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ON THE CONVERGENCE OF SOLUTIONS OF THE VARIATIONAL
PROBLEMS WITH INTEGRAL CONSTRAINTS AND DEGENERATION
IN VARIABLE DOMAINS

In this article we deal with a sequence of integral functionals defined on weighted Sobolev spaces
associated with a sequence of n-dimensional domains. For the given functionals we consider variational
problems with sets of constraints of an integral kind. We establish sufficient conditions of convergence
of minimizers and minimum values of the variational problems under consideration.
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1. Introduction. In this article for a sequence of integral functionals defined on
varying weighted Sobolev spaces we consider variational problems with sets of constraints
of an integral kind. The strong connectedness of the given weighted Sobolev spaces with a
"limit" weighted Sobolev space and the I'-convergence of the involved integral functionals
are the main conditions under which we establish the convergence of the minimizers and
minimum values of the given variational problems.

The role of the strong connectedness of the corresponding spaces in the study of
the homogenization of boundary value problems and variational problems in variable
domains (particularly, in strongly perforated domains) is well known (see for instance
[7-12]). The notion of the strong connectedness used in the present work was introduced
and studied in [11].

The I'-convergence is a special kind of the convergence introduced by E. De Giorgi in
the seventies of last century to propose a framework for the study of the asymptotic
behaviour of families of minimum problems. Its first definition as well as the main
properties were presented in [5]. There are many works devoted to the I'-convergence
of functionals including integral functionals with degenerate integrands and variable
domains of definitions (see for instance [1-6], [8], [9] and [11-13] and the bibliography
in [1], [2]). We note that the effectiveness of the I'-convergence in the study of the
homogenization of variational problems is connected with the possibility of obtaining
converging subsequences from sequences of minimizers of minimum problems.

2. Preliminaries. Let n € N, n > 2, and let 2 be a bounded domain of R™. Let
p € (1,n), and let v be a nonnegative function on € with the properties: ¥ > 0 almost
everywhere in 2 and

. 1/(p—1) .
verla@, (3) 7 e b )
We denote by LP(v,2) the set of all measurable functions u : @ — R such that the
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function v|ulP is summable in Q. LP(v, Q) is a Banach space with the norm

1/p
Fll ey = ( / u\uwx) .

Note that by virtue of Young’s inequality and the second inclusion of (1) we have

LP(v,Q) C LL ().

loc

We denote by W1P(v, Q) the set of all functions u € LP(v,Q) such that for every
i € {1,...,n} there exists the weak derivative D;u, D;u € LP(v,Q). WhP(1,Q) is a
reflexive Banach space with the norm

n 1/p
ull1pr = (/ V|u]pdx+2/ V|Diu\pda:> .
Q — Ja

Due to the first inclusion of (1) we have C§°(Q2) C WP(1, Q). We denote by VCE/LP(V, )
the closure of the set C§°(Q) in WhP(v, Q).

Next, let {25} be a sequence of domains of R™ which are contained in €.

By analogy with the spaces introduced above we define the functional spaces corres-
ponding to the domains €.

Let s € N. We denote by LP(v, Q) the set of all measurable functions v : Qs — R
such that the function v|ulP is summable in Q. LP(v, ) is a Banach space with the

norm
1/p
ull zrv,0,) = (/Q viulP d:c> .

By virtue of Young’s inequality and the second inclusion of (1) we have LP(v, ) C
Li ().

We denote by W1P(v, Q) the set of all functions u € LP(v, Q) such that for every
i € {1,...,n} there exists the weak derivative D;u, Dyu € LP(v, Q). WP (1, €) is a
Banach space with the norm

n 1/p
Hqu,p,u,s—</ iz + Y [ eriuV’dx) .
0, — Ja,

We denote by 580((23) the set of all restrictions on € of functions from C§°(€2). Due to
the first inclusion of (1) we have C§°(Qs) C WP (1, Q). We denote by Wol’p(u, Q) the
closure of the set C5°(5) in WHP(v, Q).

o —~
We observe that if u € WP(v,Q) and s € N, then u|q, € Wol’p(y, Q).
[e] —_—
DEFINITION 1. If s € N, then ¢s : WP (1, Q) — Wol’p(y, Q) is the mapping such that
(o]
for every function u € WP (v, Q), qsu = ulq,.
DEFINITION 2. We say that the sequence of the spaces Wol (v, Q) is strongly connected

with the space W1P(v, Q) if there exists a sequence of linear continuous operators I :

WOLP(V; Q) — WhP(v, Q) such that:
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(i) the sequence of the norms ||/s]| is bounded;

(ii) for every s € N and for every u € Wol’p(y, Q) we have ¢s(lsu) = u a. e. in Q.

(¢}
PROPOSITION 1. Suppose that the embedding of WP (v, Q) into LP(v, ) is compact,

—~ (o]
and the sequence of the spaces T/VO1 P (v, Q) is strongly connected with the space WP (v, Q).
Let for every s € N, uy € Wol’p(u, 2), and let the sequence of the norms ||us||1p..s be

[¢]
bounded. Then there exist an increasing sequence {s;} C N and a function u € WP (v, Q)
such that lim |jus; — gs,ul|Lr,0, ) = 0.
Jj—00 J

The proof of the proposition is simple (see [11]).
DEFINITION 3. Let for every s € N, I; be a functional on WN/OI”’(Z/, Qs), and let I be a

functional on WP (v, Q). We say that the sequence {Is} T-converges to the functional I
if the following conditions are satisfied:

(i) for every function u € W'P(r, Q) there exists a sequence w; € /V[vfol’p(u, Q) such
that lim |lws — gsullzr(r,0,) = 0 and lim Ig(ws) = I(u);
S§—00 S§—0Q

e} —~
ii) for every function u € WHP(v, Q) and for every sequence u, € whp v, §)s) such
0
that lim |lus — gsul|pr(1,0,) = 0 we have lim inf I (us) > I(u).
S$—00 S§—00

3. Main result. Let ¢, co > 0, and let for every s € N, 9, € L'(Qg) and ¢ > 0 in
Q,. We shall assume that

the sequence of the norms [[¢)s]|11(q,) is bounded. (2)
Let fs: Qs x R" — R, s € N, be a sequence of functions such that:
for every s € N and for every £ € R" the function fs(-,€) is measurable in Qg; (3)

for every s € N and for almost every = € Qg the function fs(z,-) is convex in R";

(4)
(5)

for every s € N, for almost every x € Qs and for every £ € R™,
crv(@)[EP = vs(x) < fo(@,€) < cov(@)[€P + ¥s(2).

From (3)-(5) it follows that for every s € N, fs is a Carathéodory function and if
seNandue Wol’p(u, ), the function fs(x, Vu) is summable in Q.
For every s € N we define the functional J : Wol’p(u, Q) — R by

Jo(u) = ) folw, Vu)dz,  ue Wy (v, Q).

Next, let c3, ¢4 > 0, and let 9 be a function in L!(Q) such that 1 > 0 in .
Let g : 2 x R — R be a function such that:

for every n € R the function ¢(-,n) is measurable in €; (6)
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for almost every z € Q the function g(z,-) is strictly convex in R; (7)

e @Inl? —6(z) < g@,n) < cav(@)nl? + (). ®)

From (6)-(8) it follows that g is a Carathéodory function and if s € N and u €

{for almost every z € ) and for every n € R,

Wol’p(u, ), the function g(zx,u) is summable in ;. Moreover, for every u € WP (v, ),
the function g(x,u) is summable in Q.
For every s € N we define the functional Gy : Wol’p(y, Q) — R by

Gs(u) = /Q g(z,u)de, uwe WeP(y,Q,).

We observe that by virtue of (2), (4), (5) and (7), (8) for every s € N the functional

Js + G is weakly lower semicontinuous on W& P(v,Qy), strictly convex and there exist
c, , " >0 such that for every s € N and u € T/Vol’p(y7 Qs),

cl”qul),py,s - Cl” < (JS + GS)(U‘) < C”HUHII),p,V,s + C///' (9)

In view of known results on the existence of the minimizers of functionals (see for instance

[14]), these properties of the functionals Js + G imply that the next assertion holds true:

there exists a unique function w € U minimizing the functional J; + G, on U.
(10)
Further, let ¢ > 0, b€ LY(Q), b > 0in Q, and let ¢ : Q x R — R be a Carathéodory
function such that:

{if s €N and U is a nonempty convex and closed set in Wol P(v, Q),

for almost every = €  the function ¢(x,-) is convex in R; (11)

for almost every x € Q ¢(z,0) = 0; (12)

(13)
lp(a,n)| < ev(@)|nfP + b(x).

For every s € N we define the functional ®, : W™ (v, Q) — R by

{for almost every x € 1 and for every n € R,

D (u) = / o(r,u)dr, ue€ Wol’p(u, Q).
Using (8) and (13) along with Egoroff’s theorem, we establish the following fact:
{for every v € WHP(v,Q) and for every sequence v € W(}’p(u, Q) such that
lvs — QSUHLP(V,QS) — 0 we have Gs(vs) — Gs(gsv) — 0 and @5(vs) — Ps(gsv) — 0.

(14)
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For every s € N we define
Ve ={ue WiP(y,Q): ®(u) <1}

Due to (12) for every s € N the set V; is nonempty.
For every function o € L>(Q) we define the functionals G, ®° : W1P(v,Q) — R by

Ga(u):/ﬂag(m,u) dz, @”(u):/ﬂaw(m,u) dz, uel/?/l’p(y,ﬂ),

and we set .
Vo ={ueWP(1,Q): & (u) <1}

In view of (11) for every s € N the set V; is convex. This fact and (10) imply that for
every s € N there exists a unique function us € V; minimizing the functional Js + G5 on
Vs.

Theorem 1. Suppose that the following conditions are satisfied:

(¥1) the embedding of WLP(v,Q) into LP(v,Q) is compact;

—_— o

(x2) the sequence of the spaces Wol’p(l/, Q) is strongly connected with WP (v, Q);

(x3) there ezists a positive bounded measurable function o on Q0 such that for every
open cube Q C €,

lim meas(Q N Q) = / odx;
§—00 Q

(x4) the sequence {Js} T-converges to a functional J : V?/l’p(l/, Q) —R.

Assume that for every s € N, ug is the function in Vi minimizing the functional Js+G
on V.

Then there exists a function u € V7 such that the following assertions hold true:

the function u is a unique minimizer of the functional J+ G° on V7; (15)
Jim flus = gsull Lr .0, = 0; (16)
ler{:O(Js + Gs)(us) = (J + G%)(u). (17)

Proof. We observe that in view of condition (*3) for every function v € W1P(v, Q)
Gs(qsv) — G7(v) and P4(gsv) — P7(v). This and (14) imply that

{for every v € WP(1,Q) and for every sequence v, € Wol’p(y, Q) such that (18)

lvs — qsv||Lp(l,793) — 0 we have Gs(vs) — G%(v) and P4(vs) — P7(v).

For every s € N we set Iy = Js + G5 and I = J + G?. From condition (*4) and
assertion of (18) it follows that

the sequence {I;} T'-converges to the functional I. (19)
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Moreover, taking into account that for every s € N the function us minimizes the
functional Js + G on V; and using (9) we obtain that

the sequence of the norms ||usl|1,p,,s is bounded. (20)

This fact along with conditions (*;), (*2) and Proposition 1 implies that there exist an

o
increasing sequence {s;} C N and a function u € WP (1, Q) such that
jILI& ”qu - quu”LP(V,Qsj) =0. (21)
Now we define the sequence {u,} by

Ug =

B Ug if s =s; for some j € N,
gsu if s # s; for every j € N.

It is evident that for every s € N, u4 € Wol’p(u, ). Due to (21) we have
lim |[|is — gsul|zp(,0,) = 0.
S§— 00

Then by virtue of assertions (18) and (19),

leIgo (I)s(as) = (I)g(u)7 (22)
hgn_)}gf Is(us) > I(u). (23)

Due to (22)
lim @y, (us;) = 7 (u).

j—o0
Taking into account that for every s € N, ®,(us) < 1, from the latter equality we derive
that ®7(u) < 1. Consequently, u € V. Moreover, from (23) we obtain

liminf Iy, (us;) > I(u). (24)

J]—00

Further, we fix v € V9. Let us show that

limsup I5(us) < I(v). (25)

S§—00

From (19) it follows that there exists a sequence v, € Wol (v, Q) such that

8112;10 HUS - quHLp(V7QS) =0, (26)
lim I5(vs) = I(v). (27)

For every s € N we set 75 = (1 + |®5(vs) — ®7(v)|) L. From (18) and (26) it follows
that
lim 7, = 1. (28)

§—00
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For every s € N we define wy; = 75v5. Clearly, ws € WN/Ol’p(y, Qs), s € N. Moreover,
using (11) and (12), and the inclusion v € V7, we establish that for every s € N,

q)s(ws) < qu)s(vs) < TS(l + |(I)S(US) - (I)U(U)D < L

This implies that for every s € N, ws € V. Then, taking into account that for every
s € N the function us; minimizes the functional I; on Vy, we get

VseN, Iy(us) < Is(ws). (29)
Using (4), (5), (7) and (8), we obtain that for every s € N,

Is(ws) < 7sls(vs) + (1 — TS)(stHLl(QS) + ‘WHLl(Q))‘

This along with (2) and (27)-(29) implies that inequality (25) is valid. From this inequality
and inequality (24) we infer that the function u minimizes the functional I on V7.

We observe that, due to (4), (7), condition (*4) and the fact that the function o is
positive, the functional I is strictly convex. Therefore, since the set V7 is convex, the
function w is the unique minimizer of the functional I on V. Thus, assertion (15) holds
true.

Next, let us show that assertion (16) holds true. For every s € N we define oy =
|us — gsullLr(v,0,)- Suppose that the sequence {a,} does not converge to zero. Then there
exist € > 0 and an increasing sequence {5x} C N such that

VEeN, a5 >c¢. (30)

Taking into account (20) and conditions (x1) and (x2), we establish that there exist an

(¢}
increasing sequence {3;} C {5} and a function w € W'P(v, Q) such that
gli{go ||u§] - Q§ijL1’(V,Q§j) =0. (31>

Thus, by analogy with the above result for the function u, we obtain that w € V7 and w
minimizes the functional I on V7. This fact along with the uniqueness of the minimizer
of the functional I on V7 allows us to deduce that w = u a. e. in Q. Hence, by (31),
ag; — 0. However, this contradicts (30). The contradiction obtained proves that a; — 0.
Thus, assertion (16) holds true.

Now, from (19) and (16) we get

liminf I (us) > I(u).
S§—00
This and (25), with v = u, imply that assertion (17) holds true. The theorem is proved.
We note that the convergence of minimizers and minimum values of variational
problems with certain pointwise constraints for a sequence of functionals like J; + G
was studied in [12]. Moreover, in [12] a rather extensive review of the works related to
the topic is contained.
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In the nondegenerate case, the questions concerning convergence of minimizers of
variational problems with general sets of constraints, and in particular sets of constraints
of an integral kind, for integral functionals defined on varying Sobolev spaces were studied
in [8]. In this connection see also Subsections 1.4 and 2.5 of [10] where convergence
of solutions of variational inequalities with different kinds of sets of constraints was
investigated.
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O. A. PynakoBa
O cxommMoOCTH pelleHuil BapUAIMOHHBIX 33424 C WHTErpaJibHbIMU OrPAHUYEHUSIMU U BbI-

poxageHnnueM B IIepeMeHHbIX obJiacTsX.

B macrosiimeit cratbe nj1s moce0BaTeIbHOCTH UWHTErPATBHBIX (DYHKIIMOHAJIOB, OIMPEJEIEHHBIX Ha BECO-
BBIX IpocTpancTBax CobojieBa, CBA3AHHBIX C MOCIEI0BATEILHOCTHIO N-MEPHBIX 00J1aCTEN, PACCMOTPEHBI
BapUAIMOHHBIE 331aYl C MHOXKECTBAMU OTPAHUYEHUN WHTErPAJbHOIO BUA. YCTAHOBJIEHBI JTOCTATOYHBIE
YCJIOBUSI CXOAUMOCTH MUHHMMU3aHTOB U MUHUMAJIbHBIX 3HAUEeHUIl pacCMaTpUBAaEeMbIX BapUAIlMOHHBIX 3a-

maxd.

Katouesvie caosa: nepemennvie gecosvie npocmparcmea Coboaesa, apuayuonnas 3adava, urme-
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2PanvHLl PYHKUUOHAA, BLPOICOEHUE, UHMELPAALHOE O2paHudeHue, | -czodumocmo.

O. A. PynakoBa

IIpo 36ixkHicTb po3B’sa3KiB BapianiiiHux 3a/1a4 3 iHTEerpajJIbHUMHU OOMEXKEHHSIMU i BUPO/I2KEH~
HAM B 3MiHHUX 00JIacTAX.

Jls1st mocstiIOBHOCTI iHTerpasbHuX DYHKITIOHATIB, BU3HAYEHUX Ha BaroBux mnpocropax CoboseBa, mMoB’s-
3aHMX 3 IOCJIOBHICTIO N-BHUMIpHUX OOJIaCTel, PO3IVIAHYTO BapialiifHi 3a/1a4i 3 MHOXKMHAMH OOMEKEeHb
inTerpaJibHOrO BUIIsiay. BeramosiaeHo mocraTHi ymoBE 30iKHOCTI MiHIMI3aHTIB i MiHIMAIBPHAX 3HAYEHD
PO3IVIAHYTHX BapialilHUX 3a7ad.

Karouwoei caosa: 3sminni eazosi npocmopu Coboaesa, sapiauiling 3adaua, iHmezpasvHutl GYHKYIOHAA,

supodrcenns, inmezpansvre obmestcenms, 1'-36iocHicmo.
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