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�99:>/A4I�9�w[I[eN�YIwwUW[YNVI�fSWVWUQSW-UI[NUI[Q̀NwSIhUWMNTe�

yXYIKTNVQh�_NXhUQ�XWw[IKWS�yiTh�K�wQw[NUÎ�[WXTQKVW-fVNYiN[Q̀NwSWiW�SWU�

XTNSwI�VI�SWVSYN[VWU�ỳIw[SN�_NXQ�4�KVy[YQaÎ[VdR�SWVKNRNYVdR�[YIVwXWY[��

BYNMTWONVVIh�TWiQw[Q̀NwSIh�UWMNTe�WwVWKIVI�VI�QwXWTePWKIVQQ�fSWVWUQSW-�UI�

[NUI[Q̀wSQ̂�UN[WMWK��w�XWUWbeg�SW[WYd̂�wWPMIVd�JITIVwWKdN�wWW[VWaNVQh�

WXQwdKIgbQN�QPỳINUdN�XYW_Nwwd�=WYYNS[VW�wWw[IKTNVVIh�UWMNTe��IMNSKI[�

VIh��MWw[WKNYVIh��XWTVIh��UIwa[IJQYyNUIh �XWPKWThN[�QwXWTePWKI[e�YNPyTe[I[d�

UWMNTQYWKIVQh�VI�XYIS[QSN��MWw[QiIh�YNPyTe[I[WK��JTQPSQ̂�S�XWTỳNVVdU�XYQ�

UWMNTQYWKIVQQ��BYQUNVNVQN�K�XYWQPKWMw[KN�YIPYIJW[IVVWR�UWMNTQ�WJNwXǸQKI�

N[�XWKdaNVQN�f]]NS[QKVWw[Q�yXYIKTNVQh�[YIVwXWY[VdUQ�wN[hUQ�[WXTQKVW-

fVNYiN[Q̀NwSWiW�SWUXTNSwI��̀[W�wXWwWJw[KyN[�PVÌQ[NTeVWUy�wVQONVQg�WJciUy�

WXNYI[QKVd̂�PI[YI[�K�_NXQ�wWPMIVQh�w[WQUWw[Q��XYQ̂WMhbQ̂wh�VI�_NXQ�XWw[IKWS.

 7HB20E2�=7:0/ [WXTQKVW-fVNYiN[Q̀NwSQR�SWUXTNSw,�_NXQ�XWw[IKWS��TW�

iQw[Q̀NwSQN�wQw[NUd��iYyPWXW[WSQ��SWVKNRNY�UWMNTQYWKIVQN.

����0212942

]I�wWKYNUNVVd̂��WYQNV[QYWKIVVd̂�VI�STQNV[I��YdVSÎ�SWVSyYQYyg[�VN�

W[MNTeVdN�XYNMXYQh[Qh��I�_NXQ�XWw[IKWS��GB ��XYWQPKWMw[KNVVdN�Q�TWiQw[Q̀N�

wSQN�wN[Q��H[I�[NVMNV_Qh�wKhPIVI�w�MKyUh�]IS[WYIUQ:�w[YI[NiQ̀NwSQU�KPIQUW�

MNRw[KQNU�XYNMXYQh[QR�Q�]WYUQYWKIVQNU�2wN[NKd̂P�UNOWYiIVQPI_QWVVd̂�

w[YyS[yY��2, a.5]. AwVWKVdUQ�f[IXIUQ�GB�hKThN[wh�Q̂�XTIVQYWKIVQN�K�wWW[�

KN[w[KQQ�w�_NThUQ�XYWNS[I�Q�WXNYI[QKVWN�yXYIKTNVQNK�MQVIUQSN�K�wWW[KN[�

w[KQQ�w�[NSybQUQ�ywTWKQhUQ�KdXWTVNVQh�YIJW[��]I�XYIS[QSN�_NXQ�YNMSW�

]WYUQYyg[wh�2w�VyThP��=IS�XYIKQTW��YǸe�QMN[�WJ�yTỳaNVQQ�yON�wybNw[�

KygbQ̂�[5, a����BW�f[WUy�WwVWKVyg�XYWJTNUy�UWMNTQYWKIVQh�GB�UWOVW�

w]WYUyTQYWKI[e�SIS��.���.����.������������-�����.���� �����.���-�.����
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����.��.�����.���:IVVIh�XYWJTNUI�hKThN[wh�WMVWR�QP�WwVWKVd̂�K�SWV_NX_Q�

ĥ�yXYIKTNVQh�GB��WwVWKIVVd̂�VI�MQVIUQ̀NwSWU�XWw[YWNVQQ�Q�WYQNV[QYW�

KIVVd̂�VI�PISIP�STQNV[I�%��a�
���=�[ISQU�SWV_NX_QhU�W[VWwh[wh���++�

Customizaton ([4], [6]), CPFR ([3], [7])��wN[Q�XYNMXYQh[QR�UITWiW�Q�wYNMVNiW�

JQPVNwI�[8]��BYW_Nww�UWMNTQYWKIVQh�_NXQ�hKThN[wh�̀YNPKd̀IRVW�KIOVdU��[IS�

SIS�����WJbNR�w[WQUWw[Q�XYWMyS[I�WXYNMNThN[wh�f]]NS[QKVWw[eg�������

�����-�����.���� �����.���-��[5, a�����:WTh�WXNYI[QKVd̂�PI[YI[�K�_NXQ�wWP�

MIVQh�w[WQUWw[Q��XYQ̂WMhbIhwh�VI�GB��wWw[IKThN[�����<wwTNMWKIVQh��XYW�

KNMNVVdNVI�iWwyMIYw[KNVVWU�XYNMXYQh[QQ�2aNTQMWKyiWTeP�4�aÎ[I�2CWwwQhP�

4MWSIPITQ�XYhUyg�KPIQUWwKhPe�UNOMy�f]]NS[QKVWw[eg�GB�Q�]QVIVwWKdUQ�

YNPyTe[I[IUQ��

aTNMyN[�W[UN[Q[e��̀[W�SWYYNS[VW�wWw[IKTNVVIh�UWMNTe��IMNSKI[VIh��MWw�

[WKNYVIh��XWTVIh��UIwa[IJQYyNUIh �XWPKWThN[�QwXWTePWKI[e�YNPyTe[I[d�UWMN�

TQYWKIVQh�VI�XYIS[QSN��MWw[QiIh�YNPyTe[I[WK��JTQPSQ̂�S�XWTỳNVVdU�XYQ�UW�

MNTQYWKIVQQ�BTIVQYWKIVQN�GB�wKhPIVW�wW�PVÌQ[NTeVWR�VNWXYNMNTNVVWw[eg�

ywTWKQR��K�SW[WYd̂�JyMN[�XYWQŵWMQ[e�YNITQPI_Qh�XYWiYIUU�]yVS_QWVQYW�

KIVQh��a�MYyiWR�w[WYWVd��KdXWTVNVQN�YIJW[�K�GB�wWXYWKWOMIN[wh�VNXYNYdK�

VdUQ�QPUNVNVQhUQ�XNYKWVÌITeVd̂�XTIVWK�KwTNMw[KQN�KTQhVQh�YIPTQ̀Vd̂�

WJcNS[QKVd̂�Q�wyJcNS[QKVd̂�]IS[WYWK�KVy[YNVVNR�Q�KVNaVNR�wYNMd��H[W�

[YNJyN[�WXNYI[QKVWR�SWYYNS[QYWKSQ�SIS�wIUQ̂�_NXNR�XWw[IKWS��[IS�Q�UWMN�

TNR�yXYIKTNVQh�VQUQ��

����%:=>/9:06/�3/1/B4. 

GNTe�w[I[eQ�4�XYNMTWOQ[e�YIwwUW[YNVQg�YIPYIJW[IVVyg�TWiQw[Q̀NwSyg�

UWMNTe�f]]NS[QKVWiW�yXYIKTNVQh�_NXhUQ�XWw[IKWS�K�wQw[NUÎ�[WXTQKVW-

fVNYiN[Q̀NwSWiW�SWUXTNSwI�VI�SWVSYN[VWU�ỳIw[SN�_NXQ�4�KVy[YQaÎ[VdR�SWV�

KNRNYVdR�[YIVwXWY[��CNaNVQN�ySIPIVVWR�XYWJTNUd�XWPKWTQ[�yUNVeaQ[e�[YIVw�

XWY[VdN�YIŵWMd�VI�XNYNKWPSy�yiTh�W[�XWw[IKbQSI�wdYeh�MW�SWVǸVWiW�XW[YN�

JQ[NTh�Q�[NU�wIUdU�wVQPQ[�NiW�wNJNw[WQUWw[e�

:Th�MWw[QONVQh�XWw[IKTNVVWR�_NTQ�YNaINU�PIMÌy�Xy[iU�yw[IVWKTNVQh�

Q[NYI_QWVVd̂�wWiTIwWKIVQR�Q�JITIVwQYWKSQ�XYWXywSVWR�wXWwWJVWw[Q�[YIVw�
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XWY[Vd̂�SWUUyVQSI_QR�w�ỳN[WU�UWbVWw[NR�XWiYyPẀVW-YIPiYyPẀVd̂�UN̂I�

VQPUWK��:Th�f[WiW�QwXWTePyNU�fSWVWUQSW-UI[NUI[Q̀NwSQN�UN[WMd.

��	��&23?7F>/>E. EQXQ̀VIh�_NXe�XWw[IKWS�yiTh�K�wQw[NUN�[WXTQKVW-

fVNYiN[Q̀NwSWiW�SWUXTNSwI�QUNN[�wTNMygbyg�w[YyS[yYy.

4XYNMXYQh[Qh�XYWQPKWMQ[NTQ�4�aÎ[d��YyMVQSQ�

4YIwXYNMNTQ[NTeVdN�_NV[Yd��wSTIMd�Q�MYyiQN�fTNUNV[d�YNPNYKQYWKIVQh�

XYWMyS_QQ�W[�SW[WYd̂�wdYeiVIXYIKThN[wh�XW[YNJQ[NThU;

4XYNMXYQh[Qh, SW[WYdN�XNYNYIJI[dKIg[�wdYei�WJWiI[Q[NTeVdN�]IJYQSQ;

4XW[YNJQ[NTQ�SWSwŴQUPIKWMd, fTNS[YWw[IV_QQ�Q�MY.

[WiQw[Q̀NwSIh�_NXe�[YIVwXWY[VWR�wN[Q�KVy[YQ�aÎ[d�wWw[WQ[�QP�wTNMygbQ̂�

XYWQPKWMw[KNVVd̂�SWUXWVNV[WK��YQw��1):

4MWJd̀VWR�SWUXTNSw�

4ỳIw[SWKdR�TNV[ẀVdR�SWVKNRNY�

4JyVSNYI��VISWXQ[NTeVdN�QywYNMVhgbQN�

4ySTWVVdR��JYNVwJNYiWKdR �SWVKNRNY�

4UIiQw[YITeVdR�TNV[ẀVdR�SWVKNRNY�QTQ�TWSWUW[QKVIh�W[SI[SI�

4wSQXWKWR�XWMcNU�

CIwwUW[YQU�XWw[YWNVQN�TWiQw[Q̀NwSWR�UWMNTQ�KVy[YQaÎ[VWiW�SWVKNRNY�

VWiW�[YIVwXWY[I�VI�iYyPWXW[WSÎ,�SW[WYdN�wKhPIVd�w�KdKWPWUyiTh�QXWYWMd�Q�

hKThg[wh�WwVWKVdUQ�XW[WSIUQ�K�[YIVwXWY[VWR�wQw[NUN�iWYVW-fVNYiN[Q̀NwSWiW�

SWUXTNSwI.

Byw[e�VNSW[WYWN�iWYVWMWJdKIgbNN�XYNMXYQh[QN���wWMNYOQ[�XyVS[d�%n SW�

[WYdN�hKThg[wh�[YIVwXWY[VdUQ�yPTIUQ�MTh�SWVKNRNYVWiW�[YIVwXWY[I�$KVy[YQ�

aÎ[d, K�SW[WYd̂�WwybNw[KThN[wh�XYWQPKWMw[KW��XWiYyPSI��XNYNiYyPSI��ISSyUy�

TQYWKIVQN�XYWMyS_QQ. BYWQPKWMQUyg�XYWMyS_Qg�4�yiWTe�Q�XWYWMy4JyMNU�

QUNVWKI[e�XYWMyS[WU: 1p 4yiWTe, 2p 4XWYWMI��AJWPVÌQU�̀NYNP���[YIVwXWY[�

Vyg�wN[eKVy[YQ�aÎ[d��ByVS[d�XYWQPKWMw[KI�Q�ISSyUyTQYWKIVQh�XYWMyS_QQ

wWNMQVhg[wh�SWUUyVQSI_QhUQ, VIXYQUNY� 1 T(l, l ) .�FSIPIVVIhSWUUyVQSI_Qh�

XYNMXWTIiIN[wh�Jd[e�WYQNV[QYWKIVVWR�QP�XyVS[I�%�K�XyVS[�1l ��XYQ̀NU�VI�SWU�

UyVQSI_QQ�UNOMy�%�Q�1l �MYyiQN�XyVS[d�W[wy[w[Kyg[��=YWUN�[WiW�ẁQ[INU��̀[W�
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UWON[�Jd[e�VN�JWTNN�WMVWR�SWUUyVQSI_QQ�QP�%�K�1l .�]N�MWXywSINU�wybNw[KWKI�

VQN�SWUUyVQSI_QR� T(l, l) �w�VÌITWU�Q�SWV_WU�K�WMVWU�Q�[WU�ON�XyVS[N�AJWPVI�

Q̀U�WwVWKVdNKd̂WMVdNQ�K̂WMVdN�XW[WSQ�TWiQw[Q̀NwSWR�wQw[NUdKVy[YQ�

aÎ[VWR�[YIVwXWY[VWR�wN[Q�wWW[KN[w[KNVVW�̀NYNP�v�Q�v�. a�ỳN[WU�KdaN�QP�

TWONVVWiW��KKNMNU�wTNMygbQN�KNTQ̀QVd�
i 1p kl lf (t)4iYyPWXW[WS�XYWMyS[I�ip , VI�

XYIKThgbQRwhSWVKNRNYWU�K�l1�XW�SWUUyVQSI_QQ� 1 T(l, l ) �K�UWUNV[�KYNUNVQ�,��I�

10kl lf (t)4�̂WTWw[WR�̂WM�YIJW[d�SWVKNRNYI��:WXWTVQ[NTeVW�KKNMNU�NbN�iYyPWXW�

[WSQ��
ip klg (t)� 4�iYyPWXW[WS�XYWMyS[I�ip ��XWiYyONVVWiW�VI�SWVKNRNY�K�XyVS[N�%�K�

UWUNV[�KYNUNVQ�,��
ip klg (t)� 4�iYyPWXW[WS�XYWMyS[I�ip ��YIPiYyOINUWiW�K�XyVS[N�%�w�

SWVKNRNYI�K�UWUNV[�KYNUNVQ�,�

CQw��1 âNUI�w[YyS[yYd�TWiQw[Q̀NwSWR�_NXQ�XWMPNUVWiW�[YIVwXWY[I�aÎ[d�

XYQ�W[YIJW[SN�XWTWiQ̂�XTIw[WK�MTQVVdUQ�w[WTJIUQ�XW�KWww[IVQg

?IiQw[YITeVdR�SWVKNRNY�QTQ�TWSWUW[QKVIh�W[SI[SI�?962<

aSQXWKWR�
XWMcNU

ÀQw[VWR�PIJWR

�?962<

À Qw[VWR�PIJWR

�?962< �?962<
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;IXIw�XYWMyS[I ip �UWON[�Jd[e�XWTWOQ[NTeVdU��VIXYQUNY�QPJd[WS�iWYVWR�

UIwwd�K�JyVSNYN��[IS�Q�W[YQ_I[NTeVdU�4�VNMWw[ÌI�iWYVWR�UIwwd��aTNMyN[�PI�

UN[Q[e��̀[W�K�JNPJyVSNYVWR�_NXẀSN�SWVKNRNYWK��iMN�[YIVwXWY[VdN�yPTd�ln�XW�

wy[Q�hKThg[wh�XyVS[IUQ�XNYNiYyPSQ�w�WMVWiW�SWVKNRNYI�VI�MYyiWR��QPUNVNVQN�

KNTQ̀QVd�iYyPWXW[WSI�XYWQŵWMQ[�PI�ẁi[�wTQhVQh�w�MYyiQUQ�iYyPWXW[WSIUQ��

F̀Q[dKIh�w[YyS[yYy�TWiQw[Q̀NwSWR�wQw[NUd�KVy[YQaÎ[VWiW�[YIVwXWY[I, 

XWw[YWQU�UWMNTe�Ni�iYyPWXW[WSWK��YQw��2):

CQw��2 ?WMNTeiYyPWXW[WSWK�TWiQw[Q̀NwSWR�wQw[NUd�KVy[YQaÎ[VWiW�

[YIVwXWY[I

aWw[IKQU�JITIVwWKdN�wWW[VWaNVQh[YIVwXWY[Vd̂�XYW_NwwWK (XNYNKWPSI, 

XWiYyPSI�Q�YIPiYyPSI�XYWMyS[I�ip ) MTh�SWVKNRNYVWiW�[YIVwXWY[I�KVy[YQ�aÎ[d�

9�YNPyTe[I[N�JyMNU�QUN[e:

&232<04<?H-
C45�G72829>�=�
>26?C48�3/;/�
=:8

i 1p lx (t)

!/0/�474�
;<:@:16/�

m1

&232<04<?H-
C45�G72829>�=�
>26?C48�3/;/�
=:8

i i 1p lx (t)
�

i 1l �

'64;:0:5
;:1D28

i 1p mv�

&232<04<?H-
C45�G72829>�=�
>26?C48�3/;/�
=:8

i ip lx (t)

i 2p mv� i ip mv�

i 3p mv�

i 1 2p kl lf

i i 1 i

n

p kl l
i 1

f
�

�
�

i i i 1

n

p kl l
i 1

f
�

�
�

�
�

!/0/�474�
;<:@:16/�

m3

!/0/�474�
;<:@:16/�

m2

!/0/�474�
;<:@:16/�

mi
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i n i i 1 i i i i i i 1 i i 1 i i i i

n T n T

p l p l l p l p l l l l p l p l
l L l L

x (t) f (t) g (t) f (t ) g (t )
� � �

� �

� � �

� �

� � � �� � ��� �� (1)

iMN
i np lx (t)� 4wSWYWw[e�QPUNVNVQh�KNTQ̀QVd�iYyPWXW[WSI�

i np lx �XYWMyS[I�ip

K�XyVS[N�nl K�UWUNV[�YIPiYyPSQ�

i i 1 i

n T

p l l
l L

f (t)
�

��
� 4�wyUUIYVdR�iYyPWXW[WS�XYWMyS[I ip , MWw[IKTNVdR�K�

XyVS[�il SWVKNRNYWUQP�MYyiQ̂�[YIVwXWY[Vd̂�yPTWK�XW�SWUUyVQSI_Q, 

i 1 i T(l , l )� ;

i ip lg (t)� 4iYyPWXW[WS�XYWMyS[I�ip ��XWiYyONVVWiW�K�XyVS[N�il �VI�SWVKNRNY;

i i i 1 i i 1

n T

p l l l l
l L

f (t )
� �

��

��� 4�wyUUIYVdR�iYyPWXW[WS�XYWMyS[I ip ��W[XYIKTNVVW�

iW�QP�XyVS[I�il �VI�SWVKNRNYN�K�XyVS[�i 1l ��XW�SWUUyVQSI_Q i i 1 T(l , l )� ;

i i i ip l p lg (t )� ��� 4iYyPWXW[WS�XYWMyS[I�ip ��VIXYIKTNVVWiW�SWVKNRNYWU�VI�

YIPiYyPSy�K�XyVS[�il ;

i n i np l 0 p l nx (t ) fix, x (l ) 0� � ;

i i 1 ip l lf (t) fix
�

� XYQ
i 1 i0 0 l lt [t , t ]
�

� �� ;

i i 1l l �
� 4�XYWMWTOQ[NTeVWw[e�MKQONVQh�iYyPWXW[WSI�XYWMyS[I�ip QP�XyVS�

[I�il �K�XyVS[�i 1l ��SWVKNRNYWU;

i i 2kl l �
� 4�XYWMWTOQ[NTeVWw[e�MKQONVQh�iYyPWXW[WSIXYWMyS[I�ip �QP�XyV�

S[I�il �K�XyVS[�i 2l � SWVKNRNYWU;

i i 1 i i ip l l p lf (t) 0, g (t) fix
�

�� � XYQ�
i i0 0 p lt [t , t ]�� �� ;

i ip l
�� 4�XYWMWTOQ[NTeVWw[e�XWiYyPSQ�QTQ�YIPiYyPSQ�iYyPWXW[WSI�XYW�

MyS[I�ip �K�XyVS[N il �wWW[KN[w[KNVVW�w�JyVSNYI�VI�SWVKNRNY��w�SWVKNR�

NYI�VI�SWVKNRNY�QTQ�w�SWVKNRNYI�K�JyVSNY;

i ip l ig (t) 0, p 0� � � .



7

IV. �E0:1E. 

BYNMw[IKTNVVdNJITIVwWKdN�wWW[VWaNVQh�WXYNMNThg[�QPUNVNVQh�PIXIwWK�

yiThVI�SWVSYN[VWU�ỳIw[SN�_NXQ�XWw[IKWS4�KVy[YQaÎ[VdR�SWVKNRNYVdR�

[YIVwXWY[��SW[WYdR�K̂WMQ[�K�TWiQw[Q̀NwSyg�wN[e�wQw[NUd�[WXTQKVW-

fVNYiN[Q̀NwSWiW�SWUXTNSwI.

BWTỳNVVdN�yYIKVNVQhXYNMw[IKThg[�wWJWR�WJcNMNVNVVdR�WXNYI[WY�XTI�

VQYWKIVQh�[YIVwXWY[VWR�wN[QQ�Ni�iYyPWXW[WSWK��SW[WYdN�WXQwdKIg[�WwVWKVdN�

[N̂VWTWiQ̀NwSQN�MNRw[KQh�TWiQw[Q̀NwSWiW�WXNYI[WYI�K�ŵNUN�]yVS_QWVQYWKI�

VQh�[YIVwXWY[VWR�wQw[NUd�iWYVW-fVNYiN[Q̀NwSWiW�SWUXTNSwI��XNYNKWPSI��XW�

iYyPSI���YIPiYyPSI�yiTh�Q�XWYWMd��KdJWY�[YIVwXWY[Vd̂�UWbVWw[NR�XW�XYWXywS�

VWR�wXWwWJVWw[Q�SWUUyVQSI_QR�w�ỳi[WU�UWbVWw[NR�XWiYyPẀVW-YIPiYyPẀVd̂�

UN̂IVQPUWK�QiUSWw[Q�JyVSNYWK. 

CIPYIJW[IVVIh�TWiQw[Q̀NwSIh�UWMNTe�XWPKWThN[ỳQ[dKI[e�VNMWw[I[SQ�wy�

bNw[KygbQ̂�wXWwWJWK�yXYIKTNVQh�Q�MWw[I[ẀVW�VIMNOVW�XYWiVWPQYWKI[e�YIJW�
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