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Ïðè èçó÷åíèè êóðñà âûñøåé ìàòåìàòèêè çíà÷èòåëüíóþ òðóäíîñòü äëÿ ñòóäåíòîâ

ïðåäñòàâëÿåò îâëàäåíèå òåõíèêîé ìíîãîìåðíîãî èíòåãðèðîâàíèÿ. Â ÷àñòíîñòè,

âû÷èñëåíèå è ïðèìåíåíèå ïîâåðõíîñòíûõ èíòåãðàëîâ ÿâëÿåòñÿ îäíèì èç ñàìûõ

ñëîæíûõ. Óêàçàííûå âîïðîñû âåñüìà àêòóàëüíû äëÿ ñòóäåíòîâ ýëåêòðîòåõíè÷åñêîãî

ôàêóëüòåòà, ïîñêîëüêó ðÿä âàæíûõ çàêîíîâ òåîðèè ïîëÿ ôîðìóëèðóåòñÿ â òåðìèíàõ

ïîâåðõíîñòíûõ èíòåãðàëîâ. Â êà÷åñòâå ïðèìåðîâ ðàññìîòðèì èçâåñòíûå çàêîíû

Ôàðàäåÿ è Àìïåðà.

Çàêîí Ôàðàäåÿ óòâåðæäàåò, ÷òî ýëåêòðîäâèæóùàÿ ñèëà, âîçíèêàþùàÿ â çàìêíóòîì

ïðîâîäíèêå Γ, íàõîäÿùåìñÿ â ïåðåìåííîì ìàãíèòíîì ïîëå B, ïðîïîðöèîíàëüíà

ñêîðîñòè èçìåíåíèÿ ïîòîêà ìàãíèòíîãî ïîëÿ ÷åðåç îãðàíè÷åííóþ êîíòóðîì Γ

ïîâåðõíîñòü S. Ïóñòü E � âåêòîð íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ. Òî÷íàÿ çàïèñü

çàêîíà Ôàðàäåÿ ìîæåò áûòü ïðåäñòàâëåíà â âèäå ðàâåíñòâà∮
Γ

E · ds = − ∂

∂t

∫ ∫
S

B · dσ.

Ðàáîòó ïîëÿ âäîëü çàìêíóòîãî êîíòóðà ÷àñòî íàçûâàþò öèðêóëÿöèåé ïîëÿ âäîëü

ýòîãî êîíòóðà. Òàê ÷òî ïî çàêîíó Ôàðàäåÿ öèðêóëÿöèÿ íàïðÿæåííîñòè

ýëåêòðè÷åñêîãî ïîëÿ, ïîðîæäåííîãî â çàìêíóòîì ïðîâîäíèêå Γ ïåðåìåííûì

ìàãíèòíûì ïîëåì, ðàâíà âçÿòîé ñ îáðàòíûì çíàêîì ñêîðîñòè èçìåíåíèÿ ïîòîêà

íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ÷åðåç íàòÿíóòóþ íà êîíòóð Γ ïîâåðõíîñòü S.

Çàêîí Àìïåðà ∮
Γ

B · ds =
1

ε0c2

∫
S

∫
j · dσ

(ãäå B - âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ, j � âåêòîð ïëîòíîñòè òîêà, ε0, c
2 �

ðàçìåðíûå ïîñòîÿííûå) óòâåðæäàåò, ÷òî öèðêóëÿöèÿ íàïðÿæåííîñòè, ïîðîæäåííîãî

ýëåêòðè÷åñêèì òîêîì ìàãíèòíîãî ïîëÿ âäîëü êîíòóðà Γ, ïðîïîðöèîíàëüíà ñèëå òîêà,

ïðîòåêàþùåãî ÷åðåç îãðàíè÷åííóþ êîíòóðîì Γ ïîâåðõíîñòü S.

Íà ïðàêòè÷åñêèå çàíÿòèÿ ïî òåìå "Ïîâåðõíîñòíûå èíòåãðàëû"âûäåëÿåòñÿ î÷åíü ìàëî

âðåìåíè. Ñòóäåíòû íå óñïåâàþò âûðàáîòàòü è çàêðåïèòü íåîáõîäèìûå íàâûêè ïðè

ðåøåíèè ñòàíäàðòíûõ çàäà÷. Ïîýòîìó æåëàþùèé îâëàäåòü èìè äîëæåí ìíîãî

çàíèìàòüñÿ ñàìîñòîÿòåëüíî. Ïðåäëàãàåìîå ïîñîáèå ñòàâèò ñâîåé öåëüþ ïîìî÷ü

ñòóäåíòàì â èõ ñàìîñòîÿòåëüíîé ðàáîòå.

Ñòðóêòóðà ïîñîáèÿ òàêîâà. Êàæäûé ïàðàãðàô íà÷èíàåòñÿ ñ èçëîæåíèÿ îñíîâíûõ

ïîíÿòèé è òåîðåòè÷åñêèõ ñâåäåíèé. Çàòåì ðåøàþòñÿ îñíîâíûå òèïè÷íûå ïðèìåðû. Â

4



êîíöå ïàðàãðàôà ïðèâåäåíû çàäà÷è äëÿ ñàìîñòîÿòåëüíîé ðàáîòû.

1 Ïîâåðõíîñòíûå èíòåãðàëû ïåðâîãî ðîäà

Ïóñòü ïîâåðõíîñòü S çàäàíà óðàâíåíèåì

z = z(x, y), (x, y) ∈ D, (1)

ãäå z(x, y)� äèôôåðåíöèðóåìàÿ â íåêîòîðîé îáëàñòè D ôóíêöèÿ.

Ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà
∫ ∫

S

f(x, y, z)dS îò ôóíêöèè f(x, y, z) ïî

ïîâåðõíîñòè S ìîæåò áûòü îïðåäåëåí ñëåäóþùèì îáðàçîì:

∫ ∫
S

f(x, y, z)dS =

∫ ∫
D

f(x; y; z(x, y))

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy. (2)

×àñòî ïîâåðõíîñòü S íå ìîæåò áûòü çàäàíà â âèäå (1), íî åå óäàåòñÿ ðàçáèòü íà ÷àñòè

Si òàê, ÷òî êàæäàÿ èç ÷àñòåé äîïóñêàåò ïðåäñòàâëåíèå â íóæíîì âèäå. Â òàêèõ

ñëó÷àÿõ ïîä èíòåãðàëîì ïî ïîâåðõíîñòè S ïîíèìàþò ñóììó èíòåãðàëîâ ïî åå ÷àñòÿì:∫ ∫
S

fdS =
n∑

i=1

∫ ∫
Si

fdSi. (3)

Åñëè f(x, y, z)� ïëîòíîñòü ìàññû, ðàñïðåäåëåííîé ïî ïîâåðõíîñòè S, òî èíòåãðàë (2)

äàþò ìàññó âñåé ïîâåðõíîñòè.

Ïðèìåð 1. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

z2dS,

ãäå S � ïîëíàÿ ïîâåðõíîñòü êîíóñà
√

x2 + y2 ≤ z ≤ 2 (ñì. ðèñ.2).

M Ïóñòü S1� áîêîâàÿ ïîâåðõíîñòü êîíóñà, S2� åãî îñíîâàíèå, òîãäà

I =

∫ ∫
S1

z2dS1 +

∫ ∫
S2

z2dS2.

Ê ïåðâîìó èíòåãðàëó ïðèìåíèì ôîðìóëó (2). Íà áîêîâîé ïîâåðõíîñòè êîíóñà

z =
√

x2 + y2,
∂z

∂x
=

x√
x2 + y2

,
∂z

∂y
=

y√
x2 + y2

,

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

2.

Ñëåäîâàòåëüíî, ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, ïîëó÷àåì∫ ∫
S1

z2dS1 =

∫ ∫
x2+y2≤4

(
x2 + y2

)√
2dxdy =

√
2

∫ 2π

0

∫ 2

0

ρ3dρdϕ = 8
√

2π.
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Íà îñíîâàíèè êîíóñà z = 2, ïîýòîìó âòîðîé èíòåãðàë ðàâåí ó÷åòâåðåííîé ïëîùàäè

îñíîâàíèÿ êîíóñà 4π22. Èòàê, I = 8π(2 +
√

2). H

Ïðèìåð 2. Âû÷èñëèòü èíòåãðàë∫ ∫
S

√
1 + 4x2 + 4y2dS,

ãäå S � êîíå÷íàÿ ÷àñòü ïîâåðõíîñòè z = 1− x2 − y2, îòñå÷åííàÿ ïëîñêîñòüþ z = 0 (ñì.

ðèñ.3).

M Ïîâåðõíîñòü çàäàíà ÿâíî óðàâíåíèåì, ðàçðåøåííûì îòíîñèòåëüíî z, ò.å. óðàâíåíèåì

âèäà z = z(x, y). Ïîëîæèì z = 0 è íàéäåì ïðîåêöèþ ïîâåðõíîñòè (ïàðàáîëîèäà

âðàùåíèÿ) íà ïëîñêîñòü XOY . Êàæäàÿ òî÷êà ïîâåðõíîñòè ñïðîåêòèðóåòñÿ âî

âíóòðåííîñòü êðóãà x2 + y2 ≤ 1. Äàëåå,

∂z

∂x
= −2x,

∂z

∂y
= −2y,

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

1 + 4x2 + 4y2.

Òîãäà, ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, ïîëó÷èì∫ ∫
S

√
1 + 4x2 + 4y2dS =

∫ ∫
x2+y2≤1

√
1 + 4x2 + 4y2

√
1 + 4x2 + 4y2dxdy =

∫ ∫
x2+y2≤1

(
1 + 4x2 + 4y2

)
dxdy =

 x = ρ cos ϕ, y = ρ sin ϕ,

J = ρ, 0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ 1

 =

∫ 2π

0

dϕ

∫ 1

0

ρ(1 + 4ρ2)dρ = 2π

(
ρ2

2
+ ρ3

)∣∣∣∣1
0

= 3π. H

Ïðèìåð 3. Âû÷èñëèòü èíòåãðàë ∫ ∫
S

x(y + z)dS,

ãäå S � ÷àñòü öèëèíäðè÷åñêîé ïîâåðõíîñòè x =
√

b2 − y2, îòñå÷åííîé ïëîñêîñòÿìè

z = 0, z = c, c > 0.

M Çäåñü óðàâíåíèå ïîâåðõíîñòè ðàçðåøåíî îòíîñèòåëüíî x, ïîýòîìó ïðîåêòèðîâàòü

ïîâåðõíîñòü áóäåì â ïëîñêîñòü Y OZ. Âèä ïîâåðõíîñòè x =
√

b2 − y2 ñòàíîâèòñÿ

ïîíÿòíûì, åñëè ïåðåïèñàòü åå óðàâíåíèå â âèäå x2 + y2 = b2, x ≥ 0. Ýòî ïîëîâèíà

öèëèíäðè÷åñêîé ïîâåðõíîñòè ñ íàïðàâëÿþùåé, ïàðàëëåëüíîé îñè OZ. Ïðîåêöèåé

ïîâåðõíîñòè ñëóæèò ïðÿìîóãîëüíèê D =

 0 ≤ z ≤ c,

−b ≤ y ≤ b, b > 0.
Çàïèøåì ôîðìóëó

∫ ∫
S

f(x, y, z)dS =

∫ ∫
D

f(x(y, z); y; z)

√
1 +

(
∂x

∂y

)2

+

(
∂x

∂z

)2

dydz.
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Ó íàñ

∂x

∂y
=

−y√
b2 − y2

,
∂x

∂z
= 0,

√
1 +

(
∂x

∂y

)2

+

(
∂x

∂z

)2

=

√
1 +

y2

b2 − y2
=

b√
b2 − y2

.

Ò.î., ïîëó÷àåì∫ ∫
S

x(y + z)dS =

∫ ∫
D

√
b2 − y2(y + z)

b√
b2 − y2

dydz = b

∫ ∫
D

(y + z)dydz =

b

∫ c

0

dz

∫ b

−b

(y + z)dy = b2c2. H

Ïðèìåð 4. Âû÷èñëèòü èíòåãðàë∫ ∫
S

(
2z2 − x2 − y2

)
dS,

ãäå S � ÷àñòü ïîâåðõíîñòè z =
√

x2 + y2, âûðåçàííàÿ öèëèíäðîì x2 + y2 = 2x

(ñì.ðèñ.4).

M Ïðîåêöèåé ÷àñòè êîíóñà z =
√

x2 + y2, âûðåçàííîé öèëèíäðîì, íà ïëîñêîñòü XOY

ñëóæèò x2 + y2 = 2x ⇐⇒ (x− 1)2 + y2 = 1.

∂z

∂x
=

x√
x2 + y2

,
∂z

∂y
=

y√
x2 + y2

,

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=

√
1 +

x2

x2 + y2
+

y2

x2 + y2
=
√

2.

Òîãäà ∫ ∫
S

(
2z2 − x2 − y2

)
dS =

∫ ∫
(x−1)2+y2≤1

[
2
(
x2 + y2

)
− x2 − y2

]√
2dxdy =

√
2

∫ ∫
(x−1)2+y2≤1

(
x2 + y2

)
dxdy =

 x− 1 = ρ cos ϕ, y = ρ sin ϕ,

J = ρ, 0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ 1

 =

√
2

∫ 2π

0

dϕ

∫ 1

0

ρ
[
(1 + ρ cos ϕ)2 + ρ2 sin2 ϕ

]
dρ =

√
2

∫ 2π

0

dϕ

∫ 1

0

ρ
(
1 + 2ρ cos ϕ + ρ2

)
dρ =

3
√

2π

2
. H

Ïðèìåð 5. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

(x + y + z) dS,
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ãäå S � ÷àñòü ïëîñêîñòè x + 2y + 4z = 4, âûäåëÿåìàÿ óñëîâèÿìè x ≥ 0, y ≥ 0, z ≥ 0

(ñì. ðèñ.5).

M Ïðîåêöèåé ïëîñêîñòè x + 2y + 4z = 4 íà XOY ñëóæèò òðåóãîëüíèê

D =

 0 ≤ y ≤ 4−x
2

,

0 ≤ x ≤ 4.

z = 1− x

4
− y

2
,

∂z

∂x
= −1

4
,

∂z

∂y
= −1

2
,

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=

√
1 +

1

16
+

1

4
=

√
21

4
.

Ïî ôîðìóëå (2) ïîëó÷àåì

I =

∫ ∫
D

(
x + y +

4− x− 2y

4

) √
21

4
dxdy =

√
21

4

∫ ∫
D

(
3x

4
+

y

2
+ 1

)
dxdy =

√
21

4

∫ 4

0

dx

∫ 2−x
2

0

(
3x

4
+

y

2
+ 1

)
dy =

√
21

4

∫ 4

0

(
3x

4
y +

y2

4
+ y

)∣∣∣∣2−x
2

0

dx =

√
21

4

∫ 4

0

(
x

2
− 5

16
x2 + 3

)
dx =

√
21

4

(
x2

4
− 5x3

48
+ 3x

)∣∣∣∣4
0

dx =
7
√

21

3
.

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. Âû÷èñëèòü èíòåãðàëû.

1)
∫ ∫

S

(x2 + y2 + z2) dS, ãäå S � ïîâåðõíîñòü êóáà |x| ≤ a, |y| ≤ a, |z| ≤ a. (Îòâåò: 40a4).

2)
∫ ∫

S

(x2 + y2 + z2) dS, ãäå S � ïîëíàÿ ïîâåðõíîñòü öèëèíäðà x2 + y2 ≤ r2, 0 ≤ z ≤ H.

(Îòâåò: πr
(
r3 + 2r2H + rH2 + 2

3
H3

)
).

3)
∫ ∫

S

dS
(1+x+y)2

, ãäå S � ïîâåðõíîñòü òåòðàýäðà x + y + z ≤ 1, x ≥ 0, y ≥ 0, z ≥ 0. (Îòâåò:

(
√

3− 1)(ln 2 +
√

3/2)).

2 Ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî ðîäà

Ïóñòü â êàæäîé òî÷êå M(x, y, z) ïîâåðõíîñòè S ñóùåñòâóþò äâà ïðîòèâîïîëîæíî

íàïðàâëåííûõ íîðìàëüíûõ âåêòîðà. Âûáîð îäíîãî èç íèõ íàçûâàþò îðèåíòàöèåé

ïîâåðõíîñòè. Åñëè ïîâåðõíîñòü S ÿâëÿåòñÿ ãðàíèöåé îãðàíè÷åííîé îáëàñòè, òî

ãîâîðÿò, ÷òî å¼ ìîæíî îðèåíòèðîâàòü âíåøíåé èëè âíóòðåííåé (ïî îòíîøåíèþ ê ýòîé

îáëàñòè) íîðìàëÿìè. Ïîâåðõíîñòü S, îðèåíòèðîâàííóþ âíåøíåé íîðìàëüþ, íàçûâàþò

å¼ âíåøíåé ñòîðîíîé, à îðèåíòèðîâàííóþ âíóòðåííåé íîðìàëüþ,� íàçûâàþò å¼

âíåøíåé ñòîðîíîé.

Äëÿ îðèåíòèðîâàííîé ïîâåðõíîñòè S îïðåäåëÿþò ïîâåðõíîñòíûé èíòåãðàë âòîðîãî

ðîäà.
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Ïóñòü ïîâåðõíîñòü S îðèåíòèðîâàíà åäèíè÷íûì âåêòîðîì íîðìàëè (cos α; cos β; cos γ),

è ïóñòü íà ïîâåðõíîñòè S çàäàíû ôóíêöèè P (x, y, z), Q(x, y, z), R(x, y, z).

Ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà∫ ∫
S

Pdydz + Qdzdx + Rdxdy (4)

îïðåäåëÿåòñÿ ÷åðåç ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà ôîðìóëîé∫ ∫
S

Pdydz + Qdzdx + Rdxdy =

∫ ∫
S

(P cos α + Q cos β + R cos γ)) dS. (5)

Ïóñòü ïîâåðõíîñòü S çàäàíà ÿâíî. Íàïðèìåð, S çàäàíà óðàâíåíèåì

z = z(x, y), (x, y) ∈ D, (6)

ãäå D�ïðîåêöèÿ S íà ïëîñêîñòü XOY , z(x, y) íåïðåðûâíà âìåñòå ñî ñâîèìè

ïðîèçâîäíûìè â îáëàñòè D. Òîãäà∫ ∫
S

Rdxdy = ±
∫ ∫

D

R(x; y; z(x, y))dxdy. (7)

Ïåðåä äâîéíûì èíòåãðàëîì â ôîðìóëå (7) áåð¼òñÿ çíàê "+", åñëè ïîâåðõíîñòü S

îðèåíòèðîâàíà íîðìàëÿìè, ñîñòàâëÿþùèìè ñ îñüþ OZ îñòðûé óãîë, è çíàê "−", åñëè

ïîâåðõíîñòü S îðèåíòèðîâàíà íîðìàëÿìè, îáðàçóþùèìè ñ OZ òóïîé óãîë.

Àíàëîãè÷íî çàïèñûâàþòñÿ ôîðìóëû äëÿ
∫ ∫

S

Pdydz,
∫ ∫

S

Qdzdx.

Åñëè îáîçíà÷èòü a = {P (x, y, z); Q(x, y, z); R(x, y, z)}, à åäèíè÷íóþ íîðìàëü ê

ïîâåðõíîñòè (6)� n, òî ôîðìóëó (5) ìîæíî ïåðåïèñàòü â âèäå∫ ∫
S

Pdydz + Qdzdx + Rdxdy =

∫ ∫
S

(a · n) dS, (8)

ãäå

n = ±
−∂f

∂x
i− ∂f

∂y
j+ k√(

∂f
∂x

)2
+

(
∂f
∂y

)2

+ 1

(9)

è çíàê "+"áåðåòñÿ, åñëè ïîâåðõíîñòü S îðèåíòèðîâàíà íîðìàëÿìè, ñîñòàâëÿþùèìè ñ

îñüþ OZ îñòðûé óãîë, çíàê "−", åñëè ïîâåðõíîñòü S îðèåíòèðîâàíà íîðìàëÿìè,

îáðàçóþùèìè ñ OZ òóïîé óãîë.

Ïðèìåð 6. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

(
x2 + y2

)
dxdy,
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S � íèæíÿÿ ñòîðîíà êðóãà x2 + y2 ≤ 4, z = 0 (ñì. ðèñ.6).

M Ïîâåðõíîñòü S îðèåíòèðîâàíà íîðìàëÿìè, ñîñòàâëÿþùèìè òóïîé óãîë ñ îñüþ OZ.

Ïî ôîðìóëå (7), âçÿâ â íåé çíàê "ìèíóñ", ñâîäèì èíòåãðàë ê äâîéíîìó, êîòîðûé

âû÷èñëÿåì, ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì:

I = −
∫ ∫

x2+y2≤4

(
x2 + y2

)
dxdy = −

∫ 2π

0

dϕ

∫ 2

0

ρ3dρ = −2π
ρ4

4

∣∣∣∣2
0

= −8π. H

Ïðèìåð 7. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

zdxdy,

ãäå S � íèæíÿÿ ñòîðîíà ÷àñòè êîíè÷åñêîé ïîâåðõíîñòè z2 = x2 + y2, 0 < z ≤ H (ñì.

ðèñ.7).

M Ïîâåðõíîñòü S îðèåíòèðîâàíà íîðìàëÿìè, ñîñòàâëÿþùèìè òóïîé óãîë ñ îñüþ OZ.

Ïî ôîðìóëå (7), âçÿâ â íåé çíàê "ìèíóñ", ñâîäèì èíòåãðàë ê äâîéíîìó, êîòîðûé

âû÷èñëÿåì, ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì:

I = −
∫ ∫

x2+y2≤H2

√
x2 + y2dxdy = −

∫ 2π

0

dϕ

∫ H

0

ρ2dρ = −2

3
πH3. H

Çàìå÷àíèå. Åñëè ïîâåðõíîñòü S íå ïðåäñòàâèìà â âèäå (6), íî å¼ óäàåòñÿ ðàçáèòü íà

êîíå÷íîå ÷èñëî ÷àñòåé, êàæäàÿ èç êîòîðûõ ïðåäñòàâèìà â òàêîì âèäå, òî ïîä

ïîâåðõíîñòíûì èíòåãðàëîì ïî ïîâåðõíîñòè S ïîíèìàþò ñóììó èíòåãðàëîâ ïî å¼

÷àñòÿì.

Ïðèìåð 8. Âû÷èñëèòü èíòåãðàëû

a)I1 =

∫ ∫
S

z2dxdy, b)I2 =

∫ ∫
S

zdxdy,

ãäå S � ïîëóñôåðà x2 + y2 + z2 = R2, y ≥ 0 îðèåíòèðîâàííàÿ âíåøíåé íîðìàëüþ.

M a) Ðàçîáüåì ïîâåðõíîñòü S íà ÷àñòè S1 è S2, ðàñïîëîæåííûå ñîîòâåòñòâåííî âûøå è

íèæå ïëîñêîñòè z = 0. Òîãäà

I1 =

∫ ∫
S

z2dxdy =

∫ ∫
S1

z2dxdy +

∫ ∫
S2

z2dxdy.

Ïîâåðõíîñòè S1 è S2 èìåþò îäíó è òó æå ïðîåêöèþ D íà ïëîñêîñòü z = 0. Ñîãëàñíî

ôîðìóëå (7), ïîëó÷àåì ∫ ∫
S1

z2dxdy =

∫ ∫
D

(
R2 − x2 − y2

)
dxdy,
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òàê êàê âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè S1 îáðàçóåò ñ îñüþ z îñòðûé óãîë;∫ ∫
S2

z2dxdy = −
∫ ∫

D

(
R2 − x2 − y2

)
dxdy,

òàê êàê âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè S2 îáðàçóåò òóïîé óãîë ñ îñüþ z.

Ñëåäîâàòåëüíî,

I1 =

∫ ∫
S

z2dxdy = 0.

b) Êàê è â ñëó÷àå a), ðàçáèâàÿ ïîâåðõíîñòü S íà ÷àñòè S1 è S2 è ïðèìåíÿÿ

ôîðìóëó (7), ïîëó÷àåì∫ ∫
S1

zdxdy =

∫ ∫
D

√
R2 − x2 − y2dxdy,

∫ ∫
S2

z2dxdy = −
∫ ∫

D

(
−

√
R2 − x2 − y2

)
dxdy.

Ñëåäîâàòåëüíî,

I2 =

∫ ∫
S

zdxdy = 2

∫ ∫
D

√
R2 − x2 − y2dxdy =

2π

3
R3,

òàê êàê ïîñëåäíèé èíòåãðàë ðàâåí îáúåìó ÷åòâåðòîé ÷àñòè øàðà ðàäèóñà R. H

Ïðèìåð 9. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

(
2x2 + y2 + z2

)
dydz,

ãäå S � âíåøíÿÿ ñòîðîíà áîêîâîé ïîâåðõíîñòè êîíóñà
√

y2 + z2 ≤ x ≤ H.

M Âîñïîëüçóåìñÿ ôîðìóëîé∫ ∫
S

Pdydz = ±
∫ ∫

D

P (x(y, z); y; z)dydz,

ãäå D � ïðîåêöèÿ S íà ïëîñêîñòü Y OZ. Ó íàñ ïðîåêöèåé ïîâåðõíîñòè íà ïëîñêîñòü

Y OZ áóäåò êðóã y2 + z2 ≤ H2. Òàê êàê âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè S îáðàçóåò

"òóïîé"óãîë ñ îñüþ x, òî â ôîðìóëå íóæíî âçÿòü çíàê "−":

I = −
∫ ∫

y2+z2≤H2

(
2
(
y2 + z2

)
+ y2 + z2

)
dydz = −3

∫ ∫
y2+z2≤H2

(
y2 + z2

)
dydz =

 y = ρ cos ϕ, z = ρ sin ϕ,

J = ρ, 0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ H

 = −3

∫ 2π

0

dϕ

∫ H

0

ρ3dρ = −3π

2
H4. H

Ïðèìåð 10. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

(2z − x) dydz + (x + 2z) dzdx + 3zdxdy,

11



ãäå S � âåðõíÿÿ ñòîðîíà òðåóãîëüíèêà x + 4y + z = 4, x ≥ 0, y ≥ 0, z ≥ 0 (ñì. ðèñ.8).

M Âîñïîëüçóåìñÿ ôîðìóëîé (8). Â íàøåì ñëó÷àå

a = {2z − x; x + 2z; 3z)}, z = 4− x− 4y,
∂z

∂x
= −1,

∂z

∂y
= −4.

Ïî ôîðìóëå (9), âçÿâ â íåé çíàê "+", íàõîäèì n0 =
(

1√
18

; 4√
18

; 1√
18

)
. Ò.î.,

I =

∫ ∫
S

(a · n0) dS =
1√
18

∫ ∫
S

(2z − x + 4(x + 2z) + 3z) dS.

Ïðîåêöèåé S íà ïëîñêîñòü XOY áóäåò òðåóãîëüíèê D = {0 ≤ y ≤ 1, 0 ≤ x ≤ 4− 4y}.

Îòñþäà, èñïîëüçóÿ ôîðìóëó (2), ïîëó÷àåì

I =
1√
18

∫ ∫
D

(3x + 13(4− x− 4z))
√

18dxdy =

∫ ∫
D

(52− 52y − 10x)) dxdy =

=

∫ 1

0

dy

∫ 4−4y

0

(52− 52y − 10x)) dx =
128

3
. H

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. Âû÷èñëèòü èíòåãðàëû.

1)
∫ ∫

S

x2dydz + y2dzdx + z2dxdy, ãäå S � âíóòðåííÿÿ ñòîðîíà ïîâåðõíîñòè

ïàðàëëåëåïèïåäà 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c. (Îòâåò: (a + b + c)abc).

2)
∫ ∫

S

x2dydz + y2dzdx + z2dxdy, ãäå S � âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè êîíóñà

x2 + y2 ≤ z2, 0 ≤ z ≤ 1. (Îòâåò: π
2
).

3)
∫ ∫

S

x3dydz + y3dzdx + z3dxdy, ãäå S � âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè òåòðàýäðà

x + y + z ≤ a, x ≥ 0, y ≥ 0, z ≥ 0. (Îòâåò: 3a5

20
).

4)
∫ ∫

S

x3dydz + y3dzdx + z3dxdy, ãäå S � âíóòðåííÿÿ ñòîðîíà ñôåðû x2 + y2 + z2 = R2.

(Îòâåò: 12πR5

5
).

3 Ôîðìóëà Ãàóññà-Îñòðîãðàäñêîãî

Ïóñòü G � îáëàñòü â òð¼õìåðíîì ïðîñòðàíñòâå, îãðàíè÷åííàÿ ïîâåðõíîñòüþ S, è ïóñòü

ôóíêöèè P (x, y, z), Q(x, y, z), R(x, y, z) âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ∂P
∂x
, ∂Q

∂y
, ∂R

∂z

íåïðåðûâíû â G è íà åå ãðàíèöå. Òîãäà∫ ∫
S

Pdydz + Qdzdx + Rdxdy =

∫ ∫ ∫
G

(
∂P

∂x
+

∂Q

∂y
+

∂R

∂z

)
dxdydz, (10)

ãäå S � âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè, îãðàíè÷èâàþùåé îáëàñòü G. Ôîðìóëó (10)

íàçûâàþò ôîðìóëîé Ãàóññà-Îñòðîãðàäñêîãî. Èíîãäà åå çàïèñûâàþò â âèäå∫ ∫
S

(P cos α + Q cos β + R cos γ) dS =

∫ ∫ ∫
G

(
∂P

∂x
+

∂Q

∂y
+

∂R

∂z

)
dxdydz, (11)
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ãäå cos α, cos β, cos γ � íàïðàâëÿþùèå êîñèíóñû âíåøíåé íîðìàëè ê ïîâåðõíîñòè S.

Ïðèìåð 11. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

(1 + 2x) dydz + (2x + 3y)dzdx + (3y + 4z)dxdy,

ãäå S � âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè ïèðàìèäû x
a

+ y
b

+ z
c
≤ 1, x ≥ 0, y ≥ 0,

z ≥ 0.

M Âîñïîëüçóåìñÿ ôîðìóëîé (10). Ó íàñ P = 1 + 2x, Q = 2x + 3y, R = 3y + 4z, ∂P
∂x

= 2,
∂Q
∂y

= 3, ∂R
∂z

= 4,

I =

∫ ∫ ∫
G

(2 + 3 + 4)dxdydz = 9

∫ ∫ ∫
G

dxdydz =
3

2
abc,

òàê êàê
∫ ∫ ∫

G

dxdydz ðàâåí îáú¼ìó ïèðàìèäû G. H

Ïðèìåð 12. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

zdxdy + dydz + (5x + y)dydz,

ãäå S � âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè êîíóñà x2 + y2 ≤ z2, 0 ≤ z ≤ 4.

M Âîñïîëüçóåìñÿ ôîðìóëîé (10). Ó íàñ P = 5x + y, R = z, ∂P
∂x

= 5, ∂R
∂z

= 1,

I =

∫ ∫ ∫
G

(1 + 5)dxdydz,

ãäå G� êîíóñ z =
√

x2 + y2, 0 ≤ z ≤ 4, ïðîåêöèåé êîòîðîãî íà ïëîñêîñòü XOY

ÿâëÿåòñÿ êðóã x2 + y2 ≤ 16. Ïåðåõîäÿ ê öèëèíäðè÷åñêèì êîîðäèíàòàì, íàõîäèì

I = 6

∫ ∫ ∫
G

dxdydz =

 x = ρ cos ϕ, y = ρ sin ϕ, z = z

J = ρ, 0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ 4

 =

= 6

∫ 2π

0

dϕ

∫ 4

0

ρdρ

∫ 4

ρ

dz = 12π

∫ 4

0

ρ(4− ρ)dρ = 128π. H

Ïðèìåð 13. Âû÷èñëèòü èíòåãðàë

I =

∫ ∫
S

x3dydz + y3dzdx + z3dxdy,

ãäå S � âíåøíÿÿ ñòîðîíà áîêîâîé ïîâåðõíîñòè êîíóñà G : x2 + y2 ≤ z2, 0 ≤ z ≤ 1.

M Îáîçíà÷èì ÷åðåç I1 èíòåãðàë ïî âíåøíåé ñòîðîíå ïîëíîé ïîâåðõíîñòè S1 êîíóñà,

÷åðåç I2 èíòåãðàë ïî âåðõíåé ñòîðîíå åãî îñíîâàíèÿ S2. Òîãäà I = I1 − I2. Ê èíòåãðàëó

I1 ïðèìåíèì ôîðìóëó Ãàóññà-Îñòðîãðàäñêîãî

I1 = 3

∫ ∫ ∫
G

(
x2 + y2 + z2

)
dxdydz.
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Ïåðåõîäÿ ê öèëèíäðè÷åñêèì êîîðäèíàòàì, âû÷èñëèì ïîëó÷åííûé òðîéíîé èíòåãðàë

I1 =

 x = ρ cos ϕ, y = ρ sin ϕ, z = z, J = ρ,

0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ 1, ρ ≤ z ≤ 1

 =

= 3

∫ 2π

0

dϕ

∫ 1

0

ρdρ

∫ 1

ρ

(ρ2 + z2)dz = 6π

∫ 1

0

ρ

(
ρ2z +

z3

3

)∣∣∣∣1
ρ

dρ =

= 6π

∫ 1

0

(
ρ3 +

1

3
ρ− 4

3
ρ4

)
dρ =

9π

10
.

Âû÷èñëèì èíòåãðàë ïî îñíîâàíèþ êîíóñà

I2 =

∫ ∫
S2

x3dydz + y3dzdx + z3dxdy =

∫ ∫
S2

dxdy = π.

Ñëåäîâàòåëüíî, I = − π
10

.H

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. Ñ ïîìîùüþ ôîðìóëû Ãàóññà-Îñòðîãðàäñêîãî

âû÷èñëèòü èíòåãðàëû.

1)
∫ ∫

S

x2dydz + y2dzdx + z2dxdy, ãäå S � âíóòðåííÿÿ ñòîðîíà ïîâåðõíîñòè

ïàðàëëåëåïèïåäà 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c. (Îòâåò: (a + b + c)abc).

2)
∫ ∫

S

x2dydz + y2dzdx + z2dxdy, ãäå S � âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè êîíóñà

x2 + y2 ≤ z2, 0 ≤ z ≤ 1. (Îòâåò: π
2
).

3)
∫ ∫

S

x3dydz + y3dzdx + z3dxdy, ãäå S � âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè òåòðàýäðà

x + y + z ≤ a, x ≥ 0, y ≥ 0, z ≥ 0. (Îòâåò: 3a5

20
).

4)
∫ ∫

S

x3dydz + y3dzdx + z3dxdy, ãäå S � âíóòðåííÿÿ ñòîðîíà ñôåðû x2 + y2 + z2 = R2.

(Îòâåò: 12πR5

5
).

4 Ôîðìóëà Ñòîêñà

Ïóñòü S � îðèåíòèðîâàííàÿ ïîâåðõíîñòü, îãðàíè÷åííàÿ ñîîòâåòñòâåííî

îðèåíòèðîâàííûì êîíòóðîì L. (Ãîâîðÿò, ÷òî ïîâåðõíîñòü è îãðàíè÷èâàþùèé åå

êîíòóð îðèåíòèðîâàíû ñîîòâåòñòâåííî, åñëè íàáëþäàòåëü, äâèæóùèéñÿ ïî êîíòóðó è

ñìîòðÿùèé íà ïîâåðõíîñòü ñ òîé ñòîðîíû, êóäà íàïðàâëåíà íîðìàëü ê ïîâåðõíîñòè,

âèäèò ïîâåðõíîñòü ñëåâà). Ïóñòü ôóíêöèè P (x; y; z), Q(x; y; z), R(x; y; z) íåïðåðûâíû è

èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå â íåêîòîðîé îáëàñòè G ⊃ S. Òîãäà∫
L

Pdx + Qdy + Rdz =

∫ ∫
S

(
∂R

∂y
− ∂Q

∂z

)
dydz +

(
∂P

∂z
− ∂R

∂x

)
dzdx +

(
∂Q

∂x
− ∂P

∂y

)
dxdy.

(12)
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Ôîðìóëó (12) íàçûâàþò ôîðìóëîé Ñòîêñà. Ýòà ôîðìóëà ìîæåò áûòü çàïèñàíà â

òàêîì âèäå: ∫
L

Pdx + Qdy + Rdz =

∫ ∫
S

((
∂R

∂y
− ∂Q

∂z

)
cos α+

+

(
∂P

∂z
− ∂R

∂x

)
cos β +

(
∂Q

∂x
− ∂P

∂y

)
cos γ

)
dS, (13)

ãäå cos α; cos β; cos γ� âåêòîð åäèíè÷íîé íîðìàëè ê ïîâåðõíîñòè S, íàïðàâëåííûé

ñîîòâåòñòâåííî íàïðàâëåíèþ êîíòóðà L.

Óñëîâèìñÿ ãîâîðèòü, ÷òî çàìêíóòàÿ êðèâàÿ îðèåíòèðîâàíà ïîëîæèòåëüíî

îòíîñèòåëüíî íåêîòîðîãî âåêòîðà a , åñëè íàïðàâëåíèå íà êðèâîé (ñî ñòîðîíû, â

êîòîðóþ íàïðàâëåí âåêòîð a) ïðîòèâîïîëîæíî íàïðàâëåíèþ äâèæåíèÿ ÷àñîâîé

ñòðåëêè, è îðèåíòèðîâàíà îòðèöàòåëüíî îòíîñèòåëüíî âåêòîðà a , åñëè íàïðàâëåíèå

íà êðèâîé ñîâïàäàåò ñ íàïðàâëåíèåì äâèæåíèÿ ÷àñîâîé ñòðåëêè.

Ïðèìåð 14. Âû÷èñëèòü èíòåãðàë

A =

∫
L

(
y2 − z2

)
dx +

(
z2 − x2

)
dy +

(
x2 − y2

)
dz,

ãäå L � êðèâàÿ ïåðåñå÷åíèÿ ïàðàáîëîèäà x2 + y2 + z = 3 ñ ïëîñêîñòüþ x + y + z = 2,

îðèåíòèðîâàííàÿ ïîëîæèòåëüíî îòíîñèòåëüíî âåêòîðà (1; 0; 0).

M Ïðèìåíèì ôîðìóëó Ñòîêñà. Çà ïîâåðõíîñòü S, îãðàíè÷åííóþ êðèâîé L, ïðèìåì

÷àñòü ñåêóùåé ïëîñêîñòè x + y + z = 2, ëåæàùåé âíóòðè ïàðàáîëîèäà. Åäèíè÷íûì

âåêòîðîì íîðìàëè ê S, íàïðàâëåííûì ñîîòâåòñòâåííî íàïðàâëåíèþ êðèâîé L,

ÿâëÿåòñÿ âåêòîð
(

1√
3
; 1√

3
; 1√

3

)
(åäèíè÷íûé âåêòîð, ïåðïåíäèêóëÿðíûé ïëîñêîñòè). Òàê

êàê

P = y2 − z2, Q = z2 − x2, R = x2 − y2,

òî
∂R

∂y
− ∂Q

∂z
= −2(z + y),

∂P

∂z
− ∂R

∂x
= −2(x + z),

∂Q

∂x
− ∂P

∂y
= −2(y + x).

Ïðèìåíÿÿ ôîðìóëó (13), ïîëó÷àåì

A = − 4√
3

∫ ∫
S

(x + y + z)dS = − 8√
3

∫ ∫
S

dS.

Òàê êàê z = 2− x− y íà ïîâåðõíîñòè S, òî√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

3.
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Ïî ôîðìóëå (2) íàõîäèì

A = −8

∫ ∫
D

dxdy,

ãäå D � ïðîåêöèÿ S íà ïëîñêîñòü xOy. Èñêëþ÷àÿ z èç óðàâíåíèé

x2 + y2 + z = 3, x + y + z = 2,

è âûäåëÿÿ ïîëíûé êâàäðàò, ïîëó÷àåì(
x− 1

2

)2

+

(
y − 1

2

)2

=
3

2
,

ò.å. D � åñòü êðóã ðàäèóñà
√

3
2
. Ñëåäîâàòåëüíî,∫ ∫

D

dxdy =
3

2
π, A = −12π. H

Ïðèìåð 15. Âû÷èñëèòü èíòåãðàë

A =

∫
L

y2dx + z2dy + x2dz,

ãäå L � ãðàíèöà òðåóãîëüíèêà ñ âåðøèíàìè â òî÷êàõ (a; 0; 0), (0; a; 0), (0; 0; a),

îðèåíòèðîâàííàÿ ïîëîæèòåëüíî îòíîñèòåëüíî âåêòîðà (0; 1; 0).

M Ïðèìåíèì ôîðìóëó Ñòîêñà. Çà ïîâåðõíîñòü S, îãðàíè÷åííóþ êðèâîé L, ïðèìåì

÷àñòü ïëîñêîñòè x + y + z = a, x ≥ 0, y ≥ 0, z ≥ 0. Åäèíè÷íûì âåêòîðîì íîðìàëè ê S,

íàïðàâëåííûì ñîîòâåòñòâåííî íàïðàâëåíèþ êðèâîé L, ÿâëÿåòñÿ âåêòîð
(

1√
3
; 1√

3
; 1√

3

)
(åäèíè÷íûé âåêòîð, ïåðïåíäèêóëÿðíûé ïëîñêîñòè). Òàê êàê

P = y2, Q = z2, R = x2,

òî
∂R

∂y
− ∂Q

∂z
= −2z,

∂P

∂z
− ∂R

∂x
= −2x,

∂Q

∂x
− ∂P

∂y
= −2y.

Ïðèìåíÿÿ ôîðìóëó (13), ïîëó÷àåì

A = − 2√
3

∫ ∫
S

(x + y + z)dS.

Òàê êàê z = a− x− y íà ïîâåðõíîñòè S, òî√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

3.
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Ïî ôîðìóëå (2) íàõîäèì

A = − 2√
3

∫ ∫
D

(x + y + a− x− y)
√

3dxdy = −2a

∫ ∫
D

dxdy,

ãäå D � òðåóãîëüíèê 0 ≤ x ≤ a, 0 ≤ y ≤ a− x. Îòñþäà

A = −2a

∫ a

0

dx

∫ a−x

0

dy = −a3. H

Ïðèìåð 16. Âû÷èñëèòü èíòåãðàë

A =

∫
L

ydx + x2dy − zdz,

ãäå L � êðèâàÿ x2 + y2 = 4, z = 3, îðèåíòèðîâàííàÿ ïîëîæèòåëüíî îòíîñèòåëüíî

âåêòîðà (0; 0; 1).

M Ïðèìåíèì ôîðìóëó Ñòîêñà. Çà ïîâåðõíîñòü S, îãðàíè÷åííóþ êðèâîé L, âîçüìåì

êðóã, èìåþùèé L ñâîåé ãðàíèöåé. Åäèíè÷íûì âåêòîðîì íîðìàëè ê S, íàïðàâëåííûì

ñîîòâåòñòâåííî íàïðàâëåíèþ êðèâîé L, ÿâëÿåòñÿ âåêòîð (0; 0; 1). Òàê êàê

P = y, Q = x2, R = −z,

òî
∂R

∂y
− ∂Q

∂z
= 0,

∂P

∂z
− ∂R

∂x
= 0,

∂Q

∂x
− ∂P

∂y
= 2x− 1.

Ïðèìåíÿÿ ôîðìóëó (13), ïîëó÷àåì

A =

∫ ∫
S

(2x− 1)dS =

∫ ∫
D

(2x− 1)dxdy,

ãäå D � êðóã x2 + y2 = 4. Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, ïîëó÷àåì

A =

∫ 2π

0

dϕ

∫ 2π

0

(2ρ cos ϕ− 1)ρdρ =

∫ 2π

0

[
2
ρ3

3
cos ϕ− ρ2

2

]∣∣∣∣2
0

dϕ = −4π. H

Ïðèìåð 17. Âû÷èñëèòü èíòåãðàë

A =

∫
L

ydx− xdy + zdz,

ãäå L � êðèâàÿ x2 + y2 + z2 = 4, x2 + y2 = z2, z ≥ 0, îðèåíòèðîâàííàÿ ïîëîæèòåëüíî

îòíîñèòåëüíî âåêòîðà (0; 0; 1).

M Ïðèìåíèì ôîðìóëó Ñòîêñà. Íàéäåì ëèíèþ ïåðåñå÷åíèÿ øàðà x2 + y2 + z2 = 4 è

êîíóñà x2 + y2 = z2.

17



Çäåñü L � îêðóæíîñòü x2 + y2 = 2. Çà ïîâåðõíîñòü S, îãðàíè÷åííóþ êðèâîé L, âîçüìåì

êðóã, ÿâëÿþùèéñÿ ïåðåñå÷åíèåì øàðà è êîíóñà è èìåþùèé L ñâîåé ãðàíèöåé.

Åäèíè÷íûì âåêòîðîì íîðìàëè ê S, íàïðàâëåííûì ñîîòâåòñòâåííî íàïðàâëåíèþ

êðèâîé L, ÿâëÿåòñÿ âåêòîð (0; 0; 1). Òàê êàê

P = y, Q = x2, R = −z,

òî
∂R

∂y
− ∂Q

∂z
= 0,

∂P

∂z
− ∂R

∂x
= 0,

∂Q

∂x
− ∂P

∂y
= 2x− 1.

Ïðèìåíÿÿ ôîðìóëó (13), ïîëó÷àåì

A =

∫ ∫
S

(2x− 1)dS =

∫ ∫
D

(2x− 1)dxdy,

ãäå D � êðóã x2 + y2 ≤ 2. Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, ïîëó÷àåì

A =

∫ 2π

0

dϕ

∫ 2

0

(2ρ cos ϕ− 1)ρdρ =

∫ 2π

0

[
2
ρ3

3
cos ϕ− ρ2

2

]∣∣∣∣2
0

dϕ = −4π. H

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. Ñ ïîìîùüþ ôîðìóëû Ñòîêñà âû÷èñëèòü

èíòåãðàëû.

1)
∫
L

2xzdx− ydy + zdz, ãäå L � êîíòóð, îáðàçîâàííûé ïåðåñå÷åíèåì ïëîñêîñòè

x + y + 2z = 2 ñ êîîðäèíàòíûìè ïëîñêîñòÿìè (Îòâåò: 4
3
).

2)
∫
L

zdx + xdy + ydz, ãäå L � êðèâàÿ x2 + y2 = 4, z = 0, îðèåíòèðîâàííàÿ ïîëîæèòåëüíî

îòíîñèòåëüíî âåêòîðà (0; 0; 1) (Îòâåò: 4π).

3)
∫
L

zy2dx + xz2dy + x2ydz, ãäå L � êðèâàÿ x = y2 + z2, x = 9, îðèåíòèðîâàííàÿ

ïîëîæèòåëüíî îòíîñèòåëüíî âåêòîðà (1; 0; 0) (Îòâåò: 729π).

Ïðèìåð 18. Äàíî ýëåêòðè÷åñêîå âåêòîðíîå ïîëå, â êàæäîé òî÷êå êîòîðîãî ïî çàêîíó

Êóëîíà äåéñòâóåò âåêòîð F = ke
r2 r0, ãäå r � ðàññòîÿíèå äàííîé òî÷êè îò íà÷àëà

êîîðäèíàò, e � ïîëîæèòåëüíûé ýëåêòðè÷åñêèé çàðÿä, r0 � åäèíè÷íûé âåêòîð,

íàïðàâëåííûé ïî ðàäèóñó-âåêòîðó äàííîé òî÷êè, k = const. Îïðåäåëèòü ïîòîê

âåêòîðíîãî ïîëÿ ÷åðåç ñôåðó x2 + y2 + z2 = R2.

M Èìååì

Π =

∫ ∫
S

(F · n)dS =

∫ ∫
S

ke

r2
(r0 · n)dS.

Òàê êàê r = R = const è ñêàëÿðíîå ïðîèçâåäåíèå (r0 · n) = 1, òî

Π =
ke

R2

∫ ∫
S

dS =
ke

R2
Sñô =

ke

R2
4πR2 = 4πke.H
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