
ISSN 0018�151X, High Temperature, 2011, Vol. 49, No. 4 pp. 512–519. © Pleiades Publishing, Ltd., 2011.
Original Russian Text © I.K. Loktionov, 2011, published in Teplofizika Vysokikh Temperatur, 2011, Vol. 49, No. 4, pp. 529–536.

512

INTRODUCTION

The establishment of the relationship between the
macroscopic properties of the material and its micro�
scopic parameters is one of the primary problems of
statistical mechanics. The consequent solution of this
problem can be performed within the Gibbs approach.
The prospects of the elaboration of the microscopic
theory of the equilibrium thermodynamic properties
of materials in a wide temperature interval including
the critical point (CP) can be related to [1]. In this
work, the configuration integral (CI) of a classical
one�component system with the pair interparticle
potentials  allowing the Fourier decomposition is
presented as a product of the same terms and is calcu�
lated by means of the Weil theorem. The idea of the
factorization of the integrand was developed in [2], in
which the CI for the considered systems was calcu�
lated by the saddle�point method.

In the pair�additive approximation, the CI of a sys�
tem of  particles in a volume  is

(1)

and it allows the determination of the contribution of
the interparticle interactions to the free Helmholtz
energy  Here   – is the
temperature,  is the Boltzmann constant,  are

atomic coordinates,  is the free

energy of the ideal gas,  is the thermal
de Broglie wavelength,  is the Planck constant,  is
the particle mass, and 

It is supposed that pair potential can be expanded
in a Fourier series
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where  (a set of wave vectors k) is a definitional
domain of the Fourier image  The  function
is real and depends on the module of the modulus of
the vector k, since the potential is central . Let us
consider that  In this case, the potential is
stable and the system has a thermodynamic limit [3].

Let us express now the total potential energy of the
system in terms of 

(3)

Here

The constant  is introduced to compensate the
terms with  In the summation over k a term with

 is singled out in the right�hand part of (3) as the
term 

By substituting (3) into (1), we obtain the expres�
sion for the CI as
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(4)

where 
By means of the Stratonovich–Habbard transfor�

mation based on the Poisson integral, let us write

(5)

By performing the transformation (5) separately
for each multiplicand in the right�hand part of (4), we
come to the following presentation for the CI:

 (6)

Only the last exponent in this expression depends
on the coordinates of the particles. By changing the
integration order in (6), let us select the integral

Taking into account that  and  are sums
over the coordinates of the particles, there appears the
possibility of the factorization  i.e., the presenta�

tions as a product of  terms :

After the substitution of  and  in (6), we come
to the expression

(7)

where  = 

x(k), y(k) are the additional variables of the Stratonov�
ich–Habbard transformation. The presence of the
large parameter N allows us to calculate integral (7) by the
saddle�point method. The expansion of the function G
in the vicinity of the stationary point 
with the accuracy of up to quadratic terms is
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It is seen that, at rather high temperatures, i.e., at
 it is possible to ignore the unity in

the square brackets of (8), and then the case of the
ideal gas  occurs.

Let us substitute (8) in (7) and obtain Gauss inte�
grals

By integrating over the variables , we find

Thence after changing the summation over  by inte�

gration with formula  =  taken into

account and analogously  = , we

obtain

(9)

This formula coincides with the result obtained by
D.N. Zubarev [4].

For potentials unlimited in zero, the singularity
 is compensated by the divergence of the inte�

gral over  in the right�hand part of (9). At  the
Fourier image  decreases, approaching zero.
Then at large k values  ≈  and

since  =  the integral

 also diverges. Therefore, the

addition of the term  to the integrand in (9)
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allows us to eliminate the divergence of the integral at
large k. In addition, note that at large k the function
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 ≈  Therefore,
the convergence of the integral is provided if

 i.e., the index k should be larger than
3/2. This condition is satisfied by all model potentials
considered in this work.

The thermodynamic functions were calculated by
standard methods of thermodynamics from the Helm�
holtz free energy. Thus, the equation of state and the
chemical potential of the model system are

(11)

(12)

where the notation  is introduced.

MODEL POTENTIALS

The interparticle forces are not directly measured
in the experiment, and the real interatomic potentials
are unknown. However, one of the approximations,
which can be used for any liquids when calculating
their thermodynamic characteristics, consists in the
assumption that the properties of liquids are mainly
determined by the sharply increasing repulsion part of
the interaction potential [5]. This assumption is sup�
ported, for example, by [6] on the numerical simula�
tion of liquid, in which the obtained results were in
agreement with the experimental data for real liquids.
Therefore, to simplify the calculations, let us at first
take into account only the repulsion forces, and repre�
sent the form of the interaction potential ν(r) by the
monotonically decreasing positive functions of  with
the corresponding Fourier images

 (13)

  (14)

In addition, the alternating potential with the
potential wells and attraction part is of interest; it at
least qualitatively corresponds to the potentials used
for the description of the behavior of liquid metals [7]
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where  are the parameters of the potential
 When calculating the integrals (2), which deter�

mine the Fourier image of the interaction potential, it
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use in the calculations of simple two�parameter poten�
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analytical solution of the problem; however, as could be
expected, it does not lead to the loss of main properties of
the model systems characteristic for real liquids.

EQUATION OF STATE AND CRITICAL POINT

As a result of calculation of the integral over  in
the right�hand part of (11) with Fourier images (13)–
(15), we obtain equations of state corresponding to the
order of the introduction of the interatomic potentials:

 (16)

 (17)

 (18)

where    =

.
To give the microscopic description of different

thermodynamic properties of the material, it is neces�
sary to know the numeric values of the a and A param�
eters of the interaction potentials. These values can be
found by any method, which allows one to establish
the dependences between the a and A parameters and
the quantities measured in the experiment. One such
method, which requires minimal experimental infor�
mation, is related to the solution of the system of
equations determining the critical state of the material

 (19)

With the substitution of functions (13)–(15), this
system of equations is in each case reduced to the lin�
ear or quadratic equation with respect to the dimen�
sionless quantity  In the case of the
potential (13), system (19) is
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Let us write the solutions of system (19) in the same
order, in which the model potentials and correspond�
ing equations of state are presented

 (21)

(22)

(23)

It is clear that, to find a and A, it is sufficient to use
experimental values of the critical density nc and tem�
perature Tc.

To check the validity of the theoretical conclusions
and their quantitative agreement with the experimen�
tal data, argon is chosen here with the critical param�

eters   [8]. The a and A
values calculated according to formulas (21)–(23) are
given in the table of parameters of the interaction
potentials (13)–(15). The values of the critical pres�
sure calculated for the model systems from the exper�
imental nc and  values for argon are given in the last
column of the table.

The plot of the oscillating potential (15) for the
parameters found for argon is given in Fig. 1. The form
of the potential curve leaves no doubt that this plot is
applicable for the description of the properties of sim�
ple liquids.

Using the critical values , , and , let us present
equations of state (16)–(18) in the reduced variables
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which agrees with the law of the corresponding states
for the two�parameter potentials [9]. Isotherms built
according to these equations at  have characteris�
tic van der Waals loops indicating the liquid–gas phase
transition, and at , saddle points. Minima corre�
sponding to the Boyle points, which form the curve of
the same name, are observed in the isotherms in the
coordinates  in a certain temperature interval .
At the definite temperature  (Boyle temper�
ature), this curve has a region close to horizontal.

Note that the appearance of condensation in the
system with the Yukawa repulsion potential was estab�
lished in the theory of reduced group decomposition
[10] and the Monte Carlo method [11]. In addition,
phase transitions in the systems with repulsion were
considered in [12–15]; in particular, a model describ�
ing condensation was proposed in [12].

LINES OF THE PHASE EQUILIBRIUM

A traditional approach when building the lines of the
equilibrium is the solution of the system of equations

 (27)

which expresses the conditions of the equilibrium of
the coexisting phases with the densities ω1 and .
Avoiding writing the systems of type (27) for each case
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v(r) × 10–23, J

r × 10–10, m

Fig. 1. Oscillating potential (15).
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and keeping the specified sequence of the presentation
of results, we give here only the expressions for the
chemical potentials obtained upon the integration of
(12) and used for the calculation of  and :

 

Searching for the analytical solution of system (27)
in the closed form is exceedingly complicated. How�
ever, it is possible to present the phase densities sums
of several terms of the series expansion of powers of the
small parameter  in analogy with [16]. In this
case, the error of the solution increases with distance
from CP. Therefore, the numerical solution of the sys�
tem is preferable.

Note that potential parameters do not enter the
equations of system (27). Therefore, the solutions—
reduced phase densities for different materials as func�
tions of the reduced temperature—depend only on
the type of interaction potential and not on its param�
eters; i.e., for different materials described by the
potentials of one type, the lines of the phase equilib�
rium coincide. The results of the numerical calcula�
tions of the densities of the coexisting phases are given
in Fig. 2 as lines 1–3.

Obviously, the gas branches of the lines of equilib�
rium for potentials (14) and (15) almost coincide with
the experimental curve in the interval of reduced tem�
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peratures τ = 0.9–1. For liquid branches, satisfactory
agreement of models (14) and (15) with experimental
data is observed in a narrower temperature interval:
τ = 0.98–1. It was shown in [17] that, in the system
with the Yukawa potential, the critical index of the line
of the equilibrium is one�third, and the metastability
boundary is determined by the cubic equation in ω [2].

HEAT CAPACITY

Multiple experimental results indicate that, in the
supercritical region , the temperature depen�
dences of the isobaric heat capacity  and 
on the isobars in the one�component systems have
final maxima [18]. This interesting phenomenon is
observed in the considered models as well, which differ
from each other in quantitative agreement with the
experimental data.

The main problem when determining  and
 is reduced to the solution of the equation

(28)
with respect to the reduced density  at the given tem�
perature  and pressure . The analytical solution of
this equation would have allowed one to easily build
the curves  and (∂V/∂T)p to find the points of the
maxima of these functions. However, the form of
equation (28) in the cases (24)–(26) does not allow
one to solve it analytically, and it requires the applica�
tion of numerical methods.

The solutions  of nonlinear equation (28) are
found for the values  and  corresponding to the
experimental  and , taken from tables on heat
capacity [8]. Then the derivative  on isobars

and the isobaric molar heat capacity  are easily cal�
culated according to the formulas
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Fig. 2. Lines of the phase equilibrium in the reduced coor�
dinates τ = T/Tc, ω = n/nc: 1—for the Yukawa potential
(13); 2—for the exponential potential (14); 3—for the
oscillating potential (15); 4—line for argon according to
data of tables [8].
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uid, since they give the best agreement with the mea�
surement data. The model with the Yukawa potential
(13) shows only the qualitative features of the behavior
of the system in the supercritical region.

The results of calculation of the specific heat
capacity  in the models with the potential (14) and
(15) for argon and experimental  values [8] are given
in Fig. 3. The points of the  maxima are displaced to
the right on the temperature axis with the increase in
pressure. The highest maximum is observed at the
pressure P = 6 MPa (Fig. 3b). However, if the pressures
P = 5, 6, 8, 10, and 15 MPa CP(T) are calculated with

PC

PC

PC

the increment reduced to at least 0.5 K (the minimum
increment in the table of experimental values for argon
[8] is 5 K), then, except for the shift of the points of CP

maxima to the right, it is possible to find the mono�
tonic decrease in the maxima themselves with pres�
sure, and the maxima become less pointed. This
decrease is confirmed by measurements [19]. The
lines of the CP and  maxima on isobars plot�
ted in the P–T coordinates do not coincide, but they
have a general origin in CP. Such a picture is com�
pletely confirmed by the conclusions of disper�
soidological theory [20], and analogous conclusions
were made in [21]. All lines are related to the presence
of the inflections on isotherms; i.e., the  and

 extrema are determined by the extrema of
the derivative .

CONCLUSIONS

It was established that, in the one�component sys�
tems with the considered model two�parameter
potentials, the liquid–gas phase transition takes place.
The exact solutions of the system of equations deter�
mining CP were found. The lines of the phase equilib�
rium and the temperature dependences  were
plotted at different pressures. It was shown that the
phase densities and molar isobaric heat capacity cal�
culated for a definite potential do not depend on its
parameters.

Although the performed calculations allow com�
parison with experimental data, considerable discrep�
ancies were observed, which could be due to several
factors:

– imperfection of the form of the model interac�
tion potential;

– means of determination of the parameters of the
interaction potential (here only nc and  were used for
the calculation of the a and A parameters);

– approximate character of the expression for the
free energy obtained in [2];

– taking into account the effect of the many�body
interactions.

If the specification of the quadratic approximation
for the free energy has some prospects, the problem
related to taking into account even three�body inter�
actions in the general form is far from being solved
within the proposed approach. However, it is possible
to indicate the direction in which the theory should
develop for the adequate description of the experi�
mental data.

This direction consists in the study of the effect of
the “real” potentials on thermodynamics of the sys�
tem, including multiparameter potential and, espe�
cially, linear combinations formed of simple potentials
(the efficiency of such an approach was demonstrated,
for example, in [22]). The use of potentials with sev�
eral parameters can require more complete informa�
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Fig. 3. Temperature dependences of the isobaric heat
capacity for argon at different pressures: 1—according to
data of [8]; 2—calculation with the exponential potential
(14); 3—calculation with the oscillating potential (15).
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tion about the thermodynamic state of the material
(not only in CP). In addition, since the parameters of
the potential calibrated on one property can lead to
the unsatisfactory description of other properties, the
procedure of averaging the parameters found for sev�
eral measured values cannot be excluded. Finally, it is
possible to consider potentials with the solid core tak�
ing into account their cutting in zero, as well as the
elaboration of the perturbation theory in which simple
potentials can be used as the zero approximation for
“real” ones. One such attempt at using perturbation
theory for the description of CP was made in [23].
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APPENDIX

Expression (10) for the free energy was obtained in
the quadratic approximation of the saddle�point
method. Let us show that the integral

which determines the Helmholtz free energy  for the
Yukawa potential singular in zero, converges. Each of
the integrals (from the logarithmic term and the sec�
ond term) diverges due to the overly slow decrease in
the integrands at 

Let us transfer to the spherical coordinates in the
space of wave vectors and consider the integral within
a sphere |k| ≤ K:

where 
Now we perform the limiting transition .

At large  values, the first term in the last formula has
following asymptotics:
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The second term in the right�hand part I is trans�
formed to

By substituting L1 and L2 in I, we obtain

Thus, the problem of the convergence of the integral
 in the case of potentials singular in zero does not exist.
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