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GENERATION OF SPECIALY COORDINATED SURFACES
APPLICABLE TO THE STRENGTH ANALYSIS OF SHELLS

The article is dedicated to geometric research in the area of thin-shell structural design. Thing
shells represent a widely-spread type of structural forms used in modern machines and civil engineering
works. A method for the analytical transformation of a parametric line on higher-order surfaces from
normal to special coordinates is proposed.
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1. Introduction

Any methods of the strength analysis of thin constructions named shells require the repre-
sentation of the surfaces using special coordinates. Here, two cases are possible [1].
First case. The coordinate lines « =const, £ =const on middle surfaces are orthogonal.

Second case. The coordinate lines on middle surfaces are curvature lines.
Hence the problem of special parameterization of a surface is relevant.

2. Terminology and definitions on the theory of curvilinear coordinates and congruences
Let the curvilinear coordinates u, v, w be introduced by the functions:

x=f(u,v), y=9g(u,v), z=h(u,v), (1)
where X, Y, z are Cartesian coordinates.
D(f, g, h)
As we assume that we do not have —————= =0.
D(u, v, w)

According to Lane [2] and Eisenhart [3], the functions (1) may be applied for the representa-
tion of curve congruence. For this, one of three coordinates u, v, w will be a point on a congruence
line.

Hence functions (1) represent not one but three congruences of lines which are lines of the
system (1). In the domain where the coordination by functions (1) is regular, it is possible to solve
(1) as parametric equations relative to u, v, w.

Let

u=u(x vy, z),v=v(xy, z), w=w(x, Yy, z), (2)

be obtained solutions.

In the case when one of three couples out of the coordinates u, v, w is represented by fixed
values and the two remaining couples are variable, the functions (1) are transformed into parametric
equations of one of three types of coordinate lines of the system (1). The type of the line is deter-
mined by fixed values of the couple and by the remaining variable coordinate.

In the case when three coordinates u, v, w are variable, the functions (1) may be consi-dered
as parametric equations of three coordinate lines of the system (1). Let’s introduce u—, v—, w—as a
congruence and u—, v—, W—as a surface. Hence the theory of curvilinear coordinates and the theo-
ry of curvilinear congruences are linked by factors resulting from the initial representation.
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3. Principles of the surface generation in special coordinates

In general, a form of any surface may be determined analytically by the forms of its para-
metric lines and by the structure of its parametric families.

It is possible to choose the structure of both parametric families and for one of them — the
form of its parametric lines by choice of the coordinate system (1), in which one of three congruences
will be containing the parametric lines of the surface S.

The second parametric family of required surface and the form of its elements are deter-
mined by the line m immersed into the above mentioned congruence of coordinate lines.

If none of known coordinate systems is applicable to the surface generation of required
form, it is necessary to generate a special coordinate system based on the structure of the parametric
families and the forms of their elements of the required surface S.

Let (1) be the functions introducing the coordinate system u, v, w and m be the line, repre-

sented by the parametric equations
x=p(a), y=d(a), z=s(a) (3)

immersing of which in u— congruence, the u—surface will be generated.

Three functions (1), the second and third functions (2) and three functions (3) complete the
base for the generation of parametric equations of u— surface. The substitution of the functions (3)
for the second and third functions (2) gives the substituents for the functions (1). So parametric
equations of the required u— surface, passing through the line m will be represented as superposi-

tion of the functions
a)s(a)] wlp(a).a(a).s()]}
a).s(a) | wlp(a).a(a).s(a) ]}
a),S(a)],W[ p(a),q(a),s(a)]}.

Curvilinear coordinates for v—surface are:

o p(«).a(@).5(a)] v (). a(@).5(a)]=v, @

and for w—surface are:

u[ p(a).q(a).s(a)].v] p(a).q(a).s(a)|w=w, a.

Let us consider the cases when the surface (4) is specially coordinated according to demands
of the strength analysis of shells.

Theorem. For parametric lines u =const, a =const of u—surface (4), let’s assume that:

1) the system of coordinates (1) will be orthogonal,

2) curvature lines of the coordinates of surfaces u=const of the orthogonal coordinate sys-
tem (1) should be the spheres or the planes.

Proving. In order to prove the theorem, it is sufficient to make the following consequence of
arguments provided that the coordinate system (1) is orthogonal:

— the coordinate surface u=const and lines of u— congruence are orthogonal;

— u-—surface containing the family of lines belonging to u— congruence makes the right
angles with each surface of the family u = const;

— for u—surface (4) the lines a =const as lines of u— congruence and the lines u = const
as intersections of u—surface with surfaces of the family u =const are orthogonal,

— any line on the sphere is its curvature line;

)
k)

(4)
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— providing that coordinate surfaces u =const of the system (1) are the spheres, intersections
u =const with u—surface (4) form the curvature lines in accordance with Ioachimsthal’s theorem [4]
both for spheres and u —surface. But the lines of different families u = const, & =const are orthogo-
nal and lines u =const are the curvature lines.

Hence lines of the family « =const on u-—surface are also curvature lines. The theorem is
proven.

By following corollary we discriminate the case which is very important for the strength
analysis of shells.

Corollary. For the immersing line m belongs to the parametric family of u—Ilines on
u —surface (4), it will be situated on one of coordinates u =const of the system (1).

Remark. Our considerations were applicable to the generation of u— surfaces. They are also
applicable to the generation of w—surfaces.

4. Introducing the cyclic system of coordinates

Let coordinates u, v be the radii of conjugated pencils of circles and w be the angle of pen-
cils rotation about the circle centers of one of them. Make coinciding the axis of rotation with axis
0z. The functions (1) in traducing the coordinate system are:

UV +¢2 +vafu? —

X=u — CosW,
u+v

! UNV2 + 2 +vaJu? — ¢

sinw, 5
u?+v2 ®)

y:

UNV2 4+ c2 +vaJu? — 2
=V 2.2 '
us+v
where ¢ >0 is constant, k =—1, 0, 1— coefficient.
First case. In this case k =1, u>c and axis o0z are the centers of the line of circles belonging
to hyperbolic pencil. Introduced system is known as toroidal with other content of u, v, w [5, 6].
Second case. In this case k =—1, v>c and axis 0z are the centers of the line of circles be-

longing to elliptic pencil. Introduced system is known as bipolar [5, 6] with other content of
u, Vv, W.

Third limiting case. In this case k =0, ¢ =0. Both conjugated pencils of circles are parabolic.
Domain of the functions (5):

k=1 ¢>0,c<u<o,0<v<wo
k=-1,¢c>0,0<uUu<o,C<V< ]OSWSZE.
k=0, c=0,0<u<ow,0<Vv<oo
Coordinate surfaces of the system (5):
— u=const — the spheres, the centers of which are situated on the axis 0z;
— v=const— toroidal surfaces of revolution, the meridians of which are the arcs with cen-
ters on the plane xoy;
— w=const — demi-planes of the pencil with axis oz.
Coordinate lines of the system (5):
— Uu-line — an arc of a circle with the center on the plane xoy situated on a demi-plane of

the pencil with axis oz,
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— v—line —an arc of a circle with the center on the axis oz situated on a demi-plane of the
pencil with axis 0z;

— w-line — a circle with the center on the axis oz situated on the plane parallel to the
plane xoy.

5. Applications

Let us demonstrate, by two examples, the proposed method of the surface generation with
special coordinates.
Example 1. To generate the u—, v— and w—surfaces with special coordinates based on the
cyclic coordinate system (5) by immersing the helices:
x=p(a)=rcosa, y=q(a)=rsina, z=s(a)=ba, (6)
in u—, v— and w—congruencies in turn.

Solutions. a) as the coordinate system (5) is orthogonal and its coordinate surfaces u = const
are the spheres, we obtain the parametric equations of u—surface as the superposition of functions
EURY
received according to the scheme: (9)———(5).

9 O 570

The parametric lines of u—surface represented by the form (4) are: u=const— spherical

lines of the curvature, o =const — u —circles which are the lines of the curvature;

b) the scheme for representation of the parametric equations of v—surface is the following:

(9)@(5)
N\ (8).

As the coordinate surfaces v =const of the system (4) are the tori (not spheres or planes),
the v—surface will be represented by parametric lines v=const on the surface of the tori and
o = const —v —circles of the coordinate system (5). The parameterization of v —surface is orthogo-
nal;

c) as the coordinate surfaces w=const are the planes of w—surface with be the curvature
lines, the scheme for obtaining parametric equations of w-—surface is the following:
@ )

N (7).

In general case, w—surface is the surface of revolution, and in this particular case it is the
cylinder of revolution.

It should be noted that in all three cases, the immersing line m does not belong to the para-

metric families of the required surface.
The computer aided representations of u—, v— and w—surfaces are given in the Figure 1.

a) k=1, 04<u<8;b)k=-1,05<v<25;c) k=0, 0<w<2r
Figure 1 — U—, v—and w—surfaces passing through helices a=2, b=0,3, c=1

Example 2. To generate u—surface by immersing in u— congruence of the system (5) of the
curve in given by the equation:
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t=t +bcos(na), (7)
where t— variable, t, — fixed angle measured in horizontal plane, o — variable angle in ver-
tical plane, b— amplitude, n— number of periods.

The equation (7) is internal to the parametric equations:

x=p(t, @)=ucostcosa, y=q(t,a)=ucostsinea,

(8)
z=5(t, oz)za\fuz—kc2 +usint,

which represent one of coordinate spheres u =const of the coordinate system (5).
Solutions. The parametric equations of the required surface designated as the curvature lines,

AU
N (8)/
As the immersing line m given by equations (7), (8) belongs to one of the coordinate sur-

face u=const which is the sphere, it is an element of the parametric family u=const of u—sur-
face.

are obtained according to the following scheme: (10) — (11)

The Figure 2 shows the required u—surface.

Figure 2 — U —surface passing through the line, belonging to the coordinate sphere

6. Conclusion

The proposed method of the surface generation gives possibilities to foresee its form and
correct it using computer added visualization, as well as use them in generation of thin construc-
tions having a form of a middle surface.
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u. A CKannl, H. B. Cmpe6u.m'2
1 - Jloneyxuint nayuonanvHolit mexuuueckuil yuugepcumem, /[oneyx
2 — A6mMoMOOUNILHO-00PONHCHBLIL UHCIMUMYM
T'OYBIIO «/loneuxuii HayuoOHANbHBII MeXHUYeCKUil yHugepcumemy, 2. I'opnosxa
DopmMooOpa3oBaHMe NOBEPXHOCTEH B ClIeIUAIbHBIX KOOPANHATAX, IPUMEHSIOLIUXCH B AaHAIU3E
NPOYHOCTH 000/109€eK

CraThsl TIOCBAIICHA TEOMETPUICCKUM HCCIICAOBAHUAM B OOJACTH MPOEKTHPOBAHUS TOHKOCTEHHBIX KOHCTPYK-
1uii. TOHKOCTEHHBIC 00O0JIOUKH SIBISTFOTCS PACIIPOCTPAHEHHBIM THIIOM KOHCTPYKTHBHBIX (POPM COBPEMEHHBIX MAIITHH U
Pa3HOOOPAa3HbIX HHXKEHEPHBIX COOpYXeHHi. [IpeiokeH MeTOo ] aHAIUTHIECKOTO MPeoOpa3oBaHus MapaMeTpUIECKON
JIMHUH Ha MOBEPXHOCTSIX BBICIIETO MOPSKA U3 OOIIMX B CIIEIHATbHBIE KOOPIAHATHIL.

JIro6oii MeTo| aHaK3a MPOYHOCTH TOHKOCTEHHBIX KOHCTPYKIIHIA, Ha3bIBAEMBIX 000JIOUKAMHU, 3aKJII0YAETCS B
MPEJICTABICHUH TOBEPXHOCTH C TIOMOIIBIO CHIEIUATIBHBIX KOOPANHAT.

DopMo0Opa3oBaHHe MOBEPXHOCTEH MPH YCIOBUU UX OTHECEHWS K JIMHHSAM KPUBU3HBI MIPEACTABISET 3HAUH-
TENILHBIN HHTEPEC [T pacyeTa 000JI0YeK U I COCTABJIEHHS IporpaMM 00paboTku Ha obopyaoBanuu ¢ UITY, mostomy
CIOCOOBI TIONTyUEHHsT TAKUX ITOBEPXHOCTEH SIBISFOTCS aKTyalbHBIMH, CIIEIOBATEIbHO, MPOOIEMaTHKA CIICIHATBHOM
napaMeTpU3aIliy TIOBEPXHOCTEH ABIAECTCS aKTyaIbHOM.

B Teopun 00050U€eK M MPAKTHKE MX pacyueTa Ha MPOYHOCTH BAKHBIM YCIOBHEM SBISIETCS TAKOE €€ aHATUTHY -
CKOE TIpeJICTaBJIEHNE, TIPH KOTOPOM CEPEINHHAS MOBEPXHOCTh OTHECEHA K JMHHSAM KPUBH3HEBI, a Kpas COBMAJAIOT C
KOOPIANHATHBIMH JIMHUAMH. J[JIs1 TIEPBUYHOM OIEHKH TIPOYHOCTH KOHCTPYKIIUH, a TAK)KE €€ ICTETHUECKON BBIPA3UTENb-
HOCTH KeJaTeIbHO UMETh MHOTOBAPHAHTHYIO aHAIUTHYECKYIO MOJEINb, CIIOCOObI BappUpOBaHus ee (pOPMOii, a TakKe
BO3MOXXHOCTb HCIIOJIB30BaHUs MpOrpaMm KOMHLIOTepHOﬁ Fpa(l)I/IKI/I JUIA BU3yaJIM3allMi BAapUaHTOB C ICJIbIO OKOHYaA-
TEJBHOTO BHIOOpA.

KPUBOJIMHEMHASI CUCTEMA KOOPJIMHAT, KOHI'PYSHTHOCTb, JIMHUA KPUBU3HBI, CIIELIAJIbHAS
MNAPAMETPU3ALIMA, TOHKOCTEHHAA KOHCTPYKI WA
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Generation of Specially Coordinated Surfaces Applicable to the Strength Analysis of Shells

The article is dedicated to geometric studies in the area of a thin-shell structural design. Thing shells represent
a widely-spread type of structural forms used in modern machines and various engineering structures. A method for the
analytical transformation of a parametric line on higher-order surfaces from general to special coordinates is proposed.

Any method for analyzing the strength of thin-walled structures called shells is to represent the surface using
special coordinates.

The generation of surfaces, provided they are assigned to the lines of curvature, is of significant interest for
calculating shells and for processing programming on the CNC equipment, therefore, methods for generating such
surfaces are relevant, consequently, the problems of the surface special parameterization is actual.

In the theory of shells and practice of calculating their strength, an important condition is its analytical
representation in which the middle surface is assigned to the lines of the curvature, and the edges coincide with
coordinate lines. For initial assessment of the structural strength, as well as its aesthetic expressiveness, it is desirable to
have a multivariate analytical model, ways to vary its shape, as well as the ability to use computer graphics programs to
visualize options for the final choice.

CURVILINEAR COORDINATE SYSTEM, CONGRUENCE, CURVATURE LINE, SPECIAL PARAMETERIZATION,
THIN CONSTRUCTION
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