. 

Def. 2. An event is called every fact, which can occur [appear, happen] or not 

occur in a trial.  

Ex. 1 (see the table). 

Trial Events 

1. Coin flip [coin tossing] “head” (occurrence of a head), “tail” 

2. Dice toss(ing), fair dice rolling “1”, “2”, “3”, “4”, “5”, “6” 

3. Drawing a ball from an urn containing 

    a white and b black balls 

“white ball”, “black ball” 
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Events are usually denoted by capitals (A, B, C, …). 

There are impossible, certain and random events.  

Def. 3. An event is called impossible one if it can’t occur in any trial. 

Ex. 2. Occurrence of a head and a tail in one coin tossing. 

Def. 4. An event is called certain one if it necessary occurs in any trial. 

Ex. 3. Occurrence of a head or a tail in one coin tossing. Occurrence of at least 

one of digits 1, 2, 3, 4, 5, 6 in one dice rolling. 

Def. 5.  An event is called random one if it can occur or not occur in a trial. 

Ex. 4. All events fixed in Ex. 1. 

There are joint or disjoint events. 

Def. 6. Events A, B are called those joint [compatible] if they can occur toge-

ther [or simultaneously] in a trial. 

Ex. 5. “head”, “head”; “tail”, “tail”; “head”, “tail”; “tail”, “head” if a trial 

means the double coin tossing. 

Def. 7. Events A, B are called those disjoint [incompatible, non-compatible] if 

they can’t occur together [or simultaneously] in a trial. 

Ex. 6. “head”, “tail” in one coin toss. 

Ex. 7. The events “1”, “2”, “3”, “4”, “5”, “6” are pairwise disjoint in one dice 

rolling. 

There are dependent and independent events. Corresponding definitions see 

in the following. 

Def. 8. One says that events A, B,…, C form a total [complete] group (of 

events) [A, B,…, C are only possible events, A, B,…, C are exhaustive events] if at 

least one of them occurs in any trial. 

Ex. 8. Events “head” and “tail” in one coin toss. All the events “1”, “2”, “3”, 

“4”, “5”, “6” in one dice rolling. 

Def. 9. Two events A and Ā (non A) are called those opposite if they are dis-

joint and form a total group. 

Ex. 9. If A is “head”, then A  (non A) is “tail” (in one coin toss). If A is “1”, 
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then A  (non A) is the occurrence of at least one of events “2”, “3”, “4”, “5”, “6”, A  = 

= {“2” or “3”, or “4”, or “5”, or “6”} (in one fair dice rolling). 

 

POINT 2. ELEMENTS OF COMBINATORICS 

 

Theorem 1 (fundamental principle of combinatorics). Let an action A  can be 

done by n  ways, an action A  by n  ways,…, an action kA  by kn  ways, then all 

these actions can be done together [or simultaneously] by kn...nn    ways. 

We’ll illustrate the validity of this statement with the help of the next example. 

Ex. 10. Let's suppose that one has a coins and b dies. Then he can take a coin 

and a die by a ∙ b ways. 

■Indeed, each coin generates 1 ∙ b = b pairs “coin-die”. Therefore, a coins ge-

nerate a ∙ b pairs.■ 

Ex. 11. One has 2 coins, 3 ties and 5 books. He can take one coin, one tie and 

one book by 2 ∙ 3 ∙ 5 = 30 ways.  

Main notions of combinatorics 

Let there be given some set M containing n elements. 

Def. 10. Arrangement of n elements (taken) k at a time [k-fold arrangement of 

n elements] is called any ordered k-fold subset of the n-fold set M. 

Various arrangements differ by at least one element or by the order of their ele-

ments.  

Def. 11. Permutation of n elements is called any arrangement of all n ele-

ments of the n-fold set M.  

Distinct permutations differ by the order of (the same) elements. 

One can say that permutation of n elements is the ordered set of all elements of 

the set M.  

Def. 12. Combination of n elements (taken) k at a time [k-fold combination of 

n elements] is called any k-fold subset of the n-fold set M. 

Every combination differs from another one by at least one element. 
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Theorem 2. Numbers of all k-fold arrangements, of all permutations, of all k-

fold combinations of n elements are respectively equal 

                              knnnnAk
n   (k factors),                    ( 1 )  

                                           n!nPn   ,                                          ( 2 ) 

                  
      

 !kn!k
!n

!k
knnnn

P
AC

k

k
nk

n 






.           ( 3 ) 

■The first element of the k-fold arrangement can be taken by n ways, the se-

cond by n – 1 ways, the third by n – 2 ways, …, the kth by   kn  ways. On the 

base of the fundamental principle of combinatorics an arrangement in question can be 

generated by        kn...nnnAk
n  ways, and the formula (1) is pro-

ved. In particular we get the formula (2) 

            !n...nnnnn...nnnAP n
nn   

Validity of the formula (3) follows from the next evident fact k
k
n

k
n PCA  . 

In addition we get 

           
     





...knkn!k

...knknknnnnC k
n

  

   
      !kn!k

!n
...knkn!k

nnn








  .■ 

Ex. 12. 
A ,  !P , 






 












 C
P
A

P
AC . 

Ex. 13. A group containing 25 students can elect the leader and its assistant by 


A  

ways because these two students form 2-fold arrangement of 25 elements . 

Ex. 14. One can invite any 4 students of the same group to do some work by 





C  

ways because these 4 students form 4-fold combinations of 25 elements. 
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Ex. 15. 15 compétitors of a chess tóurnament must play 





C  

games in one lap (every two chess players form 2-fold combination of 15 elements). 

Ex. 16. 8 books can be placed in a bookshelf by  

 ...!P  

ways because they form a permutation of 8 elements. 

 

POINT 3. CLASSIC DEFINITION OF PROBABILITY 

 

There are events for which we can subtract a set of elementary events (chan-

ces, possibilities) that is a total group of pairwise disjoint and equally possible 

events. A chance is called that favourable for an event A if A occurs when this 

chance occurs. 

 Let n be the number of all chances [of all elementare events, of all possibilities] 

and m be the number of those favourable for some event A. In this case the probabil-

ity of this event is called the next ratio: 

                                                            
n
mAP )( .                                                    ( 4 ) 

Ex. 17. Find the probability of occurrence of the head in one coin-tossing. 

Solution. Let A be an event which means that a head occurs. We can subtract 

the next n = 2 chances [elementary events, possibilities]: “head”, “tail”. There is  

m = 1 favourable chance namely “head”. By the formula (4) 

5.0
2
1)( 

n
mAP  

Ex. 18. Find the probability of occurrence of an even number in one dice-

rolling. 

Solution. Let A be an event which consists in occurrence of even number in 

one dice-rolling. The chances [elementary events, possibilities] connected with the 
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event A are “1”, “2”, “3”, “4”, “5”, “6”,  n = 6. The favourable chances are “2”, “4”, 

“6”, m = 3. By the formula (4) 

5.0
6
3)( 

n
mAP . 

Ex. 19. There are 6 white and 14 black balls in some urn. One at random takes 

10 balls. Find the probability of drawing of 4 white and 6 black balls. 

Solution. Let A be an event consisting in drawing of 4 white and 6 black balls. 

The chances [elementary events, possibilities] for the event A are various sets of 10 

balls that is 10-fold combinations of 20 elements. Therefore the number of all 

chances is equal to 
10
20Cn  , 

that is to number of all 10-fold combinations of 20 elements. 

To determine the number m of favourable chances we must take into account 

that one can take 4 white balls (4-fold combination of 6 elements) by 
C ways and 6 

black balls (6-fold combination of 14 elements) by 
C ways. Therefore to take 4 whi-

te and 6 black balls together he can, by virtue of the fundamental principle of combi-

natorics, by 



 CC  ways. It means that 





  CCm , 

hence 

  















10987654321
11121314151617181920

654321
91011121314

4321
3456

10
20

6
14

4
6

C
CC

n
mAP  







654321432111121314151617181920
10987654321910111213143456  

24.0
17194
597

32172192
5976

21151617181920
1098765910














 . 

Remark. Counting of the number of favourable chances it’s well to represent 

by the next table: 
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Actions to draw 4 white and 6 black balls Number of ways to do these actions 

1. Drawing of 4 white balls (4-fold com-

binations of 6 elements) 

4
6C  

2. Drawing of 6 blach balls (6-fold com-

binations of 14 elements) 

6
14C  

Drawing of 4 white and 6 black balls to-
gether 

6
14

4
6 CC   (by virtue of the main principle 

of combinatorics) 
Ex. 20. It’s necessary to place 8 books on a bookshelf. Find the probability for 

two certain books A, B to stand side by side. 

Solution. Let an event C be the required position of our books. The chances 

[elementary events, possibilities] are various their locations which are permutations 

of 8 elements. Therefore the number of all chances is that of all possible permutations 

of 8 elements, 

!88  Pn  

To find the number of favourable chances (that is that of required situations of 

books) we’ll introduce the next table 

Actions to place A, B side by side Number of ways to do these actions 
1. Finding places for A, B 7 
2. Location of A, B on these places (per-
mutation of 2 elements) 

!22 P  

3. Disposition of the other 6 books (per-
mutation of 6 elements) 

!66 P  

Getting of required disposition of all 8 
books  

7· 2P · 6P  (by virtue of the main combina-
torial principle) 

So the number of all favourable chances equals 

m = 7· 2P · 6P . 

On the base of classical definition of probability 

  25.0
4
1

78
27

12345678
1234561277

8

62 











P

PP
n
mCP . 

POINT 4. STATISTIC DEFINITION OF PROBABILITY 

Let some event A be studied and there be fulfilled very large number N of in-

dependent trials on A. Let's denote  AN  the number of occurrences of A in these tri-
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als. The ratio 

                                                NANAPp N  **                                    ( 5 ) 

is called a relative frequency (or sometimes frequency) of the event A. 

Let's fulfil series of very large numbers ,N,N  … of independent trials on A 

and denote by 

)A(Pp *
N

*


 , )A(Pp *
N

*


 , … 

corresponding relative frequencies of A.  

There are many events for which relative frequencies possess a property of sta-

tistic stability that is they are approximately equal to some number p 

pp,pp **   , …  

If our event A possesses such the stability property, we say that it has a proba-

bility (so-called statistic probability), and this probability equals 

                                                         pAP )( .                                                     ( 6 ) 

Ex. 21. Many scientists have performed series of very large numbers of coin- 

tossings (see the table). 

On the base of these results we conclude that the statistical probability of the 

event “head” (in one coin-tossing) equals p = P (“head”) = 0.5  that is coincides with 

its "classic" probability. 

                                            
1 Buffon, G.L.L. (1707 - 1788), a French naturalist 
2 Morgan de (de Morgan, A.) (1806 – 1871), a Scottish mathematician and logician 
3 Pearson K. (Ch.) (1857 - 1936) - an English mathematician-stàtistícian, bìólogist and philósopher-pósitivist 

Scientist N N(“head”)  "head"Pp *
N

*   

Buffon G.L.L.1 (1777) 4040 2048 0.507 

de Morgan A.2 (at the beginning of the 19th 

century) 

4092 2048 0.5005 

Pearson K.3 (at the beginning of the 20th cen-

tury) 

12000 6019 0.5016 

Pearson K. 24000 12012 0.50005 



  
LECTURE NO. 2. MAIN RULES OF EVALUATING PROBABILITIES 

LE DEUXIEME COURS. REGLES PRINCIPALES DE CALCUL DE 

PROBABILITES 

ZWEITE VORLESUNG. GRUNDRECHNUNGSREGELN 

VON WAHRSCHEINLICHKEITEN 

 

POINT 1. SUM AND PRODUCT OF EVENTS. Somme et produit  d’événe-

ments. Súmme und Prodúkt von Eréignissen 

POINT 2. PROPERTIES OF RELATIVE FREQUENCIES. Propriétés de 

fréquences relatives. Eigenschaften von relatíven Frequénzen  

POINT 3. AXIOMS OF PROBABILITY THEORY. COROLLARIES. 

Axiomes de théorie des probabilités. Corollaires. Axiome von Wahrschéinlichkeits-

theorie. Fólgerungen. 

POINT 4. FORMULAS OF TOTAL PROBABILITY AND BEYES. Formules 

de la probabilité  complète et de Beyes. Fórmeln von totáler Wahrschéinlichkeit und 

von Bayes. 

 

POINT 1. SUM AND PRODUCT OF EVENTS 

 
Def. 1. Sum A+B  (A or B) of two events A and B  is called an event which 

consists in occurrence of at least one of them [which means that at least one of these 

events occurs] (A but not B or B but not A or A and B together). 

Ex. 1. Sum of an event A and its opposite one A  is the certain event. 

Ex. 2. If an event A is “1” in one dice rolling, then the opposite event A  is the 

sum """"""""""A  .   

Def. 2. Product AB (A and B) of two events A and B  is called an event consist-

ing in occurrence of both these events [an event which means that both these events 

occur] together. 

Ex. 3. Product of an event A and its opposite one A  is the impossible event. 
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Ex. 4 (Euler1 circles). Let M and N be two circles 

having non-empty intersection NMV  , also let 

M\NW,N\MU  , and so WVN,VUM    (see 

fig. 1). If an event A means that a point P belongs to M, and 

              Fig. 1                 B means that P belongs to N, then 

                                WVUPBA  ,  VPAB  . 

Solving probabilistic problems it is sometimes useful to represent an event in 

question as a sum of product of other events (with pairwise disjoint summands). 

Ex. 5. BABABABA  .  

Ex. 6. Let events A, B, C mean that the first, second, third device (correspond- 

dingly) works. In this case the events 

,BCACBACABG,CBACBACBAF,CBAE,ABCD   

EABCBCACBACABCBACBACBADGF   

mean respectively that all three devices work, no one device work, works only one 

device (and two other don’t work), work two devices (and one don’t work), at least 

one device works. 

               

POINT 2. PROPERTIES OF RELATIVE FREQUENCIES 

 

Let N  be the number of independent trials and  AN  is the number of occur-

rences of an event A . The ratio 

                                                       
N

ANAPN
)(

)(*                                                   ( 1 ) 

we’ve called the relative frequency of the event A (see Lect. 1, the formula (5)). 

We introduce also a notion of a conditional relative frequency which is con-

nected with two events. Namely, the ratio 

                                            
1 Euler, L. (1707 - 1783), a great scientist (a Swiss by birth). He spent most of his life in Russia and died in St. Peters-
burg. L. Euler contributed many outstanding results to mathematical analysis, celestial mechanics, shipbuilding and 
other divisions of science 
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                                                    )(
)(

)/(*

BN
ABNBAPN                                                ( 2 ) 

is the relative frequency of the event A under condition that the event B occurs. 

Analogously  

                                                   )(
)(

)/(*

AN
ABNABPN                                                 ( 3 )  

is the relative frequency of the event B under condition that the event A occurs. 

 

Properties of relative frequencies 

1. Relative frequency of an impossible event A equals zero. 

■For an impossible event   AN . Dividing by N we get   AP*
N . ■ 

2. Relative frequency of a certain event A is equal to unity. 

■For a certain event      APNAN *
N .■ 

3. Relative frequency of a random event A is contained between zero and unity 

that is 

 )A(P*
N . 

■For a random event one has    )A(PNAN *
N .■ 

4. Relative frequency of a sum of two disjoint events A and B equals the sum of 

their relative frequencies that is 

)B(P)A(P)BA(P *
N

*
N

*
N  . 

■Because of disjointness of A and B we have      BNANBAN  . After 

division by N we prove the validity of the property.■ 

5. Relative frequency of a product of two events A and B equals the product of 

relative frequency of one event and corresponding conditional relative frequency of 

the other, namely 

         B/APBPA/BPAPABP *
N

*
N

*
N

*
N

*
N  . 

■By virtue of the formulas (2), (3) 
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       
 

   
     A/BPAP
AN

ABN
N

AN
ANN
NABN

N
ABNABP *

N
*
N

*
N 





A , 

       
 

   
     B/APBP
BN

ABN
N
BN

BNN
BNABN

N
ABNABP *

N
*
N

*
N 




 .■ 

 

POINT 3. AXIOMS OF PROBABILITY THEORY. COROLLARIES 

  

We state axioms of the probability theory on the base of statistic definition of 

probability ( )()( * APAP N  for large number N of trials). 

1. If A is an impossible event, then its probability equals zero,  

0)( AP  (A is impossible). 

2. If A is a certain event, then its probability equals unity, 

1)( AP  (A is certain). 

3. If A is a random event, then its probability is contained between zero and 

unity, 

1)(0  AP  (A is random). 

4. If A and B are two disjoint events, then the probability of their sum is equal 

to the sum of probabilities of these events,  

)()()( BPAPBAP   (A, B are disjoint). 

To formulate the last axiom let’s introduce the notion of a conditional proba-

bility of an event. Namely, )/( ABP  is the probability of an event B by condition 

that an event A occurs. Analogously )/( BAP  is the probability of A if B occurs.  

5. Probability of a product of two events equals the product of the probability 

of one event and the condition probability of the other, 

)/()()/()()( BAPBPABPAPABP  . 

Ex. 7. An urn contains 3 white and 2 black balls. One successively and at ran-

dom takes two balls. Find the probability that they are white. 

Solution. Let's denote by A an event which means that two drawn balls are whi-

te. Also let's denote by B and C events which mean that the first respectively the se-
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cond drawn ball are white. It's evident that 

BCA   

hence by virtue of the fifth axiom (and classic definition of probability) 

        3.0
10
3

4
2

5
3/  BCPBPBCPAP  

 

Some corollaries 

 
1. If some events A, B, …, C are pairwise disjoint, then 

)(...)()()( CPBPAPCBAP   . 

If besides they form a total group, then 

1)(...)()(  CPBPAP . 

2. The sum of probabilities of two opposite events equal 1, 

     APAP  

because the events A,A  are disjoint and form a total group. 

3. Probabilities of a product of three, four etc events are equal to 

       ABCPABPAPABCP //  ,

         ABC/DPAB/CPABPAPABCDP  / , … . 

4. For two arbitrary events A and B the probability of their sum equals 

)()()()( ABPBPAPBAP  . 

■By Ex. 5 one has 

BABABABA  . 

With pairwise disjoint summans in the right side. Is is evident that  

BABABABBAA  ; . 

The pairs of events ABBA ,  and BABA  ,  are disloint, and so 

           BAPBAPBPABPBAPAP  ; , 

hens 

           BAPBPBAPABPAPBAP  ; . 
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Therefore   

       BAPBAPBAPBAP  

          )()()( ABPBPAPBAPBAPBPABPAP  .■ 

It's well to illustrate this fact on the fig.1 in P.1. Indeed, the sum 

)()( BPAP   

twice takes into account the probability of the event 

   NMPVP  , 

that is the probability )(ABP . 

Def 3. Two events A, B are called independent if probability of one of them 

doesn’t depend on occurrence (or non-occurrence) of the other. 

For 3, 4 … events one introduces a notion of mutual independence (indepen-

dence in the aggregate, collectionwise independence). 

Def 4. n events (for 2n ) are called mutually independent if the probability of 

one of them doesn’t depend on occurrence or non-occurrence of any group of the 

other. 

5. If A, B are independent events, then 

)()/(),()/( BPABPAPBAP  , 

and so  

     BPAPABP  , 

that is the probability of a product of two independent events is equal to the product 

of their probabilities. 

6. If A, B, … C are mutually independent events, then 

       CPBPAPCBAP    

Ex. 8. To pass an exam successfully a student has to know the proofs of 50 the-

orems but he knows only 40 of them. What is the probability for him to pass an exam 

if exam tasks contain 3 theorems? 

Let A be an event which means that a student will pass an exam. Let’s intro-

duce the next three auxiliary events: B1 that is a student knows the proof of the first 
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theorem, B2 of the second, B3 of the third. Then by the fourth corollary (and classic 

definition of probability) 

5.0
48
38

49
39

50
40)/()/()()()( 213121321321  BBBPBBPBPBBBPAPBBBA

 
Ex. 9. A device consists of 2 independent modules. Probability for these modu-

les to work are 0.95 and 0.9 respectively. Find the probability that the device doesn’t 

work because of: a) only one module; b) at least one module. 

Let an event A mean that a device doesn’t work because of only one module, 

and an event B because of at least one module. Let events  C,C  mean that the first, 

the se-cond module works. By condition 

      .CP,.CP , 

and so by the corollary 3 

          .CPCP,.CPCP . 

We represent the events B,A  and B  as follows 

  CCBCCCCCCBCCCCA , . 

All summands are pairwise disjoint, and all factors are independent in summands. 

Therefore 

              212121212121)( CPCPCPCPCCPCCPCCCCPAP  

,14.01.095.09.005.0   

            .14.086.01186.09.095.02121  BPBPCPCPCCPBP  

Ex. 10. Three independently working éngines are instálled in a workshop. Pro-

babilities to work at a given time equal for them 0.6, 0.9, 0.7 respectively. Find pro-

babilities of the next events: a) only one engine works; b) at least one engine works. 

Solution. Let an event A mean that only one engine works and an event B mean 

that at least one engine works. Our problem is to find the probabilities of these 

events. 
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Let’s introduce three auxiliary events, namely C1 which means that the first en-

gine works, C2 the second engine works and C3 the third engine works. By conditions 

of the problem  

      4.06.011;6.0 111  CPCPCP , 

      1.09.011;9.0 222  CPCPCP , 

      3.07.011;7.0 333  CPCPCP  . 

a) The event A can be represented as the sum of products 

321321321 CCCCCCCCCA   

with pairwise disjoint summands and independent factors in every summand. Hence 

the probability of the event A equals  

          321321321321321321 CCCPCCCPCCCPCCCCCCCCCPAP  

                  321321321 CPCPCPCPCPCPCPCPCP  

154.07.01.04.03.09.04.03.01.06.0  . 

b) To find the probability of the event B1 we’ll evaluate at first the probability 

of its opposite one B  (which means that all three engines don't work, 321 CCCB  ). 

We’ll obtain 

          012.03.01.04.0321321  CPCPCPCCCPBP  

whence it follows that      988.0012.011  BPBP . 

Ex. 11a. An urn contains 3 white and 4 black balls. One succesfully [consecu-

tively, in sequence, sequentially, successively] takes 3 balls. Find the probability that 

the first and third balls will be those white. 

Clue. Let’s introduce an event A which means that the first and third balls will 

be those white. Then (notations are clear) wbwwwwA  , and so 

                  wbwPwbPwPwwwPwwPwPwbwPwwwPAP
.71526473516273   

                                            
1 That's bad to write  

.321321321321321321321 CCCCCCCCCCCCCCCCCCCCCB   
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POINT 4. FORMULAE OF TOTAL PROBABILITY AND BEYES  

The formula of total probability 
 

In practice we often deal with the next situation. An event A can occur only to-

gether with one of pairwise disjoint events nH,...,H,H  , which form a total group. 

Let's call these events hypotheses. Their probabilities and corresponding conditional 

probabilities of the event A are known. In this case the probability of the event A can 

be found with the help of the next formula (the formula of total probability): 

                nn HAPHPHAPHPHAPHPAP /...// 2211  . ( 4 ) 

■On the base of the condition we must represent the event A as the sum of its 

products with the hypotheses, 

nAHAHAHA  ...21 . 

By virtue of the fifth axiom of the probability theory it follows that 

         nAHPAHPAHPAP ...21  

           nn H/APHP...H/APHPH/APHP   .■ 

 

Beyes1 formulae 
 

Let an event A, which can occur only together with one of given hypotheses 

,1H ,2H nH..., , be occurred. In this case the next probabilities  AHP i of its occur-

rence together with each of these hypotheses can be evaluated with the help of known 

Beyes formulas 

                                    
  n...,,,i,
AP

HAPHPAHP ii
i  .                              ( 5 ) 

■Let’s take an arbitrary hypothesis iH  and express the probability of a product 

iAH  by two ways, 

                                            
1 Beyes, T. (1702 - 1761), an English mathematician 
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         iiii HAPHPAHPAPAHP //  . 

Two last parts of this tripled equality give Beyes formulae.■  

Beyes formulae (5) state the probability that namely the i-th hypothesis has oc-

curred together with the event A in question. 

Ex. 11. There are 6 white and 2 black balls in the first urn and 8 white and 3 

black balls in the second urn. One at random moves a ball from the first urn to the 

second one, and then he (also at random) takes a ball  from the second urn.  

1. Find the probability for him to take a white ball from the second urn. 

2. Let a white ball be taken from the second urn. A ball of which colour was 

the most probably moved from the first urn? 

1. Solution of the first problem. Let an event A mean that one will take a white 

ball from the second urn. We can introduce the next two hypotheses: H  means that 

one has moved a white ball from the first urn; H that he has moved a black ball from 

there. Their probabilities equal  

    4182,4386 21  HPHP  

by condition, and corresponding conditional probabilities of the event A equal 

      H/AP,H/AP . 

On the base of the formula (4) of total probability the probability of the event A 

equals 

            .H/APHPH/APHPAP . 

2. To solve the second problem we must find and compare the next conditional 

probabilities    A/HP,A/HP  . On the base of Beyes formulae (5)  

     
  ,.

.AP
H/APHPA/HP 




 


     
  


 

 .
.AP

H/APHPA/HP . 

We see that 0.77 > 0.23, therefore one has the most probably moved a white ball from 

the first urn to the second one. 
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Ex. 12. There are 10 and 15 products of the first and second factories respec-

tively in the storage. The first factory makes 5% and the second 7% of defective pro-

ducts. One takes at random a product.  

1) Find the probability of its defectiveness.  

2) Suppose that this product is defective. Which factory has the most probably 

made it? 

Let an event A mean that a product taken at random is defective. Let's intro-

duce the next two hypotheses: 

1H  this product is done by the first factory; 

2H  it was done by the second factory. 

On the base of the classical definition of probability 

    .6.0
5
3

25
15;4.0

5
2

25
10 2

2
1

1 
n

mHP
n

mHP  

Corresponding conditional probabilities of the event A equal 

    .07.0
100

7/;05.0
100

5/ 21  HAPHAP  

1) Using the formula of total probability we'll get 

          .062.007.06.005.04.0// 2211  HAPHPHAPHPAP  

2) Now with the help of Beyes formulas we find 

     
  32.0

062.0
05.04.0// 11

1 



AP

HAPHPAHP , 

     
  .68.0

062.0
07.06.0// 22

2 



AP

HAPHPAHP  

Thus 

   .// 12 AHPAHP   

Therefore the taken product was the most probably made by the second factory. 

Ex. 13. Three shots have simultaneously shot at a target [-g-] with probabilities 

of hitting 0.6, 0.8, 0.7 correspondingly, and a hole has appeared in the target. Find the 

probability that the first of the shots has hit. 
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At first we’ll introduce the next four events DCBA ,,, : 

A consists in appearance of a hole on the target; 

B means that the hitting is done by the first shot;  

C means that this hitting is done by the second shot;  

D means that this hitting is done by the third shot. By conditions 

    ;4.0,6.0  BPBP     ;2.0,8.0  CPCP      .3.0,7.0  DPDP  

All the events DDCCBB ,,,,,  are (mutually) independent. It is obviously that 

DCBDCBDCBA   
with pairwise disjoint summands, and so 

          DCBPDCBPDCBPDCBDCBDCBPAP  

                   DPCPBPDPCPBPDPCPBP  

 .......... . 

Now we can introduce two hypotheses 

DCBH 1  (hitting of the first shot and misses of the other), 12 HH  . 

The probability of the first hypothesis and corresponding conditional probability of 

the event A equal respectively 

            1,036.03.02.06.0 11  HAPDPCPBPDCBPHP . 

Hence by Beyes formulas (5) we get 

     
 

 
  19.0

188.0
036.0111

1 
AP

HP
AP

HAPHPAHP . 

Thus with the probability 0.19 namely the first shot has hit in the target. By the 

same way we can find the other probabilities    AHPAHP 32 , . 

Ex. 14. There are 5 balls in the urn. One has taken at random 3 balls, and he 

has seen that they are white. Find the probability that the urn contains only white 

balls provided that all suppositions about number of white balls are equiprobable. 

 Let A be an event “to take 3 white balls from the urn”. Let’s introduce the next 

hypotheses  ,i,H i , which mean that the urn contains i white balls. 

Our aim is to find the probability  AHP 5 . 
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By conditions of the problem the probabilities of the hypotheses equal 

              615443210  HPHPHPHPHPHPHP . 

Corresponding conditional probabilities of the event A are equal to 

       
    .1/,4.0/

,1.0
345
3211/,0///

5
3
5

3
44

3
53210









HAPCCHAP

CHAPHAPHAPHAP  

By virtue of the formula of total probability (4) and Beyes formulas (5) we obtain the 

probability to take three white balls from the urn, 

      25.01614.0611.061/
5

3


i

ii HAPHPAP , 

and the probability of the hypothesis that the urn contains only white balls 

     
  67.0)6.(0

25.0
16155

5 



AP

HAPHPAHP . 

Thus, with the probability 67.0)6.(0   the urn contains only white balls (in 

condition that three white balls were at random taken from there).  



  

EVENT AND PROBABILITY: basic terminology RUEFD 

1. аксиома  аксіома  áxiom  axiome m Axióm (n–s,-e) 
2. апостери-
орная вероят-
ность 

апостеріорна 
ймовірність 

a postèrióri 
[postérior, af-
ter-the-evént, 
final] pròbabí-
lity 

probabilité f a 
posteriori 

Wahrschéin-
lichkeit (f =) a 
posterióri  

3. априорная 
вероятность 

апріорна ймо-
вірність 

a  prióry [prí-
or, prémature, 
exístence] prò-
babílity 

probabilité f a 
priori  

Wahrschéin-
lichkeit (f =) a 
prióri 

4. безуслов-
ная [абсолют-
ная] вероятно-
сть  

безумовна 
абсолютна 
ймовірність 

úncondítional 
ábsolute prò-
babílity 

probabilité f in-
conditionnelle 
absolue 

únbedingte 
[absolúte] 
Wahrschéin-
lichkeit (f =) 

5. благопри-
ятствующее 
(следствие), 
благоприятс-
твующий (ре-
зультат, шанс) 

сприятливий 
[наслідок, ре-
зультат, шанс] 

fávourable [oc-
cúrrence, óut-
come, cáse, 
chance]; suc-
céss  

cas m résultat 
m, issue f , 
chance f  favo-
rable; succès m 

günstiger Ver-
súchsausgang 
(m-(e)s,.gänge)  
[Áusgang, 
Chance [´ʃaŋsǝ 
и ´ʃã:s(ǝ)] (f 
=,-n)]  

6. бросание 
[подбрасыва-
ние] монеты 

кидання [під-
кидання] мо-
нети 

cointossing, 
toss [tossing, 
flípping] of a 
coin  

lancer m 
[lancement m] 
d´une pièce 

Wérfen (n –s) 
[Hóchwerfen 
(n –s)] einer 
Münze f 

7. бросание 
[подбрасыва-
ние] играль-
ной кости 

кидання [під-
кидання] гра-
льної кістки 

throw [throw-
ing] of a die 
[rólling of a 
fáirdie]  

lancer m 
[lancement m] 
d'un dé 

Wérfen (n –s) 
eines Würfels  

8. бросать 
[подбрасы-
вать] играль-
ную кость 

кидати [під-
кидати] граль-
ну кістку 

throw a die lancer [jeter] 
un dé 

würfeln  

9. бросать 
[подбрасы-
вать] монету 

кидати [під-
кидати]  моне-
ту 

toss [throw, 
flip] a coin 

lancer  [jeter] 
une pièce 

Eine Münze  
(f) wérfen* 
(wérfe, wirfst, 
wirft)  

10. вероятно- імовірність pròbabílity probabilité f Wahrschéin-
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сть  [ймовірність]  lichkeit (f =)  
11. вероятно-
сть гипотезы 

імовірність гі-
потези 

pròbabílity of 
the hypóthesis 

probabilité f de 
l‘hypothèse  

Wahrschéin-
lichkeit einer 
Hypothése 

12. вероятно-
сть гипотезы 
(если известен 
результат ис-
пытания) 

імовірність гі-
потези (якщо 
відомий резу-
льтат випро-
бування) 

pròbabílity of a 
hypóthesis (if 
the resúlt of a 
tríal [of an ex-
périment] is 
knówn) 

probabilité f 
d‘une hypothè-
se (si le résultat 
d’une expé-
rience/épreuve 
d‘un essai est 
connu(e)) 

Wahrschéin-
lichkeit der 
Hypothése  
(wenn den 
Versúchsaus-
gang [das Ver-
súchsergebnis] 
bestimmt ist) 

13. вероятно-
сть наступле-
ния события 

імовірність 
[ймовірність] 
настання по-
дії 

pròbabílity of 
occúrrence of 
an evént 

probabilité f 
d’apparition  
[d’arrivée f] 
d’un événe-
ment 

Wahrschéinli-
chkeit von Éin-
treten(e)  [von 
Éintritt(e)] ei-
nes Eréignisses  

14. вероятно-
сть наступле-
ния хотя бы 
одного собы-
тия 

імовірність 
[ймовірність] 
настання хо-
ча б однієї по-
дії  

pròbabílity of 
occúrrence at 
least of one 
event 

probabilité f 
d’apparition f 
d’arrivée f  
d’au du 
moins seul/un 
événement  

Wahrschéin-
lichkeit (f =) 
von Éintre-
ten(e)[von Éin-
tritt(e)] mín-
destens des ei-
nes Eréignis-
ses  

15. вероятно-
сть события 

імовірність 
[ймовірність] 
події 

pròbabílity of 
an evént 

probabilité f 
d´un événe-
ment 

Eréigniswahr-
scheinlichkeit 
(f =); Wahr-
schéinlichkeit  
von Eréignisse  

16. герб [орел]  герб [орел]  head  tête f Kopf (m –(e)s, 
Köpfe) 

17. гипотеза   гіпотеза  hypóthesis (pl -
ses)  

hypothèse f Hypothése (f =, 
-n) 

18. действие  дія  áction  action f Aktión (f) 
19. достовер-
ное событие 

вірогідна [до-
стовірна] по-
дія 

cértain [persís-
tent,sure] evént 

evénement m 
certain 

sícheres Eréi-
gnis  

20. единствен-
но возможные 

єдино можли-
ві парами не-

only póssible 
páirwise dis-

evénements  
uniquement 

éinzig mögli-
che páarweise 
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попарно несо-
вместные и 
равновозмож-
ные события  

сумісні й рів-
номожливі 
події  

jóint [ìnсom-
pátible] and 
équally [líkely] 
póssible evénts   

possibles in-
compatibles 
deux à deux et 
également pos-
sibles  

unveréinbare 
[únvereinbare, 
únverträgliche, 
unverträgliche] 
und gléichmö-
glichen Eréig-
nisse  

21. единствен-
но возможные 
события 

єдино можли-
ві події  

only póssible 
evénts 

evénements m 
uniquement 
possibles 

éinzig mögli-
che Eréignisse  

22. зависимые 
события  

залежні події depéndent 
evénts 

evénements m 
dépendants 

abhängige  
Eréignisse 

23. закон [фо-
рмула] произ-
ведения веро-
ятностей  

закон [форму-
ла] добутку 
імовірностей  

próduct law of 
probabílity 

loi f de com-
position f des 
probabilités 

Multiplika-
tionsgesetz (n) 
der Wahr-
scheinlichkei-
ten 

24. закон [фо-
рмула] сложе-
ния вероятно-
стей  

закон [форму-
ла] додавання 
ймовірностей  

law of addí-
tion of proba-
bílity 

loi f d'addition 
f des probabi-
lités 

Additióngesetz 
(n) der Wahr-
scheinlichkei-
ten 

25. игральная 
кость 

гральна кіст-
ка 

die pl dice 
[fáirdie]  

dé m (à jouers) Würfel (m–s,=) 

26. испытание 
[эксперимент, 
опыт]  
 

випробування  tríal [expéri-
ment]  

essai  m ép-
reuve f, expé-
rience f  

Versúch (m –
(e)s,-e) [Expe-
rimént (n –(e)s, 
-e); Próbe (f =,-
n)]  

27. классичес-
кая вероятно-
сть 

класична ймо-
вірність 

clássic(al) prò-
babílity 

probabilité f 
classique 

clássische 
Wahrschéin-
lichkeit  

28. классичес-
кое определе-
ние вероятно-
сти 

класичне оз-
начення ймо-
вірності  

clássic dèfiní-
tion of pròba-
bílity 

définition f 
classique de 
probabilité  

klássische De-
finitión (f) von 
Wahrschéin-
lichkeit  

29. количест-
во всех пере-
становок из n 
элементов 

кількість всіх 
перестановок 
з n елементів  

númber of all 
permutations 
of n élements  

nombre m de 
toutes les  per-
mutations de n 
éléments  

Die Ánzahl (f ) 
[die Gesámt-
||zahl f] aller 
Permutatiónen  
von n Elemén-
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ten 
30. количест-
во всех разме-
щений из n 
элементов по 
k 

кількість всіх 
розміщень з n 
елементів по k 

númber of all 
arrangements  
of n élements 
(taken) k at a 
time [of all ar-
rángements of 
k (élements) 
out of n , of all 
k-fold arránge-
ments of n éle-
ments] 

nombre m de 
tous les arran-
gements de n 
éléments k à k 

Die Ánzahl (f ) 
[die Gesámt-
||zahl f] aller 
Variatiónen 
von n Elemen-
ten zur k-ten 
Klasse [von n 
Eleménten zu 
je k] 

31. количест-
во всех соче-
таний из n 
элементов по 
k 

кількість всіх 
комбінацій з n 
елементів по k 

númber of all 
còmbinátions 
of  n élements 
(taken) k at a 
time [of all 
còmbinátions 
of k (élements) 
out of n, of all 
k-fold còmbi-
nátions of n 
élements]  

nombre m de 
toutes les com-
binaisons de n 
éléments k à k 

Die Ánzahl (f ) 
[die Gesámt-
||zahl f] aller 
Kombinatiónen  
von n Elemén-
ten zur k-ten 
Klásse [von n 
Eleménten zu 
je k] 

32. количест-
во наступле-
ний [количес-
тво появле-
ний] события 
в n независи-
мых испыта-
ниях 

кількість на-
стання [кіль-
кість появ] 
події в n не-
залежних ви-
пробуваннях  

númber of oc-
cúrrences of an 
evént in n ín-
depéndent trí-
als [expéri-
ments]   

nombre m 
d’arrivées/ 
d’apparitions 
d’un événe-
ment  à n ex-
périences/ép-
reuves indé-
pendantes [à n 
d’essais indé-
pendants] 

Ánzahl (f) von 
Éintritten) [von 
Éintretenen] ei-
nes Eréignisses  
in n únabhä-
ngigen Versú-
chen [Experi-
ménten (n), 
Próben (f)] 

33. количест-
во независи-
мых испыта-
ний 

кількість не-
залежних ви-
пробувань 
 

númber of ín-
depéndent trí-
als [expéri-
ments] 

 

nombre m 
d’expériences/ 
d’épreuves in-
dépendantes 
[d’essais indé-
pendants] 

Ánzahl (f =) 
únabhängiger 
Versúche [Ex-
periménte, Pró-
ben] 

34. количест-
во способов 
(сделать что-

кількість спо-
собів (зробити 
щось) 

númber of wa-
ys [modes, mé-
thods] (to do 

nombre m de 
façons [modes, 
méthodes] de 

Ánzahl (f =) 
von Árten [von 
Wéisen] (etwas 
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л.) smth) (faire qch) máchen) 
35. комбина-
торика 

комбінатори-
ка 

còmbinatórial 
combìnatóri-
al análysis, 
còmbinatórics, 
combìnatórics 

théorie f des 
combinaisons, 
analyse f com-
binatiore  

Kombinatórik 
(f =) [Kombi-
natiónslehre (f 
=,-n)]  

36. монета монета  coin  pièce f Münze (f) 
37. наступле-
ние [появле-
ние] хотя бы 
одного собы-
тия  

настання [по-
ява] хоча б 
однієї події  

occúrrence of 
(at least of 
one) event 

arrivée f ap-
parition f  d’au 
du moins seul 
/un evénement 
m 

Éintritt (m –
(e)s,-e) [Éin-
treten (n)] mín-
destens des ei-
nes Eréignisses  

38. наступле-
ние события 

настання по-
дії 

occúrrence of 
an evént 

arrivée f ap-
parition f  
d‘un événe-
ment  

Éintritt (m –
(e)s,-e) [Éin-
treten (n)]  ei-
nes Eréignisses  

39. наудачу 
[наугад]  

навмання  at rándom au *hasard à 
tout *hasard, à 
l’aventure 

belíebig, zúfäl-
lig, zúfälliger-
weise 

40. невозмож-
ное событие 

неможлива 
подія 

impóssible 
evént 

evénement  
[évé-] m impo-
ssible 

únmögliches 
[unmögliches] 
Eréignis 

41. независи-
мые в совоку-
пности собы-
тия 

незалежні в 
сукупності  
події 

indepéndent 
set of evénts 

evénements 
indépendants 
dans leur en-
semble 

insgesámt [vol-
lständig] ún-
abhängige  
Eréignisse  

42. независи-
мые испыта-
ния 

незалежні ви-
пробування 

índepéndent 
tríals [expéri-
ments]  

expériences f 
épreuves f  
indépendantes; 
essais m indé-
pendants 

únabhängige 
Versúche  [Ex-
periménte, Pró-
ben] 

43. независи-
мые события 

незалежні по-
дії 

indepéndent 
evénts 

evénements m 
indépendants  

únabhängige 
Eréignisse  

44. несовмест-
ные события 

несумісні по-
дії 

disjóint ìn-
compátible, 
mútually ex-
clúsive evénts 

evénements m 
incompatibles 

unveréinbare 
[únvereinbare, 
únverträgliche, 
unverträgliche] 
Eréignisse  

45. образовы- утворювати form the com- constituer/en- Gesámtheit (f) 
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вать полную 
группу 

повну групу 
подій 

pléte group/set 
of evénts form 
the full evént 
group/set, be 
the exháustive 
evénts 

gendrer un 
groupe complet 

der Elementár-
ereignisse er-
zéugen [(sich) 
bílden]  

46. основной 
принцип ком-
бинаторики 

основний 
принцип ком-
бінаторики 

básic [fùnda-
méntal, main, 
básis] prínciple 
of combìnató-
rics of còmbi-
natórial/com-
bìnatórial aná-
lysis  

principe m fon-
damental de 
théorie f des 
combinaisons 
d’analyse f 
combinatoire 
  

fundamentáles 
[grúndlegen-
des] Kombina-
tiónsprinzip (n 
-s,-e и -pi¦en) 
[Prinzíp von 
Kombinatórik]  

47. относите-
льная частота 
события 

відносна час-
тота події 

rélative fré-
quency of an 
event 

fréquence f  
relative d’un 
événement  

relatíve Fre-
quénz (f =,-en) 
[Häufigkeit (f 
=)] eines Eréi-
gnisses  

48. перестано-
вка из n эле-
ментов  

перестановка 
з n елементів  

pèrmutátion of 
n élements  

permutation f 
de n éléments  

Permutatión (f) 
von n Elemén-
ten  

49. полная ве-
роятность 

повна ймовір-
ність 

tótal [cómpo-
site, áverage] 
pròbabílity 

probabilité f 
complète [to-
tale]  

totále [vóll-
ständige] 
Wahrschéin-
lichkeit 

50. полная 
группа попар-
но несовмест-
ных равновоз-
можных собы-
тий (об элеме-
нтарных со-
бытиях, о  
шансах) 

повна група 
парами несу-
місних рівно-
можливих по-
дій (про еле-
ментарні по-
дії, про шан-
си) 

compléte/tótal 
group of pair-
wise disjóint 
[ìncompátible] 
and equally [lí-
kely] póssible 
evénts (of èle-
méntary even-
ts, of chances) 

groupe m 
complet d’évé-
nements in-
compatibles 
deux à deux et 
également pos-
sibles (sur des 
evénements  
élémentaires, 
sur les chan-
ces) 

Gesámtheit (f 
=) von páar-
weise unve-
réinbaren [ún-
vereinbaren, 
únverträgli-
chen, unverträ-
glichen] und 
gléichmögli-
chen Eréignis-
sen (über Ele-
mentárereig-
nisse, über 
Chancen [´ʃaŋ-
sǝn, ´ʃã:s(ǝ)n]) 
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51. полная 
группа собы-
тий 

повна група 
подій 

exháustive 
evénts total 
[compléte]  
group of  
evénts 

groupe m 
complet d’évé-
nements 

Gesámtheit (f 
=) der Elemen-
tárereignisse 
[von Elemen-
tárereignissen]   

52. попарно 
независимые 
события 

парами неза-
лежні події 

páirwise  [in 
pairs, mútual-
ly] indepén-
dent evénts 

evénements m 
indépendants 
deux à deux 

páarweise ún-
abhängige  
Eréignisse  

53. попарно 
несовместные 
события 

парами несу-
місні події 

mútually [páir-
wise] disjóint 
[exclúsive, ìn-
compátible] 
evénts 

evénements 
incompatibles 
deux à deux 

páarweise un-
veréinbare [ún-
vereinbare, ún-
verträgliche, 
unverträgliche] 
Eréignisse  

54. произведе-
ние (пересече-
ние) событий 

добуток (пе-
реріз) подій 

próduct [còm-
posítion (ìnter-
séction)] of 
events 

produit m (in-
tersection f) 
d’événements 

Prodúkt (n–e)s, 
-e) [Dúrchsch-
nitt(m–(e)s,-e)] 
von Eréignis-
sen; Dúrchsch-
nittseréignis (n 
–ses,-se) 

55. происхо-
дить (о собы-
тии) 

відбуватися   
наставати, 
з"являтися 
(про подію)  

occúr [appéar, 
happen, take 
place] (about 
an evént) 

arriver se pré-
senter (sur un 
événement) 

Éintreten*(-tre-
te,-trittst, -tritt) 
[éintreffen*(-
treffe,-triffst,-
trifft)] (über 
ein Eréignis ) 

56. противо-
положные со-
бытия 

протилежні 
події  

ópposite [còm-
pleméntary, 
contrary] 
evénts 

evénements m 
contraires 

entgégenge-
setzte [komple-
mentäre] Eréi-
gnisse 

57. равноверо-
ятные [одина-
ково вероят-
ные] события  

рівноймовірні 
[однаково 
ймовірні] по-
дії  

èquipróbable 
evénts 

evénements m, 
équiprobables 
[ekŋi] 

gléichwahr-
scheinliche  
Eréignisse  

58. равновоз-
можные [оди-
наково возмо-
жные]события 

рівноможливі 
[однаково мо-
жливі] події  

équally [líke-
ly] póssible 
evénts 

evénements  
également pos-
sibles  

gléichmögli-
che Eréignisse  

59. размеще- розміщення з arrángement of arrangement m Variatión [va-] 
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ние из n эле-
ментов] по k 

n елементів по 
k  

n élements (ta-
ken) k at a ti-
me, arránge-
ment of k (éle-
ments) out of n 
[k-fold arrán-
gement of n 
élements]  

de n éléments k 
à k  

(f =,-en) von n 
Eleménten zur 
k-ten Klásse 
[von n Elemén-
ten zu je k]  

60. результат 
[следствие] 
испытания  

результат [на-
слідок] випро-
бування 

resúlt [occúr-
rence, óutco-
me] of a tríal 
[of an expéri-
ment]     

résultat m [cas 
m, issue f] 
d’expérience 
d’essai, d’ép-
reuve 

Prüfergebnis (n 
-ses,-se) [Ver-
súchsergebnis, 
Versúchsaus-
gang (m –(e)s, 
..gänge)]; Áus-
gang  [Ergéb-
nis, Resultát n 
(–(e)s,-e)] von 
Versúch(e) 
[von Experi-
mént(e), von 
Próbe] 

61. сделать 
что-то n спо-
собами 

зробити щось 
n способами 

do smth in/by n 
ways [mé-
thods, modes]  

faire qch de n 
façons [modes, 
méthodes]  

Etwas auf (A) 
[mit (D)] n Ár-
ten [Wéisen] 
máchen 

62. серия из n 
независимых 
испытаний 

серія (з n не-
залежних) ви-
пробувань 

séries of n ín-
depéndent 
tríals [expéri-
ments]  

série f de n 
expériences in-
dépendantes 

Réihe f [Séri¦e] 
von n únabhä-
ngigen Versú-
chen [Experi-
ménten, Pró-
ben] 

63. следствие 
[результат] 
испытания  

наслідок [ре-
зультат] (ви-
пробування) 

resúlt [occúr-
rence, óutco-
me] (of a tríal) 

résultat m [cas 
m, issue f] 
(d’essai/d’ex-
périence) 

Versúchsaus-
gang (m –(e)s, 
..gänge) [Aus-
gang (von Ver-
súch(e),von 
Experimént(e), 
von Próbe]  

64. случайное 
событие 

випадкова по-
дія 

rándom [acci-
dental, áleato-
ry, casual, cha-
nce, stochas-

evénement m 
aléatoire 

Zúfallsereignis 
(n–ses,-se), Zú-
fälliges Eréig-
nis  
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tic] evént; acci-
dent 

65. событие  подія  evént [act, oc-
cúrrence]  

evénement 
[évé-] m  

Eréignis (n –
ses,-se)  

66. совмест-
ные события 

сумісні події jóint [compáti-
ble] evénts 

evénements 
compatibles 

veréinbare 
[verträgliche, 
kompatíbele]  
Eréignisse  

67. совпаде-
ние классиче-
ской и статис-
тической ве-
роятностей 

збіг  класич-
ної і статисти-
чної ймовір-
ностей 

coíncidence of 
clássic and sta-
tístic(al) pròba-
bílities 

coïncidence f 
de probabilités 
classique et 
statistique 

Überéinstim-
mung klássi-
scher und sta-
tístischer 
Wahrschéin-
lichkeiten 

68. сочетание 
из n элемен-
тов по k  

комбінація  з 
n елементів по 
k  

còmbinátion of 
n élements (ta-
ken) k at a ti-
me, còmbiná-
tion of k (éle-
ments) out of n  
[k-fold còmbi-
nátion of n éle-
ments]  

сombinaison f 
de n éléments k 
à k  

Kombinatión 
(f) von n Ele-
ménten zur k-
ten Klásse [von 
n Eleménten zu 
je k]  

69. статисти-
ческая вероят- 
ность 

статистична 
ймовірність 

statístic(al) 
pròbabílity 

probabilité f 
statistique 

statístische 
Wahrschéin-
lichkeit  

70. статисти-
ческая устой-
чивость отно-
сительных 
частот 

статистична 
стійкість від-
носних час-
тот 

statístic(al) sta-
bílity of réla-
tive fréquen-
cies 

stabilité sta-
tistique des fré-
quences relati-
ves 

statístische 
Stabilität rela-
tiver Frequen-
zen  [Häufig-
keiten] 

71. статисти-
ческое опре-
деление веро-
ятности 

статистичне  
означення 
ймовірності 

statístic(al) dè-
finítion of prò-
babílity 

définition f 
statistique de 
probabilité  

statístische De-
finitión von 
Wahrschéin-
lichkeit  

72. сумма 
(объединение) 
событий 

сума (об"єд-
нання) подій 

sum (únion) of 
evénts 

somme f ((ré)-
union f) d’évé-
nements 

Súmme (f=,-
en) [Veréini-
gung (f =,-en), 
Zusámmenfas-
sung(f =,-en)] 
von Eréignis-
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sen;  Súmmen-
eréignis 

73. сумма 
произведений 
[объединение 
пересечений] 
событий 

сума добутків 
(об"єднання 
перерізів) по-
дій 

sum of pró-
ducts (únion of 
ìnterséctions) 
of evénts 

somme f de 
produits ((ré)-
union d’inter-
sections) d’é-
vénements  

Súmme (f) von 
Prodúkten (Ve-
réinigung (f =,-
en), [Zusám-
menfassung 
(f)] von Dúrch-
schnitten) von 
Eréignissen 

74. теория ве-
роятностей 

теорія ймові-
рностей 

pròbabílity thé-
ory 

théorie f [cal-
cul m] des pro-
babilités 

Wahrschéinli-
chkeitslehre f, 
Wahrschéin- 
lichkeitsrech-
nung f, Wahr-
schéinlich-
keitstheorie f 

75. условная 
вероятность 

умовна ймо-
вірність  

condítional 
pròbabílity 

probabilité f 
conditionnelle 
[conditionnée, 
liée]   

bedíngte 
Wahrschéin-
lichkeit  

76. условная 
относитель-
ная частота 
события 

умовна відно-
сна частота 
події 
 

condítional ré-
lative fréquen-
cy of an evént 

condítional ré-
lative fréquen-
cy of an event 

bedíngte rela-
tíve Frequénz 
(f =,-en) [~~ 
Häufigkeit f] 
eines Eréignis-
ses 

77. формула 
Бейеса 

формула Бей-
еса  

Beyes fórmula 
(pl fórmulae/ 
fórmulas)  

formule f de 
Beyes  

Fórmel (f =,-n) 
von Bayes [Ba-
yessche Fór-
mel]  

78. формула 
вероятностей 
гипотез 

формула ймо-
вірностей гі-
потез 

fórmula of prò-
babílities of 
hypótheses 

formule f de 
probabilités 
des hypothèses 

Fórmel (f =,-n) 
über die Wahr-
schéinlichkeit  
von Hypothé-
sen 

79. формула 
полной вероя-
тности 

формула пов-
ної ймовірно-
сті 

fórmula of the 
tótal cómpo-
site, áverage 
pròbabílity 

formule f de la 
probabilité  
complète/totale 

Fórmel (f =,-n) 
von totáler 
[vóllständiger] 
Wahrschéin-
lichkeit  
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80. цифра [ре-
шка]  

цифра [решка]  tail  pile f Zahl (f =,-en) 

81. частота со-
бытия 

частота події fréquency of 
an evént 

fréquence f 
d’un événe-
ment 

Frequénz (f =,-
en) [Häufigkeit 
(f =)] eines  
Eréignisses  

82. шанс  шанс chance  chance f  Chance [´ʃaŋsǝ 
и ´ʃã:s(ǝ)] (f =, 
-n)  

83. элементар-
ное событие 

елементарна   
подія 

èleméntary 
[simple] evént 

evénement (é-) 
m élémentaire 
[simple] 

Elementár- 
ereignis (n  –
ses,-se) 

84. элементар-
ный исход 
[результат] 
(испытания)  

елементарний   
наслідок [ре-
зультат] (ви-
пробування) 

èleméntary 
[simple] resúlt 
[occúrrence, 
óutcome] (of a 
tríal) 

résultat m [cas 
m, issue f] élé-
mentaire/sim-
ple  (d’essai/ 
d’expérience) 

elementárer 
Áusgang (m –
(e)s,..gänge)  
[Versúchsaus-
gang (m)]   

 



  

EVENT AND PROBABILITY: basic terminology EFDRU 

1. a  prióry 
[príor, préma-
ture, exístence] 
pròbabílity 

probabilité f a 
priori  

Wahrschéin-
lichkeit (f =) a 
prióri 

априорная ве-
роятность 

апріорна ймо-
вірність 

2. a postèrióri 
[postérior, af-
ter-the-evént, 
final] pròbabí-
lity 

probabilité f a 
posteriori 

Wahrschéin-
lichkeit (f =) a 
posterióri  

апостериор-
ная вероят-
ность 

апостеріорна 
ймовірність 

3. áction  action f Aktión (f) действие  дія  
4. arrángment 
of n élements 
(taken) k at a 
time, arránge-
ment of k (éle-
ments) out of n 
[k-fold arrán-
gement of n 
élements]  

arrangement m 
de n éléments k 
à k  

Variatión [va-] 
(f =,-en) von n 
Eleménten zur 
k-ten Klásse 
[von n Elemén-
ten zu je k]  

размещение 
из n элемен-
тов] по k 

розміщення з 
n елементів по 
k  

5. at rándom au *hasard à 
tout *hasard, à 
l’aventure 

belíebig, zúfäl-
lig, zúfälliger-
weise 

наудачу [нау-
гад]  

навмання  

6. áxiom  axiome m Axióm (n–s,-e) аксиома  аксіома  
7. básic [fùn-
daméntal,main, 
básis] prínciple 
of combìnató-
rics of còmbi-
natórial/ com-
bìnatórial aná-
lysis  

principe m fon-
damental de 
théorie f des 
combinaisons 
d’analyse f 
combinatoire 
  

fundamentáles 
[grúndlegen-
des] Kombina-
tiónsprinzip (n 
-s,-e и -pi¦en) 
[Prinzíp von 
Kombinatórik]  

основной 
принцип ком-
бинаторики 

основний 
принцип ком-
бінаторики 

8. Beyes fór-
mula (pl fór-
mulae/fórmu-
las)  

formule f de 
Beyes  

Fórmel (f =,-n) 
von Bayes [Ba-
yessche Fór-
mel]  

формула Бей-
еса 

формула Бей-
еса  

9. cértain [per-
sístent, sure] 
evént 

evénement m 
certain 

sícheres Eréi-
gnis (n–ses,  
-se) 

достоверное 
событие 

вірогідна [до-
стовірна] по-
дія 
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10. chance  chance f  Chance [´ʃaŋsǝ 
и ´ʃã:s(ǝ)] (f 
=,-n)  

шанс  шанс 

11. clássic dè-
finítion of prò-
babílity 

définition f 
classique de 
probabilité  

klássische De-
finitión von 
Wahrschéin-
lichkeit  

классическое 
определение 
вероятности 

класичне оз-
начення ймо-
вірності  

12. clássic(al) 
pròbabílity 

probabilité f 
classique 

clássische 
Wahrschéin-
lichkeit  

классическая 
вероятность 

класична ймо-
вірність 

13. coin  pièce f Münze (f) монета монета  
14. coínciden-
ce of clássic 
and statístic-
(al) pròbabíli-
ties 

coïncidence f 
de probabilités 
classique et 
statistique 

Überéinstim-
mung klássi-
scher und sta-
tístischer 
Wahrschéin-
lichkeiten 

совпадение 
классической 
и статистиче-
ской вероят-
ностей 

збіг  класич-
ної і статисти-
чної ймовір-
ностей 

15. cointossing, 
toss [tossing, 
flípping] of a 
coin  

lancer m 
[lancement m] 
d´une pièce 

Wérfen (n –s) 
[Hóchwerfen 
(n –s)] einer 
Münze 

бросание 
[подбрасыва-
ние] монеты 

кидання [під-
кидання] мо-
нети 

16. còmbiná-
tion of n éle-
ments (taken) k 
at a time, còm-
binátion of k 
(élements) out 
of n  [k-fold 
còmbinátion of 
n élements]  

сombinaison f 
de n éléments k 
à k  

Kombinatión 
(f) von n Ele-
ménten zur k-
ten Klásse [von 
n Eleménten zu 
je k]  

сочетание из n 
элементов по 
k  

комбінація  з 
n елементів по 
k  

17. còmbinató-
rial combìna-
tórial análysis, 
còmbinatórics, 
combìnatórics 

théorie f des 
combinaisons, 
analyse f com-
binatiore  

Kombinatórik 
(f =) [Kombi-
natiónslehre (f 
=,-n)]  

комбинато-
рика 

комбінатори-
ка 

18. compléte/ 
tótal group of 
pairwise dis-
jóint [ìncompá-
tible] and equ-

groupe m 
complet d’évé-
nements in-
compatibles 
deux à deux et 

Gesámtheit (f 
=) von páar-
weise unve-
réinbaren [ún-
vereinbaren, 

полная группа 
попарно несо-
вместных рав-
новозможных 
событий (об 

повна група 
парами несу-
місних рівно-
можливих по-
дій (про еле-
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ally [líkely] 
póssible evénts 
(of èleméntary 
events, of 
chances) 

également pos-
sibles (sur des 
evénements  
élémentaires, 
sur les chan-
ces) 

únverträgli-
chen, unverträ-
glichen] und 
gléichmögli-
chen Eréignis-
sen (über Ele-
mentárereig-
nisse, über 
Chancen [´ʃaŋ-
sǝn, ´ʃã:s(ǝ)n]) 

элементарных 
событиях, о 
шансах) 

ментарні по-
дії, про шан-
си) 

19. condítional 
pròbabílity 

probabilité f 
conditionnelle 
[conditionnée, 
liée]   

bedíngte 
Wahrschéin-
lichkeit  

условная ве-
роятность 

умовна ймо-
вірність  

20. condítional 
rélative fré-
quency of an 
evént 

condítional ré-
lative fréquen-
cy of an event 

bedíngte rela-
tíve Frequénz 
(f =,-en) [~~ 
Häufigkeit f] 
eines Eréignis-
ses 

условная от-
носительная 
частота собы-
тия 

умовна відно-
сна частота 
події 
 

21. die pl dice 
[fáirdie]  

dé m (à jouers) Würfel (m–s,=) игральная ко-
сть 

гральна кіст-
ка 

22. disjóint ìn-
compátible, 
mútually ex-
clúsive evénts 

evénements m 
incompatibles 

unveréinbare 
[únvereinbare, 
únverträgliche, 
unverträgliche] 
Eréignisse  

несовместные 
события 

несумісні по-
дії 

23. do smth 
in/by n ways 
[méthods, mo-
des]  

faire qch de n 
façons [modes, 
méthodes]  

Etwas auf (A) 
[mit (D)] n Ár-
ten [Wéisen] 
máchen 

сделать что-
то n спосо-
бами 

зробити щось 
n способами 

24. èleméntary 
[simple] evént 

evénement m 
élémentaire 
[simple] 

Elementár- 
ereignis (n  –
ses,-se) 

элементарное 
событие 

елементарна   
подія 

25. èleméntary 
[simple] resúlt 
[occúrrence, 
óutcome] (of a 
tríal) 

résultat m [cas 
m, issue f] élé-
mentaire/sim-
ple  (d’essai/ 
d’expérience) 

elementárer 
Áusgang (m –
(e)s,..gänge)  
[Versúchsaus-
gang (m)]   

элементарный 
исход [ре-
зультат] (ис-
пытания)  

елементарний   
наслідок [ре-
зультат] (ви-
пробування) 

26. équally [lí- evénements gléichmögli- равновозмож- рівноможливі 
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kely] póssible 
evénts 

également pos-
sibles  

che Eréignisse  ные [одина-
ково возмож-
ные]события 

[однаково мо-
жливі] події  

27. èquipróba- 
ble evénts 

evénements m, 
équiprobables 
[ekŋi] 

gléichwahr-
scheinliche  
Eréignisse  

равновероят-
ные [одина-
ково вероят-
ные] события  

рівноймовірні 
[однаково 
ймовірні] по-
дії  

28. evént [act, 
occúrrence]  

evénement 
[évé-] m  

Eréignis (n –
ses,-se)  

событие  подія  

29. exháustive 
evénts total 
[compléte] set/ 
group of  
evénts 

groupe m 
complet d’évé-
nements 

Gesámtheit (f 
=) der Elemen-
tárereignisse 
[von Elemen-
tárereignissen]   

полная груп-
ппа событий 

повна група 
подій 

30. fávourable 
[occúrrence, 
óutcome, cáse, 
chance]; 
succéss  

cas m résultat 
m, issue f , 
chance f  favo-
rable; succès m 

günstiger Ver-
súchsausgang 
(m) [Áusgang 
(m-(e)s,.gänge, 
Chance [´ʃaŋsǝ 
и ´ʃã:s(ǝ)] (f 
=,-n)]  

благоприят-
ствующее 
(следствие), 
благоприятс-
твующий (ре-
зультат, шанс) 

сприятливий 
[наслідок, ре-
зультат, шанс] 

31. form the 
compléte set 
/group of 
evénts form 
the full evént 
group/set, be 
the exháustive 
evénts 

constituer/en-
gendrer un 
groupe comp-
let 

Gesámtheit (f) 
der Elementár-
ereignisse er-
zéugen [(sich) 
bílden]  

образовывать 
полную груп-
пу 

утворювати 
повну групу 
подій 

32. fórmula of 
pròbabílities of 
hypótheses 

formule f de 
probabilités 
des hypothèses 

Fórmel (f =,-n) 
über die Wahr-
schéinlichkeit  
von Hypothé-
sen 

формула ве-
роятностей 
гипотез 

формула ймо-
вірностей гі-
потез 

33. fórmula of 
the tótal cóm-
posite, ávera-
ge pròbabílity 

formule f de la 
probabilité  
complète/totale 

Fórmel (f =,-n) 
von totáler 
[vóllständiger] 
Wahrschéin-
lichkeit  

формула пол-
ной вероят-
ности 

формула пов-
ної ймовірно-
сті 

34. fréquency fréquence f Frequénz (f =,- частота собы- частота події 
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of an evént d’un événe-
ment 

en) [Häufigkeit 
(f =)] eines  
Eréignisses  

тия 

35. head  tête f Kopf (m –(e)s, 
Köpfe) 

герб [орел]  герб [орел]  

36. hypóthesis 
(pl -ses)  

hypothèse f Hypothése (f =, 
-n) 

гипотеза   гіпотеза  

37. impóssible 
evént 

evénement  m 
impossible 

únmögliches 
[unmögliches] 
Eréignis 

невозможное 
событие 

неможлива 
подія 

38. depéndent 
evénts 

evénements m 
dépendants 

abhängige  
Eréignisse 

зависимые со-
бытия  

залежні події 

39. indepéndent 
evénts 

evénements m 
indépendants  

únabhängige 
Eréignisse  

независимые 
события 

незалежні по-
дії 

40. indepéndent 
set of evénts 

evénements 
indépendants 
dans leur en-
semble 

Insgesámt 
[vollständig] 
únabhängige 
Eréignisse  

независимые 
в совокупно-
сти события 

незалежні в 
сукупності  
події 

41. índepéndent 
tríals [expéri-
ments]  

expériences f 
épreuves f  
indépendantes; 
essais m indé-
pendants 

únabhängige 
Versúche [Ex-
periménte, Pró-
ben] 

независимые 
испытания 

незалежні ви-
пробування 

42. jóint [com-
pátible] evénts 

evénements 
compatibles 

veréinbare 
[verträgliche, 
kompatíbele]  
Eréignisse  

совместные 
события 

сумісні події 

43. law of ad-
dítion of pro-
babílity 

loi f d'addition  
des probabi-
lités 

Additióngesetz 
(n) der Wahr-
scheinlichkei-
ten 

закон [фор-
мула] сложе-
ния вероятно-
стей  

закон [форму-
ла] додавання 
ймовірностей  

44. mútually 
[páirwise] dis-
jóint [exclúsi-
ve, ìncompáti-
ble] evénts 

evénements 
incompatibles 
deux à deux 

páarweise un-
veréinbare [ún-
vereinbare, ún-
verträgliche, 
unverträgliche] 
Eréignisse  

попарно несо-
вместные со-
бытия 

парами несу-
місні події 

45. númber of 
all arrange-
ments  of n éle-

nombre m de 
tous les arran-
gements de n 

Die Ánzahl (f ) 
[die Gesámt-
||zahl f] aller 

количество 
всех разме-
щений из n 

кількість всіх 
розміщень з n 
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ments (taken) k 
at a time [of all 
arrángements 
of k (élements) 
out of n , of all 
k-fold arránge-
ments of n éle-
ments] 

éléments k à k Variatiónen  
von n Elemen-
ten zur k-ten 
Klasse [von n 
Eleménten zu 
je k] 

елементов по 
k 

елементів по k 

46. númber of 
all còmbiná-
tions of  n éle-
ments (taken) k 
at a time [of all 
còmbinátions 
of  k(élements) 
out of n, of all 
k-fold còmbi-
nátions of n 
élements]  

nombre m de 
toutes les com-
binaisons de n 
éléments k à k 

Die Ánzahl (f ) 
[die Gesámt-
||zahl f ] aller 
Kombinatiónen  
von n Elemén-
ten zur k-ten 
Klásse [von n 
Eleménten zu 
je k] 

количество 
всех сочета-
ний из n эле-
ментов по k 

кількість всіх 
комбінацій з n 
елементів по k 

47. númber of 
all permuta-
tions of n éle-
ments  

nombre m de 
toutes les  per-
mutations de n 
éléments  

Die Ánzahl (f ) 
[die Gesámt-
||zahl f ] aller 
Permutatiónen  
von n Elemén-
ten 

количество 
всех переста-
новок из n 
элементов 

кількість всіх 
перестановок 
з n елементів  

48. númber of 
índepéndent 
tríals [expéri-
ments] 

 

nombre m 
d’expériences 
/d’épreuves in-
dépendantes 
[d’essais indé-
pendants] 

Ánzahl (f =) 
únabhängiger 
Versúche [Ex-
periménte, Pró-
ben] 

количество 
независимых 
испытаний 

кількість не-
залежних ви-
пробувань 
 

49. númber of 
occúrrences of 
an evént in n 
índepéndent 
tríals [expéri-
ments]   

nombre m d’ar-
rivées/d’appa-
ritions d’un 
événement  à n 
ex-périences/ 
épreuves indé-
pendantes [à n 
d’essais indé-
pendants] 

Ánzahl (f) von 
Éintritten [von 
Éintretenen] 
eines Eréignis-
ses  in n únab-
hängigen Ver-
súchen [Expe-
riménten, Pró-
ben] 

количество 
наступлений 
[количество 
появлений] 
события в n 
независимых 
испытаниях 

кількість на-
стання [кіль-
кість появ] 
події в n не-
залежних ви-
пробуваннях  

50. númber of 
ways [modes, 

nombre m de 
façons [modes, 

Ánzahl (f =) 
von Árten [von 

количество 
способов (сде-

кількість спо-
собів (зробити 
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méthods] (to 
do smth) 

méthodes] de 
(faire qch) 

Wéisen] (etwas 
máchen) 

лать что-л.) щось) 

51. occúr [ap-
péar, happen, 
take place] 
(about an 
evént) 

arriver se pré-
senter (sur un 
événement) 

éintreten*(-tre-
te,-trittst, -tritt) 
[éintreffen*(-
treffe,-triffst,-
trifft)] (über 
ein Eréignis) 

происходить 
(о событии) 

відбуватися   
наставати, 
з"являтися 
(про подію)  

52. occúrrence 
of (at least of 
one) event 

arrivée f ap-
parition f d’au 
du moins 
seul/un evéne-
ment m 

Éintritt (m –
(e)s,-e) [Éin-
treten (n)] mín-
destens des ei-
nes Eréignisses  

наступление 
[появление] 
хотя бы одно-
го события  

настання [по-
ява] хоча б 
однієї події  

53. occúrrence 
of an evént 

arrivée f ap-
parition f  
d‘un événe-
ment  

Éintritt (m –
(e)s,-e) [Éin-
treten (n)]  ei-
nes Eréignisses  

наступление 
события 

настання по-
дії 

54. only póssi-
ble evénts 

evénements m 
uniquement 
possibles 

éinzig mögli-
che Eréignisse  

единственно 
возможные 
события 

єдино можли-
ві події  

55. only póssi-
ble páirwise 
disjóint [ìn-
сompátible] 
and équally [lí-
kely] póssible 
evénts   

evénements  
uniquement 
possibles in-
compatibles 
deux à deux et 
également pos-
sibles  

éinzig mögli-
che páarweise 
unveréinbare 
[únvereinbare, 
únverträgliche, 
unverträgliche] 
und gléichmö-
glichen Eréig-
nisse  

единственно 
возможные 
попарно несо-
вместные и 
равновозмож-
ные события  

єдино можли-
ві парами не-
сумісні й рів-
номожливі 
події  

56. ópposite 
[còmplemén-
tary, contrary] 
evénts 

evénements m 
contraires 

entgégenge-
setzte [komple-
mentäre] Eréi-
gnisse 

противопо-
ложные собы-
тия 

протилежні 
події  

57. páirwise  
[in pairs, mú-
tually] inde-
péndent evénts 

evénements m 
indépendants 
deux à deux 

páarweise ún-
abhängige  
Eréignisse  

попарно неза-
висимые со-
бытия 

парами неза-
лежні події 

58. pèrmutátion 
of n élements  

permutation f 
de n éléments  

Permutatión (f) 
von n Elemén-
ten  

перестановка 
из n элемен-
тов  

перестановка 
з n елементів  
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59. pròbabílity probabilité f Wahrschéin-
lichkeit (f =)  

вероятность  імовірність 
[ймовірність]  

60. pròbabílity 
of a hypóthesis 
(if the resúlt of 
a tríal [of an 
expériment] is 
knówn) 

probabilité f 
d‘une hypothè-
se (si le résul-
tat d’une expé-
rience/épreuve 
d‘un essai est 
connu(e)) 

Wahrschéin-
lichkeit der 
Hypothése 
(wenn den 
Versúchsaus-
gang [das 
Versúchserge-
bnis] bestim-
mt ist) 

вероятность 
гипотезы (ес-
ли известен 
результат ис-
пытания) 

імовірність гі-
потези (якщо 
відомий резу-
льтат випро-
бування) 

61. pròbabílity 
of an evént 

probabilité 
d´un événe-
ment 

Eréigniswahr-
scheinlichkeit 
(f =); Wahr-
schéinlichkeit  
von Eréignisse  

вероятность 
события 

імовірність 
[ймовірність] 
події 

62. pròbabílity 
of occúrrence 
at least of one 
event 

probabilité f 
d’apparition f 
d’arrivée f  
d’au du 
moins seul/un 
événement  

Wahrschéin-
lichkeit (f =) 
von Éintre-
ten(e)  [von 
Éintritt(e)] 
míndestens des 
eines Eréignis-
ses 

вероятность 
наступления 
хотя бы одно-
го события 

імовірність 
[ймовірність] 
настання хо-
ча б однієї по-
дії  

63. pròbabílity 
of occúrrence 
of an evént 

probabilité f 
d’apparition  
[d’arrivée] 
d’un événe-
ment 

Wahrschéin-
lichkeit von 
Éintreten(e) 
[von Éintritt(e) 
] eines  Eréig-
nisses 

вероятность 
наступления 
события 

імовірність 
[ймовірність] 
настання по-
дії 

64. pròbabílity 
of the hypóthe-
sis 

probabilité f de 
l‘hypothèse  

Wahrschéin-
lichkeit einer 
Hypothése 

вероятность 
гипотезы 

імовірність гі-
потези 

65. pròbabílity 
théory 

théorie f [cal-
cul m] des pro-
babilités 

Wahrschéinli-
chkeitslehre f, 
Wahrschéin- 
lichkeitsrech-
nung f, Wahr-
schéinlich-
keitstheorie f 

теория веро-
ятностей 

теорія ймові-
рностей 

66. próduct produit m (in- Prodúkt (n–e)s, произведение добуток (пе-
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[còmposítion 
(ìnterséction)] 
of events 

tersection f) 
d’événements 

-e) [Dúrchsch-
nitt(m–(e)s,-e)] 
von Eréignis-
sen; Dúrchsch-
nittseréignis (n 
–ses,-se) 

(пересечение) 
событий 

реріз) подій 

67. próduct law 
of probabílity 

loi f de com-
position des 
probabilités 

Multiplika-
tionsgesetz (n) 
der Wahr-
scheinlichkei-
ten 

закон [фор-
мула] произ-
ведения веро-
ятностей  

закон [форму-
ла] добутку 
імовірностей  

68. rándom [ac-
cidental, álea-
tory, casual, 
chance, stocha-
stic] evént; ac-
cident 

evénement 
[évé-] m aléa-
toire 

Zúfallsereignis 
(n –ses,-se), 
Zúfälliges  
Eréignis  

случайное со-
бытие 

випадкова по-
дія 

69. rélative fré-
quency of an 
event 

fréquence f  
relative d’un 
événement  

relatíve Fre-
quénz (f =,-en) 
[Häufigkeit (f 
=)] eines Eréi-
gnisses 

относитель-
ная частота 
события 

відносна час-
тота події 

70. resúlt [oc-
cúrrence, óut-
come] (of a 
tríal) 

résultat m [cas 
m, issue f] 
(d’essai/d’ex-
périence) 

Versúchsaus-
gang (m –(e)s, 
..gänge) [Aus-
gang (m) (von 
Versúch(e),von 
Experimént(e), 
von Próbe]  

следствие [ре-
зультат] ис-
пытания  

наслідок [ре-
зультат] (ви-
пробування) 

71. resúlt [oc-
cúrrence, óut-
come] of a tríal 
[of an expéri-
ment]     

résultat m [cas 
m, issue f] 
d’expérience f 
d’essai m, 
d’épreuve f 

Prüfergebnis (n 
-ses,-se) [Ver-
súchsergebnis, 
Versúchsaus-
gang (m –(e)s, 
..gänge)]; Áus-
gang  [Ergéb-
nis n, Resultát 
n (–(e)s,-e)] 
von Versúch(e)  
[von Experi-
mént(e , von 
Próbe] 

результат 
[следствие] 
испытания  

результат [на-
слідок] випро-
бування 
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72. séries of n 
índepéndent 
tríals [expéri-
ments]  

série f de n 
expériences in-
dépendantes 

Réihe f [Séri¦e] 
von n únabhä-
ngigen Versú-
chen [Experi-
ménten, Pró-
ben] 

серия из n не-
зависимых 
испытаний 

серія (з n не-
залежних) ви-
пробувань 

73. statístic(al) 
dèfinítion of 
pròbabílity 

définition f 
statistique de 
probabilité  

statístische De-
finitión von 
Wahrschéin-
lichkeit  

статистичес-
кое определе-
ние вероят-
ности 

статистичне  
означення 
ймовірності 

74. statístic(al) 
pròbabílity 

probabilité f 
statistique 

statístische 
Wahrschéin-
lichkeit 

статистичес-
кая вероят- 
ность 

статистична 
ймовірність 

75. statístic(al) 
stabílity of ré-
lative fréquen-
cies 

stabilité sta-
tistique des fré-
quences relati-
ves 

statístische 
Stabilität rela-
tiver Frequen-
zen [Häufig-
keiten] 

статистичес-
кая устойчи-
вость относи-
тельных час-
тот 

статистична 
стійкість від-
носних час-
тот 

76. sum (úni-
on) of evénts 

somme f ((ré)-
union f) d’évé-
nements 

Súmme (f=,-
en) [Veréini-
gung (f =,-en), 
Zusámmen-
fassung(f =,-
en)] von Eréi-
gnissen;  Súm-
meneréignis n–
ses,-se 

сумма (объе-
динение) со-
бытий 

сума (об"єд-
нання) подій 

77. sum of pró-
ducts (únion of 
ìnterséctions) 
of evénts 

somme f de 
produits ((ré)-
union d’inter-
sections) d’é-
vénements  

Súmme (f) von 
Prodúkten (Ve-
réinigung (f =,-
en), [Zusám-
menfassung 
(f)] von Dúrch-
schnitten) von 
Ereignissen 

сумма произ-
ведений [объ-
единение пе-
ресечений] 
событий 

сума добутків 
(об"єднання 
перерізів) по-
дій 

78. tail  pile f Zahl (f =,-en) цифра [реш-
ка]  

цифра [реш-
ка]  

79. throw 
[throwing] of a 
die [rólling of 
a fáirdie]  

lancer m 
[lancement m] 
d'un dé 

Wérfen (n –s) 
eines Würfels  

бросание 
[подбрасыва-
ние] играль-
ной кости 

кидання [під-
кидання] гра-
льної кістки 
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80. throw a die lancer [jeter] 
un dé 

Würfeln  бросать [под-
брасывать] 
игральную 
кость 

кидати [під-
кидати] граль-
ну кістку 

81. toss [throw, 
flip] a coin 

lancer  [jeter] 
une pièce 

eine Münze  
(f) wérfen* 
(wérfe, wirfst, 
wirft)  

бросать 
[подбрасы-
вать] монету 

кидати [під-
кидати]  моне-
ту 

82. tótal [cóm-
posite, ávera-
ge] pròbabílity 

probabilité f 
complète [to-
tale]  

totále [vóll-
ständige] 
Wahrschéin-
lichkeit 

полная веро-
ятность 

повна ймовір-
ність 

83. tríal [expé-
riment]  

essai  m ép-
reuve f, expé-
rience f  

Versúch (m –
(e)s,-e) [Ex-
perimént (n –
(e)s,-e); Próbe 
(f =,-n)]  

испытание 
[эксперимент, 
опыт]  
 

випробування  

84. úncondí-
tional ábsolu-
te pròbabílity 

probabilité f 
incondition-
nelle absolue 

únbedingte 
[absolúte] 
Wahrschéin-
lichkeit 

безусловная 
[абсолютная] 
вероятность  

безумовна 
абсолютна 
ймовірність 



  
LECTURE NO. 3.  RANDOM VARIABLES 

LE TROUSIEME COURS. VARIABLES ALEATOIRES 

DRITTE VORLESUNG. ZUFALLSGRÖßEN 

 
POINT 1. A RANDOM VARIABLE. Variable aléatoire. Zufallsgröße. 

POINT 2. BERNOULLI [BINOMIAL] DISTRIBUTION. Distribution de 

Bernoulli [distribution binomiale]. Bernoullische Verteilung [Binomialverteilung].   

POINT 3. LAPLACE LOCAL AND INTEGRAL THEOREMS. Théorèmes 

local et intégral de Laplace. Laplaceschere lokaler und integraler Theoreme. 

POINT 4. POISSON FORMULA AND DISTRIBUTION. Formule et 

distribution de Poisson. Poissonsche Formel und Verteilung. 

 

POINT 1. A RANDOM VARIABLE 

 
Def. 1. A random variable is called a variable which takes on some value in 

any trial and this value isn’t known beforehand [in advance]. 

We’ll denote random variables by letters ,...,,   and their possible values by 

x, y, z, … . 

 We’ll study discrete and continuous random variables.  

Def. 2. A random variable is called discrete one if it can take on only separate 

isolated possible values (with some probabilities). 

Ex.1. A number ξ of occurrences of an event A in one trial: ξ = 1 if A occurs, 

and ξ = 0, if A doesn’t occur (that is an opposite event A  occurs);  

   APP  ,      APAPP  . 

Ex. 2. The number of students on the lecture. 

Ex. 3. The daily production of some factory (in items). 

Definition of a continuous random variable will be given below. Now we’ll 

only say that its possible values completely fill some interval. 

Ex. 4. The human height and weight. 

Ex. 5. The size of an item. 
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Ex. 6. The error of measurement. 

Def. 3. The distribution [the distribution law, the law of distribution, the law] 

of a random variable is called a rule which sets a correspondence between its possible 

values and corresponding probabilities. 

The distribution law of a random variable can be expressed: 

1) analytically by a formula (for example knkk
n qpCkP  )( ); 

2) tabularly (by the distribution table for discrete random variables); 

3) geometrically (by distribution polygon for discrete random variables, by 

graph of the distribution function or density (see below)). 

The distribution table of a discrete random variable   (with finite number n 

of possible values) has the next form: 

  x  x  … nx  

ip  p  p  … np   
Its first row contains all possible values of the random variable, and the second row 

contains corresponding probabilities of these values. The notation ix  means that 

the random variable   takes on a value ix . Events 

     nxxx   ,...,, 21  

are pairwise disjoint and form a total group. Therefore, the sum of their probabilities 

     nn xPpxPpxPp   ,...,, 2211  equals 1, 

  np...pp . 

The distribution polygon of a discrete random 

variable is a broken line [a polygonal line, an open 

polygon] which is generated by successive joining of 

the points      nnn p;xA,...,p;xA,p;xA   (fig. 1). 

Ex. 7. An urn contains 7 balls (namely 3 white 

                  Fig. 1                    and 4 black balls). One at random draws 3 balls. Find 

the distribution law of the number   of white balls which can be taken from the urn. 

Possible values of the random variable   are 0, 1, 2, 3. We determine corre-

sponding probabilities 
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       3,2,1,0 4321   PpPpPpPp  

with the help of the classical definition of probability. Elementary events (chances) 

for every of these four cases are sets of 3 balls that is 3-fold combinations of 7 ele-

ments. Hence the general number of chances equals 

35
321
5673

7 



 Cn . 

Numbers of favourable chances are represented in the table 

Event Number of favo-

rable chances 

Explication 

0  41
4

3
41  CCm  One can take 0 white (and so 3 black) balls by 

the number of 3-fold combinations of 4 elements  
1  183 2

42  Cm  One can take 1 white ball by 3 ways and 2 black 
balls by 2

4C  ways 
2  1242

33  Cm  One can take 2 white balls by 2
3C  ways and 1 

black ball by 4 ways 
3  14 m  One can take 3 white balls in one unique way 

 

Numbers 32 , mm  are calculated with the help of the main principle of combina-

torics. 

The distribution law of the random variable   is represented by the next distri-

bution table: 

  0 1 2 3 

ip  35411  nmp  351822  nmp  351233  nmp  35144  nmp  

The sum of obtained probabilities equal 1: 

1351351235183544321  pppp . 

The most probable value of the random variable is 1 . 

The distribution polygon of the random variable   is shown on the fig. 2 a. 

Ex. 8 (trials to the first success). Let's fulfil trials until the first success A (that 

is until the first occurrence of some event A). Probability of the success is constant 

one (   pAP  const ), and the number of trials is limited by some number n. 
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Determine the distribution law of a random variable   namely the number of 

really realized trials. 

 

                         Fig. 2 a                               Fig. 2 b 

  

We suppose for example that one has 4 cartridges and shoots at a target to the 

first hitting with the hitting probability 0.6. Find the distribution law of a random va-

riable   which means the number of shots which can be done in reality. 

 Let the success A be a hitting in a target, so A  be a miss. Possible values of the 

random variable   are 1, 2, 3, 4. It can be easily seen the validity of equalities 

        AAAAAAAAAAA,AAA,AA,A   . 

Probabilities of these events are equal 

           
         
          0.064.0.40.40.44

0.60.40.4
0.24;0.60.4

4

3



 

AA/APA/APAPAAAPPp
;.AA/APA/APAPAAAPPp

A/APAPAAPPp;.APPp





 

Now we can compile the distribution table of the random variable . 

  1 2 3 4 
ip  1p  = 0.6 2p  = 0.24 3p  = 0.096 4p  = 0.064 

The most probable value of   is 1. 

Let’s test the distribution table by adding the probabilities of all values of the 

random variable  :  

4321 pppp   = 0.6 + 0.24 + 0.096 + 0.064 = 1. 

The distribution polygon of the random variable   is shown on the fig. 2 b. 
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POINT 2. BERNOULLI [BINOMIAL] DISTRIBUTION 

 

Def.4. Let a random variable ξ be the number of successes (the number of oc-

currences of some event A) in n independent trials with constant probability of the 

success A in any trial 

       11const pAPqAPpAP  .  

One says that ξ is distributed binomially (by Bernoulli1 [binomial] law) or simply:  

ξ is Bernoulli (binomial) distribution (briefly:   distr. B). 

Let’s find a probability    kPkP n , that is the probability of k successes. 

We’ll get so-called Bernoulli formula: 

                                          knkk
nn qpCkPkP  )()( .              ( 1 ) 

■For simplicity let  k,n , and it is a matter of the probability  P . 

The event    can be represented as follows 

  AAAAAAAAA  . 

It is a sum of 
 C  pairwise disjoint summands2 with the same probability.  For ex-

ample,         2322  qpqpqppAPAPAPAAAP . Hence,  

2322
3

2323)2(   qpCqpP  .■ 

Note 1. For ,...,,k  the value of the probability (1) first increases and then 

decreeses, and therefore there exists so-called the most probable number 0k  of suc-

cessses. It is defined by the next double inequality 

                                               pnpkqnp  0 .                 ( 2 ) 

Note 2 (to the name of binomial distribution). Numbers k
nC  in Bernoulli for-

mula are coefficients of Newton binomial (so-called binomial coefficients) 

  nn
n

nn
n

nnnn
nn

n
n

nn bCb,aCaa,b...baCbaCaba   , 

                                            
1 Bernoulli, Jacob (1654 - 1705), the famous Swiss mathematician 
2 The number of 2-fold combinations of 3 places. 
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nn

n
nnn

n
nn bCbbaCaa  1,1 0 . 

Note 3. Probability of no less than k  and no greater than k  successes equals 

                   2112121 ...1, kPkPkPkkPkkP n            ( 3 )  

because of          k...kkkk  , and the ad-

dends of the sum are pairwise disjoint events. Their probabilities we can find by Ber- 

noulli formula (1). 

Ex. 9. 6 independently working engines are installed in a shop. Probability for 

any engine to work at a given moment is 0.8. Find the distribution of a random va-

riable   which is a number of working engines at this moment. Find the probabilities 

of at least one engine to work, of no less than 2 and no greater than 5 engines to work 

and the most probable value of ξ. 

 We can consider setting of an engine as a trial. So we have n = 6 independent 

trials. Let a success A mean that an engine works. 

  2.01,8.0  pqpconstAP . 

The random variable   has Bernoulli distribution (briefly “ distributed B”), it can 

take on the values  ,,,,,, , which one calculates by Bernoulli formula (1). For 

example 

  00006.02.00)0( 660600
66   qqpCPP  ,

  08192.02.08.0
321
4563)3( 333633

66 



 qpCPP  . 

By the same way the other probabilities are calculated, and the distribution table of 

the random variable is the next one 

ξ 0 1 2 3 4 5 6 
ip  0.00006 0.00154 0.01536 0.08192 0.24576 0.39321 0.26214 

The probability of at least one engine to work equals 

        99994.000006.011010110 6  qPPPP  . 

The most probable value of  , k , we see in the table. Evaluation of k  by 

the formula (2) gives 8.08.062.08.06, 00  kpnpkqnp , whence it 
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follows that .56.56.4 00  kk  

Probability of no less than 2 and no greater than 5 engines to work on the base 

of the formula (3) equals 

            54325,252 6  PPPPPP  

74.073625.00.393210.245760.081920.01536   

Ex. 10. Probability of a boy birth is 0.51. Find the probability to have two boys 

for a family with 5 children and the most probable number of boys. 

It is useful to solve the problem by the next scheme.  

1. A trial is a child birth. 

2. We nave n = 5 independent trials. 

3. A success A is a boy birth. 

4. The probability of the success 

   .pqpconst.AP . 

5. Let’s introduce a random variable ξ, namely the number of boys. 

6. ξ distributed B, and we must find the probability  P . 

On the base of Bernoulli formula (1) 





 



 ...qpCqpC)(P)(P  . 

The most probable number of boys 

  k.k.,..k.. . 

Ex. 11 (inverse problem). Probability of a boy birth equals 0.51. How many 

children must have a family to have at least one boy with probability no less than 

0.99?  

A random variable ξ is a number of boys among n children. We have to find n 

from the condition 

   .P  . 

But  

      nnn
n .qqpCPPP   , 
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and it’s a matter of solving the inequality  ..,.. nn . Taking the 

logarithm we get 



 .
.lg

n.lgn,.lg.lg n . 

Answer: the minimal value of n is 4min n , therefore n . 

Bernoulli formula (1) isn’t convenient for large number n of trials. There are 

some approximate formulas. 

 

POINT 3. LAPLACE1 LOCAL AND INTEGRAL THEOREMS 

 

Laplace local theorem gives an approximate value of the probability 

   kPkP n  

of k successes in n independent trials (with constant probability p of the success in 

any trial). Namely, for large n we can substitute Bernoulli formula (1) by the next ap-

proximate one: 

                                              


 x
npq

kPkP n  ,                           ( 3 ) 

where  

                                                          npq
npkx 

                                            ( 4 ) 

and 

    









x

e)x(


                             ( 5 ) 

is so-called small Laplace function. Let’s in-

vestigate and plot it. 

                          Fig. 3                                     1. Domain of definition and continuity 

of the function is   , . Its graph doesn’t have vertical asymptotes. 
                                            
1 Laplace, P.S. (1749 - 1827), a French mathematician, physicist, and astronomer 



            Random Variables      55 
 2. The function is even one, that is 

 xx   )( , 

and therefore its graph is symmetric with respect to the Oy -axis. We can investigate 

the function only over the interval  ,0 . 

3. The function is positive for all   ,0x . 

4. The point   Oy;A    is unique common point of the graph with coor-

dinate axes. 

5.   0lim
2
1lim 2

2






x

xx
ex


  and therefore (the right part of ) the graph has 

the horizontal asymptote 0y  (the Ox-axis). 

6. The first derivative of the function 

    0
2
1 2

2




xxxex
x




  

for   ,0x  and so the function decreases on the interval  ,0  and doesn’t 

have local extrema.  

7. The second derivative of the function 

               12  xxxxxxxxxx  . 

It equals zero at the point 1x , is negative over the interval  1,0  and positive over 

the interval  ,1 . The graph of the function is convex over the interval  1,0 , con-

cave over the interval  ,1  and has an inflexion point for 1x  that is the point 

     24.021,21;11;1  eeCC  . 

The graph of the function  xy   is represented on the fig. 3. The function is 

tabulated one. For example 

        0001.099.3,0002.09.3,0044.03,0540.02   . 

We can suppose   0x  for 4x .  

 

Integral Laplace theorem gives an approximate value of the probability of hit-
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ting of values of Bernoulli distribution in a segment  21, kk . Namely for large n we 

can substitute the exact formula (3) by the next approximate formula:  

                                       122121 , xxkkPkkP   ,              ( 6 ) 

where  

                                       
npq

npkx
npq

npkx 



 2

2
1

1 , ,     (7) 

and a function 

                                                   



x t

dtex
0

2

2

2
1


     (8) 

is so-called Laplace function (or normed Laplace function).  

Let’s investigate Laplace function and plot its graph. 

1. Domain of definition and continuity of the function is the set of all real 

numbers. Its graph doesn’t have vertical asymptotes. 

2. The function is odd one, that is    xx  . 

■    xdze
xz
xt

dzdt
zt

dtex
x zx t







 





0

2

0

2

22

2
1

0
0,

2
1


.■ 

Oddeness of the function means that its graph is symmetric in respect to the origin, 

and we can investigate the function only over the interval  ,0 . 

3. The function is positive for all positive values of x because its integrand is 

continuous and positive one. 

4. The origin of coordinates is unique common point of the graph with coordi-

nate axes. 

5. Limit of the function for x  equals 0.5, and therefore (the right part of) 

the graph has a horizontal asymptote 5.0y . 

■To prove the property we’ll take into account Poisson integral 

                                              
20

2 



 dxe x .                                            ( 9 ) 

Now we’ll do as follows: 
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 
2
1

2
1

2
2

0
0

2
,2

2
1lim

00

2
2

2








 












dye
y
t

dydt
ytdtex y

t

x
.■ 

          6. The first derivative of Laplace function is equal to that of small Laplace 

function,  

    0
2
1 2

2




xex
x




 

For 0x , and so the function increases on the interval  ,0  and hasn’t local ex-

trema.  

7. The second derivative of Laplace function equals 

      0  xxxx   for 0x , 

and therefore its graph is a convex line over the interval 

 ,0 . 

The graph of the function  xy   is represented 

on the fig. 4.  

              Fig. 4                             Laplace function is that tabulated. For example, 

      499968.04,49865.03,4772.02  . 

It means that the function increases to 0.5 very quickly, and we can suppose 

  5.0 x  for 5x . 

Ex. 12. Probability of boy birth 0.51. Find probabilities for a) 50, b) not less 

than 50 boys to born if 100 children were born. 

Solving the problem we use the same scheme as in Ex. 9, 10.  

1. A trial is a child birth. 

2. We nave n = 100 independent trials. 

3. Success A is a boy birth. 

4. Probability of the success    .pqpconst.AP . 

5. Let’s introduce a random variable ξ, namely the number of boys. 

6. ξ distributed B, and we must find the probabilities       P,P  

  P . 
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Using Laplace local and integral theorems we have 

,.np   

5,99.2449.051.0100  npqnpq ,

       



















 


....x

npq.
npq

npkx

,k
P  , 

   

    .....Φ.Φ

.
npq

npkx,k

,.
npq

npkx,k
xΦxΦ)(P





























  

Ex.13 (inverse problem). Probability of a success A in independent trials equals 

p = 0.05. How many trials it’s necessary to fulfil to have no less than 5 successes with 

probability not less than 0.8. 

Let ξ be a number of successes. We have to find n (a number of trials) to satis-

fy the next inequality 

8.0)5(  nP  . 

Here 

n.
n.

n.
npq

npnx,
n.

n.
n.
n.

npq
npx 



















 
5 , 

and by Laplace integral theorem 

  .
n.

n.Φn.Φ)n(P 








 5  

We can suppose n so large that 53.4 n  (it’s sufficient to suppose 2n ; by the 

condition 5n  and so 6.93.4 n ). Hence we must solve the inequality 




















 .

n.
n.Φ.

n.
n.Φ.)n(P 5or5 . 

Using the table of Laplace function and the property of its increasing we get 

144,1284.0
22.0

505.0


 nn
n

n . 
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Answer. Minimal value of n is 144. 

Ex. 14. The probability of the deviation of the relative frequency of an 

event A from its probability p = P(A) (in n independent trails with constant probabi-

lity P(A) = const = p of the event) can be find by the next formula 

                       









pq
nΦp)A(PP)A(P)A(PP *

n
*
n                    ( 10 ) 

■Let a random variable ξ be a number of occurrences of the event A. Then its 

relative frequency equals  
n

AP*
n

 , and with the help of Laplace integral theorem 

we obtain 

      






   nnpPp
n

PAPAPP *
n  

  













pq
n

npq
npnnpx

pq
n

npq
npnnpx

npnnnpPnnpnP






1

2

)(  





























pq
nΦ

pq
nΦ

pq
nΦ  .■ 

         If for example 

   .,.pAP,n  , 

then the formula (10) gives 

  









 ...Φ
..

.Φ).|.)A(P(|P * . 

Ex.  15. Probability for an item to be imperfect is 0.03. How many imperfect 

items are contained in a batch of 100 items with probability 0.9? 

 Let a random variable ξ be a number of imperfect items in a batch, and a suc-

cess A means that an item, taken at random, is imperfect one. The problem can be re-

duced to finding of some number   and possible values of ξ from the next equality 
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9.0






   p
n

P  

or, by virtue of the formuls (10), 

9.02 















 
pq
np

n
P  . 

By conditions of the problem we have p = P (A) = 0.03, q = 1 – p = 0.97, n = 100, 

and therefore 

9.0
97.003.0

100203.0
100


















  P . 

a) Using the equality 

9.0
97.003.0

1002 









   

we at first find the value of  , namely 

  028.065.162.58,45.062.58   . 

b) Now we find possible values of ξ with the help of the relation 








 


...P  , 

from which with the probability 0.9  




,. , 8.52.0,8.238.2,8.23   . 

Answer. With the probability 0.9 there are no less than 1 and no greater than 5 

imperfect items in a batch. 

Ex. 16. Probability for an item to be imperfect is 0.03. How many items is it 

necessary to take in order that the deviation of the relative frequency of imperfect 

items from probability of item imperfection were no greater than   = 0.02 with pro-

bability no less than 0.9. 

Let an event A mean that an item is imperfect, p = P(A) = 0.03, q = 0.97.  

       ,.n.Φ,.
..

n.Φ.APAPP *
n 










  
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 minn.n,.n,.n. . 

 

POINT 4. POISSON FORMULA AND DISTRIBUTION 

 
 Let a random variable ξ be distributed B. Let’s suppose that the number n of 

trials tends to infinity, the probability p of a success A goes to zero, but a product np 

retains constant, 

n ,   ,0 APp aconstnp  . 

In this case the limit of the probability    kPkP n , which is defined by Ber-

noulli formula (1), equals 

                     a
k

knkk
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0,0,

 .                               ( 11 ) 

■ It follows from the equality anp   that napqnap  11, . Hence  
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Def. 5. One says that a discrete random variable ξ (with non-negative integer 

possible values) has Poisson1 distribution with a parameter a if its distribution law is 

                                            
1 Poisson, Simeon Denis (1781 - 1840), a French mechanic, physicist, and mathematician 
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given by the next formula (Poisson formula): 

                                              
a

k

e
!k

a)k(P  .           (12) 

Probabilities in the formula (12) are tabulated (see table 1). 

Table 1. Probabilities 
a

m

e
m
amP 

!
)(  (Poisson distribution) 

 
The next conclusion follows from the formulas (11), (12). 

Let a random variable ξ have Bernoulli distribution (short: ξ is distributed B), 

the number of trials n is large, the probability p of a success is small and np . In 



            Random Variables      63 
this case we can consider ξ as having Poisson distribution with the parameter a = np 

and use the formula (12) instead (1). By this reason Poisson distribution is sometimes 

called the law of rare events. 

Ex. 18. 500 items are sent. Probability of damage of an item in the trade is 

0.002. Find the probabilities: a) 3, b) less than 3, c) more than 2 items are damaged; 

d) at least one item is damaged. 

 We have n = 500 independent trials, a success A is a damage of an item, p = 

= P (A) = 0.002 = const, a random variable ξ is a number of damaged items. ξ is di-

stributed B, but n is large, p is small, np = 1. Therefore we can consider ξ as Poisson 

distribution with a = 1 and make use of Poisson formula (12). 

a)    .P  ; b)             PPPPP  

 .... ; c)      ..PP 22   

d)        ..PPP  . 

              



  

LECTURE NO. 4. THE DISTRIBUTION FUNCTION AND DENSITY 

LE QUATRIEME COURS. FONCTION ET DENCITE DE DISTRIBUTION 

D'UNE VARIABLE ALEATOIRE. 

VIERTE VORLESUNG. VERTEILUNGSFUNKTION UND VERTEILUNGS-

DICHTE VON ZUFALLSGRÖßE 

 
POINT 1. THE DISTRIBUTION FUNCTION OF A RANDOM VARIA-

BLE. La fonction de distribution d'une variable aléatoire. Die Verteilungsfunktion  

von Zufallsgrösse.  

POINT 2. THE DISTRIBUTION DENSITY OF A RANDOM VARIABLE. 

La dencité de distribution d'une variable aléatoire. Die Verteilungsdichte von Zufalls-

grösse. 

POINT 3. A FUNCTION OF A RANDOM VARIABLE. Une fonction d'une 

variable aléatoire. Eine Funktion einer Zufallsgrösse. 

 

POINT 1. THE DISTRIBUTION FUNCTION OF A RANDOM VARIABLE 

 
The distribution function is the most general form of the distribution law of a 

random variable ξ. 

Def. 1. The  distribution function1 of a random variable ξ is called a function: 

                                             ),()()( xPxPxF   .    (1) 

The distribution function  xF  is the probability for the random variable ξ to take on 

values which are less than x or the probability of hitting of the random variable in the 

infinite interval (the half-axis)  x,  (fig. 1)   

Ex.1. Distribution function of a dis-

crete random variable  with finite number 

                           Fig. 1                              of possible values. Its distribution law is gi-

ven by a distribution table. 

                                            
1 Or: accumulated distribution, cumulative distribution, cumulative distribution function, cumulative frequency func-
tion, íntegral dìstribútion [partítion] fúnction, partition function.  
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ξ x1 x2 … xi xi+1 … xn 

pi p1 p2 … pi pi+1 … pn 

It’s known that 

1...21
1




n

n

i
i pppp . 

We’ll as the rule suppose that all values of the 

random variable are arrainged in order of magnitu-

de, that is 

nxxx  ...21 . 

At first let 1xx  (fig. 2). In this case the event 

                   Fig. 2                        x  is impossible one, and therefore 

    0 xPxF  . 

Now let 1 ii xxx  (see fig. 2). In this general case 

           ixxxPxPxF  ...21  

      ii pppxPxPxP  ...... 2121  . 

If finally nxx  , then 

          1...... 2121  nn pppxPxPxPxPxF  . 

We have established the next result: 
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43321

3221
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nnn

nnn

xxpppp
xxxppp

xxxppp
xxxpp
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xF               ( 2 ) 

or in the compact form 

                                                            



xx

i
i

pxF .                                                  ( 3 ) 
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We see that the distribution function  xF  of a discrete random variable   is  

equal to the sum of probabilities ip of such possible values of   which are less than x. 

The graph of the distribution function (fig. 3) is a system of segments which 

are parallel to the Ox -axis and have deleted left end-points, namely: 

       nxxyxxxppyxxxpyxxy   ,...,,...,, . 

        Fig. 3 

Ex.2. Firing at a target to the first hitting with hitting probability 0.6 and with 

four cartridges (see Ex. 8 of the preceding Lecture). 

ξ 1 2 3 4 

pi 0.6 0.24 0.096 0.064 

The distribution function of the random variable  , namely of the number of 

shots which can be done in reality, and its graph are given as follows: 

        























.41
,43936.0096.084.0
,3284.024.06.0
,216.0

,10

xif
xif
xif
xif

xif

xF   

                     Fig. 4 

Properties of the distribution function 
 

1. The distribution function, being a probability, lies between 0 and 1 [ranges 

from 0 to 1]: 

  10  xF . 
2. The event   is impossible one, and so we can accept by definition that 
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  0F . 

3. The event   is certain one, and we accept by definition that 

  1F . 

4. Probability of hitting of a random variable   in a half-interval  ba, : 

                                           aFbFbaPbaP  , .                             ( 4 ) 

■ The event 

  bb ,)(    

equals the sum of two disjoint [exclusive, incompatible] events, namely 

  aa ,)(    and       baabbaba   )()(,  

and therefore 

  )()())(()( baPaPbaaPbP   . 

On the base of the formula (1) we can rewrite this latter equality in the form 

     baPaFbF    

whence it follows the required formula (4).■ 

Corollaries: 

                                   aPbaPbaPbaP   , ,                ( 5 ) 

                                    bPbaPbaPbaP   , ,                 ( 6 ) 

                             bPaPbaPbaPbaP   , .         ( 7 )                     

5. Probability of a separate value of a random variable ξ. 

Let’s represent the probability of a separate value a of a random variable ξ as 

the next limit (the right limit) at the point a, 

)(lim)(lim)(
0

baPbaPaP
abab




 . 

By virtue of the formula (4) we’ll get either zero if the distribution function  xF  is 

continuous one at the point a, or some non-zero number A, namely 

               
   
   















 .limif
,limif

0
0

limlim)( aFbF
aFbF

A
aFbFaFbFaP

ab

ab
abab

   ( 8 ) 
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Def. 2. A random variable is called that continuous if its distribution function 

F(x) is continuous at all points of the set of real numbers. 

For continuous random variable 

           aFbFbaPbaPbaPbaP    

or 

               aFbFb,aPb,aPb,aPb,aP   . 

In this case we can substitute all the formulas (4) – (7) by the next one 

                                                 aFbFbaP  ,                                          ( 9 )                                      
if we’ll denote by  ba,  an interval with the end points a, b (no matter the points a, 

b belong or not to the interval). 

6. Distribution function never decreases. 

■Let 21, xx  be two values of x and 21 xx  .  Making use of the formula (4) we 

obtain 

         122112 ,0 xFxFxxPxFxF   , 

and therefore the distribution function doesn’t decrease.■ 

The graph of distribution function lies in the strip between the straight lines 

1,0  yy  and doesn’t steep [doesn’t go down]. In the case of continuous random 

variable it’s a continuous non-steeping curve.  

Ex. 3. In Ex. 9 of the preceding Lecture we’ve found the distribution law of the 

random number   of working engines 

ξ 0 1 2 3 4 5 6 
ip  0.00006 0.00154 0.01536 0.08192 0.24576 0.39321 0.26214 

 

Let’s compile the distribution function of the random variable   and with its help 

find the next probabilities: a) no less than 2 and less than 5 engines work; b) greater 

than 2 and less than 5 engines work; c) no less than 2 and no greater than 5 engines 

work; d) less than 2 and no greater than 5 engines work. 

On the base of the formula (2) the distribution function of   is 
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 






































.6
,65
,54
,43
,32
,21
,10

,0

199999.026214.073785.0
73785.039321.034464.0
34464.024576.009888.0
09888.008192.001696.0
01696.001536.000160.0
00160.000154.000006.0

00006.0
0

x
x
x
x
x
x
x

x

if
if
if
if
if
if
if
if

xF  

Probabilities a) – d) we calculate by virtue of the formulas (4) - (7) namely: 

a)       34304.000160.034464.02552  FFP  ; 

b)       32768.001536.034304.025252   PPP  ; 

c)       73625.039321.034304.055252   PPP ; 

d)       72089.039321.032768.055252   PPP . 

We notice that the result of c) coincides with that in Ex. 9 of the Lecture No. 3. 

Ex. 4. Let’s calculate the known probability   ii pxP  of a discrete random 

variable of Ex. 1 with the help of the formula (8). We’ll have 

          iiiiixxi ppppppppxFxFxP
i

  1211210
......lim . 

Ex. 5. Given the distribution function of a continuous random variable    

 













.1
,11

,1

if
if
if

1
arcsin

0

x
x

x
bxaxF  

It’s required to find: a) the values of the parameters a and b; b) probability of hitting 

of the random variable   in the interval  23,21  (that is in the interval with 

the end points 23,21 ). 

a) By virtue of continuity of the random variable its distribution function is 

continuous for all x and therefore must have the same unilateral limits at the points 

1,1  xx , 

       xFxFxFxF
xxxx 01010101
limlim,limlim


 . 



Distribution Function and Density 70 

But 

        1lim,
2

lim,
2

lim,0lim
01010101




xFbaxFbaxFxF
xxxx

 , 

and we get the next system of equations in a, b: 













.1
2

,0
2

ba

ba





 

It is obviously that 
2
1,1

 ba


, and so 

 














.1
,11

,1

if
if
if

1
2
1arcsin1

0

x
x

x
xxF


 

 The graph of the distribution function is 

represented on the fig. 5. The function increa- 

                       Fig. 5                             ses on the segment  1,1 , its graph is convex 

over the interval  0,1  and concave over the interval  1,0 . We can see these facts 

if we study signs of the first and second derivatives of the function, 

 












 ;11if0

1
11

,1if0

2
x

x

x
xF


 

 
 


















.10if0
,01if 0

,1if

11
1

0

22 x
x

x

xx
xxF


 

 b) Now we find the required probability using the formula (9) 








 









































2
1

2
1arcsin1

2
1

2
3arcsin1

2
1

2
3

2
3,

2
1


 FFP  

2
1

2
1

6
1

2
1

3
1








 












 







. 

 
 



Distribution Function and Density 71 

POINT 2. THE DISTRIBUTION DENSITY OF A RANDOM VARIABLE 

 
 Let ξ be continuous random variable and  xF  its distribution function. The 

probability of hitting of the random variable in an infinitely small interval 

 xxx,  (fig. 6) 

            x                x+∆x           x  by the formula (9) equals 

                   Fig. 6                           )()()(),(
)9(

xFxFxxFxxxP  . 

The average density of this probability on the interval  xxx,  equals 

 
x
xF

x
xFxxFxfav 








)()()( ; 

its limit as ∆x goes to zero is the density of probability at the point x, 

     xF
x
xF

x
xFxxFxfxf

xxavx













)(lim)()(limlim
000

. 

Def. 3. The distribution density1 (the density of probability) of a continuous 

random variable   is called the derivative of its distribution function, 

                                                          xFxf  .                                                  ( 10 ) 

It follows from the definition 3 that: 

1. The distribution function of a continious random variable is a primitive (an 

antiderivative) of its distribution density. 

2. Accurate [with an accuracy] to infinitely small of higher order 

                                             dxxfdxxxP )(),(  ;                                   ( 11 ) 

the express in the right side of the formula (11) , namely 

                                                             dxxf )( ,                                                      ( 12 ) 

is called a probability element. It's the differential of the distribution function of the 

random variable which we consider, 

   dxxFxdFdxxf )( . 

                                            
1 Or: density, density function, density of distribution, dìstribútion density of probabilities, dìfferéntial dìstríbutive fúnc-
tion, elementary probability law, frequency distribution function, partítion dénsity, partítion dénsity of probabilities, 
probability density (function), relative distribution function, relative frequency function. 
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Properties of the distribution density 
 

1. The distribution density is non-negative function, 

                                                              0xf .                                                     ( 13 ) 

■This fact immediately follows from non-decreasing of the distribution func-

tion and the definition 3.■ 

2. The probability of hitting of a continuous random variable   in an interval 

 ba,  with end-points a and b can be represented in terms of its distribution den-

sity        

                                             
b

a

dxxfbaP )(),(                                          ( 14 ) 

■Validity of the property follows from the formula (9) and Newton-Leibniz 

formula because the distribution function is a primitive of the distribution density. It 

can be proved in other way, that is with the help of summation [accumulation, add-

ing, addition] of probability elements (12).■ 

The definite integral in the formula (14) 


b

a

dxxf )(  

must be considered as improper one if the distribution density  xf  has discontinuity 

points. 

The formula (14) can be extended on the cases  ba , . 

3. Expressing the distribution function through the distribution density. Extend-

ing the formula (14) on the case a  we get  

                                            dxxfxPxF
x




 , .                                   ( 15 ) 

4. If we extend the formula (14) on the case  ba ,  and take into ac-

count the formula (15) and the property 3 of the distribution function, we’ll obtain 

very important formula 
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                                                        




1)( dxxf .                                                 ( 16 ) 

If a non-negative function  xf  satisfies the condition (16), it can be conside-

red as the distribution density of some continuous random variable. 

Ex. 6. Let there be given a function   2xAexf  . Find the value of the pa-

rameter A so that the function can be the distribution density of some continuous ran-

dom variable. Find and graph its distribution function. 

The function in question is non-negative one. To be the distribution density it 

must satisfy the condition (16). Using Poisson integral we find the value of A 

 


 11
2

 









AAdxeAdxxf x , 

  21 xexf 


, 

and by virtue of the formula (15) the distribution function of the random variable is 

    







x

x
x

dxedxxfxF
21


. 

The graph of the distribution density  xf , up to the scale coefficient 1 , co-

incides with Gaussian curve (see Lect. No. 17, Ex. 14, fig. 19). To plot the distri-

bution function  xF  let’s observe:  

a)       5.0
2

110,1lim,0lim
0

2
 










dxeFxFxF x

xx
, that is the  

graph of the function has two horizontal asymptotes y = 0 (for the left part), y = 1 (for 

the right part) and passes through the point 

 5.0;0  of the Oy-axis; 

b)     01 2
 xexfxF


, so the 

function  xF  increases and has a rising [an 

                          Fig. 7                               ascending] graph; 
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c)          















 

,00
,00

2121 22

xfor
xfor

xfxexexfxF xx


 

hence the graph of the function is concave over the interval  0,  and convex over 

the interval  ,0 . 

The distribution function  xF  is plotted on the fig. 7. 

Ex. 7. The same problem for the function 

 

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





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,2

if
if

0
cos




x
xxA

xf  

On the base of the condition (16) 

    
2
1211sin0cos01
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2
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2
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xxxf  

Futher we make use of the formula (15) for three cases:  

a) 2x  ; b) 22   x ; c) 2x  (fig. 8.1 a, b, c). 

a) In the first case ( 2x ) 

  00  


x

dxxF ; 

b) in the second case ( 22   x ) 

      xxxxdxdxxF
xx

sin1
2
11sin

2
1sin

2
1cos

2
10

22

2









 




; 

c) in the last case ( 2x ) by the sense of finding of the parameter A 

  10cos
2
10

2

2

2

2

 






 







dxxdxdxxF . 
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Thus the distribution function of the random variable is given by the formula 

   
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1
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xxF  

To plot the distribution function and density we find their corresponding de-

rivatives. 

a)    
;

2

,
2

if
if

0

0cos
2
1













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x

xxxfxF   xF  increases on  2,2  . 

b)    













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x
xxfxF   

the graph of the function  xF  is concave over  0,2  and convex over  2,0  ; 

the function  xf  increases on  0,2 , decreases on  2,0   and has a local ma-

ximum 21  at the point 0x . 

c)  











;

2
if

,
2

if

0

0cos
2
1





x

xxxf   

the graph of the function  xf  is convex over the interval  2,2  . 

The graphs of the functions  xF ,  xf  are represented on the fig. 8.2, 8.3.  

Ex. 8. Solve the same problem for the function 

 
                  Fig. 8.1                  Fig. 8.2                Fig. 8.3 
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Answer. 83A , 
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Ex. 9. Find and graph the distribution density of the random variable which 

we’ve studied in Ex. 5. 

The distribution function of the random variable is 

 
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Its distribution density by the definition 3 (see the formula (10)) equals 

   
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To graph the distribution density  xf  we’ll notice: 

a)     


xfxf
xx 0101
limlim ; the part of the graph over the interval  1,1  

has two vertical asymptotes namely 1,1  xx ; 

b) 

   
 
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


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



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.10if0
,01if 0
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0

22 x
x

x
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the function  xf  decreases on the interval  0,1 , increases 

on  1,0  and has a local extremum 1  at the point x = 0; its 

            Fig. 9              graph descends over  0,1  and ascends over  1,0  and pas- 
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ses through the point  1;0  of the Oy-axis. 

c)  
 













 ;11if0

11
211

,1 if 0

222

2

x
xx

x
x

xf


 

the curve of the function  xf  is concave over the interval  1,1 . Its graph is repre-

sented on fig. 9. 

 
 

POINT 3. A FUNCTION OF A RANDOM VARIABLE 

 
 Let a random variable η be a function of a random variable ξ,  

   . 

It’s necessary to find the distribution law of η knowing that of ξ. 

At first let ξ be a discrete random variable with the distribution table 

  x  x  … nx  
 ii xPp     11 xPp     22 xPp    …  nn xPp    

 

a) If a function  xy   is monotone one, then to any value ix  of   there 

corresponds unique value  ii xy   of   with the same probability as that of ix , 

       iiiii pxPxPyPq   . 

Hence the distribution table of the function     in this case is 

     11 xy    22 xy   …  nn xy   
    iii xPyPq    11 pq   22 pq   … nn pq   
 

b) If a function  xy   isn’t monotone one, then to some value iy  of the 

random variable     there can correspond several values 
kiii xxx ,...,,

21
of the 

random variable  . In this case to find the probability of the value iy  we must 

take the sum of all the probabilities of those values of  , 

        
kk iiiiiii pppxxxPyP  ......

2121
 . 
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Ex. 10. Compiling the distribution law of the function   2   of a dis-

crete random variable   (see the next two tables). 

  -2 -1 0 1 2 3 2   0 1 4 9 

ip  0.1 0.2 0.1 0.3 0.2 0.1 jq  0.1 0.5 0.3 0.1 

Here         1.039,1.000   PPPP , and 

           5.03.02.011111   PPPP , 

           3.02.01.022224   PPPP . 

 Now let ξ  be a continuous random variable with the distribution density  xf , 

and let 

    

be its function. It’s required to find the distribution function and, if it's possible, the 

distribution density of this function. 

Let’s denote by yxM ,  the next set of reals: 

  yxxM yx  :, . 

Then the distribution function of the random variable     can be found as fol-

lows 

                       
 




yxM

yx dxxfdxxfMPyPyPyG
yx 


,

, .    ( 17 )  

If the latter integral possesses the derivative, then the function     has the dis-

tribution density, namely 

                                                            yGyg  .                                                 ( 18 ) 

The formula (17) introduces a number function  xy  . Its domain of defini-

tion depends on the values which can take on a random variable . 

There are formulas which express  yg  in terms of inverse function  yx   

of the function  xy   if the latter is increasing or decreasing one. Namely, 

      yyfyg    if the function  xy   increases, 

      yyfyg    if it decreases. 
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There are also general notices for treating with non-monotone (non-increasing 

or non-decreasing) function  xy  .  

We’ll put aside these general considerations and study some interesting exam-

ples. 

Ex. 11. Let η be a linear function of ξ, 

                                                 0,  aba .                                        ( 19 ) 

Corresponding number function is   baxxy  . It’s defined on the whole 

set of reals and can take on all real values. By the formula (17) the distribution func-

tion of the random variable   equals 

   



ybax

dxxfyG . 

a) If 0a , then the inequality ybax   implies   abyx  , whence it fol-

lows that 

   





a

by

dxxfyG  

and, in condition of continuity of the function  xf , 

      





 









 






 




















 



 a
byf

aa
by

a
byfdxxfyGyg yy

a
by

1 . 

b) If 0a , then the inequality ybax   implies   abyx  , hence 

     









a

by

a
by

dxxfdxxfyG . 

and 

      





 









 






 




















 



 a
byf

aa
by

a
byfdxxfyGyg yy

a
by

1 . 

As general result we can write 
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                                                     





 


a

byf
a

yg 1 .                                             ( 20 ) 

Ex. 12. Let   2   and a random variable can take on all real values. 

Corresponding number function   2xxy   has the domain of definition 

    ,yD  and takes on non-negative values. With the help of the formula (17) 

(after solving the inequality yx 2 , fig. 10 a) we obtain the distribution function of 

the random variable 2   

     



y

yyx

dxxfdxxfyG
2

 

provided that 0y . It’s evident that   00 G , and we must put   0yG  for 0y . 

Therefore 

   










 


,0for0

 ,0for

y

ydxxfyG

y

y
 

and so the distribution density of the function in question equals 

     





























 



.0for0

,0for 

y

ydxxfyGyg y

y

y
 

Since (if  xf  is a continuous function) 

            










































yyfyyfdxxfdxxfdxxf y

yy

y

y

y 00

 

        yfyf
yy

yf
y

yf 
2

1
2

1
2

1  

we finally get 

      











.0for0

,0for 
2

1

y

yyfyf
yyg  
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Ex. 13. Let   2   as in the prece-

ding example, but let a random variable   take on 

its values only on the interval  4,2  having the 

distribution density 

   








.420
,421

xorxif
xifxf

xf  

Corresponding function   2xxy   is 

defined on the interval  4,2 . For  2,2x  the 

values of y are included in the interval  4,0 , and 

for  4,2x  in the interval  16,4  (see fig. 10 b). On the interval  2,2x  (for 

 4,0y ) the inequality   yxx  2  implies  yxy  (as in Ex. 12). On the 

interval  4,2  (for  16,4y ) the inequality   yxx  2 gives yx 2 (fig. 10b). 

By the formula (17) the unknown distribution function (for 160  y ) equals 

       
 

 




















 

 .164 if

,40 if

2
1

1
2

2
ydxxf

ydxxf
dxxfyPyPyG

y

y

y

yx

  

We must suppose   0yG  for 0y  and   1yG  for 16y . As to the distribution 
density of the function   2   we obtain its value by analogy with Ex. 12,  

   

    

 























.16or 0if0

16,4if
2

1

,40if
2

1

1

11

yy

yyf
y

yyfyf
y

yGyg  

    Fig. 10 a       Fig. 10 b 



  

RANDOM VARIABLES: basic terminology RUEFD 

1. бином 
Ньютона 

біном Н"юто-
на 

Newton's bi-
nómial 

binôme m de 
Newton 

Newtonscher 
Binóm(n–s,-e) 

2. биномиа-
льная фор-
мула 
 

біномна фор-
мула, форму-
ла бінома 

binómial fór-
mula 

formule f bi-
nomiale 

Binomiálfor-
mel (f =,-n) 

3. биномиа-
льно распре-
деленная слу-
чайная вели-
чина 

біномно роз-
поділена ви-
падкова вели-
чина 

binómially di-
stríbuted rán-
dom váriable  

variable f alé-
atoire distri-
buée [répartie] 
binomialle-
ment 

binomiálver-
teilte  Zúfalls-
größe 

4. биномиа-
льное распре-
деление 

біномний 
розподіл  

binómial dìs-
tribútion [par-
títion, law] 

distribution f 
répartition f , 
loi f binomia-
le  

Binomiálver-
teilung (f =) 

5. биномиа-
льный коэф-
фициент 

біномний ко-
ефіцієнт 

binómial co-
effícient 

coefficient m 
binomial 

Binomiálkoef-
fizient (m –en, 
-en) 

6. быть рас-
пределенной 
по данному 
закону 

бути розпо-
діленою за 
даним зако-
ном 

be distríbuted 
by accórding 
to, in accór-
dance, accor-
dingly the gi-
ven law  

etre distribuée 
[répartie] sui-
vant en, par, 
conformé-
ment la loi  
donnée 

nach gegébe-
nem Gesétz  
vertéilt sein  

7. вероятно-
сть отдельно-
го значения 
случайной 
величины 

імовірність 
окремого зна-
чення випад-
кової величи-
ни 

pròbabílity of 
séparate/ísola-
ted válue of a 
rándom vária-
ble  

probabilité f 
d’une valeur 
séparée [iso-
lée, particu-
lière]  d’une 
variable aléa-
toire  

Wahrschéin-
lichkeit (f =) 
von Éinzel-
wert(e) einer 
Zúfallsgröße  

8. вероятно-
сть попада-
ния случай-
ной величи-
ны на полуп-
рямую [в ин-
тервал, на от-
резок, в полу-
интервал]  

імовірність 
попадання 
випадкової 
величини на 
півпряму [в 
інтервал, на 
відрізок, в 
півінтервал]  

pròbabílity of 
hit/hitting of a 
rándom vária-
ble on a halfli-
ne    in an ín-
terval, in a 
ségment, in a 
half-ínterval 

probabilité f 
du coup 
[d’impact, 
d’atteinte ] 
d’une varia-
ble  aléatoire 
sur une demi-
droite [dans 
un intervalle, 
dans un seg-
ment, dans un 

Wahrschéin-
lichkeit (f) von 
Tréffer einer 
Zúfallsgröße  
in/auf/an einer 
Hálbegerade  
[in ein Inter-
váll, in/auf/an 
einem Ábsch-
nitt(e)  [einem 
Segmént(e), 

Отформатировано:
Различать колонтитулы:
первой страницы
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semi-interval-
le]    

einer Strécke], 
in ein Hálbin-
tervall (n)]   

9. вероятно-
сть успеха 

імовірність 
успіху 

succéss prò-
babílity 

probabilité f 
d’un succès 

Erfólgswahr-
scheinlichkeit 
(f =) 

10. возмож-
ное значение 
(случайной 
величины) 

можливе зна-
чення (випад-
кової величи-
ни) 

póssible vá-
lue (of a rán-
dom váriable) 

valeur f pos-
sible (d’une 
variable aléa-
toire) 

möglicher 
Wert (m –(e)s, 
-e) einer Zú-
fallsgröße  

11. дискрет-
ная случай-
ная величина 

дискретна 
випадкова ве-
личина  

discréte rán-
dom váriable  

variable f alé-
atoire discrète 

diskréte Zú-
fallsgröße  

12. диффе-
ренциальная 
функция рас-
пределения 

диференціа-
льна функція 
розподілу 

dìfferéntial 
dìstríbutive 
fúnction 

fonction f dif-
férentielle de 
répartition [de 
distribution ] 

differentiále 
Vertéilungs-
funktion  

13. закон [рас-
пределение] 
вероятнос-
тей  

закон [розпо-
діл] імовірно-
стей 

law of pro-
babílities 

loi f des  pro-
babilités 

Wahrschéin-
lickeitsgesetz 
(n –es,-e) 

14. закон рас-
пределения 

закон розпо-
ділу  

dìstribútion 
[partítion]law, 
law of dìstri-
bútion [of par-
títion] 

loi f de répar-
tition [de dis-
tribution]  

Vertéilungsge-
setz (n –es, -e) 

15. закон рас-
пределения 
(вероятнос-
тей) случай-
ной величи-
ны 

закон розпо-
ділу (ймовір-
ностей) ви-
падкової ве-
личини 

law of (prò-
babílity) dìst-
ribútion, dìs-
tríbutive law 
(of pròbabí-
lities) (of a 
rándom vária-
ble) 

loi f de distri-
bution [répar-
tition] (des 
probabilités) 
d’une variable 
aléatoire 

Vertéilungsge-
setz (n) (von 
Wahrschéin-
lichkeiten) ei-
ner Zúfalls-
größe  

16. закон рас-
пределения 
Бернулли 

закон розпо-
ділу Бернуллі 

Bernoulli(´s) 
law of dìstri-
bútion, Ber-
noulli distri-
butive law 

loi f de distri-
bution [de ré-
partition] de 
Bernoulli 

Bernoullisches 
Vertéilungsge-
setz (n –es,-e) 

17. закон ред-
ких событий 

закон рідких 
подій 

law of rare 
evénts 

loi f d'événe-
ments rares 

Gesétz n der 
séltenen Eréi-
gnisse 

18. значение 
случайной 

значення ви-
падкової ве-

válue of a rán-
dom váriable 

valeur f d’une 
variable aléa-

Zúfallsgröße-
wert (m–(e)s,-
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величины личини toire e) 
19. иметь дан-
ное распре-
деление (о 
случайной 
величине) 

мати даний 
розподіл (про 
випадкову ве-
личину) 

have a given 
dìstribútion 
[partítion,law] 
(of a rándom 
váriable) 

avoir une di-
stribution  ré-
partition, loi  
donnée (de 
variable f aléa-
toire) 

gegébene Ver-
téilung haben* 
(habe, hast, 
hat) (über eine 
Zúfallsgröße) 

20. интегра-
льная теоре-
ма Лапласа 
 
 
 
 

інтеґральна 
теорема Лап-
ласа 

Laplace inte-
gral théorem  

théorème m 
intégrale de 
Laplace 

Laplacesches 
Integráltheo-
rem (n), Lap-
lacescher 
Grénzwertsatz 
(m), Laplace-
scher integrá-
ler Grénzsatz  

21. интегра-
льная функ-
ция распре-
деления 

інтеґральна 
функція роз-
поділу  

íntegral dìst-
ribútion [par-
títion]fúnction 

fonction f in-
tégrale de ré-
partition [de 
distribution ]  

Integrálvertei-
lungsfunktion 
(f), Integrále 
Vertéilungs-
funktion  

22. испытания 
до первого 
успеха (до 
первого нас-
тупления со-
бытия) 

випробуван-
ня до першо-
го успіху (до 
першого нас-
тання[першої 
появи]  події) 
 

tríals/expéri-
ments till 
(=untíl) up to, 
to the first 
succéss to the 
first occúr-
rence of an 
evént 
 

expériences 
[épreuves, es-
sais] jusqu‘au 
premier succès 
jusqu‘à la 
première arri-
vée [appari-
tion] d’événe-
ment 

Versúche (m) 
[Experiménte 
(n),  Próben 
(f)] bis den er-
sten Erfólg 
[bis den ersten 
Éintritt des 
Eréignisses] 

23. количест-
во независи-
мых испыта-
ний до перво-
го успеха [до 
первого нас-
тупления со-
бытия]  

число/кількі-
сть незалеж-
них випро-
бувань до 
першого ус-
піху   до пер-
шого настан-
ня, до першої 
появи події 
 

númber of ín-
depéndent trí-
als (un)till/to 
the first suc-
céss(un)till/to 
the first occúr-
rence of an 
evént  
 

nombre m des 
expériences 
[épreuves] 
indépendantes 
[des essais in-
dépendants] 
jusqu‘au pre-
mier succès 
jusqu‘à la 
première arri-
vée/apparition 
d’événement 

die Ánzahl (f 
=) von únab-
hängigen Ver-
súchen/Expe-
riménten/Pró-
ben bis den er-
sten Erfólg 
[bis den ersten 
Éintritt/Éintre-
ten des Eréig-
nisses]  

24.  количест-
во успехов 

число/кількі-
сть успіхів 

númber of 
succésses (of 

nombre m des 
succès des 

die Ánzahl (f 
=) von Erfól-
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(наступлений 
события) в n 
независимых 
испытаниях 
(при посто-
янной вероят-
ности собы-
тия/успеха) 

(появ/настань 
події) в n не-
залежних ви-
пробуваннях 
(при сталій 
ймовірності 
події/успіху)  

occúrrences of 
an  evént) in n 
índepéndent 
tríals (as the 
pròbabílity of 
the succéss/ 
evént is cóns-
tant) 

arrivées/appa-
ritions d’évé-
nement à n 
expériences/ 
épreuves indé-
pendantes es-
sais indépen-
dants (si la 
probabilité du 
succès d’évé-
nement est 
constante) 

gen  [die Án-
zahl  von Éin-
tritten/Éintre-
tenen  eines 
Eréignisses] in 
n únabhängi-
gen Versú-
chen/Experi-
ménten/Pró-
ben (wenn die 
Wahrschéin-
lichkeit des 
Erfólges [des 
Eréignisses] 
konstánt ist) 

25. кривая 
распределе-
ния 

крива розпо-
ділу 

dìstribútion 
[partítion] cúr-
ve  

courbe f de 
répartition [de 
distribution f]  

Vertéilungs-
kurve ([-vǝ и 
–fǝ] f =,-n) 

26. локальная 
теорема Лап-
ласа 
 

локальна те-
орема лапла-
са 

laplace lócal 
théorem 

théorème m 
local de la-
place 

Laplacescher 
lokáler Grénz-
(wert)satz (m)  

27. многоуго-
льник рас-
пределения 

многокутник 
розподілу 

pólygon of dì-
stribútion [pa-
rtítion, law], 
dìstribútion 
pólygon 

polygone m de 
distribution 
de répartition 
, de loi  

Häufigkeits-
polygon n, 
Vertéilungs-
polygon n 

28. наиверо-
ятнейшее чи-
сло 

найімовірні-
ше число 

the most pro-
bable númber 
 

nombre m le 
plus probable 

wahrschéinli-
chste  Ánzahl 

29. независи-
мые испыта-
ния 

незалежні 
випробуван-
ня 

índepéndent 
tríals [expéri-
ments]  

expériences f 
[épreuves f] 
indépendantes 
essais m indé-
pendants  

únabhängige 
Versúche (m) 
[Experiménte 
n, Próben (f)] 

30. непрерыв-
ная случай-
ная величина 

неперервна 
випадкова ве-
личина  

contínuous 
rándom vária-
ble  

variable f alé-
atoire continue 

stétige [konti-
nuíerliche]Zú-
fallsgröße (f) 

31. ограни-
ченное коли-
чество испы-
таний 

обмежена кі-
лькість вип-
робувань 

límited núm-
ber of tríals 

nombre m li-
mité des expé-
riences  

Begrénzte/be-
schränkte/li-
mitíerbare Án-
zahl von Ver-
súchen [Expe-
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riménten, Pró-
ben]   

32. отклоне-
ние (относи-
тельной) час-
тоты события 
от его вероят-
ности 

відхилення 
(відносної) 
частоти події 
від її ймовір-
ності  

dèviátion of a 
(rélative) fré-
quency of an 
evént from its 
pròbabílity  

déviation f 
écart md‘une 
fréquence (re-
lative) d’évé-
nement de sa 
probabilité  

Ábweichung (f 
=,-en) (relatí-
ver) Frequénz  
[einer Häu-
figkeit (f)] ei-
nes Eréignis-
ses von ihr 
Wahrschéin-
lichkeit   

33. плотность 
вероятности 

щільність 
ймовірності  

pròbabílity 
dénsity, dénsi-
ty of pròbabí-
lity 

densité f de 
probabilité 

Wahrschéin-
lichkeitsdichte 
(f)  

34. плотность 
распределе-
ния 

щільність 
розподілу 

dénsity of dì-
stribútion [of 
partítion], dìs-
tribútion [par-
títion] dénsity 

densité f de 
répartition f 
[de distribu-
tion f] 

Vertéilungs-
dichte (f) 

35. плотность 
распределе-
ния вероятно-
стей 

щільність 
розподілу 
ймовірностей 

dénsity of dìs-
tribútion [par-
títion] [dìstri-
bútion [partí-
tion] dénsity] 
of probabili-
ties 

densité f de 
répartition [de 
distribution] 
des probabi-
lités 

Vertéilungs-
dichte (f) von 
Wahrschéin-
lichkeiten (f)  

36. принимать 
значение (о 
случайной 
величине) 

набувати 
значення (про 
випадкову ве-
личину) 

take on a vá-
lue (of a rán-
dom váriable ) 

prendre une 
valeur (d’une 
variable aléa-
toire) 

Wert (m –(e)s, 
-e) ánnehmen* 
(über eine Zú-
fallsgröße) 

37. принимать 
отдельные 
изолирован-
ные возмож-
ные значения 

набувати ок-
ремих ізольо-
ваних можли-
вих значень 

take on sépa-
rate ísolated 
póssible vá-
lues 

prendre des 
valeurs pos-
sibles séparées 
isolées  

éinzelne iso-
líerte mögli-
che Werte  án-
nehmen* 

38. происхо-
дить k раз в n 
независимых 
испытаниях 
(о событии) 

відбуватися k 
раз в n неза-
лежних вип-
робуваннях 
(про подію) 

occúr [ap-
pear, happen, 
take place] k 
times in n ín-
depéndent trí-
als (about an 
evént) 

arriver se 
présenter k 
fois à n expé-
riences/épreu-
ves indépen-
dantes essais 
indépendants 
(sur un événe-

Éintreten*(-
trete,-trittst,-
tritt) k Male in 
n únabhängi-
gen Versú-
chen/Experi-
ménten/Pró-
ben (über ein 
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ment) Eréignis) 
39. распреде-
ление  

розподіл  dìstribútion 
[partítion,law] 

distribution f 
répartition f, 
loi f  

Vertéilung (f)  

40. распреде-
ление Бер-
нулли 

розподіл 
Бернуллі 

Bernoulli(´s) 
dìstribútion 
[partítion,law] 

distribution f 
répartition f, 
loi f  de Ber-
noulli 

Bernoullische 
Vertéilung  

41. распреде-
ление вероят-
ностей 

розподіл 
ймовірностей 

pròbabílity dì-
stribútion[par-
títion, law], 
dìstribútion 
[partítion,law] 
of pròbabíli-
ties 

distribution f 
[répartition f, 
loi f] (des pro-
babilités)  

Wahrschéin-
lichkeitsver-
teilung (f =)  

42. распреде-
ление Пуас-
сона 

розподіл Пу-
ассона 

Poisson(´s) 
dìstribútion 
[partítion,law] 

distribution f 
[répartition f, 
loi f] de Pois-
son  

Poissonvertei-
lung, Poisson-
sche Vertéi-
lung  

43. распреде-
ление редких 
событий (рас-
пределение 
Пуассона) 

розподіл рід-
ких подій 
(розподіл Пу-
ассона)  

dìstribútion 
[partítion,law] 
of rare evénts   

distribution f 
[répartition f, 
loi f] d'événe-
ments rares 

Vertéilung (f 
=) der séltenen 
Eréignisse 

44. связь [со-
отношение, 
соответствие] 
между возмо-
жными значе-
ниями слу-
чайной вели-
чины и соот-
ветствующи-
ми вероятно-
стями  

зв"язок [спів-
відношення, 
відповідність
] між можли-
вими значен-
нями 
випадкової 
величини та 
відповідними 
ймовірностя-
ми  

connéction 
[relátion, cor-
relátion, cor-
respóndence] 
between pós-
sible válues of 
a rándom vá-
riable and cor-
respónding 
probabílities 

lien m [corré-
lation f, cor-
respondance f] 
entre valeurs 
possibles 
d’une variable 
aléatoire et 
des probabi-
lités corres-
pondantes 

Zusámmen-
gang m [Ver-
bíndung f, 
Verhältnis n] 
zwíschen mö-
glichen Wer-
ten einer Zú-
fallsgröße und 
entspréchen-
den Wahr-
schéinlichkei-
ten  

45. случайная 
величина 

випадкова 
величина 

rándom/ále-
atory váriable  

variable f alé-
atoire, aléa m  
numérique 

Zúfallsgröße  
(f =,-n) [alea-
tórische Größe   

46. таблица 
распределе-
ния (случай-
ной величи-
ны) 

таблиця роз-
поділу (ви-
падкової ве-
личини) 

table of the 
dìstribútion 
[partítion,law] 
of a  rándom 
váriable 

table f tab-
leau m  de di-
stribution f de 
répartition f 

Vertéilungsta-
belle (f) (einer 
Zúfallsgröße  
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d’une variable 
aléatoire 

47. успех успіх succéss succès m Erfólg (m –
(e)s,-e) 

48. формула 
Пуассона 

формула Пу-
ассона 

Poisson's fór-
mula 

formule f de 
Poisson 

Poissonsche 
Formel (f) 

49. функция 
распределе-
ния 

функція роз-
поділу  

dìstribútion 
[partítion] fún-
ction  

fonction f de 
répartition f 
[de distribu-
tion f]  

Vertéilungs-
funktion (f) 

50. функция 
распределе-
ния вероят-
ностей 

функція роз-
поділу ймо-
вірностей 

dìstribútion 
[partítion] fún-
ction of proba-
bilities 

fonction f de 
répartition f 
[de distribu-
tion f] des pro-
babilités 

Vertéilungs-
funktion von 
Wahrschéin-
lichkeiten (f) 

51. фунция 
Лапласа 

функція Ла-
пласа 

Laplace fúnc-
tion 

fonction f de 
Laplace 

Laplacesche 
Funktión  

52. целиком 
заполнять не-
который ин-
тервал (о воз-
можных зна-
чениях неп-
рерывной 
случайной 
величины) 

цілком за-
повнювати 
деякий інтер-
вал (про мож-
ливі значен-
ня неперерв-
ної випадко-
вої величини) 

fill comple-
tely [entirely]  
some ínterval 
(of póssible 
válues of a 
contínuous 
rándom vária-
ble) 

remplir (de 
façon comp-
lète) un inter-
valle certain 
(de valeurs 
possibles 
d’une variable 
aléatoire con-
tinue) 

ein gewíssere 
Interváll (n) 
ganz [vóllstän-
dig, völlig] 
füllen (über 
mögliche 
Werte einer 
stétigen Zúfal-
lsgröße (f)) 

53. элемент 
вероятности 

елемент імо-
вірності  

pròbabílity 
élement 

elément m de 
probabilité  

Wahrschéin-
lichkeitsele-
ment (n–(e)s,-
e)  



  

RANDOM VARIABLES: basic terminology EFDRU 

1. be distrí-
buted by ac-
córding to, in 
accórdance, 
accordingly 
the given law  

etre distribuée 
[répartie] sui-
vant en, par, 
conformé-
ment la loi  
donnée 

nach gegébe-
nem Gesétz 
vertéilt sein  

быть распре-
деленной по 
данному за-
кону 

бути розпо-
діленою за 
даним зако-
ном 

2. Bernoul-
li(´s) dìstribú-
tion [partí-
tion, law] 

distribution f 
répartition f, 
loi f  de Ber-
noulli 

Bernoullische 
Vertéilung (f ) 

распределе-
ние Бернул-
ли 

розподіл Бер-
нуллі 

3. Bernoul-
li(´s) law of 
dìstribútion, 
bernoulli dis-
tributive law 

loi f de distri-
bution f [de ré-
partition f] de 
Bernoulli 

Bernoullisches 
Vertéilungsge-
setz (n –es,-e) 

закон распре-
деления Бер-
нулли 

закон розпо-
ділу Бернуллі 

4. binómial 
coeffícient 

coefficient m 
binomial 

Binomiálkoef-
fizient (m –en, 
-en) 

биномиаль-
ный коэффи-
циент 

біномний ко-
ефіцієнт 

5. binómial 
dìstribútion 
[partítion, 
law] 

distribution f 
répartition f , 
loi f binomia-
le  

Binomiálver-
teilung (f =) 

биномиаль-
ное распре-
деление 

біномний 
розподіл  

6. binómial 
fórmula 

formule f bi-
nomiale 

Binomiálfor-
mel (f =,-n) 

биномиаль-
ная формула 
 

біномна фор-
мула, форму-
ла бінома 

7. binómially 
distríbuted 
rándom vári-
able  

variable f alé-
atoire distri-
buée [répartie] 
binomialle-
ment 

binomiálver-
teilte  Zúfalls-
größe (f =,-n) 

биномиаль-
но распреде-
ленная слу-
чайная вели-
чина 

біномно роз-
поділена ви-
падкова вели-
чина 

8. connéction 
[relátion, cor-
relátion, cor-
respóndence] 
between pós-
sible válues of 
a rándom vá-
riable and cor-
respónding 
probabílities 

lien m [corré-
lation f, cor-
respondance f] 
entre valeurs 
possibles 
d’une variable 
aléatoire et 
des probabi-
lités corres-
pondantes 

Zusámmen-
gang m [Ver-
bíndung f, 
Verhältnis n] 
zwíschen mö-
glichen Wer-
ten einer Zú-
fallsgröße und 
entspréchen-
den Wahr-
schéinlichkei-
ten  

связь [соот-
ношение, со-
ответствие] 
между возмо-
жными значе-
ниями слу-
чайной вели-
чины и соот-
ветствующи-
ми вероятно-
стями  

зв"язок [спів-
відношення, 
відповідність
] між можли-
вими значен-
нями 
випадкової 
величини та 
відповідними 
ймовірностя-
ми  
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9. contínuous 
rándom vária-
ble  

variable f alé-
atoire continue 

stétige [konti-
nuíerliche] 
Zúfallsgröße  

непрерывная 
случайная ве-
личина 

неперервна 
випадкова ве-
личина  

10. dénsity of 
dìstribútion 
[of partítion], 
dìstribútion 
[partítion] 
dénsity 

densité f de 
répartition [de 
distribution] 

Vertéilungs-
dichte (f) 

плотность 
распределе-
ния 

щільність 
розподілу 

11. dénsity of 
dìstribútion 
[partítion], 
dìstribútion 
[partítion] 
dénsity of pro-
babilities 

densité f de 
répartition [de 
distribution] 
des probabili-
tés 

Vertéilungs-
dichte (f) von 
Wahrschéin-
lichkeiten  

плотность 
распределе-
ния вероятно-
стей 

щільність 
розподілу 
ймовірностей 

12. dèviátion 
of a (rélative) 
fréquency of 
an evént from 
its pròbabílity  

déviation f 
écart md‘une 
fréquence (re-
lative) d’évé-
nement de sa 
probabilité  

Ábweichung (f 
=,-en) (relatí-
ver) Frequénz 
[einer Häu-
figkeit] eines 
Eréignisses  
von ihr Wahr-
schéinlichkeit  

отклонение 
(относитель-
ной) частоты 
события от 
его вероят-
ности 

відхилення 
(відносної) 
частоти події 
від її ймовір-
ності  

13. dìfferéntial 
dìstríbutive 
fúnction 

fonction f dif-
férentielle de 
répartition [de 
distribution] 

differentiále 
Vertéilungs-
funktion  

дифферен-
циальная 
функция рас-
пределения 

диференціа-
льна функція 
розподілу 

14. discréte 
rándom vária-
ble  

variable f alé-
atoire discrète 

diskréte Zú-
fallsgröße 

дискретная 
случайная 
величина 

дискретна 
випадкова ве-
личина  

15. dìstribú-
tion [partítion, 
law] 

distribution f 
répartition f, 
loi f  

Vertéilung (f)  распределе-
ние  

розподіл  

16. dìstribú-
tion [partítion, 
law] of rare 
evénts   

distribution f 
[répartition f, 
loi f] d'événe-
ments rares 

Vertéilung der 
séltenen Eréi-
gnisse 

распределе-
ние редких 
событий (рас-
пределение 
пуассона) 

розподіл рід-
ких подій 
(розподіл пу-
ассона)  

17. dìstribú-
tion [partítion] 
cúrve  

courbe f de 
répartition [de 
distribution]  

Vertéilungs-
kurve ([-vǝ и 
–fǝ] f =,-n) 

кривая рас-
пределения 

крива розпо-
ділу 

18. dìstribú- fonction f de Vertéilungs- функция рас- функція роз-
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tion [partítion] 
fúnction  

répartition [de 
distribution]  

funktion (f) пределения поділу  

19. dìstribú-
tion [partítion] 
fúnction of 
probabilities 

fonction f de 
répartition [de 
distribution] 
des probabili-
tés 

Vertéilungs-
funktion von 
Wahrschéin-
lichkeiten 

функция рас-
пределения 
вероятностей 

функція роз-
поділу ймо-
вірностей 

20. dìstribú-
tion [partítion] 
law, law of dì-
stribútion [of 
partítion] 

loi f de répar-
tition [de dis-
tribution]  

Vertéilungsge-
setz (n –es, -e) 

закон распре-
деления 

закон розпо-
ділу  

21. fill com-
pletely [enti-
rely]  some ín-
terval (of pós-
sible válues of 
a contínuous 
rándom vária-
ble) 

remplir (de 
façon comp-
lète) un inter-
valle certain 
(de valeurs 
possibles 
d’une variable 
aléatoire con-
tinue) 

ein gewíssere 
Interváll (n) 
ganz [vóllstän-
dig, völlig] 
füllen (über 
mögliche 
Werte einer 
stétigen Zúfal-
lsgröße) 

целиком за-
полнять не-
который ин-
тервал (о воз-
можных зна-
чениях неп-
рерывной 
случайной 
величины) 

цілком за-
повнювати 
деякий інтер-
вал (про мож-
ливі значен-
ня неперерв-
ної випадко-
вої величини) 

22. have a gi-
ven dìstribú-
tion [partítion, 
law] (of a rán-
dom váriable) 

avoir une di-
stribution  ré-
partition, loi 
donnée (de va-
riable aléa-
toire) 

gegébene Ver-
téilung(f=) ha-
ben* (habe, 
hast, hat)(über 
eine Zúfalls-
größe) 

иметь данное 
распределе-
ние (о слу-
чайной вели-
чине) 

мати даний 
розподіл (про 
випадкову ве-
личину) 

23. índepén-
dent tríals [ex-
périments]  

expériences f 
[épreuves f] 
indépendantes 
essais m indé-
pendants  

únabhängige 
Versúche (m) 
[Experiménte 
n, Próben (f)] 

независимые 
испытания 

незалежні 
випробуван-
ня 

24. íntegral 
dìstribútion 
[partítion] fún-
ction 

fonction f in-
tégrale de ré-
partition [de 
distribution]  

Integrálvertei-
lungsfunktion 
(f), Integrále 
Vertéilungs-
funktion (f) 

интегральная 
функция рас-
пределения 

інтеґральна 
функція роз-
поділу  

25. Laplace 
fúnction 

fonction f de 
Laplace 

Laplacesche 
Funktión  

фунция Лап-
ласа 

функція Ла-
пласа 

26. Laplace 
integral théo-
rem  

théorème m 
intégrale de 
Laplace 

Laplacesches 
Integráltheo-
rem, Laplace-
scher Grénz-
wertsatz (m), 

интегральная 
теорема Лап-
ласа 
 
 

інтеґральна 
теорема Лап-
ласа 
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Laplacescher 
integráler 
Grénzsatz  

 
 

27. Laplace ló-
cal théorem 

théorème m 
local de La-
place 

Laplacescher 
lokáler Grénz-
(wert)satz (m)  

локальная те-
орема Лап-
ласа 
 

локальна те-
орема Лапла-
са 

28. law of 
(pròbabílity) 
dìstribútion, 
dìstríbutive 
law (of prò-
babílities) (of 
a rándom vári-
able) 

loi f de distri-
bution [ré-
partition] (des 
probabilités) 
d’une variable 
aléatoire 

Vertéilungsge-
setz (n) (von 
Wahrschéin-
lichkeiten) ei-
ner Zúfalls-
größe  

закон распре-
деления (ве-
роятностей) 
случайной 
величины 

закон розпо-
ділу (ймовір-
ностей) ви-
падкової ве-
личини 

29. law of pro-
babílities 

loi f des  pro-
babilités 

Wahrschéin-
lickeitsgesetz 
(n –es,-e) 

закон [рас-
пределение] 
вероятносей  

закон [розпо-
діл] імовірно-
стей 

30. law of rare 
evénts 

loi f d'événe-
ments rares 

Gesétz n der 
séltenen Eréi-
gnisse 

закон редких 
событий 

закон рідких 
подій 

31. límited 
númber of trí-
als 

nombre m li-
mité des expé-
riences  

begrénzte/be-
schränkte/li-
mitíerbare Án-
zahl von Ver-
súchen [Expe-
riménten, Pró-
ben]   

ограниченное 
количество 
испытаний 

обмежена кі-
лькість вип-
робувань 

32. Newton's 
binómial 

binôme m de 
Newton 

Newtonscher 
Binóm(n–s,-e) 

бином Нью-
тона 

біном Н"юто-
на 

33. númber of 
índepéndent 
tríals (un)till/ 
to the first 
succéss(un)til 
/to the first oc-
cúrrence of an 
evént  
 

nombre m des 
expériences 
[épreuves] 
indépendantes 
[essais indé-
pendants] 
jusqu‘au pre-
mier succès 
jusqu‘à la 
première arri-
vée/apparition 
d’événement 

Die Ánzahl (f 
=) von únab-
hängigen Ver-
súchen/Expe-
riménten/Pró-
ben bis den er-
sten Erfólg 
[bis den ersten 
Éintritt/Éintre-
ten des Eréig-
nisses]  

количество 
независимых 
испытаний до 
первого успе-
ха [до перво-
го наступле-
ния события]  

число/кількі-
сть незалеж-
них випро-
бувань до 
першого ус-
піху   до пер-
шого настан-
ня, до першої 
появи події 
 

34. númber of 
succésses (of 

nombre m des 
succès des 

die Ánzahl (f 
=) von Erfól-

 количество 
успехов (на-

число/кількі-
сть успіхів 
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occúrrences of 
an  evént) in n 
índepéndent 
tríals (as the 
pròbabílity of 
the succéss/ 
evént is cóns-
tant) 

arrivées/appa-
ritions d’évé-
nement à n 
expériences/ 
épreuves indé-
pendantes es-
sais indépen-
dants (si la 
probabilité du 
succès d’évé-
nement est 
constante) 

gen [die Án-
zahl  von Éin-
tritten/Éintre-
tenen  eines 
Eréignisses n] 
in n únabhä-
ngigen Versú-
chen/Experi-
ménten/Pró-
ben (wenn die 
Wahrschéin-
lichkeit des 
Erfólges [des 
Eréignisses] 
konstánt ist) 

ступлений 
события) в n 
независимых 
испытаниях 
(при посто-
янной вероят-
ности собы-
тия/успеха) 

(появ/настань 
події) в n не-
залежних ви-
пробуваннях 
(при сталій 
імовірності 
події/успіху)  

35. occúr [ap-
pear, happen, 
take place] k 
times in n ín-
depéndent trí-
als (about an 
evént) 

arriver se 
présenter k 
fois à n expé-
riences/épreu-
ves indépen-
dantes essais 
indépendants 
(sur un événe-
ment) 

éintreten*(-
trete,-trittst,-
tritt) k Male in 
n únabhängi-
gen Versú-
chen/Experi-
ménten/Pró-
ben (über ein 
Eréignis) 

происходить 
k раз в n не-
зависимых 
испытаниях 
(о событии) 

відбуватися k 
раз в n неза-
лежних вип-
робуваннях 
(про подію) 

36. Poisson(´s) 
dìstribútion 
[partítion,law] 

distribution f 
[répartition f, 
loi f] de Pois-
son  

Poissonvertei-
lung (f =), 
Poissonsche 
Vertéilung  

распределе-
ние Пуассо-
на 

розподіл Пу-
ассона 

37. Poisson's 
fórmula 

formule f de 
Poisson 

Poissonsche 
Formel (f) 

формула Пу-
ассона 

формула Пу-
ассона 

38. pólygon of 
dìstribútion 
[partítion, 
law], dìstribú-
tion pólygon 

polygone m de 
distribution f 
de répartition, 
de loi 

Häufigkeits-
polygon n, 
Vertéilungs-
polygon n 

многоуголь-
ник распре-
деления 

многокутник 
розподілу 

39. póssible 
válue (of a 
rándom vári-
able) 

valeur f pos-
sible (d’une 
variable aléa-
toire) 

möglicher 
Wert (m –(e)s, 
-e) einer Zú-
fallsgröße  

возможное 
значение 
(случайной 
величины) 

можливе зна-
чення (випад-
кової величи-
ни) 

40. pròbabílity 
dénsity, dénsi-
ty of pròbabí-
lity 

densité f de 
probabilité 

Wahrschéin-
lichkeitsdichte 
(f)  

плотность 
вероятности 

щільність 
ймовірності  

41. pròbabílity distribution f Wahrschéin- распределе- розподіл імо-
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dìstribútion 
[partítion, 
law], dìstri-
bútion [partí-
tion, law] of 
pròbabílities 

[répartition f, 
loi f] (des pro-
babilités)  

lichkeitsver-
teilung (f =)  

ние вероят-
ностей 

вірностей 

42. pròbabílity 
élement 

elément m de 
probabilité  

Wahrschéin-
lichkeitsele-
ment (n–(e)s,-
e)  

элемент ве-
роятности 

елемент імо-
вірності  

43. pròbabílity 
of hit/hitting 
of a rándom 
váriable on a 
halfline    in 
an ínterval, in 
a ségment, in 
a half-ínterval 

probabilité f 
du coup 
[d’impact [-kt] 
m, d’atteinte f] 
d’une varia-
ble  aléatoire 
sur une demi-
droite [dans 
un intervalle, 
dans un seg-
ment, dans un 
semi-interval-
le]    

Wahrschéin-
lichkeit (f) von 
Tréffer einer 
Zúfallsgröße  
in/auf/an einer 
Hálbegerade  
[in ein Inter-
váll , in/auf/an 
einem Ábsch-
nitt(e)  [einem 
Segmént(e), 
eine Strécke], 
in ein Hálbin-
tervall]   

вероятность 
попадания 
случайной 
величины на 
полупрямую 
[в интервал, 
на отрезок, в 
полуинтер-
вал]  

імовірність 
попадання 
випадкової 
величини на 
півпряму [в 
інтервал, на 
відрізок, в 
півінтервал]  

44. pròbabílity 
of séparate/ 
ísolated válue 
of a rándom 
váriable  

probabilité f 
d’une valeur 
séparée [iso-
lée, particu-
lière]  d’une 
variable aléa-
toire  

Wahrschéin-
lichkeit (f =) 
von Éinzel-
wert(e) einer 
Zúfallsgröße  

вероятность 
отдельного 
значения слу-
чайной вели-
чины 

імовірність 
окремого зна-
чення випад-
кової величи-
ни 

45. rándom/ 
áleatory vári-
able  

variable f alé-
atoire, aléa m  
numérique 

Zúfallsgröße  
(f =,-n) [alea-
tórische Grö-
ße]   

случайная 
величина 

випадкова 
величина 

46. succéss succès m Erfólg (m –
(e)s,-e) 

успех успіх 

47. succéss 
pròbabílity 

probabilité f 
d’un succès 

Erfólgswahr-
scheinlichkeit 
(f =) 

вероятность 
успеха 

імовірність 
успіху 

48. table of the 
dìstribútion 
[partítion,law] 
of a  rándom 

table f tab-
leau m  de di-
stribution f de 
répartition f 

Vertéilungsta-
belle (f) (einer 
Zúfallsgröße) 

таблица рас-
пределения 
(случайной 
величины) 

таблиця роз-
поділу (ви-
падкової ве-
личини) 
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váriable d’une variable 
aléatoire 

49. take on a 
válue (of a 
rándom vária-
ble ) 

prendre une 
valeur (d’une 
variable aléa-
toire) 

Wert (m –(e)s, 
-e) ánnehmen* 
(über eine Zú-
fallsgröße (f)) 

принимать 
значение (о 
случайной 
величине) 

набувати 
значення (про 
випадкову ве-
личину) 

50. take on sé-
parate ísolated 
póssible 
válues 

prendre des 
valeurs pos-
sibles séparées 
isolées  

Éinzelne iso-
líerte mögli-
che Werte (m 
pl) ánnehmen* 

принимать 
отдельные 
изолирован-
ные возмож-
ные значения 

набувати ок-
ремих ізольо-
ваних можли-
вих значень 

51. the most 
probable núm-
ber 
 

nombre m le 
plus probable 

wahrschéinli-
chste  Ánzahl 

наивероят-
нейшее чи-
сло 

найімовірні-
ше число 

52. tríals/expé-
riments till 
(=untíl) up to, 
to the first 
succéss to the 
first occúrren-
ce of an evént 
 

expériences 
[épreuves, es-
sais] jusqu‘au 
premier succès 
jusqu‘à la 
première arri-
vée [appari-
tion] d’événe-
ment  

Versúche (m) 
[Experiménte 
(n),  Próben 
(f)] bis den er-
sten Erfólg 
[bis den ersten 
Éintritt des 
Eréignisses] 

испытания до 
первого ус-
пеха (до пер-
вого нас-
тупления со-
бытия) 

випробуван-
ня до першо-
го успіху (до 
першого нас-
тання[першої 
появи]  події) 
 

53. válue of a 
rándom vária-
ble 

valeur f d’une 
variable aléa-
toire 

Zúfallsgröße-
wert (m–(e)s,-
e) 

значение слу-
чайной вели-
чины 

значення ви-
падкової ве-
личини 



  
LECTURE NO. 5. NUMBER CHARACTERISTICS 

OF RANDOM VARIABLES 

LE CINQUIEME COURS. CARACTERISTIQUES NUMERIQUES DE 

VARIABLES ALEATOIRES 

FÜNFTE VORLESUNG. ZAHLENMÄßIGE CHARACTERISTIKEN VON ZU-

FALLSGRÖßEN 

 

POINT 1. THE MATHEMATICAL EXPECTATION OF A RANDOM 

VARIABLE. Espérance mathématique d'une variable aléatoire. Erwartungswert einer 

Zufallsgröße.  

POINT 2. THE DISPERSION AND ROOT-MEAN-SQUARE DEVIATION 

OF A RANDOM VARIABLE. Dispersion et écart quadratique moyen. Dispersion 

und durchschnittliche quadratische Abweichung einer Zufallsgröße. 

POINT 3. MOMENTS OF A RANDOM VARIABLE. Moments d'une varia-

ble aléatoire. Momente einer Zufallsgröße. 

POINT 4. CHEBYSHEV INEQUALITY. LAW OF LARGE NUMBERS. 

Inégalité de Tchebichof. Loi des grands nombres. Tschebyschewsche Ungleichung. 

Gezetz der großen Zahlen. 

Distribution function completely describes a random variable. Nevertheless 

there are some numerical quantities which characterize some its properties, for exam-

ple: a) its mean value; b) concentration of its values about the mean value; c) symme-

try or asymmetry of its distribution; d) its the most probable value (mode) etc. 

In this lecture we’ll study some of them. 

 

POINT 1. THE MATHEMATICAL EXPECTATION OF A RANDOM 

VARIABLE 

Definition of the mathematical expectation 
 

Let's suppose that n independent trials on a random variable ξ are fulfilled and 
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obtained results are represented by the next table: 

ξ 
x  x  x  … kx  

in  n  n  n  … kn  

Here  kixi ,  are observed values of ξ, and in  are numbers of their occurrences,  

nnnnn k   ... . 

The mean [average] value of these results equals 

*** .........
nn

n
n

nn pxpxpx
n
nx

n
nx

n
nx

n
nxnxnx




 






 , 

where 

  nnxPp iini  **  

is the relative frequency of occurrences of the value ix . 

Now let   be a discrete random variable with a distribution table 

According to statistic definition of probability we introduce the next definition. 

Def. 1. The mathematical expectation1 of a discrete random variable ξ is called 

the next expression 

                               



n

i
iinn pxpxpxpxMm

1
2211 ...                              ( 1 )  

that is the sum of products of its possible values and corresponding probabilities of 

these values. 

Let ξ be a continuous random variable with the distribution density  xf . If we 

substitute a separable value ix  of a discrete random variable by the continuous varia-

ble x and the probability ip  of occurrence of the value ix  by the probability ele-

ment  dxxf , that is by the probability of hitting of the random variable in an infini-

tely small interval  dxxx , , we’ll get an element of the mathematical expectation 

                                            
1 Or: average of distribution, average value, distribution centre, expectation, expectation function, expectation value, 
mean of distribution, mean value, probabilistic average, statistical expectation 

ξ 
x  x  x  ... ix  … nx  

ip  p  
p  p  ... ip  … np  
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    dxxxfdxxxxPdM  , . 

Adding all these elements we get the mathematical expectation of a continuous ran-

dom variable in the form of the improper integral 

                                               




 dxxxfMm )( .                                              ( 2 ) 

If a continuous random variable ξ takes on all its values only on a finite inter-

val  ba,  that is 

bxoraxforxf  0)( , 

then its mathematical expectation will be expressed by the next proper definite inte-

gral: 

                                               
b

a

dxxxfMm )( .                                               ( 3 ) 

Probability [probabilistic] sense of the mathematical expectation of a ran-

dom variable: it is its mean [average] value. 

Ex. 1. Let a discrete random variable ξ be the number of occurrences of an 

event A in one trial: ξ = 1 if A occurs, and ξ = 0, if A doesn’t occur (that is an opposite 

event A  occurs); such the random variable is often called the indicator of the event A. 

 Its mathematical expectation by the formula 

(1) equals 

   APpppMm  121 01 . 

Ex. 2. The mathematical expectation of the next discrete random variable 

ξ 21 x  12 x  03 x  14 x  35 x  

pi 1.01 p  3.02 p  2.03 p  1.04 p  3.05 p  

on the base of the same formula (1) equals 

      5.03.031.012.003.011.02
5

1

 
i

ii pxMm  . 

Ex. 3. A continuous random variable   is defined by the distribution density 

  1 0 

ip   APp 1     APAPp  12  
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  21 xexf 


 

(see Ex. 6 of the Lecture No. 4). By virtue of the formula (2) its mathematical expec-

tation equals 

    













b

c

x

c
b

x dxxedxxedxxxfMm
22

lim11)(


  

  0lim
2

1
2
1lim1 222







 









cb

c
b

c

b
x

c
b

eee


. 

Remark. One can do simplier by introducing the notion of the principle value 

of an improper integral over the set   ,  of all reals, namely: 

   
















b

b

x

b

xx dxxedxxevpdxxeMm
222

lim1..11


  

  0lim
2

1lim
2

1 222
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






bb

b
b

b
x

b
eee


. 

One can also observe at once that 

0
2





b

b

x dxxe  

because of oddness [oddity, unevenness] of the integrand. 

Ex. 4. The distribution density of a continuous random variable   equals (see 

Ex. 7 of the Lecture 4) 

 










.2or 2

,22
if
if

0

cos
2
1




xx
xxxf  

In this case the mathematical expectation must be calculated by the formula (3), 

  



 


xvdxdu
xdxdvxu

xdxxdxxxfMm
sin

cos
cos

2
1)(

2

2

2

2








   
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  0cos
2

sin
22

sin
22

1sinsin
2
1

2

22

22

2





































































 xxdxxx . 

The mathematical expectation of a function of a random variable 
  

Let a random variable η be a function of a random variable ξ,  

   , 

and it is required to find its mathematical expectation. 

1. At first we’ll consider the case of a discrete random variable ξ. 

a) If a function  xy   is monotone one, then (see the beginning of P. 3 of 

the Lecture No. 4) the distribution table of the function     is  

     11 xy    22 xy   …  nn xy   
    iii xPyPq    11 pq   22 pq   … nn pq   
By the formula (1) the corresponding mathematical expectation will be equal 

                                      



n

i
ii

n

i
ii pxqyMMm

11

                           ( 4 ) 

b) Now let's suppose that a function  xy   isn’t monotone one and to some 

value jy  of the random variable     there correspond several values of the 

random variable  . For example let such values be 
kjjj xxx ,...,,

21
for which 

     
kjjjj xxxy   ...

21
. 

In this case by virtue of the same part of the Lecture 4 

        
kk jjjjjjjj pppxxxPyPq  ......

2121
 , 

and the sum above will contain the summand 

 jjjj yPyqy   . 

We can transform it to the next form: 

       
kkk jjjjjjjjjjjj pxpxpxpppyqy   ......

221121
, 

and therefore the mathematical expectation of the function     will be expressed 

by the same formula (4) in which the sum is extended on all possible values of the 
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random variable ξ. 

Ex. 5. Evaluate the mathematical expectation of the function   2  of 

the discrete random variable   which we’ve studied in the Ex. 2. The distribution ta-

ble of the function is  

  2   01 y  12 y  43 y  95 y  

 ii yPq    2.01 q  4.02 q  1.03 q  3.04 q  

Here 

      2.00011   PPyPq , 

        4.01.03.011122   PPPyPq , 

      1.02433   PPyPq , 

      3.03944   PPyPq . 

Henceforth we’ll realize calculations by two ways. 

a) Making use of the formula (1) and the distribution table of Ex. 5 we obtain 

  5.33.091.044.012.00
4

1

 
i

iiqyMm  . 

b) The same result we get with the help of the formula (4) (where   2
ii xx  ) 

and the distribution table of Ex. 2, 

        5.33.031.012.003.011.02 22222
5

1

22  
i

ii pxMM   

2. In the second case, when ξ is a continuous random variable, we apply the sa-

me device [stratagem, strategy, trick] as in passage from the formula (1) to the formu-

la (2). Namely, we substitute a separable value ix  of a discrete random variable by a 

continuous variable x and the probability ip  of occurrence of the value ix  by the 

probability element  dxxf  in the formula (4). We’ll get an element of the mathema-

tical expectation 

         dxxfxMdMd   (  

and (after summation of elements) the mathematical expectation in question, 
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                                             




 dxxfxMM  )(                                     ( 5 ) 

or 

                                                
b

a

dxxfxMM  )(                                    ( 6 ) 

if the random variable   takes on its values only on the interval  ba, . 

Ex. 6. Calculate the mathematical expectation of the function 

  3   

of the random variable we’ve dealt in Ex. 3. 

By the formula (5), where   3xx  , we get (with the help of the principal va-

lue of the integral) 

          














dxexvpdxexdxxfxMMM xx 22 3333 ..11


  

0lim1 23  






b

b

x

b
dxex


 

because of the integrand is an odd function. 

Ex. 7. A continuous random variable is given by the distribution density 










20if0

,20if
8
3

)(
2

xorx

xxxf  

(see Ex. 8 in the Lecture 4). Find the mathematical expectation of the function 

  3sin  . 

Using the formula (6) for   2,0,sin 3  baxx  we’ll have 

  


  80

20

3
1

8
3sin)(sin 2

32

0

233

t
x

dtdxx
tx

dxxxMM   

     14.015.01
8
18cos0cos

8
1cos

8
1sin

3
1

8
3

0

88

0

  ttdt . 
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Properties of the mathematical expectation 

 
1. The mathematical expectation of a constant quantity C equals the same 

quantity,                         

  CCM  . 

■Let’s interpret C as a random variable with unique possible value C the prob-

ability of which equals 1. In such the case 

  CCCM  1 ■ 

2. A constant quantity C can be taken outside the sign of the mathematical ex-

pectation, 

    CMCM  . 

■Let a random variable 

   C  

be a function of the random variable  . 

a) If the random variable   is discrete one determined by the distribution table 

then by virtue of the formulas (4) and (1) 

        СMpxСpCxpCxCMM
n

i
ii

n

i
ii

n

i
ii  

 111

. 

b) If the random variable   is continuous one determined by the distribution 

density  xf , then on the base of the formulas (5) and (2) one has 

          )()(  CMdxxxfCdxxCxfdxxfCxCMM  












.■ 

Def. 2. A sum    of two random variables  ,  is called a random variable 

whose possible values are equal to sums of any possible value of   with any possible 

value of  . 

3. The mathematical expectation of a sum of two random variables equals the 

sum of their mathematical expectations,  

  
x  x  x  ... ix  … nx  

ip  p  
p  p  ... ip  … np  
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    M)(MM  . 

■Now we can prove this property for discrete random variables with finite 

numbers of possible values. The case of those continuous will be studied in the Lec-

ture No. 7. Let random variables  ,  be represented by their distribution tables 

  1x  2x  … ix  … nx    
1y  2y  … jy  … my  

ip  1p  2p  … ip  … np  jq  1q  2q  … jq  … mq  

For the sake of simplicity we’ll suppose the sums ji yx   for all pairs  ji yx   ,  

to be different. By the definition of the mathematical expectation 

       
 


n

i

m

j
jiji yxPyxM

1 1

 . 

After rearrangement of the summands we get 

          
  

m

j

n

i
jij

n

i

m

j
jii yxPyyxPxM

1 11 1

  

         
  


n

i

m

j

n

i
jij

m

j
jii yxPyyxPx

1 1 11

  

               
  


n

i

m

j

n

i
ijij

m

j
jiji xyPxPyyxPyPx

1 1 11

 . 

On the base of the formula of total probability [the probability invariance rule]   

         ii

m

j
jij pxPyxPyP 




1

, 

         jj

n

i
iji qyPxyPxP 




1

, 

whence it follows that 

      
 


n

i

m

j
jjii MMqypxM

1 1

 .■ 

Corollary 1. The property is extendable for a sum of several random variables, 

for example 

      MM)(MM  . 
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Corollary 2. For any constant C 

    CMCM   . 

Def. 3. A product   of two random variables  ,  is called a random variable 

which possible values are equal to products of any possible value of   and any pos-

sible value of  . 

Def. 4. Two random variables ξ, η are called those independent if the distribu-

tion law of one of them doesn’t depend on values which the other random variable 

can take on. 

4. The mathematical expectation of a product of two independent random vari-

ables equals the product of their mathematical expectations,  

    MMM )( . 

One can prove this property only for discrete random variables (try to do it 

yourselves). 

The key [the hint]. 

         
  


n

i

m

j
jiji

n

i

m

j
jiji yPxPyxyxPyxM

1 11 1

  

     
   


n

i

n

i

m

j
jjii

m

j
jjii

n

i

m

j
jiji MMqypxqypxqpyx

1 1 111 1

 . 

The proof of the property for the case of continuous random variables can be 

done in the Lecture No. 7. 

Def. 5. Several random variables are called those mutually independent if the 

distribution laws of any number of them doesn’t depend on values which the other 

random variables can take on. 

The property 4 is extendable for a product of several mutually independent 

random variables, for example 

      MM)(MM  . 
Ex. 8. Two independent random variables  , are given by their distribution 

tables  
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  -1 0 2 3    -2 1 3 4 

ixp  0.2 0.3 0.1 0.4  
jyp  0.1 0.2 0.4 0.3 

Find the distribution table and the mathematical expectation of the product    

of these random variables.  

Solution. The product  of the random variables  , can take on the next va-

lues: - 6, -4, -3, -1, 0, 2, 3, 6, 8, 9, 12 (products of all pairs of possible values of the 

variables  , ). We’ll find their probabilities making use of independence of  , . 

a)     3.000   PP ; 

b)           04.01.04.023236   PPPP  

and by analogy 

            04.0111,08.0313   PPPPPP , 

            04.0326,08.0133   PPPPPP , 

          12.012,16.09,03.0428   PPPPP . 

c)              4122414  PPP  

            07.0224122   PPPPP  

and by analogy 

             2112212  PPP  

            04.0122112   PPPPP . 

Now we can compile the distribution table of the random variable in question 

   -6 -4 -3 -1 0 2 3 6 8 9 12 

kzp  0.04 0.07 0.08 0.04 0.30 0.04 0.08 0.04 0.03 0.16 0.12 

The mathematical expectation of the variable    we’ll find by two ways 

namely directly and with the help of the corresponding property of the mathematical 

expectation of a product of two independent random variables. 

a)              04.0108.0307.0404.06 MM  

88.212.01216.0903.0804.0608.0304.0230.00  . 

b)     2.14.031.023.002.01 M , 
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    4.23.044.032.011.02 M , 

and therefore 

        88.24.22.1   MMMM . 

Of course two results coincide. 

Find yourselves the distribution function of the random variable   . 

Ex. 9. Find the distribution table and the mathematical expectation of the sum 

   of the same random variables as in Ex.8. 

Answer. a) The distribution table of the random variable    is 

  -3 -2 0 1 2 3 4 5 6 7 

kzp  0.02 0.03 0.05 0.10 0.08 0.20 0.17 0.04 0.19 0.12 

b)     6.3  MM . 

Find yourselves the distribution function of the random variable   . 
 
 
POINT 2. THE DISPERSION AND ROOT-MEAN-SQUARE DEVIATION 

 

Def. 6. The deviation of a random variable ξ from its mathematical expectation 

is called the next random variable 

                                                            M
0

.                                                  ( 7 ) 

Its mathematical expectation equals zero, 

   0)()())(()()(
0

  MMMMMMMM . 

Def. 7. A random variable with zero mathematical expectation is called center-

ed one. 

By virtue of the definition 7 the deviation (7) is a centered random variable. 

Def. 8. The dispersion1 of a random variable ξ is called the mathematical ex-

pectation of the square of its deviation (7) from its mathematical expectation  

                                            
1 Or: the variance 
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                                        2
20

 MMMDD 













 .                              ( 8 ) 

Probability [probabilistic] sense of the dispersion: the dispersion characteri-

ses [discribes] a dissipation of a random variable about its mathematical expectation, 

that is about its mean [or average] value. 

Let’s denote by [A] the dimension of a quantity A. As can be easy seen 

                                                             D ,                                                     ( 9 ) 

that is the dimension of the dispersion of a random variable equals the square of its 

own dimension. By this reason it is well to introduce a more convenient characteristic 

of the dissipation of a random variable about its mathematical expectation which has 

the same dimension, namely the root-mean-square deviation. 

Def. 9. The root-mean-square deviation1 of a random variable ξ is called the 

square root of its dispersion, that is 

                                                 DD  .                                        ( 10 ) 

It is obviously that 

                                                              .                                                     ( 11 )                 

It follows from (11) that 

                                                        DorD .                                       ( 12 ) 

Calculating formulas for the dispersion 

Introducing the next function of a random variable  : 

                                                 2
20

 M





                                    ( 13 )       

we can avail ourselves of the formulas (5), (6). 

a) For a discrete random variable   with the distribution table 

ξ 
x  x  x  … nx  

ip  1p  2p  3p  … np  

                                            
1 Or: quadratic mean deviation, mean-square deviation, mean-square distance, root-mean-square difference, sigma, 
squared error distance, standard deviate, standard deviation 
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we’ll have by the formula (4)  

                                               



n

i
ii pMxDD

1

2  ;                                  ( 14 ) 

b) For a continuous random variable   with the distribution density  xf  the 

formula (5) (or (6) if   takes on its values only on the interval  ba, ) gives 

             




 dxxfMxDD 2    (or        
b

a

dxxfMxDD 2  ).  ( 15 )           

But the best convenient formula directly follows from the definition (8) of the 

dispersion, namely 

                                                      22 MMD  .                                         ( 16 )   

■By virtue of the formula (8) 

    2)(  MMD
              2222 22 MMMMMMMM

                  2222222 22 MMMMMMMMM  . 

We’ve taken the constant quantities     2, MM  outside the sign of the mathemati-

cal expectation.■ 

The formula (16) can be written in the form 

                                              
2

1

2 MpxDD
n

i
ii  



                                      ( 17 ) 

for a discrete random variable and in the form 

                                               
22 MdxxfxDD  





                                  ( 18 ) 

for that continuous. For this purpose it’s sufficient to introduce the next function 

  2  of the random variable   and then to apply the formulas (4), (5). 

Ex. 10. The dispersion and root-mean-square deviation of the indicator of an 

event A (see Ex. 1), that is of the random variable   with possible values 1, 0 and 

corresponding probabilities       121 11, pAPAPpAPp   , are equal to 

               APAPDAPAPD  1,1  . 
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■The distribution table of   and the value    APM   see in Ex. 1. The di-

stribution table and the mathematical expectation of 2 are respectively 

 

 

 

       APAPAPM  012 . 

Hence by the calculating formula (16) 

                      APAPAPAPAPAPMMD  1,1222  .■ 

Ex. 11. Calculate the dispersion and root-mean-square deviation of the random 

variable   of Ex. 2. 

The distribution tables of   and its square (see Ex. 5) are  

ξ 21 x  12 x  03 x  14 x  35 x  

pi 1.01 p  3.02 p  2.03 p  1.04 p  3.05 p  

  2   01 y  12 y  43 y  95 y  

 ii yPq    2.01 q  4.02 q  1.03 q  3.04 q  

Corresponding mathematical expectations equal 

    5.3,5.0 2   MM , 

and by the formulas (16) and (10) we obtain 

      25.35.05.3 222   MMD  

    80.125.3   D . 

Ex. 12. Calculate the dispersion and root-mean-square deviation of the random 

variable   of Ex. 4. 

The distribution density of the random variable is 

 










,2or 2

,22
if
if

0

cos
2
1




xx
xxxf  

the mathematical expectation equals .2  The integral of the formula (18) after two 

integrations by parts will be equal 

  2   11 y  02 y  

 ii yPq     APq 1     APAPq  12  
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  



 




 xvxdxdu
xdxdvxu

xdxxdxxfx
sin2

cos
cos

2
1 22

2

22




 

  


















 

 xvdxdu
xdxdvxu

xdxxxdxxxx
cos

sin
sinsin2sin

2
1 2

2

2
2

22

2
2











  

  2sin0coscos 2

2

2
2

2

22

2
2 

















 









xxdxxx . 

Therefore the dispersion and root-mean-square deviation of the random variable   

equal       87.702 2222  




 MdxxfxD ,     81.287.7   D . 

Properties of the dispersion 
 

1. The dispersion of a constant quantity C equals zero,                         

  constCCD  ,0 . 

■Let’s consider C as a random variable  which takes on unique possible value 

C with the probability 1 (see the proving of the first property of the mathematical ex-

pectation). In this case 

      0,
0

 CCMCCMM  , 

and by the definition of the dispersion 

      002
20















 MMCDD  .■ 

Remark. The property can be proved with the help of the formula (16), namely 

        02222  CCCMCMCDD  . 

2. The square of a constant factor C can be taken outside the sign of the disper-

sion, 

    DCCD 2 . 

■Let’s consider a random variable 

   C  
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By the second property of the mathematical expectation 

            
00

,  CMCCMCMCMCMM  , 

and by virtue of the definition of the dispersion 

      DCMCCMCMMCDD 2
20

2
20

2
2020




























































 .■ 

The other method of proving is based on the formula (16): 

                  DCMMCMCMCCMCMCD 2222222222  . 

3. The dispersion of the sum of two random variables equals 

                                       





 

00
2  MDDD .                                  ( 19 ) 

■Let 

  . 

Then on the base of the definition of the dispersion we do as follows  

                 MMMMMMM
0

,  

     
00
  MM ; 

    




































 
















00202020020
2  MMMDD  

    












































00002020
22  MDDMMM .■ 

Corollary 1. The dispersion of the sum of two independent random variables 

equals the sum of their dispersions, 

                                                      DDD  .                                         ( 20 ) 

■For independent random variables  ,  

0
0000






















  MMM , 

and the formula (19) must be substituted by the formula (20).■ 

Corollary 2. The corollary 1 is extendable on the sum of arbitrary number of 
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mutually independent random variables n,...,,   , that is 

                                    nn DDDD   ...... 2121 .                       ( 21 )   

Corollary 3. If n,...,,    be mutually independent random variables, then the 

root-mean-square deviation of their sum equals 

                                 nn ......  






  .                    ( 22 ) 

■By the formulas (10) and (21) 

           nnn DDDD  ......... 212121  

     n...  





  ■ 

Corollary 4. For any constant quantity C 

    DCD  . 

Corollary 5. The dispersion of the difference of two independent random vari-

ables  ,  equals the sum of their dispersions, 

    D)(DD   

■           D)(DD)(DD)(DD   ■ 

Ex. 13. Let a random variable 

                                                 
n

n





...21                                               ( 23 ) 

be the arithmetic mean [the arithmetic average] of n (mutualy) independent random 

variables. It’s necessary to find the mathematical expectation and dispersion of . 

Making use of the properties of the mathematical expectation and dispersion 

we obtain 

         
n

MMM
n

M
n

MM nnn  










 


......... 212121 ,(24) 

that is the mathematical expectation of the arithmetic mean of n independent random 

variables equals the arithmetic mean of their mathematical expectations; 

             
2

21
2

2121 .........
n

DDD
n

D
n

DD nnn  










 

 ,  (25) 
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the dispersion of the arithmetic mean of n independent random variables equals the 

sum of their dispersions divided by 2n  (or the arithmetic mean of their dispersions 

divided by n). 

Ex. 14. Find the mathematical expectation, dispersion and root-mean-square 

deviation of Bernoulli and Poisson  distributions (see PP. 2, 4 of the Lecture No. 3). 

a) At first let's suppose that a random variable   has Bernoulli distribution (the 

number of successes A in n independent trials with a constant probability  APp   of 

the success). One can represent   as the sum of n independent random variables 

ni   ......21  

where i  is the number of successes in the ith trial. As we know from Ex. 1 and 10 

             pqppAPAPDpAPM ii  11,  . 

Therefore by virtue of the property 3 (corollary 1) of the mathematical expectation 

and 3 (corollary 2) of the dispersion we obtain 

                                       npqnpqDnpM   ,, .                             ( 26 )  

Remark. The formulas (26) can be obtained directly from the definition (1) of 

the mathematical expectation and Bernoulli formula (1) of the Lecture No. 3. It's suf-

ficient to establish that  

    ,
100

npqpkCqpkCkkPM
n

k

knkk
n

n

k

knkk
n

n

k
 











  

     2
1

2

0

2

0

22 npnpqqpCkqpCkkPkM
n

k

knkk
n

n

k

knkk
n

n

k

 










 . 

But our method of proving is the most simple. 

b) Now let a random variable   have Poisson distribution with a parameter a. 

Its mathematical expectation, dispersion and root-mean-square deviation we can ob-

tain passing in the formulas (26) to the limit when 

aconstnppn  ,0, . 

We’ll have 

  apaqaaqnpqaanp  1limlimlimlim,limlim . 
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Thus, the mathematical expectation, dispersion and root-mean-square deviation 

of Poisson distribution with a parameter a are equal to 

                                                  aaDM   , .                                  ( 27 ) 

Remark. If we extend the definition (1) of the mathematical expectation on the 

case of a random variable with infinite number of non-negative integer values, we'll 

prove the formulas (27) making use of series. Indeed, by virtue of Poisson formula 

(12) of the Lecture No. 3 we'll have 

     
 

























1

1

110 !1! k

k
a

k

a
k

kk k
aaee

k
akkkPkkPM   

,...
!3!2

1
32

aeaeaaaae aaa 







   

       
























1

1

1

2

1

2

0

22

!1! k

k
a

k

a
k

kk k
akaee

k
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      aaaaMMD  2222  . 

 

POINT 3. MOMENTS OF A RANDOM VARIABLE 

 

Def. 10. The thk  order initial moment of a random variable ξ is called the ma-

thematical expectation of its thk  power, 

                                                    k
kk M   .                                              ( 28 ) 

Example 15. 

    M1 , 

that is the first order initial moment of a random variable ξ coincides with its mathe-

matical expectation.  
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Def. 11. The thk  order central moment of a random variable ξ is called the ma-

thematical expectation of the thk  power of its centered random variable, 

                             kk
k

kk mMMMM  















0
.               ( 29 ) 

Ex. 16. 

    D2 , 

that is the second order central moment of a random variable ξ coincides with its dis-

persion. 

For random variables with zero mathematical expectation (that is for centered 

random variables) the initial and central moments coincide. 

The thk  order initial moment can be evaluated with the help of the formula 

                                                        



n

i
i

k
ik px

1

                                                 ( 30 ) 

for a discrete random variable with n possible values, and the formula 

                                                      




 dxxfxk
k                                               ( 31 ) 

for a continuous random variable. For the thk  order central moment there are cor-

responding formulae 

                                      



n

i
i

k
i

n

i
i

k
ik pmxpMx

11
 ,                         ( 32 ) 

                                     








 dxxfmxdxxfMx kk
k  .                       ( 33 ) 

Theorem. If the distribution of a random variable is symmetric about its ma-

thematical expectation, then all its odd-order central moments are equal to zero 

0...... 12753  k . 

■For example let  be a continuous random variable with the distribution den-

sity  xf . The symmetry of this variable about its mathematical expectation means 

that 
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   xmfxmf   . 

In this case by virtue of the formula (33) after some simple changes of variables 
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




 dyymfydyymfy kk
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Cental moments can be expressed in terms of initial moments, for example 

those of the second, third and fourth orders are equal 

,2
122    

,23 3
11233    

3
1

2
121344 364   . 

■Indeed, 

            2
12

2
12

22
22   MMD , 

           3
1

2
11

233
1

3
33 33  MMMM  

      2
11123

3
1

2
11123

3
1

2
11

23 233333   MMM , 

           4
1

3
1

2
1

2
1

344
1

4
4 464  MMMM  

         4
1

3
11

2
12134

4
1

3
1

2
1

2
1

34 464464  MMMM
4
1

2
12134 364   .■ 

There are two quantities which one introduces side by side with the third and 

fourth central moments of a random variable, namely its asymmetry and excess. The 
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asymmetry of a random variable   is defined by a quotient 

                           
 

       
 



 3

3
1123

3
3 23 

 AsAs                       ( 34 ) 

and describes the symmetry or non-symmetry of its distribution law. The excess of   

is given by a quotient 

        
 

           
  33643 4

4
1

2
12134

4
4 








ExEx        ( 35 ) 

and describes so-called disnormality of   that is the deviation of the distribution law 

of   from the normal distribution (see the next lecture). 

It is obvious that the asymmetry and excess are dimensionless quantities, that is 

      0,0   ExAs . 

Ex. 17. Evaluate the third-order and fourth-order initial and central moments, 

asymmetry and excess of the discrete random variable which were studied in Ex. 2, 

10. 

The mathematical expectation and root-mean-square deviation of the random 

variable in question are 8.1,5.0   m . By the formulas (30), (32) we’ll get  

№ ix  ip  
ii px3  ii px4  mxi     ii pmx 3

    ii pmx 4
  

1. -2 0.1 -0.8 1.6 -2.5 -1.56 3.91 

2. -1 0.3 -0.3 0.3 -1.5 -1.01 1.52 

3. 0 0.2 0.0 0.0 -0.5 -0.03 0.01 

4. 1 0.1 0.1 0.1 0.5 0.01 0.01 

5. 3 0.3 8.1 24.3 2.5 4.69 11.72 

      1.73     3.264      10.23     17.174   

Thus,   1.73  ,   3.264  ,   10.23  ,   17.174  . 

Finally by the formulas (34), (35) we obtain 

   
 

   
  36.13

8.1
17.173,36.0

8.1
10.2

44
4

33
3 







 ExAs . 

Remark. We can evaluate all moments and number characteristics of the ran-
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dom variable   with the help of a common table 

  1 2 3 4 5   

1 ix  -2 -1 0 1 3  

2 ip  0.1 0.3 0.2 0.1 0.3 1.0 

3 ii px  -0.2 -0.3 0.0 0.1 0.9    M1 0.5 

4 
ii px2  0.4 0.3 0.0 0.1 2.7 2 3.5 

5 
ii px3  -0.8 -0.3 0.0 0.1 8.1 3 7.1 

6 
ii px4  1.6 0.3 0.0 0.1 24.3 4 26.3 

7  Mxi   -2.5 -1.5 -0.5 0.5 2.5  

8    ii pMx 2  0.63 0.68 0.05 0.03 1.88    D2 3.25 

9    ii pMx 3  -1.56 -1.01 -0.03 0.01 4.65 3 2.10 

10    ii pMx 4  3.91 0.01 0.01 0.01 11.72 4 17.17 

The rows 3 and 8 give   5.0M ,       8.125.3,25.3   DD . 

The rows 3 and 4 give the same value of the dispersion with the help of initial mo-

ments   25.35.05.3 22
12  D . The rows 9 and 10 give 

   
     

  36.13
8.1
17.173,36.0

8.1
10.2

44
4

33
3 





 ExAs , 

and the rows 3-6 give the same result with the help of initial moments 

    36.0
8.1

5.025.05.331.723
3

3

3

3
1123 








As . 

    .36.13
8.1

5.035.05.365.01.743.263364
4

42

4

4
1

2
12134 








Ex

 

POINT 4. CHEBYSHEV INEQUALITY. LAW OF LARGE NUMBERS 

Chebyshev1 inequality 
 

                                            
1 Chebyshev, P.L. (1821 - 1894), a prominent Russian mathematician 
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For any random variable   with the mathematical expectation  M  and the 

dispersion  D  the next inequality holds 

                                                       
2
 DMP                                   ( 36 ) 

or, as the corollary, the inequality 

                                                     
21


 DMP  .                               ( 37 )  

■To prove the inequality (36) it’s useful to introduce a set A  of all reals which 

satisfy the inequality 

    Mx , 

    MxxA : . 

In this condition we can interpret the inequality 

    M  

as the result of hitting of a random variable   in the set A , 

     AM  . 

Starting the proof of the inequality (36) we'll consider two cases. 

a) At first let   be a discrete random variable. It follows from the formula (14) 

that 

         

       .2
2
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
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
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i
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i
ii
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

 
  

b) For the case of a continuous random variable   we use the formula (15), 

namely    

                







APdxxfdxxfMxdxxfMxD
AA

2222  

       
2

2


 DMPMP  . 
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The inequality (36) is proved. Validity of the inequality (37) follows from the 

fact that the events 

    M  and     M  

are those opposite.■ 

In practice Chebyshev inequality (37) is applied the most often. 

Ex. 18. Estimate the probability of the inequality 

  3  M  

for the random variable of Ex. 2. 

By virtue of Ex. 10 the dispersion of the random variable in question equals 

  25.3D . Therefore Chebyshev inequality (37) (for 3 ) gives 

      64.03,64.036.01
3
25.313 2   MPMP . 

In the case of Bernoulli distribution   (here     npqDnpM   , ; see the 

formulas (26) in Ex. 13) the inequality (37) takes on the form 

                                      21


 npqnpPMP  ,                         ( 38 ) 

and in the case of Poisson distribution   (     aDM   , ibid., (27)) the form 

                                                   21


 aaP  .                                            ( 39 ) 

Ex. 19. A device consists of 200 independent working elements. The probabili-

ty of the failure of each element during the time T equals 0.01. With the help of Che-

byshev inequality estimate the probability that the number of failed elements during 

the time T differs from the mean number of failures: a) less than by 5; b) not less than 

by 5. 

Let a random variable   be the number of failed elements during the time T. It 

is obvious that   distributed B with 

    98.1,2,99.0,01.0,200  npqDnpMqpn  . 

By the inequality (37) (in the form (38), with 5 ) 
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   92.0
5
98.115 2   MP . 

On the base of the inequality (36) 

     08.0
5
98.1

5
5 22 

 DMP . 

Let 

                                                      ,...,...,,, 321 n                                               ( 40 ) 

be a sequence of (mutually) independent random variables. The arithmetical average 

of n first its terms, that is 

                                             






n

i
i

n

nn 1

21 1...  ,                                   ( 41 ) 

has the next mathematical expectation and dispersion (see Ex. 12, (23), (24), (25)) 

         






n

i
i

n M
nn

MMMM
1

21 1...  , 

         






n

i
i

n D
nn

DDDD
1

22
21 1...




 . 

Chebyshev inequality (37) gives us the estimate of the deviation of the arith-

metical average of n first independent random variables from the arithmetical average 

of their mathematical expectations, namely 

    
21


 DMP  , 

or in the complete form 

                                
 
22

1

11

111





n

D
M

nn
P

n

i
in

i
i

n

i
i


 











 .                          ( 42 )   

Further let the dispersions of all these random variables don’t surpass some 

number C, that is 

                                                          CDi i  : . 

In this case the inequality (42) passes to the next one: 
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                           CDi
n
CM

nn
P i

n

i
i

n

i
i 








 






 :111
2

11

.              ( 43 ) 

Let’s finally suppose that all these random variables have the same mathematical ex-

pectation a. We’ll get the next final result 

                          CDaMi
n
Ca

n
P ii

n

i
i 















 ,:11
2

1

.             ( 44 ) 

Ex. 20. How many measurements must one fulfil to assert that with the proba-

bility 0.99 the error of the arithmetic mean of results of these measurements is less 

than 0.01 if the root-mean-square deviation of each measurement equals 0.03? 

We can consider results of measurements as independent random variables i  

with the same mathematical expectation a (the exact value of a quantity to be mea-

sured) and dispersion 

    0009.003.0 22  iiD  . 

Supposing  

   iDC  01.0,0009.0    

in the inequality (44) we have to find n from the next relation 

99.0
01.0

0009.0101.01
2

1














 n
a

n
P

n

i
i  

or in point of fact 

99.0
01.0

0009.01 2 


n
. 

This last equation gives 900n , and therefore it’s sufficient to fulfil not less than 

900 measurements. 

Chebyshev inequality permits us to estimate the deviation of the relative fre-

quency  AP*
n  of some event A from its probability  APp  . 

Let's suppose that we fulfil n independent trials with a constant probability 

 APp   of an event A. If a random variable    is the number of occurrences of the 

event A, then the relative frequency of A equals 
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 
n

AP*
n


 . 

It is obvious that   has Bernoulli distribution for which     npqDnpM   , . The-

refore  

         .*  nMPnnpPp
n

PAPAPP n 






  . 

Using the inequality (38) (with n  as  ) we’ll get 

       
  2222

* 111



n
pq

n
npq

n
npqnMPAPAPP n  . 

Thus the deviation of the relative frequency of an event A from its probability 

is estimated by the next formula:  

                                 2
* 1




n
pqp

n
PAPAPP n 







  .                      ( 45 ) 

Remark. The formula (45) can more directly be obtained from the formula 

(38). Indeed, 

      2
* 1


 npq
n

APAPP
n

p
n

PnpP n 





 







  . 

If we substitute 
n
  by   and so   by n  in this inequality, we’ll obtain (45). 

Ex. 21 (see Ex. 15 of the Lecture No. 3). Probability for an item to be imperfect 

is 0.03. How many imperfect items are contained in a batch of 100 items with proba-

bility 0.9? Solve the problem with the help of Chebyshev inequality and compare the 

result with that obtained in the Lecture No. 3 on the base of the formula (10). 

 Let a random variable ξ be a number of imperfect items in a batch, and an 

event A means that an item, which is taken at random, isn’t perfect one. By condi-

tions of the problem p = P (A) = 0.03, q = = 1 – p = 0.97, and by virtue of the formula 

(45) we can write 

     9.0
100

97.003.0103.0
100 2

* 










 


 PAPAPP n . 
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The equality 9.0
100

97.003.01 2 






 gives 05.0 , and so we must find possible values 

of ξ from the relation 

9.005.003.0
100








 
P . 

This latter gives that with probability 0.9  

80,82,535,53,05,003.0
100

  . 

Answer. Chebyshev inequality (45) gives that with the probability 0.9 there are 

less than 8 imperfect items in a batch ( 80   ). The method of the Lecture 3 gives 

more exact result ( 51   ). 

Convergence in probability of random variables 
 

Def. 12. One says that a sequence of random variables  

 ,,,, n   

converges to some value A in probability, 

A
probn  , 

if for any positive however small number   the next limit takes place: 

                                                  1lim 


 AP nn
.                                           ( 46 ) 

It follows from the definition that for any   and sufficiently large n one can re-

gard the event 

  An  

as that practically certain. 

Law of large numbers 
 

Law of large numbers consists of some important theorems. We’ll study seve-

ral of them. 
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Theorem 1 (Chebyshev small theorem). Let (40) be independent random va-

riables with the same mathematical expectation a and whose dispersions don’t sur-

pass some number C. In this case the arithmetic mean (41) of these random variables 

converges in probability to their common mathematical expectation (if n ). 

■Let   be any positive however small number. From the conditions of the the-

orem it follows the inequality (44). Passing to limit as n  we obtain 

11lim
1














 a
n

P
n

i
in

. 

The sign “>” isn’t possible. Therefore we’ll have the equality 

11lim
1














 a
n

P
n

i
in

. 

It means by virtue of the definition 12 that the arithmetic mean 




n

i
in 1

1   

converges to a in probability, 

a
n prob

n

i
i 

1

1  .■ 

Chebyshev small theorem is often applicable in measurement practice. 

Let's we fulfil independent measurements of some quantity. We can regard re-

sults of measurements as independent random variables ,...,2,1, ii  with the same 

mathematical expectation a (which is the exact value of a quantity to be measured). If 

systematic biases absent that is the measurement dispersions are uniformly bounded 

by some number C,   CDi i  ,...2,1 , then by Chebyshev small theorem the ar-

ithmetical mean of the results of measurements converges to a in probability. 

Theorem 2 (Chebyshew large theorem). Let the random variables (40) have 

different mathematical expectations in conditions of Chebyshev small theorem. In 

this case the difference 

 



n

i
i

n

i
i M

nn 11

11  , 
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that is the difference between the arithmetical average (41) of the first n random va-

riables and the arithmetical average of their mathematical expectations, converges to 

zero in probability (if n ), 

  011
11

prob

n

i
i

n

i
i M

nn
 



 . 

To prove the theorem it’s sufficient to pass to the limit for n  in the in-

equality (43). Do it yourselves. 

Theorem 3 (Bernoulli1). A relative frequency of every event A converges in 

probability to its probability  AP  (if n ), 

   APAP
probn * . 

It’s sufficient to pass to the limit for n  in the inequality (45). Verify!  

Remark. Bernoulli theorem is the theoretical base of the probability theory. 

It’s sufficient to take into account the statistical definition of the probability of 

an event. 

Theorem 4 (Markov2). Let (40) be dependent random variables and 

  01lim...lim
1

22
21 








 




n

i
in

n

n
D

nn
D  . 

Then the difference between the arithmetical average (41) of the first n random varia-

bles of the sequence (40) and the arithmetical average of their mathematical expec-

tations, that is the difference  

 



n

i
i

n

i
i M

nn 11

11  , 

converges to zero in probability (if n ), 

  011
11

prob

n

i
i

n

i
i M

nn
 



 . 

Try to prove this theorem yourselves! 

 

                                            
1 Bernoulli, Jacob (1654 - 1705), the famous Swiss mathematician 
2 Markov, A.A. (1856 - 1922), , a noted Russian mathematician 



  

NUMBER CHARACTERISTICS OF RANDOM VARIABLES:  

basic terminology RUEFD 

 
1. асиммет-
рия  

асиметрія  Asýmmetry, 
skéwness  

asymétrie f  Asymmetrie f 

2. безразмер-
ная величина 

безрозмірна 
величина 

diménsionless/
nóndiménsio-
nal mágnitude/ 
quántity 

grandeur f 
[quantité f] 
sans dimension 

dimensions-
lose  Größe f 

3. Бернулли 
теорема  

Бернуллі тео-
рема  

Bernoulli théo-
rem 

théorème m de 
Bernoulli  

Bernoullischer 
Satz m 

4. дисперсия 
случайной ве-
личины 

дисперсія ви-
падкової ве-
личини 

váriance [dis-
pérsion] of a 
rándom váriab-
le  

variance f di-
spersion f 
d‘une variable 
aléatoire  

Varianz f [Dis-
persion f , 
Streuung f, 
Streuungsqua-
drat n] einer 
Zúfallsgröße  

5. дисперсия 
суммы двух 
(не)зависи-
мых случай-
ных величин  

дисперсія су-
ми двох (не-) 
залежних ви-
падкових ве-
личин 
 

váriance [dis-
pérsion] of a 
sum of two ìn-
depéndent [de-
péndent] rán-
dom váriables  

variance f di-
spersion f 
d‘une somme 
de deux varia-
bles aléatoires 
indépendantes 
dépendantes 

Varianz f [Dis-
persion f , 
Streuung f] der 
Súmme von 
zwei únabhä-
ngiger [abhä-
ngiger] Zúfal-
lsgrößen  

6. закон бо-
льших чисел 

закон великих 
чисел 

law of large 
númbers 

loi des grands 
nombres 

Gesetz n der 
großen Zahlen 

7. Маркова 
теорема  

Маркова тео-
рема  

Markov théo-
rem 

théorème m de 
Marcof 

Markowscher 
Satz m 

8. математи-
ческое ожида-
ние 

математичне  
сподівання 

màthemátical  
èxpectátion 
[èxpectátion 
válue] 

espérance f 
mathématique 

Erwartung-
swert m [ma-
thematische 
Erwartung f, 
mathematische 
Hoffnung f] 

9. математи-
ческое ожида-
ние произве-
дения двух 
(не)зависи-
мых случай-
ных величин 

математичне 
сподівання 
добутку двох 
(не)залежних 
випадкових 
величин 

màthemátical 
èxpectátion of 
the product of 
two ìndepén-
dent [depén-
dent] rándom 
váriables  

espérance f 
mathématique 
du produit de 
deux variables 
aléatoires indé-
pendantes dé-
pendantes 

Erwartungs-
wert m des 
Prodúkt(e) von 
zwei únabhä-
ngiger [abhä-
ngiger]  Zúfal-
lsgrößen  

10. математи- математичне  màthemátical  espérance f Erwartungs-
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ческое ожида-
ние случай-
ной величины 

сподівання 
випадкової 
величини 

èxpectátion of 
a rándom vári-
able  

mathématique 
d‘une variable 
aléatoire 

wert m  [ma-
thematische 
Erwartung f, 
mathematische 
Hoffnung f] 
der Zúfallsgrö-
ße  

11. математи-
ческое ожида-
ние суммы 
двух случай-
ных величин 

математичне 
сподівання 
суми двох ви-
падкових ве-
личин 
 

màthemátical 
èxpectátion of 
the sum of two 
rándom váriab-
les  

espérance f 
mathématique 
d'une somme 
de deux varia-
bles aléatoires 

Erwartungs-
wert m  der 
Súmme von 
zwei Zúfalls-
größen 

12. медиана 
случайной ве-
личины 

медіана ви-
падкової ве-
личини 

médian [médi-
an válue] of a 
rándom vária-
ble  

médiane f 
d’une variable 
aléatoire 

Medián m 
[Zentralwert 
m] einer Zúfal-
lsgröße  

13. мода слу-
чайной вели-
чины 

мода випад-
кової величи-
ни 

móde of a rán-
dom váriable  

mode f d’une 
variable aléa-
toire 

Móde f [häu-
figster Wert m] 
einer Zúfalls-
größe 

14. момент 
высшего по-
рядка 

момент ви-
щого порядку  

hígh-órder 
móment (còef-
fícient)  

moment m 
d’ordre supé-
rieur 

höheres Mo-
ment 

15. момент 
распределе-
ния 

момент роз-
поділу 

móment of dì-
stribútion dìs-
tribútion mó-
ment 

moment m 
d’une distri-
bution d’une 
répartition  

Moment n von 
Vertéilung, 
Vertéilungs-
moment n 

16. момент 
случайной ве-
личины 

момент ви-
падкової ве-
личини  

móment of a 
rándom vária-
ble  

moment m 
d’une variable 
aléatoire  

Moment n ei-
ner Zúfalls-
größe  

17. начальный 
момент (пер-
вого, второго, 
третьего, че-
твертого, n-го 
порядка, по-
рядка n) 

початковий 
момент (пер-
шого, друго-
го, третього, 
четвертого, n-
го порядку, 
порядку  n) 

first-, second-, 
third-, fourth-
órder, n-th ór-
der) inítial [ór-
dinary] mó-
ment  

moment m ini-
tial (du premi-
er, deuxième, 
troisième, qua-
trième, n-ième 
ordre, d’ordre 
n) 

Ánfangsmo-
ment n (erster, 
zweiter, dritter, 
vierter, n-ter 
Ordnung) 

18. независи-
мые случай-
ные величины 

незалежні ви-
падкові вели-
чини 

índepéndent 
rándom váriab-
les 

variables f  
aléatoires indé-
pendantes 

unabhängige 
Zúfallsgrößen 

19. несиммет-
ричное рас-
пределение 

несиметрич-
ний  розподіл 

àsymmétric-
(al)  dìstribú-
tion 

distribution f 
[répartition f] 
asymétrique  

únsymmetri-
sche  Vertéi-
lung 



Number Characteristics: basic terminology RUEFD 130 

20. отклоне-
ние (случай-
ной величины 
от ее матема-
тического 
ожидания) 

відхилення 
(випадкової 
величини від 
її математич-
ного споді-
вання) 

dèviátion of a 
rándom vária-
ble from its 
màthemátical 
èxpectátion  

déviation f 
écart m(d‘une 
variable  aléa-
toire de son es-
pérance ma-
thématique  

Ábweichung (f 
=,-en) einer 
Zúfallsgröße 
von ihm Er-
wartungwert(e) 
[von ihr ma-
thematische 
Erwartung,von 
ihr mathemati-
sche Hoff-
nung] 

21. первый 
момент 

перший мо-
мент 

first móment  le premier 
moment 

erstes [das er-
ste]  Moment 

22. последова-
тельность 
случайных ве-
личин 

послідовність 
випадкових 
величин 

séquence of 
rándom váriab-
les  

suite f  de va-
riables aléatoi-
res 

Fólge f [Fól-
genreihe f] der 
Zúfallsgrößen  

23. Пуассона 
теорема  

Пуассона тео-
рема 

Poisson théo-
rem 

théorème m de 
Poisson 

Poissonscher 
Satz  

24. размерная 
величина 

розмірна ве-
личина 

diménsional 
[denóminate] 
mágnitude 
[quántity]  

variable f 
[quantité f, 
grandeur f] 
dimensionnelle 

dimensions-
behaltete [di-
mensionale] 
Größe 

25. размернос-
ть величины 

розмірність 
величини 

diménsion [di-
mènsionálity] 
of a mágnitude 
[of a quántity]  

dimension f 
d’une variable 
[d’une quanti-
té, d’une gran-
deur]   

Dimension f 
einer Größe 

26. рассеяние 
(случайной 
величины) 

розсіяння (ви-
падкової ве-
личини) 

váriance [còn-
sentrátion, dìs-
pérsion, dìssi-
pátion, scátter, 
scáttering] of a 
rándom váriab-
le  

variance f 
concentration 
f , dispersion f 
(d‘une variable 
aléatoire) 

Varianz f [Dis-
persión f, Kon-
zentratión f, 
Streuung f, 
Zerstreuung f] 
einer Zúfalls-
größe 

27. симметри-
чное распре-
деление 

симетричний 
розподіл 

symmétric(al) 
dìstribútion 

distribution f 
[répartition f] 
symétrique  

symmétrische 
Vertéilung 

28. системати-
ческая ошиб-
ка 

систематична 
помилка 

systemátic(al) 
[cónstant, fi-
xed, hard, non-
sámpling, só-
lid] érror 

erreur f systé-
matique 

systematischer 
[regelmäßiger] 
Féhler 

29. средне- середнє квад- root-méan- ecart f  quad- durchschnitt-
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квадратичес-
кое [среднее 
квадратиче-
ское] отклоне-
ние 

ратичне [се-
редньоква-
дратичне] від-
хилення 

squáre [qua-
drátic méan, 
méan-squáre]  
dèviátion, stán-
dard dèviátion 

ratique moyen, 
écart type 
[écart-type m, 
dispersion f 
standard]  

liche quadrati-
sche Abwei-
chung, mittle-
re quadratische 
Abweichung f, 
Streuung f , 
Standardab-
weichung f   

30. среднее 
арифметичес-
кое (наблюда-
вшихся зна-
чений случай-
ной величи-
ны) 

середнє ари-
фметичне 
(спостереже-
них значень 
випадкової 
величини) 

àrithmétical 
average/méan 
[àrithmétical 
méan válue] 
(of obsérved 
values of a rán-
dom váriable  

moyenne f 
arithmétique 
(de valeurs ob-  
servées d’une 
variable aléa-
toire)  

arithmétisches 
Míttel (n –s,=) 
von Beobach-
tungswerten  
einer Zúfalls-
größe 

31. среднее 
взвешенное 

середнє зва-
жене  

wéighted áve-
rage 

moyenne  f 
pondérée 

gewógenes 
Míttel n –s,=  

32. среднее 
значение слу-
чайной вели-
чины 

середнє зна-
чення випад-
кової велич-
ни 

average [méan 
válue] of a rán-
dom váriable  

valeur f moy-
enne d‘une va-
riable aléatoire  

Durchschnitt m 
[Durchschnit-
tsgröße f, 
Durchschnitts-
wert m, Mittel-
wert m, mit-
tlerer Wert m] 
einer Zúfalls-
größe 

33. сходимо-
сть по вероят-
ности 

збіжність за 
ймовірністю 

pròbabílity 
convérgence, 
convérgence in 
pròbabílity  

convergence f 
en probabilité  
 

Konvergénz in 
Wahrschéin-
lichkeit 

34. сходиться 
по вероятно-
сти 

збігатися за 
ймовірністю 

convérge in 
pròbabílity 

converger en 
probabilité 

konvergíeren 
in Wahr-
schéinlichkeit 

35. функция 
случайной ве-
личины 

функція ви-
падкової ве-
личини 

fúnction of a 
rándom vária-
ble 

fonction f 
d‘une variable 
aléatoire 

Funktión f ei-
ner Zúfalls-
größe  

36. центр рас-
пределения 
[центр рассея-
ния]  случай-
ной величины 

центр розпо-
ділу/розсіян-
ня випадкової 
величини  

dìstribútion 
centre, centre 
of dìstribútion 
[of còncentrá-
tion, of dispér-
sion, of scátter, 
of scáttering] 
of a rándom 

centre m de di-
stribution de 
répartition, de 
dispersion, de 
concentration  
de  variance 
d‘une variable 
aléatoire  

Vertéilungs-
zentrum (n) 
[Zéntrum (n) 
von Vertéi-
lung] einer Zú-
fallsgröße  
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váriable  
37. централь-
ный момент 
(первого, вто-
рого, третье-
го, четверто-
го, n-го поря-
дка, порядка 
n) 

центральний 
момент (пер-
шого, друго-
го, третього, 
четвертого, n-
го порядку, 
порядку  n) 

(first-, second-
third-, fourth-
órder, n-th ór-
der) céntral 
móment  

moment m 
central (du pre-
mier, deuxiè-
me, troisième, 
quatrième, n-
ième ordre; 
d’ordre un, 
deux, trois, 
quatre, n ) 

zentrales Mo-
ment n (erster, 
zweiter, dritter, 
vierter, n-ter 
Ordnung) 

38. центриро-
ванная слу-
чайная вели-
чина 

центрована 
випадкова ве-
личина  

сéntered rán-
dom váriable  

variable f aléa-
toire centrée 

zéntrische Zú-
fallsgröße 

39. Чебышёва 
неравенство  

Чебишова не-
рівність 

Сhebyshev's 
ìnequálity 

inégalité f de 
Tchebichof 

Tscheby-
schewsche 
Úngleichung 

40. Чебышёва 
теорема  

Чебишова те-
орема 

Сhebyshev 
théorem 

théorème m 
Tchebichof  

Tscheby-
schewscher 
Satz m 

41. числовая 
характеристи-
ка (случайной 
величины) 

числова ха-
рактеристика 
(випадкової 
величини) 

 number  [nu-
mérical]  chà-
racterístic [k-] 
of a rándom 
váriable  

caractéristique 
numérique 
d‘une variable 
aléatoire  

záhlenmäßige 
Charakteristik f 
einer Zúfalls-
größe 

42. эксцесс  ексцес   excéss excès m  Exzeß m 
43. энный (n-
ый) момент 

енний (n-й) 
момент 

n-th móment moment m n-
ième 

n-tes Moment  



  

NUMBER CHARACTERISTICS OF RANDOM VARIABLES:  

basic terminology EFDRU 

 
1. àrithmétical 
average/méan 
[àrithmétical 
méan válue] 
(of obsérved 
values of a 
rándom vári-
able  

moyenne f 
arithmétique 
(de valeurs ob-
servées d’une 
variable aléa-
toire)  

arithmétisches 
Míttel (n –s,=) 
von Beobach-
tungswerten  
einer Zúfalls-
größe 

среднее ари-
фметическое 
(наблюдавши-
хся значений 
случайной ве-
личины) 

середнє ари-
фметичне 
(спостереже-
них значень 
випадкової 
величини) 

2. àsymmét-
ric(al)  dìstri-
bútion 

distribution f 
[répartition f] 
asymétrique  

únsymmetri-
sche  Vertéi-
lung 

несимметри-
чное распре-
деление 

несиметрич-
ний  розподіл 

3. asýmmet-
ry, skéwness  

asymétrie f  Asymmetrie f асимметрия  асиметрія  

4. average 
[méan válue] 
of a rándom 
váriable  

valeur f moy-
enne d‘une va-
riable aléatoire  

Durchschnitt m 
[Durchschnit-
tsgröße f, 
Durchschnitts-
wert m, Mittel-
wert m, mit-
tlerer Wert m] 
einer Zúfalls-
größe  

среднее зна-
чение слу-
чайной вели-
чины 

середнє зна-
чення випад-
кової велич-
ни 

5. Bernoulli 
théorem 

théorème m de 
Bernoulli  

Bernoullischer 
Satz m 

Бернулли те-
орема  

Бернуллі тео-
рема  

6. сéntered 
rándom vári-
able  

variable f aléa-
toire centrée 

zéntrische Zú-
fallsgröße 

центрирован-
ная случай-
ная величина 

центрована 
випадкова ве-
личина  

7. céntral mó-
ment (first-, se-
cond-, third-, 
fourth-órder, 
n-th órder)  

moment m 
central (du pre-
mier, deuxiè-
me, troisième, 
quatrième, n-
ième ordre; 
d’ordre un, 
deux, trois, 
quatre, n ) 

zentrales Mo-
ment n (erster, 
zweiter, dritter, 
vierter, n-ter 
Ordnung) 

центральный 
момент (пер-
вого, второ-
го, третьего, 
четвертого, n-
го порядка, 
порядка n) 

центральний 
момент (пер-
шого, друго-
го, третього, 
четвертого, n-
го порядку, 
порядку  n) 

8. Сhebyshev 
ìnequálity 

inégalité f de 
Tchebichof 

Tscheby-
schewsche 
Úngleichung  

неравенство 
Чебышёва 

нерівність 
Чебишова 

9. Сhebyshev théorème m Tscheby- Чебышёва те- Чебишова те-
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théorem Tchebichof  schewscher 
Satz m 

орема  орема 

10. convérge in 
pròbabílity 

converger en 
probabilité 

konvergíeren 
in Wahr-
schéinlichkeit 

сходиться по 
вероятности 

збігатися за 
ймовірністю 

11. dèviátion of 
a rándom vári-
able from its 
màthemátical 
èxpectátion  

déviation f 
écart m(d‘une 
variable  aléa-
toire de son es-
pérance ma-
thématique  

Ábweichung (f 
=,-en) einer 
Zúfallsgröße 
von ihm Er-
wartungwert(e) 
[von ihr ma-
thematische 
Erwartung, 
von ihr ma-
thematische 
Hoffnung] 

отклонение 
(случайной 
величины от 
ее математи-
ческого ожи-
дания) 

відхилення 
(випадкової 
величини від 
її математич-
ного споді-
вання) 

12. diménsion 
[dimènsioná-
lity] of a mág-
nitude [of a 
quántity]  

dimension f 
d’une variable 
[d’une quanti-
té, d’une gran-
deur]   

Dimension f 
einer Größe 

размерность 
величины 

розмірність 
величини 

13. diménsion-
al [denómina- 
te] mágnitude 
[quántity]  

variable f 
[quantité f, 
grandeur f] 
dimensionnelle 

dimensions-
behaltete [di-
mensionale] 
Größe  

размерная ве-
личина 

розмірна ве-
личина 

14. diménsion-
less/nóndimén-
sional mágni-
tude/quántity 

grandeur f 
[quantité f] 
sans dimension 

dimensions-
lose  Größe  

безразмерная 
величина 

безрозмірна 
величина 

15. dìstribútion 
centre, centre 
of dìstribútion 
[of còncentrá-
tion, of dispér-
sion, of scátter, 
of scáttering] 
of a rándom 
váriable  

centre m de di-
stribution de 
répartition, de 
dispersion, de 
concentration, 
de  variance 
d‘une variable 
aléatoire  

Vertéilungs-
zentrum (n) 
[Zéntrum (n) 
von Vertéi-
lung (f)] einer 
Zúfallsgröße  

центр рас-
пределения 
[центр рассея-
ния]  случай-
ной величины 

центр розпо-
ділу/розсіян-
ня випадкової 
величини  

16. excéss excès m  Exzeß m эксцесс  ексцес   
17. first mó-
ment  

le premier mo-
ment 

erstes [das er-
ste]  Moment 

первый мо-
мент 

перший мо-
мент 

18. first-, se-
cond-, third-, 
fourth-órder, 

moment m ini-
tial (du premi-
er, deuxième, 

Ánfangsmo-
ment (erster, 
zweiter, dritter, 

начальный 
момент (пер-
вого, второго, 

початковий 
момент (пер-
шого, друго-
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n-th órder) iní-
tial [órdinary] 
móment  

troisième, qua-
trième, n-ième 
ordre, d’ordre 
n) 

vierter, n-ter 
Ordnung) 

третьего, чет-
вертого, n-го 
порядка, по-
рядка n) 

го, третього, 
четвертого, n-
го порядку, 
порядку  n) 

19. fúnction of 
a rándom vá-
riable 

fonction f 
d‘une variable 
aléatoire 

Funktión f ei-
ner Zúfalls-
größe  

функция слу-
чайной ве-
личины 

функція ви-
падкової ве-
личини 

20. hígh-órder 
móment (còef-
fícient)  

moment m 
d’ordre supé-
rieur 

höheres Mo-
ment  

момент выс-
шего порядка 

момент ви-
щого порядку  

21. índepéndent 
rándom vári-
ables 

variables f  
aléatoires indé-
pendantes 

unabhängige 
Zúfallsgrößen  

независимые 
случайные 
величины 

незалежні ви-
падкові вели-
чини 

22. law of large 
númbers 

loi des grands 
nombres 

Gesetz n der 
großen Zahlen 

закон боль-
ших чисел 

закон великих 
чисел 

23. markov 
théorem 

théorème m de 
marcof 

Markowscher 
Satz  

маркова тео-
рема  

маркова тео-
рема  

24. màthemáti-
cal  èxpectáti-
on [èxpectátion 
válue] 

espérance f 
mathématique 

Erwartung-
swert m [ma-
thematische 
Erwartung f, 
mathematische 
Hoffnung f] 

математиче-
ское ожида-
ние 

математичне  
сподівання 

25. màthemáti-
cal  èxpectá-
tion of a rán-
dom váriable  

espérance f 
mathématique 
d‘une variable 
aléatoire 

Erwartungs-
wert m  [ma-
thematische 
Erwartung f, 
mathematische 
Hoffnung f] 
der Zúfallsgrö-
ße  

математиче-
ское ожида-
ние случай-
ной величины 

математичне  
сподівання 
випадкової 
величини 

26. màthemáti-
cal èxpectátion 
of the product 
of two ìnde-
péndent [de-
péndent] rán-
dom váriables  

espérance f 
mathématique 
du produit de 
deux variables 
aléatoires indé-
pendantes dé-
pendantes 

Erwartungs-
wert m des 
Prodúkt(e) von 
zwei únabhä-
ngiger [abhä-
ngiger]  Zúfal-
lsgrößen  

математиче-
ское ожида-
ние произве-
дения двух 
(не)зависи-
мых случай-
ных величин 

математичне 
сподівання 
добутку двох 
(не)залежних 
випадкових 
величин 

27. màthemáti-
cal èxpectátion 
of the sum of 
two rándom 
váriables  

espérance f 
mathématique 
d'une somme 
de deux varia-
bles aléatoires 

Erwartungs-
wert m  der 
Súmme von 
zwei Zúfalls-
größen  

математиче-
ское ожида-
ние суммы 
двух случай-
ных величин 

математичне 
сподівання 
суми двох ви-
падкових ве-
личин 
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28. médian 
[médian válue] 
of a rándom 
váriable  

médiane f 
d’une variable 
aléatoire 

Medián m 
[Zentralwert 
m] einer Zúfal-
lsgröße 

медиана слу-
чайной ве-
личины 

медіана ви-
падкової ве-
личини 

29. móde of a 
rándom vária-
ble  

mode f d’une 
variable aléa-
toire 

Móde f [häu-
figster Wert m] 
einer Zúfalls-
größe  

мода слу-
чайной вели-
чины 

мода випад-
кової величи-
ни 

30. móment of 
a rándom vá-
riable  

moment m 
d’une variable 
aléatoire  

Moment n ei-
ner Zúfalls-
größe  

момент слу-
чайной ве-
личины 

момент ви-
падкової ве-
личини  

31. móment of 
dìstribútion 
dìstribútion 
móment 

moment m 
d’une distri-
bution d’une 
répartition 

Moment n von 
Vertéilung, 
Vertéilungs-
moment n 

момент рас-
пределения 

момент роз-
поділу 

32. n-th mó-
ment 

moment m n-
ième 

n-tes Moment  энный (n-ый) 
момент 

енний (n-й) 
момент 

33. number  
[numérical]  
chàracterístic 
[k-] of a rán-
dom váriable  

caractéristique 
numérique 
d‘une variable 
aléatoire  

záhlenmäßige 
Charakteristik f 
einer Zúfalls-
größe 

числовая ха-
рактеристика 
(случайной 
величины) 

числова ха-
рактеристика 
(випадкової 
величини) 

34. poisson 
théorem 

théorème m de 
poisson 

Poissonscher 
Satz  

пуассона тео-
рема  

пуассона тео-
рема 

35. pròbabílity 
convérgence, 
convérgence in 
pròbabílity  

convergence f 
en probabilité  
 

Konvergénz in 
Wahrschéin-
lichkeit 

сходимость 
по вероятно-
сти 

збіжність за 
ймовірністю 

36. root-méan-
squáre [qua-
drátic méan, 
méan-squáre]  
dèviátion, stán-
dard dèviátion 

ecart f  quad-
ratique moyen, 
écart type 
[écart-type m, 
dispersion f 
standard]  

durchschnitt-
liche quadrati-
sche Abwei-
chung f, mittle-
re quadratische 
Abweichung f, 
Streuung f , 
Standardab-
weichung f   

среднее квад-
ратическое 
[среднеквад-
ратическое] 
отклонение 

середнє квад-
ратичне  [се-
редньоквад-
ратичне] від-
хилення 

37. séquence of 
rándom váriab-
les  

suite f  de va-
riables aléatoi-
res 

Fólge f [Fól-
genreihe f] der 
Zúfallsgrößen  

последова-
тельность 
случайных 
величин 

послідовність 
випадкових 
величин 

38. symmét-
ric(al) dìstribú-
tion 

distribution f 
[répartition f] 
symétrique  

symmétrische 
Vertéilung  

симметрич-
ное распре-
деление 

симетричний 
розподіл 
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39. systemá-
tic(al) [cóns-
tant, fixed, 
hard, non-
sámpling, só-
lid] érror 

erreur f systé-
matique 

systematischer 
[regelmäßiger] 
Féhler  

систематиче-
ская ошибка 

систематична 
помилка 

40. váriance 
[cònsentrátion, 
dìspérsion, dìs-
sipátion, scát-
ter, scáttering] 
of a rándom 
váriable  

variance f 
concentration 
f , dispersion f 
(d‘une variable 
aléatoire) 

Varianz f [Dis-
persión f, Kon-
zentratión f, 
Streuung f, 
Zerstreuung f] 
einer Zúfalls-
größe 

рассеяние 
(случайной 
величины) 

розсіяння (ви-
падкової ве-
личини) 

41. váriance 
[dispérsion] of 
a rándom vá-
riable  

variance f di-
spersion f 
d‘une variable 
aléatoire  

Varianz f [Dis-
persion f , 
Streuung f, 
Streuungsqua-
drat n] einer 
Zúfallsgröße  

дисперсия 
случайной ве-
личины 

дисперсія ви-
падкової ве-
личини 

42. váriance 
[dispérsion] of 
a sum of two 
ìndepéndent 
[depéndent] 
rándom váriab-
les  

variance f di-
spersion f 
d‘une somme 
de deux varia-
bles aléatoires 
indépendantes 
dépendantes 

Varianz f [Dis-
persion f , 
Streuung f] der 
Súmme f von 
zwei únabhä-
ngiger [abhä-
ngiger] Zúfal-
lsgrößen  

дисперсия 
суммы двух 
(не)зависи-
мых случай-
ных величин  

дисперсія су-
ми двох (не-) 
залежних ви-
падкових ве-
личин 
 

43. wéighted 
áverage 

moyenne  f 
pondérée 

gewógenes 
Míttel n –s,=  

среднее взве-
шенное 

середнє зва-
жене  



  
LECTURE NO. 6. SOME REMARKABLE DISTRIBUTIONS 

LE SIXIEME COURS. QUELQUES-UNS DISTRIBUTIONS REMARQUABLES. 

SECHSTE VORLESUNG. EINIGE AUSGEZEICHNETE VERTEILUNGEN 

 

POINT 1. THE UNIFORM DISTRIBUTION. Distribution uniforme. Gleich-

verteilung. 

POINT 2. THE NORMAL DISTRIBUTION. Distribution normale. Normal-

verteilung. 

POINT 3. THE EXPONENTIAL DISTRIBUTION. Distribution exponen-

tielle. Exponentialverteilung. 

POINT 4. GAMMA-DISTRIBUTION. Distribution gamma. Gammavertei-

lung.   

POINT 5. SOME OTHER DISTRIBUTIONS. Quelques-uns autres d'entre 

distributions. Einige andere Verteilungen. 

 

POINT 1. THE UNIFORM DISTRIBUTION 

 

Def. 1. One says that a random variable   has the uniform distribution over an 

interval  ba,  (  is uniformly distributed or simply   is the uniform distribution 

over an interval  ba, ), if its distribution density is constant inside and equals zero 

outside this interval, 

                                                
 








.,0
,,

baxif
baxifC

xf                                         ( 1 ) 

We have to find the value of the constant C, the distribution function and num-

ber characteristics of the uniform distribution. 

A. Finding the value of C. 

On the base of the property 4 of the distribution density (see Lecture No. 4, 

point 2, the formula (16)) we must have 
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  1




dxxf . 

Dividing the interval   ,  into three partes, namely 

        ,,,, bbaa  , 

we’ll get 

   
ab

CabCdxCCdxdxCdxdxdxxf
b

a

b

ab

b

a

a


 









1,001 , 

and so the distribution density of the uniform distribution is the next one: 

                                               
 



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


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.,0

,,1

baxif

baxif
abxf                                       ( 2 )  

B. Finding the distribution function of the uniform distribution. 

Using the property 3 of the distribution density (the formula (15) of the Lecture 

No. 4) we must study three cases. 

a) The fist case: ax  . 

    00  


xx

dxdxxfxF . 

b) The second case: bxa  . 

     
ab
axax

ab
dx

ab
dx

ab
dxdxxfxF

x

a

x

a

ax













 


1110 . 

c) The third case:  xb . 

    111010 












 


 ab
abdx

ab
dx

ab
dxdx

ab
dxdxxfxF

b

a

b

ab

b

a

ax

. 

Thus the distribution function of the uniform distribution is 

                                   


















.1

,

,0

xbif

bxaif
ab
ax

axif

xPxF                              ( 3 ) 
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It is continuous one for all values of x, and therefore the uniform distribution is a con-

tinuous random variable. The graphs of the distribution density and function of the 

uniform distribution are represented on the figures 1, 2. 

                                       Fig. 1                                         Fig. 2 

C. Finding the number characteristics of the uniform distribution. 

We’ll limit ourselves to the mathematical expectation, dispersion and root-

mean-square deviation. For this purpose we’ll make use of the formulas (3), (6), (16), 

(10) of the Lecture No. 5. 

      222
11 222 ba

ab
abx

ab
dx

ab
xdxxxfMm

a

bb

a

b

a













  . 

      333
11 22333

222 baba
ab
abx

ab
dx

ab
xdxxfxM

a

bb

a

b

a













  . 

      











 





4

2
323

2222222
22 bababababababaMMDD 

 
1212

2
12

363444 2222222 abbabababababa 






 , 

   
32
abDD 

   . 

Thus for the uniform distribution on an interval  ba,  

                       .
32

,
12

,
2

2 ababDDbaMm 






               ( 4 ) 

Ex. 1. The hitting probability of a random variable  , which is uniformly dis-

tributed over an interval  ba, , on some part  dc,  of  ba,  is proportional to 

the length cd   of that part (with a proportional coefficient  ab 1 ). 
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■On the base of the formula (9) of the Lecture No. 4 and the formula (3) 

       cd
abab

cd
ab
ac

ab
adcFdFbadcP 
















1,, .■ 

The preceding example gives us a useful formula for the uniform distribution  

                                   cd
ab

badcP 



1,, .                                ( 5 )        

Ex. 2 (examples of application of the uniform distribution). 

a) When we say, “Let’s take a point   at random on an interval  ba, ”, we 

keep in mind that   is a random variable which is uniformly distributed over the in-

terval  ba, . 

b) Saying, “Let’s at random choose a direction on a plane”, we intend that an 

angle   between the chosen direction and some axis on the plane is a random variab-

le which is uniformly distributed over the interval  2,0 . 

c) The rounding errors   in Bradis tables of (anti)logarithms, (co)sines, (co)-

tangents etc. are uniformly distributed over the interval  00005.0,00005.0 . 

d) The clock-face is marked every 5 minutes. The rounding error   to the 

nearest integer scale division is uniformly distributed over the interval  .5.2,5.2  

e) A trolleybus [´trɒlɪbʌs] runs at intervals a minutes. One comes to a (trolley-

bus) stop at a random time moment. The waiting time T is a random variable uni-

formly distributed over the interval  a,0 . 

Ex. 3. The time interval of the trolleybus service equals 5 minutes. Find the 

probability that one will wait a trolleybus no longer then 2 minutes. 

Solution. By Ex. 2e the waiting time T is a random variable uniformly distri-

buted over the interval  5,0 , and we have to find the probability   2,0TP . 

By virtue of the formula (5) (in which we must take respectively 2,0,5,0  for 

a, b, c, d)  

    4.002
05

12,0 


TP . 

Ex. 4. A linear function of the uniform distribution. 
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Let a random variable   have the uniform distribution over an interval  ba, , 

and a random variable lk    be a linear function of  . By the formula (20) of the 

Lecture No. 4 the distribution density of the random variable   equals 

  





 


k

lyf
k

yg 1 . 

Let’s determine the form of the distribution law of the random variable . 

We must consider two cases, namely 0k  and 0k .  

a) In the case 0k  by the formula (2) for the distribution density  xf  of the 

random variable   we have 

 
   

































.orif0

,orif111

,orif0

lkbyb
k

ly

lkbylkab
k

lya
lkalkbabk

lkaya
k

ly

yg  

It follows from the same formula (2) that the random variable lk    has 

the uniform distribution over the interval  lkblka , . 

b) In the case 0k  the random variable lk    has the uniform distribution 

over the interval  lkalkb , . Prove this fact yourselves. 

Thus a linear function of the uniform distribution also has the uniform distribu-

tion. 

The mathematical expectation, dispersion and root-mean-square deviation of 

the random variable lk    we’ll find on the base of corresponding properties of 

the mathematical expectation and dispersion (see Lecture No. 5, Points 1, 2). Indeed, 

        lbaklkMlkMlkMM 



2

 , 

         
12

22
2 abkDkkDlkDD 

  ,  

           
32

2 abk
kDkDkD


  . 
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POINT 2. THE NORMAL DISTRIBUTION 

 
Def. 2. One says that a random variable ξ has the normal distribution with pa-

rameters 0, a  (or that ξ is distributed  ,aN ) if its distribution density is the 

next function: 

                                                    
 

2

2

2

2
1)( 



ax

exf


 .                                          ( 6 ) 

The factor 

2
1  

provides satisfaction of the condition 

                                                         1




dxxf .                                                   ( 7 ) 

Indeed, by virtue of the famous integral (Poisson integral) 

                                                        




 dxe x2
                                                 ( 8 ) 

we’ll have 

 
   











 












t
x

dtdx

taxtax

dxedxedxxf
axax

2

2,
2

2
1

2
1 2

2

2

2

22







  

111
2

2 22

 









 


 dtedte tt . 

Investigation the distribution density  xf  and plotting its graph 
 

1. The function  xf  is determined for all values of x,     ,fD . 

2. The function  xf  is positive for any x, and so its graph lies above the 

Ox axis. 

3. The function  xf  is even with respect to the ax  , 
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    2

2

2

2
1 



x

exafxaf


 , 

and therefore its graph is symmetric with respect to the straight line ax  . 

4. The limit of the function for x tending to   equals zero, and so the Ox  

axis is the horizontal asymptote of the graph of the function. 

5. The derivative of the function equals 

 
     xfaxaxexf

ax










 




22
2

2
2

2
1 2

2


 . 

It is positive for ax  , negative for ax  , and so the function  xf  increases on the 

interval  a, , decreases on the interval  ,a  and has a maximum at the point 

ax  , 

 
2

1
max  aff . 

6. The second order derivative of the function  xf  equals 

               xfaxxfxfaxxf 22

11


 

               
4

22
22

422

1




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






 




axxfaxxfxfaxaxxf . 

It equals zero if  

      axaxaxax ,,,0 2222 , 

is positive for   axax ,  and negative for   axa . Hence the 

graph of the function  xf  is concave over the intervals     ,,,  aa , con-

vex over the interval    aa ,  and has two inflexion points for  ax  that is 

the next points: 
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2
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                           Fig. 3                             Fig. 4 

The graph of the function  xf , that is that of the distribution density of the 

normal distribution, is represented on the figure 3.  

Def. 3. The graph of the distribution density of the normal distribution is called 

the normal curve. 

The normal curve has the other and very fine name, namely the bell-like [or the 

bell-shaped] curve. 

The normal distribution is often called Gauss distribution, and the correspon-

ding normal curve is called Gauss curve. 

Let’s consider two important facts connected with the distribution density  xf  

of the normal distribution. 

Let the parameter   of the normal distribution tend to 0. 

1. For ax   we have 


  2

1limlim
0max0

f . 

2. For ax   we have 

  0lim
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


xf


. 

Indeed, with the help of L’Hospital rule one easy find 
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. 

It follows from 1, 2 that for σ → 0 the normal curve stretches along the straight 
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line ax   and simultaneously presses to the Ox axis.  

On the fig. 4 we’ve represented three normal curves for 0a  and for decrea-

sing values of  , namely 21,1,2   . 

 

Number characteristics of the normal distribution 
 

Let a random variable   be normally distributed with parameters  0, a  

(  distributed   0,, aN ). We assert that its number characteristics, namely the 

mathematical expectation, dispersion, root-mean-square deviation, asymmetry and 

excess, are represented by the next formulas:  

                             0,0,,, 2   ExAsDaM .              ( 9 ) 

■By virtue of the formulas (2), (5), (15), (10), (33), (34), (35) of the Lecture 

No. 5 and the formula (8) for Poisson integral we successively get 
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      D ; 

     
  0,0 3

3
3 


 As  

because of symmetry of the normal distribution about its mathematical expectation 

(see the third property of the distribution density  xf , namely    xafxaf  ); 
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
Ex .■ 

Ex. 5. A linear function of the normal distribution. 

Let a random variable   be distributed  ,aN . Let’s determine number cha-

racteristics (the mathematical expectation, dispersion and root-mean-square devia-

tion) and the distribution law of a linear function of   that is of a random variable 

lk   . 

1. As to number characteristics we are making use of their properties and the 

formulas (9), namely 

      lkalkMlkMM   , 

        222  kDkkDlkDD  ,  

     kkD  22 . 

2. As for the law of the random variable lk    we’ll find its distribution 

density  yg  using the formula (20) of the Lecture No. 4 and the formula (6), 
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We see by the formula (6) that the distribution density  yg  of the random 

variable lk    is that of the normal distribution and therefore lk    is dis-

tributed  klkaN , . 

Thus a linear function of the normal distribution is also distributed normally. 
 

The probability of hitting of the normal distribution on an interval 
 

Let a random variable   be distributed  ,aN . The probability of its hitting 

on an interval   ,  can be calculated by the next formula: 

                                             12, xxP   ,                                  ( 10 ) 

Where 

                                               





 axax 



 21 ,                                         ( 11 ) 

and 

                                                      



x t

dtex
0

2

2

2
1


                                           ( 12 )   

is known Laplace function. 

■On the base of the formula (14) of the Lecture No. 4 the probability in ques-

tion equals 
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Ex. 6. The probability of the deviation of a random variable  , which is distri-

buted  ,aN , from its mathematical expectation a is given by the next formula: 

                                                  







 2aP .                                          ( 13 ) 

■Using the formula (10) and oddness of Laplace function we easy get 

      
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
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





 2 . 

For example let  3 . The formula (13) gives 

      9973.049865.023232333 







 aaPaP . 

We’ve got so-called 3σ – rule: with the very large probability 0.9973 all values 

of the normal distribution are concentrated in the interval   3,3  aa . 

The limit central theorem 
 

The normal distribution is very widespread [is widely spread] because of the 

next theorem. 

Theorem (Lyapunov1 limit central theorem). Let a random variable ξ be a 

sum of a large number of independent random variables, 

,... n    

and influence of each of them on ξ isn’t essential. In this case ξ has a distribution 

which approximately coincides with some normal distribution. 

Ex. 7. Let a random variable ξ have Bernoulli distribution (be distributed B). It 

means that ξ is a number of occurrences of a success A in n independent trials with  

constant probability  APp   of the success. We represent   as the sum of n inde-

                                            
1 Lyapunov, A.M. (1857 - 1918), a noted Russian mathematician 
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pendent random variables 

ni   ......21  

where i  is the number of successes in the i-th trial (compare Ex. 13 in the Lecture 

No. 5). Let the number n of trials be large. Lyapunov limit central theorem permits us 

to consider ξ as a random variable with approximately the normal distribution, ξ di-

stributed  npqnpaN  , . As result we can use the formula (10) to find the 

approximate value of the probability    2121 , kkPkkP n  . Indeed,  

       122121 , xxkkPkkP n   , 

where 
npq

npkx
npq

npkx 



 2

2
1

1 , . 

We’ve got Laplace integral theorem. 

Ex. 8 (examples of normally distributed random variables). The normal distri-

bution have: 

a) errors of measurement of physical magnitudes; 

b) errors of sizes of (industrial) products; 

c) sizes of (industrial) products themselves under certain conditions (provided 

established process of production and absence of systematic biases changing in time); 

d) a range of a missile [´mɪsaɪl]; 

e) human height and weight. 

Ex. 9. An industrial product of some factory is considered as defective one if a 

deviation of its checking size from the set size surpasses 0.03. Root-mean-square de-

viation of the checking size equals 0.015 (in millimeters). Find a per cent of non-de-

fective products of this factory. Find an average number of non-defective products in 

a batch of 200 products.  

 1) Let a random variable ξ be the checking size of a product. We can suppose 

that ξ distributed normally with parameters   015.0,  Ma . 

At first let’s find the probability of the inequality 

  03.0  M . 
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By the formula (13), in which it’s necessary to take 015.0,03.0   , we’ll obtain 

     .95.022
015.0
03.0203.0|| 






  MP  

Therefore in average 95 per cent of products of the factory are non-defective. 

2) Let’s introduce a random variable   that is a number of non-defective prod-

ucts in a batch of 200 products. It is obvious that   has Bernoulli distribution (the 

number of independent trials ,200n  the probability of the success A (a product is 

non-defective) 95.0p , and 05.0q ). Therefore an average number of non-

defective products in a batch in question equals 

  .19095.0200  npM   

Ex. 10. The probability of hitting of a normally distributed random variable in 

an interval  14,2 , which is symmetric about a mathematical expectation, equals 

0.9973. Find the mathematical expectation, root-mean-square deviation and the dis-

tribution density of the random variable. 

On the base of 3 - rule we have 








,143
,23




a
a

 

that is a system of linear equations in ,a . Adding and subtracting its equations 

termwise we find 126,182  a , hence 2,9  a . The distribution density in 

question is determined by the formula (6), and therefore 

 
   

8
9

22
9 2

2

2

22
1

22
1 








xx

eexf


. 

Ex. 11. The average range of a missile is 1200 m, and the root-mean-square de-

viation of the range of a missile equals 50 m. Find the probability of the shot over the 

target from 40 m to 60 m. Find the probability of non greater then two such results 

after 10 shots.   

1) In supposition of the normal distribution of the range   of a missile we have 

to calculate the probability   1260,1240P . With the help of the formula (10) 
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(with 50,1200  a ) we get 

      10.08.02.1
50

12001240
50

120012601260,1240 





 







 

P . 

2) Let a random variable   mean a number of the misses in question.   has 

Bernoulli distribution (why?), and it is a matter of determination of a probability that 

.2  With the help of Bernoulli formula ( 9.0,1.0,10  qpn ) we’ll get 

         822
10

911
10

1000
10 9.01.09.01.09.01.02102 CCCPPPP 
  .93.016.243.045.09.09.09.09.01.0459.01.0109.0 2882910   

 
POINT 3. THE EXPONENTIAL DISTRIBUTION 

 
We often deal with a call flow [a flow of calls] in a queuing system. Let’s de-

note by λ an intensity of the flow that is a number of calls which take place (on the 

average) per unit of time. Let ξ be a number of calls during a time t. There are many 

flows (so-called poissonian flows) for which ξ has Poisson distribution with the para-

meter a = λt. In particular the probability that ξ will take on a value k equals 

    t
k

e
k
tkP  
!

. 

Def. 4. Let a random variable T be the time interval between two successive 

calls of some poissonian call flow. One says that T has the exponential distribution. 

Our problem is to find the distribution function and density and number characteris-

tics of the exponential distribution. 

Remark. There is fuller variant of study. We state it below. 

We often deal with flows of events. 

A flow of events is called a sequence of events which take place at random moments of 

time. 

Example. A flow of calls in every queuing [qju:ɪŋ] system. 

A flow of events (in particular a flow of calls) is called that simplest (or that poissonian) if 

it possesses the next three properties: 
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a) stàtionárity [ˏsteɪʃ´nerǝtɪ]: probability of occúrrence of n evénts during a time interval 

 21, tt  depends only on the length 12 ttt   of this interval; 

b) ábsence of áftereffècts [´æbsǝns, ´ɑ:fterɪˏfekts]: this probability doesn't depend on a 

number of events which have taken place before this time interval; 

c) órdinariness [´ɔ:dnǝrɪnǝs]: for small 12 ttt   the probability of occúrrence of one 

evént (during a time interval  21, tt ) is proportional to t , and the  probability of occúrrence of 

2n  evénts can be neglécted [nɪ´glektɪd]. 

We'll denote by λ an intensity of a flow of events that is a number of events which take 

place (on the average) per unit of time. 

Let ξ be a number of events of a simplest (poissonian) flow which occur during a time t. It 

can be proved that ξ has Poisson distribution with the parameter a = λt. It means that the probability 

of occúrrence of k events during a time t equals 

    t
k

e
k
tkP  
!

. 

Def. 4. Let a random variable T be the time interval between two successive events of a 

simplest (poissonian) flow. One says that T has the exponential distribu-tion. 

Our problem is to find the distribution function and density and number characteristics of 

the exponential distribution. 

For positive values of t the events  tT   and  1  coincide. They mean that 

during time t at least one call will occur. Hence the distribution function of the ran-

dom variable T for 0t  equals 

            tt eetPPPtTPtF    1
!0

101111
0

. 

The expression te 1  tends to zero with t, and therefore we can define the distribu-

tion function in question as follows 

                                              










.0if0
,0if1

t
te

tF
t

                                        ( 14 ) 

It is continuous for all values of t, and therefore a random variable T which has the 

exponential distribution is continuous one.   
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Differentiating the distribution function (14) we’ll obtain the distribution den-

sity of the exponential distribution, 

                                            










.0if0
,0if

t
te

tFtf
t                                    ( 15 ) 

To plot the functions    tFytfy  ,  on the interval  ,0  we’ll take into 

account that (for 0t ) 

          0,0,0 32   tt etfetftFtftF   . 

It means that the distribution function  tFy   increases and has a convex graph, and 

the distribution density  tfy   decreases and has a concave graph. The right limit 

of the function  tfy   at the point 0t  equals  (one often supposes   0f ). 

The graphs of both the functions    tFytfy  ,  are represented on fig. 5 a, 5 b. 

Now we’ll calculate the mathematical expectation, dispersion and root-mean-

square deviation of the exponential distribution. For this purpose we use the formulas 

(2), (5), (16), (10) of the Lecture No. 5 and integrate by parts in improper integrals. 

We successively obtain           
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Fig. 5 a 

 
Fig. 5 b 
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Thus we’ve got 

                                                      


 1
 TTM ,                                               ( 16 ) 

that is the mathematical expectation and root-mean-square deviation of the exponen-

tial distribution coincide. 

Ex. 12. Find the probability that during time t no one call of poissonian flow 

will occur. 

It’s necessary to find the next probability:  tTP  . T is a continuous random 

variable, hence   0 tTP 1 and we get with the help of the formula (14) (for t > 0)  

              tetFtTPtTPtTPtTPtTPtTP  110 . 

Remark. A function determined (for t > 0) by the equality  

    tetTPtR   

                                            
1 The probability of a separate value of a continuous random variable equals 0. 
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is found in several applications and is called a reliability function. It quickly decrea-

ses with increase of t. For example   .7 if 001.0  ttR   Therefore large values of T 

are improbable. 

Ex. 13. A time T of safe in service of an element is distributed exponentially, 

  tetf 005.0005.0   for   0,0  tft  for t < 0. 

Find the probability that the element will work during at least 50 hours. 

On the base of the Ex. 12 

  78.0150
4

25.050005.0  

e
eeTP . 

Ex. 14. Calculate the probability of hitting of exponentially distributed random 

variable T in a time interval  21, tt . 

For example let 0,0 21  tt . Then on the base of the formula (14) for positive 

values of t 

          2112 11, 1221
tttt eeeetFtFttT    . 

 

POINT 4. THE GAMMA-DISTRIBUTION 

 
As we know from the Point 3 of the Lecture No. 23 the gamma-function is 

called the next improper integral 

                                                     



0

1 dxex x .                                               ( 17 ) 

The integral (17) converges for any 0 . The gamma-function is continuous and 

has continuous derivatives of all orders for 0 . 

Let’s remember the properties of the gamma-function. 

1) 1)1(  . 

2) For any positive   

                                                        1 .                                               ( 18 ) 

3) For each natural number n 

  !1 nn   
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Def. 5. One says that a random variable ξ has the gamma-distribution if its di-

stribution density is  

                                         













0for0

,0for1 1

x

xexxf
x

                               ( 19 ) 

with two positive parameters  , . The first parameter,  , is called that of a form, 

and the second,  , the parameter of a scale. 

For 1  the gamma-distribution becomes that exponential. Indeed, 1)1(  , 

and therefore the distribution density  

 










0for0
,0for

x
xe

xf
x

 

is that of the exponential distribution (compare with the formula (15)). 

The mathematical expectation and dispersion of the gamma-distribution are 

equal to 

                                                  2,




  DM .                                           ( 20 ) 

■A. At first let 1  that is we are speaking about the distribution density 

   













.0for0

,0for1 1

x

xexxf
x

  

In this case by virtue of the formulas (17), (18) 

       
   

 
 
   

  
 
















0 0 0

111 111 







  dxexdxexxdxxxfM xx , 

       
   

 
   

   
  

 












0 0 0

121222 11211







  dxexdxexxdxxfxM xx  

   
   


 11





 , 

          2222 MMD  

B) In the general case 1  the reasonings are similar. Namely, 
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   
    

 



 















0 00 0
0,
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x

dtdx

txtx
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 
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        
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



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



 dtet t , 

          22

2

2
22 ;1











 









 DMMD .■ 

The gamma-distribution has a lot of applications in the mathematic statistics.  

With the help of the gamma-distribution one can study distributions of interests 

and, in certain situations, of population saving. 

POINT 5. SOME OTHER DISTRIBUTIONS 

2 - distribution 
 

Let 

n ,...,,, 321  

be normally distributed random variables with the same zero mathematical expecta-

tions and unit root-mean-square deviations,  

    1,0:,1  iiMni  . 

A random variable 

                                         22
3

2
2

2
1

2 ... n                                            ( 21 ) 

is called 2 - distribution with k degrees of freedom, where 

             







relation.linear a by  connectedare,...,,,if1
t,independen are,...,,,  variablesrandom theif

321

321

n

n

n
n

k



   ( 22 ) 

A linear relation between the random variables can have the next form: 
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 nn  ...321  

where   is the arithmetical mean of these random variables. 

The distribution density of 2 - distribution equals 

                                      
























.0if

2
2

1
,0if0

1
22

2

xxe
k

x

xf
kx

k                                ( 23 )  

The formula (23) means that 2 - distribution depends only on unique parame-

ter, namely on the number k of degrees of freedom. 

There is a table which allows finding so-called critical value 2
crit of 2  to have 

                                                          22
critP ,                                              ( 24 ) 

where   is some small probability, if one knows the number k of degrees of freedom. 

If k , 2 - distribution slowly approaches the normal distribution. 

Student1 distribution [t - distribution]  
 

Let a random variable Z be distributed  1,0N , a random variable V be 2 - dis-
tributed with k degrees of freedom, and Z, V are independent. The random variable 

                                                         
V

k

ZT
1

                                                       ( 25 ) 

is said to have Student distribution (or the t-distribution) with k degrees of freedom, 

where k is determined by the formula (22). One can call T simply Student distribution 

(the t-distribution). 

The distribution density of Student distribution for the case 1 nk  (when 

random variables n ,...,,, 321 are connected by a linear dependence) equals 

                               
 

22

1
1

1
2

1
2,

n

n
x

nn

n

nxSxf




















 












.                       ( 26 ) 

                                            
1 Gosset W.S. (pseudonym: Student W. S. (1907)), an English statistician 
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It is an even function that is    .xfxf   

Let   be some great probability, 1 nk , and t  is a number such that 

                                                           tTP .                                                  ( 27 ) 

By the formula (26) we can write 

        




  


tt

t

dxnxSdxnxStTtPtTP
0

,2, . 

There is a table which permits to find the number t  if one sets a great proba-

bility   (  = 0.9,   = 0.95,   = 0.99) and knows the value of n. 

If k , Student distribution quickly approaches that normal. For k > 30 we 

can consider it as the normal distribution.  

As can be proved, 

                                             )2(2,0  kkkTDTM                                ( 28 ) 



  

REMARKABLE DISTRIBUTIONS: basic terminology RUEFD 

1. гамма-рас-
пределение 

гама-розподіл gamma distri-
bution 

distribution f 
[répartition f] 
gamma   

Gammavertei-
lung f 

2. гамма-рас-
пределенная 
случайная ве-
личина 

гама-розпо-
ділена випад-
кова величина 

gamma random 
variable 

variable f aléa-
toire distribuée 
gamma 

gammaverteil-
te Zufallsgrö-
ße f 

3. интенсив-
ность  

інтенсивність  inténsity intensité f  Intensität f  

4. колоколо-
образная кри-
вая  

дзвоноподіб-
на  [дзвонува-
та] крива  

bell-like bell-
shaped curve  

courbe f en 
cloche  

Glockenkurve f  

5. кривая Га-
усса [Лапласа 
- Гаусса]  

крива Ґаусса 
[Лапласа-Ґа-
усса]  

Gaussian Lap-
lace-Gauss 
curve  

courbe f gaus-
sienne de 
Gausse, de La-
place-Gausse   

Gaußsche [La-
place-Gauß] 
Kurve f  

6. кривая 
плотности 
нормального 
распределе-
ния  

крива щільно-
сті нормаль-
ного розподі-
лу  

nórmal distri-
bution curve 

courbe de den-
sité de la dis-
tribution nor-
male 

Normalvertei-
lungskurve f 

7. нормаль-
ная  кривая 

нормальна 
крива 

nórmal cúrve courbe f nor-
male  

Normalkurve f 

8. нормально 
распределен-
ная случай-
ная величина 

нормально 
розподілена 
випадкова ве-
личина 

nórmally dis-
tríbuted rán-
dom váriable  

variable f aléa-
toire distribuée 
normalement 

normalver-
teilte Zufalls-
größe f 

9. нормаль-
ное распре-
деление 

нормальний 
розподіл 

nórmal dìstri-
bútion, gaus-
sian distribu-
tion 

distribution  f 
répartition f  
normale [gaus-
sienne]  

Normalvertei-
lung f, norma-
le Verteilung f 

10. нормаль-
ный закон 
распределе-
ния 

нормальний 
закон розпо-
ділу 

nórmal [gaus-
sian] dìstribú-
tion law, gaus-
sian law, nór-
mal law 

loi f normale 
de distribution 
de répartition 

Normalvertei-
lungsgesetz, 
normales Ver-
teilungsgesetz  

11. показате-
льное [экспо-
ненциальное] 
распределе-
ние  

показниковий 
[експоненцій-
ний] розподіл 

èxponéntial 
dìstribútion, 
exponential   

distribution f 
répartition f  
exponentielle 

Exponentiál-
verteilung f 

12. показате- показниковий èxponéntial loi f exponen- exponentielles 
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льный [экспо-
ненциальный] 
закон распре-
деления  

[експоненцій-
ний] закон 
розподілу 

law tielle de distri-
bution de ré-
partition 

Verteilungs-
gesetz n 

13. поток вы-
зовов 

потік викли-
ків  

flow of calls  flot m d'unités, 
flot m d'appels  

Strom m von 
Áufrufen m, 
Áufrufstrom m  

14. поток тре-
бований 

потік вимог  flow of de-
mands  

flot m  de de-
mandes,  arri-
vée f    

Forderungs-
strom m  

15. поток со-
бытий  

потік подій  flow of evénts  flot m d’événe-
ments    

Strom m von 
Ereignissen  

16. правило 
трех сигм 

правило трьох 
сигм 

three sigma ru-
le 

règle f de trois 
sigmas 

Régel f von 
drei Sigma 

17. пуассонов-
ский поток  

пуассонівсь-
кий потік 

poissonian 
flow 

flot m poisso-
nien  

Poissonscher 
Strom m 

18. равномер-
но распреде-
ленная слу-
чайная вели-
чина 

рівномірно 
розподілена 
випадкова ве-
личина 

uniform ran-
dom variable, 
rándom váriab-
le distríbuted 
únifòrmly 

variable f alé-
atoire distri-
buée uniformé-
ment 

gleichverteilte 
Zufallsgröße f 

19. равномер-
ное распреде-
ление 

рівномірний 
розподіл  

úniform dìstri-
bútion 

distribution f 
uniforme  

Gleichvertei-
lung f, gleich-
mäßige Ver-
teilung 

20. распреде-
ление «хи-
квадрат» 

розподіл «хі-
квадрат» 

chi-squáred 
[chi-squáre] 
dìstribútion 

distribution f 
répartition f  
de khi carré 

Chiquadratver-
teilung f 

21. распреде-
ление Гаусcа, 
гауссово рас-
пределение  

розподіл Ґаус-
са, ґауссів 
розподіл  

gaussian dìs-
tribútion 

distribution f 
répartition f 
gaussienne de 
Gausse 

Gaußvertei-
lung f, Gauß-
sche Vertei-
lung 

22. распреде-
ление Стью-
дента [t-рас-
пределение]   

розподіл 
Стьюдента [t - 
розподіл]  

Student dis-
tribution, t-dis-
tribution 

distribution f 
répartition f , 
loi f de Stu-
dent, de t 

Student-Vertei-
lung f [Stu-
dentsche Ver-
teilung, t-Ver-
teilung]  

23. распреде-
ление Фише-
ра-Снедекора, 
F-распределе-
ние 

розподіл Фі-
шера-Снеде-
кора, F-розпо-
діл 

Fisher-Snede-
cor distribu-
tion, F-distri-
bution 

distribution f 
répartition f , 
loi f de Fisher-
Snedecor [de f]  

Fisher-Snede-
corsche Vertei-
lung, F-Ver-
teilung  

24. распреде-
ление хи-ква-

розподіл хі-
квадрат 

chi-squáred 
[chi-squáre] 

distribution f 
répartition f, 

Chi-quadrat-
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драт distribution loi f  khi carré verteilung, 2 -
Verteilung    

25. система 
массового об-
служивания 

система масо-
вого обслуго-
вування 

qúeuing sýstem système m 
d'attente 

Massenbedie-
nungssystem n, 
System n der 
Massenbedie-
nung 

26. случайная 
величина, рас-
пределенная 
по Стьюденту 

розподілена за 
Стьюдентом 
випадкова ве-
личина 

Student ran-
dom variable 

variable f alé-
atoire distri-
buée de Stu-
dent 

Studentisierte 
Zufallsgröße f 

27. хи-квадрат 
распределе-
ние 

хі-квадрат 
розподіл 

chi-squáred 
[chi-squáre] 
distribution, 

2 - distribu-
tion 

distribution f 
répartition f, 
loi f  khi carré 

Chi-quadrat-
verteilung, 2 -
Verteilung   

28. хи-квадрат 
распределен-
ная случайная 
величина 

хі-квадрат 
розподілена 
випадкова ве-
личина 

chi-squáred 
[chi-squáre] 
rándom váriab-
le  

variable f aléa-
toire distribuée 
suivant en,par, 
conformément 
la loi khi carré 

chi-quadrat-
verteilte Zufal-
lsgröße f 

29. централь-
ная предель-
ная теорема 
ляпунова 

центральна 
гранична тео-
рема ляпуно-
ва 

lyapunov cén-
tral límit théo-
rem 

théorème m 
limite central 
de liapounof 

zentraler 
Grenzvertei-
lungssatz m 
von Ljapunow 

30. число сте-
пеней свобо-
ды 

число степе-
нів вільності 

númber of deg-
rées of free-
dom 

nombre m de 
degrés de liber-
té 

Anzahl f der 
Freiheitsgrade 

31. экспонен-
циально рас-
пределенная 
случайная ве-
личина 

експоненцій-
но розподіле-
на випадкова 
величина 

èxponéntial 
random variab-
le 

variable f alé-
atoire distri-
buée exponen-
tiellement 

exponential- 
verteilte Zu-
fallsgröße f 

32. экспонен-
циальное (по-
казательное 
распределе-
ние) 

експоненцій-
ий  (показни-
ковий) розпо-
діл  

èxponéntial 
dìstribútion  

distribution f 
répartition f , 
loi f exponen-
tielle 

Exponential-
verteilung f 
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1. bell-like 
bell-shaped 
curve  

courbe f en 
cloche  

Glockenkurve f  колоколооб-
разная кривая  

дзвоноподіб-
на  [дзвонува-
та] крива  

2. chi-squáred 
[chi-squáre] 
dìstribútion 

distribution f 
répartition f  
de khi carré 

Chiquadratver-
teilung f 

распределе-
ние «хи-квад-
рат» 

розподіл «хі-
квадрат» 

3. chi-squáred 
[chi-squáre] 
distribution, 

2 - distribu-
tion 

distribution f 
répartition f, 
loi f  khi carré 

Chi-quadrat-
verteilung f , 

2 -Verteilung   

хи-квадрат 
распределе-
ние 

хі-квадрат 
розподіл 

4. chi-squáred 
[chi-squáre] 
rándom váriab-
le  

variable f aléa-
toire distribuée 
suivant en,par, 
conformément 
la loi khi carré 

Chi-quadrat-
verteilte Zufal-
lsgröße f 

хи-квадрат 
распределен-
ная случайная 
величина 

хі-квадрат 
розподілена 
випадкова ве-
личина 

5. èxponéntial 
dìstribútion  

distribution f 
répartition f , 
loi f exponen-
tielle 

Exponential-
verteilung f 

экспоненци-
альное (пока-
зательное) 
распределе-
ние 

експоненцій-
ий  (показни-
ковий) розпо-
діл  

6. èxponéntial 
dìstribútion, 
exponential  

distribution f 
répartition f  
exponentielle 

Exponentiál-
verteilung f 

показатель-
ное [экспо-
ненциальное] 
распределе-
ние  

показниковий 
[експоненцій-
ний] розподіл 

7. èxponéntial 
law 

loi f exponen-
tielle de distri-
bution de ré-
partition  

exponentielles 
Verteilungs-
gesetz 

показатель-
ный [экспо-
ненциальный] 
закон распре-
деления  

показниковий 
[експоненцій-
ний] закон 
розподілу 

8. èxponéntial 
random variab-
le 

variable f alé-
atoire distri-
buée exponen-
tiellement 

exponential- 
verteilte Zu-
fallsgröße 

экспоненци-
ально распре-
деленная слу-
чайная вели-
чина 

експоненцій-
но розподіле-
на випадкова 
величина 

9. Fisher-Sne-
decor distribu-
tion, F-distri-
bution 

distribution f 
répartition f , 
loi f de Fisher-
Snedecor [de 
F]  

Fisher-Snede-
corsche Vertei-
lung, F-Ver-
teilung  

распределе-
ние Фишера-
Снедекора, F-
распределе-
ние 

розподіл Фі-
шера-Снеде-
кора, F-розпо-
діл 

10. flow of flot m d'unités, Strom m von поток вызо- потік викли-
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calls  flot m d'appels  Áufrufen, 
Áufrufstrom m  

вов ків  

11. flow of de-
mands  

flot m  de de-
mandes,  arri-
vée f    

Forderungs-
strom m  

поток требо-
ваний 

потік вимог  

12. flow of 
evénts  

flot m d’événe-
ments    

Strom m von 
Ereignissen  

поток собы-
тий  

потік подій  

13. gamma dis-
tribution 

distribution f 
[répartition f] 
gamma   

Gammavertei-
lung f 

гамма-рас-
пределение 

гама-розподіл 

14. gamma ran-
dom variable 

variable f aléa-
toire distribuée 
gamma 

Gammaver-
teilte Zufalls-
größe f 

гамма-рас-
пределенная 
случайная ве-
личина 

гама-розподі-
лена випадко-
ва величина 

15. Gaussian 
Laplace-
Gauss curve  

courbe f gaus-
sienne de 
Gausse, de La-
place-Gausse   

Gaußsche [La-
place-Gauß] 
Kurve  

кривая Гаус-
са [Лапласа - 
Гаусса]  

крива Ґаусса 
[Лапласа-Ґа-
усса]  

16. gaussian 
dìstribútion 

distribution f 
répartition f  
gaussienne de 
Gausse 

Gaußvertei-
lung f, Gauß-
sche Vertei-
lung  

распределе-
ние Гаусcа, 
гауссово рас-
пределение  

розподіл ґаус-
са, ґауссів 
розподіл  

17. inténsity intensité f  Intensität f  интенсивно-
сть  

інтенсивність  

18. Lyapunov 
céntral límit 
théorem 

théorème m 
limite central 
de Liapounof 

zentraler 
Grenzvertei-
lungssatz m 
von Ljapunow 

центральная 
предельная 
теорема Ляпу-
нова 

центральна 
гранична тео-
рема Ляпуно-
ва 

19. nórmal 
[gaussian] dìs-
tribútion law, 
gaussian law, 
nórmal law 

loi f normale 
de distribution 
de répartition 

Normalvertei-
lungsgesetz n, 
normales Ver-
teilungsgesetz  

нормальный 
закон распре-
деления 

нормальний 
закон розпо-
ділу 

20. nórmal cúr-
ve 

courbe f nor-
male  

Normalkurve f нормальная  
кривая 

нормальна 
крива 

21. nórmal dis-
tribution curve 

courbe de den-
sité f de la dis-
tribution nor-
male 

Normalvertei-
lungskurve f 

кривая плот-
ности норма-
льного рас-
пределения  

крива щільно-
сті нормаль-
ного розподі-
лу  

22. nórmal dìs-
tribútion,gaus-
sian distribu-
tion 

distribution  f 
répartition f  
normale [gaus-
sienne]  

Normalvertei-
lung f, norma-
le Verteilung 

нормальное 
распределе-
ние 

нормальний 
розподіл 
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23. nórmally 
distríbuted rán-
dom váriable  

variable f aléa-
toire distribuée 
normalement 

normalverteil-
te Zufallsgrö-
ße 

нормально 
распределен-
ная случай-
ная величина 

нормально 
розподілена 
випадкова ве-
личина 

24. númber of 
degrées of 
freedom 

nombre m de 
degrés de liber-
té 

Anzahl f der 
Freiheitsgrade 

число степе-
ней свободы 

число степе-
нів вільності 

25. poissonian 
flow 

flot m poisso-
nien  

Poissonscher 
Strom 

пуассонов-
ский поток  

пуассонівсь-
кий потік 

26. qúeuing 
sýstem 

système m 
d'attente 

Massenbedie-
nungssystem n, 
System n der 
Massenbedie-
nung 

система мас-
сового обслу-
живания 

система масо-
вого обслуго-
вування 

27. Student dis-
tribution, t-dis-
tribution 

distribution f 
répartition f , 
loi f de 
Student, de t 

Student-Vertei-
lung [Student-
sche Vertei-
lung, t-Vertei-
lung]  

распределе-
ние Стьюден-
та [t-распре-
деление]   

розподіл 
Стьюдента [t - 
розподіл]  

28. Student ran-
dom variable 

variable f alé-
atoire distri-
buée de Stu-
dent 

Studentisierte 
Zufallsgröße 

случайная ве-
личина, рас-
пределенная 
по Стьюденту 

розподілена за 
Стьюдентом 
випадкова ве-
личина 

29. three sigma 
rule 

règle f de trois 
sigmas 

Régel f von 
drei Sigma 

правило трех 
сигм 

правило трьох 
сигм 

30. úniform dìs-
tribútion 

distribution f 
uniforme  

Gleichvertei-
lung f, gleich-
mäßige Ver-
teilung 

равномерное 
распределе-
ние 

рівномірний 
розподіл  

31. uniform ra-
dom variable, 
rándom váriab-
le distríbuted 
únifòrmly 

variable f alé-
atoire distri-
buée uniformé-
ment 

gleichverteilte 
Zufallsgröße 

равномерно 
распределен-
ная случай-
ная величина 

рівномірно 
розподілена 
випадкова ве-
личина 

 



  

LECTURE NO. 7. 

TWO DIMENSIONAL RANDOM VARAIABLES 
LE SEPTIEME COURS. VARIABLES ALEATOIRES BIDIMENSIONNELLES 

SIEBTE VORLESUNG. ZWEIDIMENSIONALE ZUFALLSGRÖSSEN 

 

POINT 1. GENERAL NOTIONS. Notions générales. Allgemeine Begriffe.   

POINT 2. THE DISTRIBUTION FUNCTION OF A TWO-DIMENSIONAL 

RANDOM VARIABLE. La fonction de distribution d'une variable aléatoire bidimen-

sionnelle. Die Verteilungsfunktion von zweidimensionalen Zufallsgrösse. 

POINT 3. THE DISTRIBUTION DENSITY OF A TWO-DIMENSIONAL 

CONTINUOUS RANDOM VARIABLE. La densité d’une distribution d'une variable 

aléatoire bidimensionnelle. Die Verteilungsdichte von zweidimensionalen Zufalls-

grösse. 

POINT 4. FUNCTIONS OF TWO RANDOM VARIABLES. Fonctions de 

variables aléatoires bidimensionnelles. Funktionen zweidimensionaler Zufallsgrös-

sen. 

POINT 5. CORRELATION MOMENT AND COEFFICIENT. Moment  cor-

rélatif et coefficient de corrélation. Korrelationsmoment und Korrelationskoeffizient. 

 

POINT 1. GENERAL NOTIONS  

 

Def. 1. A system of n random variables 

 n ,...,,, 321  

is called the n-dimensional random variable or n-dimensional random vector. 

For example, the system of n sizes of some item generates the n-dimensional 

random variable. 

A random variable  n ,...,,, 321  is called discrete [continuous] one if all 

its components i  are discrete [resp. continuous] random variables. 

We’ll consider for simplicity two-dimensional random variables   , .  

Отформатировано:
Расстояние от края до
верхнего колонтитула:  1,7
см, Различать колонтитулы:
первой страницы
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Distribution law of a discrete two-dimensional random variable 

 
 
Let   ,  be a discrete two-dimensional random variable. It means that its 

components ξ, η are those discrete. Let the random variable   have n possible values 

nxxxx ,...,,, 321 , and   has m possible values myyyy ,...,,, 321 . In this case we can re-

present the distribution law of   ,  by the next distribution table (table 1). 

Table 1     

             

  1x  2x  … 
ix  … 

nx  yp  

1y  11p  21p  … 1ip  … 1np  
1yp  

2y  12p  
22p  … 2ip  … 2np  

2yp  

… … … … … … … … 

jy  jp1
 

jp2
 … ijp  … njp  

jyp  

… …. … … … … … … 

my  mp1
 

mp2
 … imp  … nmp  

myp  

xp  
1xp  

2xp  … 
ixp  … 

nxp  1 

Here 

     jijiij yxPyxPp   ,  

is the probability of occurrence of the pair ji yx   , . The sum of all probabilities 

of the i-th column of the table gives the probability of occurrence of the value ix  

of the random variable  , 

                          



m

j
xiijimijii i

pxPppppp
1

21 .......  ,                    ( 1 ) 

and the sum of all probabilities of the j-th row equals the probability of occurrence of 

the value jy  of the random variable  , 
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                           yj

n

i
jijnjijjj pyPppppp  

1
21 ......  .                    ( 2 ) 

■Using the formula of total probability we'll have 

              
  


m

j

m

j

m

j
xijijjiij i

pxPyxPyPyxPp
1 1 1

/  ; 

               
  


n

i

n

i

n

i
yjijijiij j

pyPxyPxPyxPp
1 1 1

/  .■ 

It is obvious that 

1...,1...
11

321321
 



m

j
yyyyy

n

i
xxxxx jmin

pppppppppp  

(see right lower square in the table 1). 

Let's remark that the distribution table 1 of the random variable   ,  gi-

ves us the distribution tables of both the random variables   and  (table 2). It means 

Table 2 

  
1x  2x  … 

ix  … 
nx  

xp  
1xp  

2xp  … 
ixp  … 

nxp  

  1y  1y  … 
1y   

1y  

yp  
1yp  

2yp  … 
jyp  … 

myp  

that knowing the distribution law of a discrete two-dimensional random variable we 

always can find the distribution laws of its components. 

The inverse statement isn't true in general.  

 

POINT 2. THE DISTRIBUTION FUNCTION OF A TWO-DIMENSIONAL 

RANDOM VARIABLE 

 
Def. 2. The distribution function of a two-dimensional random variable   ,  

is called the next function: 

                             xyRPyxPyxPyxF   ,,, .           ( 3 ) 
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Here xyR is the infi-

nite open rectangle gener-

ated by two rays starting 

from the point  yx;  to the 

left and downwards in par-

allel to the coordinate axes (fig. 1). It is the infinite open quadrant with the right up-

per vertex at the point  yx; . The distribution function in question is the probability 

of hitting of the random variable   ,  in the rectangle (quadrant) xyR . 

Properties of the distribution function 

 
1. If y , the rectangle xyR transforms into the left half-plane ,xR (with re-

spect to the straight line passing through the point  yx;  in parallel to the Oy-axis, 

fig. 2). So we can take by definition 

     xFxPxF  , , 

where  xF  is the distribution function of the random variable  . 

If now x  we obtain by analogous way (see yR , , fig. 3) 

     yFyPyF   ,  

where  yF  is the distribution function of the random variable  . 

2. Directing x and y to   we rush the rectangle xyR to the xOy-plane and the 

event   xyR ,  to certain one. As result we arrive at the property 

      1,   FFF . 

3. If x  or y , or 

x  and y , the rectangle 

xyR  vanishes, the event   xyR ,  

rushes to impossible one, and we can 

accept  

      0,,0,,0,  FyFxF . 

              Fig. 1        Fig. 2      Fig. 3 

                  Fig. 4           Fig. 5   
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4. Probability of hitting of a two-dimensional random variable (ξ, η) in a finite 

half-open rectangle  

  dycbxayxRabcd  ,:,  

with vertices A, B, C, D (fig. 4) is determined by the formula 

            caFdaFcbFdbFRPdycbxaP abcd ,,,,,,   . ( 4 ) 

■ In reality we must prove the next equality (see the formula (3) and fig. 4): 

              acadbcbdabcd RPRPRPRPRP   ,,,,, . 

But it is evident (see fig. 4) that 

   bcadabcdacbcadbcadabcdbd RRRRRRRRRR  ,, , 

and on the base of the axiom 4 and the corollary 1 of the lecture No. 2 (Point 3) 

           bcadabcdbd RRPRPRP  ,,,  

           acbcadabcd RPRPRPRP   ,,,, , 

              acadbcbdabcd RPRPRPRPRP   ,,,,, .■ 

5. The distribution function never decreases with respect to each its argument: 

if 2121 , yyxx  , then 

       .,,,,, 2121 yxFyxFyxFyxF   

■ For example let 21 xx  . In this case by virtue of the formula (3) the differ-

ence 

         yxyx RPRPyxFyxF
12

,,,, 12    

is the probability of hitting of the random variable   ,  in the hatched strip which is 

shown on the fig. 5. Being a probability this difference must be non-negative, hence 

           yxFyxFyxFyxFyxFyxF ,, and ,,,0,, 211212  .■ 

6. The components  ,  of a two-dimensional random variable (ξ, η) are inde-

pendent if and only if the distribution function  yxF ,  of (ξ, η) can be represented in 

the form of a product of the distribution functions of these components, 

     yFxFyxF  , . 

■1. At first let the random variables  ,  be independent. In this case 
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               yFxFyPxPyxPyxPyxF   ,, . 

2. Now let  

     yFxFyxF  , . 

It means that 

       yPxPyxP   , 

and therefore the random variables  ,  are independent. 

Remark. Knowing the distribution function of a two-dimensional random vari-

able (ξ, η) we always can find the distribution functions of its components ξ and η 

(see the property 1). The inverse fact isn’t true in general. But the property 6 indicates 

that knowing the distribution functions of two independent random variables we can 

find the distribution function of their system (ξ, η).   

 
POINT 3. THE DISTRIBUTION DENSITY OF A TWO-DIMENSIONAL 

CONTINUOUS RANDOM VARIABLE 

 

Let (ξ, η) be a continouos two-dimensional random variable, and R  (fig. 6) is 

an infinitely small rectangle  with vertices                          

       yyxxPyyxQyxxNyxM  ;,;,;,; .  

The probability of hitting of (ξ, η) in this rectangle by the property 4 of the point 2 

equals                

          
       .;;;;

,
yxFyyxFyxxFyyxxF

MFQFNFPFRP

 

 

If we divide it by the area yx of the rectangle R , we'll obtain the average 

density [or the mean density] of the probability on R  that is 

  
yx

RPfav 


  , . 

Now let 0,0  yx .  We'll get the density  yxf ,  of the probability at the point 

 yxM ;  
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                                            .,lim,
0,0 yx

RPyxf
yx 


 



                                  ( 5 ) 

As can be proved the density of the 

probability is equal to 

                 yxFyxf xy ,,                ( 6 ) 

that is to the second mixed partial deriva-

tive of the distribution function of the 

random variable (ξ, η). 

Def. 3. The distribution density (or the probability density) of a two-dimen-

sional continuous random variable (ξ, η) is called the function  yxf ,  defined by the 

formula (6), that is the second mixed partial derivative of the distribution function 

 yxF ,  of this random variable. 

It follows from the formula (5) that the probability of hitting of a two-dimen-

sional random variable (ξ, η) in the infinitely small rectangle R  equals (with an ac-

curacy to infinitely small of higher order) 

                                    ydyxdxdxdyyxfRP   ,,, .                     ( 7 ) 

The formula (7) defines so-called probability element.  

 

Properties of the distribution density 

  
1. The distribution density is non-negative function, 

  0, yxf . 

■Indeed, 

     0,lim,
0,0





 

 yx
RPyxf

yx

  

as the limit of the ratio of a non-negative probability to positive area yx .■ 

2. The probability of hitting of a random variable (ξ, η) in some domain D of 

the xOy-plane (fig. 7) equals the double integral of its distribution density over the 

             Fig. 6            Fig. 7     



Two Dimensional Random Variables 174 
domain D, 

                                                 
D

dxdyyxfDP ,, .                                    ( 8 ) 

■One can obtain the formula (8) by adding the probability elements (7) over 

the domain D.■ 

3. As corollary we can find the distribution function of a random variable (ξ, η) 

that is the double integral of its distribution density over the rectangle xyR , 

                                          
xyR

xy dxdyyxfRPyxF ,,,  .                            ( 9 ) 

The formula (9) of the Lecture No. 24 permits us to represent  yxF ,  in the 

form of repeated integrals 

                                                   



yx

dyyxfdxyxF ,, ,                                    ( 9 a ) 

                                                    



xy

dxyxfdyyxF ,, .                                    ( 9 b ) 

  4. On the base of the property (1) of the distribution function of a random 

variable   ,  we find the distribution functions of its components   and  , 

                                            




 dyyxfdxxFxF
x

,, ,                             ( 10 a )  

                                           




 dxyxfdyyFyF
y

,, .                           ( 10 b )  

5. On the supposition of satisfaction of corresponding conditions we find the 

distribution densities of the random variables   and   by differentiation the integrals 

(10 a), (10 b) with respect to their variable upper bounds [limits] x and y, 

                                                  




 dyyxfxFxf , ,                                   ( 11 a ) 

                                                 




 dxyxfyFyf , .                                   ( 11 b )   
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6. On the base of the property 2 of the distribution function  yxF ,  we have 

                                             1,  







 FFdxyxf                            ( 12 ) 

7.  The components  ,  of a two-dimensional continuous random variable  

(ξ, η) are independent if and only if the distribution density  yxf ,  of (ξ, η) can be 

represented in the form of a product of the distribution densities of these components, 

     yfxfyxf  , . 

■We'll prove the first part of the property (prove yourselves the second one). 

Let the random variables  ,  be independent. By the property 6 of the distri-

bution function we have 

     yFxFyxF  , , 

and therefore by (6) 

           yfxfyFxFyxFyxf xy   ,, .■ 

By virtue of this last property the distribution density of a two-dimensional 

random variable (ξ, η) with independent components equals the product of the dis-

tribu-tion densities of the components. 

Ex. 1. The simplest normal distribution on the plane. Let  ,  be two inde-

pendent normally distributed random variables with the distribution densities 

 
 
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
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ayax

eyfexf







 . 

The two-dimensional random variable   ,  with the distribution density 

     
   










 


2
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2
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2
1

2
1

22

212
1, 

 

ayax

eyfxfyxf  

is said to have the simplest normal distribution on the plane xOy.  

The function  yxf ,  retains a constant value along an ellipse (the concentra-

tion ellipse) 
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    2
2
2

2
2

2
1

2
1

22








 ayax  

with the center  21, aa  and semi-axes 21,   (fig. 8). The 

probability of hitting of the random variable   ,  inside the 

              Fig. 8              concentration ellipse equals 

2

2

1


 e ; 

it takes on the value 0.989 for 3  (analogue of the 3 -rule for the one-dimen-

sional normal distribution). 

Ex. 2. A two-dimensional continuous random variable   ,  is given by the 

distribution density 

   
 








,,if0
,,if

,
Dyx
DyxAxy

yxf  

where D is a rectangle:   byaxyxD  0,0:,  (fig. 9). 

Find the value of the parameter A, the distribution densities of the 

components  ,  and the distribution function of the given 

random variable   , . 

1. The value of A we find on the base of the property 12 of 

           Fig. 9           the distribution density, namely 

  ,4,
4

,1 22
22

00 ba
AbaAydyxdxAxydxdyAAxydxdydxyxf

ba

DD

  







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
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
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
.,if0

,,if4
, 22

Dyx

Dyxxy
bayxf  

2. To find the distribution densities of the components  ,  we'll make use of 

the formulas (11 a), (11 b). 
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
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   
 







 
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 .,0if0

,0if244
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0
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xdxy
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xydx
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  

3. Finding the distribution function with the help of the formula (9) we must 

take into account five cases of disposition of the point  yx, . 

a) If the point  yx,  lies in the domain 1D  (the union of the second, third and 

fourth quadrants, fig. 9), the distribution density   0, yxf  in xyR , and   0, yxF . 

In the next four cases the distribution density  yxf ,  doesn't equal zero in cor-

responding intersections (in common parts) of the rectangle xyR  and the domain D.  

These intersections are represented on figures 10 a-d. 

b) If the point  yx,  lies in the 

rectangle D , the distribution density 

 yxf ,  doesn't equal zero in the in-

ersection 1 of xyR  and D (which is 

the rectangle, fig. 10 a), hence 

  22

22

00
2222

44,
1

ba
yxydyxdx

ba
xydxdy

ba
yxF

yx

 


. 

c) If the point  yx,  lies in the domain 2D defined by the inequalities ax 0 , 

by  ,   0, yxf  in the rectangle DRxy 2  (fig. 10 b), and so 

  2

2

00
2222

44,
2

a
xydyxdx

ba
xydxdy

ba
yxF

bx

 


. 

d) If the point  yx,  

lies in the domain 3D  de-

fined by the inequalities 

ax  , by 0 , 

  0, yxf  in the rectan-

gle 3  (fig. 10 c), so 

           Fig. 10 a             Fig. 10 b     

                Fig. 10 c                   Fig. 10 d 
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  .44, 2

2

00
2222

3
b
yydyxdx

ba
xydxdy

ba
yxF

ya

 


 

e) At last if the point  yx,  lies in the domain 4D  defined by the inequalities 

ax  , by  , we have DDRxy   (fig. 10 d), and therefore 

      144,,,
00

2222  
ba

DDR

ydyxdx
ba

xydxdy
ba

dxdyyxfdxdyyxfyxF
xy

. 

Thus the distribution function of our two-dimension random variable   ,  
equals 0 in the domain 1D ,    2222 bayx  in the domain D , 22 ax  in the domain 2D  
and 22 by  in the domain 3D . 

 

POINT 4. FUNCTIONS OF TWO RANDOM VARIABLES  

 
The distribution law of a function of two random variable 

 
Let a random variable  be a function of two random variables  ,  namely 

  , . 

We'll find the distribution law of   for the case of continuous random vari-

ables  ,  with known distribution density  yxf ,  of two-

dimensional random variable   , . 

Denoting by M the next point set on the xOy-plane 

    zyxyxM  ,:,  , 

           Fig. 11                we obtain for the distribution density  zF  of the random 

variable   ,  

                    
 





zyxM

dxdyyxfdxdyyxfzPzPzF
,

,,,


         ( 13 ) 

We'll dwell on the important case namely the sum of two continuous random 

variables 

    , . 

The formula (13), in which it's necessary to put 
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  zyxyxM  :,  (fig. 11), 

gives 

           









xz

zyxM

dyyxfdxdxdyyxfdxdyyxfzPzPzF ,,,  

because of   x , and for each   xzyx  , . 

To find the distribution density of the sum    we must differentiate the 

distribution function. If necessary conditions for this operation are fulfilled we obtain 

       























 dxxzxfdyyxfdxzFzf

xz

,, . 

If the random variables ξ, η are independent, we have 

)()(),( yfxfyxf  , 

and therefore 

                                             




 dxxzfxfzf )()()(  .                                      ( 14 ) 

Ex. 3 (the distribution law of the sum of two independent normal distributions). 

Let independent random variables ξ, η be normally distributed with parameters 

(a1, σ1), (a2, σ2) and the distribution densities 
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ayax

eyfexf
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

  

correspondingly. We can at once find the mathematical expectation, dispersion and 

root-mean-square deviation of the sum    of these random variables, namely 

               
        2
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121 ,,







DD
DDDDaaMMMM

 

but we don't know its distribution law and must seek it. 

On the base of the formula (14) the distribution density of the sum    is 

represented by the next integral: 
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This result1 shows that the random variable    has the normal distribu-

tion with the mathematical expectation 21 aaa   and root-mean-square deviation 

2
2

2
1   . 

Thus the sum of two independent normally distributed random variables has 

the normal distribution. 

This result is valid for every number of summands. 

 

The mathematical expectation of a function of two random variables 

  

Suppose that we have a function of two random variables 

  , , 

and the question is to find its mathematical expectation. 

If   is a discrete random variable (it means that  ,  are discrete random vari-

ables), then its mathematical expectation is given by the next sum 

                        
ji

jiji
ji

ijji yxPyxpyxMM
,,

,,,,  ,        ( 15 ) 

which is extended on all pairs of values  ji yx   , . 

If   is a continuous random variable (that is  ,  are continuous random va-

riables), then the mathematical expectation is represented by the double integral over 

the whole plane xOy  

                       








 dxdyyxfyxdxdyyxfyxMM
R

,,,,,
2

 ,     ( 16 ) 

                                            

1 It can be obtained with the help of the known integral  04
42
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where  yxf ,  is the distribution density of the two-dimensional random variable 

  , . 

The formulas (15), (16) allow us to prove the properties of the mathematical 

expectation for a sum and product of two random variables. For discrete random va-

riables they were proved in the Lecture 5. Now we'll consider the case of those conti-

nuous. 

For the mathematical expectation of a sum the formulas (16), (11 a), (11 b) 

give 

            

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
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









 dxdyyxyfdxdyyxxfdxdyyxfyxM ,,,  

            MMdyyyfdxxxfdxyxfydydyyxfxdx    
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
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
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







,, . 

For the mathematical expectation of a product of two independent random va-

riables one gets with the help of the same formulas and the property 7 of the distribu-

tion density 

           

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
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



dxdyyfxyfxdxdyyxyfxM  ,  

        MMdyyyfdxxxf  








. 

 
POINT 5. CORRELATION MOMENT AND COEFFICIENT OF TWO 

RANDOM VARIABLES  

 
In the furute we'll widely applicate so-called correlation moment and correla-

tion coefficient of two random variables. 

Def. 4. The correlation moment    KK ,  of two random variables  ,  is 

called the mathematical expectation of a product of the centered random variables 
0
  

and 
0
 , 
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                                      MMMMKK 







00
, .               ( 17 )  

It follows from the formula (17) the next representation for the correlation mo-

ment: 

                                            MMMKK ,                                  ( 18 ) 

By virtue of the formulas (15), (16) we can write 

            
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for discrete random variables and 

              
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



  MMdxdyyxxyfMMdxdyyxxyfK
R

,,,
2

 

for those continuous. 

Def. 5. The correlation coefficient of two random variables  ,  is called their 

correlation moment divided by the product of their root-mean-squares deviations, 

                                             
   










,, KK
rr  .                                 ( 19 ) 

The correlation coefficient is dimensionless [non-dimensional] quantity. 

To ascertain probabilistic sense of the correlation moment and especially the 

correlation coefficient we'll study some their properties. 

Cauchy1-Bunjakowsky2 inequality 

 

For two arbitrary random variables   and   the inequality (Cauchy-Bunja-

kowsky inequality) holds 

                                             22)(  MMM  .                                      ( 20 ) 

■For any real number   the next mathematical expectation   2 M  isn't 

negative. Hence, 

          022 2222222   MMMMM . 

                                            
1 Cauchy, A.L. (1780 - 1859), an eminent French mathematician 
2 Bunyakowsky, V.J. (1804 - 1889), a Ukrainian mathematician 
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We've got a quadratic trinomial in   which can take on only non-negative values. 

Therefore its discriminant D must be non-positive, and so 

      ,0
4
1 222   MMMD  

           22222 ,  MMMMMM  .■ 

 

Properties of the correlation moment and coefficient 

 

1. The correlation moment of two random variables  ,  doesn't surpass in mo-

dulus the product of their root-mean-square deviations, 

                                                      ,K .                                             ( 21 )  

■By virtue of Cauchy-Bunjakowsky inequality (20) and the definition of the 

dispersion and root-mean-square deviation 
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Corollary. The correlation coefficient doesn't surpass in modulus the unity, 

  1, r  

because of the formula (19) and the inequality (21). 

2. If random variables  ,  are independent, then their correlation moment and 

therefore the correlation coefficient are equal to zero. 

■In the case of independency of  ,  one has 
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3. Let random variables  ,  be connected by a linear dependence 

lk   . 

In this case 

  1, r , 

or more exactly 
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■It's sufficient to find the correlation coefficient under the condition of a linear 

dependence lk    between  , . One obtains successively: 

            
00

,  kMkkMkMlkMlkMM  , 

     ,, 2
200000

 kkDkMkMMK 




















 






   

     ,
20

2
20

2
2020

 kMkkMkMMD 




























































   
   

 
    











.0if1
,0if1,,

2

k
k

k
k

k
kKr





 ■ 

It follows from the properties 2 and 3 that the correlation coefficient is the 

measure of a linear dependence between random variables. 

The equality to zero of the correlation coefficient of two random variables 

means absence of a linear dependence between them but it doesn't mean that they are 

independent. A dependence of the other kind can exist between the random variables. 

Def. 6. Two random variables are called those correlated if their correlation co-

efficient doesn't equal zero and non-correlated otherwise. 



  

TWO DIMENSIAL RANDOM VARIABLES : basic terminology RUEFD 

1. векторная 
случайная ве-
личина 

векторна ви-
падкова вели-
чина 

véctor rándom 
váriable  

variable f aléa-
toire vectoriel-
le 

vektorielle 
Zúfallsgröße f  

2. вероятно-
сть попада-
ния двумер-
ной случай-
ной величины 
в прямоуголь-
ник, в область 

імовірність 
попадання 
двовимірної 
випадкової 
величини в 
прямокутник, 
в область 

pròbabílity of 
hit/hitting of a 
two-diménsio-
nal rándom vá-
riable in a rec-
tangle, in a do-
main 

probabilité f du 
coup [d’impact 
[-kt] m, d’at-
teinte f] d’une 
variable  aléa-
toire bidimen-
sionnelle dans 
un rectangle, 
dans un domai-
ne 

Wahrschéin-
lichkeit (f) von 
Tréffer einer 
zweidimensio-
nalen Zúfalls-
größe in ein 
Réchteck, in 
ein Gebiet  

3. взаимно 
независимые 
случайные ве-
личины 

взаємно неза-
лежні випад-
кові величини 

mútually ìnde-
péndent rán-
dom váriables  

variables f alé-
atoires mutuel-
lement indé-
pendantes  

einánder ún-
abhängige Zú-
fallsgrößen f 

4. двумерная 
плотность 
распределе-
ния 

двовимірна 
щільність роз-
поділу 

two-diménsio-
nal dìstribútion 
dénsity  
 

densité f de ré-
partition f [de 
distribution f] 
bidimension-
nelle 

zweidimensio-
nale Vertéi-
lungsdichte (f) 

5. двумерная 
случайная ве-
личина 

двовимірна 
випадкова ве-
личина 

two-diménsio-
nal rándom vá-
riable  

variable f aléa-
toire bidimen-
sionnelle 

zweidimensio-
nale Zúfalls-
größe (f) 

6. двумерная 
случайная ве-
личина, расп-
ределенная по 
нормальному 
закону 

двовимірна  
випадкова ве-
личина, роз-
поділена за 
нормальним 
законом 

two-diménsio-
nal rándom vá-
riable distríbu-
ted by [accór-
ding to, accór-
dingly, corres-
póndingly] 
nórmal law 

variable f alé-
atoire bidimen-
sionnelle dis-
tribuée/répartie 
suivant en,par, 
conformément 
la loi f normale 

zweidimensi-
onale Zúfalls-
größe die nach 
dem Normal-
gesetz(e) ver-
téilt sein 

7. двумерная 
функция расп-
ределения 

двовимірна 
функція роз-
поділу 

two-diménsio-
nal dìstribútion 
[partítion] fún-
ction 

fonction f de 
répartition f 
[de distribution 
f] bidimension-
nelle 

zweidimensi-
onale Vertei-
lungsfunktion f 

8. двумерное 
нормальное 
распределе-
ние 

двовимірний  
нормальний 
розподіл 

two-diménsio-
nal nórmal dìs-
tribútion 

distribution f 
répartition f , 
loi f  normale 
bidimension-

zweidimensi-
onale Normal-
verteilung f 
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nelle 
9. двумерное 
распределе-
ние 

двовимірний  
розподіл 

two-diménsio-
nal dìstribútion 

distribution f 
répartition f , 
loi f  bidimen-
sionnelle  

zweidimensi-
onale Vertei-
lung f 

10. двумерный 
закон распре-
деления 

двовимірний 
закон розподі-
лу 

two-diménsio-
nal dìstribútion 
law 

loi f de distri-
bution f de ré-
partition f] bi-
dimensionnelle 

zweidimensi-
onales Vertei-
lungsgesetz n 

11. дискретная 
двумерная 
[трехмерная, 
n-мерная] 
случайная ве-
личина 

дискретна 
двовимірна 
[тривимірна, 
n-вимірна] ви-
падкова вели-
чина 

discréte two-
diménsional 
[three-dimén-
sional, n-di-
ménsional] 
rándom váriab-
le  

variable f aléa-
toire bidimen-
sionnelle [tridi-
mensionnelle, 
n-dimension-
nelle] discrète 

diskréte zwei-
dimensionale 
[dreidimensio-
nale, n-dimen-
sionale] Zúfall-
sgröße (f =,-n) 

12. компози-
ция законов 
распределе-
ния 

композиція 
законів розпо-
ділу 

còmposítion 
súperposítion 
of laws of dìs-
tribútion 

composée f 
composition f 
de lois de dis-
tribution f 

Komposition f 
von Vertei-
lungsgesetzen 
n 

13. компози-
ция нормаль-
ных законов 

композиція 
нормальних 
законів  

còmposítion 
súperposí-
tion of nórmal 
laws 

composée f des 
lois normales 

Komposition f 
von Normal-
verteilungsge-
setzen 

14. коррели-
рованные слу-
чайные вели-
чины 

корельовані 
випадкові ве-
личини 

córrelàted rán-
dom/álea-tory 
váriables  

variables aléa-
toires cor-
rélées 

korrelíerte Zú-
fallsgrößen f 

15. корреля-
ционный мо-
мент 

кореляційний 
момент 

còrrelátion 
[correlátive] 
móment [còef-
fícient] 

moment m 
corrélatif 

Korrelations-
moment n 

16. Коши-Бу-
няковского 
неравенство 

Коші – Буня-
ковського не-
рівність 

Cauchy – Bu-
njakowsky ìn-
equálity 

inégalité f de 
Cauchy–Bou-
niacovsky 

Úngleichung f 
von Cauchy-
Bunjakowski  

17. коэффици-
ент корреля-
ции 

коефіцієнт 
кореляції 

còrrelátion cò-
effícient, còef-
fícient of còr-
relátion  

coefficient m 
de corrélation 

Korrelations-
koeffizi¦ent m 

18. мера лине-
йной зависи-
мости между 
двумя случай-

міра лінійної 
залежності 
між двома ви-
падковими ве-

méasure of lí-
near depénden-
ce between 
two rándom 

mesure f de 
dépendence f 
linéaire entre 
deux variables 

Maß n von li-
neárer Ab-
hängigkeit f 
zwischen zwei 
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ными величи-
нами 

личинами váriables  aléatoires Zúfallsgrößen 

19. многомер-
ная случайная 
величина 

багатовимірна 
випадкова ве-
личина 

múltidiménsial 
rándom váriab-
le  

variable f aléa-
toire multidi-
mensionnelle 
[à plusieurs 
dimensions] 

mehrdimensi-
onale Zúfalls-
größe f 

20. многомер-
ное распреде-
ление 

багатовимір-
ний розподіл 

múltidiménsial 
[manydimén-
sional] dìstri-
bútion 

distribution f 
répartition f , 
loi f  multidi-
mensionnelle 
[à plusieurs 
dimensions] 

mehrdimensi-
onale Vertei-
lung f 

21. некорре-
лированные 
случайные ве-
личины 

некорельова-
ні випадкові 
величини 

uncórrelàted 
[nón-córrelà-
ted] rándom 
váriables   

variables f alé-
atoires non-
corrélées 
 

únkorrelierte 
Zúfallsgrößen f 

22. непрерыв-
ная двумерная 
[трехмерная, 
n-мерная] 
случайная ве-
личина 

неперерервна 
двовимірна 
[тривимірна, 
n-вимірна] ви-
падкова вели-
чина 

contínuous 
two-diménsio-
nal [three-di-
ménsional, n-
diménsional] 
rándom váriab-
le  

variable f aléa-
toire bidimen-
sionnelle [tridi-
mensionnelle, 
n-dimension-
nelle] continue 

stétige [konti-
nuíerliche] 
zweidimensio-
nale [dreidi-
mensionale, n-
dimensionale] 
Zúfallsgröße (f 
=,-n) 

23. нормаль-
ное распреде-
ление на пло-
скости [в про-
странстве]  

нормальний 
розподіл на 
площині (в 
просторі) 

nórmal  dìstri-
bútion on the 
plane (in the 
space) 

distribution f 
répartition f  
normale  sur le 
plan (dans l’es-
pace) 

Normálvertei-
lung auf der 
Ebene f, im 
Raum(e) m) 

24. нормаль-
ный закон 
распределе-
ния на плос-
кости (в прос-
транстве) 

нормальний 
закон розпо-
ділу на пло-
щині (в прос-
торі) 

nórmal law of 
dìstribútion on 
the plane (in 
the space) 

loi f normale 
de distribution 
f répartition f 
, loi f de lap-
lace-gauss sur 
le plan (dans 
l’espace) 

normáles Ver-
teilungsgesetz 
n  auf der Ebe-
ne f, im Raum-
(e) m) 

25. плотность 
вероятности 

щільність 
ймовірності 

probabílity 
dénsity 

densité f de 
probabilité 

Wahrschéin-
lichkeits||dich-
te f = 

26. плотность 
распределе-
ния 

щільність 
розподілу 

distribution 
dénsity 

densité f d’une 
distribution 

Verteilungs-
dichte f 

27. система система двох sýstem of two système m de System von 
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двух [трех, n] 
случайных ве-
личин 

[трьох, n]   ви-
падкових ве-
личин 

[three, n] rán-
dom váriables  

deux/trois/n 
variables f alé-
atoires  

zwei [drei, n] 
Zúfallsgrößen 

28. случайный 
вектор 

випадковий 
вектор 

rándom véctor  vecteur m alé-
atoire 

Zúfallsvektor 
m 

29. совмест-
ное распреде-
ление 

сумісний роз-
поділ 

joint sìmultá-
neous dìstri-
bútion 

distribution f 
jointe [loi f 
conjointe] (de 
probabilité) 

gemeinsame 
Verteilung f 

30. составля-
ющая двумер-
ной [трехмер-
ной, n-мер-
ной] случай-
ной величины  

складова дво-
вимірної три-
вимірної, ба-
гатовимірної, 
n-вимірної 
випадкової 
величини 

compónent of  
a two-dimén-
sional [three-
diménsional, 
múltidiménsi-
al, n-diménsi-
onal] rándom 
váriable  

composante f 
composant m 
d’une variable 
aléatoire bidi-
mensionnelle 
tridimensionn
elle, multidi-
mensionnelle, 
n-dimension-
nelle 

Anteil m[Kom-
ponente f] ei-
ner zweidi-
mensionalen 
[dreidimensio-
nalen] Zúfalls-
größe (f) 

31. таблица 
распределе-
ния дискрет-
ной двумер-
ной случай-
ной величины 

таблиця роз-
поділу диск-
ретної двови-
мірної випад-
кової величи-
ни 

table of the 
dìstribútion 
[dìstribútion 
table] (of a dis-
créte two-di-
ménsional rán-
dom váriable  

table f tab-
leau m de dis-
tribution f de 
répartition f  
d’une variable 
aléatoire dis-
crète bidimen-
sionnelle 

Vertéilungs-
tabelle (f) einer 
diskréte zwei-
dimensionale 
Zúfallsgröße (f 
=,-n) 

32. трехмер-
ная случайная 
величина 

тривимірна 
випадкова ве-
личина 

three-dimén-
sional rándom 
váriable 

variable f aléa-
toire tridimen-
sionnelle [à 
trois dimen-
sions] 

dreidimensio-
nale  Zúfalls-
größe f 

33. трехмер-
ное распреде-
ление 

тривимірний 
розподіл 

three-dimén-
sional dìstribú-
tion 

distribution f 
répartition f , 
loi f  tridimen-
sionnelle  

dreidimensio-
nale Vertei-
lung f 

34. функция 
двух [трех, n] 
случайных ве-
личин  

функція двох 
трьох, n ви-
падкових ве-
личин 

fúnction of two 
[three, n] rán-
dom váriab-les 

fonction f de 
deux trois, n 
variables aléa-
toires 

Funktión von 
zwei [von drei, 
von n] Zúfalls-
größen  

35. функция 
распределе-
ния 

функція роз-
поділу 

dìstribútion 
fúnction 

fonction f de 
distribution f 
[de répartition 

Verteilungs-
funktion f 
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f]  
36. эллипс 
рассеяния 

еліпс розсіян-
ня 

ellípse of còn-
centrátion 

ellipse f de 
concentration  

Streuungsellip-
se f 

37. эн-мерная 
(n-мерная) 
случайная ве-
личина 

ен-вимірна (n 
вимірна) ви-
падкова вели-
чина 

n-diménsional 
rándom váriab-
le  

variable f aléa-
toire de dimen-
sion n [n-di-
mensionnelle]  

n-dimensionale 
Zúfallsgröße f 

38. эн-мерное 
(n-мерное) 
распределе-
ние 

ен-вимірний 
(n-вимірний) 
розподіл 

n-diménsional 
dìstribútion 

distribution f 
répartition f  
de dimension n 
[n-dimension-
nelle] 

n-dimensionale 
Vertéilung (f)  

39. эн-мерный 
(n-мерный) 
случайный 
вектор 

ен-вимірний 
(n-вимірний) 
випадковий 
вектор 

n-diménsional 
rándom véctor 

vecteur m alé-
atoire de di-
mension n [n-
dimensionnel-
le] 

n-dimensiona-
ler Zúfallsvek-
tor m  



  

TWO DIMENSIAL RANDOM VARIABLES : basic terminology EFDRU 

 
1. Cauchy – 
Bunjakowsky 
ìnequálity 

inégalité f (de 
Cauchy–Bou-
niacovsky) 

Úngleichung f 
von Cauchy-
Bunjakowski  

неравенство 
Коши - Буня-
ковского 

нерівність 
Коші – Буня-
ковського 

2. compónent 
of  a two-di-
ménsional 
[three-dimén-
sional, múlti-
diménsial, n-
diménsional] 
rándom vári-
able  

composante f 
composant m 
d’une variable 
aléatoire bidi-
mensionnelle 
tridimensionn
elle, multidi-
mensionnelle, 
n-dimension-
nelle 

Anteil m[Kom-
ponente f] ei-
ner zweidi-
mensionalen 
[dreidimensio-
nalen] Zúfalls-
größe (f) 

составляющая 
двумерной 
[трехмерной, 
n-мерной] 
случайной ве-
личины  

складова дво-
вимірної три-
вимірної, ба-
гатовимірної, 
n-вимірної 
випадкової 
величини 

3. còmposí-
tion súperpo-
sítion of laws 
of dìstribútion 

composée f 
composition f 
de lois de dis-
tribution f 

Komposition f 
von Vertei-
lungsgesetzen  

композиция 
законов рас-
пределения 

композиція 
законів розпо-
ділу 

4. còmposí-
tion súperpo-
sítion of nór-
mal laws 

composée f des 
lois normales 

Komposition f 
von Normal-
verteilungsge-
setzen 

композиция 
нормальных 
законов 

композиція 
нормальних 
законів  

5. contínuous 
two-diménsio-
nal [three-di-
ménsional, n-
diménsional] 
rándom váriab-
le  

variable f aléa-
toire bidimen-
sionnelle [tridi-
mensionnelle, 
n-dimension-
nelle] continue 

stétige [konti-
nuíerliche] 
zweidimensio-
nale [dreidi-
mensionale, n-
dimensionale] 
Zúfallsgröße  

непрерывная 
двумерная 
[трехмерная, 
n-мерная] 
случайная ве-
личина 

неперерервна 
двовимірна 
[тривимірна, 
n-вимірна] ви-
падкова вели-
чина 

6. córrelàted 
rándom/álea-
tory váriables  

variables aléa-
toires cor-
rélées 

korrelíerte Zú-
fallsgrößen f 

коррелиро-
ванные слу-
чайные вели-
чины 

корельовані 
випадкові ве-
личини 

7. còrrelátion 
[correlátive] 
móment [còef-
fícient] 

moment m 
corrélatif 

Korrelations-
moment n 

корреляцион-
ный момент 

кореляційний 
момент 

8. còrrelátion 
còeffícient, cò-
effícient of 
còrrelátion  

coefficient m 
de corrélation 

Korrelations-
koeffizi¦ent m 

коэффициент 
корреляции 

коефіцієнт 
кореляції 

9. discréte variable f aléa- diskréte zwei- дискретная дискретна 
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two-dimén-
sional [three-
diménsional, 
n-diménsion-
al] rándom vá-
riable  

toire bidimen-
sionnelle [tridi-
mensionnelle, 
n-dimension-
nelle] discrète 

dimensionale 
[dreidimensio-
nale, n-dimen-
sionale] Zúfall-
sgröße 

двумерная 
[трехмерная, 
n-мерная] 
случайная ве-
личина 

двовимірна 
[тривимірна, 
n-вимірна] ви-
падкова вели-
чина 

10. distribution 
dénsity 

densité f d’une 
distribution 

Verteilungs-
dichte f 

плотность 
распределе-
ния 

щільність 
розподілу 

11. dìstribútion 
fúnction 

fonction f de 
distribution f 
[de répartition 
f]  

Verteilungs-
funktion f 

функция рас-
пределения 

функція роз-
поділу 

12. ellípse of 
còncentrátion 

ellipse f de 
concentration  

Streuungsellip-
se f 

эллипс рассе-
яния 

еліпс розсіян-
ня 

13. fúnction of 
two [three, n] 
rándom váriab-
les 

fonction f de 
deux trois, n 
variables aléa-
toires 

Funktión von 
zwei [von drei, 
von n] Zúfalls-
größen  

функция двух 
[трех, n] слу-
чайных вели-
чин  

функція двох 
трьох, n ви-
падкових ве-
личин 

14. joint sì-
multáneous 
dìstribútion 

distribution f 
jointe [loi f 
conjointe] (de 
probabilité) 

gemeinsame 
Verteilung f 

совместное 
распределе-
ние 

сумісний роз-
поділ 

15. méasure of 
línear depén-
dence between 
two rándom 
váriables  

mesure f de 
dépendence f 
linéaire entre 
deux variables 
aléatoires 

Maß n von li-
neárer Ab-
hängigkeit 
zwischen zwei 
Zúfallsgrößen 

мера линей-
ной зависи-
мости между 
двумя случай-
ными величи-
нами 

міра лінійної 
залежності 
між двома ви-
падковими ве-
личинами 

16. múltidi-
ménsial [ma-
ny-diménsio-
nal] dìstribú-
tion 

distribution f 
répartition f , 
loi f  multidi-
mensionnelle 
[à plusieurs 
dimensions] 

Mehrdimensi-
onale Vertei-
lung f 

многомерное 
распределе-
ние 

багатовимір-
ний розподіл 

17. múltidi-
ménsial rán-
dom váriable  

variable f aléa-
toire multidi-
mensionnelle 
[à plusieurs 
dimensions] 

mehrdimensi-
onale Zúfalls-
größe 

многомерная 
случайная ве-
личина 

багатовимірна 
випадкова ве-
личина 

18. mútually 
ìndepéndent 
rándom váriab-
les  

variables f alé-
atoires mutuel-
lement indé-
pendantes  

einánder ún-
abhängige Zú-
fallsgrößen f 

взаимно неза-
висимые слу-
чайные вели-
чины 

взаємно неза-
лежні випад-
кові величини 
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19. n-dimén-
sional dìstribú-
tion 

distribution f 
répartition f  
de dimension n 
[n-dimension-
nelle] 

n-dimensionale 
Vertéilung (f)  

эн-мерное (n-
мерное) рас-
пределение 

ен-вимірний 
(n-вимірний) 
розподіл 

20. n-dimén-
sional rándom 
váriable  

variable f aléa-
toire de dimen-
sion n [n-di-
mensionnelle]  

n-dimensionale 
Zúfallsgröße f 

эн-мерная (n-
мерная) слу-
чайная вели-
чина 

ен-вимірна (n 
вимірна) ви-
падкова вели-
чина 

21. n-dimén-
sional rándom 
véctor 

vecteur m alé-
atoire de di-
mension n [n-
dimensionnel-
le] 

n-dimensiona-
ler Zúfallsvek-
tor m  

эн-мерный (n-
мерный) слу-
чайный век-
тор 

ен-вимірний 
(n-вимірний) 
випадковий 
вектор 

22. nórmal  dì-
stribútion on 
the plane (in 
the space) 

distribution f 
répartition f  
normale  sur le 
plan (dans l’es-
pace) 

Normálvertei-
lung auf der 
Ebene f, im 
Raum(e) m) 

нормальное 
распределе-
ние на пло-
скости [в про-
странстве]  

нормальний 
розподіл на 
площині (в 
просторі) 

23. nórmal law 
of dìstribútion 
on the plane 
(in the space) 

loi f normale 
de distribution 
f répartition f 
, loi f de Lap-
lace-Gauss sur 
le plan (dans 
l’espace) 

normáles Ver-
teilungsgesetz 
n  auf der Ebe-
ne f, im Raum-
(e) m) 

нормальный 
закон распре-
деления на 
плоскости (в 
пространстве) 

нормальний 
закон розпо-
ділу на пло-
щині (в прос-
торі) 

24. probabílity 
dénsity 

densité f de 
probabilité 

Wahrschéin-
lichkeits||dich-
te f = 

плотность ве-
роятности 

щільність 
ймовірності 

25. pròbabílity 
of hit/hitting of 
a two-dimén-
sional rándom 
váriable in a 
rectangle, in a 
domain 

probabilité f du 
coup [d’impact 
[-kt] m, d’at-
teinte f] d’une 
variable  aléa-
toire bidimen-
sionnelle dans 
un rectangle, 
dans un domai-
ne 

Wahrschéin-
lichkeit (f) von 
Tréffer einer 
zweidimensio-
nalen Zúfalls-
größe (f) in ein 
Réchteck n, in 
ein Gebiet n  

вероятность 
попадания 
двумерной 
случайной ве-
личины в пря-
моугольник, в 
область 

імовірність 
попадання 
двовимірної 
випадкової 
величини в 
прямокутник, 
в область 

26. rándom 
véctor  

vecteur m alé-
atoire 

Zúfallsvektor 
m 

случайный 
вектор 

випадковий 
вектор 

27. sýstem of 
two [three, n] 
rándom vári-

système m de 
deux/trois/n 
variables f alé-

System von 
zwei [drei, n] 
Zúfallsgrößen 

система двух 
[трех, n] слу-
чайных ве-

система двох 
[трьох, n]   ви-
падкових ве-
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ables  atoires  личин личин 
28. table of the 
dìstribútion 
[dìstribútion 
table] (of a dis-
créte two-di-
ménsional rán-
dom váriable  

table f tab-
leau m de dis-
tribution f de 
répartition f  
d’une variable 
aléatoire dis-
crète bidimen-
sionnelle 

Vertéilungs-
tabelle (f) einer 
diskréte zwei-
dimensionale 
Zúfallsgröße (f 
=,-n) 

таблица рас-
пределения 
дискретной 
двумерной 
случайной ве-
личины 

таблиця роз-
поділу диск-
ретної двови-
мірної випад-
кової величи-
ни 

29. three-di-
ménsional dìs-
tribútion 

distribution f 
répartition f , 
loi f  tridimen-
sionnelle  

dreidimensio-
nale Vertei-
lung f 

трехмерное 
распределе-
ние 

тривимірний 
розподіл 

30. three-di-
ménsional rán-
dom váriable 

variable f aléa-
toire tridimen-
sionnelle [à 
trois dimen-
sions] 

dreidimensio-
nale  Zúfalls-
größe f 

трехмерная 
случайная ве-
личина 

тривимірна 
випадкова ве-
личина 

31. two-dimén-
sional dìstri-
bútion 

distribution f 
répartition f , 
loi f  bidimen-
sionnelle  

zweidimensi-
onale Vertei-
lung 

двумерное 
распределе-
ние 

двовимірний  
розподіл 

32. two-dimén-
sional dìstri-
bútion [partíti-
on] fúnction 

fonction f de 
répartition f 
[de distribution 
f] bidimension-
nelle 

zweidimensio-
nale Vertei-
lungsfunktion 

двумерная 
функция расп-
ределения 

двовимірна 
функція роз-
поділу 

33. two-dimén-
sional dìstri-
bútion dénsity  
 

densité f de ré-
partition f [de 
distribution f] 
bidimension-
nelle 

zweidimensio-
nale Vertéi-
lungsdichte (f) 

двумерная 
плотность 
распределе-
ния 

двовимірна 
щільність роз-
поділу 

34. two-dimén-
sional dìstri-
bútion law 

loi f de distri-
bution f de ré-
partition f] bi-
dimensionnelle 

zweidimensi-
onales Vertei-
lungsgesetz  

двумерный 
закон распре-
деления 

двовимірний 
закон розподі-
лу 

35. two-dimén-
sional nórmal 
dìstribútion 

distribution f 
répartition f , 
loi f  normale 
bidimension-
nelle 

zweidimensio-
nale Normal-
verteilung 

двумерное 
нормальное 
распределе-
ние 

двовимірний  
нормальний 
розподіл 

36. two-dimén-
sional rándom 

variable f aléa-
toire bidimen-

zweidimensio-
nale Zúfalls-

двумерная 
случайная ве-

двовимірна 
випадкова ве-
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váriable  sionnelle größe (f) личина личина 
37. two-dimén-
sional rándom 
váriable distrí-
buted by [ac-
córding to, ac-
córdingly, cor-
respóndingly] 
nórmal law 

variable f alé-
atoire bidimen-
sionnelle dis-
tribuée/répartie 
suivant en,par, 
conformément 
la loi f normale 

zweidimensio-
nale Zúfalls-
größe die nach 
dem Normal-
gesetz(e) ver-
téilt sein 

двумерная 
случайная ве-
личина, расп-
ределенная по 
нормальному 
закону 

двовимірна  
випадкова ве-
личина, роз-
поділена за 
нормальним 
законом 

38. uncórrelà-
ted [nón-cór-
relàted] rán-
dom váriables   

variables f alé-
atoires non-
corrélées 
 

únkorrelierte 
Zúfallsgrößen  

некоррелиро-
ванные слу-
чайные вели-
чины 

некорельова-
ні випадкові 
величини 

39. véctor rán-
dom váriable  

variable f aléa-
toire vectoriel-
le 

vektorielle Zú-
fallsgröße f  

векторная 
случайная ве-
личина 

векторна ви-
падкова вели-
чина 



  

LECTURE NO. 8.  

ELEMENTS OF MATHEMATICAL STATISTICS 
LE HUITIEME COURS. ELEMENTS DE STATISTIQUE MATHÉMATIQUE 

ACHTE VORLESUNG. ELEMENTE MATHEMATISCHER STATISTIK 

 

POINT 1. GENERAL REMARKS. SAMPLING METHOD. Notes générales. 

Echantillonage. Allgemeine Bemerkungen. Stichprobenmethode. 

POINT 2. VARIATION SERIES. Séries variationnelles. Variationsreihen. 

POINT 3. APPROXIMATE  DETERMINATION OF THE DISTRIBUTION 

LAW OF A RANDOM VARIABLE. Détermination approchée de la loi de distribu-

tion d‘une variable aléatoire. Naherungsweise Bestímmung des Vertéilungsgesetzes 

einer Zúfallsgröße. 

POINT 4. ESTIMATION OF PARAMETERS OF THE DISTRIBUTION 

LAW OF A RANDOM VARIABLE. Estimation de  paramètres de la loi de distribu-

tion d'une variable aléatoire. Parameterschätzung des Vertéilungsgesetzes von Zú-

fallsgröße. 

POINT 5. TESTING STATISTIC HYPOTHESES. Test d'hypothèses en sta-

tistique. Statistischer Hypothesenprüfung. 

 

POINT 1. GENERAL REMARKS. SAMPLING METHOD 

 

Let's suppose that we study some random variable . 

We'll dwell upon three typical problems of the mathematical statistics. 

1. Exact or approximate determination of the distribution law of a random va-

riable (for example it can be stated or hypothesized that a random variable  is dis-

tributed normally). 

2. Estimation (approximate calculation) of parameters of the distribution law of 

a random variable (for example estimation of   ExAsDm ,,,,  of a random va-

riable ). 
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3. Testing statistical hypotheses (for example testing a hypothesis that a given 

random variable  is distributed normally). 

There are various methods of solving such the problems. One of the most wide-

spread is the sampling method. 

Suppose that we have some population1 consisting a great number N of things 

(the population of the size N) which must be studied with respect to some random 

variable . We take at random n things (n<<N) from the population, fulfil their all-

round testing with respect to  and extend obtained results on the whole population.  

On the language of the mathematical statistics we do a sampling of the size n 

(n << N) getting the sample (of the size n) which is subjected to thoroughly investiga-

tion with respect to a random variable in question. 

A sample must be representative, that is it must certainly represent the popula-

tion. To be representative the sample must be random one.  

POINT 2. VARIATION SERIES 

 
 A sample of the size n, which we obtain by a random sampling from the popu-

lation, we study with the help of so-called variation (or statistical) series. There are  

variation series of two types namely those discrete and interval. 

Table 1. A discrete variation series  

 , ix  1x  2x  … lx  

in  1n  2n  … ln  

nnp ii 
*  nnp 1

*
1 

 nnp 2
*
2 

 … nnp ll 
*  

1. A discrete variation series contains the row of observed values ix  of a ran-

dom variable   to be the investigated (as the rule in increasing order), the row of 

numbers2 in  of occurrences of these values and the row or their relative frequencies 

                                            
1 Or: a) parent [general, grand, total] population; b) parent universe. 
2 These numbers can be called frequencies. 
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nnp ii 
*  (the table 1) 1.  

It must be 

1...,... ***
121  lkl pppnnnn . 

Such the discrete variation series can be represented geometrically with the 

help of a polygon of frequencies or a polygon of relative frequencies. The polygon of 

relative frequencies is a broken line which joins successively the next points: 

     **
222

*
111 ;,...,;,; lll pxApxApxA  

(see fig. 1). It's useful to compare it with a distribution polygon of a random variable 

(see Lecture No. 3, fig. 1). 

The polygon of frequencies is a broken line joining successively the other 

points namely those with ordinates (frequencies) lnnn ,...,, 21 , 

     lll nxBnxBnxB ;,...,;,; 222111 . 

If there are a lot of distinct observed values of a random variable , they can be 

united in intervals which generate so-called interval variation series.  

                 Fig. 1                     Fig. 2 

2. An interval variation series contains the row of intervals with all observed 

values of a random variable  in question, the row of numbers (frequencies) in  of hit-

ting of these values in the ith interval and the row of corresponding relative frequen-

cies nnp ii 
*  (the table 2). 

                                            
1 One applies sometimes only one of two last rows. 
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Table 2. An interval variation series 

Intervals  21, xx   32 , xx   43 , xx  …  1, ll xx  

in  1n  2n  3n  … ln  

nnp ii 
*  nnp 1

*
1 

 nnp 2
*
2 

 nnp 3
*
3   … nnp ll 

*  

      The first interval is that close and the other l - 1 intervals are semi-closed 1. Just as 

in the case of a discrete variation series it must be 

1...,... **
2

*
121  ll pppnnnn . 

The interval variation series can be represented geometrically by a histogram2 

of frequencies or relative frequencies. The histogram of relative frequencies is the set 

of rectangles with the bases  1, ii xx  of the lengths iii xxx  1  , li ,1 , and the 

areas *
ii pS   (fig. 2). The altitude of the ith rectangle of such the histogram equals 

iiiii xpxSh  * . 

The histogram of frequencies contains rectangles of the areas ii nS   with the 

same bases.  

Often we form intervals of the same length x  (in particular on the fig. 2).  

If one wants to generate l intervals, he can put 

                                                      ,minmax

l
xxx 

                                                  ( 1 ) 

where maxx  is the greatest and minx  is the least of observed values of a random varia-

ble  . In practice it's useful sometimes to take instead maxx  some greater number and 

instead minx some less number in the formula (1). 

One can preset the length of intervals instead their number. For this purpose he 

can use the next known approximate formula: 

                                            
1 One can take the other intervals:        1433221 ,,...,,,,,, ll xxxxxxxx . 
2 Or a bar chart, bar diagram, block diagram, column diagram 
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n

xxx
lg322.31

minmax




 .                                              ( 2 )  

As the left point of the first interval he can take  

                                                        2min1 xxx                                                  ( 3 ) 

and get then the other points as follows 
                                   xxxxxxxxx ll  12312 ,...,, .                           ( 4 ) 

The number l of intervals is determined by the condition 

                                                          max1 xxl                                                        ( 5 ) 

which means that the last lth interval must contain the value maxx of the random varia-

ble  in question. 

Having an interval variation series we often must compile a corresponding dis-

crete variation series by taking some inner point *
ix  in the ith interval  li ,1 . For 

example we can take 

                     xxxxxxxxxxxx ll 


 
*

1
**

2
*
3

*
1

*
2

21*
1 ...,,,,

2
                  ( 4 ) 

and obtain the discrete variation series which is given by the table 3. We suppose 

conditionally that the point *
ix  represents the ith interval and therefore that the value 

*
ix were observed in  times (with the relative frequency nnp ii 

* ). It means that 

the tables 2 and 3 contain the same second and third rows. 

Table 3. The discrete variation series which corresponds to that interval  

*
ix  *

1x  
*
2x  … *

lx  

in  1n  2n  … ln  

nnp ii 
*  nnp 1

*
1 

 nnp 2
*
2 

 … nnp kl 
*  

 

Ex. 1 (the Basic example). To study a random variable   a sampling is fulfil-
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led and the sample of the size n = 200 is obtained (the table 4). Study the random va-

riable. 

Table 4. The sample with respect to the random variable   of the  Basic example 

1. 79 75 81 71 80 75 87 80 74 88 

2. 80 84 81 80 78 80 73 81 78 79 

3. 83 76 77 82 80 85 86 85 86 81 

4. 70 83 82 77 83 87 75 80 82 88 

5. 82 75 84 71 72 84 81 79 87 83 

6. 78 81 75 77 89 76 85 82 77 84 

7. 81 84 88 82 86 85 90 87 83 86 

8. 76 71 84 76 80 79 82 80 78 83 

9. 76 81 78 75 84 86 78 91 84 77 

10. 82 78 83 85 79 82 85 93 79 73 

11. 76 84 83 83 87 83 82 92 81 85 

12. 77 88 76 72 89 77 80 94 86 76 

13. 82 88 87 89 83 86 95 90 84 88 

14. 74 78 84 76 80 75 81 72 89 84 

15. 83 89 82 81 73 91 80 92 83 77 

16. 86 77 75 80 89 81 93 83 89 94 

17. 75 85 84 72 76 88 74 82 81 78 

18. 87 76 82 78 81 88 76 89 75 95 

19. 83 81 71 84 80 87 91 93 92 94 

20. 77 70 79 82 75 90 70 83 73 84 

We have 70,95 minmax  xx  here. Let's compile 5l  intervals of the length 

5
5

7095minmax 






l

xxx  (see the formula (1)). 

A table 5 represents the interval variation series, inner points *
ix for corresponding 

discrete variation series and altitudes ih  of rectangles for plotting the histogram of re-

lative frequencies. 
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  Table 5. The variation series for the Basic example 

Intervals  75,70   80,75   85,80   90,85   95,90  

Inner points *
ix  72 77 82 87 92 

Frequencies in  18 50 76 40 16 

Relative frequencies nnp ii 
*  0.09 0.25 0.38 0.20 0.08 

Altitudes xph ii  *  0.018 0.050 0.076 0.040 0.016 

 

The histogram and polygon of relative frequencies for the interval and corresponding 

discrete variation series are represented on fig. 3, 4. For the sake of geometric visuali-

zation we draw to different scales along the axes. 

                     Fig. 3                             Fig. 4                                                                                                                                      

 

 

POINT 3. APPROXIMATE  DETERMINATION OF THE DISTRIBU-

TION LAW OF A RANDOM VARIABLE 

The statistic distribution function 
 

Def. 1. The statistic distribution function of a random variable   is called the 

relative frequency of hitting of its observed values in the interval  x, , 

                                                         xPxF n    .                                            ( 5 ) 

It's obvious that the statistic distribution function  xF   equals the sum of 

relative frequencies of those observed values of   which are less than x,   
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                                                          


 
xx

i
i

pxF *                                                   ( 6 )  

To find the statistic distribution function we must distinguish the cases of dis-

crete and interval variation series. 

1. In the first case (for a discrete variation series) we have immediately by defi-

nition 

























.if1
...........................................

,if
,if
,if

,if0

)(
43

*
3

*
2

*
1

32
*
2

*
1

21
*
1

1

*

lxx

xxxppp
xxxpp
xxxp

xx

xF  

2. In the second case (for an interval variation series) we put successively 

          ,1,...,,,,0 1
**

3
*
2

*
14

**
2

*
13

**
12

*
1

*  lxFpppxFppxFpxFxF  

then represent the points 

         1;...,,;,;,;,0; 11
*
3

*
2

*
144

*
2

*
133

*
12211  ll xApppxAppxApxAxA  

on the xOy-plane and plot the approximate graph of the function  xF * , namely in 

the form of semi-segments or (if  is a continuous random variable) in the form of a 

continuous line. 

On the base of Bernoulli theorem the statistic distribution function  xF   tends 

in probability to usual (or theoretical) distribution function    xPxF    for n ten-

ding to infinity,  

       xFxPxPxF
prob

n    . 

Ex. 2. Find the statistic distribution function of the random variable   which is 

studied in the Basic example. 



 Mathematical Statistics 197 

Proceeding from the discrete variation series (see inner points *
ix  and corres-

ponding relative frequencies nnp ii 
*  in the table 5) we obtain 

 

























,92if00.108.092.0
,9287if92.020.072.0
,8782if72.038.034.0
,8277if34.025.009.0
,7772if09.0

,72if00.0

*

x
x
x
x
x

x

xF  

 (see fig. 5). 

Using the interval variation series (the first and fourth rows of the table 5) we 

get approximate values of the statistic distribution function 

        ,72.038.034.085,34.025.009.080,09.075,070 ****  FFFF  

    00.108.092.095,92.020.072.090 **  FF , 

represent corresponding points  

           1;95,92.0;90,72.0;85,34.0;80,09.0;75,0;70 654321 AAAAAA  

on the xOy-plane and plot the approximate graph of the statistic distribution function 

in the form of a continuous line (fig. 6). 

 

Idea of the distribution density 
 

If a random variable  is continuous one and the number l of intervals (of the 

                    Fig. 5                        Fig. 6 
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same length x ) tends to infinity, 

 0 xl , 

then the upper part of its histogram of relative frequencies tends to some curve which 

is the graph of the distribution density  xf  for . On fig. 4 we've represented the ap-

proximate graph of the distribution density. 

Obvious symmetry of the approximate graph of the distribution density of the 

random variable   which we study in the Basic example (fig. 6) permits us to state 

the next hypothesis:   is normally distributed. 

  

POINT 4. ESTIMATION OF PARAMETERS OF THE DISTRIBUTION 

LAW OF A RANDOM VARIABLE 

 

Let   be a parameter to be estimated and *  be its estimate [or estimator]. 

This latter is a function of results of n trials on .  

In theory we consider results of trials as random variables n ,...,,, 321  with 

the same distribution law as  , in particular with the same mathematical expectation 

and dispersion 

        niDDMMi ii ,1,,:   . 

Respectively we suppose the estimate *  to be a function of these random variables:  

 nf  ,...,,, 321
*  . 

In practice we express the estimate *  with the help of results of trials on the 

random variable  represented by variation series.  

For discrete variation series (with l observed various values ix  of the random 

variable  ) we can write 
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 lxxxf ,...,, 21
*  . 

For interval variation series (with l intervals) we use the inner points *
ix  of the 

intervals and so 

 **
2

*
1

* ,...,, lxxxf  

There exist three necessary requirements which must be laid to every estimate: 

consistency, unbiasedness and efficiency [effectiveness]. 

1. An estimate *  is called a consistent estimator of the parameter   if it con-

verges to   in probability ( 
.

*
prob
 ). 

2. This estimate *  is called an unbiased estimator of the parameter   if its 

mathematical expectation equals   (  )( *M ). 

3. The estimate *  is called an efficient [effective] estimator of   if it has 

minimal dispersion in comparison with all other estimates. 

There are pointwise and interval estimates of the parameters of distribution 

laws of random variables. 

Pointwise [point] estimates [estimators]   
 

Let's remember the formulas for number characteristics of a discrete random 

variable  (the mathematical expectation, dispersion, root-mean-square deviation, 

asymmetry and excess) 

  
i

ii pxMm  ; 

    
i

ii pmxDD 2
  ,               

222
2 MMmmDD  ;               

     DD  ; 

   
 

 
 

   
 

 
  3; 4

4

4
4

3

3

3
3 














 i

i
ii

i
i pmx

Ex
pmx

As . 
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In mathematical statistics we try at first to estimate corresponding parameters 

by analogous formulas. 

1. Estimate [estimator] of the mathematical expectation [estimation of expecta-

tion]. 

As the estimate [estimator] of the mathematical expectation of a random vari-

able   we take so-called sample mean [sample average, sample mathematical expec-

tation], that is the arithmetical average of the results of n independent trials on  , 

                                          
n

n
s







...21 .                                             (2) 

Let's write the calculating formulas based on known variation series. 

a) For a discrete variation series 

                                                  



l

i
ii

l

i
iis pxnx

n 1

*

1

1 .           ( 2a ) 

b) For an interval variation series 

                                                



l

i
ii

l

i
iis pxnx

n 1

**

1

*1 .                             ( 2b ) 

Testing of requirements to the sample mean that is to the estimate (2). 

a) By small Chebyshev theorem 

  


 mM
n

prob
n

s 



...21 , 

and therefore the sample mean s  is a consistent estimate. 

b) The mathematical expectation of the sample mean equals 

          





 

 nn
n

s MMM
n

M
nn

MM  ...1...1...
2121

21

             mMnM
n

MMM
n


1...1 , 
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and so s  is an unbiased estimate.  

c) If  distributed normally then, as can be proved, the sample mean s  is an 

effective estimate. 

2. Estimate [estimator] of the dispersion [variance estimate]. 

Let's take at first so-called sample dispersion 

                                     
n

D snss
s

22
2

2
1 )(...)()(  

                 ( 3 ) 

as the estimate [estimator] of the dispersion of a random variable  . 

Corresponding calculating formulas 

a) For a discrete variation series 

                                         



l

i
isi

l

i
isis pxnx

n
D

1

*2

1

21  .                           ( 3 a )                   

b) For an interval variation series 

                                        



l

i
isi

l

i
isis pxnx

n
D

1

*2*

1

2*1  .                           ( 3 b )  

c) It follows from the formula (3) the next useful general formula 

                                                       22
sssD   .                                               ( 3 c ) 
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As to necessary requirements to the sample dispersion (3) one can prove that it 

converges to the dispersion  D  in probability but its mathematical expectation is 

less that  D  namely 

      DD
n

nDM s 



1 . 

Therefore the sample dispersion sD  is consistent but biased [shifted] estimate 

of the dispersion. To have an unbiased consistent estimator one introduces so-called 

corrected dispersion 

                                                          sD
n

nD
1

~


 .                                                   ( 4 ) 

3. The root-mean-square deviation of the random variable   is estimated by 

the sample root-mean-square deviation 

                                                           ss D                                                        ( 5 )
 

and the corrected root-mean-square deviation (or the standard) 

                                                         Ds ~~  .                                                    ( 6 ) 

4. To estimate the asymmetry and excess we'll mention so-called sample asym-

metry and sample excess. 

a) For discrete variation series they are  
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b) For interval variation series  
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 Ex. 3. Estimate the mathematical expectation, dispersion, root-mean-square 

deviation, asymmetry and excess of the random variable   of the Basic example. 

Corresponding calculations are represented in the table 6.  

Table 6 

Interval [70, 75]  (75, 80]  (80, 85]  (85, 90]  (90, 95] Σ   

in  18 50 76 40 16 n=200 
nnp i

*
i   0.09 0.25 0.38 0.20 0.08 1 

*
ix  72 77 82 87 92  

*
i

*
i px  6.48 19.25 31.16 17.40 7.36 s 81.651 

 *
ix   5184 5929 6724 7569 8464  

  *
i

*
i px   466.56 1482.25 2555.12 1513.80 677.12 2

s 6694.25 

six *  -9.65 -4.65 0.35 5.35 10.35  

 2*
six    93.12 21.62 0.12 28.62 107.12  

  *2*
isi px 

  
8.38 5.41 0.05 5.72 8.57 13.28sD  

 3*
six   -898.63 -100.54 0.04 153.13 1108.72  

  *3*
isi px 

 
-80.88 -25.14 0.02 30.63 88.70 33.133 s  

 4*
six   8671.80 467.53 0.02 819.25    

  *4*
isi px 

 
780.46 115.88 0.01 163.85 918.02 22.19794 s

 
Thus the sample means of the random variable   and its square are equal to 

  85.6694,65.81
1

*2*2

1

**  


l

i
iis

l

i
iis pxpx  , 

and therefore by (3 c) and (5) the sample dispersion and root-mean-square deviation 



 Mathematical Statistics 204 
are equal to 

    .30.5,13.2865.8185.6694 222  sssss DD   

The corrected dispersion and root-mean-square deviation equal by virtue of the 

formulas (4), (6) 

32.527.28~~,27.2813.28
199
200

1
~ 


 DsD

n
nD s  .  

The sample symmetry and excess of the random variable   are equal by the 

formulas (7 b) (8 b) 

   
49.03

30.5
22.19793;09.0

30.5
33.13

44
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






.  

Interval estimates [estimation by confidence interval]  
 
   Let   be a parameter to be estimated, * its estimate,  some small positive 

number (so-called accuracy) and   is some large probability (the reliability).  

The next relation 

                                                       )|(| *P                                              ( 9 ) 

means that with the reliability   

),(,,,|| ******   ; 

therefore it is equivalent to the next one: 

                          )),(()( **** PP .                      ( 10 )  

This last equality shows that with the reliability  the estimating parameter   is co-

vered by a random interval ),( **   .  

Def. An interval ),( **    which covers an estimated parameter  with 

the reliability  is called confidence one. 

Let a random variable  is normally distributed, and it's necessary to find the 

confidence interval for its mathematical expectation a. 
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We can suppose that the sample mean s and corrected root-mean-square devi-

ation ~  of  are found.  

Let’s study an auxiliary random variable 

                                                     



~

ant s  .                                                   ( 11 ) 

It can be proved that t has Student distribution (or t-distribution) with 1 nk  de-

grees of freedom (see Lecture No. 6, Point 5). Therefore for the given reliability  we 

can find a number t  such that  

                                                          )( ttP                                                 ( 12 )  

(see the formula (28) in indicated Lecture). There’s corresponding table for finding t  

by known   and n (see the table 7 hear; the more detailed table see in [4, 11]). 

                                                                                                      Table 7 

9.0  645.1t  9.0  662.1t  

95.0  576.2t  95.0  984.1t  

 

 120 nn  

99.0  291.3t  

 

100n  

99.0  627.2t  

The formulas (11) and (12) determine the confidence interval in question. In-

deed 
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and with the reliability   the mathematical expectation a is covered by the interval 

                                                               ss , ,                                             ( 13 )  

where the accuracy 

                                                           
n

t  

~
 .                                                   ( 14 ) 

Ex. 4. Supposing that the random variable   of the Basic example has the nor-



 Mathematical Statistics 206 
mal distribution find the confidence intervals for its mathematical expectation a with 

the reliabilities 95.0,9.0   . 

a) For the reliability 9.0  and   nn or 200  we have 645.1t  from 

the table 7, hence the corresponding accuracy equals 

62.0
200
32.5645.1

~


n
t   , 

and the confidence interval is 

     27.82,03.8162.065.81,62.065.81,   ss . 

b) In the case 95.0  the corresponding values of t  and   are greater then 

those for 9.0 , namely 576.2t ,  

97.0
200
32.5576.2

~


n
t   , 

and we obtain the confidence interval 

     62.82,68.8097.065.81,97.065.81,   ss  

which is wider than that preceding. 

Results of Ex. 4 demonstrate so-called Principle of indeterminacy: if the reli-

ability   of estimation increases, then its precision [correctness, exactness] decreases 

and vice versa. 

 

POINT 5. TESTING STATISTIC HYPOTHESES 

 
We'll limit ourselves to hypotheses about distribution law of a random variable 

which is investigated. For example our Basic example has generated the hypothesis 

that  has the normal distribution. 

Let we test a hypothesis that a random variable   has certain distribution law. 

For this purpose we introduce some non-negative random variable (goodness-of-fit 

test) K which is the measure of deviation of the theoretical assumption (based on the 

hypothesis) and the results of trials on the random variable. It's supposed that we 

know exact or approximate distribution law of K. On the base of the result of trials on 
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  (for example on the base of the fulfilled sample) we find so-called calculated value 

calcK  of K and compare it with some well defined critical value critK of the same K. 

Let for example the critical value critK  of the goodness-of-fit test K is defined 

by the relation 

                                                         critKKP ,                                               ( 15 ) 

where   is some small probability  on so and01.0,025.0,05.0 . This probability is 

often called the significance level in such the sense that the event critKK   can be 

considered as highly improbable or even practically impossible. Correspondingly we 

consider the occurrence of the result critcalc KK  as low-probability [unlikely] out-

come. 

Comparison the calculated value calcK  of the test K with its critical value critK  

can give rise to two cases: critcalc KK   or critcalc KK  .  

In the first case we say that the results of trials contradict the hypothesis be-

cause of occurrence of the low-probability event. Therefore we can reject the hy-

pothesis in question. 

In the second case we say that the results of trials don’t contradict the hypo-

thesis, and we can accept it. 

Remark 1. It's necessary to understand that we ascertain contradiction or non- 

contradiction of the results of trials to the hypothesis but we don't state its validity 

or invalidity. 

Henceforth we'll study some frequently used goodness-of-fit tests. 

Pearson1 2 goodness-of-fit test 
 

Let's introduce the next random variable (so-called Pearson distribution; it's of-

ten called Pearson 2 goodness-of-fit test or simply 2 goodness-of-fit test) 

                                     










l

i
ii

i

ii
l

i i

ii npn
n

nn
np

npn
1

2

1

2
2 ,                       ( 16 ) 

                                            
1 Pearson K. (Ch.) (1857 - 1936) - an English mathematician-stàtistícian, bìólogist and philosopher-pósitivist 
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where n is the number of trials on the random variable   (for example the size of a 

sample if the trials consist in sampling); the sense of the other quantities, namely the 

sense of ii pnl ,, , depends on the form of a variation series which represents the re-

sults of trials. 

a) In the case of a discrete variation series l is the number of different obser-

ved values of the random variable  , in  is the number of occurrences of the value ix  

of  , and ip  is the probability of occurrence of this value,  ii xPp   . This latter 

is calculated on the base of the advanced hypothesis. 

If for example we've hypothesized that a random variable   has Poisson distri-

bution, then 

   
s

i
a

i

x
s

ii e
x
axPp 

!
 , 

where sa  is the point estimate of the parameter a (sample a).  

b) In the case of an interval variation series l is the number of intervals, in  is 

the number of values of   which have hit in the ith interval (that is the frequency of 

hittig of observed values of   in this interval), and ip  is the probability of hitting of 

  in this interval,   1,  iii xxPp  , calculated by virtue of the hypothesis. 

For example in the hypothesis of the normal distribution of a random variable 

  we can write 

                                         iiiii zzxxPp   11 ,                                ( 17 ) 

where 

                                               
s

si
i

s

si
i

xzxz




 




 


1
1, .                                     ( 18 ) 

 The law of Pearson distribution (16) is known: it approximately coincides with 

the 2 - distribution (see the Lecture No. 6, Point 5). The number k of degrees of 

freedom of this distribution is proved to be the next: 

                                                         1 slk ,                                                  ( 19 ) 
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where s is the number of independent parameters which we estimate as to our random 

variable  .  

Values of the parameter s for some known distributions are represented in the 

table 8. 

 For known number of degrees of freedom k and a small probability (a signifi-

cance level)  there exists the critical value 
crit  of 2 such that 

                                                       )( 22
critP .                                              ( 20 )  

It can be found with the help of a corresponding table if we'll preset yourselves the 

significance level (see [4, 11]; the extract see in the table 9 hear). 

Table 8. Values of the parameter s for some distributions 

№ Hypothesis Parameters to be  
estimated 

The corresponding 
value of the parameter s 

1   has the normal distri-
bution 

The mathematical expecta-
tion and dispersion 

2 

2   has Bernoulli distri-
bution 

The mathematical expecta-
tion    qMD    

1 

3   has Poisson distribu-
tion with the parameter 
a 

The mathematical expecta-
tion     aMD    

1 

4   has the exponential 
distribution with the pa-
rameter   

The mathematical expecta-

tion    


 1
 M  

1 

5   has the uniform dis-
tribution on an interval 
with endpoints a and b 

There aren't such the pa-
rameters because of 

   
32

,
2

abbaM 



   

are known beforehand  

0 

Table 9. The critical values of the 2 - distribution 

A number of degrees  
of freedom 

1 2 3 4 5 6 7 8 9 10 

0.01 6.6 9.2 11.3 13.3 15.1 16.8 18.5 20.1 21.7 23.2 

0.025 5.0 7.4 9.4 11.1 12.8 14.4 16.0 17.5 19.0 20.5 

A significance 
level  

0.05 3.8 6.0 7.8 9.5 11.1 12.6 14.1 15.5 16.9 18.3 

Application of the goodness-of-fit test 2 is fulfilled by the next plan.  
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1. At first on the base of advanced hypothesis we find approximate values of 

all the probabilities   1,  iii xxPp   and define the calculated value 2
calc  of  2. 

2. Knowing the number of degrees of freedom k and specifying some signifi-

cance level (a small probability)  we find the critical value 
crit  of  2 from the table. 

3. Now we compare 2
calc  with 

crit . 

     a) If 22
calc crit  , we say that results of trials don’t contradict the hypothesis.   

b) If 2
calc  > 

crit , we say that results of trials contradict the hypothesis (because 

of the event   crit , which we regarded as practically impossible, has occurred) 

In the case a) we can accept the hypothesis, and in the case b) we can reject it. 

Ex. 5. Test the hypothesis that the random variable  of the Basic example has 

the normal distribution. 

1. By virtue of the hypothesis we find approximate values of the probabilities 

of hitting of the random variable in all the intervals of the interval variation series us-

ing the formulas (17), (18). Corresponding evaluations up to finding the calculated 

value 2
calc =  2,3 of  2 are represented in the table 10. 

Table 10    
End- 

points 
of 

intervals 

Values  
of Laplace  
function 

 

N
um

be
rs

 o
f 

in
te

rv
al
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ix  1ix  

 

s
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





1

1

 

 iz   1 iz  

 

 
 i

i

i

z
z
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




1  

 

i

i

np
n



 

 

in  

 

 
i

ii

n
nn

 2

 

1 70 75 -2.22 -1.27 -0.487 -0.398 0.089 18 18 0.00 

2 75 80 -1.27 -0.31 -0. 398 -0.122 0.276 55 50 0.45 

3 80 85 -0.31 0.64 -0.122 0.239 0.361 72 76 0.22 

4 85 90 0.64 1.59 0.239 0.444 0.205 41 40 0.02 

5 90 95 1.59 2.54 0.444 0.495 0.051 10 6 1.60 

         196 200 3.22 calc  

2. Let's choose the significance level (a small probability) 05.0 . Finding by 

the formula (19) the number of degrees of freedom ( 2,5  sl ) 

    21251  slk  

we find the critical value 0.62 crit  of 2 from the table 9. 
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3. We've obtained 2
calc =  2,3 < 6.0 = 2

crit . It means that the results of trials on 

the random variable   in question don’t contradict the hypothesis that its distribution 

law is normal one. 

Romanovsky1 goodness-of-fit test 
 

Let's consider a random variable (Romanovsky goodness-of-fit test) 

                                                        
k

kR calc

2

2 

                                                     ( 21 ) 

where 2
calc is the calculated value of Pearson 2 goodness-of-fit test (16) and k is the 

number (19) of degrees of freedom. If  

                                                              3R ,                                                        ( 22 ) 

then the results of trials on a random variable   don't contradict the hypothesis to be 

tested. 

Ex. 6. Test the hypothesis about the normal distribution of the random variable 

  of the Basic example. 

We have  

2,3.22  kcalc  

hence 

315.0
22
23.2





R , 

and the results of trials don't contradict the hypothesis. 

Kolmogorov2 goodness-of-fit test 
 

Let   is a continuous random variable, and we advance the next hypothesis: 

the given function  xF  is the distribution function of this random variable. 

Let a number D is the greatest value of the absolute value of a difference of the 

function  xF  and statistical distribution function  xF *  that is 

                                            
1 Romanovsky, V.I. (1879 - 1954), a noted Soviet mathematician 
2 Kolmogorov, A.N. (1903 - 1987), an eminent Russian mathematician. 
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                                                 xFxFD *max  .                                             ( 23 ) 

Kolmogorov has proved that the probability of the inequality 

nD  

has a finite limit as n . This limit is quite definite function  P  of a parameter 

  namely 

                                                   PnDP
n




lim .                                         ( 24 )                                           

The table 11 gives some values of the function  P . 

Table 11. The values of the function  P  

  1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

 P  0.270 0.172 0.112 0.068 0.040 0.022 0.012 0.006 0.003 0.002 

The table 11 indicates decrease of the function  P . 

On the base of the formula (24) we can suppose that for sufficiently large n the 

next approximate equality 

                                                       PnDP                                               ( 25 ) 

holds. It gives us the goodness-of-fit test in question. 

We act in the next order. 

1. At first we seek the calculated value calcD of D and so the calculated value 

 calcnD of nD . It possible to search out calcD  by simultaneous plotting the func-

tions  xF  and  xF *  if the function  xF  is completely determined. But in practice 

there exist more simple approximate methods (see Ex. 7). 

2. Prescribing [assigning] a significance level (a small probability)   we 

search out the critical value crit of   such that 

   critP   

or 

                                                critcrit PnDP .                                        ( 26 )  

3. Finally we compare  calcnD  and crit . 
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a) If    critcalcnD  , then the results of trials contradict the hypothesis be-

cause of occurrence of a highly improbable event. 

b) In the case of   critcalcnD   the results of trials don't contradict the hy-

pothesis. 

Remark 2. The table 11 doesn't contain values of   for the values 0.05, 0.025, 

0.01 of the significance level  critP   . They can be found approximately with the 

help of so-called linear interpolation method [or the method of proportional parts]. 

The method consists in approximate substitution of the function  P  by that 

linear on a segment  21,  . Compiling the equation of a straight line through two 

points      2211 ;,;  PP , namely 

   
   12

1

12

1







PP
PP






 , 

we get 

   
   12

1

12

1







PP
PP critcrit






 , 

hence 

            
       

     12
12

1
112

12

1
1 





 









PP

P
PP
PP crit

crit .         ( 27 )                                  

Let for example   05.0 critP  . If we presume 4.1,3.1 21   , we'll ob-

tain         040.04.1,068.03.1 21  PPPP   from the table 11 and then crit  by 

the formula (27) 

  36.13.14.1
068.0040.0

068.005.03.1 



crit . 

Analogously we get  

    01.0for  63.1 and 025.0for  48.1  critcritcritcrit PP  .  

Ex. 7. Test the hypothesis of the normal distribution of the random variable of 

the Basic example with the help of Kolmogorov goodness-of-fit test. 

All necessary calculations for finding the calculated value calcD  of D we repre-
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sent in the table 12 using the results obtained above (tables 6 and 10, Ex. 2). The val-

ues of the statistical distribution function  xF *  at the right end-points of the inter-

vals were found in the example 2. By the same way we find approximate values of 

the distribution function  xF . The value 03.0calcD  is situated in the seventh co-

lumn of the table, and so   24.020003.0 calcnD . 

Table 12 

Numbers 
of 

intervals 

Inter-

vals 

 
*
ip  

 

 xF *  

 

ip  

 

 xF  

 

   xFxF *  

1 [70, 75] 0.09 0.09 0.09 0.09 0.00 

2 (75, 80] 0.25 0.09+0.25=0.34 0.28 0.09+0.28=0.37 0.03= calcD  

3 (80, 85] 0.38 0.34+0.38=0.72 0.36 0.37+0.36=0.73 0.01 

4 (85, 90] 0.20 0.72+0.20=0.92 0.21 0.73+0.21=0.94 0.02 

5 (90, 95] 0.08 0.92+0.08=1.00 0.05 0.94+0.05=0.99 0.01 

 

1. If we choose the significance level   04.0 critP  , we'll get 4.1crit  

from the table 11. Choosing   05.0 critP   we obtain 36.1crit  by remark 2. 

2. Comparing   24.0calcnD  and 4.1crit  (or 36.1crit ) we see that 

    36.124.04.124.0  critcalccritcalc nDornD  . 

Therefore the results of trials don't contradict the stated hypothesis. 

 



  

MATHEMATICAL STATISTICS: basic terminology RUEFD 
1. Варианта Варіанта Váriant Variante Variante f 
2. Вариаци-
онный ряд 

Варіаційний 
ряд 

Vàriátion sé-
ries  

Séries f varia-
tionnelle 

Variationsreihe 
f  

3. Выборка 
объема n 
(процесс) 

Вибірка об"є-
му n (процес) 

Sámpling of 
the size n 

Echantillonna-
ge m [sondage 
m, tirage m] de 
la taille n 

Stichprobe f 
[Auswahl f, 
Stichproben-
auswahl f, des 
Úmfang(e)s 
(m) n 

4. Выборка 
объема n (ре-
зультат) 

Вибірка об"є-
му n (резуль-
тат) 

Sample of the 
size n 

Echantillon 
m de la taille n 

Stichprobe f 
[Auswahl f] 
des Úmfang-
(e)s (m) n 

5. Выбороч-
ная асиммет-
рия 

Вибіркова 
асиметрія  

Sample asým-
metry [skew-
ness]  

Asymétrie f 
d'échantillon-
nage  

Stichprobenar-
tige  Asymme-
trie f 

6. Выбороч-
ная дисперсия 

Вибіркова 
дисперсія  

Sample vária-
nce [dispérsi-
on] 

Variance f 
dispersion f 
d'échantillon-
nage 

Stichprobens-
treuung f, 
Stichproben-
varianz f  

7. Выбороч-
ное среднее 

Вибіркове се-
реднє 

Sample mean 
[áverage]  

Moyenne f 
d'échantillon-
nage  

Stichproben-
durchschnitt m, 
Stichproben-
mittel n Durch-
schnitt m, Mit-
tel n) 

8. Выбороч-
ное среднее 
квадратичес-
кое [средне-
квадратичес-
кое] отклоне-
ние 

Вибіркове се-
реднє квадра-
тичне відхи-
лення 

Sample  root-
méan-squáre 
[quadrátic 
méan, méan-
squáre]  dèviá-
tion 

Ecart f é- 
quadratique 
moyen, écart 
type [écart-ty-
pe, écart qua-
dratique] d'é-
chantillonnage  

Stichprobenar-
tige  durchsch-
nittliche/mitt-
lere quadrati-
sche Abwei-
chung f, stich-
probenartige 
Streuung f  

9. Выбороч-
ный метод 

Вибірковий 
метод 

Sámpling (mé-
thod) 

Echantillonage 
m, sondage m 

Stichproben-
methode f 

10. Выбороч-
ный эксцесс 

Вибірковий 
ексцес 

Sample excéss Excès m d'é-
chantillonnage  

Stichprobenar-
tiger  Exzeß m 

11. Генераль-
ная совокуп-
ность (объема 
N) 

Генеральна 
сукупність 
(об"єму N) 

Párent úniver-
se, (párent, gé-
neral, grand, 
tótal)  pòpulá-

Population f 
générale, uni-
vers m (de la 
taille N) 

Grundgesamt-
heit f (des Úm-
fang(e)s (m) N) 
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tion (of the si-
ze N) 

12. Гистограм-
ма (относи-
тельных) час-
тот 

Гістограма 
(відносних) 
частот 

Hístogram of 
(rélative) fré-
quencies 

Histogramme 
m des fréquen-
ces f (relatives)  

Histogramm n 
[Säulendiag-
ramm n, Staf-
felbild n, Tre-
ppenpolygon 
n]  von (relatí-
ven) Frequén-
zen 

13. Дискрет-
ный вариаци-
онный ряд 

Дискретний 
варіаційний 
ряд 

Discréte vàriá-
tion séries 

Séries f varia-
tionnelle dis- 
crète 

Diskrete Varia-
tionsreihe f 
Reihe f 

14. Доверите-
льная вероят-
ность (надеж-
ность) 

Довірча ймо-
вірність (наді-
йність) 

Cónfidence 
pròbabílity  

Probabilité f de 
confiance 

Konfidenz-
wahrschein-
lichkeit f 

15. Доверите-
льный интер-
вал 

Довірчий ін-
тервал 

Cónfidence ín-
terval 

Intervalle m de 
confiance 

Konfidenzin-
tervall n 

16. Интерваль-
ная оценка 

Інтервальна 
оцінка 

Ínterval ésti-
mate 

Intervalle d´es-
timation f  

Intervallschät-
zung f 

17. Интерваль-
ный вариаци-
онный ряд 

Інтервальний  
варіаційний 
ряд 

Ínterval vàriá-
tion séries  

Séries f varia-
tionnelle aux 
intervalles 

Intervallvaria-
tionsreihe  f In-
tervallreihe f) 

18. Исправ-
ленная дис-
персия 

Виправлена 
дисперсія 

Corrécted vári-
ance [dispér-
sion]  

Variance f 
dispersion f 
corrigée 

Korrigíerte Va-
rianz f [Disper-
sion f, Streu-
ung f]  

19. Исправ-
ленное сред-
нее квадрати-
ческое [сред-
неквадратиче-
ское] откло-
нение 

Виправлене 
середнє квад-
ратичне від-
хилення 

Corrécted root-
méan-squáre 
[quadrátic 
méan, méan-
squáre]  dèviá-
tion 

Ecart f é- 
quadratique 
moyen [écart 
type [écart-ty-
pe, écart quad-
ratique]] corri-
gé(e) 

Korrigíerte 
durchschnit-
tliche/mittlere 
quadratische 
Abweichung f, 
korrigíerte 
Streuung f 

20. Количест-
во степеней 
свободы 

Кількість сте-
пенів свободи 

Númber of de-
grées of frée-
dom 

Nombre m de 
degrés de li-
berté 

Ánzahl f der 
Freiheitsgrade 

21. Критерий 
согласия 

Критерій зго-
ди 

Goodness-of-
fit test, good-
ness measure, 
goodness of fit, 
test for con-

Test d´accord Anpassungs-
test m, Gute f 
der Oberein-
stimmung,Ver-
träglichkeits-
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cordance, test 
of fit  

kriterium n 

22. Критерий 
согласия Кол-
могорова 

Критерій зго-
ди Колмого-
рова 

Kolmogorov 
goodness-of-fit 
test  

Test d´accord 
de Kolmogo-
roff 

Anpassungs-
test m von 
Kolmogorov 

23. Критерий 
согласия Пир-
сона 

Критерій зго-
ди Пірсона 

Pearson good-
ness-of-fit test 

Test d´accord 
de Pearson 

Anpassungs-
test m von 
Pearson 

24. Критерий 
согласия хи-
квадрат 

Критерій зго-
ди хі-квадрат 

chi-squared 
goodness-of-fit 
test 
 

Test d´accord 
2  (khi carré); 

critère m [test 
m] 2  (khi car-
ré) 

Chiquadrattest 
m, Chi-quad-
ratverfahren n 

25. Критиче-
ское значение 
критерия 

Критичне зна-
чення крите-
рія 

Crítical válue 
of a test 

Valeur f criti-
que d'un test 

Krítischer 
Wert m eines 
Test(e)s 

26. Математи-
ческая стати-
стика 

Математична 
статистика 

Mathematical 
statistics 

Statistique f 
mathématique 

Mathematische 
Statistik f 

27. Метод об-
работки (дан-
ных, резуль-
татов) 

Метод оброб-
ки (даних, ре-
зультатів) 

Méthod of data 
procéssing, of 
tréatment the 
resúlts 

Méthode f de 
traitement m 
(des données, 
des résultats) 

Auswertungs-
methode f 

28. Надеж-
ность [дове-
рительная ве-
роятность] 
оценки  

Надійність 
[довірча ймо-
вірність] оцін-
ки 

Relìabílity [de-
pèndabílity]  of 
an éstimate 

Fiabilité f [sé-
curité f, con-
fiance f] d´un 
estimateur 

Sicherheit f 
[Verläßlich-
keit f, Zuver-
lässigkeit f] ei-
ner Schätzung 
f 

29. Не протии-
воречить ги-
потезе (о ре-
зультатах ис-
пытаний) 

Не протирічи-
ти гіпотезі 
(про результа-
ти випробу-
вать) 

Do not cóntra-
dict the hypo-
thesis (about 
the resúlts of 
tríals) 

Ne pas contre-
dire l'hypothè-
se (sur les ré-
sultats d'expé-
rience) 

Der Hypothése 
nicht widers-
préchen (über 
die Resultáte 
[Ergébnisse] 
von Experi-
ménten) 

30. Несмещен-
ная оценка 

Незміщена 
оцінка 

Unbíased [bí-
as-free] ésti-
mate 

Estimateur m 
sans biais [ab-
solument cor-
rect, bien cen-
tré, sans distor-
sion]  

Erwartungs-
treue [bias-
freie, nichtver-
zerrte, unver-
zerrte] Schät-
zung f, unver-
zerrte Abschä-
tzung f 
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31. Несмещен-
ность оценки 

Незміщеність 
оцінки 

Nòn-bías [ùn-
bíasedness] of 
an éstimate 

  

32. Определе-
ние закона 
распределе-
ния случай-
ной величины 

Визначення 
закону розпо-
ділу випадко-
вої величини 

Detèrminátion 
the dìstribú-
tion [partítion] 
law of a rán-
dom váriable 

Détermination 
de la loi de ré-
partition f [de 
distribution f] 
d‘une variable 
aléatoire 

Bestímmung f 
des Vertéi-
lungsgesetzes 
(n) einer Zú-
fallsgröße 

33. Отбросить 
[отклонить] 
гипотезу  

Відкинути 
[відхилити] 
гіпотезу 

Rejéct a hypó-
thesis 

Rejeter une hy-
pothèse  

Eine Hypothé-
se áblehnen 

34. Относите-
льная частота 
варианты 

Відносна ча-
стота варіанти 

Váriant rélati-
ve fréquency  

Fréquence f 
relative d´une 
variante 

Relatíve Fre-
quénz f =,-en 
einer Variante 
f 

35. Относите-
льная частота 
попадания ва-
риант в инте-
рвал 

Відносна час-
тота попадан-
ня варіант в 
інтервал 

Rélative fréqu-
ency of hitting 
of váriants in 
an ínterval 

Fréquence f 
relative du 
coup [d’impact 
m, d’atteinte f] 
des variantes 
dans un inter-
valle 

Relatíve Fre-
quénz f =,   -en 
von Tréffer der 
Varianten f in 
ein Interváll 
(n) 

36. Оценивать, 
находить 
оценку 

Оцінювати, 
знаходити 
оцінку  

Éstimate  Estimer Einschätzen, 
eine Schä-
tzung f  fin-
den*  

37. Оценка 
[нахождение 
оценки, оце-
нивание] па-
раметра зако-
на распреде-
ления случай-
ной величины 
(как процесс) 

Оцінка [зна-
ходження 
оцінки, оці-
нювання] па-
раметра зако-
ну розподілу 
випадкової 
величини (як 
процес) 

Èstimátion of a 
parámeter of a 
dìstríbutive 
law of a rán-
dom váriable 

Estimation f 
d´un  paramè-
tres de la loi de 
ré-partition f 
[de distribu-
tion f] d‘une 
variable aléa-
toire 

Parameter-
schätzung f des 
Vertéilungsge-
setzes (n) einer 
Zúfallsgröße 

38. Оценка па-
раметра зако-
на распреде-
ления случай-
ной величины 
(как резуль-
тат) 

Оцінка пара-
метра закону 
розподілу ви-
падкової ве-
личини (як ре-
зультат) 

Éstimate [ésti-
mator; assés-
sed/éstimated 
válue] of a pa-
rámeter of the 
dìstríbutive 
law of a rán-
dom váriable 

Estimateur m 
[estimation f, 
valeur estimée] 
d´un paramètre 
de la loi de ré-
partition f [de 
distribution f] 
d‘une variable 

Parameter-
schätzung f des 
Vertéilungsge-
setzes (n) einer 
Zúfallsgröße 
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aléatoire 

39. Полигон 
(относитель-
ных) частот 

Полігон (від-
носних) час-
тот 

Pólygon of (ré-
lative) fréquen-
cies 

Polygone m 
des fréquen-
ces f (relatives) 

Polygon n von 
(relatíven) Fre-
quénzen 

40. Прибли-
женный гра-
фик плотно-
сти распреде-
ления 

Наближений 
графік щіль-
ності розпо-
ділу 

Appróximate 
graph of the 
dístribútion 
density 

Graph m [gra-
phique m] ap-
proximatif de 
la densité de 
distribution  

Angenäherte 
Gráphik f [an-
genähertes 
Bild] der Ver-
téilungsdichte 
(f) 

41. Прибли-
женный закон 
распределе-
ния случай-
ной величины 

Наближений 
закон розподі-
лу випадкової 
величини 

Appróximate 
dìstríbution 
law of a rán-
dom váriable 

Loi f approxi-
mative de dis-
tribution f [de 
répartition f] 
d’une variable 
aléatoire 

Angenähertes 
Vertéilungs-
gesetz (n) einer 
Zúfallsgröße 
(f) 

42. Принять 
гипотезу 

Прийняти гі-
потезу 

Accépt a hy-
póthesis 

Accepter une 
hypothèse 

Eine Hypothé-
se akzeptieren 

43. Проверить 
статистичес-
кую гипотезу 

Перевірити 
статистичну 
гіпотезу 

Test [check, 
vérify]  a sta-
tistical hypo-
thesis, réalize 
statístical tést-
ing  

Tester  [véri-
fier, contrôler] 
une hypothèse 
en statistique 

Statistische 
Hypothese f 
kontrollieren 
[prüfen, testen, 
überprüfen, 
überwachen]  

44. Проверка 
статистиче-
ской гипотезы 

Перевірка ста-
тистичної гі-
потези 

statistical hy-
pothesis check-
ing, statistical 
testing, statis-
tical hypothe-
sis test, proof 
of statistical 
hypothesis 

test m d'hypo-
thèse en statis-
tique 

Statistischer 
Hypothesen-
prüfung f, Prü-
fung f von sta-
tistischer 
Hypothese 

45. Произво-
дить выборку 
объема n  

Робити вибір-
ку об"єму n 

Sample, carry 
out [fulfíll, ac-
cómplish] a 
sámpling of 
the size n  

Effectuer 
echantillonna-
ge m [sondage 
m, tirage m] de 
la taille n 

Stichprobe f 
[Auswahl f] 
des Úmfang-
(e)s  n erzeu-
gen  

46. Противо-
речить гипо-
тезе (о резу-
льтатах испы-
таний) 

Протирічити  
гіпотезі (про 
результати 
випробувать) 

Cóntradict the 
hypóthesis 
(about the re-
súlts of tríals) 

Contredire 
l'hypothèse 
(sur les résul-
tats d'expéri-
ence) 

Der Hypothése 
widerspréchen 
(über die Re-
sultáte [Ergéb-
nisse] von Ex-
periménten) 

47. Распреде- Розподіл Сть- Student´s dìs- Loi f de Stu- Studentvertei-
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ление Стью-
дента (t-рас-
пределение) 

юдента [t-роз-
поділ]  

tribútion, (Stu-
dent´s) t-dìs-
tribútion 

dent  lung f, Student-
sche Vertei-
lung,  t–Vertei-
lung  

48. Распреде-
ление хи-ква-
драт 

Розподіл хі-
квадрат 

2 -dìstribú-
tion, chi-squa-
red [chi-squa-
re] dìstribú-
tion  

Distribution f 
de 2  (khi car-
ré) 

2 -Verteilung 
f , Chi-quad-
ratverteilung f 

49. Распро-
странить ре-
зультаты ис-
следования 
выборки на 
генеральную 
совокупность 

Поширити 
[перенести] 
результати 
дослідження 
вибірки на ге-
неральну су-
купність 

Tránsfer [carry 
over, exténd] 
resúlts of invé-
stigation of the 
sample on the 
párent úniverse 

Etendre (il 
étends, n. aten-
dons) les résul-
tats d’étude 
d´échantillon 
sur l’univers 

Resultáte [Er-
gébnisse] der 
Stichprobenun-
tersuchung auf 
die Grundge-
samtheit f dila-
tieren 

50. Расчетное 
значение кри-
терия 

Розрахункове 
значення кри-
терія 

Rated [cálcu-
lated] válue of 
a test 

Valeur f calcu-
lée d'un test 

Réchnungsg-
röße f 

51. Репрезен-
тативная вы-
борка  

Репрезента-
тивна вибірка 

Rèpreséntative 
sample 

Echantillon m 
représentatif 

Repräsentative  
Stichprobe f 
[Auswahl f] 

52. Система 
прямоуголь-
ников с осно-
ваниями… и 
площадями… 

Система пря-
мокутників з 
основами … і 
площами … 

Sýstem of réc-
tangles with 
bases … and 
the areas … 

Système m des 
rectangles des 
bases … et des 
aires …  

Rechteckssys-
tem mit den 
Basisen f pl… 
und den Flä-
cheninhalten m 
pl … 

53. Случайная 
выборка 

Випадкова ви-
бірка 

Rándom sam-
ple 

Echantillon m 
aléatoire [pro-
babiliste]  

Zufällige 
Stichprobe f  
[Auswahl f] 

54. Смещен-
ная оценка 

Зміщена оцін-
ка 

Bíased [shif-
ted] éstimate 

Estimateur m 
avec biais [mal 
centré, biaisé]  

Nichterwar-
tungstreue 
Schätzung f 

55. Состояте-
льная оценка 

Обґрунтована  
оцінка 

Consístent és-
timate 

Estimateur m 
convergent 
[correct]  

Konsistente 
Schätzung f 

56. Состояте-
льность оцен-
ки 

Обґрунтовані-
сть оцінки 

Consístency of 
an éstimate 

Consistance f 
d´un estima-
teur  

Konsisténz f = 
einer Schät-
zung f 

57. Сплошное 
исследование 
выборки 

Суцільне до-
слідження ви-
бірки 

Tótal invésti-
gation of a 
sample 

Etude f totale 
d´un échan-
tillon m  

Gesamte Stich-
probenuntersu-
chung f 

58. Среднее Середнє ари- Àrithmétical Moyenne f Arithmétisches 
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арифметиче-
ское (полу-
ченных зна-
чений случай-
ной величи-
ны) 

фметичне 
(спостереже-
них значень 
випадкової 
величини) 

áverage/méan 
[àrithmétical 
méan válue] 
(of obsérved 
values of a rán-
dom váriable  

arithmétique 
(de valeurs f 
observées 
d’une variable 
f aléatoire)  

Míttel (n –s,=) 
von Beobach-
tungswerten 
(m) einer Zú-
fallsgröße (f 
=,-n) 

59. Стандарт  Стандарт Stándard Standard m Stándard m –
s,-s 

60. Статисти-
ческая (эмпи-
рическая) 
функция рас-
пределения 

Статистична 
(емпірична) 
функція роз-
поділу 

Statistic(al)/ 
empíric(al) dìs-
tribútion fúnc-
tion 

Fonction sta-
tistique/empi-
rique de distri-
bution  

Statistische 
[empirische]  
Verteilungs-
funktion f 

61. Статисти-
ческая оценка 
параметра 
(как резуль-
тат) 

Статистична 
оцінка пара-
метра (як ре-
зультат) 

Statístic(al) 
éstimate [ésti-
mator; assés-
sed/éstimated 
válue] of a pa-
rámeter  

Estimateur m 
[estimation f, 
valeur estimée] 
statistique d´un 
paramètre 

Statistische Pa-
rameterschä-
tzung f  

62. Статисти-
ческий ряд 

Статистичний 
ряд 

Statístic(al) sé-
ries 

Séries f statis-
tique 

Statistische 
Reihe f 

63. Стремить-
ся по вероят-
ности к точ-
ному значе-
нию (параме-
тра) 

Прямувати за 
ймовірністю 
до точного 
значення (па-
раметра)  

Tend in pròba-
bílity to exact 
válue of a pa-
rámeter 

Tendre (il/elle 
tend) en proba-
bilité vers une 
valeur f exacte 
(d´un paramè-
tre) 

Gegen genauen 
Wert m (eines 
Parámeters 
(m)) in Wahr-
schéinlichkeit 
konvergíeren 
[streben]  

64. Сходиться 
по вероятно-
сти к теорети-
ческой функ-
ции распреде-
ления (о ста-
тистической 
функции рас-
пределения) 

Збігатися за 
ймовірністю 
до теоретич-
ної функції 
розподілу 
(про статисти-
чну [емпірич-
ну] функцію 
розподілу) 

Convérge in 
pròbabílity to 
the theoretic-
(al) dìstribú-
tion fúnction 
(of a statistic-
(al)/empíric(al) 
dìstribútion 
fúnction) 

Converger en 
probabilité 
vers la fonc-
tion théorique 
de distribution 
(sur une fonc-
tion statistique/ 
empirique de 
distribution) 

Gegen theoré-
tische Ver-tei-
lungsfunktion f 
in Wahrschéin-
lichkeit kon-
vergíeren (über 
eine statisti-
sche/empiri-
sche Vertei-
lungsfunktion 
f) 

65. Теоретиче-
ская функция 
распределе-
ния 

Теоретична 
функція роз-
поділу 

Thèorétic(al) 
dìstribútion 
fúnction 

Fonction théo-
rique de distri-
bution 

Theorétische 
Verteilungs-
funktion f 

66. Типичные Типові задачі Týpical prób- Problèmes ty- Typische Áuf-
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задачи мате-
матической 
статистики 

математичної 
статистики 

lems of mathe-
matical statis-
tics 
 

piques de sta-
tistique f ma-
thématique 

gaben (f) [Pro-
bléme (n)] der 
mathemati-
schen Statistik 
f 

67. Точечная 
оценка 

Точкова оцін-
ка  

Póint éstimate Estimation f 
ponctuelle 

Punktschät-
zung f 

68. Точное 
значение (па-
раметра) 

Точне значен-
ня (парамет-
ра) 

Exact válue (of 
a parámeter) 

Valeur  f exac-
te (d´un para-
mètre) 

Genauer Wert 
m (eines Pará-
meters (m)) 

69. Точность 
оценки 

Точність оцін-
ки 

Exáctness [ác-
curacy, pricí-
sion] of an és-
timate  

Exactitude f 
[précision f]  
d´un estima-
teur 
 

Exáctheit f 
[Genauigkeit f, 
Präzision f]  ei-
ner Schätzung 
f 

70. Требова-
ния к оценке 

Вимоги до 
оцінки 

Requíerments 
[demánds] to 
an éstimate 

Demandes f pl 
[réquisitions f 
pl] à un esti-
mateur m  

(An)forderu-
ngen f pl gégen 
eine Schätzung 
f 

71. Уровень 
значимости 

Рівень значу-
щості 

Signíficance 
level 

Niveau m 
[seuil m] de 
signification 

Signifikanzni-
veau n 

72. Частота ва-
рианты 

Частота варі-
анти 

Váriant fréqu-
ency 

Fréquence f 
d´une variante 

Frequénz f =,-
en einer Vari-
ante f 

73. Частота 
попадания ва-
риант на ин-
тервал 

Частота попа-
дання варіант 
на інтервал 

Fréquency of 
hitting of vári-
ants on an ín-
terval 

Fréquence f du 
coup [d’impact 
m, d’atteinte f] 
des variantes 
sur un inter-
valle 

Frequénz f =,-
en von Tréffer 
der Varianten f 
in ein Interváll 
(n) 

74. Эффектив-
ная оценка 

Ефективна 
оцінка 

Effícient és-
timate [éstima-
tor]  

Estimateur m 
efficient  [effi-
cace] [efisjã, 
efikas]  

Effiziente [ef-
fektive, leis-
tungsfähige, 
wirksame, 
wirksamste] 
Schätzung f 

75. Эффектив-
ность оценки 

Ефективність 
оцінки 

Efficiency [ef-
féctiveness] of 
an èstimáte 

Effectivité f 
[efficacité f]  
[efε-, efi-] d´un 
estimateur 

Effektivität f 
[Leistungs-
fähigkeit f, 
Wírksamkeit f] 
der Schätzung  



  

MATHEMATICAL STATISTICS: basic terminology EFDRU 
1. accépt a hy-
póthesis 

accepter une 
hypothèse 

eine Hypothé-
se akzeptieren 

принять ги-
потезу 

прийняти гі-
потезу 

2. appróxima-
te dìstríbution 
law of a rán-
dom váriable 

loi f approxi-
mative de dis-
tribution f [de 
répartition f] 
d’une variable 
aléatoire 

angenähertes 
Vertéilungsge-
setz n einer 
Zúfallsgröße 

приближен-
ный закон 
распределе-
ния случай-
ной величины 

наближений 
закон розподі-
лу випадкової 
величини 

3. appróxima-
te graph of the 
dístribútion 
density 

graph m [gra-
phique m] ap-
proximatif de 
la densité de 
distribution  

angenäherte 
Gráphik f [an-
genähertes 
Bild n] der 
Vertéilungs-
dichte  

приближен-
ный график 
плотности 
распределе-
ния 

наближений 
графік щіль-
ності розпо-
ділу 

4. àrithméti-
cal áverage/ 
méan [àrithmé-
tical méan vá-
lue] (of obsér-
ved values of a 
rándom váriab-
le  

moyenne f 
arithmétique 
(de valeurs f 
observées 
d’une variable 
f aléatoire)  

arithmétisches 
Míttel n von 
Beobachtungs-
werten einer 
Zúfallsgröße  

среднее ариф-
метическое 
(полученных 
значений слу-
чайной вели-
чины) 

середнє ари-
фметичне 
(спостереже-
них значень 
випадкової 
величини) 

5. bíased [shi-
fted] éstimate 

estimateur m 
avec biais [mal 
centré, biaisé]  

nichterwar-
tungstreue 
Schätzung f 

смещенная 
оценка 

зміщена оцін-
ка 

6. chi-squared 
goodness-of-fit 
test 
 

test d´accord 
2  (khi carré); 

critère m [test 
m] 2  (khi car-
ré) 

Chiquadrattest 
m, Chi-quad-
ratverfahren n 

критерий со-
гласия хи-ква-
драт 

критерій зго-
ди хі-квадрат 

7. cónfidence 
ínterval 

intervalle m de 
confiance 

Konfidenzin-
tervall n 

доверитель-
ный интервал 

довірчий ін-
тервал 

8. cónfidence 
pròbabílity  

probabilité f de 
confiance 

Konfidenz-
wahrschein-
lichkeit f 

доверитель-
ная вероят-
ность (надеж-
ность) 

довірча ймо-
вірність (наді-
йність) 

9. consístency 
of an éstimate 

consistance f 
d´un estima-
teur  

Konsisténz f  
einer Schät-
zung 

состоятель-
ность оценки 

обґрунтовані-
сть оцінки 

10. consístent 
éstimate 

estimateur m 
convergent 
[correct]  

konsistente 
Schätzung f 

состоятель-
ная оценка 

обґрунтована  
оцінка 
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11. cóntradict 
the hypóthesis 
(about the re-
súlts of tríals) 

contredire l'hy-
pothèse (sur 
les résultats 
d'expérience) 

der Hypothése 
widerspréchen 
(über die Re-
sultáte [Ergéb-
nisse] von Ex-
periménten) 

противоре-
чить гипотезе 
(о результа-
тах испыта-
ний) 

протирічити  
гіпотезі (про 
результати 
випробувать) 

12. convérge in 
pròbabílity to 
the theoretic-
(al) dìstribú-
tion fúnction 
(of a statistic-
(al)/empíric(al) 
dìstribútion 
fúnction) 

converger en 
probabilité 
vers la fonc-
tion théorique 
de distribution 
(sur une fonc-
tion statistique/ 
empirique de 
distribution) 

gegen theoréti-
sche Vertei-
lungsfunktion 
in Wahrschéin-
lichkeit kon-
vergíeren (über 
eine statisti-
sche/empiri-
sche Vertei-
lungsfunktion ) 

сходиться по 
вероятности к 
теоретичес-
кой функции 
распределе-
ния (о стати-
стической 
функции рас-
пределения) 

збігатися за 
ймовірністю 
до теоретич-
ної функції 
розподілу 
(про статисти-
чну [емпірич-
ну] функцію 
розподілу) 

13. corrécted 
root-méan-
squáre [quad-
rátic méan, 
méan-squáre]  
dèviátion 

ecart f é- 
quadratique 
moyen [écart 
type [écart-ty-
pe, écart quad-
ratique]] corri-
gé(e) 

korrigíerte 
durchschnit-
tliche/mittlere 
quadratische 
Abweichung f, 
korrigíerte 
Streuung f 

исправленное 
среднее квад-
ратическое 
[среднеквад-
ратическое] 
отклонение 

виправлене 
середнє квад-
ратичне від-
хилення 

14. corrécted 
váriance [dis-
pérsion]  

variance f dis-
persion f 
corrigée 

korrigíerte Va-
rianz f [Disper-
sion f, Streu-
ung f]  

исправленная 
дисперсия 

виправлена 
дисперсія 

15. crítical vá-
lue of a test 

valeur f criti-
que d'un test 

krítischer Wert 
eines Test(e)s 

критическое 
значение кри-
терия 

критичне зна-
чення крите-
рія 

16. detèrminá-
tion the dìstri-
bútion [partí-
tion] law of a 
rándom vári-
able 

détermination 
de la loi de ré-
partition f [de 
distribution f] 
d‘une variable 
aléatoire 

Bestímmung f 
des Vertéi-
lungsgesetzes 
einer Zúfalls-
größe 

определение 
закона расп-
ределения 
случайной ве-
личины 

визначення 
закону розпо-
ділу випадко-
вої величини 

17. discréte và-
riátion séries 

séries f varia-
tionnelle dis- 
crète 

diskrete Varia-
tionsreihe f  

дискретный 
вариацион-
ный ряд 

дискретний 
варіаційний 
ряд 

18. 2 -dìstri-
bútion, chi-
squared [chi-
square] dìstri-
bútion  

distribution f 
de 2  (khi car-
ré) 

2 -Verteilung 
f , Chi-quad-
ratverteilung f 

распределе-
ние хи-квад-
рат 

розподіл хі-
квадрат 
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19. do not cón-
tradict the hy-
pothesis (about 
the resúlts of 
tríals) 

ne pas contre-
dire l'hypothè-
se (sur les ré-
sultats d'expé-
rience) 

der Hypothése 
nicht widers-
préchen (über 
die Resultáte 
[Ergébnisse] 
von Experi-
ménten) 

не противо-
речить гипо-
тезе (о резу-
льтатах испы-
таний) 

не протирічи-
ти гіпотезі 
(про результа-
ти випробу-
вать) 

20. efficiency 
[efféctiveness] 
of an èstimáte 

effectivité f 
[efε-] [effica-
cité f] d´un es-
timateur 

Effektivität f 
[Leistungs-
fähigkeit f, 
Wírksamkeit f] 
der Schätzung  

эффективно-
сть оценки 

ефективність 
оцінки 

21. effícient és-
timate [éstima-
tor]  

estimateur m 
efficient [efi-
sjã] [efficace 
[efikas]]  

effiziente [ef-
fektive, leis-
tungsfähige, 
wirksame, 
wirksamste] 
Schätzung f 

эффективная 
оценка 

ефективна 
оцінка 

22. éstimate  estimer Einschätzen, 
eine Schä-
tzung f  fin-
den*  

оценивать, на-
ходить оценку 

оцінювати, 
знаходити 
оцінку  

23. éstimate 
[éstimator; as-
séssed/éstima-
ted válue] of a 
parámeter of 
the dìstríbutive 
law of a rán-
dom váriable 

estimateur m 
[estimation f, 
valeur estimée] 
d´un paramètre 
de la loi de ré-
partition f [de 
distribution f] 
d‘une variable 
aléatoire 

Parameter-
schätzung f des 
Vertéilungsge-
setzes einer 
Zúfallsgröße 

оценка пара-
метра закона 
распределе-
ния случай-
ной величины 
(как резуль-
тат) 

оцінка пара-
метра закону 
розподілу ви-
падкової ве-
личини (як ре-
зультат) 

24. èstimátion 
of a parámeter 
of a dìstríbu-
tive law of a 
rándom vári-
able 

estimation f 
d´un  paramè-
tres de la loi de 
répartition f 
[de distribu-
tion f] d‘une 
variable aléa-
toire 

Parameter-
schätzung f des 
Vertéilungsge-
setzes (n) einer 
Zúfallsgröße 

оценка [нахо-
ждение оцен-
ки, оценива-
ние] парамет-
ра закона рас-
пределения 
случайной ве-
личины (как 
процесс) 

оцінка [зна-
ходження 
оцінки, оці-
нювання] па-
раметра зако-
ну розподілу 
випадкової 
величини (як 
процес) 

25. exact válue 
(of a paráme-
ter) 

valeur  f exac-
te (d´un para-
mètre) 

genauer Wert 
m (eines Pará-
meters  (m)) 

точное значе-
ние (парамет-
ра) 

точне значен-
ня (парамет-
ра) 

26. exáctness exactitude f Exáctheit f точность точність оцін-
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[áccuracy, pri-
císion] of an 
éstimate  

[précision f]  
d´un estima-
teur 

[Genauigkeit f, 
Präzision f]  ei-
ner Schätzung  

оценки ки 

27. fréquency 
of hitting of 
váriants on an 
ínterval 

fréquence f du 
coup [d’impact 
m, d’atteinte f] 
des variantes 
sur un inter-
valle 

Frequénz f von 
Tréffer der Va-
rianten in ein 
Interváll  

частота попа-
дания вариант 
на интервал 

частота попа-
дання варіант 
на інтервал 

28. goodness-
of-fit test, go-
odness mea-
sure, goodness 
of fit, test for 
concordance, 
test of fit  

test d´accord Anpassungs-
test m, Gute f 
der Oberein-
stimmung,Ver-
träglichkeits-
kriterium n 

критерий сог-
ласия 

критерій зго-
ди 

29. hístogram 
of (rélative) 
fréquencies 

histogramme m 
des fréquen-
ces f (relatives)  

Histogramm n 
[Säulendiag-
ramm n, Staf-
felbild n, Tre-
ppenpolygon 
n]  von (relatí-
ven) Frequén-
zen 

гистограмма 
(относитель-
ных) частот 

гістограма 
(відносних) 
частот 

30. ínterval és-
timate 

intervalle d´es-
timation f  

Intervallschät-
zung f 

интервальная 
оценка 

інтервальна 
оцінка 

31. ínterval và-
riátion séries  

séries f varia-
tionnelle aux 
intervalles 

Intervallvaria-
tionsreihe  f In-
tervallreihe f) 

интервальный 
вариацион-
ный ряд 

інтервальний  
варіаційний 
ряд 

32. Kolmogo-
rov goodness-
of-fit test  

test d´accord 
de Kolmogo-
roff 

Anpassungs-
test m von 
Kolmogorov 

критерий со-
гласия Кол-
могорова 

критерій зго-
ди Колмого-
рова 

33. mathemati-
cal statistics 

statistique f 
mathématique 

mathematische 
Statistik f 

математичес-
кая статисти-
ка 

математична 
статистика 

34. méthod of 
data procés-
sing, of tréat-
ment the re-
súlts 

méthode f de 
traitement m 
(des données, 
des résultats) 

Auswertungs-
methode f 

метод обра-
ботки (дан-
ных, резуль-
татов) 

метод оброб-
ки (даних, ре-
зультатів) 

35. nòn-bías 
[ùnbíasedness] 
of an éstimate 

  несмещенно-
сть оценки 

незміщеність 
оцінки 

36. númber of nombre m de Ánzahl f der количество кількість сте-
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degrées of 
fréedom 

degrés de li-
berté 

Freiheitsgrade степеней сво-
боды 

пенів свободи 

37. párent úni-
verse, (párent, 
géneral, grand, 
tótal)  pòpulá-
tion (of the si-
ze n) 

population f 
générale, uni-
vers m (de la 
taille n) 

Grundgesamt-
heit f (des Úm-
fang(e)s N) 

генеральная 
совокупность 
(объема n) 

генеральна 
сукупність 
(об"єму n) 

38. Pearson 
goodness-of-fit 
test 

test d´accord 
de Pearson 

Anpassungs-
test m von 
Pearson 

критерий со-
гласия Пир-
сона 

критерій зго-
ди Пірсона 

39. póint ésti-
mate 

estimation f 
ponctuelle 

Punktschät-
zung f 

точечная 
оценка 

точкова оцін-
ка  

40. pólygon of 
(rélative) fré-
quencies 

polygone m 
des fréquen-
ces f (relatives) 

Polygon n von 
(relatíven) Fre-
quénzen 

полигон (от-
носительных) 
частот 

полігон (від-
носних) час-
тот 

41. rándom 
sample 

echantillon m 
aléatoire [pro-
babiliste]  

zufällige Stich-
probe f  [Aus-
wahl f] 

случайная вы-
борка 

випадкова ви-
бірка 

42. rated [cál-
culated] válue 
of a test 

valeur f calcu-
lée d'un test 

Réchnungs-
größe f 

расчетное 
значение кри-
терия 

розрахункове 
значення кри-
терія 

43. rejéct a hy-
póthesis 

rejeter une hy-
pothèse  

eine Hypothé-
se áblehnen 

отбросить [от-
клонить] ги-
потезу  

відкинути 
[відхилити] 
гіпотезу 

44. rélative fré-
quency of hit-
ting of váriants 
in an ínterval 

fréquence f 
relative du 
coup [d’impact 
m, d’atteinte f] 
des variantes 
dans un inter-
valle 

relatíve Frequ-
énz f von Tréf-
fer der Varian-
ten in ein Inter-
váll  

относитель-
ная частота 
попадания ва-
риант в инте-
рвал 

відносна час-
тота попадан-
ня варіант в 
інтервал 

45. relìabílity 
[depèndabíli-
ty]  of an ésti-
mate 

fiabilité f [sé-
curité f, con-
fiance f] d´un 
estimateur 

Sicherheit f 
[Verläßlich-
keit f, Zuver-
lässigkeit f] ei-
ner Schätzung  

надежность 
[доверитель-
ная вероят-
ность] оценки  

надійність 
[довірча ймо-
вірність] оцін-
ки 

46. rèpresénta-
tive sample 

echantillon m 
représentatif 

repräsentative  
Stichprobe f 
[Auswahl f] 

репрезентати-
вная выборка  

репрезента-
тивна вибірка 

47. requíerm-
ents [demánds] 
to an éstimate 

demandes f pl 
[réquisitions f 
pl] à un esti-
mateur m  

(An)forderu-
ngen f pl gégen 
eine Schätzung  

требования к 
оценке 

вимоги до 
оцінки 
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48. sample  
root-méan-
squáre [quad-
rátic méan, 
méan-squáre]  
dèviátion 

ecart f é- 
quadratique 
moyen, écart 
type [écart-ty-
pe, écart qua-
dratique] d'é-
chantillonnage  

stichprobenar-
tige  durchsch-
nittliche/mitt-
lere quadrati-
sche Abwei-
chung f, stich-
probenartige 
Streuung f  

выборочное 
среднее квад-
ратическое 
[среднеквад-
ратическое] 
отклонение 

вибіркове се-
реднє квадра-
тичне відхи-
лення 

49. sample 
asýmmetry 
[skewness]  

asymétrie f 
d'échantillon-
nage  

stichprobenar-
tige  Asymme-
trie f 

выборочная 
асимметрия 

вибіркова 
асиметрія  

50. sample ex-
céss 

excès m d'é-
chantillonnage  

stichprobenar-
tiger  Exzeß m 

выборочный 
эксцесс 

вибірковий 
ексцес 

51. sample 
mean [áverage]  

moyenne f 
d'échantillon-
nage  

stichproben-
durchschnitt m, 
Stichproben-
mittel n Durch-
schnitt m, Mit-
tel n) 

выборочное 
среднее 

вибіркове се-
реднє 

52. sample of 
the size n 

echantillon 
m de la taille n 

Stichprobe f 
[Auswahl f] 
des Úmfang-
(e)s  n 

выборка объ-
ема n (резу-
льтат) 

вибірка об"є-
му n (резуль-
тат) 

53. sample vá-
riance [dispér-
sion] 

variance f dis-
persion f d'é-
chantillonnage 

Stichprobens-
treuung f, 
Stichproben-
varianz f  

выборочная 
дисперсия 

вибіркова 
дисперсія  

54. sample, car-
ry out [fulfíll, 
accómplish] a 
sámpling of 
the size n  

effectuer 
echantillonna-
ge m [sondage 
m, tirage m] de 
la taille n 

Stichprobe f 
[Auswahl f] 
des Úmfang-
(e)s  n erzeu-
gen  

производить 
выборку объ-
ема n  

робити вибір-
ку об"єму n 

55. sámpling 
(méthod) 

echantillonage 
m, sondage m 

Stichproben-
methode f 

выборочный 
метод 

вибірковий 
метод 

56. sámpling of 
the size n 

echantillonna-
ge m [sondage 
m, tirage m] de 
la taille n 

Stichprobe f 
[Auswahl f, 
Stichproben-
auswahl f] des 
Úmfang(e)s n 

выборка объ-
ема n (про-
цесс) 

вибірка об"є-
му n (процес) 

57. signíficance 
level 

niveau m [seuil 
m] de signifi-
cation 

Signifikanzni-
veau n 

уровень зна-
чимости 

рівень значу-
щості 

58. stándard standard m Stándard m  стандарт  стандарт 
59. statístic(al) estimateur m statistische Pa- статистиче- статистична 
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éstimate [ésti-
mator; assés-
sed/éstimated 
válue] of a pa-
rámeter  

[estimation f, 
valeur estimée] 
statistique d´un 
paramètre 

rameterschä-
tzung f  

ская оценка 
параметра 
(как резуль-
тат) 

оцінка пара-
метра (як ре-
зультат) 

60. statístic(al) 
séries 

séries f statis-
tique 

statistische 
Reihe f 

статистичес-
кий ряд 

статистичний 
ряд 

61. statistic(al)/ 
empíric(al) dìs-
tribútion fúnc-
tion 

fonction sta-
tistique/empi-
rique de distri-
bution  

statistische 
[empirische]  
Verteilungs-
funktion  

статистичес-
кая (эмпири-
ческая) функ-
ция распреде-
ления 

статистична 
(емпірична) 
функція роз-
поділу 

62. statistical 
hypothesis 
checking, sta-
tistical testing, 
statistical hy-
pothesis test, 
proof of statis-
tical hypothe-
sis 

test m d'hypo-
thèse en statis-
tique 

statistischer 
Hypothesen-
prüfung f, Prü-
fung f von sta-
tistischer 
Hypothese 

проверка ста-
тистической 
гипотезы 

перевірка ста-
тистичної гі-
потези 

63. Student´s 
dìstribútion, 
(Student´s) t-
dìstribútion 

loi f de Student  Studentvertei-
lung f, Student-
sche Vertei-
lung,  t–Vertei-
lung  

распределе-
ние Cтьюден-
та (t-распре-
деление) 

розподіл Cть-
юдента [t-роз-
поділ]  

64. sýstem of 
réctangles with 
bases … and 
the areas … 

système m des 
rectangles des 
bases … et des 
aires …  

Rechteckssys-
tem mit den 
Basisen f pl… 
und den Flä-
cheninhalten… 

система пря-
моугольников 
с основания-
ми… и пло-
щадями… 

система пря-
мокутників з 
основами … і 
площами … 

65. tend in prò-
babílity to ex-
act válue of a 
parámeter 

tendre (il/elle 
tend) en proba-
bilité vers une 
valeur f exacte 
(d´un paramè-
tre) 

gegen genauen 
Wert m (eines 
Parámeters) in 
Wahrschéin-
lichkeit kon-
vergíeren [stre-
ben]  

стремиться по 
вероятности к 
точному зна-
чению (пара-
метра) 

прямувати за 
ймовірністю 
до точного 
значення (па-
раметра)  

66. test [check, 
vérify]  a sta-
tistical hypo-
thesis, réalize 
statístical tés-
ting  

tester  [véri-
fier, contrôler] 
une hypothèse 
en statistique 

statistische Hy-
pothese f kon-
trollieren [prü-
fen, testen, 
überprüfen,  
überwachen]  

проверить 
статистичес-
кую гипотезу 

перевірити 
статистичну 
гіпотезу 
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67. thèorétic(al) 
dìstribútion 
fúnction 

fonction théo-
rique de distri-
bution 

theorétische 
Verteilungs-
funktion f 

теоретическая 
функция рас-
пределения 

теоретична 
функція роз-
поділу 

68. tótal invés-
tigation of a 
sample 

etude f totale 
d´un échan-
tillon m  

gesamte Stich-
probenuntersu-
chung f 

сплошное ис-
следование 
выборки 

суцільне до-
слідження ви-
бірки 

69. tránsfer 
[carry over, ex-
ténd] resúlts of 
invéstigation 
of the sample 
on the párent 
úniverse 

etendre (il 
étends, n. aten-
dons) les résul-
tats d’étude 
d´échantillon 
sur l’univers 

Resultáte [Er-
gébnisse] der 
Stichprobenun-
tersuchung auf 
die Grundge-
samtheit f dila-
tieren 

распространи-
ть результаты 
исследования 
выборки на 
генеральную 
совокупность 

поширити 
[перенести] 
результати 
дослідження 
вибірки на ге-
неральну су-
купність 

70. týpical pró-
blems of ma-
thematical sta-
tistics 
 

problèmes ty-
piques de sta-
tistique f ma-
thématique 

typische Áuf-
gaben (f) [Pro-
bléme (n)] der 
mathemati-
schen Statistik  

типичные за-
дачи матема-
тической ста-
тистики 

типові задачі 
математичної 
статистики 

71. unbíased 
[bías-free] ésti-
mate 

estimateur m 
sans biais [ab-
solument cor-
rect, bien cen-
tré, sans distor-
sion]  

erwartungs-
treue [bias-
freie, nichtver-
zerrte, unver-
zerrte] Schät-
zung f, unver-
zerrte Abschä-
tzung f 

несмещенная 
оценка 

незміщена 
оцінка 

72. váriant variante Variante f варианта варіанта 
73. váriant 
fréquency 

fréquence f 
d´une variante 

Frequénz f ei-
ner Variante f 

частота ва-
рианты 

частота варі-
анти 

74. váriant réla-
tive fréquency  

fréquence f 
relative d´une 
variante 

relatíve Frequ-
énz f einer Va-
riante  

относитель-
ная частота 
варианты 

відносна ча-
стота варіанти 

75. vàriátion 
séries  

séries f varia-
tionnelle 

Variationsreihe 
f  

вариацион-
ный ряд 

варіаційний 
ряд 



  

Tasks for individual work on mathematical statistics 
 

PROBLEM. 100 independent trials are fulfilled on a random variable  , and 

the results of trials are represented by corresponding sample of the size n = 100.   

1. Compile the interval variation series for the random variable  , plot the his-

togram of relative frequencies and approximate graph of the distribution density. 

Find the statistical distribution function for the interval variation series and con-

struct its approximate graph.  

2. On the base of the interval variation series form the discreet variation se-

ries by taking inner points in each interval. Construct the polygon of relative fre-

quencies. Form the statistical distribution function for the discreet variation series 

and plot its graph. 

3. Calculate the sample mean [the sample average], dispersion, root-mean-

square deviation, asymmetry and excess of the random variable. Draw a conclusion 

as to symmetry of its distribution law and deviation of this law from the normal dis-

tribution.  

4. Find the corrected dispersion and root-mean-square deviation of the random 

variable. Compare their values with corresponding sample estimators. 

5. Search out the confidence intervals for the mathematical expectation of the 

random variable   with reliabilities 0.95 and 0.99, basing on the hypothesis of its 

normal distribution (see a corresponding table in the books [4, 11], appendices 3). 

6. Find approximate values of the probabilities of hitting of the random vari-

able   on all the intervals of its variation series proceeding from the hypothesis of the 

normal distribution of  . 

7. Test the hypothesis on the normal distribution of the random variable   with 

the significance levels 05.0,025.0,01.0    making use of Pearson 2  (see a cor-

responding table in the books [4, 11], appendices 5), Romanovsky and Kolmogorov 

goodness-of-fit tests. 
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Variations of tasks 
 

Variant 1 
 

 
0,89 1,33 2,81 0,64 2,67 2,13 4,27 5,48   2,22 4,11 
2,54 0,33 3,69 0,84 2,96 3,63 2,44 4,83   4,12 1,89 
1,80 1,13 1,28 1,98 2,33 3,89 2,53 1,67   3,70 3,22 
1.17 0,71 0,71 2,67 2,97 3,48 2,87 3,61   2,20 0,35 
0,81 0,50 1,41 1,72 2,46 2,09 3,47 2,94   4,38 1,82 
1,43 1,74 1,28 1,50 5,16 3,13 4,92 3,18   2,41 1,79 
1,98 1,69 2,14 1,80 2,58 3,06 2,07 3,83   2,56 3,65 
0,71 1,83 0,48 3,72 5,84 2,72 2,10 3,39   2.19 1,47 
0,62 1,28 0,96 0,81 2,93 2,38 2,12 3,77   2,84 1,61 
3.10 0,89 3,84 1,61 2,75 3,01 0,45 0,48   2,95 2,77 

 
 

Variant 2 
 

5,48 6,24 10,05 11,18   4,29   6,28  12,23    6,22  13,90    8,57 
1.18 3,05   7,28 12,70   9,07   5,05    6,83  10,70    4,88  10,10 
5,77 4,21   6,57 11,54   5,24 11,30    8,06    8,07  11,40    9,45 
2,91 1,07   6,54   8,18   4,37   7,94    6,29    6,18    6,01    6,29 
3,77 2,01   7,21   6,92   6,01 11,97    4,64    9,39    6,98  13,70 
2,54 4,10   8,02   6,72   8,21   5,11    6,21   7,39  10,15  14,10 
1,98 2,40   5,11   9,74   5,97   4,49    6,12   5,17    6,30    8,29 
3,83 2,21   6,09   8,23 10,20   9,11    8,99    8,50    4,94    8,62 
2,23 2,97   1,57   2,89   1,32   3,86    4,11    6,23    4,51    5,18 
5,58 0,98   3,17   1,05   1,69   6,38    4,00    3,47    4,23    6,03 

 
 

Variant 3 
 

53,9 82,6 56,6 20,4 52,8 23,8 37,4 36,0   31,3 31,9 
71,4 70,5 45,2 18,5 48,2 29,0 20.0 31,8   31,8 33,4 
72.8 77,5 45,6 17,0 32,8 23,2 32,3 24,2   32,1 31,0 
76,6 71,8 42,3 37,2 23,9 33,2 35,0 45,3   28,9 61,5 
47,6 47,6   49,5 49,5 45,0 28,5 47,9 27,7   27,6 43,2 
41.7   35,4 51,6 41,8 53,1 44,9 16,5 30,9   38,3 41,5 
69.9 63,0 64,6 46,1 57,5 25,1 37,3 31,5   34,1 57,4 
74,1 53,5 44,3 28,3 56,0 32,1 43,8 29,3   36,5 53,1 
68,1 59,4 41,1 51,0 19,8 30,7 58,0 16,9   34,9 59,3 
79,3 34,2 69,3 49,0 44,7 22,5 35,0 33,2   35,9 63,6 
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Variant 4 

 
 

12,8 12,0  12,4    2,2   12,5   13,9 15,4 11,1   18,5  16,6 
4.8 10,8  13,5  16,8    23,4    5,2   6,0 16,4   10,9    8,0 
9.0 13,1    7,5  15,6 8,8   18,3 24,3 10,7   15,1  16,2 
10,2 14,3    3,2 9,6   14,2     6,5   7,0 17,9     9,4  11,4 
19,4 10,6  20,5  14,1   12,2     8,1 11,0 12,7   16,6  15,8 
7.1 19,0    9,8  13,0   11,6     3,5   8,5 12,3      9,3 12,4 
12.4   6,3  12,9  12,3   18,7   10,7 12,8   8,0    11,7 19,1 
12,6 18,8  16,2 9,3   22,2   11,9 14,0 10,4      6,5 10,7 
7.9 15,8  12,2  20,5   16,1     8,1 12,5   9,5    14,8   4,7 
17,8   9,2  12,7  20,8   14,7   13,1 11,8     7,6    18,4  12,2 

 
 

Variant 5 
 

 
13,13  15,35   12,49    17,01 15,33  16,59   12,05     15,93   13,75   17,32 
13,63  13,84   10,98    17,39 16,58  10,65     9,35    19,51    14,18   11,98 
19.05  14,28   14,08    11,00 10,84  10,55   16,01    12,62   14,55   15,79 
11,68  14,56   12,33    16,19 14,90  11,26    10,78    14,87   16,15   12,11 
12,74  14,70   14,83      9,02 12,57  16,18    12,90      9,05   13,68   16,54 
14,79  14,77     9,18     16,03 19,62  11,17    10,66    13,63   14,97   17,91 
18,30  16,07   18,43     14,57 14,67  16,91    10,02    14,95   15,13   12,13 
11,95  18,59   13,74     11,05 16,05  13,87    10,74    14,99   12,04   17,23 
18,13  13,96   18,89     16,12 14,79  17,43    14,73    17,17   14,89   19,40 
12,88  12,45   12,89     12,79 12,85  14,51    12,89    12,91   17,51   10,16 

 
 

Variant 6 
 

 
4,00 2,45   1,83 1,15 2,91 1,91 1,84 1,79   1,95   1,36 
1,17 2,48   3,60 1,54 3,61 1,53 1,54 2,04   1,04   1,34 
1,16 2,35   1,36 1,78 2,68 1,37 2,16 2,02   2,48   1,21 
1,08 1,93   3,50 1,69 2,89 1,29 1,88 2,37   1,87   1,34 
1,13 1,99   2,08 1,94 3,02  1,34 1,76 2,60   1,81   1,30 
0,99 3,30   2,13 1,74 3,03 1,36 1,77 1,91   1,73   1,22 
1,00 3,80   4,10 2,56 3,08 1,48 1,86 1,78   4,08   0,99 
0,98 1,15   2,15 2,22 3,78 2,54 1,80 2,47   2,67   1,10 
2,87 3,70   2,30 2,56 1,53 3,05 1,72 2,79   1,80   1,38 
2,72 2,26   1,70 2,16. 1,72 1,94 2,05 2,01   1,51   1,86 
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Variant 7 

 
 

2,61 1,56 1,84 2,00 2,11 2,63 2,98 3,29 2,15 2,15 
1,58 1,56 2,03 2,80 2,34 2,93 2,73 3,40 2,16 2,16 
1,54 1,81 3,60 2,04 3,07 2,95 2,66 3,43 2,20 2,37 
2,35 1,55 3,61 2,46 3,54 2,74 2,59 2,50 2,30 2,27 
2,68 2,05 1,79 2,38 2,34 2,81 3,52  2,59 2,03 2,24 
2,88 1,47 2,47 2,64 2,32 2,50 3,15 2,56 2,15 2,34 
1,68 1,86 1,81 1,81 2,06 2,98 3,05 2,66 2,23 2,42 
1.78 2,06 3,31 2,51 2,88 2,56 2,57 2,72 2,21 2,11 
1,75 2,51 3,15 1,87 3,05 2,96 2,85 3,12 3,24 2,27 
1,58 2,85 2,11 1,86 3,57 2,93 3,28 2,22 2,23 2,35 

 
 

Variant 8 
 

 
1,15 1,90 1,69 1,43 1,75 1,38 1,96 1,79 1,70 1,51 
1,53 1,93 1,95 1,76 1,69 1,47 1,64 1,22 1,86 1,41 
1,05   1,78 1,87 1,34 1,90 1,73 1,83 1,42 1,80 1,91 
1,06   1,35 1,26 1,56 1,55 1,13 1,58 1,19 1,31 1,77 
1,21 1,11 1,51 1,08 1,45 1,85 1,55 1,65 1,59 1,26 
1,32 1,52 1,44 1,68 1,36 1,90 1,46 1,32 1,42 1,87 
1,98 1,45 1,18 1,42 1,94 1,57 1,27 1,46 1,62 1,99 
1.41 1,24 1,53 1,16 1,56 1,43 1,74 1,09 1,75 1,39 
1,87 1,53 1,30 1,54 1,64 1,55 1,39 1,60 1,52 1,64 
1.79 1,67 1,78 1,25 1,49 1,70 1,69 1,53 1,29 1,60 

 
 

Variant 9 
 

 
1,98 3,73   8,63    3,68     4,79     8,53 3,89   9,59     7,05     1,06 
2,57 5,28   2,22    9,14     7,88     8,36 2,88   9,13   11,87      5,32 
5,70 4,52   3,42    4,03     6,37     1,13 7,26 10,85     3,87      1,21 
3,30 2,04     1,84    6,89     7,81   10,82     11,63   4,85     9,28      1,27 
2,93 7,81   7,13    7,85     8,01     1,08 1,14   5,76   10,01      6,26 
3,24 4,93   2,18    8,37     4,76     8,60 8,47   1,28     3,65    11,51 
1,85 1,99     3,60    4,75     6,90     5,32 6,34   6,00     9,23      4,02 
4,68 1,47     1,61    3,17   11,34     9,37 4,10   6,10     4,44    10,50 
3.42 3,20     1,90    1,01     8,26     6,11 4,91   9,39     5,88      4,68 
1,61 2,33 11,44   11,62   6,07     9,54 4,96   9,18     6,11      6,98 
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Variant 10 

 
 

1,49 1,44 1,68 2,48 3,93 2,34 7,00 1,56    0,46     1,14 
0,60 3,57 1,34 1,59 4,30 0,74 1,62 2,13    2,22     3,63 
1,26 0,86 2,39 3,05 2,38 0,80 1,24 0,76    1,65     0,92 
2,34 0,64 1,26 4,32 0,68 0,92 0,69 1,77    1,02     1,07 
2,69 2,02 3,42 1,19 2,66 1,00 1,82 3,04    3,92     1,44 
1,63 3,41 1,16 1,44 0,45 2,41 0,87 0,81    2,85     1,94 
1,25 1,90 3,72 2,05 2,38 1,80 2,88 2,02    1,26     1,11 
0,54 0,94 1,71 1,52 1,38 1,32 1,01 0,79    1,71     0,99 
0,78 0,99 1,60 2,07 2,17 1,47 0,82 1,95    0,28     2,36 
2,01 1,51 0,95 3,17 1,08 1,09 2,43 1,88    2,64     4,80 

 
 

Variant 11 
 

 
3,89 1,33 2,81 1,04 0,67 2,13 4,97 5,48   2,22     2,71 
2,54 1,13 3,69 0,84 0,98 1,63 1,44 4,83   2,82     1,89 
1,80 1,13 1,28 0,98 1,33 0,89 1,53 1,67   2,71     3,22 
1,17 1,11 3,71 2,67 4,97 3,48 4,80 4,61   2,20     4,25 
0,41 1,50 1,41 1,72 1,46 2,09 3,17 4,14   1,38     1,82 
1,43 1,74 1,26 1,50 2,16 1,13 4,12 4,18   2,41     1,79 
1,98 1,69 2,14 1,80 1,58 1,06 2,07 3,33   2,56     3,05 
3,71 1,83 0,81 2,72 0,84 0,70 2,10 3,39   2,19     1,47 
0,62 3,78 0,66. 0,54 1,53 2,38 2,12 4,77   2,95     1,61 
2,10 0,89 3,84 1,61 1,45 1,01 0,45 0,48   0,84     2,77 

 
 

Variant 12 
 
 

37,91   37,82   37,86    37,80 37,84   37,85   37,90    37,88   37,90   37,79 
37.90   37,87   37,86    37,87 37,88   37,81   37,91    37,87   37,93   37,83 
37,82   37,89   37,84    37,80 37,85   37,85   37,81    37,91   З7,77   37,88 
37,80   37,90   37,87    37,78 37,86   37,90   37,87    37,86   37,91   37,89 
37.87   37,85   37,81    37,83 37,90   37,84   37,88    37,88   37,94   37,90 
37.88   37,80   37,88    37,83 37,84   37,78   37,76    37,82   37,81   37,78 
37,82   37,87   37,78    37,85 37,87   37,81   37,87    37,83   37,82   37,95 
37,87   37,85   37,86    37,86 37,92   37,86   37,91    37,88   37,86   37,90 
37.91   37,89   37,83    37,83 37,93   37,85   37,80    37,87   37,85   37,88 
37,90   37,87   37,82    37,81 37,86   37,84   37,87    37,85   37,80   37,84 
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Variant 13 

 
 

14,4   6,9 18,8 18,9 20,1 20,6 22,0 24,4 26,9 10,2 
16.8 16,9     7,0 19,0 21,4 21,7 22,9 25,5     6,7 30,7 
2.9   3,0 11,0     7,1 19,5 22,8 23,0   6,2 27,2 30,9 
  8,8   9,0     3,3     1,1   7,9 20,9   6,1 26,6 28,3 31,4 
10.9 11,0 10,1     3,3   1,2   6,0 23,3 23,7 29,4 26,3 
12,7 12,9 11,7     9,5   3,5   1,4   8,0 24,8 30,5 30,9 
14,9 15,0 13,0     5,9   9,6   3,6   1,7     8,3 29,6 30,4 
15,3 15,5 12,6 12,3 11,9   9,9   3,9     1,9     8,5 30,9 
16,0   2,4 16,3 16,7 14,0 12,0 10,3     4,3     2,0   8,7 
22,3 16,9 17,0 17,1 17,2 14,1 12,3 10,7     5,7 22,1 

 
 

Variant 14 
 

 
11,7 13,2 75,5 10,8 10,2 56,3 50,3 57,6 48,2 11,8 
32.4 16,5 25,2'    8,9 15,7 63,5 19,3 63,2 63,8 36,8 
17,7 25,8 12,5 21,7 12,2 23,9 41,3 26,6 22,8 77,5 
7,8 13,9 12,3 15,6 39,0 83,5 65,0 32,3 39,1 33,7 
27.7 12,9 61,5 15,3 83,6 33,1 16,1 14,8 44,4 26,4 
  8,5 21,3 75,6 47,4 46,0 12,4 23,6 27,6 40,7 39,1 
24,8   17,9 27,3 60,7 37,4 60,7 22,5 87,8 22,8 34,2 
58,4 78,8 11,7 45,6 28,1 73,2 53,0 41,6 24,9 48,1 
15,9   10,5 12,0 11,1 42,0 50,2 22,3 49,5 94,2 21,6 
84,7 74,5 14,1 48,5 93,8 49,0 67,8 37,1 39,1   6,6 

 
 

Variant 15 
 

 
1,55 2,15 0,80 2,40 1,35 1,60 1,15 1,50 2,35 1,65 
0,95 1,25 1,00 1,50 1,75 2,10 1,35 0,70 1,15 1,95 
0,75 1,60 1,50 0,95 1,00 1,10 1,10 1,90 1,40 1,15 
2.10 1,40 2,10 1,15 0,70 1,05 0,35 2,25 1,70 1,40 
1,05 2,05 1,30 1,30 1,95 1,75 1,20 1,50 0,95 1,75 
1,30 1,50 1,20 0,60 1,55 2,15 0,90 1,45 1,50 1,90 
1,10 1,10 2,35 1,20 0,70 1,20 2,40 2,10 1,95 1,20 
1,45 2,10 0,90 1,45 1,35 1,50 1,70 1,95 1,55 1,85 
0,75 1,10 1,75 0,80 1,90 1,80 2,00 1,35 0,65 1,15 
0,90 1,55 1,35 1,75 1,70 1,40 1,30 1,55 0,10 1,35 
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Variant 16 

 
 

10,09     9,64   11,19     9,23   9,68   11,58    10,68 11,16    11,47    12,16 
9,27     9,19   13,76   12,33 11,75   13,38      9,77 11,71      9,91    11,47 
10,36   11,15   10,23     9,76 12,69   10,58    11,72 10,73    10 ,98   12,56 
8,38   12,18   11,08   10,35   9,95     9,56    10,52   8,74    13,88    11,71 
9,18     9,15   10,49     9,55 10,49   12,33      9,82 12,65      8,26    11,92 
10,49   10,10   12,42   10,51 10,71   10,50      9,37   9,57    10,12      9,28 
11,28   11,48     7,73     9.23 10,64     9,76      9,31 10,05    13,31      9,75 
9,96     8,75   11,86   10,28 10,31   10,42    11,85 11,22    10,34    10,21 
11,23   11,43   10,05   10,22 10,45   10,22      9,16 11,76    10,36    10,47 
11,13   10,75   10,95   10,79 11,24   13,74    11,13 10,52    10,69    11,57 

 
 

Variant 17 
 

 
31,8 54,8   46,4 28,0 35,8 27,7 23,6 84,3 29,3 58,7 
33,8 52,8   42,9 38,1 43,5 18,0 22,6 58,7 18,3 67,5 
24.7 41,1   42,6 39,4 55,3 35,3 22,7 68,0 20,2 73,1 
26.8 44,0   29,5 46,1 40,5 29,3 31,7 58,2 86,8 21,9 
18,3 59,0   49,2 42,3 42,6 29,7 59,0 80,1 67,9 77,0 
36,5   27,7   31,5 33,2 60,4 36,2 26,3 $7,0 83,2 86,0 
39,6   54,2   46,2 36,2 85,4 35,1 26,5 24,2 28,9 34,5 
46.8 51,3   47,0 86,9 37,7 36,6 86,6 65,3 75,1 80,5 
45,2 56,9   52,4 22,2, 50,7 36,3 67,8 27,7 59,5 21,5 
46.9 55,2   35,5 45,1 68,1 32,0 29,6 60,5 74,7 38,4 

 
 

Variant 18 
 

 
2,15 2,32   1,82 2,91 2,60 3,77 3,95 2,44 2,86 2,98 
2.00 1,99   1,93 2,63 2,44 4,06 3,75 3,53 2,92 2,73 
2,37 2,05   2,03 2,67 2,59 2,22 3,02 3,33 3,92 2,96 
2,31 1,82   3,12 2,61 2,79 2,31 3,24 2,80 2,22 2 93 
2,40 3,81   2,45 2,28 2,48 2,19 3,50 3,23 2,15 3,04 
3,60 1,76   3,13 2,50 2,33 2,17 3,04 3,40 2,16 3,15 
2,58 1,77   2,96 2,46 2,36 2,14 3,20 3,43 2,32 3,05 
2,47 1,80   2,81 2,10 2,64 2,11 2,69 2,50 2,27 2,87 
2,40 1,68   3,01 2,70 3,36 2,14 2,42 2,89 2,24 2,85 
2.01 1,74   2,63 2,64 2,51 3,83 2,87 2,36 2,34 3,28 
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Variant 19 

 
 

9,02   38,26    24,66    50,06 28,45   60,37    33,22    31,38 19,96   50,36 
18,16   30,44    30,42    39,10 51,19   23,78    44,77    35,94 71,14   24,50 
39,99   40,05    47,92    33,72 30,24   26,13    53,32    59,10 36,03   43,29 
45,23   61,22    43,14    10,40 31,20   29,94    58,14    18,09 49,32   59,95 
54,90   35,20    63,00    36,02 40,51   42,18    34,33    39,02 32,52   35,34 
26,89   63,22    66,47    53,36 56,13   42,55    15,00    84,02 36,33   53,14 
37,12   45,88    73,36    36,33 37,40   76,58    19,23    40,38 62,93   70,36; 
32,36   20,30    34,10    62,39 62,90   49,90    34,95    71,38 43,18   25,28 
28,22   28,56    35,55    46,50 22,76   38,35    79,19    89,37 26,30   80,86 
26,98   46,95    44,36    38,27 37,94   32,50    44,10    35,72 47,84   44,35 

 
 

Variant 20 
 

 
1,50 2,35 0,40 1,15 1,50 1,30 1,30 1,10 1,10 0,40 
0,70 1,15 1,65 1,35 1,10 0,75 1,60 0,35 1,05 1,55 
1,90 0,80 1,95 0,70 1,00 1,50 0,90 1,20 1,75 1,00 
2,25 1,40 1,15 1,80 0,20 1,05' 2,15 0,90 2,15 0,85 
1,50 1,70 1,40 2,35 1,10 1,10 1,15 2,40 1,20 2,30 
1,45 0,95 0,65 1,15 2,20 2,40 1,65 1,70 1,50 1,25 
2.10 1,50 1,75 1,20 1,70 0,30 1,10 2,00 1,80 1,05 
1,95 1,95 1,90 1,55 0,85 1,50 1,85 1,30 1,40 1,45 
1,35 1,55 1,20 2,40 1,20 0,50 1,35 0,95 1,15 2,05 
1,55 0,65 1,85 0,45 2,30 0,50 1,00 2,10 2,00 0,95 

 
 

Variant 21 
 

 
50,1   21,6 13,2 8,7 38,8 19,2 20,7 35,3 19,7 12,3 
52,2   42,9   9,4 13,7 19,3 20,3 26,9 35,4 18,9 12,0 
54,3   11,0 12,9 19,1 20,1 24,1 27,0 36,5 18,4   4,7 
19,9 12,5 19,0 19,9 25,3 34,0 27,8 49,6 18,7   4,2 
21,4   18,0 19,8 25,2 33,9 43,4 27,9 48,5 15,1   4,1 
23,6 19,9 26,2 32,8 42,3   5,9 28,0 54,4 16,7   4,9 
26,1 26,1   30,3 41,3     6,3   4,8 34,1 20,9 17,3 10,3 
16,3 30,1 40,9   6,1     5,0 11,9 44,4 25,1 17,0 10,1 
16,2   40,1 12,5   5,1     9,0 14,0 35,2 25,3 11,1     5,7 
16,0 12,3   4,3   8,5 14,1 19,4 42,5 25,9 12,4     5,3 
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Variant 22 

 
 

 15,60     2,46     5,06 4,32     6,01   9,02     7,20    11,20    11,24 13,21 
  2,11     4,14     5,16 3,68     6,12   9,12     7,25    11,06    11,34 13,40 
 2,12     4,18     4,14 3,33     6,44   9,14     7,93    11,01    11,66 13,80 
  2,14     4,42     5,18 4,41     6,90   9,16     7,98    10,01    11,69      6,92 
  2,13     3,10     5,20 5,17     6,92   9,18     8,01    10,22    11,80      6,99 
  4,90     2,14     4,10 5,21     6,96   8,13      8,24   10,27    11,86      6,01 
  2,99     2,18     2,44 2,41     7,00   9,22     8,15    10,12    12,01      6,90 
  2,64     3,11     5,00 5,90     7,02   9,28     8,45    10,16    12,12 15,01 
  2,73     2,44     5,08 5,92     7,14   9,44     9,00    10,14    13,01 15,20 
  4,10     5,08     3,64 5,98     7,19   9,98     8,36    10,99    13,20 15,21 

 
 

Variant 23 
 

 
14,13    14,17    14,20    14,10 14,21   14,16    14,18    14,18 14,12   14,17 
14.13    14,18    14,18    14,21 14,17   14,23    14,18    14,19 14,19   14,11 
14,18    14,18    14,15    14,18 14,16   14,13    14,14    14,24 14,29   14,25 
14,20    14,16    14,17    14,14 14,12   14,17    14,19    14,18 14,26   14,20 
14.20    14,20    14,21    14,11 14,15   14,23    14,16    14,17 14,20   14,11 
14.14    14,21    14,23    14,21 14,20   14,20    14,15    14,16 14,19   14,12 
14.21    14,12    14,16    14,19 14,15   14,18    14,21    14,12 14,23   14,12 
14,12    14,18    14,27    14,22 14,19   14,17    14,17    14,10 14,18   14,21 
14,18    14,19    14,22    14,21 14,18   14,19    14,18    14,25 14,26   14,28 
14,19    14,13    14,12    14,15 14,16   14,12    14,19    14,17 14,24   14,09 

 
 

Variant 24 
 

 
21,9    20,2    24,0  21,0  19,7  21,0  20,8  19,8  22,4  21,0 
20,5    19,5    23,5  22,7  19,6  22,4  20,0  20,0   20,7  19,0 
20,0    22,5  23,7  21,3  22,4  20,7  24,6  22,5   24,6  20,6 
19,5    18,2  24,2  21,5  21,7  18,6  21,6  21,8   19,6  23,5 
21.5    20,3  23,6  24,9  23,0  21,0  19,5  22,3   21,2  19,5 
23,0    20,4  21,5  19,8  23,5  21,6  20,1  20,6   23,0  22,5 
22.3  21,5  21,2  19,6  22,3  20,5  20,8  23,0   21,5  20,4 
20.6  21,4  19,8   19,7    24,5  22,5  21,5  21,5   22,0  20,8 
20.4  20,8  20,0   18,0  23,8  20,4  20,5  19,7   20,8  21,8 
18,3    22,1  23,0  20,1  23,0  24,0  23,0  21,0   22,3  22,0 
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Variant 25 

 
 

1225,0     609,6 346,1    886,0    575,4 323,1   664,2   551,0    281,2   984,7 
1062,7     605,6 213,9    735,4    582,0 305,9   533,2   524,0    313,0    1145,4 
686,5      492,1 224,4    528,9    426,7 321,2   805,9   445,5    286,7   749,5 
696,4      413,1 395,8    583,0    458,1 363,4   705,1   446,8    357,2   801,0 
762,2      438,4 333,7    626,5    519,0 212,5   640,4   496,8    384,2   772,2 
629,1      415,7 367,6    539,6    483,0 921,3   557,5   402,2  1215,9      688,6 
798,0      432,4 212,0    519,4    451,8 899,0   501,9   157,0  1100,0      752,9 
677,0      402,3     1064,9    460,8    131,8 626,5   748,5   144,2     913,1   743,2 
710,5      331,5 680,6    585,6    215,0 734,7   582,0   132,9     882,1   743,5 
576,2      361,9 924,0    732,6    348,2 752,4   511,6   215,9   1083,3   814,9 

 
 

Variant 26 
 
 

19      21 13     19  21 29      30 27      12       13 
13      12 35     15  22 23      28 21      14       20 
25      18 16     20  30 18      15 22      20       25 
32 20      19     21        23      12      24      18      18 27 
23 24      33     13        20      19      24      20      11 16 
17      28 16     22        25  16     16      22       26  21 
20 15      24     16        18       27 24      12      21 14 
20 17      18     24        31       22 17      14      14  23 
24      18      26     24        24   22 20      19       23  24 
22 13 22     18  16  14 18 21 24  22 

 
 

Variant 27 
 

 
4,24 4,25 4,24 4,25 4,40 4,05 4,00 4,17 4,12 4,08 
4,20 4,23 4,28 4,24 4,38 4,10 4,47 4,35 4,14 4,50 
4,03 4,06 4,30 4,23 4,42 4,12 4,46 4,07 4,15 4,12 
4,25 4,16 4,32 4,25 4,18 4,14 4,40 4,27 4,19 4,45 
4,07 4,18 4,17 4,26 3,97 4,08 4,20 4,17 4,31 4,34 
4,27 4,17 4,16 4,28 4,03 4,03 4,18 4,32 4,19 4,32 
4,23 4,12 4,18 4,17 4,20 4,17 4,15 4,12 4,23 4,30 
4,44 4,10 4,40 4,19 4,22 4,15 4,21 4,22 4,18 4,17 
4,25 4,37 4,42 4,15 4,18 4,13 4,32 4,20 4,24 4,35 
4,18 4,35 4,38 4,12 4,24 4,16 4,10 4,30 4,30 4,40



  

LECTURE NO. 9. 

ELEMENTS OF CORRELATION THEORY 
LE NEUVIÈME COURS. ELEMENTS DE THEORIE DE CORRELATION 

NOUNTE VORLESUNG. ELEMENTE DER KORRELATIONSTHEORIE 
 

POINT 1. CORRELATION DEPENDENCE BETWEEN TWO RAN-DOM 

VARIABLES. Dépendance corrélative de deux variables aléatoires. Korrelationsab-

hängigkeit zwischen zwei Zufallsgrößen. 

POINT 2. STATISTICAL ESTIMATES OF PARAMETERS OF COR-

RELATION DEPENDENCE. Estimations statistiques de paramètres de dépendance 

corrélative. Statistische Parameterschätzungen von Korrelationsabhängigkeit.   

POINT 3. LEAST-SQUARES METHOD. Méthode des moindres carrés. Me-

thode der kleinsten Quadrate. 

POINT 4. MULTIPLE CORRELATION. Corrélation multiple. Mehrfache 

[multiple] Korrelation. 

 

POINT 1. CORRELATION DEPENDENCE BETWEEN TWO RANDOM 

VARIABLES 

 

We study correlation dependence between two random variables in Points 1- 3 

and that between three random variables in the Point 4. 

There is deterministic [functional, stiff] dependence between random variables 

,  (for example linear dependence η = aξ + b).  

And there is undetermined [non-functional, non-stiff, statistic, correlation] de-

pendence between , , for example dependence between labour productivity and li-

ving standard, between a state of health and a productivity of a worker, between 

height and weight of a man. 

Correlation dependence between random variables ξ and η is that between va-

lues of one variable and corresponding mean value [average value, distribution cent-
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re, mathematical expectation] of the other. Such dependence is defined by introdu-

cing conditional distributions of random variables and conditional mathematical ex-

pectations. 

 

Conditional distributions 
 

Let  ,  be discrete random variables. The probability ijp  of ocurrence of a 

pair   k,j,k,i,y,x ji    can be represented in two ways 

      jijiij yxPy,xPp   

             jijiji yxPyPxyPxP   // ,   

whence it follows that the probability for   to take on a value ix  in the condition 

that   takes on a value jy  (the conditional probability of the event ix ) equals 

                                    
 
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ij

j
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 ,                     ( 1 a )     

where it's denoted 

 jy yPp
j

  , 

and the probability for   to take on a value jy  under the condition that   takes 

on a value ix  (the conditional probability of the event jy ) equals 

                                   
 
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where  

 ix xPp
i

  , 

Let now ,  be continuous random variables. In this case one introduces the 

conditional distribution densities. Namely, the distribution density of the random va-

riable  under the condition that the random variable  takes on a value x is given by 

the formula 
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                                             
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Similarly the distribution density of  under the condition that  takes on a value y is 

                                             
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If it's known the distribution density  y,xf  of the two-dimensional random 

variable   , , one can find distribution densities of its components  , , because of 

                                           








 dxyxfyfdyyxfxf ,,,  .                         ( 3 ) 

 

Conditional mathematical expectations. Regression functions 
 

Let ,  be discrete random variables. The mathematical expectation of  in the 

condition that  takes on a value ix  (the conditional mathematical expectation of 

) equals (with utilization of the formula (1 a)) 
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    ( 4 a ) 

Analogously the mathematical expectation of  under the condition that  takes on a 

value jy  (the conditional mathematical expectation of ) equals (with utilization 

of the formula (1 b))           

           
         

 .px...pxpx
p

px
p

y/xPxy/Mym

kjkjj
y

k

i
iji

y

k

i
jiij

j

j
















21

 

     ( 4 b ) 



 Correlation Theory 244 

Let now ,   be continuous random variables. The mathematical expectation 

of  in the condition that  takes on a value x  (the conditional mathematical ex-

pectation of ) equals (with utilization of the formula (2 a)) 

                         
 

  

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 dyyxyf
xf

dyxyyfxMxm ,1//
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  .           ( 5 a ) 

Analogously the mathematical expectation of  under condition that  takes on a 

value y  (the conditional mathematical expectation of ) equals (with utilization 

of the formula (2 b)) 

                             
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Def.1. The conditional mathematical expectation of the random variable , that 

is  xm , is called the regression function of  on , its graph is called the regres-

sion curve [regression line] of  on  (fig. 1), and the equation 

                                                           xmy                                                       ( 6 a ) 

is called the regression equation of  on .  

By analogy is defined the regression function 

 ym , the regression curve [regression line] (fig. 1) and 

the regression equation 

                                    ymx                                ( 6 b ) 

               Fig. 1                      of  on .  

It can be proved that in the case when there is a functional dependence between 

the random variables  and , both regression lines coincide. 

Ex. 1. The general normal distribution on the plane that is two-dimensional 

random variable   ,  with the distribution density 
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If we find the distribution densities    yf,xf   of the components  ,  mak-

ing use of the formula ( 3 ), we'll get (see [1, p. 188] ) 
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Therefore the components  ,  are distributed normally ( ),(),,(   mNmN ). 

For the conditional distribution density  x/yf  the formula (2 a) gives 
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Hence  x/yf  is the density of a normal distribution with the mathematical expecta-

tion (conditional mathematical expectation, regression function of   on  ) 

  



 


mmxrxm )(  

and the regression equation 

  







mmxry  . 

By analogous way with the help of the formula (2 b) we find the conditional 

distribution density  y/xf , the regression function and the regression equation of 

 on   

    



 


mmyrymx  . 

If r = 0 in the formula (7), we have so-called simplest normal distribution on 

the plane with the distribution density 

   
   

2

2

2

2

22

2
1

2
1),( 














 

mymx

eeyfxfyxf







  

from which it follows that its components are independent and normally distributed 

random variables. 
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Regression functions possess so-called principle property. For the regression 

function  xm  the mathematical expectation of the square of the deviation of the ran-

dom variable   from  xm  isn't greater then from any other function  xh , that is 

         xhMxmM   .                                     

In other words, the function 

    xhM   

attains [reaches, comes, obtains] its least value on the regression function  xm .  

The principle property of the regression function lies in the basis of many pro-

positions of correlation theory, in particular the justification of the least-squares me-

thod for finding of parameters of correlation dependence.  

The regression function  xm  (correspondingly  ym ) is a function which as-

signs the mathematical expectation of the random variable   to every possible value 

x of the random variable   (corr. the mathematical expectation of the random vari-

able   to every possible value y of the random variable ). 

Def. 2. A correlation dependence between random variables,  is called a 

functional dependence between possible values of one random variable and corres-

ponding regression function (average [mean] value) of the other. 

 

Main problems of correlation theory (for the case of two random variables) 
 

1. Determine the form of correlation dependence between random variables. 

If regression functions of random variables ,  are those linear, then one says 

about a linear correlation (or a linear correlation dependence) between these random 

variables. Otherwise one says about non-linear (or curvilinear) correlation. 

2. Determine the closeness of relation between random variables,. 

Closeness problem is resolved with the help of the correlation coefficient r , 

which is the measure of a linear dependence between , , and the correlation ratios 
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,   which are the measure of a functional (not necessary linear) dependence be-

tween , . 

The correlation coefficient of random variables  ,  is defined by the formula 

                                                       


 

K
r  ,                                                    ( 8 ) 

where 

                               mmMmmMMK 








                 ( 9 )    

is the correlation moment of  , . For discrete random variables 
        jiij

j,i
ijji

j,i
ijji yxPp,mmpyxpmymxK     , ( 10 ) 

and for continuous random variables 

                   mmdxdyyxxyfdxdyyxfmymxK   
















 ,, .         ( 11 )  

If random variables are independent, then r . The converse isn't true in 

general: there are dependent random variables with r . 

Def. 3. Random variables  ,  are called those correlated if their correlation 

coefficient doesn't equal zero ( r ), and non-correlated otherwise ( r ). 

 It’s known that 

1r ,   and    1r  

if  ,  are connected by linear (functional) dependence bk   , 









.kif
,kif

r  

Ex. 2. For the general normal distribution on the plane with the distribution 

density (7) the formulas (8), (11) give 

rrrK    , , 

and so the parameter r is the correlation coefficient of the components  ,  of the 

distribution. Theses components are independent if and only if r = 0. It means that  
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for the general normal distribution on the plane the notions independence and uncor-

relatedness coincide.  

The correlation ratio of a random variable   on a random variable   is called 

the next quantity 

                                                          




 


 m ,                                               ( 12 a ) 

and the correlation ratio of   on   is a quantity 

                                                          




 


 m .                                               ( 12 b ) 

It's known that 

   , , 

and 

   ,0  

if the random variables  ,  are independent,  

   ,  

if there is a functional (not necessary linear) dependence between them. 

 

Linear correlation 

Let the regression functions of random 

variables  ,  are linear, that is there is a line-

ar correlation between  , . It can be proved 

that the regression functions are given by the 

next formulas  

             Fig. 2        ,



 


mmxrxm       




 


mmyrym   . (13) 

Corresponding regression straight lines    ymx,xmy    (see fig. 2): a) inter-

sect at the point   m,mA ; b) have the slopes 
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                                   







 rtgk  , 








r

tgk 
 ;                                 ( 14 ) 

c) coincide if r  that is if there is a linear functional dependence between the 

random variables  and ; d) are perpendicular respectively to the Ox-axis and Oy-

axis if r  that is if  and  aren't correlated. 

Ex. 3. Components  ,  of the general normal distribution on the plane are 

connected by linear correlation dependence. 

 

POINT 2. STATISTICAL ESTIMATES OF PARAMETERS OF COR-

RELATION DEPENDENCE 

 

Let n independent trials on two-dimensional random variable   ,  are fulfil-

led. We study correlative dependence between random variables  ,  with the help 

of the next table, which is called the correlation table (table 1).  

                                                                                                                 Table 1 

Here ijn is the number of occurrences [appearances] of the pair ( ji y,x   ); 

the sum 

ix

l

j
ijilijii nnnnnn  

1
21 ......  

             
      

1x  2x  ... ix  ... kx  yn  

1y  11n  21n  ... 1in  ... 1kn  
1yn  

2y  11n  22n  ... 2in  ... 2kn  
2yn  

... ... ... ... ... ... ... ... 

jy  jn1  jn2  ... ijn  ... kjn  
jyn  

... ... ... ... ... ... ... ... 

ly  ln1  ln2  ... iln  ... kln  
lyn  

xn  
1xn  

2xn  ... 
ixn  ... 

kxn  n  
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is the number of occurrences of the value ix  of the random variable  ; the sum 




 
k

i
yijkjijjj j

nnn...n...nn  

is the number of occurrences of the value jy  of the random variable  . It’s evi-

dent that nn...nnn...nn
lm yyyxxx 


. 

At first we get the variation series for , from the correlation table (table 2) 

and estimate the parameters of their laws   ~,D~,,D,;~,D~,,D, ssssss : 

                                                                                                                   Table 2 

  1x  2x  ... kx    1y  2y  ... ly  

xn  
1xn  

2xn  ... 
kxn  yn  

1
yn  

2yn  ... 
lyn  

nnp xx 
  

1xp  
2xp  ... 

kxp  nnp yy 


 


1yp  

2yp  ... 
lyp  

a) the sample (the statistical) means [averages] 

          














 
l

j
yj

l

j
yjs

k

i
xi

k

i
xis jjii

pyny
n

m,pxnx
n

m   ;     ( 15 ) 

b) the sample (the statistical) dispersions 

                 mmDD,mmDD ssssss ;   ( 16 ) 

c) the sample (the statistical) root-mean-square deviations 

                         DD,DD ssss ;                   ( 17 ) 

d) corrected dispersions and root-mean-square deviations 

        .D~~,D~~,D
n

nD
n

nD~,D
n

nD
n

nD~ ss   











   ( 18 )  

Then we estimate correlation moment and correlation coefficient of ,. 

The sample (the statistical) correlation moment on the base of the formula 

(10) is 

               ,nyx
nn

n
ppyxKK

ij
ssijji

ij*
ijss

*
ij

j,i
ji

*
s               ( 19 ) 

where nnp ij
*
ij   is the relative frequency of occurrences of a pair ( ji y,x   ). 
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The formula (19) can be written more simple if we'll denote pairs of  ,  by 

unique index, 

                          ss
i

iiiss
i

iiis nyx
n

pyxKK     ,                       ( 19 a ) 

where nnp ii 
  and in  are correspondingly the relative frequency and the number 

of occurrences of the pair ii y,x   and the sum is taken over all different pairs. 

If we suppose that every pair occurs only one time1, we'll get the simplest for-

mula 

                         ss
i

iiss
i

iis yxyx
n

KK    .                            ( 19 b ) 

As can be proved the sample correlation moment is a biased estimate of the 

correlation moment K  because of 

   KK
n

nKM s  , 

and therefore one can introduce the corrected correlation moment 

                                                       sK
n

nK~


 .                                                     

The sample (the statistical) correlation coefficient equals  

                                                **

*

ss

s*
s

KKrr





 

 .                                      ( 20 )  

It coincides with the corrected correlation coefficient, for 

s
ss

s rK
~~

K~r~ 
 

. 

The sample (the statistical) correlation ratios are given by the next expres-

sions (with )(),( jyyixx ymxm
ji





    defined below by formulas (22 a), (22 b)) 

             




i
xi

si
xxx

s
s iii

nxm
n

n
n

2
s

2
s )(1111 





 


     ( 21 а )   

                                            
1 In this case we say to have so-called non-integrated data. In the formulas (19), (19a) data are integrated. 
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             




j
ysj

sj
ysyy

s
s jjj

nym
n

n
n

22 )(1111 





 


   ( 21 б ) 

 

Estimation of regression functions 
 

Regression functions are estimated by so called conditional means which one 

gets by replacing probabilities ijyx p,p,p
ji

in the formulas (4 a), (4 b) by correspond-

ing relative frequencies 

n
n

p,
n

n
p,

n
n

p ij
ij

y*
y

x*
x

j

j
i

i
  , 

namely 

     illii
x

ij
j

j
x

ij
j

j
x

ixx nynyny
n

ny
n

py
p

xm
iii

i
  

 ...111
2111*

*
 ,       ( 22 a ) 

   kjkjj
y

ij
i

i
y

ij
i

i
y

jyy nxnxnx
n

nx
n

px
p

ym
jjj

j
  




 ...111
2211  ,   ( 22 b ) 

                                                                                                           Table 3 

                     

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jyy ym
j

*
   

10 9 1   10 12.00 

12 4 10 2  16 27.50 

14 1 9 6 1 17 38.24 

16  3 14 10 27 55.19 

18   6 18 24 65.00 

20    6 6 70.00 

xn  14 23 28 35 100n   

 ixx xm
i


    10.85 13.22 15.71 17.66   

Ex. 4. Results of n = 100 trials on random variables  and  are represented by 

the table (table 3). Estimate number characteristics of  , , regression functions of  
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on  and  on , correlation coefficient and correlation ratio of  on . 

Estimates of number characteristics of the random variable   (table 4) 

 
 

 

      .DD;..DD sssss   2 . 

                                                     Table 4                                                            Table 5 
№ 

ix  
ixn  

ixinx  2
ix  

ixi nx2  

1 10 14 140 100 1400 

2 30 23 690 900 20700 

3 50 28 1400 2500 70000 

4 70 35 2450 4900 171500 

   100 4680  263600 
 

№ 
jy  

jyn  
jyj ny  2

jy  
jyj ny

2  

1 10 10 100 100 1000 

2 12 16 192 144 2304 

3 14 17 238 196 3332 

4 16 27 432 256 6912 

5 18 24 432 324 7776 

6 20 6 120 400 2400 

   100 1514  23724 
 

Estimates of number characteristics of the random variable   (table 5) 

    .2 







  

.DD;...DD

;.ny
n

m;.ny
n

m

sssss

j
yjs

j
yjs jj








 

Estimates of values of the regression function   on  , namely the values of 

conditional means  ixx xm
i


   , we give by the formula (22 a) 

 

 

  ..)(m

;.)(m

;.)(m

;.)()(m

x

x

x

x















































 

All these values are situated in the ninth row of the table 3.  

By the formula (22 b) we find the estimates of values of the regression function 

 









 


i
xis

i
xis ;nx

n
m;.nx

n
m

ii  
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  on  , that is the values of conditional means  jyy ym
j


     

    ;.my 

 

   

    ;.my 

 

   

  

 

 .)(my  ; 

  

 

 .)(my  ; 

  

 

 .)(my  ; 

  

 

 .my  . 

All these values are in the seventh row of the table 3. 

                                                Fig. 3  

Let's denote (see fig. 3) by circles the points 

    iixxi xm;x;x
i


   , 

that is the points  

        .;,.;,.;,.; , 

and by crosses the points 

    jjjyy yymy
j

 ;; 
   , 

that is  
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       ,;.,;.,;.,;.       ;.,;. . 

We represent then the approximate graphs of the regression functions (statistic reg-

ression lines)  xmy   and  ymx    by a broken line and dash-and-dot line res-

pectively.  

Nearness [aboutness, closeness, proximity] of the statistic regression lines sug-

gests [indicates] about essential correlation dependence between the random variab-

les  , . We can suppose that this dependence is a linear one. 

Let's pass to estimation of the correlation coefficient and correlation ratio of 

the random variables  , . 

We estimate the Correlation moment by the formula (19) 



  (KK s   

+10∙14∙1+30∙14∙9+50∙14∙6+70∙14∙1+30∙16∙3+50∙16∙14+70∙16∙10+50∙18∙6+70∙18∙18+

+70∙20∙6) – 46.80∙15.14 = ,448.5014.1580.4675900
100

1   

and the correlation coefficient by the formula (20) 




  .
..

.rrs  . 

This latter is sufficiently large, so we can say that  and  are connected by essential 

linear dependence. 

The sample correlation ratio s of  on   we'll find on the base of the for-

mula (21 a). The radicand equals 

     

   



3535.62832.02369.31440.18
100

1)3515.14-17.66

2814.1571.152314.1522.131414.1585.10(
100

1

2

222

 

.74.5
100

68.573
  

Remark. It's better to mount computings of the radicand with the help of the 

next table 
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ix  
ixn   ixx xm

i

*
   14.15  ii xxsxx    2sxx i

    
ii xsxx n

2
   

10 14 10.85 - 4.29 18.40 257.60 
30 23 13.22 - 1.92 3.69 84.87 
50 28 15.71 0.57 0.32 8.96 
70 35 17.66 2.52 6.35 222.25 
      573.68 

 

Thus  

  74.5
100

68.5731 2
 ii xsxx n

n
 , 

and therefore 

  85.0
83.2
74.511 2

s   


i
xxx

s
s ii

n
n







 . 

By the same way we calculate the sample correlation ratio s  of  on . We'll 

fulfil calculations with the help of the next table. 

jy  
jyn   jyy ym

j

*
   80.46  jj yysyy    2syy j

    
jj ysyy n

2
   

10 10 12.00 - 34.80 1211.04 12110.40 
12 16 27.50 - 19.60 384.16 6146.56 
14 17 38.24 - 8.56 73.27 1245.59 
16 27 55.19 8.39 70.39 1900.53 
18 24 65.00 18.20 331.24 7949.76 
20 6 70.00 23.20 538.24 3229.44 

      32582.28 
 

Thus 

  82.325
100

32582.281 2
 

j
ysyy jj

n
n

 , 

and so 

  86.0
11.21

82.32511 2
  



j
ysyy

s
s jj

n
n







  

Large values of the sample correlation ratios mean that there is essential func-

tional dependence between  and  , which is (by virtue of the preceding result 

  .rrs  ) a linear one. 
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POINT 3. LEAST-SQUARES METHOD  

 

Let's suppose that results of trials on two random variables  and  lead to a 

hypothesis of existing of correlation dependence of the form    ,...b,a,xfxm   be-

tween  and  with unknown parameters a, b,… . It's necessary to find a, b,… by the 

best way. This way is the least-squares method which was devises by Legendre1 and 

Gauss2 and jus-tified by Gauss. 

The simplest case. Every pair of random variables was observed only one 
time3. 
 

Let each pair  ii y,x    of the random variables  ,  was occurred only 

one time. 

To each value ix  of the random variable ix  there correspond: a) a theore-

tical value    ,...b,a,xfxm ii   because of the hypothesis; b) the value iy  of   as 

the result of trials on  , . The difference 

                                                 iii y,...b,a,xf                                                ( 23 ) 

is called the error, or the deficiency [the residual]. The substance [the essentiality] of 

the least-squares method is to minimize the sum of squares of the errors [deficiencies, 

residuals], that is to minimize the next function of the parameters a, b,… 

                                         
i

ii
i

i y,...b,a,xf,...b,aΦ 22 .                      ( 24 ) 

In accordance with the theory of functions of several variables we have to solve a 

system of equations 

                                                    










..........
,Φ
,Φ

b

a

                                                              ( 25 ) 

a) Let's suppose that we have hypothesized   baxxm  . Therefore we must 

                                            
1 Legendre, A.M. (1752 - 1833), a French mathematician 
2 Gauss, K.F. (1777 - 1855), a great German mathematician, astronomer, physicist, and land-surveyor 
3 The case of non-integrated data. 
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minimize the function 

                                                 
i

ii ybaxb,aΦ                                     ( 26 ) 

Its partial derivatives with respect to a and b are equal to 

  







  

i
ii

i
i

i
i

i
iiia yxxbxaxybaxΦ 2 , 

  







  

i i
ii

i
iib ynbxaybaxΦ . 

Equating them to zero gives the system of linear equations in a and b 

                                                










 
  

i i
ii

i i i
iiii

,ynbxa

,yxxbxa
                                    ( 27 ) 

which is called the normal system of the least-squares method. 

Ex. 5. In the result of n = 5 trials one has obtained the next pairs of values of 

random variables  , :  

          .;.,.;.,.;.,.;.,.;. . 

Disposition of points 

   ,3.6;0.1,9.2;0.0 21 MM       2.13;0.3,0.10;1.2,9.7;5.1 543 MMM  

(construct them yourselves!) suggests the hypothesis that 

  baxxm  . 

To find a, b we'll make use of the least-squares method (see the table 6) 

By virtue of (27) we compile the system of equations 








,30.4000.560.7
,75.7860.766.16

ba
ba

 

which solving gives    .x.xm,.b,.a  . 

The sixth column of the table 6 contains the values *
iy of  xm  calculated by 

the found formula, and the seventh column the moduli of differences 
*
iii yyyΔ  . 

Small values of these differences indicate the well coincidence of the experimental 
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and theoretical results. 

Table 6 

          Let's study the normal system (27) theoretically. Dividing both its equations by 

n, we get 

 


























   


.; ss

i
iiss

i
i

i
i

i i i
iiii

ba

,yx
n

ba

y
n

bx
n

a

,yx
n

x
n

bx
n

a




                                                    

         Using the formulas (16), (19 b) we have 

  ,DΔ ssss
s

ss 





  




ssssss
i

ii

s

s
i

ii rKyx
n

yx
nΔ  












 

 , 

and by Cramer's rule 

ss
s

s
ssss

s

s

s

sss rabr
r

Δ
Δa 





















  
 , . 

Therefore,  

      sss
s

s
ss

s

s
ss

s

s xrxm;rxrbaxxm 























  . 

Obtained regression function (the sample, or the statistical regression function) 

completely corresponds to theoretical regression function given by the formula (13). 

If we apply the least-squares method to find the sample regression function of 

№ ix  iy  2
ix  ii yx  

iy  iy  

1 0.0 2.9 0.00 0.00 2.86 0.04 

2 1.0 6.3 1.00 6.30 6.28 0.02 

3 1.5 7.9 2.25 11.85 7.99 0.09 

4 2.1 10.0 4.41 21.00 10.04 0.04 

5 3.0 13.2 9.00 39.60 13.12 0.08 

Σ 7.6 40.3 16.66 78.75   
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the form 

  dcxym  , 

we'll obtain the next result 

    






  sss

s

s yrym , 

which corresponds to the second of the formulas (13). 

b) Now let's state a hypothesis of curvilinear, namely parabolic, correlation 

  cbxaxxm  
 . 

In this case we have to minimize the function 

                                            
i

iii ycbxaxc,b,aΦ ,                                 ( 28 ) 

and the same method leads to the next system of equations in a, b, c: 

                                       




















 
  
  







i i
i

i
ii

i i i
ii

i
iii

i i i
iii

ii
i

ycnxbxa

yxxcxbxa

yxxcxbxa

                                ( 29 ) 

General case 
 

Now we'll consider the general case when to arbitrary value of a random va-

riable   it corresponds as the rule several values of a random variable  , or well an 

arbitrary pair of values ( ji y,x   ) of random variables  ,  appears ijn  times1 

(see the table 1). 

In conditions of a hypothesis    ,...b,a,xfxm   to every of 
ixn values ix  

there corresponds: a) a theoretical value    ,...b,a,xfxm ii   because of the hypo-

thesis; b) the conditional mean  i
*

xx xm
i   . Hence there are 

ixn  errors [deficien-

cies, residuals] 

                                            
1 The case of integrated data. 
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     i
*

ixxii xm,...b,a,xf,...b,a,xf
i    , 

and the question is to minimize a function 

                   
i

xi
*

i
i

xxxi iii
nxm,...b,a,xfn,...b,a,xf,...b,aΦ 22

 ,    ( 30 ) 

the problem which is reduced to solving the system of the form (25). 

a) Finding parameters of a linear correlation. 

If we hypothesize that 

  baxxm  , 

we'll have to minimize the function 

                         
i

xi
*

i
i

xxxi iii
nxmbaxnbaxb,aΦ 22

 ,               ( 31 )                       

whence it follows the next system of equations: 

                                  
 

 









 
  





i i
xixi

i i i
xiixixi

.nxmbnnxa

,nxmxnxbnxa

ii

iii





                            ( 32 ) 

After dividing by n and corresponding transformations we obtain the same result 

                                                    sss
s

s xrxm 






  .                                      ( 33 )                    

By analogous way one gets 

                                                   sss
s

s yrym 






  ,                                      ( 34 ) 

proceeding from the hypothesis 

  dcyym  .                                                                                                   

Ex. 6. Let's apply the least-squares method to find parameters a, b of a linear 

regression function   baxxm   of the example 4 (see the table 7). 

By virtue of the system (32) we get the next system of linear equations in a, b: 








,.ba
.ba

 

whence 852.9,113.0  ba . Therefore the sample (statistical) regression function 
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(and corresponding regression equation) of   on   

   .x.xmy  . 

 Table 7 

Let's remark that we can get this result from the formula (33), namely 

      852.9113.0,14.1580.4684.0
11.21

83.2  xxmyxxmy  . 

The sample (statistical) regression function (and corresponding regression 

equation) of   on   we obtain from the formula (34), 

      ..y.ymx,..y.
.
.ymx 

   

b) Finding parameters of a curvilinear, namely parabolic, correlation. 

For a hypothesis of a parabolic correlation   cbxaxxm  
  we have to 

minimize a function      
i

xiii i
nxmcbxaxcba

22,,  whence it follows 

 

 

 

















 
  
  







i i
xixi

i
xi

i i i
xiixixi

i
xi

i i i
xiixixi

i
xi

.nxmcnnxbnxa

,nxmxnxcnxbnxa

,nxmxnxcnxbnxa

iii

iiii

iiii







 

 
POINT 4. MULTIPLE CORRELATION. 

 

If there is correlation dependence between several (more then two) random va-

riables, one says about multiple correlation. We'll confine ourselves to study correla-

tion dependence between three random variables ξ, η, ζ. With this purpose we intro-

duce corresponding conditional mathematical expectations (regressions). 

№ 
ix  

ixn  
ixinx  2

ix  
ixi nx2   ixm

   
ixi nxm

   
ixii nxmx 

   ixm  i  
1 10 14 140 100 1400 10.85 151.90 1519.0 10.98 0.13 
2 30 23 690 900 20700 13.22 304.06 9121.8 13.24 0.02 
3 50 28 1400 2500 70000 15.71 439.88 21994.0 15.50 0.21 
4 70 35 2450 4900 171500 17.66 618.10 43267.0 17.76 0.10 
   100 4680  263600  1513.94 75901.8   
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Mathematical expectation of a random variable ζ under condition that a random 

variable ξ takes on a value x and a random variable η takes on a value y, that is 

   yx/M)y,x(m   , 

is called the regression function of  on  , . Analogously the regression functions 

   z,xm,z,ym   of   on  , and  on  , are introduced. All these functions de-

termine dependence between values of two random variables and corresponding 

means values of the third one. 

At the same time one considers conditional mathematical expectations of one 

random variable in conditions that the other takes on some value and the value of the 

third one is fixed. For example,  y/xm  is the mathematical expectations of   on 

conditions that   takes on a value x, and a value of  is fixed and equals y,   

  )/()/( fixedisyxMyxm   ,   )/()/( fixedisxyMxym   . 

Main problems of multiple correlation 
 

1. Determination the form of correlation dependence between ξ, η, ζ. 

2. Ascertaining the closeness of connection between ξ, η, ζ. 

3.Finding out the closeness of relation between ξ, ζ for fixed η = y or between 

η, ζ for fixed ξ = x. 

Results of n independent trials on three random variables ξ, η, ζ  we represent 

by a system of tables. Every table settles, for example, the number of observed pairs 

ji y,x    for a value kz . For sufficiently general example we'll consider the 

next table system 

         1z                                  2z                                 3z  

     
          

 
1x  

 
2x  

 
3x  

 
yn  

 
1x  

 
2x  

 
3x  

 
yn  

 
1x  

 
2x  

 
3x  

 
yn  

1y  3   3 3 1  4 1 3  4 

2y  5 1 4 10 5 2 1 8 4 3  7 

3y    3 3   4 4  2 5 7 
 8 1 7 16 8 3 5 16 5 8 5 18 
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From the table system we at first compile the variation series for each compo-

nent 

  1x  2x  3x    1y  2y  3y    1z  2z  3z  

xn  21 12 17 yn  11 25 14 zn  16 16 18 
and find statistic estimates of their number characteristics (sample means [averages], 

dispersions and root-mean-square deviations) 

sssssssss ,,,D,D,D;,,    

or omitting s for the sake of simplicity   

  ,,,D,D,D;,, . 

Then we form the correlation tables for each pair of components and obtain the 

    
    

 
1x  

 
2x  

 
3x  

 
yn  

1y  7 4  11 

2y  14 6 5 25 

3y   2 12 14 

xn  21 12 17 n= 
50  

    
  

 
1z  

 
2z  

 
3z  

 
yn  

1y  3 4 4 11 

2y  10 8 7 25 

3y  3 4 7 14 

zn  16 16 18 n= 
50  

    
  

 
1x  

 
2x  

 
3x  

 
zn  

z  8 1 7 16 

z  8 3 5 16 

z  5 8 5 18 

xn  21 12 17 n= 
50 

 
sample correlation coefficients (without index s) 

                                  













 

K
r,

K
r,

K
r  .                               ( 35 ) 

Here (if we denote ijn  the number of occurrences of a pair  ji y,x   , ikn  that of 

a pair  ki z,x   , jkn  that of a pair  kj z,y   ) 

                               





 
j,i

ijji
j,i

ijji nyx
n

nyx
n

K ,                  ( 36 a ) 

                               
k,i

ikki
k,i

ikki nzx
n

nzx
n

K ,                   (36 b ) 

                               
kj

jkkj
kj

jkkj nzy
n

nzy
n

K
,,

11                   (36 c )  

are the sample correlation moments of the pairs  ,,  of the random variables 

respectively. 
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For the case of a linear correlation dependence between ξ, η, ζ we'll find a li-

near regression function of   on  , by the least-squares method. 

The closeness of a linear correlation dependence between ξ, η, ζ is estimated 

by so-called total correlation coefficient 

                                             











r
rrrrr

R .                                        ( 37 )                                     

It's known that 

 R ; 

if the random variables  ,,  are independent, then R = 0; if between  ,  and   

there is a functional linear dependence, then R = 1. 

The closeness of linear correlation dependence between two random variables 

ξ and ζ  for fixed η (η = y) or between η and ζ for fixed ξ (ξ = x) are estimated by par-

tial correlation coefficients, namely 

                                   



















rr

rrr
r,

rr

rrr
r xy .                    ( 38 )  

 

Least-squares method in multiple correlation 
 

Let's now find a linear regression function (more precisely: a sample linear reg-

ression function) of   on  , , which we'll seek in the next form  

                                          ybxa)y,x(mz                                ( 39 )  

with unknown parameters a, b. For the sake of simplicity we suppose the data not to 

be integrated that in result of n trials on the random variables  ,,  n different trip-

lets of values were appeared, namely  

n,i,z,y,x iii   . 

In this case to the values ii y,x    there correspond: a) the theoretical value 

                                            iiii ybxa)y,x(m                                ( 40 ) 
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and b) the value iz  which is obtained as the result of trials. The corresponding 

error [deficiency, residual] is 

                                             iiii zybxa   ,                                   

and it's necessary to minimize the sum of squares of the errors [deficiencies, resi-

duals], that is to minimize the next function of two variables a and b: 

                              






 
n

i
iii

n

i
i zybxab,aΦ  .                    ( 41 ) 

Let's write formulas which give sample dispersions  DD ,  and correlation mo-

ments  KKK ,, for the case of non-integrated data, namely:  

    ,1,1 2

1

2
2

1

2 



n

i
si

n

i
si y

n
Dx

n
D    

   
i

ii yx
n

K 
1 ,    

i
ii zx

n
K 

1 ,   .1 
i

ii zy
n

K 

      

        ,zxyxbxa

xzybxaΦ

n

i
ii

n

i
ii

n

i
i

i

n

i
iiia



























2
 

      

        ,zyybyxa

yzybxaΦ
n

i
ii

n

i
ii

n

i
i

i

n

i
iiib





























2
 

Equating of partial derivatives ba Φ,Φ   to zero leads to a system of linear equa-

tions in a, b 

                   
       

       



























.zyybyxa

,zxyxbxa
n

i
ii

n

i
ii

n

i
i

n

i
ii

n

i
ii

n

i
i




                 ( 42 )   

Dividing by n we get 
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       

       





















,111

,111

11

2

1

111

2

n

i
ii

n

i
ii

n

i
i

n

i
ii

n

i
ii

n

i
i

zy
n

y
n

byx
n

a

zx
n

yx
n

bx
n

a




 

or by preceding formulas 













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






.
,

;
,

;
,

2

2



















rbar
rbra

rbar
rbra

KbDaK
KbKaD

 

Finally on the base of Cramer rule we find corresponding main and auxilliary deter-

minants 

 ,1 2




 



r
r

r
  

   







 







rrr
rr
r

Δ,rrr
r

rr
Δ    

and therefore 

   
 
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 
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11 2222
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



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
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  (43) 

Thus, the (sample) linear regression function of   on  , is 

             








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










 



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


 y
r

rrr
x

r
rrr

yxmz 22 11
),( .        ( 44 ) 

Ex. Statistical analysis of results of trials on three random variables  ,,  ha-

ve given the next data: 

a) sample means  .,.,.  ; 

b) sample root-mean-square deviations  .,.,.   ; 

c) paired sample correlation coefficients  .r,.r,.r  . 

By the formulas (43)  .b,.a , and the sample equation of regres-

sion of   on  , is 

       .y.x.z,..y..x.y,xmz  . 

The total correlation coefficient on the base of the formula (37) equals 



 Correlation Theory 268 
..R   

It's large enough and testifies to essential linear dependence between   ,  and  . 

The sample partial correlation coefficients by virtue of (38) equal 

     .r,.r xy  , 

whence it follows that a linear dependence between  , is more essential than be-

tween  , .



  

CORRELATION THEORY: basic terminology RUEFD 
1. выбороч-
ное  корреля-
ционное отно-
шение 

вибіркове ко-
реляційне від-
ношення 

sample còrre-
látion rátio 

rapport m de 
corrélation d'é-
chantillonnage  

stichprobenar-
tiges Korrela-
tionsverhältnis 
n 

2. выбороч-
ное  уравне-
ние регрессии 

вибіркове рів-
няння реґре-
сії  

sample  reg-
réssion equa-
tion 

équation f de 
régression d'é-
chantillonnage  

stichprobenar-
tige Regres-
sionsgleichung 
f 

3. выбороч-
ный  корреля-
ционный мо-
мент 

вибірковий 
кореляційний 
момент  

sample corre-
látive [còrrelá-
tion] móment 

moment m cor-
rélatif d'échan-
tillonnage  

stichprobenar-
tiges Korrela-
tionsmoment n 

4. выбороч-
ный  коэффи-
циент корре-
ляции 

вибірковий 
коефіцієнт ко-
реляції 

sample còrre-
látion còeffíci-
ent 

coefficient de 
corrélation d'é-
chantillonnage  

stichprobenar-
tiger Korrela-
tionskoeffizi-
ent m 

5. детерми-
нированная 
зависимость 
между двумя 
случайными 
величинами 

детермінова-
на залежність 
між двома ви-
падковими ве-
личинами 

deterministic  
depéndence be-
tween two rán-
dom váriables 

dépendence f 
déterminée en-
tre deux varia-
bles aléatoires 

determinierte 
Äbhängigkeit f 
zwischen zwei 
Zúfallsgrößen 

6. исправлен-
ный корреля-
ционный мо-
мент 

виправлений 
кореляційний 
момент 

corrécted cor-
relátive [còrre-
látion] móment 

moment m cor-
rélatif corrigé 

korrigíertes 
Korrelations-
moment n 

7. исправлен-
ный коэффи-
циент корре-
ляции 

виправлений 
коефіцієнт ко-
реляції 

corrécted còr-
relátion còeffí-
cient 

coefficient m 
de corrélation 
corrigé 

korrigíerter 
Korrelations-
koeffizi¦ent m 

8. коррелиро-
ванные слу-
чайные вели-
чины 

корельовані 
випадкові ве-
личини 

correlated ran-
dom variables 

variables f alé-
atoires corré-
lées 

korrelierte  Zu-
fallsvariablen f 
pl 

9. коррелиро-
ванный  

корельований  correlated  corrélé  korreliert  

10. корреляци-
онная зависи-
мость 

кореляційна 
залежність 

correlation  
[correlátive] 
depéndence 

dépendance f 
corrélative 

Korrelations-
abhängigkeit f 

11. корреля-
ционная таб-
лица 

кореляційна 
таблиця 

còrrelátion ta-
ble 

table f corréla-
tive, tableau m 
corrélatif 

Korrelationsta-
belle f 
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12. корреляци-
онное отно-
шение 

кореляційне 
відношення 

correlation  rá-
tio 

rapport m de 
corrélation 

Korrelations-
verhältnis n 

13. корреляци-
онный мо-
мент 

кореляційний 
момент 

còrrelátion  
[correlátive] 
móment 

moment m cor-
rélatif  

Korrelations-
moment n 

14. корреля-
ция  

кореляція correlation  corrélation f Korrelation f 

15. коэффици-
ент корреля-
ции 

коефіцієнт 
кореляції 

correlation  cò-
effícient 

coefficient m 
de corrélation 

Korrelations-
koeffizi¦ent m 

16. кривая ре-
грессии, ли-
ния регрессии 

крива [лінія] 
реґресії  

regression  cur-
ve, regréssion 
line 

courbe f de ré-
gression, ligne 
f de régression 

Regressions-
kurve f , Re-
gressionslinie 
f, Beziehungs-
linie f 

17. криволи-
нейная коре-
ляция 

криволінійна 
кореляція 

curvilinear 
[non-linear]    
còrrelátion 

corrélation f 
curviligne 

krummlinige 
[nichtlinere] 
Korrelation f 

18. линейная 
корреляция 

лінійна коре-
ляція 

linear còrrelá-
tion 

corrélation f li-
néaire   

lineare Korre-
lation f 

19. линия рег-
рессии 

лінія реґресії  regréssion line ligne f de rég-
ression 

Regressionsli-
nie f , Bezieh-
ungslinie f 

20. мера фун-
кциональной 
зависимости 
между двумя 
случайными 
величинами 

міра функціо-
нальної зале-
жності між 
двома випад-
ковими вели-
чинами 

méasure of 
fúnctional de-
péndence bet-
ween two rán-
dom váriables  

mesure f de dé-
pendence f fon-
ctionnelle entre 
deux variables 
aléatoires 

Maß n von 
Funktionalab-
hängigkeit f 
zwischen zwei 
Zúfallsgrößen 

21. мера лине-
йной  зависи-
мости между 
двумя случай-
ными величи-
нами 

міра лінійної 
залежності 
між двома ви-
падковими ве-
личинами 

méasure of lí-
near depénden-
ce between two 
rándom váriab-
les  

mesure f de dé-
pendence f li-
néaire entre 
deux variables 
aléatoires 

Maß n von li-
neárer Abhän-
gigkeit f zwi-
schen zwei 
Zúfallsgrößen 

22. метод на-
именьших 
квадратов 

метод най-
менших квад-
ратів 

least-squares 
method,method 
of least squares 

méthode f des 
moindres car-
rés 

Methóde f der 
kleinsten Qua-
drate 

23. минимизи-
ровать  

мінімізувати 
 

minimize minimiser minimieren, 
minimisieren 

24. множест-
венная коре-
ляция 

множинна ко-
ряція 

multiple [mul-
tivariable] cor-
relation 

corrélation f 
multiple 

mehrfache 
[multiple] Kor-
relation f 
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25. некоррели-
рованные слу-
чайные вели-
чины 

некорельова-
ні випадкові 
величини 

uncorrelated 
random variab-
les 

variables f alé-
atoires non-
corrélées 

nichtkorrelierte 
[unkorrelierte] 
Zufallsgrößen 
[Zufallsvariab-
len]  

26. некоррели-
рованный  

некорельова-
ний 

uncorrelated non-corrélé nichtkorreliert, 
unkorreliert      

27. нормаль-
ная система 
метода наиме-
ньших квадра-
тов 

нормальна си-
стема методу 
найменших 
квадратів 

normal system 
of the least-
squares method 

système m nor-
mal de la mé-
thode f des 
moindres car-
rés 

normales Sys-
tem n der Me-
thóde der klei-
nsten Quadrate  

28. ошибка  помилка  érror erreur f Féhler m –s, = 
29. прямая ре-
грессии 

пряма реґресії  regréssion 
straight line 

ligne droite de 
régression 

Regressionsge-
rade f , Aus- 
gleichende Ge-
rade f 

30. регрессия  реґресія  regréssion régression f Regression f 
31. сумма ква-
дратов 

сума квадра-
тів 

sum of squares somme f des 
carrés 

Quadrátsumme 
f 

32. сумма ква-
дратов оши-
бок 

сума квадра-
тів помилок 

sum of squares 
of the érrors 

somme des 
carrés des er-
reurs 

Quadrátsumme 
von Féhler 

33. теория ко-
рреляции 

теорія кореля-
ції 

còrrelátion the-
ory 

théorie f de 
corrélation f 

Korrelations-
theorie f 

34. уравнение 
линейной рег-
рессии 

рівняння лі-
нійної реґресії  

equation of li-
near regréssion 

équation f de 
régression liné-
aire 

linearer Reg-
ressionsglei-
chung f 

35. уравнение 
регрессии 

рівняння реґ-
ресії 

regréssion 
equation 

équation f de 
régression 

Regressions-
gleichung f 

36. условная 
вероятность 

умовна ймо-
вірність 

conditional 
probability 

probabilité f 
conditionée, 
conditionnelle  

bedingte Wahr-
scheinlicheit f  

37. условная 
плотность 
распределе-
ния 

умовна щіль-
ність розподі-
лу 

condítional dìs-
tribútion dénsi-
ty  

densité f con-
ditionnelle de 
distribution f 
[de répartition 
f]  

bedingte Ve-
rteilungsdich-
te f 

38. условная 
функция рас-
пределения 

умовна функ-
ція розподілу 

condítional dìs-
tribútion fúnc-
tion 

fonction f con-
ditionnelle de 
distribution f 
[de répartition 
f]  

bedingte Ver-
teilungsfunk-
tion f 

39. условное умовне мате- condítional espérance f Bedingter Er-
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математичес-
кое ожидание 

матичне спо-
дівання 

màthemátical 
èxpectátion 

mathématique 
conditionnelle 

wartungswert 
m  [bedingte 
mathematische 
Erwartung f] 

40. условное 
распределе-
ние 

умовний роз-
поділ 

condítional dìs-
tribútion 

distribution f 
conditionnelle 

bedingte Ver-
teilung f 

41. условное 
среднее 

умовна серед-
ня 

conditional 
mean, condi-
tional average 

moyenne con-
ditionnée [con-
ditionnelle]  

bedingtes Mit-
tel n, beding-
ter Mittelwert 
m  

42. условный 
закон распре-
деления 

умовний за-
кон розподілу 

condítional law 
of dìstribútion 

loi f condition-
nelle de distri-
bution f [de ré-
partition f]  

bedingtes  Ver-
teilungsgesetz 
n 

43. функцио-
нальная зави-
симость меж-
ду двумя слу-
чайными ве-
личинами 

функціональ-
на залежність 
між двома ви-
падковими ве-
личинами 

fúnctional de-
péndence bet-
ween two rán-
dom váriables  

dépendence f 
fonctionnelle 
entre deux va-
riables aléatoi-
res 

Funktionalab-
hängigkeit f 
zwischen zwei 
Zúfallsgrößen 

44. функция 
регрессии 

функція реґ-
ресії  

regréssion fun-
ction 

fonction de  ré-
gression 

Regressions-
funktion f 



  

CORRELATION THEORY: basic terminology EFDRU 
1. condítional 
dìstribútion 

distribution f 
conditionnelle 

bedingte Ver-
teilung f 

условное 
распределе-
ние 

умовний роз-
поділ 

2. condítional 
dìstribútion 
dénsity  

densité f con-
ditionnelle de 
distribution f 
[de répartition 
f]  

bedingte Ve-
rteilungsdich-
te f 

условная 
плотность 
распределе-
ния 

умовна щіль-
ність розподі-
лу 

3. condítional 
dìstribútion 
fúnction 

fonction f con-
ditionnelle de 
distribution f 
[de répartition 
f]  

bedingte Ver-
teilungsfunk-
tion f 

условная 
функция рас-
пределения 

умовна функ-
ція розподілу 

4. condítional 
law of dìstribú-
tion 

loi f condition-
nelle de distri-
bution f [de ré-
partition f]  

bedingtes  Ver-
teilungsgesetz 
n 

условный за-
кон распреде-
ления 

умовний за-
кон розподілу 

5. condítional 
màthemátical 
èxpectátion 

espérance f 
mathématique 
conditionnelle 

bedingter Er-
wartungswert 
m  [bedingte 
mathematische 
Erwartung f] 

условное ма-
тематическое 
ожидание 

умовне мате-
матичне спо-
дівання 

6. conditional 
mean, condi-
tional average 

moyenne con-
ditionnée [con-
ditionnelle]  

bedingtes Mit-
tel n, beding-
ter Mittelwert 
m  

условное 
среднее 

умовна серед-
ня 

7. conditional 
probability 

probabilité f 
conditionée, 
conditionnelle  

bedingte Wahr-
scheinlicheit f  

условная ве-
роятность 

умовна ймо-
вірність 

8. corrécted 
còrrelátion 
còeffícient 

coefficient m 
de corrélation 
corrigé 

korrigíerter 
Korrelations-
koeffizi¦ent m 

исправленный 
коэффициент 
корреляции 

виправлений 
коефіцієнт ко-
реляції 

9. corrécted 
correlátive 
[còrrelátion] 
móment 

moment m cor-
rélatif corrigé 

korrigíertes 
Korrelations-
moment n 

исправленный 
корреляцион-
ный момент 

виправлений 
кореляційний 
момент 

10. correlated  corrélé  korreliert  коррелиро-
ванный  

корельований  

11. correlated 
random variab-
les 

variables f alé-
atoires corré-
lées 

korrelierte  Zu-
fallsvariablen f 
pl 

коррелиро-
ванные слу-
чайные вели-
чины 

корельовані 
випадкові ве-
личини 



 Correlation Theory: basic terminology EFDRU 274 
12. correlation  corrélation f Korrelation f корреляция  кореляція 
13. correlation  
[correlátive] 
depéndence 

dépendance f 
corrélative 

Korrelations-
abhängigkeit f 

корреляци-
онная зависи-
мость 

кореляційна 
залежність 

14. còrrelátion  
[correlátive] 
móment 

moment m cor-
rélatif  

Korrelations-
moment n 

корреляцион-
ный момент 

кореляційний 
момент 

15. correlation  
còeffícient 

coefficient m 
de corrélation 

Korrelations-
koeffizi¦ent m 

коэффициент 
корреляции 

коефіцієнт ко-
реляції 

16. correlation  
rátio 

rapport m de 
corrélation 

Korrelations-
verhältnis n 

корреляцион-
ное отноше-
ние 

кореляційне 
відношення 

17. còrrelátion 
table 

table f corréla-
tive, tableau m 
corrélatif 

Korrelationsta-
belle f 

корреляцион-
ная таблица 

кореляційна 
таблиця 

18. còrrelátion 
theory 

théorie f de 
corrélation f 

Korrelations-
theorie f 

теория корре-
ляции 

теорія кореля-
ції 

19. curvilinear 
[non-linear]    
còrrelátion 

corrélation f 
curviligne 

krummlinige 
[nichtlinere] 
Korrelation f 

криволиней-
ная корреля-
ция 

криволінійна 
кореляція 

20. determinis-
tic  depéndence 
between two 
rándom vária-
bles 

Dépendence f 
déterminée en-
tre deux varia-
bles aléatoires 

Determinierte 
Äbhängigkeit f 
zwischen zwei 
Zúfallsgrößen 

детерминиро-
ванная зави-
симость ме-
жду двумя 
случайными 
величинами 

детермінова-
на залежність 
між двома ви-
падковими ве-
личинами 

21. equation of 
linear regrés-
sion 

équation f de 
régression liné-
aire 

linearer Reg-
ressionsglei-
chung f 

уравнение ли-
нейной рег-
рессии 

рівняння лі-
нійної реґресії  

22. érror erreur f Féhler m –s, = ошибка  помилка  
23. fúnctional 
depéndence be-
tween two rán-
dom váriables  

Dépendence f 
fonctionnelle 
entre deux va-
riables aléatoi-
res 

Funktionalab-
hängigkeit f 
zwischen zwei 
Zúfallsgrößen 

функцио-на-
льная зави-си-
мость между 
двумя случа-
йными ве-ли-
чинами 

функціональ-
на залежність 
між двома ви-
падковими ве-
личинами 

24. least-squa-
res method,me-
thod of least 
squares 

méthode f des 
moindres car-
rés 

Methóde f der 
kleinsten Qua-
drate 

метод наи-
меньших ква-
дратов 

метод най-
менших квад-
ратів 

25. linear còr-
relátion 

corrélation f li-
néaire   

lineare Korre-
lation f 

линейная кор-
реляция 

лінійна коре-
ляція 

26. méasure of 
fúnctional de-

Mesure f de dé-
pendence f fon-

Maß n von 
Funktionalab-

мера функци-
ональной за-

міра функціо-
нальної зале-
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péndence bet-
ween two rán-
dom váriables  

ctionnelle entre 
deux variables 
aléatoires 

hängigkeit f 
zwischen zwei 
Zúfallsgrößen 

висимости ме-
жду двумя 
случайными 
величинами 

жності між 
двома випад-
ковими вели-
чинами 

27. méasure of 
línear depé-
ndence be-
tween two rán-
dom váriables  

Mesure f de dé-
pendence f li-
néaire entre 
deux variables 
aléatoires 

Maß n von li-
neárer Abhän-
gigkeit f zwi-
schen zwei 
Zúfallsgrößen 

мера линей-
ной  зависи-
мости между 
двумя случай-
ными величи-
нами 

міра лінійної 
залежності 
між двома ви-
падковими ве-
личинами 

28. minimize minimiser minimieren, 
minimisieren 

Минимизиро-
вать  

мінімізувати 
 

29. multiple 
[multivariab-
le] correlation 

corrélation f 
multiple 

mehrfache 
[multiple] Kor-
relation f 

множествен-
ная кореля-
ция 

множинна ко-
ряція 

30. normal sys-
tem of the 
least-squares 
method 

système m nor-
mal de la mé-
thode f des 
moindres car-
rés 

normales Sys-
tem n der Me-
thóde der klei-
nsten Quadrate  

нормальная 
система мето-
да наимень-
ших квадра-
тов 

нормальна си-
стема методу 
найменших 
квадратів 

31. regréssion régression f Regression f регрессия  реґресія  
32. regression  
curve, regrés-
sion line 

courbe f de ré-
gression, ligne 
f de régression 

Regressions-
kurve f , Re-
gressionslinie 
f, Beziehungs-
linie f 

кривая рег-
рессии, ли-
ния регрессии 

крива [лінія] 
реґресії  

33. regréssion 
equation 

équation f de 
régression 

Regressions-
gleichung f 

уравнение ре-
грессии 

рівняння реґ-
ресії 

34. regréssion 
function 

fonction de  ré-
gression 

Regressions-
funktion f 

функция рег-
рессии 

функція реґ-
ресії  

35. regréssion 
line 

ligne f de rég-
ression 

Regressionsli-
nie f , Bezieh-
ungslinie f 

линия регрес-
сии 

лінія реґресії  

36. regréssion 
straight line 

ligne droite de 
régression 

Regressionsge-
rade f , Aus- 
gleichende Ge-
rade f 

прямая рег-
рессии 

пряма реґресії  

37. sample  reg-
réssion equa-
tion 

équation f de 
régression d'é-
chantillonnage  

stichprobenar-
tige Regres-
sionsgleichung 
f 

выборочное  
уравнение ре-
грессии 

вибіркове рів-
няння реґре-
сії  

38. sample 
còrrelátion 
còeffícient 

coefficient de 
corrélation d'é-
chantillonnage  

stichprobenar-
tiger Korrela-
tionskoeffizi-

выборочный  
коэффициент 
корреляции 

вибірковий 
коефіцієнт ко-
реляції 
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ent m 

39. sample còr-
relátion rátio 

rapport m de 
corrélation d'é-
chantillonnage  

stichprobenar-
tiges Korrela-
tionsverhältnis 
n 

выборочное  
корреляцион-
ное отноше-
ние 

вибіркове ко-
реляційне від-
ношення 

40. sample 
correlátive 
[còrrelátion] 
móment 

moment m cor-
rélatif d'échan-
tillonnage  

stichprobenar-
tiges Korrela-
tionsmoment n 

выборочный  
корреляцион-
ный момент 

вибірковий 
кореляційний 
момент  

41. sum of 
squares 

somme f des 
carrés 

Quadrátsumme 
f 

сумма ква-
дратов 

сума квадра-
тів 

42. sum of 
squares of the 
érrors 

somme des 
carrés des er-
reurs 

Quadrátsumme 
von Féhler 

сумма ква-
дратов оши-
бок 

сума квадра-
тів помилок 

43. uncorrela-
ted 

non-corrélé nichtkorreliert, 
unkorreliert      

некоррелиро-
ванный  

некорельова-
ний 

44. uncorrela-
ted random va-
riables 

variables f alé-
atoires non-
corrélées 

nichtkorrelierte 
[unkorrelierte] 
Zufallsgrößen 
[Zufallsvariab-
len]  

некоррелиро-
ванные слу-
чайные вели-
чины 

некорельова-
ні випадкові 
величини 

-



  

Tasks for individual work  

Linear and curvilinear correlations 
 

PROBLEM. The correlation table, which is the result of trials on a two-di-

mensional random variable (  , ), is given. 

1. Form variation series for every component  , , estimate their mathematical 

expectations, dispersions, root-mean-square deviations. 

2. Find all values of conditional means for every component, plot approximate 

graphs of the regression functions. 

3. With the help of the least-squares method estimate parameters of the linear 

correlation, write the sample regression equations of   on   and   on  .  

4. Using obtained regression equations find the values of the sample regression 

functions of   on   and   on   for observed values of   and   respectively and 

differences between these values and corresponding values of the conditional means. 

Are these differences large? What does this fact indicate about? 

5. Estimate the correlation coefficient of the random variables  , . What a 

conclusion can one draw from the obtained result? 

6. Test the significance of the sample correlation coefficient of the random va-

riables  ,  for a significance level 05.0 . 

7. With the help of the least-squares method estimate parameters of the para-

bolic correlation, write the sample regression equations of   on   and   on  .  

8. Find the values of the sample regression functions of   on   and   on   

for observed values of   and   respectively and differences between these values 

and corresponding values of the conditional means (compare the point 4). Are these 

differences large? What does this fact indicate about? 

9. Estimate the correlation ratio of the random variable   on   and   on  .  

Draw a conclusion from the obtained result.  
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Multiple correlation 
 

PROBLEM. The system of tables, that is the result of trials on three random 

variables  ,, , is given. 

 

1. Form variation series for every random variable, estimate their mathematical 

expectations, dispersions, root-mean-square deviations. 

2. Compile the correlation tables for every pair of the random variables, esti-

mate the correlation coefficients of these pairs. 

3. Write the sample equation of the linear regression of   on  , . 

4. Estimate the total correlation coefficient of the random variables  ,, . Do 

a linear dependence between  ,  and   expressed essentially? 

5. Estimate the partial correlation coefficients. Which of two random variables 

 ,  has the most influence on  ? 
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Variations of tasks 

Linear and curvilinear correlations 
Linear and curvilinear correlations                                                                Variant 1 
                               

                               
 

10 
 

30 
 

50 
 

70 
 
yn  

 
 jym

  

10 9 1     

12 4 10 2    

14 1 9 6 1   

16  3 14 10   

18   6 18   

20    6   

xn      n   

 ixm
        

 
Linear and curvilinear correlations                                                                Variant 2 

 
              

            
                               

 
10 

 
30 

 
50 

 
70 

 
yn  

 
 jym

  

10 7 3     

12 2 11 4    

14 3 8 7    

16  1 10 9   

18   5 8   

20    2   

xn      n   

 ixm
        
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Linear and curvilinear correlations                                                                Variant 3 
 
                               

                               
 

10 
 

30 
 

50 
 

70 
 
yn  

 
 jym

  

10 2      

12 3 13 3    

14  12 7    

16  4 1 5   

18   6 8   

20    9   

xn      n   

 ixm
        

 
 
 
 
Linear and curvilinear correlations                                                                Variant 4 
 

                    
 
                               

 
10 

 
30 

 
50 

 
70 

 
yn  

 
 jym

  

10    2   

12   1 7   

14  8 5    

16 5 7     

18 4 2     

20 9      

xn      n   

 ixm
        
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Linear and curvilinear correlations                                                                Variant 5 
 

                               

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10    3   

12   1 5   

14  2 7    

16 1 8 9    

18 5 6     

20 4      

xn      n   

 ixm
        

 
 
Linear and curvilinear correlations                                                                Variant 6 
 
                               

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10 4      

12 1 5     

14  2 5    

16  8 2    

18   7 8   

20    1   

xn      n   

 ixm
        
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Linear and curvilinear correlations                                                                Variant 7 
 

                               

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10    2   

12    1   

14  2 4 7   

16  4 6    

18 5 7     

20 4      

xn      n   

 ixm
        

 
 
 
 
Linear and curvilinear correlations                                                                Variant 8 
 
                               

                     

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10 5      

12 4 2     

14  7 8    

16   1 7   

18   6 1   

20    4   

xn      n   

 ixm
        
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Linear and curvilinear correlations                                                                Variant 9 
 

                               

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10    1   

12    2   

14   2 4   

16  1 4    

18 3 4 5    

20 5 3     

xn      n   

 ixm
        

 
 
Linear and curvilinear correlations                                                              Variant 10 
 
                               

                               

 

10 

 

30 

 

50 

 

70 

 

yn  

 

 jym
  

10 5 4     

12  6 1    

14   8    

16   5    

18    5   

20    3   

xn      n   

 ixm
        
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Multiple correlation 
 
Multiple correlation                                                                                    Variant 1 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  3 4   3 1   1 3   

2y  5 1 4  5 2 1  4 3   

3y    3    4   2 5  

             

 
Multiple correlation                                                                                    Variant 2 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y    1    3   3 3  

2y  5 1 4  5 2 1  4 3   

3y  2    2 1   5    

             

 
Multiple correlation                                                                                    Variant 3 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  3    3    1    

2y  2 3 5  5 2 5  4 3 4  

3y    6    4   1 5  
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Multiple correlation                                                                                    Variant 4 
 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  2    3    1 4   

2y   5 7  1 7    2 2  

3y   1 4   5 6   1 9  

             

 
Multiple correlation                                                                                    Variant 5 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  1    3    2    

2y  6 4 3   2 8  5 3   

3y   1 10   7 4   5 7  

             

 
Multiple correlation                                                                                    Variant 6 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y    8    2   1 6  

2y   6 1  1 5 9  1 4   

3y  2 4   1 9   3    
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Multiple correlation                                                                                    Variant 7 
 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y    1   5 5   8 7  

2y   5 2  1 4 2  7 1 2  

3y  4 1   8    8    

             

 
Multiple correlation                                                                                    Variant 8 
 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  3    5 2   6    

2y  4 2 4   3 2  5 5   

3y   1 6    7   3 8  

             

 
Multiple correlation                                                                                    Variant 9 
 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y   3 2   1 8   1 6  

2y  1 7 6  4 2 9  2 5 2  

3y  5 1   5    2 3   
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Multiple correlation                                                                                   Variant 10 
 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  3 2   2    1 3   

2y  6 8   7 9   4 2 1  

3y   5 9   5 7    7  

             

 
Multiple correlation                                                                                   Variant 11 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y   2 7    2    9  

2y  1 8 9   7 3   8 4  

3y  2    5 2   5 2   

             

 
Multiple correlation                                                                                   Variant 12 
         1z                                  2z                                 3z  

      

          

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

 

1x  

 

2x  

 

3x  

 

yn  

1y  3 5   4 1   2 2   

2y  1 4    5 8  1 5   

3y   2 9    6   4 8  
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