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CnyyaitHbie cOObiTUR

1.1. NMpeameT Teopun BEpPOATHOCTEA

Jliobad ToUHAA HAYKA R3YYAET HE CAMH ABJICHHA, TPOTEKAFOIIUE B ITPH-
pome, B obmecTBe, a UX MATCMATHIECKHE MOJE/H, T. €. ONHCAHNE ABJCHMI
NpH IOMOMHK HAGOPa CTPOro OLPEREeHHBIX CHMBOJIOB U OIEPANHil 13l HH-
mu. IIpu 9ToM A715 HOCTPOEHHA MaTeMaTUYECKON MOJIENIH PeayibHOrO fABJIe-
HHS BO MHOPHX CJIy9YadX JOCTATOYHO YIUTHIBATH TOJILKO OCHOBHBE (DaK-
TOPBI, 33KOROMEDHOCTH, KOTODBIE TO2BOJIAIOT NPEABUIETh PE3YJbTAT OIbl-
Ta (HaHNI0AEHNS, PKCIIEPUMEHTA,) 110 ero 33/ aHHBIM 1A9aJbHBIM yCJIOBUSIM.
ITUM H 32HUMAIOTCS GOJNBIIMHCTBO MATEMATUYECKHX (¥ APYTUX) IMCIM-
JiaH. O0HapyXEHHBIE 32KOHOMEPHOCTH ABJIEHUA HA3BIBAIOTCA Jemepmunii-
emuveckumu (onpenesiennniMu). Tak, wanpumep, dopmysa

— 142
S—zgt

N03BOJIAET HAUTH [YTh, TPORIeHHbIN CBOGOIHO [TAIAIONIAM TEJIOM 34 t Cce-
KYHI OT Ha4YaJa, JBHKEHWL.

OpHako ecTh MHOXKECTBO 3a7aM, A PElleHHs KOTOPHIX HPUXONMTCH
(ramo!) yumThiBarh ¥ coyualinbie dhakToOpbl, NPHAAOIME HCXOMY ONBITA
JIeMenT HeonpeneneHnocTn. Hanpumep, 8 Bonpocax crpenns6bl Ho nesn He-
BO3MOXKHO 03 yueTa CiaydaHlubiXx (akTopoB OTBETHTDL HA BOLUPOC: CKOJILKO
PaKeT HYKHO IOTPATHTD U1 Nopaxenus esu! HeposMox o npeackasars,
KAaKas CTOPOHA, BHMaaeT npu Bpocannu MoHeTbl. CKONBKO JET IPOXHBET
pomuBmMHCH cerogua pefenok? CKONBKO BpeMmeHH npopaforTacT KylJIeH-
nbifl RaMu Testiesn3op? CKOJIBKO CTYHEHTOB ONO3OAI0T HA JIEKIIHIO 110 Teo-
pus BepoaTHocre#? W 1. g Taxue 3aga4um, HCXOR KOTOPHIX HEJIb3A NPEH-
CKa3aTh ¢ IOJHOH YBEPEHHOCTBIO, TPeOYIOT M3YYCHUS HE TOJILKO OCHOB-
HBIX, MIABHBIX 3AKOHOMEPHOCTEH, OIpPCHEeNANNX ABICHHe B 06uux yep-
TAX, HO ¥ CAydJalHbIX, BTOpOCcTeneHublX (hakTopos. BoiapiieHubie B TAKKUX
3aagax (ONBITAX) 3AKOHOMEPHOCTH HABHIBAKTCA CIMAMUCmuseckumy (wnm
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1.2,

seposmuocmuoimi ). CTATUCTHYCCKME 3AKOIOMEPHOCTH UCCICIYIOTC MeTo-
JAMH CleIMAJIBbHBIX MATEMATHYIECKUX JIACHMILIIHH — TEOPUH BepOsTHOCTER
U MaTeMATHYCCKOH CTaTHCTHKU.

Teopus seposmuocmeti — MaTeMaTUYeCKasi HAYKA, H3YUAIONIAA 3AK0-
HOMEPHOCTH, NMPUHCYIIME MacCOBbIM caydaliueiM apBieauaM. [Ipu aroM wus-
yIaeMble ABICHUA PACCMATPUBAKTCH B alcTpakTHOH dopMe, He3aBHCHMO
OT BX KOHKpeTHO#l npupoael. To ects Teopus BeposTHOCTEH paccMarpHba-
©T H¢ CAMH DeaJIbHbIE ABJIEHUA, a HX YIPOIEHHbIE CXeMbl — MaTeMAaTHIe-
ckue Monenu. Ipedmemom meopuu sepoamuocmet] ABIAIOTCA MATEMATH-
qecKHe Mofestd cayuainex apiienuil. [Ipu sroM mon cayuwatinsis seaenuem
IIOHMMAKT ABJIEHUE, NPEICKAZATL MCXOI KOTOPOrO HEeBO3MOXKHO (Mpu He-
ONHOKPATHOM BOCITPOMZBEIEHHH OJIHOIG ¥ TOTO K€ ONBITA OHO NpPOTEeKaeT
KaXUbH pas HecKoubKO 10-nHOMY). {Ipumepn cayuoiinwr asaenudl: Bbl-
nageHue repda NpH NMOnOPACHIBAHMHE MOHETBI, BRIMTPBIN 10 KYIJIEITHOMY
AcTepedHOMY OHJETY, pe3yabTAT UaMepeHns Kakod-mubo BeJTHYHHBI, I1JTH-
TEIBHOCTb PAOOTLI TEJEBU30Pa M T. 1.

Heaw meopuu sepoamuocmed — OCYHIECTBICHHE TIPOTHO3a, B 0bnacTn
CJOYJAHHBIX SBJIGHWH, BJMAHKE HA XOI, 3THX ABJIEHUH, KOHTPOJIb WX, OTPa-
Hudenue chepol geficTsua caydaltnocTtu. B macrosniec BpeMa HET IPaKTH-
qecKH HH onmo#t obnacT Hayxmn, B KoTopo# B Toff Mam wmHON cTeneny He
OPHUMEHIIUCE Obl BEPOITHOCTHLIC MCTOJIBI.

Cny4daitdblie cobbITUR, X Knaccudpukaumusa

CHauasta onpenesTuM TOHATHE «CIYYaiHoe COBBITAE» UCXOAT 13 €70 HH-
TYUTUBHOTC, HAMVIATHOIO HoHUMaHud. [lycTs mpoBogHTCA HEKOTOPBIH OBIT
(sKcnepuMenT, HAGJIOJeHEHEe, MCIILITAHHME ), HCXO KOTOPOr0 IPEICKA3ATD 33-
paHee Hesib3si. Taxue 3KCIEPUMEHTHL B TEODHH BEPOSTHOCTEN HA3BIBAIOT
cayvatinoemte. Tpr 3T0M PACCMATPHBAIOTCA TOJIBKO TAXUE HKCTEPHMEHTDI,
KOTOPBIE MOXKHO NOBTOPATH, XOTA OB TEOPETHUCCKH, TIPH HEU3MEHHOM KOM-
IJIEKCE YCJIOBHH ITPOM3BOJIBHOE MUCIIO PA3.

Cayuatinom cobomuem (MM IPOCTO: cobumuem) HA3BIBAGTCH JTIOBOH
HCXOJI, OTILITA, KOTOPHIH MOMXeT Npou30iTH i He npons3oiTy.

CobpiTus 0003HAYAKTCA, KAK [IPABUJIO, 3alJIaBHBIMKU DyKBamu J1aTHH-
ckoro aqpasnta: A, B, C, ... .

Opumep 1.1. OnwiT: Gpocanue urpadpnol koctn; cobpitie A — poina-
nenue B oMkoB, cobbtrae B — BLINAIEHME YeTHOTO YHCIA 04KOB, CODBITHE
(' — shinaneHue 7 04KOB, cOOBITHE D — BRIMADEHUE LIEJIOr0 YUCIA OYKOB,
cobplTve B — BHIAJeHHE He MeHee 3-X O9YKOB, ....
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HenocpeacTBeHHble HCXOBI OMBITA HABBIBAIOTCA IACMEHINAPHBMY CO-
fuimuamy W 0003ZHAYAIOTCA depe3 w. JeMeaTapHble cobbrtna (UX HA3bI-
BAIOT TAKKE «IJEMEeHTAMU», «TOYKAMH», «CAYYAAMUS) PACCMATPHBAIOTCA
KaK HepaznoXUMble U B3aHMOUCKJIIOYAIONME UCXOObL Wy, We, W3 ... 3TOTO
OTIBITA.

MuOxeCTBO BCEX 9JIEMEHTAPHBIX COObITHH HA3BIBASTCH NROCTDAHCI-
BO0M IACMEHMAPHBT cobbmul wau npocmpancmeom ucrodos, obosHaMaeT-
ca gepes ).

Pacemorpum npumep 1.1, 3peck 6 aseMenTapHbIX COOBITHIE w1, Wa, W3,
wy, Ws, we. COOLITHE w; 03HAYALT, YTO B pe3yNibTare BPOCAHUS KOCTH BbI-
naJo ¢ O4KkoB, 1 = 1,2,3,4,5,6. [IpocrpaHcTBO 31eMeHTAPHLIX COORTTHi
takoso: ¥ = {w, wa, ws, ws, ws, we} wm @ = {1,2,3,4,5,6}.

CobriTHe Ha3BIBACTCA JoCTOGEPHbIM, €CJTH OHO 0DA3ATENHLHO HACTYIIUT
B pesyJibTare DAHHOIO ONLITA, 0Do3HavaeTca uepes (1.

CobbITie HASKIBACTCS HEGOZMOMCHDIM, CCIIH OHO 3aBEIOMO He FPOou3oi-
JeT B pesyArTare NpoBeIeHUs OnbiTa, 0Do3HAYALTCA Yepes &,

B npumepe 1.1 cobbirus A u B — coyualtume, coberrue C — HEBO3-
MOXHOe, cobnITHe D) —— mocroBepHoe.

JIBa cOOBITHA HA3ZBIBAIOTCS HECOBMECTIHBLMU, ECJIH TOABICHHE OTHOTO
W3 HUX UCKJIIOMAET MOHBIEHHE IpYroro COORITHA B OJ(HOM H TOM XK€ OIbITe,
T.€. He CMOT'YyT HPOU30#iTH BMECTE B OMHOM OnbiTe. B NMPOTHBHOM Ciy+ae
COBBITHA HA3BIBAIOTCA COBMECTIHBLM.

Taxk, B npumepe 1.1 cobmtus A w B — necopmectnnie, A u E — co-
BMECTHEIE.

Cobrrrus Ay, Aa, ..., Ay HABKIBAIOTCS NONGPHO-HECOBMECTIH MU, ECITH
mMoOBIE 1Ba M3 HUX HECOBMECTHEL.

Heckonsko cobbitull 06pasyior noanyso zpynny, €Ciay OHH NOIAPHO He-
COBMECTHBI M B PE3YJIbTATE KAXKJIOTO ONBITA MPOHCXOAUT ONHO M TOJNBKO
OIHO W3 HHX,

B npumepe 1.1 cobbrrua wi-twg 00pasyioT NOJHYIO I'PYINLY, W—Ws —
HET.

Heckonnko cobriTuil B JaHHOM OIIBITE HABBIBAIOTCH PAEHOBOIMOHCHDL-
MU, €CTIN HY OIHO U3 HEX HE ABJATCA 00bekTHBHG (os1ee BOSMOXKHEIM, YEM
LPYTHE, T. €. BCC CODLITHS MMEIOT PABHEIE KINAHCHI.

B npumepe 1.1 snementapusle cOOBITHA Wy, Wa, Wy, We, Wy, Ws PABHO-
BO3MOXKHBL. Boinagenne repba {A) wim petuxu (B) npu Spocannu MOHETH —
PaBHOBO3MOIKHDBIC COGI)ITHH, €CJIM, KOHEYHO, MOHETa HMeeT CHMMETDUYHY )
dbopmy, He orayTA, .. .
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1.3. OeicTBua Hag coObITUAMU

BBeneM 0CHOBHEIE OLIEPAlHM HAT CODLITUAMM, OHU IOJIHOCTHI0 COOTBET-
CTBYIOT OCHOBHBLIM OIE€DAIIUSM HAJ MHOXKECTBAMH.

Cymmoti cobmmudi A m B wasmsaerca cobeitue C = A + B, cocroamee
B HACTYIUICHUH XOTA 65l 0mHOrO U3 HuX (T.e. wid A, uom B, wim A n B
BMeCTE),

Mpouszaedenuem cobmmutt A u B wasmsaerca cobmtne ¢ = A . B,
COCTOSAIIEE B COBMECTHOM HACTYIJISHUM 9TUX cobbrtui (T.c. m A u B onHo-
BPEMEHHO).

Pagwocmoiw cobwmut A w B naseiBaerca cobwrrue C = A — B, npo-
HCXOAAuiee TOTa W TOJBKO TOT[A, KOTJA Npoucxonut cobnithe A, RO HE
OpoucXoquT cobbiTie B,

Ipomusonoaoscnmm cobwmuio A Haswibaerca cobuiTie A, xoTopoe
OPOUCXOMHUT TOTNA U TOJALKO TOLAA, KOPNA He NPOUCXonuT cobuitie A {1 e.
A o3nanaer, 9ro cobbiTHe A HE HACTYIIIO).

Cobrrtne A saeuem cobwmue B (4 A ABJISETCA YACTHBIM CJIyIAeM
B), ecnu u3 Toro, ¥ro npoucxomutr cobbiTHe A, CNEOyer, 4T0 NPONUCXOINAT
cobeiTHe B; samucuipaor A C B.

Eciu A C Bu B C A, 1o cobbitia A 1 B Ha3BBAIOTCA pasHbLMU;
sanuceiBaT 4 = 5.

Tak, B npumepe 1.1 (n. 1.2) B = {2,4,6}, E = {3,4,5,6}, A = {5},

{1,2,3,4,5,6}. Torna: B + E = {2,3,4,5,6}, B - E = {4,6},
B-E={2},A=1{1,2,3,4,6}, BCD,D=Q=1{1,2,3,4,5,6}.

Cobeltusa u peficTsus HAL HUMU MOXKHO HAVISIHO WLINIOCTPUPOBATD C
noMombie Juazpamsm Fiaepa—DBenna: gocrosepuoe cobpitue {2 usabpaxa-
€TCA NPAMOYTOJIBHUKOM; 3JI8MEHTAPHEBIE Coiyyaiiabie coDBITHA — TOYKaMu
NpAMOYFroJbHUKA; CayHaliuoe cofibrrne — ofacTeio BHYTPH Hero.

HeficTeusa HAX COOBITUAMY MOXKHO H300PA3UTh TaK, KAK NOKA3AHO HA
puc. 1-5.

Onepamnu Hag COOBITUAME 00/18JA10T CAEAYIOINUMI CBOKCTBAMU:

* A4+ B=B+ A, A B=B-A (nepeMecTutensHoe);
+ {A+B)-C=A-C+B-C,A-B+(C=(A+C)-(B+C) (pacupenge-

JIATEIILHOE);

v (A+B)+C=A+(B+C),(A-B)-C=A-(B-C) (coueratcabnoe);
v A+ A=A A A=A

r A4+0=0, A Q=A‘,

. A+Z=QA é=®;

¢ B=0,0=04=A4

» A-B=A-B;

» A+B=A-BuAd-B=A+DB — sakonn ne Moprans
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o

1 0
A-B A-B

|\\\‘§‘|

Puc. 2 Puc. 3

®

ACB

b

Pue. 4 Puc. §

B ux cnpapeniiBocTi MOXHO YOEINTLCS ¢ NOMOIIBIO JUArDAMM Diljie-
pa-Benna.

TMpumep 1.2. Hokazars dopmyny A + B = A+ AB.
Q Hcuonnsys nekoTopble U3 BBIIC NPHBEACHHBIX HPABWII, TOJLYUAEM:

A+B=(A+B)Q=AQ+BQ=AQ+B-(A+A4A) = A-Q+(A+A4)-B =
=AQ+A-B+A-B={(Q+B)-A+A.-B=0Q-A+A.B=A+4.B.

Taxum 06pasoM, cymay a00ur Jsys cobwmuill moxcho npedemasumov 6
aude cymmut J8YL HECOBMECTIHUT cObwmul.
TeomMeTpUIECKOS NOKAZATENRCTE0 MPEACTABIEHO Ha puc. 6. [ ]

Puc. 6
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YnpaxueHus

1.

2.

Hoxasars dbopmysrur: 1) B = A-B+A.B;2) (A+C)-(B+C) = A-B+C;
3) A+ B=A-B.

Hycre A, B n € — Tpu nponssoabieix cobniTHe. BRpasuTe qepes HUX
cnenyionye cobbrrus: a) NPOU30IINM BCe Tpi COOBITHA; §) NpoH30ILI0
Tonpk0 € B) NPOH30ULIO XOTdA Obl onHOo u3 cobniTail; ) HE OmHOrO
coObITHS We npomsonino; o) npousousn A ¥ B, Ho C He npousonio;
€) NPOM3OLLIO ONHO K3 3THX CoOhITHi, XK) nponsonuio He GoJiee JBYX
cobbrrufi.

Penettnaz cxema (puc. 7) cocrout us 6 anementos. [Iycrs cobbiTus A,
(i = 1,6} cOCTOAT B TOM, YTO COOTBETCTBYIONIME JJIEMEHTH pPaboTaloT
GesoTrasHo B Tevenue spemenu 1. BeipazaTts uepes A, cobmitre, cocTo-
AUEE B TOM, 49TO CXCMa 33 Bpemda T paloraer Be30TKasHO.

|3|
L2
—
|5l
L= J
Puc. 7

1.4. CnyuaiiHblie coObiTua. Anre6pa codbITUA.
{TeopeTUKO-MHOXECTBEHHAad TPaKTOBKA)

Onpepenum Teneps OCHOBHBIC NOHATHS TEOPUH BepoaTHOCTEH, caemnys

TEOPETHKO-MHOXKECTBEHHOMY I[IOIXONY, paspaboraHHoMy axkageMukoM Koi-
moroposeiM A, H. B 1933 roxy.

[lycTh TpOM3BONKUTCA HEKOTODBI! ONBIT CO CAYYalHRIM HCXOOOM.
Muoxecrso 2 = {w} BCEX DO3MOMKHBIX B3AHMOHCKJIOYAIOMINX MCXO-

JOB NAHHOTO OTIBITA HASBIBAETCA NPOCTNPAHCMEOM INCMEHTIADHBLT COOvIMUT
(kopotko: I13C), a caMu HCXOOBL W ~— IALMERMAPHHLMU COOBMUAMY (MK
«ITEMEHTAME S, KTOUKAMES ).
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Coynatinom cobwmuem A (i npocto cobwmuem A) HAZBIBASTCA JIIO-
6oe rooMHOKECTBEO MHOxecTBa (), ecim §) KOHEUHO Wi CUYCTHO (T. 6. 37e-
MEHTEl HTOr0 MHMKECTBa MOXKHO [IPOHYMEPOBATH ¢ MOMOMILIO MIIOXKECTBA
HaTypaJibHBIX yncen): A C .

DNeMEHTAPHEIS COOBITUS, BXOIANME B MOAMHMKECTBO A TPOCTPAHCTEA
2, naswiBalOTCH Gaazonpusmemeyoujumy cofpmuo A.

MuoxecTso ) HasbIBaeTCA JocmosepHsim cobeiTHeM. Emy Bnaronpw-
ATCTBYeT J100oe ajeMeHTapHOoe CODLITHE; B Pe3yJIbTAaTe ONbITa OO 00d3a-
TEJIbHO MPOH3oHIeT.

[lycroe MHOXKECTBO & HA3BIBASTCS HEBOIMONCHBM CODBITHEM; B PE3y b
T&T€ OMBITA OHO NPOU30HTH HE MOXeT.

Ipumep 1.3. Onwit: ogun pas GpocaoT HrparbHyIo KoCTh. B aToM ciiywac
I9C raxoso: 2 = {1,2,3,4,5,6} unn Q = {wy,ws,...,we}, 0OC W, — 3Je-
MeHTAPIIoe COBLITHEC, COCTOANICE B BLITAACHHA Ipany ¢ ¢ oukamu (i = 1,6).
B mansom cayyae Q xoneuro. IIpumepom coburraa A apngerca, HanpuMep,
BBIIAJACHHE HEYCTHONO YUCa 0YKOB; 04cBUHO, 4T0 A = {w), w3, ws}; co-
GbrTuio A BRATONPUATCTBYIOT JICMEHTAPHBIE COOBITHS w1, w3, Ws. ONHAKO
€CJIM HAC MHTEPECYeT TOJIBKO (PAKT BHIMALEHMA YETHOIO HHCJa OYKOB, TO
II9C moxno noctpouTs viHade: ) = {w,ws}, TIE W1 — BLINAICHAC YETHOTO
YHCJIA OYKOB, Wy — HEYETHOTO.

Hpumep 1.4. OnwitT: cTpensfa 1o Ieau o mepBoro nonananus. Torna
o - [JU HII HHIT HHHI

Tolwy we w0 wg
H — uenomazanmne. Mcxonos y »Toro onbita BECKOHEYHO (TEOPETHIECKH);
Q cuerno.

.}, roe Il osnagaer nmonagaHAe B 1EMH,

Hpumep 1.5. OuniT: HabsoneHne 3a BpemeHeM GesoTkasHo# paboTsl He-
KOTOPOTO arperara. B 9ToM Cayaae B KAYECTHE PE3YIIbTATa MOXET HOABHTD-
ca awboe umcao { = 0; BpoMs ¢ meHsiercAa HenpepwiBHo; 1190 Takoso:
Q= {t,0 € ¢t < co}. Hcxonos y sroro onslta Heckoueuno, {1 mecdeTno
(xoHTHHYAIBHO).

Hap cobpitusiMu MOXHO ODOBOAUTL BCE ONEpalMy, BhINOJIHHMBIE IJIA
MHOKECTB.

Cymma (umm obbenunenne) nqeyx cobbrruit A € Q u B € Q0 (obosnaua-
erca A+ B nan AU B) — 9T0 MHOXECTBO, KOTOPOE COIEPKHT BJIEMEHTHI,
MPUHALNERAUNE X0TA Bbl OZHOMY U3 cobbituil A u B.

IIpoussedenue nyx coboituit A € & u B € O {oGoznavaerca AB nam
AN B) — 970 MHOKECTBO, KOTOPOE CONEPKUT 3JIEMEHTH, obmme 1 cobbi-
it A u B,
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(&3 (&3

Pasnocms coburruit A € Qw B € §) (obosnavacres A— B wom A\B) —
3TO MHOXECTBO, KOTOPOE CONEP:KUT 3JEMEHThI COBhITHA A, HE NpUHAIE-
Kalrue cobpITHIO 5.

Ipomueonoaosenoe cobsrrmo A €  cobbrrue A = Q\A. (A naswsator
TaKKe donoanenuem MuoxecTsa A.)

Cobwmue A saewem cobwmue B (0bosnadaerca A C B), ecyy Kaxopli
ajsieMenT cobbltus A conepxutca B B.

Ilo onpemenennto: @ C A pist moboro A.

Cobpitus A v B HA3BIBAXTCA HECOBMECTIHHLMY, ECJIA X TTPON3BEILIAC
€CTb HEBO3MOXKHOE cobuITHE, T.&. A B = &,

Heckonbxo coburruiit Ay, As,. .., A, obpasyoT neawnyro 2pynny HECOB-
MECTHBIX COOBITHHR, ecyti ux cymma npencrasnsier see [19C, a camu cobbITHA
T
HeCOBMECTHBI, T.6. »_ A, =Qu A, - A, =@ {i # ).
=1
[lonnyo rpyumny obpasyor, Hampamep, cobbrtua A u A (4 + A = Q,
A-A=g).
B cnyuae mecuernoro nmpocrparctia {3 B Kadecrse cobbITH paccMar-
PHBAIOTCA HE BCE NOAMHOXKECTBa {2, 4 JIMUIB HEKOTOPBIE KJIACCHl 9TUX MOI-
MHOXKECTB, HA3bIBAEMbIE aJIrebpaMu U g-aarebpaMy MHOXECTB.

Knace § mommmuoxecTs npocTpaicrea {) Ha3BIBaETCA aazelpoll MHo-
sicecms (cobwmudi), ecom:

L.@es Qes;
2. u3 A € § Borrexaer, uro A € §;
3.z Ae S Be 5 srrexaer, uto A+ BeS, A - BeS.

3ameTuM, 94TO B yesoBuu 3 gocrarouno tpebosars aubo A + B € S5,
6o AB€ S, rakkak A+ B=A+B,A-B=A4+B.

Anrebpy coberruii obpasyer, HanpuMep, CUCTEMA HOIMHOXKECTB S =
= {@,2}. He#crsuresspHO, B pe3ynpTare HpUMeHeHH 000 U3 BLIICTIPU-
BEIEHHBIX Ollepauui K JIOOBIM OBYM 3JieMeHTaM KJjacca S CHOBA NOJyHa-
eTCA SJEMEHT JIAHHOIO Kiacca: €+ 0 =0, 8. 0=2, =0, 0 = 2.

[Tpu paciIMpeHHH onepaunit CJIOKeHNA 1 YMHOXKCIM Ha CJydalf cyer-
HOPO MHOMKECTBA ajredpa MHOXKECTB S na3niBaeTcs g-anredpoi,
o [e.0]
ecm 3z A, € S, n=1,2,3,..., cienyer >, A, € 5, [[ A € S (nocra-

n=1 n==l
o0 [a'9]
touHO TpeboBarh aubo Y, Ap € S, nubo [[ A, € 5.
n=1 n=1
MHuoXkecTBO BCOX NOIMHOKCCTE MHOXKECTBA §1, €GN 0HO KOHEYHO WM
c1eTHo, obpasyer asaredpy.
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1.5. CBOMCTBO CTAaTUCTUYECKON YCTONYMBOCTU
OTHOCUTENBLHON YaCcTOTbl COOLITUS

IlycTs B 1 MOBTOPAILIAXCA ONBITAX HeKoTOopoe cobuitHe A Hacmynuao
n4 pas.
Yucno n 4 nasepaerca wacmomoti cobbrtua A, a orHomwmenye

DA = Pr(A) (1.1)

Ha3bIBAETCS OMHOCUMeabrolt wacmomotl (i wacmocmow) cobbrtua A B
paccMaTpubaeMoil CCpMH OIILITOB.

OrHoCHTENbHAS 9ACTOTA COOBITHA 0D1A18€T CACTY UMY CBOHCTBAMN:
1. Yacrocts moO0ro cobBITUR 3AKIIONEHA MEXK Y HYJICM U GIMHULCH, T. €.

0 P4 g 1.
2. UYacrocrb HEBO3MOXHOLO CODLITHA paBHA HYJO, T. €.
P*(@) = 0.
3. Uacrocts moctosepHOro cobLiTHa pasHa 1, T.e.
P () =1.

4. YacToCTh CYMMB! [IBYX HCCOBMECTHBIX CODMTUH paBHA CYMME HaCTOTLI
stix cobprtuil, T.e. ecru AB = &, o

P*(A + B) = P*(A) + P*(B).

(1 Csoitcrsa ouesuuubr, Tag Kax 0 € 4 < n a1a pioboro cobbrrust A; pia
HEBO3MOMKHOIO COOLITHSA N4 = (; 11 NOCTOREPHOTO COBBITHA N4 = 71 €CJIA
cobbiTust A u B Hecosmecthsl (AB = @), T0 natp = n4 + np, CACI0BA-

tesbHo, PH{A+B) = JAYE _ DAXDE DA L NE L pg) 4 PY(B). B

YacrocTh obiiagact eme oqauM PyHIAMEATANLHBIM CBORCTBOM, 11a3bl-
BAeMBIM ceoficTneom cmamucmuueckoil yemotiueoemu: ¢ yBeJIUIeHUeM -
CJIa OIBITOB (T. €. 7)) OHA NPUHUMAET 3Ha4YeHud, DIU3KIe K HEKOTOPOMY Ito-
CTOSTHHOMY 4MCAY (COBOPAT: HACTOCTH CTAOMIIM3UDYCTCHA, IPHOIUKAACk K
HEKOTOPOMY HHUCITY, 9ACTOCTh KouieBJIercs OKOJIO HEKOTOPOro 4HuCjaa, HIN
ee 3HaYeHUs CPYIIUPYIOTCH OKOJIO HCKOTOPOTO YMCJA).

Taxk, manpumep, B onbiTe -— Opocanne MORETHl (OIHOPOIHOR, CUMMET-
PHYHOM, . .. ) — OTHOCHTEBHAA YACTOTA NoARIenus repba upu 4040 6poca-

nuax (2K. Broddon) okasanack pasHoit 0,5069 = 2048 " 5 omprre € 12000
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u 24000 Gpocanuamn (K. [upcon) ona oxasanach pasHol CODTBETCTBCH-
o

. __ 6018 rane . 12012 )
no 0,5016 = 12000 M 1,60056 = 540007 ™€ HacTHoCTD NpHBGITHARAETCH K
acay 5 = (0,500, .. A 4acToCTh POXKIIEHHA MAJIBYUKA, KAK TOKA3HBAIOT

nabnonenus, kouebaeres okoso uncia 0,515,

OrMeTHM, 1T0 TEOPHs BEPOATHOCTE! H3YIaeT TOJALKC Te MACCOBRIe CIY-
yafinble SBJACHHA C HEONPEIEICHHRIM UCXOOOM, A/ KOTOPBIX MPEIANOJIATA-
eTCA HAJMYME YCTOHYHBOCTH OTHOCHTCIBHOH 9aCTOThL.

CraTucTuveckoe on peneneHnue BeposaTHOCTU

Hsisi MaTeMaTHIeCKOre u3ykenusa caydaiinoro cobuitug neobxogumo
BBECTH KAKYI0-NHD0 KOMHIIECTRCUNYIO OeHKY cobbitud. [lonaTHo, yTo onaun
coBBITHA MCIOT GONBIIC WARCOB («BOJeC BePOATHBI® ) HACTYHHTE, YOM 1PY-
rue. Takoit onenkol ABNACTCA SepoamHocms cOOMMUA, T. €. THCIO, BBIpa-
HAKIEE CTENEHD BOIMOMHOCTY €r0 OABNGHU B PACCMATPURAEMOM OBITE.
Marematrueckux onpeneneHuit BepodaTIOCTH CYIECTBYET HECKOJBKO, BCC
OHH JTOMOJIHAKT ¥ 0000WAIT JIPyT Apyra.

PaccMmorpim onbiT, KOTOPLIH MOXKHO LOBTOPATH J0HOE YUCHo pas (ro-
BOPAT: &IIPOBOUATCH HOBTOPKBLIC UCITBITAHMSA®), B KOTOpOM Habsnonaercs
HEKOTOpOE CODBITHE A.

Cmamuemuseckoll gepoamuocmsio coObITHa A HA3BIBACTCA HHCIO,
OKOJIO KOTOPOTD KOJMCOICTCH OTHOCHTCABHAS YacToTa coOpITHs A 1upn 1o-
CTATOYHO BOJIPIIOM YHCJIEe UCTIBITAHEH (ONBITOB),

Beposarnocrn cobeirus A obosuavaerca cumposiom P(A). Cornacio
JaHHOMY OIIPeJeJIEHUI0

P(A) = P*(A) = 24, (1.2)

Maremarnaeck nm ofocnosamneM Gau30¢TH OTHOCHTEIIBHON wacToTsl 2% (A)
u BepoaTHocT J7{A) HekoToporo cobuitus A ciayxur teopema f1. Bepuynim
(cm. m. 5.3).

Bepoatuoctu P(A) upunuceiratores croiicrsa 1-4 orHocuTesbHONA 1a-
CTOTHI!
1. Crarucruydeckast BepoATHOCTH A00000 CODLITHA 3aKJII0Uena MeX 1y 11y-

JoM M equHALER, T o.

0 P4 <1l

2. Craructaueckad BCPROATHOCTL HEBO3MOXKIIOLO cOORITHA paBia HYJIIO,
T. €.

P(@) =0.
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1.7.

3. Craructuueckas BEPOATHOCTh HOCTOBEPHOrO cobrITHA pPaBHa COUHHIIE,
T. €.

P() = 1.

4. CraTHCTRYecKas BePOATHOCTb CyMMbI HECOBMECTHbIX COObITMH paBHA
CcyMMe BeposiTHOCTel 3Tux cobuiThii, T.e. ecyiu A- B = @, 10

P(A+ B)= P(A) + P(B).

Craracrudecknft cnocob onpenenenus: BepoaTHOCTH, onupaumics Ha
peasibHBIM OMBIT, JOCTATOYHO TOJIHO BBIABJIHET COAEPXKAHHUE 3TOTO TMOHHA-
tus. Hekoropoie yuensie (P. MAsec u Apyrye) CYHTAIOT, YTO SMIHPHYECKOE
OIpene/IeHNe BEPOSITHOCTH (T. €. p = nlirlc}o n—ni} CJIELYeT CYNTATH OCHOBHBIM
onpeneeHHeM BEPOATHOCTH,

HenocTaTkoM CTATHCTUUECKOTO ONDENEsieHUs ABJISETCH HEOZHO3HAY-
HOCTh CTATHCTHYECKOM BEPOATHOCTH; TAK B IPHUMEpe ¢ OpocaHueM MOHETH
(m. 1.5) B Ka4eCcTBe BEPORTHOCTH MOXHO MPHHATE HE TOJLKO yneso 0,5, Ho
M 0,49 wim 0,51 u 1 4. las HagexHoro onpenesesns BePOATHOCTH HY K-
HO npofiesiaTs GONbIOe YHC0 UCILITAHUA (OIBITOB), YTO HE BCELOA IIPOCTO
{nnu nemeso).

Knaccuueckoe onpepeneHne BEPOATHOCTH

CywecrByer mpocToff cnocob ONpeneseHMsa BEPOATHOCTH COOLITHA,
OCHOBa2HHbIIf Ha PaBHOBO3MOXHOCTH JIOO0r0 M3 KOHEYHOrO MHCJA HCXONOB
onnita. [1ycTh NPOBOOMTCS OMBIT € N MCXOOAMH, KOTOPHE MOXKHO IDEICTA-
BHTL B BMIE TOAHOU 2DYNNb HECOBMECTIHHE DPEEBHOBO3MONCHHIT COOBLITHI.
Takue HCXONBI HA3LIBAIOTCH CAYYGAMU, WAHCAMU, IAEMENTIODHBIMYU COBbL-
MUAMY, OTIBIT — Kaaccusecxum. [Ipo Takoit onbrr roBoOpsT, 9T0 OH CBOTUTCA
K CTeMe caynaes AM creae ypr (b0 BEPOATHOCTHYIO 33aMy /i TAKOTO
OTIbITA MOXKHO 3aMEHMTH SKBUBANeHTHOH eff 3amavelt ¢ ypHaMH, comepxa-
MMM APB! PA3HBIX [[BETOB).

Cayuall w, KOTOPRIA TPUBOAKT K HACTYIUIEHHIO COOBITHA A, HA3BIBAECT-
ca GaazonpuamumMm (MJIH — HAGZONPUATRCTRBYIOWUM) €MY, T. €. Cy4all w
sseuer cobeiTue A: w C A.

Bepoammnocmuto cobwrmus A Ha3BIBAETCS OTHOMEHHE YHCIIA 171 CYYaeB,
GJATONPUATCTBYIONUX STOMY COOBITHIO, K O0IIEMY HHCIY Tt CIYUYAEs, T.€.

P4y =1, (1.3)
Hapsny ¢ oGosnavyennem P(A) ana seposaTHocTH cobbiTiA A Hcnonbayerca
obosHavenue p, T.e. p = P(A4).



[hasa 1. CnyuaiiHble cobbitua * 19

M3 knaccuyeckoro onpezeseHusa BepoaATHOCTH (1.3) BBITERAIOT Chemy-
KEe CBoHCTBA!
1. Beposaraocrs snroboro colinrrus sax0deHa MEXKOY HYJIEM 1 eTHHUALEH,
T. €.
0 P(A) £ 1.

2. BeposiTHOCTE HEBOZMOXKHOIO COOBITHH PABHA HYJI, T. €,

/ P(.@) = 0.

3. BepositHOCTEL DOCTOBEPHOrO COOLITHA pPaBHA EOUHHUIE, T. €.
P(Q) =1

4, BepOHTHDCTb CYMMBbI HECOBMECCTHDIX C06I::I’I‘I/Iﬁ paBHa CYMMC BCDOATIHO-
crelt 3tux cobblTui, T.e. ecyin A- B = &, o

P(A + B) = P(A) + P(B).

(s IPOBEPSIOTCS TAK Xe, K&K M IJIs OTHOCHTEILHON yacToThl (1. 1.5).
B wacrosigee spemMs cBORCTBA BEPOATHOCTH ONPENSAAIOTCH B BRI AKCUOM
{em. m 1.11).

IIpumep 1.6. B ypue (emrocty) uaxonsarcs 12 Gesabix u 8 yepHBIX mwapos.
=  Kaxosa BepOATHOCTb TOTO, ¥TO HAyAAdy BhIHYThIH wap Gyaer Genpm?

Q@ IDycrs A — cofbitre, cocTosniee B TOM, YTO BLIHYT Oesnii wap. He-
HO, uTO 1 = 12 + 8 = 20 — 4MCJI0 BCeX PABHOBO3MOKHEIX CIydacs (HMCXO-
OB onwiTa). Yncso cayuaes, GmaronpuaTcTBy©mux cobbrio A, pasHo 12,
T.e. m = 12. Cnenosarensno, no dbopmyne (1.3) mmeem: P(A) = %%, T. €.

P(A) = 0,6. 'Y

¥npaxuexnuna

1. Haiir BepoATHOCTS TOTO, YT B HAYIAYY HANMCAHHOM ABY3HAYHOM YU-
coie udpol pasubie.

2. Habupasa nomep renedona, abonedt 3abuu 2 nocwxemnnue nadppe! # Ha-
Opas ux Hayran, Haltta BepoaTsOCTh TOTO, YTO HaOPAHBI HYXHBIE 1IH-

phI.
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1.8. neMeHTbhI KOMOMHATOPUKKU

CornacHo KAaCCRYECKOMY OHPEISIeHHI0 NOACUCT BEPOATHOCTH COObI-
THSA A CBOMUTCA K MOICYHETY YHCIA BAAPONPHATCTBYIOUMX €My HCXONOB.
Henarot 210 006IYHO KOMOMHATOPHLIMH METOOAMMU.

KomOunamopuxe — Da3fies MaleMaT¥kh, B KOTOPOM M3y4dalorcs 3a-
JEMH BRIOODA. 3JIEMEHTOR H3 33JIaHHOIG MHOXKECTRA W PACHONOKOHHA WX B
TPYIOBL 10 SAAAHHBIM OPABUJIAM, B SACTHOCTH 3AI44M O IOACHETE YHCJIA
KoMOuHanmil (BbI0OPOK), TOMYHAEMBIX W3 JIGMEHTOB 3AJIAHHOTO KOHEYHO-
0 MHOKECTBA. B Kax ol u3 Hux TpebyeTcda MONCYHTAThH YHCIAO BO3MOXK-
HBIX BAPMAHTOB OCYIECTBICHHA HEKOTOPOro JeHCTBHA, OTBETUTH HA BOTIPOC
«CKOJABKMME cnocoDamMu’ s,

Muorue KOMOMHATOPHEBIE 3371240 MOTYT ObITb PEUIeHb] ¢ ITOMOTLBIY CJie-
IYIOIUYX ABYX BAMKHBIX HPABHJI, HASBIBAEMBIX COOTBETCTBEHHO NPASUALMU
YMHONCEHUA U CAOHCEHUR.

IIpasuse ymuoncenus {(OCHOBHON NMPHMHIIAIN): €CJIM H3 HEKOTOPOrQ KO-
HEYIHOro MHOXKECTBA NepBbIt 06beKT (3/IeMEHT ) MOXKHO BBIOpars Ny CIIo-
coDaMH ¥ 1ocJIe KaxkI0ro Takoro Beibopa Bropoit obhexT (a/1eMenT y) MoX-
HO BRIGpaTh ng cnocobamu, To ofa ofbekTa (T M ¥) B yKaszaHHOM MOpAaKe
MOXKHO BBIODATD 11 - Tl CHOCODAMH.

STOT IPUIILKIL, OYeBH/III0, PACHPOCTpaHAeTcs Ha ciyuall Tpex u Dosee
0OBEKTOR,

IIpumep 1.7. CKOALKC TPEXZHATHBLIX YHCET MOKHO COCTABUTHL M3 TP 1,
2,3, 4, 5, eciu: a) nudps He nopTOpAI0TCA? 6) HMGPLI MOTYT NOBTOPATLCS !

Q Hmeerca b pasnnunbix cnocobos puibopa mudphl IS NEPROTO MECTa,
{coeBa B TpexanauHoMm uncae). [Tocae TOro Kax nepeoe MecTo 3aHATO, HA-
npumMep, nuhpoi 2, ocTasocs Yerbipe nudpbl AIA 3an0JHEHHA BTOPOTO
mecTa. s sanoenHeHua Tperhero mecta octaerca seibop M3 Tpex nudp.
CnenoesarenbHo, COMNIACHO TIPABHIY YMHOXKEHHAA HMeeTcA b -4 - 3 = 60 cro-
cob0B PACCTAHOBKU ITH(DP, T.€. HCKOMOE YHCJIO TPEX3HAYHBIX 4HCeN eCThb

60. (Bot HexoTophie u3 aTux yucesa: 243, 541, 514, 132, ...) [HousirHo, vro
€CJH IA(MPBI MOTYT [MOBTOPATRCSH, TO TPEX3HAYMHBIX umeeyn 5 -5 -5 = 125,
(Bot mexoroprie us mux: 255, 333, 414, 111, ...) ®

Hpasuao cymsmse. Ecoiv HEKOTOPBI 06HEKT £ MOKHO BRIDPATE 1 CIOCO-
bamu, a 0bbekT ¥ MOXKHEO BHIOpaTs No crocobamu, PUYeM OEPDLIC H BTOPLIE
criocobrl He nepecekarnTes, To J000H W3 yKa3aHHbIX 00beKTOB (T uiu y),
MO HO BBIOPATh 721 -+ Ny CIIOCODAMH.

910 TPABIID PACTIPOCTPAHAETCS HA JI000e KOHEYHOE YHCIIO 00'LEKTOB.
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Edi

IIpumep 1.8. B crynendcckoit rpynne 14 nesymex u 6 wonomeii. Crosb-
KUMu Cnocobamu MoxHaO BLODATL, JIJIA BRINOJMHEHHS DARITYHLIX 3ananui,
JBYX CTYAEHTOR OfHOIG TOJAY

@ o npasuay ymuEOXKeHWS IBYX HeBYILEK MOXKHO Bulbpars 14 - 13 = 182
cnogobamu, a apyx wHomek — 6 -5 = 30 cnocobamu. Caenyer suidOpatn
ABYX CTYIEHTOB OIHOTO 1I0JIA: IBYX CTYACHTOK WJTH IeyX foxonreit. Cornac-
HO IpaBMJly CTOMKEHNH Takux crnocoBob seibopa dyaer 182 4+ 30 = 212. @

Pemenne BepoaTHoCTHBIX (M He TOJBKO UX) 3ajiad JacTo ofierdaeTes,
ECJTH HCIOML20OBATL KOMOMHATOPHLIC (bopMyast. Kaxnasa s uux oupeme-
JACT THCAO BCCBO3IMOXKHBIX UCXOUOB B HEKOTOPOM OULITC (9KCHEPUMORTE),
COCTOANICM B BRIOOPE HAYIAYy i1 DUIEMCHTOB H3 1i PASJTUMIIBIX 3JIEMEHTOB
PACCMATPHBASMOT0 MUOKECTRBA,

Cymecrnyior ape cxeMbl sribopa m ajeMentos (0 < m € n) U3 HCXOJI-
HOCO MHOXeECTBA: 6e3 sozgpaujenus (6e3 NOBTOPeHRit) 1 ¢ gosepawenuem (C
nosTopenuem). B nepnom cnyuae BuIOpaHHBIC 3JIEMEHTH! HE BO3BPAHIATC
obpaTtHo; MO HO 0TOOpATE CPA3Y BCC 17 BJICMEHTOB BJIM NOCJENOBATEIBHO
oTOUpaTh ux 1o omiomy. Bo sropolt cxeme sribop 0CyUIECTBAASTCI TODIIE-
MEHTIHO ¢ 00A3aTe/IBHBIM BOSBPALIEHUCM 0TOOPaHAOLO 3JIeMCHTa Ha KaiK I0M
mare.

Cxema BbIGOpa 6€3 BO3BpalLteHuA

B)

ITycTs mano MHMKeCTBO, COCTOAWCS U3 7 PAsJIMIHEIX 3JIEMCHTOB.

Pasmewerues U3 1 2J10MenTos no i sjtemertos {0 < m < n) Hasbl-
BaeTCA JI060e YTopA[0YeHHoe NOAMAOKCCTBO JAOT0 MHOXKECTRA, COICP-
HKALee M AJICMEHTOB.

s onpenenenus BLITEKAaer, MTO pasMelciusa — 9710 Bpibopku (koMOn-
HAIMHK), COCTOSIHME M3 17 BIICMEIITOB, KOTOPhIE OTIHTIAMOTCH JIPYT OT ApyTa
J60o COCTABOM 3MEMEHTOB, JINO0 LOPAJIKOM HX PACLIOJIOKEHA,

Hucso pasMemenail 13 11 3JeMeHTOB 10 ™M 3jieMeRToB 0fo3nagacTea
cumsosiom Al («A M3 30 110 3M») K BRIYTCHAETCH 110 DOPMYJIe

A =nn-1)n~-2)-...-(n—m+1) (1.4)
WM

At L e al=1.2.3.....m, U=1 0l=1. (L5
" (m—m)
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[d Hns cocraBnenus pasmeumesns A)' HaO0 BHIOPATH ™M JIEMEHTOB |
MHOXECTBA C 73 3JIEMEHTAMU H YUOPSIZOYMTHh KX, T. €. 3alOJIHAThL 1 Me
ajleMenTaMu MuOMecTBa. [lepBoiil asiemMenT MoKHO BHIOpaTs 11 cnocobam
T. €. Ha MepPBCE MeCTO MOXKHO MOMECTUTh JMobo# ns n snementos. Iloc
TOrO BTOPOR 3JIEMEHT MOMKHO BHIODATh K3 OCTABIIMXCHI 72 — 1 3JieMeHTH
n — 1 cnocobamu. lnsa Bubopa Tperhero sjeMesTa uMeercd 1 — 2 crocob
yerseproro — n — 3 cnocoba, M, HAKOHEN, JUIA NOCJASITHER0 N-10 3J1eMe
Ta — (n — (m — 1)) cnocobos. Takum 06pasoM, o NpaBUiy YMHOXKEHH
cymectsyet n(n—1)(n—2)... (n—- (m— 1)) cnocoGop BLIGOpPa M ICMEHT:
M3 JAHHBIX 1 3IeMeHToB, T.e. AT =n(n - 1){n—-2)...(n —m + 1).

IIpumep 1.9. CocraBuTth pasindHbe PASMEIICHHAS HO 2 U3 3JIEMEHTOB MH
xecrsa D = {a, b, ¢}; nogcunrars ux wmcao.

(3 U3 Tpex »aeMeHTOB MOXHO 06pazoBaTh CJACOYIOUAE PASMEIIEHUS ]
nsa anementa: (a,b), (b,a), (a,c), (c,a), (b,c), (¢,b). Cornacuo dopm
sie (1.4) ux wueao: A2 =3-2=6.

fTepecmanoekoll U3 1 BJIEMEHTOB HA3BIBAETCS PA3SMEIUEHUE W3 71 37
MEHTOB JIO 1 3JIEMEHTOB.

W3 onpenencHus BLITEKALT, 9T0 NEPECTAHOBKH — 310 Bbifopku (ko
OuHAIMK), COCTOSMIHE M3 71 SJIEMEHTOB M OTJHYANMMECH APYr OT APy
TOJIBKO NOPAJIKOM CJIEIOBAHEA SJIEMEHTOB. HCJI0 TepecTAHOBOK H3 12 3J]
MeHTOB 0603HaYaeTCA CHMBOJIOM P, («md M3 9H») M BHUUCHAETCI 10 (o
MyJie

F,=nl (1.

®opmyaa (1.6) cremyer w3 OIpeIeseHUs NePeCTAHOBKH:

—gn—_nt _nl_
Po= Ay = (n—n)! O e

IIpumep 1.10. CocTaBUTL pasMUYHBIE NEPECTAHOBKY M3 3JIEMEHTOB MH
xectsa E = {2,7,8}; moacuutars ux uucso.

Q U3 sneMeHTOB MAHHOTO MHOXECTBA MOMKHO COCTABHUTE CJICLYIOIIHE I
pectaosxu: (2,7,8); (2,8,7); (7,2,8); (7,8,2); (8,2,7); (8,7,2). Tlo o
myne (1.6) umeem: P;=31=1-2-3 =6.

IMpumep 1.11. Cronpxumu crnocofaMyu MOXKHO PACCTABMIL HA NOJIKE
PA3JIMYHEIX KHUT!
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(9 Hckomoe unciio crnocofoB papHO YHCILY NEPECTAHOBOK U3 5 3JIEMEHTOB
(knur), re. P =5=1-2.-3-4.5=120. o

Covemanuesm 13 n ajgeMentos to m (0 < m < n) 2JeMEHTOB HA3LI-
Baercs: Jioboe NMOAMHOMECTBC, KOTOPOE COOEPXKHT M SJIEMCHTOB HAHHOIO
MHOXKE€CTBA.

M3 onpegencHus BHITEKACT, Y10 COYETAHUS — 3TO BHIDOpKH (KoMOHHA-
A ), XKAXKIAA M3 KOTOPLIX COCTOWT U3 77 3JIEMEHTOB, B3ATLIX U3 JAaHHBIX
N BJIEMEHTOB, ¥ KOTOPbIE OTJIHYAIOTCH APYT OT JPYTA XOTA Obl OJHUM 18-
MEHTOM, T. €. OTJIMYAIOTCA TOJIBKO COCTABOM JICMCHTOB.

Yucso coderanuit B3 7 37€MEHTOB MO M 3IEMEHTOB 0603HAYAETCHA CHM-
BoJiom O] («113 B3 3H 110 3M») ¥ BLMUC/AETCHA 10 (popMYJIe

m_ nn=1{n-2)...n—m+1)
Gt = 1-2-3...m

HJIH

cm = m (1.8)

[d Uucno AT pasMmeruenull 3 n 3JIEMEHTOB HO 11 3JEMEHTOB MOXHO Haf-
TH CHEIYIOmMHEM 06pa3oM: BeIOpaTh m 3JIEMEHTOB 13 MIOXEeCTBa, COIepXKa-
Wero 7 IeMeHTOB (310 MOXHO cuenars () cnocobamm); 3aTeM B KaX-
OOM H3 OOJIYYEHHBIX cOdeTaHHil (IOIMHOXKECTB) COeslaTh BCE 1IePecTaHOB-
KH JUIH yIOPSA0YEHHs! TOOMHOXECTB (3T0 MOXHO caenars P, cnocoba-

mu). CrlenoBarenbHo, COrNACHO NPABHIIY YMHOMXEHHS, MOXIIO 3AIMCATD:
A nn-1n-2)...(n—m+1)

m _ ¢mn, mo_
Al = CI* . Py, Orcwoga Cf P, T35 m HJIH
mo_ ! ]

Cr m!(n — m)!
MoxHo NOKa3aTh, ITO HMEIOT MECTO JOPMYJIbL:

Clt=Cy™, (m<£n), (1.9)
COLCr+C2 ... +CR =27, (1.10)
Clr=C +C, (1<m<n). (1.11)

®opmyny (1.9) ynoOHO MCNONML30BATH MPH BBITHCIEHUH COMETAHHH, KOTTa

15.14
m > %.TaK, Cllgzclzs =19

BCEX NOOMHOMXKECTE MHOKECTBA M3 1 aaeMeHToB (0HO pasHo 27). Ymcna
Co CL, C2, ..., CT apnawTcs KoaddUIMEHTAME B DA3JIOXEHHA OHHOMS,

Huiotona: (a + b)* = CRa™b? + Cla®1h ... + Cla'b™.

= 105. ®opmyJia (1.10) BeIpaskaeT YHACIIO
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Ky

pumep 1.12. CocTaBuTh PA3IHIHEIE COUETAHNA N0 2 W3 BIEMEHTOB MHO-
xecrea D = {a, b, ¢}; nogcaurars ux umcho.

Q W3 Tpex amemeHTOB MOXEO 00pa30BaTh CJAENYIOIHe COUYeTAHHA MO 1Ba

aaementTa: (a,b); (a,c); (b,c). Ux wncno: C2 = %—% = 3 (dopmyna (1.7)).
@

IIpumep 1.13. Cronbkumu criocobaMy MO HO BRIODATE 3 I[BETKA U3 BA3LI,
B KoTopoh ctoar 10 kpacHeix ¥ 4 po3oBbiX Bo3auMKH? A ecnu BHIOpaTh 1
KPACHYIO TBO3IMKY U 2 pPO30BBIXT

Q Tak xax nopsylox BoiGOpa IBETOB HE MMEET 3HAMEHUs, TO BEOpATL 3

UBETKA M3 Ba3bl, B KOTOPOH cTtoAT 14 reo3myk, MOKHO 0?4 criocobamn. Ilo

dopmyse (1.7) maxogum: C3) = %}5_31_2_ =7-13-4

HYIO TBO3OHKY MOXHO BRIOpaTh C’llo = 10 cnocobamu. Beibpars nBe po3ossic
CBOZIHKH U3 UMEIOHUXCA IeThIPEX MOXKHO C} = %——g = 6 cnocobamu. 1lo-
aToMy GyKeT U3 onHOH KpACHOH ¥ JIBYX PO3OBBIX I'BO3INK MOXHO COCTABMTE,

nio npaguity ymuoxenns, Cly + C7 = 10+ 6 = 60 cnocobamu. ¢

= 364. [anee: kpac-

Cxema BbiOOpa ¢ BO3BpaLleHUEM

=

Ecsu 11pu BLIGOPKE M 3J1EMEHTOB 13 1 3JIeMeHTH BO3Bpalalorea odpar-
HO W YNOPAMNOYMHBAIOTCH, TO TOBOPAT, SITO 3TO PEIMEWEHUA ¢ NOGMOPE-
HUSMU.

PasMemienns ¢ MOBTOPEHUAMH MOTYT OTAMYATBCA APYT OT ZPYTa 3Jje-
MEHTAMH, UX TOPAIKOM ¥ KOJWYECTBOM OOBTOPEHHH »3eMenTOB. N0
BCEX pazMemenuit U3 n SJEeMEeHTOB HO M ¢ HOBTOPeHUAMHA 0D03HaYaeTCH
cumposiom A7 u peraucigercs o GopMysie

AT =n™, (1.12)

ITpumep 1.14. Ha 3 saementos ¢, b, ¢ COCTABMTL BCC PA3MEUIEHH 110 J1BA
BJIEMEHTA C [OBTOPEHHUAMH.

Q@ To dopmyae (1.12) uucno pasMentennit 0o qBa ¢ HOBTOPEHUAMH PABHO
A2 = 3% = 9. Bro: (a,a), (a,b), (a,c), (b,b), (b,a), (b,c), (¢, ¢}, {¢,a), (¢, b).
®
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ITpumep 1.15. CKOMBKO MATHIHAMHBIX 9HCEST MOXKHO COCTABHTL, UCHOJE-
3ya uudpsl a) 2, 5, 7, 8; 6) 0, 1, 97

Q a) Bce nsarusHaqube 9MCIA, COCTABICHABE 13 mudp 2, 5, 7, 8, orinm-
YAI0TCA APYT OT Apyra AuGo HOPAOKOM X CIeAeBaHus (HanpuMep, 25558
# 52855), mmbo camumu uudpamu (Hanpumep, 52788 m 78888). Cnenosa-
TeJbHO, GHH fASJAITCH PA3MEUISHnAMHE U3 4 BJIEMEHTOB [0 & C MOBTODEHM-
AMH, T. €. ./12. Tarkum ofpasoM, HCKOMOE YHCII0 MATH3HAYHBIX YHCeJ PABHO
/1‘3 = 4° = 1024. DroT Xe pe3yNbTAT MOKHO IOy IHTh, HCNOIb3Ys TPABUIIO
YMHOXKCHHSA: IePBYI0 Py CAEBA B MATUIHAMHOM YHCIIE MOXKHO BRIOpATh
4eTHIPbMH CHOCOOAMH, BTOPYI0 —— TOMXKE YeTHIpbMSA ciocobaMu, TPeTbio —
SeTLIPBMSL, YETBEPTYIO — YETLIPHMA, TATYK) — YEThIpbMi. BrCero nomyqa-
erca 4-4:-4-4.4 = 1024 nATHIAATHBIX TUCEJT.

6) Ecnu narushaunme yucna cocroar w3 nudp 0, 1, 9, To nepsyio Li-
dpy cnesa MOXxnO BRGpars Opyms cnocobamu (0 He moXeT 3aHUMATh Iep-
BYIO IIO3UIMIO), KAXKAYI0 M3 OCTABIINXCA YeThipex mudp MOXKHO BHIGpATL
Tpemsa crnocobamu. CorIacHO NPAaBMJAY YMHOMEHHA, TAKHX 4uces Oyner
2-3-3-3-3=162. (Mnaue: A3 — A} = 243 — 81 = 162.) ®

Ecnu npe Beibopke m 3J1EMEHTOB H3 1 3JIEMEHTHI BOIBPAIIAIOTCH 00paT-
HO De3 noc/enyomero yrnopsaoiMBAHKA, TO IOBOPAT, YTO 3TO COYEMARUA C
NOGMOPCHUAMU.

Yucso scex coveTaHRi 13 7 9JIeMEHTOB HO M ¢ NOBTOPeHHAMH 0603Ha-
yaerca cumsosiom G U BBIMHCAACTCA 110 opMyJIe

sz n+m 1 (1.13)

IIpumep 1.16. M3 tpex snemeHTtos a, b, ¢ cocTaBUTL BCE COYETAHHA I10
[IB3 BMEMEHTA. ¢ IOBTOPEHUSIMH.

Q Mo dopmyne (1.13) uucio coderanuit N0 OBa ¢ HOBTOPEHHSMH PABHO

Ci=Ci,,=Ci= I—g = 6. CocrasiificM 9TH COYETaHAF C IIOBTOPEHH-
amnt (a,0), (a,b), {a,¢); (b,b), (b,¢), (c,c). ®

IIpamep 1.17. CronsxknMua cnocobaMyu MOXHO COCTaBATE Oyketr U3 D uBe-
TOB, €CJIM B HAJWYMH €CTh IBETBI TPCX COPTOBT

Q PaccmaTpuBaeMoe MHOXKEGCTBO COCTOUT K3 TPEX PA3JIHMHBIX JICMEHTOB,
a BuIbOpKH uMeT obbeM, pasubifl 5. Ilockonbky TIOpANOK pacnoioXKeHns
HBETOB B OyKeTe He WIPaeT POJIH, TO MCKOMOE 4MCJIo OYyKeToB paBHO 4H-
CAy CodYETAHMH C HOBTOPCIHAMY U3 TPEX 9JIEMEHTOB mo 5 B Kaxmom. Ilo

dopmyse (1.13) umeem C3 = C8 = CI> = CF = 7 g 21. e
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=]

Ilycres B MuOxecTBE C N 351€MEHTAMH €CTL K DPA3TMYHBIX 3JieMEHTOB,
opu atoM 1-# 3neMenT noBTOpRETCH N1 pa3, 2-i aneMmenr — ng pas ..., k-i
ANMEMEHT — 1y pas, IpuYeM ny + 1o + ... 71 = 7.

[lepecTanoBku M3 N 3JIEMEHTOB JAMHOTG MHOMECTBA HA3BLIBAIOT nepe-
CTMAHOGKAMU ¢ NOGMOPEHUAMU U3 N IACMEHTILOB,

Hucii0 nepecTaHOBOK C MOBTOPEHMAMH M3 17 9JIeMEHTOB 0003HANAETCA
cumBosioM Py, (ny,ng, ..., ny) 1 BelUKcageTcd 10 HopMyIe

'
Po(niyno,. o ng) = m (1.14)

IIpumep 1.18. CroabKO Pas/IMYHBIX HATHIRAYHLIX YHCES MOXHO COCTa-
BuTh u3 uudp 3, 3, 5, 5, 87

Q Ilpumennm dopmysy (1.14). 3nech n =5, ny =2, ng = 2, ng = 1. Un-
CJIC PA3JIMYHBIX MMATHIHAMHLIX 9UCeJT, conepxamux mudpst 3, 5 u &, pasHo

{
Py(2,2,1) = 5—2,—1, = 30. °

YnpaxHeHna

1. CKONBKO PA3NIMYHBIX «CJAOB», COCTOAUMX U3 Tpex OyKB, MOxHO obpa-
z0BaTh U3 GyKe ¢iioBa BYPAHT A eciin «Ci0Ba» COOEPXKAT HE MeHee
Tpex byxn?

2. Cxronpkumu CriocobaMu MOXKHO BBIODATH OOMH LBETOK W3 KOP3HHbI, B
xoTopoit umeerca 12 reosauk, 15 pos u 7 xpusanrem?

3. Ipyvmna crymenron usyuaer 10 pasmuannix gucmuiiuna, CKONBKHMY
crocobaMy MOXHO COCTABUTL DACHHCAHHME 33HATHR B NONEENIBHUK,
€CJIH B 3TOT JEHb NOJIKHO ObITh 4 pasHbIX 3nHATHAT

4. M3 10 mansuukos u 10 nepovex CIOPTHBHOTO KJACCA OJA YYACTHSA B
acTaheTe HANO COCTABUTL TPH KOMAHILL, KAXKAAA U3 KOTOPBIX COCTOAT
H3 MAJIbUMKA ¥ 1eBOYKH. CKOJIBKUME CIIOCOOAMH 9TO MOXHO CHCJIATL?

5. CKOJBKO MOXKHO COCTABHTL YETHIPEXSHATHBIX THCEJI TAK, YT0OB! MI00DIE
ape cocequne HHMPE ObLIM pasIuyHb?
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9.

B snexTpuuke 12 BaroHoB. CKOJIBKO CyLIeCTBYET CIOCOGOB pa3MeIleHus
4 MaCCAXKMPOB, €CJIM B OOHOM BaroHe HOJDKHO ObITh He Hosiee OIHOTO
HAacCadXXHpa’

Cxonpgumn crniocobaMu 3 HArpaawl MOTYT OBITh PACHPENESICHB MEX Y
1{} yuyacTHHKAMH COpPEBHOBAHAAT

W= 4 nepBokypCHUKOB, 5 BTOPOXYPCHUKOB H 6 TPETLEKYPCHUKOB HAA0
sulbparb 3 crynenta Ha koudepennun. Cxoapkumu cnocobaMu MoX-
HO OCYIIECTBHTH DTOT BHIOOR, €CNIH CPeO BHIOPAHHBIX NOJIKHbI OBITH
CTY/IEHTH! Pa3HblX Kypcon

Cronbkumu cnocofaMu MOXKHO PACCTABUTL HA TOJIKE 7 Pa3IMHHBIX
KHHUL, 9T0OBI OUpene/eHHble TPH KHUTH c1oaad pagoM? He pamom?

10. CronpxuMu CrIoCOHAME MOXKHO PACCAIHTE 5 YEJIOBEK 38 KPYIVIBIM CTO-

aom? (PaccMarTpHBaeTCs TOJNBKC PACHOIOKEHHEe CHASIHX OTHOCUTENb-
HO ApYT Opyra.)

11.10 cryaenTos, cpenu korophix C. ®enus u A. Hlunos, cayyaitneiM obpa-

30M 3aHUMAIOT ouepens B bGubmmoreky. CKOMBKO WMEETCH BapHAHTOB
PACCTAHOBKH CTYAeHToB, Korua Mexny @enuneiv u [InnoseiM oKaxyT-
ca 6 crynenros?

12.VY onHOro MmMKOJBHAKA MMEETCA 7 PA3JMUYHBIX KHHT Juia oOMmeHa, a y

apyroro — 16, CkosnbkuMu ¢cnocobaMi OHY MOTYT OCYILECTBHTHL OOMEH:
KHHra Ha kHAry? JIBe KHHIM Ha BBe KHHrH?

13.B ypue 12 6esnpix # 8 yepHbix mapob. CKOJbKEMH CIOCODaMH MOKHO

BrIGpats 5 wapos, 9Tobul cpeny HUX GuLI0: a) 5 yepHbIx; 6) 3 Genbix U
2 gepubIx?

14. CroABKMME crIoco0aMHi MOXHO PACTIPEISNTh 15 BHIIYCKHAKOB 110 TPEM

palloHaM, eC)iM B OMHOM M3 HUX HMeeTCH §, B IPYTOM — 3 H B TPETLEM -—
2 paxaHTHbIX MecTa?

15. U3BecTHo, 4T0 7 CTYREHTOB COAJIM 3K3aMEH 110 TEOPHH BEPOATHOCTEH Ha

XOpouo ¥ OTHYHO. CKONMBKAMY Croco0aME MOV OHITH IOCTABJIEHBI
UM oneHKu?

16. Urpaisnaa kocrs (Ha ee 6 rpansx xanecensl uudgpbl or 1 no 6) Gpo-

caercd 3 pasa. CKOMBKC CYIIECTBYET BAPHAHTOR BHINAJCHUS OFUKOB B
napHoM omnbite? Hanwmmare HeKoTOpbIE U3 HEX.
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17. CxonbsruMA ciocofaMu MOKHO paclpenenth 6 pas/iMaibiX I0JAPKOB
MEXY HeTBIPbMA PebaTniKaMu?

18. CkoabKuMu criocobamu MOXKIIO COCTABUTEL HabOP U3 6 HUPOXKHLIX, €CJIH
MMeCTCA 4 COpPTa ITUPOKHBIX T

19. ['pyrna yyanuxes us 8 qejionex oTpARISETCs I Ly remecrsne 1o Kppi-
My. CKOIBKEMH CHHOCOGAME MOXHO COCTABUTE CPYIILY U3 YHALIMXCA 5-7
KJEACCOB?

20. CxonpKuMH CcriocobDaMn MOKHO PACHpPEICsuTs 4 KHUIHM HA TPCX MOJI-
Kax kuwkHoro mxacha? Hafitu uncsao cnocofoB paccTanoBKu KHUP Ha
HOJIKAX, CCJIM TOPAMIOK UX PACUOJOKCHUA Ha II0JIKe UMeeT 3HAICHUC,

21.CROBKO «CAOBY MOXKHO UOAYYRTD, UEPECTABAAA GYKBBI B CJIOBE:

a) TOPA; 6) UHCTUTYT?

22, Cronbko cymectByeT ciiocofop pasmermenus 9 4enoBeK B JIBYXMCCT-
HBI, TPEXMECTHBIH M METBIPEXMCCTHDIH HOMCPA TOCTHIMLLL]

23. Cronpkumu crnocofaMi MOXKHO pacnpelendrTh 16 BHAOB TOBAPOR MO
TpeM Marasuunam, ecnd B 1-ff Marasun najgo gocrasurs 9, o 2-# —
4, a B Tperyit -— 3 Buna Tosapon?

Mpumepsl BbIMUCNEHUA BEPOATHOCTEN

ITpumep 1.19. B ypue waxogarca 12 Gensix u 8§ uepnoix mapos. Haitrn
BEPOATHOCTL TOTC, YTO CPEIH HAYTAN BLINYTLIX b mapos 3 6yuyT yepHbiMu?

(Q Buifpars 5 wapos n3 20 moxno C§, passumunbivy crocobamu (sce BoI-
OOpPKH -— HEeYHOPAAOUEHHBIE OAMHMKECTBA, COCTOSIIIUC W3 5 3JICMCHTOB),
1. €. n = Chy. Oupenesum 4uciio ciyuaes, BIaronpUATCTBYIONMX COOLITHIO
D — «cpenu b sumyTsix mapos 3 6ymyr gepumivus. Yuco erocobon BLI-
6pare 3 uepHbIX wapa 3 8, paxommnwxca B ypHe, pasno CF. Kaxjaomy
TAKOMY BBIOODY COOTBETCTBYET C'fg crocobos BeIGOpa, 2-x BeIBIX Aapon ua3
12 Benpix B ypHe. CenopaTenbHo, Mo OCHOBHOMY IDABHAY KOMOGHEATODHKH
(npasusty ymroxenus), nmeem: m = Cp - C%Q. Mo dopmync {1.3) maxonaum,
03 ) 020
uro P{B) = mﬁ—éﬁ—h ~ 0,24, °
20 -
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IIpumep 1.20. B xopobke 5 cunux, 4 KpacHblx 1 3 3e/enbpX KapaHnaua.
Haynauy peinumator 3 kapaiiaia. Kakosa BepoATHOCTL TOTO, WTO: &) BCE
OHM OIHOI'C IIBETa; ) BCe OHM PA3HBLIX IIBETOB; B) CPEIM HHUX 2 cMHHX U 1
3eneibill Kapanam.

Q Cuauana sameruM, 410 4rCJI0 crocobos swGpars 3 kapanmama uz 12
UMCIOUWHXCA B HAJTHYHH PABHO N = 0132 = 220.

a) BeiGpars 3 cuunx xapansomura 3 5 moxno Ci cnocobamu; 3 xpac-
HEIX u3 uMeonmxca 4 MOkHO BHGpars C§ crocobamy; 3 sesieHBIX u3 3
sestennix — Cf cnocobamu.

Ilo npaBuny camkcrust obuice YuCI0 M Cyvaes, OaaroupUITCTEYIO-
mux cobbiTHio A = {TpR KapaHJama, BEIHYTHX U3 KOPOGKM, OIHOTO 1BeTa},

pasnio m = Cf + C} + C§ = 15. Orciona P(A) = % = 21750 =10

6) Ilycrs cobuiTie B = {Tp¥ BHIHYTHIX KapaHJalla PasHbIX LBETOB}.
Yucno m ucxonos, ONaronpuATCTBYIOMMX HACTYIUIEHHIO cobbiTua B, 1o
upapuity ymuoxernust paspo m = C - Cl - C} = 5.4 3 = 60. Iosromy

—m_ 60 _ 3
PlA) =% =95 = 11"
B} Ilycrn cobpite C = {u3 rpex BLIGpaHHLIX KapaHmawed 2 CHHWX u
1 senenvifi}. BuibpaTs 2 CUHNX KAPAHIAIIA K3 UMEIOLMUXCA D CHHEX MOXKHO

C?2 crocobamu, a | sesrenbiit u3 uMetonuxcs 3 senenwx — Ci cnocobamu.

OTciona no Npaswsty ymnoxenns umeem: m = C?Z - C} = 30. Iosromy
_m_ 30 _ 3
PC) =% = 220 22 d

TIpumep 1.21. Haro wects xaprouex ¢ Gyxpamu H, M, 11, 4, JI, O. Hafitu
BEPOATHOCTE TOrO, 4TO: &) NoJy4duTea cioso JIOM, ecnu mayran omma 3a
Ipyro# BRIbHpaTCa TP KapTouky; 6} noayunrces cioro MOJIHWSI, ecom
Hayral OgHA 33 APYro#l BuIGUparoTCs WEeCTh KAPTOUEK U PACHONAraloTca B
P4 B DOpsIIKe NOABACHUHA.

Q a) Uz mecru panseix 6yxs MoxHO cocrasuth n = A3 = 120 Tpex6yk-
sennbx «caosy» (HWJI, OJIf, OHW, JISIM, MWUJT u r a.). Croso JIOM

IpH 3TOM NOABHTCH JIHIIL OSWH pas3, T.e. m = 1. [loaromy sepostTHOCTE

mosBaenus ciosa JIOM (cobuirue A) papma P(A) = 2

n = 120

6) IecTubyKkBeHHBIE &CJI0BA®» OTJIHYAIOTCA OPYr OT APYTa JIMINL IO-
pagkom pacrionoxenus 6yks (HOJIMU S, AHOJIAM, OJTHUSIM u . 1.).
Ux umc/10 paBHO YHCIY [IEPECTAHOBOK M3 6 6ykB, T e. n = Py = 6!. Ouerna-

HO, uto ™ = 1. Torma sepoaTHOCTE NoABaeHus ciosa MOJIHUS (cobritue

B) pamwa P(B) = 2 = L = L1 ®
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TIpumep 1.22. B noyroBoM OTHESeHHE HMEKTCA OTKEPLITKH 6 sunos. Ka-
KOBa BBPOHTHOCTE TOI‘O, H$TO CpeILH 4 HpO,]Ia.HHbIX OTKprTOK BCe OTI{prTKPIZ
a) OOMHAKOBLL, 6) pasnuynbl?

(J Bruifpars 4 oTKpBITKH 6 BHIOB MOMKHO _C'—ff = 126 cnocobamu, T.e.
n = 126.

a) Ilycrs cobertue A = {npomano 4 onuHakoBBe OTKPBITKA}. Mciio
M MCXONOB, GJATONPUATCTBYIOUIMX HACTYIUTEHUIO cOBbITHA A, paBHO wMCIy
BUIOB OTKDPBITOK, T.€. m = 6. [loaToMy

PlA) =126 = o1
6) Mycrs cobpitne B = npomanst 4 pasnu4Hbe OTKPLITKK. Beibpars 4
OTKPDITKH 13 6 MOXHO Cf = 15 cnocobamu. 1. e. m = 15. CnenosaTensho,

_ 15 _ 5
PB) = 135 = 13- ®

YnpaxHeHus

1. B nudt 9-sTaxnoro goma Bouniu 4 desosexa. Kaxnwil n3 Hux nesa-
BUCHMO APYT OT OPYra MOXKET BbliiTu Ha j060M (HAYMHAS CO BTOPOTO)
aTaxe. Kakopa BEPOSITHOCTE TOrO, YTO BCE BBHUIJIK: &) HA PA3HBIX 3Ta-
xax; 6) Ha 0HOM 3Taxe; B) Ha 5 araxe?

2. Us xosonsr kapr (ux 36) BRITACKMBAIOT Haynady 5 KapT. Kakosa Bepo-
ATHOCTb TOTO, YT0 Gynyr BbITAEHb 2 TY3a U 3 mecTepku?

3. Cewmb denonex pacCaxkMBAaIOTCA Hayiady Ha ckamelike. Kaxosa sepo-
ATHOCTH TOTO, 9TO JIBA OMPEICIAEHERIX 9ea0BeKa OyayT CHueTh pajgom?

4. Ha 5 xaproukax paspesHol as6byku usobpaxenst 6yksnt B, E, JI, IT, I
Pefenoxk cnywaltnsiM o0pasom BBIKJIAALIBAET UX B psil. Kakosa Bepo-
SITHOCTD TOTO, TG ¥ Hero nonaygurcs caoso ITEIIEJI?

5. I3 60 BoupocoB, BXONAUMX B 9K3aMEHAIMOHHBIE DWIeThl, CTYIEHT 3Ha-
er 50. Haittu sepostHOCTS TOr0, 4T0 cpemy 3-X Hayrajx BHIODaHHBIX
BOIPOCOB CTY/IEHT 3HAET: a) BCe BOMpPoCHl; 6} IBa BONpOCA.

6. B 6apabaue peBosibBepa T FHE3R, U3 HAX B J 3aJI0XKEHEI NATPOHLL Bapa-
fan NpUBONUTCHA BO BPALICHHE, [IOTOM HAXKUMAETCHA CIIyCKOBOH KYpPOK.
KakoBa BEpoATHOCTL TOrO, YTO, HOBTOPHB TAxkod onuiT 2 pasa noapsa:
a) o6a pasa He seicTpesuT; 6) 06a paza PeBONbBED BHICTPENIHT?
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7. [ns nposenenusi copesuosanud 10 xomanm, cpemn KOTOpeIX 3 Juoe-
pa, myTeM XepebbeBKM paCHpeleNATCA Ha 2 IPYNNHL 0o 5 Komas
B xaxacoi. Kakosa BepoaTHocTk TOro, uTO 2 JRAEpa NONANYT B OIHY
rpyuy, 1 nuaep — B apyrywo?

8. Ma konons! xapr (ux 36) Hayrag shiHEMAaOT 2 kaprel. Halitu Bepoat-
HOCTb, 9T0 CPEIH HUX OKAXEeTCs XOTA Obl OOHA «1aMas.

1.10. F'eomeTpuveckoe onpegeneHue BEpoOSTHOCTH

I'eomeTpuyeckoe onpenesieHde BEPOATHOCTH NPUMEHAEICH B CJydae,
KOTa MCXOObl OTBITA PABHOBOSMOXKHE, a [13C (uau Q) ects Heckoneuroe
HeCYeTHOEe MHOMXKEeCTBO. PacCMOTPAM Ha IJIOCKOCTH HEKOTOpYIo ofuracts {2,
HMEIYIO NII0WAaLE So, 1 BHyTpH obnactu () obsacts D ¢ nnomansic Sp

>

- Puc. 8

Q

B obnactu 2 caywalino seibupaercs touka X. 9710T BEIGOD MOXKHO UH-
TEPIPETHPOBATL KaK dpocarue mowku X ¢ obaacms ). Tlpu sToMm moma-
nauue Toykm B 06sacTe (} — moctomepuoe cobmiTHe, B D — cayuaiisoe.
Ipeanonaraercs, uro sce Toukn obsacTy §} paBHONpaBHL! (BCe 3IEMEHTAD-
Hbl€ COBBITHA PABHOBO3MOXHBI), T. €. 4T0 GPOLIEHHAA TOYKA MOXKET [TOIACTh
B mofiyio Touky obsactr (! W BEpOATHOCTE nonacrs B olnmacts [ oponop-
HHOHANBHA TIIOIWAAM STOH 0DJACTH ¥ HE 33BUCHT OT €e PACIOJIOKEeHUS |
dopmsl. IIycts cobeitne A = {X € D}, T.e. Opourennas To4Yka IONaeT B
obsacts 1),

Teomempuneckots aeposmuocmsio cobbimusi A HASHIBAETCA OTHOUIEHUE
mwhowaaa obacty D x nomomwany obaactu {2, T e,

Sp

P(a) =32 (1.15)
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P'eoMOTPHYECKOC ONPCHEASHRE BEPOATHOCTH COOBITHA IPAMCHEMO H B
cay4vae, kora obsacta 2 u D ofe aunefiume wim obnemunie. B nepsom
CIIy AL

PA) =2 (1.16)
I
BO B']‘OpOM —
P4y = Yo (1.17)
Va

roe I — pauaa, a V. —- ofikeM coorserceruyiomedl oGiacTy.
Bee tpu dopyysim ((1.15)), ((1.16)), ((1.17)) moxa0 sanucarh 1 BEAC

mes I
rac uepes mes obozdaucsa Mepa (8, [, V) obmacru.
I'eomeTpuyeckas BEPOATHOCTL 00NA1ACT BCEMM CBORCTBAMY, NPHUCY K-
MM KJIACCHTECKOMY (M IpYTUM) ONpeseNcHuUo:
1. T'eomerpuueckas BEPOATIOCTD JIIDGOrO COOBITHA BAKJIIOUEHA MOK LY HY-
JleM W CHHIINIed, T. e.

0 € P(A) € 1.

2. TeomMerpuvccKas BEPOATHOCTh HEBO3MOXKHOFO COOLITHA pPaBHA HYJIIO,
T, €.

3. Tromerpuucckas BepPOATIOCTh HOCTOBEPUOTO CODLITHS paBlia CAMHUIE,
T. €.

4. [eoMeTpuyeckas BEPOATHOCTS CYMMBl HECOBMCCTUMBIX COOLITHH panHa
CYMMEC BEPOATHOCTEHR THX Ccobprruil, T, cerm A - B = &, 10

P(A+ B) = P(4) + P(B).

[Tposepum, nmanpumep, cpoicerno 4 nyers A = {& € D}, B =
= {x € Dy}, rne Dy - Dy = @, v.e. Dy u D)y Henepecekatomuecs o0/1acTu.

, s
Torna P(A + B) = SD&;D- =Sy S = P(4) + P(D).

IIpumep 1.23. (3azatua o Berpede.) sa Hemoseka JOrOBOPHJINACD O BCTHC-
te Moy 9 u 10 wacamu yrpa. puineamui nepssiM KAST BTOPOTO I -
yenne 15 muy, 1ocae wero yxomur (eciwm ne Berpetdiuck). Haiitu Bepo-
ATHOCTH TOI'G, YTO BCTPEYA COCTOHTCH, CCIK KUK AbL HAyIAuy BRIOMPAC]
MOMEHT CBOETO IPHX0/Ia.
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Q Ilycth & — BpeMsa mpuxoma HEPBOro, a y — BTOPOro. BosMmxHbIe 3HA-
genna ¢ u ¥ 0 € 2 € 60, 0 € y £ 60 (B xauecrse enMHHY MacurTaba
BO3bMEM MHIYTB1}, KOTOPBIE Ha ITOCKOCTH Oy OUpPEmesioT KBaipaT Co
cropoHoi, pasroi 60. Touku aToro keajpara, H30OPAKAIOT BPEMs BCTPEHA-
ommxca (eM. puc. 9).

60

151

0| 15 60 <

Puc. 9

Torma = {(z,y) : 0 < z < 60,0 £ y € 60}; nce ucxonp!  paBHOBO3-
MOXKHDBI, TAK KK JIMIA Ipuxonar Haynaay. Cobbitue A — JMMI BCTPETHT-
¢s1 — MPOU30OUIET, CCJIY PA3HOCTh MKy MOMEHTAMY HX npuxona 6yier He
Bostee 16 Mun (no monymwo), r.e. A = {(z,y) : |y — z| £ 15}. Hepasencrso
ly — 2| < 15, re. x — 15 € y € z + 15 onpenesnzer obacth, 3amTpu-
XOBANHYI HA PHC. 9, 1.€. TOYKH MOJIOCHI €CTh HUCXOAbI, GJIATONDUATCTEY-
foume Berpede. Mckomas BeposithocTs onpenenserca 1o gopmyse {1.15):

60 -2.5-45-45 -

o = [~ 044 °

P(A)

¥npaxHeHus

1. B kpyr pagnyca R snucan mpasmnsasit Tpeyronsnng. Hafitn sepoar-
HOCTDL TOTO, YTO TOYKA, OpONICHHAA B »TOT KPYT, HONANeT B NAHHLIA
TPCYLOJTbHUK.

2. Haorpeske [0, 5] ciyuatino spibupaerca royka. Haitrw BepoaTHOCTD ToO-
ro, 4TO PACCTOAIIUC OT HEe 10 IPABOTO KOIIA OTPE3IKA HC IIPEBOCXOHAUT
1,6 exmmnir.

3. Crepxeub aJMHb [ pasfiOMaH B JIBYX HayTa] BRIOpaHHbix Toukax. Hal-
TH BEPOATHOCTL TOCO, YTO H3 LOJIYUENHBIX OTPE3KOB MOXKHO COCTABHTD
TPEYTOJILHUK.
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1.11. Akcnomaruueckoe onpeaenieHNEe BEPOATHOCTHU

AxCHOMaTHYECKOE TIOCTPOCHUE TEOPUH BEPOATHOCTEH CO3/[aH0 B HAYAJE
30-x rogos axamemuxoM A.H. KosMoropossiM. AKCHOMBI TEODUH BEPOAT-
HOCTCH BBOASTCS TakuM 00pasom, 4700kl BEPOATHOCTh COOBITHH 0bJ1anasa
OCHOBHBIMHM CBOMCTBAMM CTATHCTHHMECKOH BEPOATHOCTH, XapakTepusyomeh
ee TMPaKTHUECKUH CMBICJI. B 3TOM cJiydae TeOpHA XOpOIIO COTJIACYETCH C
NpakTUKOIL.

TIycrs £} — MIIOKCCTBO BCEX BO3MMKHBIX MCX0/0B HEKOTOPOLO OIBI
ta, (3xcnepumenta), S — anrebpa cobpiruit. Hanomuem (cm. n. 1.4), yro
COBOKYRNHOCTE S MOAMHOKECTE MHkecTBa () HasmBaercs aazebpott (o-
aazefpoll), €Cov BRIMOJINEHDBI CJENYIOUIHE YCIOBUA:

1. 8 conepxuT HEROIMGKHOE M NOCTOBEPHOE COOBITHA.

2. Ecnn coberrua Ay, As, Az, ... (KOHEYHOE MM CUETHOE MHOKECTBO)
OpUHAOJEXAT S, TO S NPHHAJJIEKAT CYMMa, TPOH3BEIEHAE U ONOJIHEHAE
(7. e. mpotuBonooKHOC A A,) 3THX COBBITHH.

Bepoamnocmuio HaspipaeTcs Ppyuknua P{A), onpegesiesnas na ajred-
pe coberTull S, npuHEMacIAas GeHCTBUTENbHBIE 3HAUEHUA H YIOBIETBOPHA-
OWAA CACTYIONEUM AKCHOMAM:

Al. Arcuoma neompuyameasHoCmMU: BEPOITHOCTD nobore cobritua A € S
HEOTPHUATENLHA, T. €.

A2, Axcuomo HOPMUPOGAHNHOCTU, BEPOATHOCTh JOCTOBEDHOrO COOBITHA
PABHA, eIUHULLE, T. €.
P() =1.

A3. Axcuoma addumuenocmu: BEPOATHOCTE CYMMBbl HECOBMECTHBIX CODBI-
THH PaBHA CyMMme BepositHocTeH aTux cobvitull, T.e. ecin A, A; = @

(i # i), To
P(Zk: Ak) = ;P(A’“)'

Cosoxynnocts o6bexros (€2, 5. P), rue {2 — DpocTpasCTBO 3JieMeHTap-
HEIX cOBRITHH, S — anrebpa cobprrult, P — uucnosas GYHKIAA, yA0BISTBO-
paAoan akcuoMam A1-A3, HASLIBAGTCH GEPOAMMHOCTHBLM NPOCTPAHCTNEOM
CIy4afiHoro SKCIepPUMEHTa.

BepoarnocTHoe NPOCTPAHCTBO CIYKAT MATEMATHIECKOR MOGEJIBIO JII0-
Boro cayyalinoro speHHs; 3aaHHeM 3TOr0 IPOCTPAHCTRA 3aBEPIUACTCS aK-
CUOMATHKA TCOPHA BEPOSTHOCTEH.
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1.12. CeoiicTBa BEpOATHOCTEK

Ilpusenem pan cBofCTB BEPOATHOCTH, ABNAKOUIMXCA CJEICTBHEM AKCH-
om Kosmoroposa.

C1. BeposarsoCTh HEBO3MOKHOrO CODBITHSA paBHa HYJIO, T. €.

P(@)=0.

C2. CymMma mepodTHOCTEH UPOTHBOHONOXKHBIX COObTUH pasna enwHUIE,
T. €.

P(A)+ P(A)=1.
C3. BeposTHoCTb JIIOBOTo COBBLITHA HE NPEBOCXOOUT €NUHUIB], T. €,

Pl4) < L.

C4. Ecin A € B, 1.e. cobeiTiie A BJeder 3a cobolt cobsrtue B, T0

P(A) < P(B).

CbH. Ecoy cobrimua Ay, Ay, ..., A, obpasyloT NOMHYW rpyIiny HECOBMECT-
n
nuix cobuuit, T.e. . Ay =Qu A Aj =@, 10

i=1

n
: T Y P =1
i=1

[} ClL.Taxkax A+ @ =Au A @ = @, To cornacHo axcuome A3 umeem
P(A) + P{@) = P(A), cnemosaressno, P(@) = 0.

C2. Tockonsky A+A = Q, 10 P(A+A) = P(), atak xak 4- 4 = &,
10 B cHTy akcuoM A2 u A3 nonygaem P(A) + P(4) = L.

C3. U3 cpoticrea C2 switexaer, uro P(A4) = 1 — P(A). C yuyetoM ak-
cuoMe!l Al nomyuaem P(A) < 1.

C4. Tak kak B=(B-A)+Aumpu AC Bu(B—-A4) A=g, 10
cornacHo akcuome A3 nonyvaem P(B) = P(B—A)+P(A). HoP(B-A4) 20
(akcwoma Al), nostomy P(B) = P(A).

C5. Tax kak A1+ Az +...+ A, = Q, To, cormacuo akcuoMam A2 u A3,
umeeM P(A] + Ao+ ...+ 4p) = P(4) + P(Aa)+ ...+ P(A,) = 1. |

3amerum, uro u3 P(A) = 0 ne caenyer A = .
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. IIpumep 1.24. s konoap!, conepxamei 36 Kapt, HAy1a49y BHIHUMAIOT TPH
| I

=  xapTsl. HaltTu BepoATHOCTL TOTO, YTO CPENM HUX OKAXeTCH xoms Gw odua
&aamMas.

Q@ Tlycte A — unTepecylomee Hac cobuitie, A; — noABaenue ogHON «aa-
Mpl», Ay — OByx «mam», Ay — Tpex «aam». Torma A = A; + As + Az,
nprdeM cobbitea Ay, Ao, Az mecosmectsnie. lloatomy P(A) = P(A) +
+ P(Ag) + P(A3). Yucso BceBo3MOXKHLIX coyuaes BHbOpa rpex xapT u3 36
PABHO C'gs; TUCA0 CAYYAED, BIaronpHATHRIX COOBITHAM A, Ay, As, coot-
BeTCTBEHHO pasHo my = O} - C%,, my = Cf - Cly, my = CF - CF,. Taxum
obpasom, P(A) = Ci-Ch+Ci Ch+C}-Ch
C3s

3amada pelaeTca Mpolle, ecliM BOCHONL30Barbes csoiictBom C2, Haxo-
UM 3P(H), re A — Cpeim BBIHYTHIX KapT HET Hu OmHOH «aaMbry! P(A) =
= % ~ 0,69. 3uaunr, P(A) =1 - 0,69 = 0,31, @

36

~= (0,31,

1.13. KoHeuyHOe BepOoATHOCTHOE NPOCTPAHCTBO

TIycrs NpOM3BORMTCA HEKOTOPBIH OIIBIT (9KCIEPUMEHT), KOTOPBif nMeer
KOHEYHOC YHCJIO BOSMONKHBIX MCXOIOB Wy, Wa, W3, ..., Wy, B 9TOM cayydae
Q= {wy,wa,...,wy} (s goporko Q = {w}) — KOHEUHOE IPOCTPAHCTBO,
§ — anrebpa coberruii, cocToamaa u3 peex (ux 2") NOOMHOKECTB MHOMXE-
crea .

Kaxnomy anementapHoMy cobbiTuio w, € §2, ¢ = 1,2,...,n 00CTaBUM B
COOTBETCTBUC YHCIIO (1, ), KOTOPOE HABOBEM «BEPOATIIOCTHIO QIEMEHTAPHO-
ro coBbITHA», T. €. 330a,uM Ha ) YHCI0BYI0 PYHKIHI, YAOBIETBOPAIOILY O
IBYM YCJIOBHSIM:

1) ycnosue neorpunareashocts: p{w,) 2 0 gua jmoboro w, € {2

n

2) ycuosue ropmuposansocta » . plw,) = 1.

=1

Bepoamnoeme P(A) nns moboro nogmuoxecrsa A € () onpedeaus xax
CYMMY

P4) = 3 plw,), (1.19)

weA

T. €. BepoATHOCTHIO P(A) cobriTra A HazoBeM CyMMY BEPOATHOCTeH 31eMeH-
TapHBIX cobuiTHil, cocTaBmAwumx cobuitie A. Beemennaa takuMm 0Opas3oM
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BEPOATHOCTL YOOBaEeTBOPAeT akxcuomam Konmoroposa (A1-A3):

P(A) 20, P = plu) =Y plw)=1,

w, €51 =1
PA+B)= Y plw)= > plw)+ > p(w,)=P(A) + P(B),
w, A+ R w, €A w,EB
ecd AD = @, r.e. A m B — 1Ba uecopMmecTtHnix coborrust. Tax onpe-

nenexHasi tpofika {2, 5, P} ecTs KoHEYHOE BEPOATHOCTHOE NPOCTPAHCTBO,
HA3bIBAEMOE «JIMCKPETHBIM BEPOATHOCTHEIM TPOCTPAHCTBOM .

JacTHpM cayuaeM onpeaeneitna sepostHoctn {1.19) sawsigerca xeac-
cunecKoe onpedesenue EPOAMHACIN, KOTA BCE MCXORB! ONBITA PABHOBO3-

moxcHbE: pl{wy ) = plwy) = ... = plwy) = % (cmemyer U3 yCIIOBUSA HOPMHPO-
11

saHHocTH: »  plw,} = 1}. Dopmysa (1.19) npuobperaer BuI:

gz |

1,1 1
P(A)ﬁZp(wz)3ﬁ+ﬁ+...+'ﬁx%,
wEA h > g

T.e. P{A) = %, e 1 —— YUCJ0 AIEMEeHTAPHRIX COObITHI, 00pa3yUinX
cobritiie A (T.e. m — 9ucs0 cayuacs, GIATONPUATCTBYIOIMX TOABICHHIO
cobprtua A).

1.14. YcnoBHbl€ BEPOATHOCTMU

Ilyctn A u B — npa cobpiTHSA, PACCMATPHBAEMEIC B JIaHHOM onbite. Ha-
CTYIJICHHE OJHOTO cOOLITHA (CKakeM, A) MOXKET BAMATL HA BO3MOKHOCTD
HacTymenus upyroro (3). Jaa repesmepucmuky 306UCUMOCTIY, 0OKUET CO-
Brmutt om Jpy2zur BBOIWUTCA HOHATHE YC/JIO0BHOH BEpOs IHOCTH.

@' Yeaoenott eepoamnocmuio cobprrua B OpH YCJIOBHH, 9TO NPOM3OUIIO
cobpiTe A, HA3RIBACTCA OTHOLICHWE BEPOATHOCTH IIPOUBBEOEHUSA DTHX CO-
Ouirnii k BepoaTHOCTH cobbiThs A, npudem P{A) £ 0, oBo3Hagaerca cum-
sosiom P(BA).

Taxkum obpasom, O ONPENCTIEHHIO

P(A- B)

P(BIA) =

P(A) # 0. (1.20)

Bepostuocts P(3), B omtuuue or yeaosoi, Hassisaercs fe3ycaoenoll ge-
POAMHOCTIDIO.
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AHANOr#UHO ONpeneIAeTCH YCAOBHAA BEPOATHOCTH COObITUA A mnpH
yenoum B, 1.e. P{A|B):

P(A-B)

P(AIB) = 5

P(B) #0. (1.21)
O1MoTHM, 4TO YCII0BHAA BEPOSITHOCTD, cKaxem P{B|A), ynosnersops-

er akcuomam Kosmoroposa (n. 1.11): P(B|A4) 2 0, ouesununo; P(Q|A) =

P(r-A)  P(A)

= = =1; P{((B+C)|A) = P(BlA)+ P(C|A),ecm B-C =
L = pla) = B PUB+0)A) = PBIA)+ P(C]A)

= &. IlosroMy uia yCAOBHOH BEPOATHOCTH CIIPABE/JIMBRI BCE CJIEICTBUA

{crolictpa) u3 axcuoMm, nosydensnie B . 1.12. Qopmysa (1.20) npuaumaet-

€ 10 ONpefesieluI0 MPH AKCHOMATHYECKOM OTIPEIeICHHM BEPOATHOCTH, B

CIIYyYIae KJIACCUYIECKOr0 (FeOMETPHYECKOrQ, CTATUCTHYECKOIO) OIPEHesIeH

OHAa MOXeT ObiTh JIOKA'3AHA.

Ipumep 1.25. B ypue 2 6ennix 1 7 yepHbix wapos. M3 Hee nocnenosaresin-
HO BBIHMMAaIOT J1Ba mmapa. Kakosa BeposaTHOCTE TOFO, 9TO 2-# mIap OKakeTcs
feJIbIM NPY yeJiosuK, 910 1-# wap GeLn aeprbim?

Q Peummwmm sanaay neymsa crocobamu.

1. Itycte A — 1-if map uepnwiit, B — 2-it map Oesibiil. Tak kak coberrne
A npomomgro, T{) B ¥pHE 0CTAJI0CH 8 mapos, U3 Koropeix 2 Heasix. [loaToMmy
P(B|A) = §ET 1
2. Ha#inem P(B|A)} no dopumyne (1.20). Ouenano, yro P{A) = g— .
Haxonmm P(AB): 1 = 9.8 = 72 — obwee 1ucsio HCX00B (I0ABIEHWE IBYX
mapos). Cobuituio AB 6narompuarcreyior m = Ci - C1 = 14 wcxogos.

Moaromy P(AB) = % = 3'% . Csrienmoparensuo, P(B|A) = "j'% : g— = -éli ®

1.15. BeposiTHOCTb npou3BefeHUs COObITUNA.
HesaBucumocTb COOLITUIA

W3 onpepenenus yenosnoit seposithocty (1. 1.14) cnenyert, 4o
P(A.B)=P{A). P(B|A) = P(B) - P(AlB), (1.22)

T. €. BEPOAMHOCTG NPouseedeHus EBYX coBEITHH pPABHA TMPOW3BENEHHUIO Be-
POATHOCTH OTHOTO M3 HUX HA YCIOBHYIO BEPOATHOCTD IPYIOTO IPH YCJIOBHH,
YTO HEPBoe COOBITHC 1iPOR3OILIO0.



Fnaea 1. CnyyaiHble coOoiTua * 39

Pasenctso (1.22) HazelBaioT npasusom WIH meopemoti (U1 CXeMBL city-
JAEB OHO AOKAZBIBACTCH) YMHONCEHUA Sepoamuocmedi. DTo npasuio obob-
HaeTCA Ha caydai n cobbrruii:

PAy - Ay Ay =
= P(Ay) - P(Az|A1) - P(A3|A; - Ag) - .- P(Ap|A1 - Ag - Apy).
(1.23)
Tak gna 3-x cobertutt A, As, Ay mosydaem

P(A, Ay Az} = P((A1- Ay) - Ag) = P(A; - Ay} - P(As|Ay - Ag) =
= P(A,) - P(A3|4;) - P(A3]A, - A2).

IIpumep 1.26. B xopobre vaxomurea 4 Geybix, 3 cuitnx m 2 9epHBIX wapa.
Hayrnauy nocnemosaresbHO BEIHUMAKT 3 wapa. Kakoba BepogSTHOCTE TOTO,
urg 1-# wap Gyner GenpiM, 2-#f — cunmm, 3-i - yepHLIM?

(Q Bpenem cuienyromue cobpitua: A; — DepBbIM BuITAIAIM Gesbiid wap,
Ao — mropmsM — cunuil, A3 — rTpereum — uepubiil. Torna werepecyo-
mee Hac cobeiTHe A mpepcrasurcs B pupe A = A; - Ay - Ay, Ilo npasu-
Iy ymuHOXenus pepostHocreit P{A) = P(A;) - P{Ax]Ay) - P(AalA - As).

Ho P(A1) = 3; P(A4)) = 3

g TAK KaK WapoB OCTANOCh 8, a uumcno

GaronpuATHRIX Cay4aes i cobuTua Ay pasno 3; P(As|4) - Az) = % ,

TaK KakK yxe Osa wapa (6enstit u cunmit) sertasiiensl. CienoBaresbuo,
4.3 2_ 1,

P(A)-g 5" 21~005 ®

pasuno yMHONKEHUs BeposTHoCTeR umeer ocobo nrpoctofl BUI, ecin
cobbrrits, 0OpaA3yIOUIHE HPOUBBEAEHKE, HE3ABUCUHMBL.
@ CobpiTHe A HABBIBACTCA HEFABUCUMBLM O colvimua B, ecsiu ero yciop-
Hasl BEPOATHOCThL paBHA He3YCJI0BHOMH, T. €. ecs BRINOJIHASTCA PABeHCTHO

P(A|B) = P(A). (1.24)

Jlemma 1.1 (o B3aumuod mezasucmmoctn coboiruii). HEcean coborrue A
HE 3aBHCHT OT cobuitHa B, 10 u cobpirne B ne saBucuT 0T cobbltus A.

W3 pasencrsa (1.22), ¢ yuerom pasencrna (1.24), cnenyer P(B|A) =
P(A|B)-P(B) P(A4)-P(B)
= = = P(B), n.c.
P(d) P T Ehe

P(B|A) = P(B), (1.25)
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a 970 O3HAYAET, UTO coOBITHE B HE 3aBHCHT OT COOBITHA A. m

Moxro nars cienywomee (HOBoe) onpenesneHne He3aBUCHMOCTH COObI-
THH.

ABa cOOBITHA HASBIBAIOTCA HE3AGUCUMDIMI, CCJIH TIOARJICHUE OJIHOTO U3
HHX He MEHfeT BePOATHOCTL MOABJICHUA IPYTOro.

Ins1 HesaBuCHMBIX CODBITHHA NPAaBUIIO0 yMHOKeHNs BepoaTrocTed (1.22)
IPHHAMACT BAJ;

P(A-B) = P(A) - P(B), (1.26)

T. €. BEPOATHOCThL MPOM3BEICHHsT [BYX HE3aBUCUMbIX coOhITHR paBHa mnpo-
W3BEIIEHUIO BEPOATHOCTER HTUX coObITHi.

Papencrso (1.26) qacTo ucnosb3yoT B KAYECTBE ONpeleseRnd {eme ol-
Horo!) HesasucuMoCTH CoBLITHH: coBrITHA A 1 B HA3LIBAIOTCA HE3aGUCUMBL-
Mu, ecin P(A - B) = P(A) - P(B).

MoxHe moKasarh, 4T0 ecan cobbitua A u B He3saBHCUMBIL, TO HE3ABH-
cumsl cobpitaa A u B, An B, Au B,

Ha npakTuke 0 HE3ABUCHMMOCTH TEX WJIM HMIIBIX COOBITHH 4aCTO CyLAT
HCXOAs M3 WHTYHTHBHBIX COOOPaKEHHN W aHAJIA3a YCJIOBHY OmbITa, CUMTAR
HE3ABHCHMBIMY COORITHA, «MEK Y KOTOPBIMKH HET IPUYHHHO-CJISICTBCHHEIX
cpaszefi».

[Nonsarve HE3aBHCUMOCTH MOXKeT ObITH PACIPOCTPAHEHO Ha caydait n
cobnrTuit.

Cobsirua Ay, Ay, ..., A, HASBIBAIOTCH HE3GSUCUMBIMU (MIJIH HEIAGUCU-
MBLMU 6 COBORYNHOCTNAY), CIIM KAXKI0e U3 HUX HE 3aBHCHT OT [IPOU3BEICHUS
JOGOTO IHC/IA OCTAJIBHBIX COOBITHH H OT KAXIOTO B OTAEJIBHOCTH. B mpo-
THBHOM chaydae cobuitua A, Ay, ..., Ay, HASBIBAIOTCA 3G6UCUMBMIL

Jlas He3aBUCHMBIX COBLITHH WX YCJIOBHBIE BEPOATHOCTH DABHEBI Oed-
ycaosHbIM, M hopmyaa (1.23) yopomaercs

P(A;-Ay-...- Ap) = P(Ay) P(Ay) - ...- P(A,). (1.27)
W3 nonapuoii nesapracumMocTh cobpitul Ay, As, ..., A, (mobbie npa 13
HHX HE3ABMCUMB) HE CJICAYeT MX HE3ABMCUMOCTh B COBOKYTIHOCTH {oGpaTHOoe

BEPHO).
Yéenumcst B 3T0M, PACCMOTDEB CAEIyIOunil HpaMED.

Hpumep 1.27. [Iponssomurca suibop (Haynady) duiara a3 4-x, HMEOUIAX-
CfA B HAJIMYMY: KpacHoro, rojyboro, Geioro u TpexBeTHOro {KpacHo-Geno-
ronybore). Mccnenopars Ha HesasucumocTh cOOBITRA: K — BoiOpanpbiii
danar umect kpacunii user; I' — umeer roay6oit user; B — nmeer Gesniii
IBeT.
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(9 Bosmoxubix Mcxon0s BaGopa 4; cobpiTuio K GaaronpuareTeyior 2 uexo-
na (kpacubrit mper uMeerca y Apyx ¢uiaros). [Toatomy P(K) = 121 = % . Ana-

JIOrnYHO HaxomuM, uto P(T") = P(B} = % . Cobuirmio K -I' — sribpan d.rar,
uMetoumii 2 nsera (K pacHsiii 1 ronyGoi}, — GAArONPUATCTBYET OIMH UCXO]L,
Hoatromy, P(K-T'} = Eli U tax kax P(K-T) = % = %%— = P(K)-P(I'), 1o
coberrra K u I' HezapucyMel. ARanoruHO yfexagaeMcsi B HE3aBUCHMOCTH
cooprmuit K u B, B u I Crano 6mre, coborraa K, B, ' nonapao mezasucu-
wit. A Tax xax P(K-T-B) = 1 2 P(&) . P(1) - P(B) = %,
I' u B He ABAAIOTCA HE3ABMCUMBIMH B COBOK YITHOCTH. ®

10 cobrrTna K,

YnpaxHeHnwns

1. Bpocaercs urpansuas kocts. [lycts cobeiTie A — NOABIEHHUE TETHOTO
YHCA OYKOB, COOLITHE B — mosaBieHne Doslee Tpex 0YKOB. 3aBUCHMELE
wiM HetT cobpitia A u BY

2. U3 6yks paspesuoi az0yku cocraeseno cijoso CTATUCTHUKA. Kako-
BA BEPOSITHOCTD TOLO, 9TO, NepeMernas 6YKBbI B YKJIAJBIBAA UX B P 110
onuolt (Haynady), noayuum cuoso : a} TUCKH; 6) KUCKA; 8) KT
r) CTATUCTUKA?

3. Haiitu BepoaTrOCTD 0TKa3a, cxembl (prc. 10), npennosnaras, 4T0 OTKA3E
OTHENBHBIX JIEMEHTOB He3aBHCHMbL, & BePOATHOCTL OTKA33 3JeMEHTA
C HOMepoM ¢ panrHa (,2.
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1.16. BeposTHOCTL CYMMbI COOBLITUMA

Kak wmseectio (nm. 1.11), BepoATHOCTb CYMMBI ABYX HECOBMECTHBLIX CO-
BriTuil onpenensiercs akcuomoit A3: P(A+B) = P(A)+ P(B), A-B = @.
Boirenem hopmyny CyMMBI BEDUSTHOCTER JIBYX COBMECTHBIX CODBITHA.

Teopema 1.1. BepoarHocTs CyMMBI ABYX COBMECTHLIX COOMTHE paBHA cyMMe
HX BEPOATHOCTCH 63 BEPOATHOCTH HX IPOM3BEIEHMS,

P{A+ B) = P(A) + P(B) - P(A- B). (1.28)

(d TIpeacrasum cobeitus A + B u B B BUIEe CyMMBI ABYX NECOBMECTHBIX
cobbirnit: A+B = A+B-A, B = AB+ BA (cm. n. 1.3, npumep 1.2 n yupax-
nense 1). B cnipabenusocT aTux hOpMys1 MOXKHO HATATHO yOEHTLCA HA
puc. 11

Puc, 11

Torua, cornaco akcuome A3, umeem P(A + B) = P(A) + P(B-A) n
P(B) = P(A-B)+ P(B-A). Orciona cneayer P(A + B) = P{A) + P(B) —
- P(A-B). ]

Dopmyna (1.28) cnpasemumpa ms arbbix coberruit A B B.
MOXHO MOAYYIRTS POPMYJIY BEPOATHOCTH CYMMEI TpeX W GOMbUIero 1u-
CJI3, COBMECTHBIX coObITHH; n7ia Tpex coObITHH oHa UMEeT BHUI

P(A+ B+ CYy=P(A) + P(B)+ P(C)—
—P(A-B)—P(A-C)—P(B-C)+P(A-B-C). (1.29)

CropasenaMBoCcTh PABEHCTBA HOACHSET puc. 12.

IIpoine, ognako, HAHTH BEPOATHOCTE CYMMBI HECKOJIBKHMX COBMECTHBIX
cobprthit P(S) = P{A1+As+. . .+ Ay), ucnomssya pasenctso P(S)+P(S) =
=1l,rme S = Al AL A, — nporuBonoaoxie cobeiruio S. Torpa

P(8) =1 — P(8). Mbi ye ucrnome308a0u 310t npuem B 1. 1.12.
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Puye. 12

ITpumep 1.28. Bpocaorca ape urpansHble kocTH. Kakosa BepOATHOCTH
=~ nogapaeHnd XoTsa OB onHoM mecrepku?

Q Bsemem coborrusz: A — nosBiAeHHE WECTEPKH Ha Hepso#t koctw, B —
na sropo#l koeri. Torna A+ B — nossnenue xora 661 0HOH mecTepky npu
tpocannu kocreh. Coberrua A u B cosmectnnie. Tlo dopmyne (1.28) naxo-

_1,1 11 1 :P(S) =PAB)=25=2
miv P(A+B) = g+ 5 -5 = 5o (Mmane: P(S) = P(A-B) = - = &2
Cnemoparennuo, P(S) =1 — %g = % y i

YnpaxHeHust

1. B ypre 2 Gennix u 7 4epHbix wapos. M3 Hee naynady BeEEMaOT (Des
po3sppaTa) 2 mapa. KakoBa BepOATHOCTD TOTO, 4T0 OHE 06a SyayT pas-
HBEIX LBETOB?

2. Tpu opyaus cTPEaAIOT B IEJIb HE3ABACKUMO IPYT OT IpyTra. BepoaTHOCTh
MouaJAHNA B 1eNb Kaxaoro pasua 0,7. Halty BepoaTHOCTE TONa aHus
B LEJb: &) TONLKO OMHOTO U3 opyautt; 6) xors 6el ogHoro.

3. Hapexuocts {T. e. BepoarHocTs Gesorkasnoil paborst) npubopa pasana
0,7. Oy noBbIlIEHUs HAAEKHOCTH JAHHOTO npubopa on gybmupyerca
n — 1 npyrumu Takumu xe npubopamu (puc. 13). Crosnko npubopos
HAJN0 B3ATH, YTOOHI IIOBLICHTH €r0 HamexHocTs A0 0,957
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——

S 0,7 I—

0,7

Pue, 13

1.17. dopmMmyna nONHOK BEPOATHOCTU

OoHuAM W3 CNCUCTBHIE COBMECTHOIO NPHMENGHHA TEOPEM CJIOKEHHHA U
YMHOXKEHHS BEPOATHOCTEN ABNAIOTCA HOpMYJBL HOMUOH BEPOATHOCTH M
Batteca. HanoMmuum, 9ro coburtua Aj, Ag, ..., A, 0bpasyror monmnyio rpym-
n

ny,ecom A, A, = @0 # ju Yy, A = Q. Crcremy Takux coOLITHE Ha3HIBAIOT
i=1

Takxe pasbuenuem.

Teopema 1.2. [lycre cobritus Hi, Hy, ..., H, 0b6pasyoT monnyio rpynmy.
Torna maa moboro cobeitaa A uMecT mecTo GopMydIa noaxoll eepoimmuocu
WA cpeduell seposmmuocmit,

n

P(A) =Y P(H,) P(A|H,), (1.30)

=1

[ Tak xax Hy, + Hy, + ... + H, = €, 10 B cuny cpoficts omepanmit

Had cobpitHamu (0. 1.3), A = A- Q@ = A-(Hi+ H, + ...+ H,) =

= A- O +A Hy+ ...+ A H, Us roro, wro I, - H, = &, cneny-

er, uro (A-H,)-(A-H,)) = @, 1 # 3, ne. coberrua A- H, n A H,

TAKXKe HeCOBMeCTHBI. Torma no teopeme CjoxkeHna pepoartuocreit P(A) =
n

=PA H)+PA-Hy)+...+PA -H,) rre. P(A) = Y P(A-H,). 1lo
1

1=

TeopeMe yMHOXennst Bepoaraocrett P(4 - H,) = P(H,)- P(A|H,), orkyna v
cienyer <hopmyaa (1.30). |

Ormerum, wro B hopmyne (1.30) cobmrua Hy, Hy, ..., H, obbriao Ha-
3BIBAIOT SUNOME3AMU; OHE UCHEPIBIBAIOT BCE BO3MOMKHEBIC TPENIICI0KEHHA
(rUnOTe3BI) OTHOCWTEIBHO HCXONOB KaK ObI IIEPBOI0 3Tala ONBITA, CODBITHC
A — omHH M3 BO3MOKHBLIX UCXOMOB BTOPOTO 3TANA.
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TIIpumep 1.29. B cBopounnrii uex sapona nocrynaet 40% merasneit us I uexa
u 60% — us Il nexa. B T uexe nponssomurca 90% craupapreLIX netanei,
a Bo II -—— 95%. Halitn BepoATHOCTS TOr0, YT0 HAYIAYY B3ATAA COOPIIMKOM
JeTas OKAXKETCHA CTAHOAPTHOH.

(@ Bsaruc meranu mMoxHO pasbure Ha npa stama. [lepppiit — 3710 BRIGOP
uexa. Umeerca npe ranoress: H| — metans warorosnena 1 nexom, Hy —
II nmexom. Bropoit ararr — sagrue getanu. Cobbitne A — B3satas HAYHady
netans craHnapria. O9eBuaHo, cobbiTua H) u Hy 00pazyor IoNHy0 MpyI-
ny, P(Hy) = 0,4, P(Hs) = 0,6. Yucna 0,90 u 0,95 ABAAIOTCS YCNOBHLIME
BEPOATHOCTAME COOBITHA A npH ycnoBun runores i u Ho cooTBeTcTBeH-
#o. T.e. P(A{H) = 0,90 u P(A|H,) = 0,95. Tlo dbopmyane (1.30) naxonum
2

P(A) =S P(H,) P(A|H,) = 0,4-0,90 + 0,6 - 0,95 = 0,93. °
=1

1.18. Ddopmyna Baiteca (Teopema runores)

Caencreuem dopmyast (1.30) asnactca dbopmysia Batteca unu meope-
Mma 2unomes. OHA TO3ROJIAET NEPEOLIEHUTD BEPOSTHOCTH runores H;, IpuHsg-
TBIX [0 ONbITA ¥ HA3LIBAEMBIX GRPUOPHBIMU {«a Prioris, AOONBITHBIE, JIAT.)
N0 PEIYALMAMAM YHCE NPosedennozo onvima, T. e, HAWTH YCJIOBHBIE Bepo-
arHoctd P(H,[A), KoTophie HA3LIBAOT anocmepuopummy («a posterioris,
TIOCJICOTIBITHBIE ).

Teopema 1.3. ITlycts cobwitua Hi, Ha,..., H, o6pasylT NojaHyIO IpyOIy
coberTuit. Torma ycoosnas sepostHocTs cobertus Hy (k = 1,n) npu yciioBun,
970 cobBITHE A Hpou3ouLIo, 3amaeTca hopMmysol

rae P(A) = P(A,}- P(A|Hy) + ...+ P(H,) - P(AlH,) — dopmyna nomoit
sepostrocTH. Popmyna (1.31) uassiBaerca dopmyaot Batiecal.

P(Hy) - P(A|Hy)

P(Hy|A) = BA) ,

(1.31)

11702-1761, anranftckull CBAMIEHHAK, MATEMATHK
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[J IIpumenus dopmynsr ycaosuo#t pepoarnocts (m. 1.14) n yMmuoxenus
sepoarHoctelt (m. 1.15), umeem

P(Hy-A)  P(Hg)  P(AHy) ‘

PED="p@ =~ r&

rne P{A) — dopmyna noanoit sepoarnoctu (. 1.17) [ ]

Hpumep 1.30. B npumepe 1.29 (n. 1.17) HalTn BepOATHOCTH TOTO, UTO 14
CTAHAADTHAA neTallb HarorosjieHa 11 mexom.

Q OupenesiuM pepoaTnocTs runoressl He npu yenoswu, 1ro cobbitae A
(B3sATAA QeTadh CTAHJAPTHA) yXKe npousouio, T.e. P(Hy|A):

P(Hy)-P(A|Hy) 06-095 19
P(A) 093 31

P(H|A) = =~ 0,613. °

YnpaxHeHna

1. Tlpubop comepXUT maBe MUKPOCXeMbl. BepofTHOCTE BBIXOAA M3 CTPOA B
teuenue 10 qer nepeolt Muxpocxeme pasia (4,07, a sropo#t — 0,10, Ha-
BECTHO, MTO M3 CTPOs BBILLIA OIHA MHKpPOCXeMa. KakoBa BepOATHOCTH
TOTO, YTO BbIMULIA U3 CTPOA NEPBas MUKpocxeMa?

2. Us 40 sxszamenanmonuuix buneror crynent 11 seryaust Tossxo 30. Ka-
KNM BHTOZHEE eMy 3alTH HA 3K3AMEH, [I€PBbIM KUJIH BTODHIM?

3. HMasectno, aro 90% wanenmit, BHINYCKAEMBIX NaHHBIM NPEAIPHATHEM,
OTBEYAET CTAHIAPTY. YIIPOUIEHHAS CXEMa IPOBEPKH KA9eCTBa NMPOILYK-
MY [IPH3HAET TPUTOIHOM CTAHJIAPTHYIO JETasIb ¢ BePoATHOCTLIO (1,96 n
HECTAHIAPTHYH ¢ BeposTHOCTHK (,06. OnpeneanTs BEpOATHOCTh TOTO,
YTO:

a) B3ATOE Haydady M3fesue Ipoiizer KOHTPO/Ib;
6) u3gesnue, Mpollefiee KOHTPOJIb KAYECTEA, OTBEYAST CTAHIAPTY.
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1.19. HeszaBucumbie ucnbiraHua. Cxema bepHynnu

[&3

C noHATHEM «HE3aBUCHMBIX COOLITHMH® CBAZAHO MOHATHE «HEIABUCH-
MBIX MCIBITAHHH (ONBITOB) S,

HecKoIBKO ONBITOB HAZBIBAIOICA HE3GBUCUMBLMU, €CJIIA HUX HCXOIBI
npeicTaBagior cobolt HesaBucuMeble COBBITHS (HE3ABUCHMBIE B COBOKYITHO-
cTH).

HpyrtHMU cJ10BaMu, €CJIH TIPOBOINTCA HECKOJIbKO HCIIBITAHMH, T. €. OIThIT
BBHIIOJTHAETCH [IPU TAHHOM KOMILIEKCE yCJIOBUH MIOIOKPaTHO (Takoe ssiye-
HHUE HA3BIBAETCHA <TIOCAENOBATENILHOCTHIO WCNBITAHKIA»), MPHUUIEM BEpOsIT-
HOCTh HACTYIIEHHS HEKOTOPOTrO COOLITHsL A B KaXIOM HCIBITAHUM HE 3a-
BHCHT OT HCXOJOB APYTWX UCHEITaHuUH, TO TaKme WCHEITAHKA HAIBIBAIOTCA
HE3ABUCUMBMU.

IIpumepaMu HE3ABMCHMBIX HCHBITAHHHE MOTYT CJIYXKHATH: HECKOJLKO (1
pa3) nombpacuBanuil MoHeThr; cTpensba (n pas) mo mumenn 6e3 NOIPaBOK
HA paHee JOYUIeHHYI0 OmubKy HpH HOBOM BBICTDEJIE; HECKONLKO (1 pas)
BHIHMMAHHUHA U3 yPHBI ONHHAKOBBIX HA OLY b 32HYMEPOBAHHLIX LIAPOB, €CITH
mAapbl KaXbIH pa3 (Iocse npocMoTpa} BOSBPALIAKTCH HAZAL B YPHY, U T. IL.

IIpu npakTHTIeCKOM HPUMEHEHHH TEOPHH BEPOATHOCTEH YACTO HCIIONb-
3yeTCs CTAaHOAPTHAA CXeMa, HaspiBaemad cxemol Bepaymmm umm cxemoit
HE38BHUCUMBIX MCIIBITAHUH.

[MTocsienoBaTeNbHOCTD 71 HE3ABUCHMBIX HCTBITAHHN, B KAKAOM W3 KOTO-
PBIX MOXKET [POM30HTH HEKOTOpoe coObITHe A (€ro HA3BIBAIOT YCNETOM) C
BepoaTHOCTBIO P(A) = p mim nupoTHpomoIcKIOe emy cobpitve A (ero ma-
3HIBAIOT Heydaned!) ¢ BepoarnocThio P(A) = ¢ = 1 — p, Haspisaerca cxemot
Bepnyaau.

Hanpumep, npu crpensbe no mumenu: cobuitue A — mnomamanue
(ycmex), cobmitne A — mpomax (Heynada); npu o6CTeIOBAHAN N W3ACIHNA
HA TIpeaMer rogHocTh: cobbiTue A — merans roguas (ycnex), cobuiTie A—
nerans GpakosaHHas (Heynaya) # T. 1.

B rkampom takom onwite [12C cocrouT ToMsKO M3 ABYX aJjieMeHTApP-
HbIx cobeitnfl, r.e. & = {wg,w,}, rne wy — meydgaua, w; — yCHex, mpu
stom A = {w}, A = {wy}. BeposrrocTa a1ix cobbTUH 06O3HAMAIOT He-
pe3 p ¥ g COOTBETCTBEHHO (p + ¢ = 1}, MHOXKECTBO d/1€eMEHTAPHBIX HCXO-
70B /1A T OMBITOB COCTOMT M3 2" snementos. Hanpumep, npu n = 3, T.e.
(A,A,A) (A,AA) (A A A) (A 4,4)

Wy ! Wy ' wWe ! w3 ’
(4,4,4) (4,4,4) (4,4, 4) (4,4 4)
1

wq ; Wy g i wrr

OnbIT NOBTOPAETCA 3 pasa, ) =

- BepOHTHOCTb KaXJI0ro ajJeMet-

TApHOTO COBHLITHE ONpenesaeTca oOnHo3nayHo. Ilo TeopeMe yMHOKENRA Be-
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POSATHOCTE COBBITRS, cKaxkeM wg = (A, A, A), pabua ¢ ¢ p = pg?, coburrua
wr —p-p-p=p° =pPnrn

Tacro ycmexy conocrasiaaior umcno 1, neymave — wucno 0. Dnemen-
TAPHBIM COOBITHEM IS 7 OUBITOR Gy/eT MOCIeAOBATEILHOCTL W3 1 HyJei
u equunn. Tpofika uyucen (0,0, 0) osmawaer, 4T0 BO BCEX TPEX OMBITAX CO-
Gertne A mHe macrymwio; rpofika wucea (0,1,0) osHavaer, uro cobpite A
HACTYTIWJIO BO 2-M onpITe, & B 1-M 0 3-M — 1€ HACTYITHJIC,

1.20. dopmyna BepHynnm

Ilpocreiimas samaya, OTIOCANAACA K cxeme BepHysjd, COCTOHT B
ONPEeJICHUN BEPOATHOCTH TOLO, 'ITO B 7 [E3aBHCUMBIX KCIIBITAHUSIX COOBI-
e A Hactymut m pa3 (0 £ m < n). Obo3nadaeTcs MCKOMAs BOPOATHOCTD
rax: Py (m) wom Py wirn Py, = m), vae py,
A B CepuM W3 n OOBITOB.

Hanpumep, npu 6pocapuu urpassHoit koctm 3 pasa FP3(2) oznauaer
BEPOATHOCTh TOrQ, 9T B 3-x onbitax cobwitue A — BhimaneHue uudpbl
4 — mpouscitmer 2 paza. Ouesuuno,

HHMCII0 TTOABJIGHNS COOBITH

P{2) = p’q+pPq+pg =
T (AT AV (A 1N2 505
- [{(A,A,A);(A,A,A); (A,A,A)}] = 3pPg=3. (E) B =2 - 0,069

Teopema 1.4. Eciin npoU3BOIRTCA 7 HE3ABUCHMBIX MCILITAHMEA, B KAXKIOM
H3 KOTOPHIX BEPOATHOCTH NOSABIEHHA cobuiTua A pasBna p, a BEPOATHOCTH
€ro HEMOABJECHHUA PABHA ¢ = 1 — P, TO BEPOATHOCTH TOrO, 4ro codbitHe A
npomsofiner m pas onpenenaeTca Hopmyaot bepryaan

Pom)=CI" p™-¢"™™, m=0,1,2,...,n. (1.32)

[ BepoATHOCTL OIHOTO CJIOKHOIO COOBITHA, COCTOAUICrO B TOM, ¥TC CO-

fpiTHe A B N He3aBACUMDBIX OIIMTAX IOABATCHA 1N pPa3 B NEPBbLIX 77t OTIbI-

TaxX M He UOABKICA (N — ™) pa3 B OCTAJIBHBEIX OfbTax (310 cobniTye

A-A-A-...-A-A-A-. . . - A)noreopeve yMHOXKEHIA BepoATHOCTEH pas-
m;aa (n-:-:zr) pas

Ha p™ "™, BeposrHOCTb NoABAeHUA CODLITHA A CHOBA 11 pas, HO B ApYTroM
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nopsanke {manpumep, A-A-A... - AA-A-... Awm AAAA.... AAurn)
m pa3
Gynet Tolt ke camoft, T.e. pTg" ™.

YHucesio TAKUX CAOKHBIX COOBITHR — B 71 OIBITAX 17 PA3 BCIPEUAETCA CO-
ObiTHe A B PA3NBYHOM MOPANKE — PABHO YHCIY codeTaHuit U3 n 0o m, T e.
CT'. Tax Kak BCe 3TH CJIOXKHbIE CODBITHS HECOBMECTHEL, TO IO TEOPEME CJI0-
HEHUA BePOATHOCTEH HMCKOMAs BepOATHOCTH PABHA CYMME BEDOATHOCTEN

BCEX BO3IMOXHLIX CJIOXKHBIX COﬁbITHﬁ, T. €.

Py(m) = pmg" "+ 4+ pM¢ T = Cp" ™, m=0,4,...,n. B

-
CT7 coraraeMblx

MoxHO 3aMeTHTh, YTO BEPOATHOCTH FPr(m), m =0,1,...,n asasoTca
koachdunmentamu npu £ B passoxenun (q + px)” no ¢popmyne GniomMa
Hrwrona:

(q+1)vr)n — n+cflzqn 1pJ‘+CQ n--2 ‘2 ‘2_‘_.._+C;nqn—mpmmrn+|"+pnmn

Tlo3TOMy COBOKYTHOCTh BepoaTHOcTel P,(m) HasbiBamwt HunomuaibHbm
3axoHoM pacnpedesenua sepoamnocmed (cm. 1. 2.7), a dyHrumo @(z) =
= {g + pz)" — npouseodaweli gynxyueti 1A NOCTEHOBATENLHOCTH HE3a-
BHCHMBEIX OIILITOR.

Ecau B KaX/10M 13 He3aBHCHMBIX MCHBLITAHUHA BEPOATHOCTH HACTYIIe-
gua cobuitia A paswbie, TO BEPOATHOCTHL Toro, 9ro cobbTRe A HACTYTINT
m pa3s B N ONLITAX, PaBHa KO03(pUIIMEHTY HpH M- CTEIeHn MHOTOY/IeHa
enl(z) = (1 + P1z)(g2 + p22) + ... - (gn + Pn2), THE 0n{z) — TpPOM3BORAWAA
dyHRIHNA.

Ecaou B cepyu U3 1 HE3ABHCHMBIX ONBITOB, B KAXKIOM H3 KOTOPBIX MOXET
npOU30OHTH OIHO M TOJBKO OHO u3 k coberru#t Ay, A, ..., Ay ¢ coorBet-
CTBYIOINMMH BEPOATHOCTAMM Py, P2, ..., Pk, TO BEPOATHOCTH TOTO, YIO B
3THX OHBITAX COBBITHE A, MOABUTCA My pas, cobblitHe Ao -—— mg pas, ...,
cobbiTHe Aj - my, pas, papHa

|
Pp(my,ma,. .., my) = mp’f‘"lp? S (1.33)

rae my + my + ... -+ g = n. BepoatHocty (1.33) Ha3BBAIOTCA NOAUNHOMU-
GALHBIM pacripedeacrue.

ITpumep 1.31. ITpomssoaurca 3 He3aBHCHMBIX BhICTpena 1Mo uesnu. Bepo-
ATHOCTH OMAJAHHA TPH Pa3HRIX BRICTPEIaX OMMHAKOBR! M pasHe p = 0,9,
KakoBa BepoATHOCTB: a) mpoMaxa; 0) OJIHOPO NMONANAHUS, B) LBYX IONA-
namuit; v) Tpex nonanaHu#? PemuTh 3amauy B ciiydae, eCOu BEPOATHOCTH
[IONANAHUS IPU PA3HbBIX BRICTpEax pasauunsi: pp = 0,7, py = 0,8, p3 = 0,9.
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(Q B maunom cnywae n = 3, p = 0,9, ¢ = 0,1. INoms3syace ¢opmyoii
Bepuysuu {1.32), Haxomam:

a) P3(0) = C9-0,9°-0,13 = 0,001 — BepoaTHOCTH TPeX MPOMAXOB;

6) P3(1) = C1.0,9'.0,12 = 3.0,9.0,01 = 0,027 — BepOATHOCTH OZHOTO

nonaJanus;

B) P3(2) = C2-0,9%-0,1' =3-0,81 - 0,1 = 0,243 — BEPOATHOCTb OBYX
nonagaHmit;

r) B(3) =C§-0,9%.0,1° =0,9% = 0,729 — peposrrocTs Tpex nonaza-
HuH. ®

DTH Pe3yIbTATH MOXHO H300pa3suTh rpadpuyecky, OTJIOKHKB Ha ocu O
3Hauennda m, ua ocu Oy — 3nauenna Pp{m) (puc. 14).

P,(m)

14

0,5 +

Puc. 14

Jlomanasi, coemmumomas rtouku (0;0,001), (1:;0,027), (2;0,243),
(3;0,729), HA3BIBACTCA MHOZ0YZOALHUKOM DPACPEdeseHUR BEPOSTIHOCTMET.

Ecam BepOsiTHOCTH TPHM PA3HBIX BHICTPEJSAX PA3JHYHBL, TO IPOU3BONA-
waa byskuura umeer sua @i(z) = (0,3 + 0,72)(0,2 + 0,82)(0,1 + 0,9z) =
= 0,5042% + 0,398z + 0,092z + 0,006, OTKyma HAXOMHEM BEPOATHOCTH TPEX,
JBYX, ONHOrO ONajaHuit, npoMaxa coorsercreenno: Ps(3) = 0,504, P3(2) =
= 0,398, P4(1} = 0,092, P3(0) = 0,006. (Konrpoas: 0,504 + 0,398 + 0,092 +
+ 0,006 = 1.)
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¥npaxHeHnusa

1. Monery monbpacesaior 10 pas. Kakoba BEpOATHOCTL TOrO, YITO repd
BHIMaAeT (nosBuTcA): a) 4 pasa; 6) HHM pasy; B) XoTa ObI OOUH pas3.

2. Y7o BeposiTHEe BHIMIDATH y PABHOCHJILHOIO IPOTHBHUKA-INAXMATHCTA:
JBe HADTHM A3 YeTolpex ud rpu u3 mectr? Huusn Bo BHUMaHUC He
HPHHEMATCS.

3. B cembe Tpoe nereli. Kaxosa BeposiTHOCTD TOTO, UTO: 4) BCE OHM MaJslb-
9uKH; 6) OJMH MAJLIMK M ape deBoukH. CUHTATL BEPOATHOCTD POXKIE-
ausa Manpauxa 0,51, a nepouku — (0,49,

4. B xaxnom u3 xapManos (ux 2) aexut no KopoGxy cungex (no 10 con-
uek B KopoBke). TIpn Kax oM 3aKyPUBAHHY KAPMAal BeIGHpaeTcs Hay-
Jauy. IIpu ouepenmom 3akypusanum kOpoOOK oxkasancs nycreiM. Halltu
BEPOATHOCTE TOTO, YTC BO BTOPOM Kopobxe 6 cumyex.

1.21. NpepensHbIe TeopeMbl B Cxeme bepHynnn

Vcnonssosanue hopmynnt Bepaysian (1.32) npy 60bIUHX 3HAYEHAAX 7
M 11 BBI3BIBAET DOJRUIME TPYNHOCTH, TAK KAK 3T0 CBE3AHO € TPOMO3OKHMU
BEIYHCAeHNAMH. Tak, nmpu n = 200, m = 116, p = 0,72 dopmysna Bep-
HyJUI ipuEEMaeT B Pago(116) = C3§ - (0,72)116 . (0,28)%. Houcunrars
PE3YJIBTAT MPAKTHYECKH HeBO3MOXHO. Bbraucienue P,(m) BrisniBaer 3a-
TpYOHEHHUA TAK:Ke 1P MaJiblx sHauenusix p (¢). Bosnukaer neobxonuMocTs
B OTHICKAHMH NMpUOIMKeHHbIX dhopMyd g serancaeusa By {m), obecneun-
BAOUINX HeOOXONUMYHY TOYHOCTh. Tague (bOpMYAbl JAKT HAM IIPEIEIbHbIe
TEOPEMBI; OHHU COMEPXKAT TaK HA3bIBAEMbIe ACHMITOTHYECK ne (hOPMyIIbl, KO-
TOpBIE NP GOMBUINX 3HAYEHHMAX WCOLITAHHR HAKT CKOML YTOIHO MAalylo
OTHOCHTEJILHYIO TIOTPEUIHOCTE. PAacCMOTPHM TpH LIpEIeNbHBIE TCOPEMBL, CO-
IEPAAITHE ACHMIITOTUYECKHE OPMYJILI NI BEIMACIEHHA OHHOMMAJILHGH
BeposiTHocTd P, (m) tpu n — oo.
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Teopema NyaccoHa

Teopema 1.5. Ecau 9ucao wensTaHuil HEOrpaHHYEHO YBEJIMYUBACTCS
(n — ©0) K BEpOATHOCTL p HACTYIUIEHHA COOBITHA A B KAXKIOM WCIBITa-
HUH HEOTPAHMYEHO yMeHbIuaercs {(p — (), HO TaK, YTO WX NPOU3BEIEHHE 1P
ABNAETCH NOCTOAHHOA Bestmumuodl (np = a = const), 10 BepoATHOCTL £, (M)
YIOBJAETBOPAET MPEHEIHHOMY PABEHCTBY

T ,—a

lim Pn(m) = %5
—00 mi:

(1.34)

Bripaxenne (1.34) naspipaercs acumnmomuseckot Gopmynots Hyac-
COHG.

(A [IpeoGpasyem dopmyny Beprysnnn (1.32) ¢ yueTom Toro, uto p = %:
Lnlaym g eynm
Pp(m) = ml{n — m)! (n) ( ) -

n-1}n—-2)...{n— -1 a™ asn —~m
:”( )( )m! {n—(m )).,,T“( ) ( a)

=]

S (- 8) (1-) () 0 -

[epexona k TMpeResty npu 1 — 00, MOJIyIAM liﬁ}m P,(m) =
Likmde ]

m o n—1 n-2 'n—(m—l)'( a)n_( a)—m:

1 3l

m!

i L) = gm0 : u
( im (1 — ﬁ) = e " COmIaCHO BTOPOMY 3aMevaTelIEHOMY npen,e.ny).
n—o0

W3 npenespaoro paseHcTpa {(1.34) mpu 60JILIINX 72 M MAJTBIX P BHITEKAET
npubinmennaa gopmyaa yaccona

m,—a
Po(m)~ &£

T a=np, m=0,12,.... (1.35)

®opmyny (1.35) npumedsoT, KOTIA BEPOATHOCTD p = const ycnexa Kpatine
MaJga, T.e. caM 10 cebe yemex (moasienue cobuitra A} Apagerca pedxum
cobbumatem (HAIpUMep, BHIMTPBIN apromMobuis mo soTepefinomy Gmiery),
HO KOJIMYECTBO MCHBITAHUH 1 BEJMKO, CPEJHEE MUCAO YCNETOS NP = 0 He-
3naquTesbHo. Ipunbmmxenny o chopmyity (1.35) oOBIMHO HCNOJIB3YIOT, KOTAA
n 250, anp < 10.

®opmyna [lyaccona HAXOIMT NIPAMEHEHHE 6 MEOPUL MECC068020 06CAY-
HCUBAHUA.
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ITpumep 1.32. 3anox «3osoras Gaskay (Kpemv) ornpasia s Mocksy 1500
6yToiiox BuHa «KabepHes. BepoATHoCTb TOTO, 4TO B IYTH Oy THIIKA MOKET
pazburhes, pasda 0,002, Hailitu BeposrHOCTs TOTO, UTO B nyTH Oyaer pas-
6mTo ne Bosee 4-x 6yTrinok (cobbitue A).

(9 Vickomas BepOATHOCTL PABHA
Pi500(0) + Prsoo(1) + Pusoo(2) + Prsoo(3) + Pisoo(4).

Tax kak n = 1500, p = 0,002, 10 a = [np] = 3. Bepoaruocts cobbirus A
HaltmeMm, ncnonnsys dopmysy Ilyaccona {1.35):

Dopmyny llyaccona MOXHO CUHTATE MATEMATHUECKOH MONEABIO TIpO-
creifinero noroka coboiTuii.

Ifomoxom cobwmutl HALIBAIOT MOCHETOBATENLHOCTL COOBITHH, HACTY-
MAILIMAX B CIyaliHble MOMCHTLI BpeMeHN (HanprMep, TOTOK TI0CeTUTe IeH B
NapUKMAaxepCcKoi, MOTOK BBI30BOB HA TeedoHHOol cTaHIme, [IOTOK OTKA30B
3JIEMeHTOB, HOTOK O0C/IyKeHHbIX aDOHENTOB H T. 1.).

Tlotok cobnrruit, obnanawmuil cBoHCTRAME CTAUMONADHOCTH, OPOUHAD-
HOCTH H OTCYTCTBHA IIOC/IEHCTBHA HA3BIBAETCH npocmedwum (nyaccomnos-
CKUM) ROTHOKOM.

CpoficTBO cmaytoHapHocmU 03HAYNALT, YTO BEPOATHOCTD NOABJICHUA Kk
cobpiTHit Ha yuacTKe BPeMeHH [JIMHbI T 3aBUCHT TOJIBKO OT €ro JIJHHbBI
(T.e. ne 3aBucuT OT Havasa ero orcueta). ClenoBaTeNbHo, cpedHee “uUCAO
cobvimutll, NOABARIOWUTCA 68 eIUNULY epemery, TAK HA3bIBAEMAs UHMEeH-
CUGHOCTL A TIOTOKA, €CTh BEJIMYAHA MOCTOAHRAs: A(f) = A

CroltcTBo opdunaprocmu O3HATAET, YTO COOBITHUC IIOARAACTCH HE IPYII-
naMi, a [nooauHodke. JIpyruMun cJropaMu, BepOATHOCTL TosaBAeHus boJlee
omHoro cobpITHA Ha MaJlblit yIacTok BpeMeRy At nmpenebpexuTeapHo Masa
[0 CPABHEHHIO C BEPOSTHOCTHIO MOSIBJEHUA TOJLKO ORHOTO COOBITHA (HAa-
NpHUMep, II0OTOK KATePOB, HOAXOOAUMX K NPUIALY, OPIHHADEH ).

CeoHCTBO omecymemaeus nocaedcmeus O3HAMAET, UTO BEPOATHOCTH 110-
ApJenun k cobpiruit Ha MOBOM yUaCTKe BpeMeHM OJUHLL T He 3aBHCHT OT
TOTO, CKONBKO COOBITHH MOABHJIOCH HA JI000M APYIOM He NICPeceKarouuMCs
C HAM Y4acTKOM (TOBOPAT: «Bynymiees MOTOKA HE 3ABUCHT OT <IPOIIIOFOS,
HaIIPUMED, IIOTOK JIIOAed, BXOOANIX B CYNEPMAPKET).

Mo HO 10Ka3aTh, YTO BEPOATHOCTH NOABJIEHHS T COOBITHE mpocteli-
IEro MOTOKA 33 BPEMA NPONO/DKUTENbHOCTRIO § onpefensercs (hopmymnolt
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[Iyaccona
}\t m, e*—)\t
Py(m) = pm = L_)_E'-_-—

IIpumep 1.33. Tenedounas cranmua obenyxusaer 2000 abonenTos. Bepo-
" ATHOCTH NO3BOHUTH M0O60MY aboHeHTY B Tedenne daca pasua (,003. Kaxora
BEPOATHOCTE TOrO, YTO B TEYEHHE YACA MO3BOHAT 5 afoHeHTOB?

Q Cpe,m{ee YHCJA0 MO3BOHUBIIMX B TevyeHme dwaca aboHeHTOB PABHO

5,—6
2000 - 0,003 = 6 (a = np = At). Craso Gsrrs, pg = O ¢ ~013 °

JlokanbHasi M UHTErpansHasn Treopemst Myaspa--Jlannaca

B rex cnyvasx, xorga UHC/IO0 UCHBEITAHWH N BEJIMKO, a BEPOSTHOCTH
p ne Gimska K "Hymo (p # 0, p # 1), Bas BRIMBCJIEHAA DHHOMUAJIBLHBIX
BepoATHOCTEH HenoabayioT TeopeMsl Myaspa—Jlannaca. [Ipasenem ronexo
X GOPMYJIHPOBKM B CUJIY CJOXKHOCTH HOKAIATEIBCTBA.

Teopema 1.6 (JIokanbnan Teopema Myaspa—Jlannaca). Ecsiu sepoar-
HOCTh P HACTYTIJYCHHS COOBITHA A B KAXI0M HCILITAHNA TTOCTOAHHA U OTJIHIHA,
OT HYJS W eOWHHLE, 3 YHC/I0 HE3ABHCUMBIX MCIBITAHHH HOCTATOYHO BEJUKO,
TO BEPOATHOCTE FPp(m) Moxer ObITh BRIYHCIEHA N0 npubmwkerHO# dhopmyae

2
z m —np

1 1 %5
Bim) =~ c—=—g¢ 2, TOe = . 1.36
"R e Vo Nz (1:3)
Papenctso (1.36) Tem Tounee, uem Gosbue 7.
Bripaxenne
T
LT = o) (1.37)

V2r
HasnBaeTcH Pynxyuet Naycca, a ee rpadur — xpusotll sepoamnocrneti (CM.
puc. 15).
Papenctpo (1.36) MOXHO nmepenucarTs B BUIE

Pp(m) ~ L. w(z), rme z= Uk

. 1.38
npyq VPq (1.38)



Masa 1. CnyualiHele cofeiTua * 55

v e - ——

[Sary

Puc. 15

Ana bynkuun o(r) cocrasnensl Tabauner 3nadenvit (OHM HAXOMATCH, KAk
NPapHIo, B TaK HasbiBaeMad «[IPHIOKEHHAX» KHHT [I0 TEOPHH BEPOATHO-
crelt M. npasoxkenue 1 Ha ¢. 249). [Monssysace tabuuueit, coaenyer yauaTo-
BATH, UTO:

a) byuknua @(r) yernas, T. e. p(—z) = @(x);
6) npu x > 4 MOXHO cunTarh, 4ToO @(x) = 0.

Oyuxnus Faycea (1.37) Gyner monpobuee paccmorpena B o. 2.7.

ITpumep 1.34. BepoAaTHOCTE MOMANAHHWA B MULIEHD TIPW OJTHOM BBICTDEJIC
A Haguoro crpenka pastsa 0,7. Halita BepositHOoCcTL TOro, yTo npu 200
BRICTPEJIAX MHMINeHb OyaeT mopaxkena 160 pas.

Q 3mecs n = 200, p = 0,7, ¢ = 0,3, m = 160. IIpumenum dopmy-
ny (1.38). Umeem: \/npqg = /200-0,7-0,3 = V42 = 6,48, crenosarens-
_160-200-0,7 920

HO, T N7 = .48 2 3,09. Yuntesas, uro (3,09) =~ 0,0034,
nomyaaem Pago(160) & =+ - 0,0034 = 0,0005. ®

6,48

B rex cnyvasx, xorga Tpebyercs BRIMHCIATE BEPOATHOCTH TOTO, UTO
B 7 HE3aBUCHMEIX UCIBITAHMAX cobprTHe A nosipnTcs He MeHee K pas, HO
ne Gosee ks pas, T.e. Pk € m < ko) wmm P {k); ko), HCIONB3YI0T HBTE-
rpasibHy0 Teopemy Myaspa—Jlannaca (ABngeTca YaCTHBIM Ciydaem Dosee
obie#t Teopemnl — IEHTPAJILHON NMpeaesbHOHR TeopeMbl).
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Teopema 1.7 (HurerpansHas reopema Myaspa—Jlanyiaca). Ecan se-
POATHOCTL P HACTYNNEHUA coObrrva A B KAXK/IOM HCOBITAHUNA NOCTOAHHA W
OTNIUYHA OT HYJJIA ¥ eIMHUIEI, TO BepoaTnocTs P (k) € m < ky) Moxer BbITh
Hafinena no npubsuxenHol popmyie

Ty

1 _z? k1 —np ky —np
Folki€m< e / 2 dr e I =-— Ty = ———,
n( 1= f— 1 1 '—mnpq b 2 '—ﬁnpq
(1.39)

Pasenctso (1.39) Tem Tounee, 4em Boabie n.

Ucnonssysi byuxunw Faycca (1.37), pasencrso (1.39) Mok HO 3anncaTs

B BHIOE
z3

FPr(k1, k2) %-/(p(w) dz.

&1

Onnaxo nas YOPOWEHWH BLIYUCHCHUH, TP HCTONB3OBAHHU POPMY-

gbt {(1.39), BBOIAT Crennaannyio QyHKIM0

Do) = —= [ e 2 dt, (1.40)

HABBIBAEMYIO HOpMuposannofi ynxyuet ﬂannaca

Dyukun: (1.4(]) nevyerna (Po(—z) = \/_ fme 24t = [t = -2z

=—-———=1[e 2 dz = —~®¢(x)); npu = 2 5 moxHo cuuTark, yro P$o{r)
v 21r 6r ’ ~
= 0,5; rpaduk dbyuxknun $g{z) npusenen na puc. 16.
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Buipasum mpasyio uacTh papencrsa (1.39) uepes dyuxumio flanna-
ca (1.40):

Il

}
b
&1,
&
|

T3
1 /wﬁd
—— [ e 2 ar
V2T V27
Tl

0
1 [ -t 1 /—ﬁ
= — e 2 di + —— e 2 dt = ®glxq) — Polzy ).
\/ﬁ] Var | olz2) = Pala1)
£

Pasencrso (1.39) npuaumaer Bua

Polki € m < ko) = $olza) — Polar),

- ko —
rae 1 = u Ty = 2P (1.41)

N T NG
21y DopMyly oDBIMHO HCIONLIYIOT HA NPAKTHKE.
Hapany ¢ wopmuposannoit dyuxuped Jlannaca (1.40) ncmosabsyior
Gy HKIHIO

&z
fl2
@(z)ﬂ\/—%/e_? dt, (1.42)
-0

Ha3bIBAEMYIO TakXKe dynwyued Jansaca. {na vee CupaBemuBo paBEHCTBO
$(—z) + ¢(x) = 1; ona ceazana ¢ dysxumei ®olz) dopmymoi

&(z) = 0,5 + Py(x). (1.43)

Umerorca tabauupl npubnuxennbix sHadenut pyuxumii Oolz) u ¢(z) (un-
TErpas He 0eperca B 3JIeMEHTAPHLIX (PYHKUMAX), KOTOPBIE NPHBOASTCH B
fonbuMHCTBe YUCOHMKOB [I0 TEOPHM BEDOSTHOCTEH (CM. TaKXKe NpuiIoxKe-
Hue 2 Ha c. 250).

IMpubnuxennyww dopmyny nna sblumcnenus sepoaTHocTn Ph(k <
€ m < ko) (1.39) MoxHO 3anucarb B BHIE

Pk < m < ko) = ®(z2) — ®(z1) = Po(z2) — Rola1),
roe &) = ]_C_l.__ﬂ o = M , (1_44)

N N

Ilpumep 1.35. IIposeproit yCcTAHOBJIEHO, YTO LEX B CPENHEM BbIITYCKaeT
96% npomyxumue BeiCmero coprta. Ha 6ase npuemumk riposepser 200 uape-
auit aroroe nexa. Ecnu cpenyw nux oxakercs Hostee 10 manennit e BpICIEro
COpTa, TO BCA NAPTHA W3nenuit 6pakycrcs, T.e. BosBpamiaercs B uex. Ka-
KOBA BEPOATHOCTD TOrO, YTO NAPTUA OYAET NpuHATA!
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Q Bpecy n = 200, p = 0,04 (BepoATHOCTL HCTOXHOTO HIACJHA), § =

= (,96. BepoaTnocTt mpunsatusa scell maprtum, T.e. Poy(0 € m < 10),

MOXHO Halitw no dopmyne (1.44); smecs k; = 0, k2 = 10. Haxonum,
0—200-0,04 10 —200-0,04

4To gy = = —2,89, xp = = (0,72,
200 - 0,04 - 0.96 200 - 0,04 - 0,96

P00 € m < 10) = @0(0,72) - @0(—-2,89) = 0,26424 + 0,49807 =

= 0,7623. 3amerum, uro $(0,72) - ¢(-2,89) = 0,7642 — (1 — ©(2,89))

= 0,7642 — (1 — 0,998074) = 0,7623.

C nomowpw dyuxnuu Jlannaca MOXHO HallTH BEpOATHOCTE OTKJIOHE-
HUS OTHOCHTEIBHOH YACTOTH —2 OT BEPOATHOCTH P B 7 HE3ABHCHMBIX HC-

n
nelTaumax. Umeer mecte dopmyna

P -rl<e) =2 (e ).

rme £ > 0 — HCKOTOpPOC YHCJIO.

n n
4 Us ’TAva € g cnenyer: —£ X - —pKe, np—ne€ng L np+ne.

[To dopmysie (1.28) nomyuaem:

1 2
Ppinp—ne<na<np+net = — / e 2dt =
Vaw

m

T.@.P{ﬁ—f—p‘ SE} = 20y (5-,/%).

IIpumep 1.36. BepoaTHocTh DONaNasis B LEJIb [IPH OAHOM BRICTPEJIE DAB-
u1a 0,6. Hatiru BepoaTuocTs Toro, uto npu . = 1200 nezaBucumbix sBhicTpe-
JIAX OTKJOHEHVIC &YACTOCTH» OT BEPOATHOCTH 10 MOAYJIIO He NPEBLIIACT

e = 0,05.

Q Pmmﬂgg—QQQoﬁﬂ»=2¢00w5wkﬁ¥%ﬂ = 28,(3,54) =

= 0,9996.
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YnpaXHeHuna

1.

Ha nexnuu 1o Teopum peposaTHocTel npucyrersyoT 84 crymenrta. Ka-
KOBa BEPOSITHOCTE TOFQ, YTO CPEOM HUMX €CThb 2 CTY[JEHTa, Y KOTOpbIX
CeromH#A AE€Hb POXKHACHHAT

Beposrrocrs Opaka npu H3TOTOBJEHHH HEKOTOPOTO HIAEJIUS DABHA
0,02. HaliTé BepoATHOCTE TOro, 94To cpend 200 HpoU3BEeIeHHbIX U3e-
aul He Gosiee onHOro OpaXoBAHHOIO.

Haitm BepostHocTs TOro, 9ro npy noabpaceiBanuu moHersl 100 pas
cobpitie A — noapaeaune repba — vacTynur posHO 60 pas.

Hatitu raxoe umcno m, 91obet ¢ sepoaraocTso 0,95 moxuo 6bui0 6ni
yTBEpALATh, uTo cpeau 300 HOBOpOXKACHHBIX OoJsiee m aeBouek. Cum-
TaThk, 9TO BEPOATHOCTh POXKIESHUA NeBOYKY pasHa (0,485,



Cny4yanHbie BeIWYUHDI

2.1, MoHaTue cny4anHon BeANYNHbL. 3aKOH
pacnpepenesua Cay4amnHon BeJsINYUHbDI

Onuuy 13 BaxHeU MY TOHATHH TEOPHH BEPOITHOCTEH (HAPAIY CO Cay-
YafHhiM COBBITEM U BEPOATHOCTLI0) ABJAETCA MOHATHE CJayyaliHo#l Besn-
IHHBIL

Hon cayratinoti eesununoti NOHAMAIOT BEJTHTUIY, KOTOPAH B PE3yJIhTa~
T€ ONBITA TPHHEMAET TO WM MHOE 3HAUYEHWE, IPHMYEM HEM3BECTHO 3apaHee,
KaKoe HMEeHHO.

CaygafiHpie BeJIHYHHB (COKPALIEHNO: C. B.) 0603HAMAIOTCA MPONHCHE-
mu JgatracKuMy Oyksavu X, Y, Z, ... (M| cTpoYubIMu TpeueckuMu Gykna-
mu € (xcu), 7 {91a), § (rata), ¢ (rcu) 1 v 1.}, & NpUHUMAEMBble MMH 3HAYEHU
COOTBETCTBEHHO MAJIRIMH OYKBAME T1,L2,. .-, Y1, Y2, Y3y .- - -

Hpumepamu c. B. MOryT CaayxuTE: 1) X — 9HCI0 0MKOB, NOABIAIOINX-
cs upn Gpocanuu MrpanbHo# KocTi; 2) Y — 4HCH0 BLICTPENOB 0 NEePBOLO
NONANAHWA B Henb; 3) Z — Bpema Gesorkasuoit paborer npubopa u T. 1L
{(poct wesoBexa, Kype H0MJ1apa, KOauuecTso Opakosaunbix getajtelt B nap-
THH, TEMIEPaTypa BO3AYXAa, BLIUIPHILL HTPOKA, KOOD/MHATA TOYKHA ITPU CJTYy-
vafinom peibope ee na [0; 1], npubsins Gupmsl, ... ).

Cayualinas BeJIMUMHA, IPUHUMAIOLIAA KOHEYHOC WM CHETHOC MHOXKE-
CTBO sHAYeHHH, HABBIBACTCH duckpemnol (COKPALIEHHO: 1. C. B.).

Ecin e MEOXKECTBO BOIMOMHEBIX 3HaueHWl c. B. HecueTuo, TO TAKad
BEJIMMMHA HASLIBAETCS Henpepwenotl (COKPALIEHIIO: H.C. B.).

To ects A, C. B. HDHHHMAET COTUEJBHBIE H30JHPOBAHHBIE IDYT OT JIPY-
ra 3HAYEHHd, 3 H.C. B. MOXKET NPHHEMATL J100ble 3HA4EeHAsT 3 HEKOTOPOTOo
NPOMEKYTKA (HAIPUMEp, 3HAUeHUus Ha OTpesKe, Ha Beell UMCI0Bol nmpamoit
u . 1.). Ciayuaitueie peswuunsl X u Y (npumepst 1) u 2}) asndworca guc-
kperismu. C.B. Z (upumep 3)) ABIAETCA NENPEPLIBHON: €€ BO3MOKHLIC
3HAYeHM:A NpuHamIekar npomexyrtky [0,t), rme t 2 0, npasas rpaHEna
He oupezencua (reopernuecku t = +oc). OrMeTUM, YT0 PACCMATPHBAIOTCH
TAKXE C. B. CMELUIAHHOrO THIIA.

IanuM Teneps CTPOroe ONpencieHue C. B., HCXOI U3 TeOPETHKO-MHO-
MECTBEHHON TPAaKTOBKHM OCHOBHBIX NOUATHY Teopuu BepogTHOCTEH.
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@ Caywatinot seauvunoll X HAILIBACTCA YMCIIOBAA (PYHUKUEA, OIpPenc-
JIEHHAs! HA HPOCTPAHCTRE 3JIEBMEHTApHBIX coObiTn#t ), KOoTOpas KamaoMy
BJICMEHTAPHOMY CODBIFMK) w CTABUT B CooTBercTBHE wHcso X{w), T.e.
X =X(w), we (wm X = f(w)).

fIpumep. Ounlr cocrout n Opocammu MoHeTs! 2 pasa. Ha [I9C Q =
= {w,wo, w3, wa}, ie wy = LT, wy = [P, wy = PI, wg = PP, moxuo
paccMoTpeTn ¢.B8. X — uncno noasnennit repba. C.B. X saBasiercs dynk-
nuell 0T 3yIeMeHTapHOTO Ccobbitha w,: X(w1) = 2, X{ws) = 1, X(w3) = L,
X(wg) =0; X — m.c.B. cosnauengamu o1 =0, 29 = 1, 23 = 2.

OrMeTuM, 4TO €CcoM MHOXKECTBO §) KOHEYHO WJIM CYETHO, TO CJydail-
HOMt BemMuUHOM ABAACTCA JI0bad Gyukua, onpenenennad Ha {2, B obmem
cayyace gyurumsa X{w) Lomxua ObITh TakoBa, 4TobLl A mobeix £ € R
cobuirue A = {w : X{w) < z} npunagnexasno o-anrefpe mMHOXecTs S
H, 3HauYuT, JUIA n06oro rakoro cobbitHs Oblia olIpefiesieHa BEPOATHOCTD
P{A) = P(X < x).

Jns HOJTHOTO ONHMCAHUS C. B. HEJIOCTATOYHO JIMNIL 3HAHUA €€ BO3MOXK-
HBIX 3HaYeHult; He0BX0MAMO €nie 3HATH BEPOATHOCTH 3THX 3HAMEHHH.

@ Jlioboe npaenno (tabnuna, yHKIms, rpadyk), TO3BOJIIONEE HAXO-
JHUTb BEPOSITHOCTH [POH3BOBHEIX cobpituit A C § (5 — o-anrebpa cobbi-
THil npocTpancTsa 1), B YACTHOCTH, YKA3bIBAIOUIEE BCPOSTHOCTH OTICJIh-
HBIX 3HAYeHWH coryJalHol BeNUYHHB! WM MHOXECTBA, 3THX 3Ha9eHni, na-
3BIBAETCA 3aKOHOM pacnpedeqenus caynaiinot eeauvunve (WK NpOCTO: pac-
npedeneruem). 11po c. B. TOBOPAT, ITO «OHA NOTUMHAETCH JTAHHOMY 3aKOHY
PaCHpenesIeHuT».

1

2.2. 3aKOH pacnpeaeneHna AUCKPeTHON cCAy4atHOM
BeNin4YnHbl. MHOroyronsHuK pacnpeaeneHus

IIycts X — 1. ¢. B., KOTOpAsA IPHHUMAET 3MAYEHUA L1, T2, T3y - - Try e - -
(MHOXKECTBO 3THX 3HAMCHUH KOHEYHO MJIM CUETHO) C HEKOTOPOH BEposit-
HOCTBIO oy, The ¢ = 1,2,3,...,n,.... Jaxon pacnpedeaents n.c.B. yuobHO
sanasarh ¢ nomowpy dopmyssl p, = P{X = =}, = 1,2,3,...,n,...,
OIIPEIENIONIEH BEPOATHOCTE TOIO, UTO B PE3yALTATE ONLITA C. B. X IpUMET
3HAMEHNE X,. Jna 1a.c¢.n. X 3aK0H pacnpefeseHds Moxer ObITh 331aH B
BHOE mabauysi pacnpedeaenus:

Xlzy|lze| ool |-,
P hrip2).-..{Pn |
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(O}

T

(&5 (&

rie NepBas CTPOKA COUEPKUT BCE BO3MOXKHBIE 3HA4eHUS (0OBIYHO B IOpAIKe
BO3PACTAHUA) C. B., & BTOPAA — WX BEPOATHOCTH. Takyio Tabnunily RasbiBa-
0T pROoM pacnpedeseHus.

Tak kax cobpitua {X = 21}, {X =z} ... HecoBMecTHBI 1 06pPasyIOT
HOJIHYIO I'PYINY, TO CYMMa HX BeposTHocTel paBHa eguuune (cm. n. 1.12),
Te yp =1

i

3axkol pacopenesieHud M. C. B. MOXKHO 34IaTh 2padunecki, €Cau Ha OCH
abCLUCe OTVIOAUTh BO3MOKHBIEC 3HAYCHHS C. B., & HA OCH OPIABHAT — BEPOAT-
HOCTH 2THX 3HaveHHH. JIOMaHy10, COSAMHAIONYIO MOC/AEA0BATCILHO TOYKH
(z1,p1), (2,p2), ... HABBIBAIOT MHOZ0YZ0ALHUKOM {MJIM NOAUZOMOM) pPaC-
npedeaenun (cm. puc. 17).

Di

Pue. 17

Tenepb MOXHO narh Gojee TOUHOE ONpEIEIeHHE I, C. B.

Coayuabiras sesuunna X duckpemma, €CyiM CYHIECTBYET KOHEYHOE WJIH
CYeTHOEC MHOXKECTBO UMCeJ Xy, o, ...TaKuX, 910 P{X = 2;} = p; > 0
i=L2..0upi+p2+ps+...=1L

Onpenernm MareMaTHveCKHe ONePAIlMH Hal JTHCKPETHBIMH C. B.

Cymmoti (pasrocmuvio, npouseederuem) a.c.s. X, npurumaomed 3Ha-

YeHUHA I; C BEPOATHOCTAMHU p; = P{X =2;},i=1,2,... ,nua.c.p. Y, npu-
HuMalouell sHadenus y; ¢ sepoatnoctamu pj = P{Y =y,}, 7 =1,2,...,m,
HassBaerca g.¢.B. Z = X +Y (Z=X -Y, Z = X - Y), npuanmaromas
BHAMEHUA Zj; = @ + Yj (% = % — Yi, Zj = T - Yj) C BEPOATHOCTAMH

pij = P{X = 2;,Y = y;} nna scex yxasauneix snavennii ¢ u j. B coyvae
COBIIAJCHUA HEKOTOPBIX CYMM £; + y; (pasmocrelf x; —~ y;, NpoH3BeIeHUH
;3/j) COOTBETCTBYIOUIHE BCPOATHOCTH CKJIAIBIBAIOTCS.

Hpoussedenue 1. C. B. HAG YUCAC € HAZLIBAETCH IL. C. B. ¢ X, IPUHUMAIOLIAS
3HAYeHUus ¢r; ¢ BepoaTuocTamu p; = P{X = z;}.

HOee g.c.B. X u Y Hasmwsarca Hesasucumvmu, ecan coOplTus
{X =2;} = A; u {Y = y;} = B; nesapucumbl 114 mobuix ¢ = 1,2,...,7;
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P{X =z;Y =y} = P{X =a;} - P{Y =y,}.

B [IPOTUBHOM CJiy4vae C. B. HA3BIBAKITCHA I3ABUCUMBIMLU. Heckonvko ¢. B. Ha-
3BIBAIOTCA B3aBMMHO HC3aBHCHMbBIMH, CCJIY 3aKO0H DACNpPCOCHeira giobott u3
HUX HE 3aBHCHAT OT TOrQ, KAKHE BOSMGKHBIC 3HAYCHHUA [IPHHSNH OCTalBLHLIE
BEJTHYHWHBI.

TIpumep 2.1. B ypue 8 mapor, u3 KOTOpPhEIX 5 GesbIX, OCTaJIhHBIE — Yep-
= uple. U3 BHee spIHMMawT naynady 3 wapa. Halitu saxor pacupengsesans
YHCJ1a, OEJIBIX [IAPOB B BLICODKE.

(Q Bosmoxnbie 3radeHnd ¢.B. X — 4MCHa BEJBIX WApoB B BRIBOPKE €CTh
1 =0, 290 =1, 23 = 2, 24 = 3. BepoATHOCTH UX COOTBETCTBEHHO OYIyT

CO : C‘s 1 Cl . 02 15
P1=P{X=0}=*"‘5Egji=gg,p2=P{X=l}=—5—C§;*§':56,
p3 = gg, Py = })g 3aKoH pacTupefesieHNs 3aIMeM B BULe TabIRIbL.

X110 1 213
pli|15|30)10
96 | 56 | 56 | 56
! 15, 30
(KOHTPOHB:ZIIM—%JFB—G'F"—'F% 1.) ®

YnpaxsHeHua

1. Monera bpocaerca 4 pasa. [IocTpoHTL MEOTOYTOILHEK PacHpele/IeHus
c.B. X — uucia srmagenni repba.

2. BeposiTHOCTb CIa4YM dK3aMEeHa NepsbiM cryaentoM pasha 0,6, a sro-
peim — (1,9, Cocrasuth pAg pacnpesesiendsa ¢.B. X — YHCJIA CTYIEH-
TOB, YCIENIHO CAABIIHX dK3IAMEH B CJIy4ae, KOIJa: a) K3aMeHLI Iepe-
CIABATH HEJB3s; 6) PK3aMEeH MOXKEO OIHH Pa3 Hepeclarh.
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2.3. PyHKuMa pacnpeneneHns U ee ceorcTea. PyHKUVA
pacnpegneneHua AUCKpPEeTHOU Cny4yanHOW BeSINUNHbI

O4eBuaHO, pall PacIpeoeseHys C. B, MOXeT ObITh IIOCTPOEH TOJILKO [
A.C. B,y Iu1dA H. C. B. HEJIb34 JaxKe IIERE1HCI/IATL BCE €€ BOZMOXHBIC 3HAYCHUASA.
Kpome Toro, kax ysuanm nosxe (I. 2.3, 2.4), BeposaTHOCTE KAXKIOTO OTIEIb-
HO B3ATOr0 3HAMEHWA H.C.B. pasua aymo! [Ipencrasum cebe BepoATHOCTD
TOTQ, YTO POCT MYMKYUMHBL — H.C.B. — TOYHO paseH v/ 3 = 1,7320508. .. Me-
TPOB; KYTUICHHAS HAMY JiaMna npopaboTtaer — H.c. B. — poBHO 300 vacos;
voo o YiHBUTENBHO MHTEDECHBIH (DAKT: COMBIMUE BO3MONCHOR, HO UMEETT HY-
AEBYIO GEPORTNHOCTIVD.

AJIsT XapaKTePUCTUKH MOBENEHHs H. C. B. 11eJ1ecoobpasHo UCHOJIL30BATE
BepoaTHOCTE cObhitHa {X < z} (a me {X = z}), rae x — nexkoropoe Jci-
CTBUTEILHOE YHCN0. C TOYKM 3PEHHS TPAKTHK A HAC MAJIO MHTEpeCyeT cobbI-
THE, COCTOALIEE, HAIIPAMED, B TOM, UTO JIAMIOUKS npopaboraet popuo 900
wacos, T.e. X = 900. Bonee saxunm siBasterca coboitue Buaa {X < 900}
(v {X > 900}). Takoe cofblTue UMEET HELIYJEBYIO BCPOATHOCTDL; TP H3-
MEHEHNU I BepoATHOCTH Cobbitus {X < x} B obmem ciayqae 6yier mensThb-
ca. Cacpoparenbro, sepositaocts P{X < x} apnserca ¢dhyHKIuel ot .

YHHBEPCAJIBHBIM CTIOCODOM 38JIAHU 2AK0HA PACIPENe)eHUA BCPOATIIO-
CTeit, IIPUrOIHBIM KAK A JUCKPETHBIX, TAX U AJA HENPEepPhIBHBIX CJIydai-
HBIX BEJTUYHH, ABAASTCA ee (hYHKIHA pacipegesennd, obosragaemas Fiy ()
(nsu npocto F(z), 6e3 uHmeKca, ecay sACHO, 0 Kakofl ¢. B. HOeT peds).

[E_;I Dynxuyuell pacnpedesenua c. 6. X nasviBaerca Gyuxuus F(z), koropas
A nioboro vyncaa x ¢ R papna sepoarnoctu cobnrrus { X < x}.
Taxum o6pazomM, 110 OIPEIEIeHN

F{r)=P{X <z} re F(z)=P{w:X(w) <z} (2.1)

Oynkuuio F{z) HA3LIBAOT Takke unmezpaivHol gyrryueld pocnpedessnud.

Feomerpwyaecku pasenctso {2.1) MoxHO ucTonxosarh Tak: F{z) ecrs
BEPOATHOCTb TOTC, YTO C.B. X [pPHMET 3HAUEHWe, KOTopoe uaofpaxacrcs
Ha, 9UCJI0BOY ocu TOUKOH, jexkauieit nesee mouku z, T. e. ciaydalfinad Touxka
X nouapmer B uHTepnaJ (—oc, ), M. puc. 18.

X<z

X x X

Puc. 18

DyHKIKA pacupeiesieHns obnanaeT CRenyouMy CBORCTBaMK!
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1. F(z) orpauuvena, T.e.
0< Flz) < 1.

2. F(z) — neybeBaomasn ¢byHkuns 5a I, 1. €. CJan To > Z, TO
F(ro) = F(xy).

3. F(r) ofpamaer B HOJb Ha MHHYC OECKOHETHOCTH ¥ DABHA €IUHHIE B
LI0C DECKOHe HOCTH, T. €.

F(—x) =0,  F(+o0) = L.

4. BepositHOoCTh nonagauud ¢. . X B IPOMEXYTOK [a, b) paBHa npuparie-
HHUIO ee (PYHKIMM DACIPENEJICHUS HA 9TOM NPOMEKYTEE, T. €.

Pla < X < b} =F(b) — Fla). (2.2)
5. F(z) nenpepvbisna cjepa, T.e.

lim F(z) = F(x).

z—Lo—0

[ 1. Ilepnoe croiictso coenyer us onpenesenus (2.1) u cBolicTs BepoOsT-
Hoctu {m. 1.11, 1.12).

2. Mycts A = {X < 1}, B ={X < x}. Eam 21 < 29, 170 cobbI-
rue A Bieuer coberrue B {n. 1.4), ne. A C B. Ho Toroa comiacHo cBoi-
ctBy 4 {n. 1.12), umeem P(A) < P(B), re. P{X < 21} € P{X <z} unu
F(z1) < F(zg).

TeoMerpuiIecKH CBOHCTBO 2 OUEBHIHO: IPU TIEPEMENIEHUH TOUKH I
BIIPABO 110 YHMCJIOBOH OCH BEPOATHOCTh HONAIAHUA caydaduolt toukun X B
HHTEPBAJI (—00, I) HE MOXKET YMEHBIUATHCS.

3. Tperbe CBOHCTBO BHITEXKAET HENOCPEACTBEHHO U3 TOrO, YTO
{X < —o0} =@, a {X < o0} = @ comacno CBOKCTBAM BEPOATHOCTH
(m. 1.11, 1.12), umeem: F{—o0) = P{X < -0} = P{@} =0, F(4+00) =
= P{X < +00} = P{Q} = 1.

4. Tax kak a < b, 10 ouesuano, uro { X < b} = {X <a}+{a £ X < b}
(310 x0pOImO BUAHO HaA puc. 19).

Tax Kak cJaracMmele B OpaBodl 9acTH — HECOBMECTHBIE COORITHA, TO
no Teopeme cJaoKeHust BeposrtHocTed (n. 1.11) momydyaem P{X < b} =
= P{X < a} + P{e € X < b}. Orciona caeayer Pla € X < b} =
= P{X < b} - P{X <a} = F(b) — Fa).

5. CpoitcTBO 5§ HPOHNNIOCTPUPYEM Jajlec Ha npuMmepe 2.2. |
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Puc. 19

Beakaa dynuxmus F(z), obnagaromas ceoticreamu 1-3, 5, Moxet ObiTh
dyuxumeit pacnpenenenus Hekoropoit cayvalinoit BeIHYHHEL
Samerum, aTo dopmyna {2.2) (ceoilcrso 4) cupapeniuBa ¥ s H. €. B.,
. U IS 11, C. B.
C noMolpio hpyHKIKEY pacIpeneeHus MOXKHO BRITHCIHTD BEPOATHOCTD
cobuitna {X 2 z}:
= P{X zz}=1-F{z). (2.3)

Moxno marb Goace movnoe onpedescHue H. C. 6.

@l Cayuafinyio penmvuny X HaseBalOT wenpepwienoll, ecan ee MyHKIMs
pacnpenesieHua BerpepsisHa B mobo#t Touke u auddepenumpyema sclony,
KPOME, MOXeT BBITh, OTENbHBIX TOYEK.

Wcnonnaya cBodcTBO 4 MOXKHO MOKA3aTh, YTO «BEPOATHOCTD TOTO, 9T0
H.c.B. X IpUMeT 3apaHee YKA3aHHOE ONpeIeJIeRHOe 3HaUeHHe 0, PABHA Hy-
JHO.

He#icreurensno, npumenuMm dopmyny {2.2) k upomexyrky [a,z):
Pla < X <z} = F(z)—F(a). Bynem seorpanuienso npubImKarh TOYKY &
k a. Tak xak ¢pyuxuus F'(z) HenpepsiBHa B TOKE @, TO %Lrna Flz)=F(a). B
npenese nonyuum P{X =a} = ;1“13 F(z) — F(a) = F(a) — F(a) = 0. Ecnu
dynxnua F(z) seane HenpepblBHA, TO BEPOATHOCTh KAKOOTO OFIEILHOIO
3HAYEHUS C. B. paBHA HYJTIO.

CrienosaresbHo, AJ1A . C. B. CIIPABEJIXBBI PABEHCTBA

Plagz<b}=Pla<z<b=Pla<z<b} =P{X € (a,b]}.
HeticTerTensuo,
Plagz<bl=P{X=a}+Pla<z<bl=Pla<z<b}

W T. 1.
PYHKINIA pacupegesicHis 1. . B. IMeeT BHI

Flz) =} p. (24)

z,<x

T 1

3dech CYMMHDOBaHME BEIETCH 10 BCEM ¢, IJIA KOTOPhIX I, < r. PaBen-
ctpo (2.4) HenocpencTEEHHO BLITEKACT W3 onpeaesienus (2.1).
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TIpemMep 2.2. Tlo ycaosuw npumepa 2.1 (. 2.2) waittu dynkmmio pacnpe-
' penenus F(r) u nocrpouts ee rpadrk.

(@ bBynem sanasare pasauvHbIe 3HAMEHUA T M HAXOMMTH ansA HuX F(z) =
=P{X <z}

1. Ecnm z < 0, 10, ogeBnnHo, F(z) = P{X <0} =0

2. ECJIHO<:E$1,T0F(:£):P{X<ﬂ:}xP{X:O}:5%;

3. Bl <2 <2 1o Flz) =P{X =0}+P{X =1} = 5%%% = %;

4 Ecnmn2<z <3, 0 Flz)=P{X =0} +P{X =1} +P{X =2} =
_ 115,730 _dg.

5 56 56 56’

5. Ecu 3 < z, 10 F{z) = P{X =0} +P{X = 1} +P{X = 2} +P{X =

_3p - 46,10

56 56
Hrax,
(0, ecin z <0
1 .
BGo oo d<ogl,
F(z) = {4 %, ecrm 1 <z<2; (2.5)
% , ecu 2 <1< 3;
| 1, ecn 3 < .
Crpoum rpacdux F(z), puc. 20.
F{z)
1f-mmmmmrmmmmmnmenm e ,
T>
Py (1] C———— : ,
I
16/56f--------- rremes SR
1/56 hEC !
P ! e |
0 1 2 3 T

Kak BujiuMm, byHKIMA pacnpeiesneHus It.c.B. X eCrtb paspbIBHAdA, CO
CKAYKaMy P, B TOYKAX I,, (PYHKIMHA, «HENPEPBIBHAA CJIeBay (IIpH NOIXome
K TOYKe paspbiBa cseBa byHKuua F(z) coxpanser snauenue). Ee rpaduk
UMeeT CTYIEHYATEIH BU,
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OrMeTuM, 9T0, TONB3YACH PABEHCTBOM (2.4), QyHKUHIO pacHpeIe/ICHuUsT
MOXKHO Cpasy 3anucarh B Buoe (2.5)

(0,
1
56 °
1 .15
1,15, 30
5 T 56 T 56
115,30, 10

\ 56 56 0 56 0 567

YapaxHeHus

1. [Ipa cTpesnka mesaioT NO OTHOMY BLICTPESY B OOHY MulleHb, Beposr-
HOCTBb NIONAJAHMA A HepBoro crpenka pasHa 0,6, a nns BTOporo —
0.8. Halit u mocTpouts (PyHKIMIO pacnpeneneHus ¢.B. X — 4ucia
NOIATAHUYE B MUIIIEHD.

2. VY6euurscs, uro dbyHKIMH

g, ecd x & 0,
1—e™™, ecruz >0

r) = {

apngerca Gyukuuell pacnpenesenns nekoTopolt cny4aliHoll BeTMMHEL.
Hapru P{0 € z < 1} u nocrponts rpadux F(z).

3. ana QyHKIMA pacnpelleseHus

0, nmpu x £ 0,
2
Fx(@)={Z, npnz<vi,

1, mpu T > 2.

HaftTu BepoATHOCTE TOrO, YTO B PE3yALTATE YETLIPEX UCIETAHWE C. B.
X TpuxOpl MpUMET 3HAYEHHE, NpAHAI/IeXamee unTepsany (0;1).
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2.4. NnoTHOCTbL pacnpeapenexHns n ee CBONCTBa

Baxnuefiedl xapaxkTepucTHiol HenpepweHol cayxadinoll seauduHb
(roMuMO (DYHKIMH PACOPENESIEHNA) ABJAETCA [LIOTHOCTh DACHPEIEIeHNS
sepoarHocTelt. Hanomunm (cum. 1. 2.3), wro: ¢. 8. X HA3BIBAETCA HENPEPHIG-
Hotl, ecyiM ee (PpYHKIUA pacnpeleSeHUs HENpephiBHa U IndypepeHuupyeMa
BCIOJY, KPOME, DBITH MOKET, OTIE/BHBIX TOYEK,

@l ITaomuocmuio pacnpedeaenus eepoamuocmeti (naomuocmauio pacnpede-
AEHUA, NAOMHOCTIDI0 BEPORTNHOCINET NI IIPOCTO NAOTMHOCIILIO) HENPEPHIB-
HOH caygafinoll peauuuHb X HASBIBAETCA MPOH3BONHAA €€ (PYHKIHH Pac-
NpeUeIeHHA.

Ofosnavaerca NIOTHOCTL pacnpenenenus H.c. 8. X depes fx(z) (wan
px(z)) mau npocro f(z) (anm p(z)), ecin ACHO O Kaxol C. B. HIET pedb.

TakuMm 0bpa3oM, To ONpenele o

flz) = F'(z). (2.6)

Oyuxumo f{z) naspiBaloT Taxke Juddepenyuanvnotl Pynwyuet pacnpede-
ACHUA; OHA FIBNAETCH ONHOM W3 ropM 33KOHA pACHpeIeneHud cayqaiinol
BEJIMMUHBI, CYTIECTBYET TOJBKO JIsl HEPEPHIBHBIX CIYIARHBIX BEJTATHH.

YCTaHoBAM BEPOATHOCTHBIA CMBICH IJIOTHOCTH pacupenenchusn. M3
OTIPENENIEHHA [IPOU3BOIHOR cilenyer

AF(x) i F(x+ Az) — F(z)

= l' —
f(z) A;:EO Az A:}:ISO Az

Ho cormacuo gopmysie (2.2), Fz + Az) — F(z) = P{z € X < = + Az},
Plz £ X <z + Az}

Az
HOCTb, KOTOPas UPUXOANTCH HA. MHUILY IJTHHBL yuacTka [z, + Az), T e.

CPEIHIOI WIOTHOCTE PACTIpenesieHna seposiTHocT. Torma

npencraBaaer coboi CPEmHIOK BEpOaT-

Ornowenue

&«
F(z) = lim P{z < X <z + Ax}

Ar—0 Azx ’ 2.7

T. €. MJIOTHOCTh PACHPEIESIEHHA eCTh IIPefesl OTHOMEeHUA BePOATHOCTH II0-
NAJAHMAA C.B. B NPOMEXKYTOK [2;2 -+ Az) kK mmHe AT 3T0r0 IPOMEKYTKA,
korga Az crpemures ¥ nyaro. Vs pasencrea (2.7) coenyer, yro

il

Plz < X <ax+ Az} = f(z)Az.

To ecTh nacmuocmsd geposmuocmu onpedeasemcs xax Pynwyus f(z), ydo-
saemeopsowas yeaceurw Pl{r € X < x4+ dz} = f(z)dz; seipaxenne
f(x) dz Ha3PIBAETCH DAEMEHNMOM BEPORTMHOCTNU.
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Otmern™m, 4TO mioTHOCTh f(r) aHAJOTMYHA TAaKMM IOHATHAM, Kak
IJIOTHOCTE PACHPENeNeHHA Macc Ha ocH abCuice Mn¥ [IOTHOCTh TOKA B
TEOPHH BJIEKTPUYECTBA.

[InorHocTe pacnpenenenns 061aJAeT CAEIYIOUMMA CBORCTBAMY:

1. f{z) meorpunarennHasd, T.e.

flz) 2 0.

2. BepoaTtHocTb monagaHuA H. €. B. B IPOMEKYTOK [a; b] PaBHA Onpe/IeIeH-
HOMY MHTErpaJy OT €€ [JIOTHOCTH B Ipefesax or a 1o b, T. e.

b
Pla< X <b} = / f(z) dz. (2.8)

3. OysKUEA pacnpenesieHUs H.C B. MOXeT OLITL BhIDAXKeHa Yepes ee
MJIOTHOCTL BEPOATHOCTH 10 (hopMyJie

F(z) = / F(t) dt.

4. Ycnoepue HOPMEDOBKH: HECOOCTBEHHEBIH MHTErpaJi OT NJIOTHOCTH Bepo-
ATHOCTH H.C. B. B OECKOHEYHEIX npenenax pabBeH eIWHULE, T. €.

ff(m:) dz = 1.

(J 1. IlnorHocrs pacnpenenerus f(zr) — HeorpuuaTesnsHas QyHKLHR:
F(z) — neybmsatromas dynknua (no. 2.3), cnenosarensno, F'(x) > 0, e
f(z) = 0. 910 o3Ha4aeT, yTO rpaduk wotTHocTH f(x), HA3BIBAEMbIR Kpusol
pacnpedeseHua, He HEXKE OCH abCUHCC; IVIOTHOCTh MOXKET IIPUHEMATE CKOJIb
¥rojHo GoNBlIHEe 3HAYEHHSA,

2. Tax xak F(r) ects nepsoobpasnasn nis miotHoct# f(z), To no dop-
myne HeioTtona—Jleibnnna nveem

b
f f(z)dz = F(b) — F(a).

Ozciona B cuy ¢okcrpa 4 pyHrunn pacupeneserua {dbopmysa (2.2)), mo-

JIydaeM
b

ff(w)dx=P{a<ng}.

a
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T'eomeTpuyecky 31a BEPOATHOCTH PaBHA Iomanu S GUrypsl, orpaHayeH-
HOW cBepxy KpuBoH pacnpenenesus f(z) w onupawmeics Ha oTpe3ox [a;b]
(puc. 21).

f(=)

" : ///S %;)

0

Puc. 21

3. Ucnonpays ceolicTso 2, nosyqaem:
T T
F@%:HX<$%:H—®<X<$%:/f&Mw=/fﬁMt
-0 -0

(byksa t gnd scHoCTH).
4. Ilonarasa B dopmyne (2.8) ¢ = —ooc u b = +00, MONYIaEM TOCTOBED-
noe cobbiTHe X € (—o0; +00). Cremoparennto,

+00
[ f(z)dz = P{~00 < X < +x} = P{Q}} = L.

bt ® ]

TeoMmeTpuyeckn CBOHCTBO HOPMMPOBKM O3HAYAET, YTO NJOLIANL <hurypsi,
orpaHu4eHHO# KpuBo#li pacnpepenenus f(r) u oceio abclHCe, paBHA eIv-
HHIIE. [ |

MoxHo nare TaKoe onpefeseHHe HelpephIBHOR ciydaliHof BesIM4uBbL
cnyualinas Beswuuna X HA3LIBAETCA HENPEPBIGHOTL, €CJH CYIIECTBYET He-
orpunarensHas pynkuag f(z) Takas, 9ro npu mobom & QyHKIMIO pacnpe-
nenenus F(r) MOXHO NpenCcTaBuTh B BHIE

ﬂﬂ:ffm&

A sarem nonyuutsk, uro f{z) = F'(z). Orciona caenyer, uyto F(z) n f(z)
ABJIAKTCA IKBUBAJICHTHRIMA 060DIMAIIHME XapaKTepuCcTHRKaMy ¢. B. X.
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Kak ormeuasocs pasee (. 2.3) must H.c. 8. X, BEPOATHOCTh CODLITUHA
{X = c}, rme ¢ — umcno, papsa nymo. JefcTBATE/NBHO,

Pl

P{X*c}uP{cé‘XSc}w/f(a:)da:=0.

OTtcrona Tagke CIeIyeT, ITo

P{X € la;b)} = P{X € [a;b]} = P{X € {(a;)}.

ITpumep 2.3. [lnoTHocTs pacnpenenerus c. 8. X 3agana yuknmeht f(z) =

= —& _ Hajity suavenne napaMerpa a.

1422

Q Cornacno csodicTBy 4 TJIOTHOCTH, UMEEM

+00 d

@ _de=1, Te. a lim dr _ _ 1, e a- lim arctgzx ‘?: 1
1+ 2 d— 4o 1422 d=r oo c
oo et -0 c——oo

W)) = 1 u, HaKOHeEL, NoJy4Yaem a7 = 1, T.e. g = % ®

g

=

o
PN
o=

|

|
B3|

YnpaxHeHna

1. Cayualinaz sesmmumna X sagana dbyHrnueil pacupenesenus:

0, npu £ ~1,
Fz)=<qalz+1)? nopn —1<2<2,
1, opu T > 2.

Haiitu snavenue @, noctpouts rpacpuru Fz) u f(zx).

2. Kpupasa pacnpemesienud H.C.B. X HMeeT BHI, YKa3anunii Ha puc. 22
Hatitu soipaxenue aas fy(z), bynkumio pacopenenenua Fy (), sepo-
SITHOCTE COOBITHA {X € (}1 : 1) }
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e
N
1] 1 &
2
Puc. 22

3. Hpaserca s MJIOTHOCTHIO PACOPEASAEHHA HEKOTOPOH C. B. KAKIAA M3
caenyoumux (pyHKIHH:
T
a) flz) = — - upr = € (—oc; +00);
) /(=) (1o P (—o0; +o00);
1 .
6) f(.’L‘)= 9 HpH.’EE( lalla
0, mpuz ¢ (-L1];
0, mpu x < 0w x> 2
ar®, npu 0Lz < 2.

2.5. Yucnoeble XxapakTepPUCTUKU CJIyHatHbIX BEJIUYUH

3aKoH pacupenesieHu MOJHOCTHI) XaPAKTePU3YeT CAYYARHYIO BEeJTHIH-
ny. OJHAKO IpH PEMIEHMH MHOIAX [MPAKTUIECKHX 33)1a4 JOCTATOYHO 3HATD
JIMIIG HEKOTOPBIE 4UCAOGHIE NAPAMEMPB, LOPOKMEPUIYOWUE OMdesvrue
cyuwecmaennnie ceoticmea (nepmu) 3axona pacnpedencrus c. 8. Takue 4m-
CJia OPUHSITO HA3BIBATE YUCACGHMY LOPGRIMEPUCTIUKOMY C. 6.

BaxHeHLMMu CPEE HAX SABJISAIOTCH XApAKTePACTHKM IOJIOKEHU: Ma-
TEMATHIECKOE OKUIAHRE (IEHTD PaCcTpeliesIeHnd C. B.), MOIa, Me/IHaHa, Xa-
PAKTEPUCTMKU PACCeAHWst: AUCIEpCUs (OTKJoHeHue sHadenuii c.B. o1 ee
IEHTPA), CpeqHee KBAIPATHYECKOe OTKIIOHEHHE.

st

MaTtemaTuveckoe oXXuaaHue Cny4anHoW BENNYUHbI

Mamemamuneckum oncudonuem (unm cpednum 3naderdem) g.c.s. X,
umeomeit sakon pacnpenenennsa p; = P{X = 1;}, 1= 1,2,3,...,n, Haser-
BAGTCH YHCJIO, PABHOE CyMMe [IPOM3BeneHni Becex ee 3Hauenud Ha cooTBeT-
CTBYIOIIME UM BEPOATHOCTH.
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MareMaTHyecKoe OXUOAHHE (COKDPAMEHHD: M.0.) 0D03HAYAETCA Hepes
MX (wm: M[X], M(X), EX, mx, ax).
Taxnm 06pasoM, 110 OnpPEOeNEHMID

T
MX ="z pi (2.9)
i=1

Ecsu 4n¢s10 BOSMOXHBIX 3HaYeHuH ¢, B, X GeckOHe4HO (CY4ETHO), TO

oo
MX =Y z;-p, (2.10)

i=1

OpHYEM pAL B NPABOH YACTH MPEAnoiaraeTes CXOAAINMCA (B IPOTHBHOM
ciaydae ¢.B. X He HMEeT M. 0.).

Popmynsr (2.9) u (2.10) moxHO samucars B Bune MX =) z;p;.
;
BepoATHOCTHRIE CMBICJI MaTeMaTHYECKOrO OXHUOAHHA COCTOMT B TOM,

i}
YTO OHO ABJIAETCS CPEIHUM 3HaYeHUeM C. B. JelicTeuTenpho, T.K.  p; = 1,

il
TO .

n

n Z iy
i=1

MX = E Zipi = 5 = ZLcpenuee-

i=1 E i

i=1
MaTeMaTPI‘{eCKHM oxuianueM H.C, B. X C IJIOQTHOCTEIO BECPOATHOCTH

f{x), HaswiBaeTca uucsao

MX = [a:-f(:c)da:. {2.11)

Huterpan » npasoft wacte papencrsa (2.11) npeamosaraerca abcomOTHO
CXOAAIIMMCH, T. €.

f |z| - flz)de < e

(s mporusHOM Cityuae H.c.B, X He UMeeT M.0.).

®opmyaa (2.11) siBasierca muTerpaiibHbiM anasoroM dbopMyast (2.9).
Jamenas B Hell «OPBITAOIUMEY APryMEHT I; HA HENPEePBIBHO MEHSIO M-
il %, BEPOATHOCTbL p; — 3JeMenToM BepoaTHoctu f(x)dr (f(z)dz =
=Flz)dr = dF(z) =~ AF(z) = F{z+ Az)—F(z) = P{z < X < z+Az}),
nonywuM pasencTso (2.11).
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Ormerum, uro M X umeeT Ty Xe pasMepHOCTh, 1TO 1 C. B. X.
CholicTBa MaTeMaTHYECKOro OXKUIAHHA.
1. MaremaTuveckoe OXHIAHKE TOCTOAHHOU paBHO camMoll sTol MoCTOAH-
HOH, T e.
Mc=c.

2. TlocTosHHBIM MHOXHUTENE BEIHOCHTCH 33 3HAK M.O., T. €.
M(eX) = cMX.
3. M.o. cyMMBI C. B. PABHO CYMME HX M.O., T. €.
M(X+Y)=MX+ MY.
4. M. o. OTKJIOHGHHA C. B. OT €€ M. 0. PABHO HYJIIO, T. €.
M{X -MX)=10.

5. M. o. npouspenenya He3aBUCUMEIX C. B. DABHO MPOU3BEICHUIO HX M. O.,
T. €. ecoivi X M Y He3apUCHMEL, TO

M(X Y)=MX MY.

[d 1. ocToasnyio ¢ MOXHO PACCMATPHBATS KakK 1. C. B. X, TPHHAMAIOIYIO
JIMIIL OHO 3HaveHue ¢ pepoaTHocTbio 1. IHostomy Mec=c¢ - P{X =¢} =
=c-l=e¢

2. Tax Kax j.c.B. X NPHHAMAET SHAYEHUS cX; (i = 1,7) C BEPOATHO-
CTAMH P;, TO

TL 7
McX = Zcxf cp; = cZa::zpi =cMX.
i=1 i=1
3. Tax xax xn.c. . X +Y npunumaer 3HaueHHA Z; +¥; C BEPOATHOCTAMHU
p,'J = P{X,; = as,;,Y = ’yj}, TO

n m 1

MX+Y)=3 > (@mi+y)ps =32 i+ 3D Yibis =

i=1 j=1 i=1 j=1 fe=1 g1
n m m n " m
= 391‘5 pij + D ) pij'—'z mi'Pi+§ y;-pj = MX + MY.
=1 i=1 i=1 =1 i=1 j=1
HpH OOKa3arensCTBe 80CIO0JIB30BAIUCE, B YaACTHOCTH, TCM, YTO

m n
dSopy=pow Y pi=p;
i=1

=t
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HeficTBMTEMLHO: TAK KakK

Z{X%IE:Y ?JJ}*{Y*JE}Z{Y vy = {X =a}- Q= {X = n},

j=t
TO

SHAJIOTAYHO0 noJlyvyaem
n
P = E :Pay
=1

CeolicTBo 3 pacnpoCcTpasserca Ha NPOM3BOJBHOE KOHETHOE IACII0 CIIarae-
MBIX.

4. Cornacuo cpoiictsaM 1 u 3, umeem: M(X~-MX)=MX-M(MX) =
= MX - MX = 0. OrmeruM, yro pazuocts X ~ MX (nnu X —my) HA3DI-
BAETCH omxsoHeHuem ¢.B. X oT ee M. 0. M X u obospaqaerca cUuMBOIOM X'

X=X - MX.

Ira ¢. B. X HABLIBAETCH TAKKE UEHMPUPOSAHHOT C. B.
5. Tax xax c.5. X v Y mezapucaMel, 10 py; = P{X = 2,Y = y,} =
= P{X =z}  P{Y = y,} = p.- p,. Cnenoarenvno,

MXY = E:Z}wﬂﬂxmmu =y} =

=1 =1

plj’

ZZ‘%% P{X --Te}P{Y —?JJ} Zf»ﬁpzZ%pJ =MX MY B

=1 3=1

PJ

CroficTBa M. 0., JOKA3AHHLIE JIJIs 1. C. B., OCTAIOTCH CHPABEIIMBLL W 14
HEenpepbLIBHLIX C. B. Tak, HaNpHMep,

McX = fc.r:f(x:)da:::c/xf(x)d;cszX.
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Ilpumep 2.4. B norepee uMeetca 1000 6uneTon, U3 HUX BRIATPHIIHEIX: 10
no 500 py6, 50 mo 50 py6, 100 mo 10 py6, 150 mo 1 py6. Halttk maremaruy-
YeCKOoe OKUIAHNE BLIMIPhINA Ha OORH Owier.

(Q Pan pacnpenesenws ¢. 8. X — CyMMB! BHIUCPBIIIA HA OIMH GHJIET TAKOB:

X |500 | 50 |10 1 0
p | 0,01]0,051t0,1(0,15| 0,69

5
(Koarposs: > p; = 1.) Haxomum M X:
i=1
MX =500-0,01 +50-0,054+10-0,1+1-0,1540-0,69 = 8,65 py6. @

Aucnepcws

B

Hucnepcuett (pacceanueam) ¢, B, X HA3BIBACTCA MATEMATHYECKOE OXU-
NAHWE KBAOPATA €€ OTKJIOHEHUA OT CBOErD MATEMATHIECKOrO OXUTAHUA.

O6osHauaercs mucnepeus depes DX (wnm D[X], Dx, D(X)). Taxum
06pa3oM, N0 ONpPeXeJIEHHIO

DX = M(X - MX)?, (2.12)
w DX = MX 2w DX = M(X ~m x)2. Jucnepcusa xapaKTepusyeT
pasbpoc sHadenuii ¢. B. X oTHOCHTENBHO ee M. 0. 13 onpenesienus mucnep-

CHH CAEAYIOT (POPMYJIbI IJIA €€ BHIYUC/ISHAA!

DX"~=§:(x,;—ﬂ/f)()2 - pi — A4 O.¢.B. X, (2.13)
i
+00
DX = -/’(x_—fl/IX)2 flz)dr — s . CcoB. XL (2.14}
—00

Ha mnpakTHKe AMCHEPCHIO C. B. yI0OHO HAXONUTH 110 GopMye
DX = MX? - (MX)2 (2.15)
Ona nonyuaerca n3 dopmynst (2.12): DX = M(X?2—2X -MX +{MX)?)

=MX? - MQ2X MX)+MMX)? = MX? - 2MX  -MX + (MX)? =
=MX? - (MX)2
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ATo mosBoJIAET 3anucaTh QOPMYJHI OnA ee sbruuciaenHa ((2.13) u
(2.14)) B mpyrom Bugme:

DX =)z} pi— (MX)?, (2.16)

+oo
DX = / z? - fx)dx — (MX)*% (2.17)

CpoiicTBa OHCIEPCHH. ‘
1. Tucnepcusi nocToAHHOM papHa HYJO, T €.

De =0,

2. Tocrosaubift MHOXKUTENb MOXKHO BBIHOCHTE 34 3HAK JHUCIIEPCHH, BO3BE-
I €TI0 B KBaJPAT, T. €.

DcX = *DX.

3. ducnepcust CyMMBI HE32BUCHMBIX C. B, PABHA CyMMe HX OUCHEpcHl, T. e.
ecam X u Y HezaBHCHMEBI, TO

D(X +Y) = DX + DY.

4. Jucnepcus . B. HE M3MEHHTCH, €ClK K 3ToH ¢. B. npubaBuTh HOCTOAH-
HYIO, T. €. '
DX +¢)=DX.

5. Ecmu c.8. X u Y He3aBHCHMBI, TO

D(XY)=MX% MY? - (MX)?. (MY)2

d 1. De=M(c—Mc)? = M(c—c)? =M0=0.

2. DeX = M{cX —M(eX))? = M(cX —ecMX)? = M(A{(X -MX)*) =
=c?M(X - MX)? =c2DX.

3. Ucnonpays dopmyny (2.15), nonygaem D(X +Y) = M(X +Y)? -
—(M(X4+Y)? = MX24+2MXY+MY?2 - (MX)?—2MX-MY —(MY)? =
=MX?—(MX)? 4+ MY?— (MY)?+2(MXY -MX MY)=DX+DY+
+2(MX MY - MX-MY)=DX +DY.

Ormerum, uto ecnu ¢.B. X u Y 3as8ucumse, 10O

D(X +Y)=DX + DY + 2M((X — MX) - (Y — MY)).
4. D(c+X) = M((c+ X) - Mc+ X)) = M(X — MX)? = DX.

Hoxazarenscrso cBORCTBA 5 HE NPUBOLHM,. [ |

CeolicTBa IUCHOEPCHH, JOKA3aHHLIE BBIIE IJI7 BUCKPETHBIX CilyqafiHbIx
BEJIMIUH, OCTAITCA CIPABEIJIMBRIMHU U JIJIA HENPEPHIBHEIX C. B.
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CpeaHee xBaApaTM4ECKOE OTKNOHEHNE

Huncnepcua DX umeeT pasMepHoCTh KBAIpara . 8. X, YTO B CPABHU-
TeAbHEIX nensax Heynodao. Korna xenarenbsHo, 9TolObl omeHka pasbpoca
(paccessHUA) MMena Pa3MepHOCTD C.B., UCHOJB3YIOT €UIE ONHY YMCJIOBYIO
XapAaKTEPACTHKY — CPEIHee KBaIpaTHYeCKOE OTKJIOHEHHE (COKDPAIIEHHO:
C.K.0.).

Cpednum xeadpomuneckum OMEAOHENUEM WITH CTRANCADMMbLM OTRK.A0-
HEHUEM C. B. X HA3BIBAGTCH KBAIPATHBIA KOPEHS N3 e JIMcrepeHn, obosHa-
qaloT Yepes ox (wmn oX, o[ X], o). Takum obpazom, 1o onpeIeseHno

ox = VDX, (2.18)

W3 croitcTB nMCIepCHH BLITEKAIOT COOTBETCTBYIONHE CBOHCTBA C. K. 0.
oc=0, o.x = |clox, olc+ X) = ox.

51 W3yueHnA CROHCTB CAYYalHOrO SBJICHUS, HE3ABHCANIUX OT BbIOO-
pa Maciraba H3IMEPEHHA U [OJIOKECHHA LEHTPA, DY HIIAPOBAHAA, HCXODHYIO
cnyyalinyo sesinuuny X TIPHUBOHAT ¥ HEKOTOPOMY CTAHIADPTHOMY BHIY: ee
HEHTPUPYIOT, T. €. 3alUChiBaloT pasHocth X — M X (reoMerpuyecku o3Ha-
yaeT, 4TO HAYAJI0 KOODIAMHAT NEePeHOCHTCH B TOUKY ¢ adciuccol, pasHOH

M.0.), 3aTe€M JEJAT HA C. K. 0. OX.

Coaywaiinywo senuunny Z = % HAJLIBAIOT cmandapmyol cay-

watinoti geauunot. Be M. o. pasHo 0, a nucnepcus pasua 1. JelicTeuressHo,

X-MXy_ 1
MZ:M(—TX—) = 5-M(X - MX) =0,
: 1 DX _ DX
pz=Lpx-mx)y=L& D& _

To ecte Z — uyenmpuposannas (MZ = 0) u nopmuposannas (DZ = 1)
caydallHaa BenuaHHA.

ITpumep 2.5. O.c.8. X 3anana psanoM pacrpenesesus.

XTI 0|17 2
p 0,210,103 04

Haittea M X, DX, ox.

Q Hcnmonbayem dbopmynnt (2.9), (2.13), (2.18): MX =-1-02+0-0,1 +
+1-0,34+2.04 = 0,9; DX = (~1~0,9)2-0,2+(0~0,9)2-0,1+(1—0,9)2-0,3 +
+(2-0,9)2.0,4 = 1,29 (mm, ucnosesys dopmyay (2.16), DX = (—1)2-0,2+
+02.0,14+12.03+22-04— (0,92 =1.29); ox = VT,29 = 1,14. ®
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Moaa n meaunaHa. MoMeHThl CnyyaliiHsiX BenuiuH. ACummMmeTpuna
u akcuecc. KeaHutunu

Bl

;
Modoti 1. ¢. B. X HASBIBAETCA €6 3HAYEHIE, TPHHIMAESMOE ¢ Hanboablelt
BOPOATHOCTHLIO MO CPABHEHUIO C ABYMSA COCETHHMY 3HAYEHUAMH, 0003HAMA-
erca depes MoX. dua n.c.B. MgX — Toduka MakxcuMyMa {JIOKAJIBHOTO)
maorHocTH fy(x).
Ecam MOIA CAMHCTBEHHA, TO DACHPENENCHIE C. B. HASBIBACTCA YHULMO-
daAvHaM, B HPOTHBHOM CIydae — noaumodaavusm (puc. 23).

f(z)

)

O MoX 2, =M.X  MpX x

Pue. 28

Meduanoti M. X H.c.s. X Ha3biBaercs TaKoe ee 3HAUCHUE Ty, NJIA KO-
TOPOro

P{X <y} = P{X >z} =, (2.19)

T. €. OOMHAKOBO BEPOSATHO, OKAXKETCA M C. B. X MeHblue z, niu bonbme o,
(puc. 23).

C nomows dyBRKImy pacopeneienus F(z) pasencrso (2.19) moxno
sammcars b suge F(M.X) = 1 - F(M,X). Orciona F(M.X) = 1

Has n.c. . MeauaHa 0OBIYHO HE ONPENeIaeTcs.

MareMaTiuecKoe OKHIAHAE 1 IMCIIEPCH ABJIAIOTC YACTHBIMH CJIY4a-
MU Caenyomux Gonee oboHX NOHATAR — MOMCHTOB C. B.

.

o

Hovaavrosm momenmom nopaoxae k c.s. X HaspBaeTca M.o. k-# cre-
feHd 9ToH BesmunHbl, 0003IaYaeTCH Jepes (.
TakuM 06pa3oM, 0 ONPEIESIEBHIO

== M[Xk)

Ina n, ¢. B. HAYAJBHbLIH MOMEHT BBLIDAKACTCH CyMMOR:

E : k
O = T; - Pis
7
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(&3

a JJIA H.C. B. — HHTEIPAJIOM: o
o
oy = / «* . f(z)dz.
—0Q

B gacraoctn, a; = M X, T e. HavanpHBId MOMEHT 1-T0 MOpPAOKA €CTh M. 0.
Henmponvnvism momernmom nopadra k ¢.B. X HABKHIBAETCHA M. 0. BEJH-
sl (X — M X)*, ofosnausaerca uepes jig.
Taxum 00pa30M, 10 OIpPEIEIeHNIO

pp = M(X — MX)*,

B wacrnocta, po = DX, T.e. ueRTpasbpHBIE MOMEHT 2-ro MOPAJIKA €CTh
mucoepens; i = M (X — MX) = 0 (cm. csoitctso 4 M. 0.).
Ias g.¢.B.:
BE = 2(31 - MX)k " P
?

a OJId H.C.B.
20
we= [ (@-Mx)* - f(o) o
—00

lenrpanbHble MOMEHTHI MOrYT OBITE BHIDAXKEHB! 4epe3 Ha4daJlbHbIE
momentel. Tak, gy = DX = oy — of (neftcreutensno: py = DX =
=MX? - (MX)? =ay— af); gy = a3 — 3ajas + 20, s = oy — donaz +
+ 6afan — 3at u o

Cpener MOMEHTOB BRICWIHX NOPANKOB ocoboe 3HAYEHHE HMEIOT IEH-
TPAJIbHBIE MOMEHTH! 3-T0 ¥ 4-TO MOPAAKOB, HASBIBAEMBIX COOTBETCTBEHHO
KoathpUIMEeHTAME ACHMMETDHH B 3KCIECCA.

Koad puyuenmom acummempun {(«cxowennocmus) A c.B. X Hasnsa-

€TCs BeJIMUMHA
Az‘“}ié?',’: M(X—M;X)"‘.
X (DX)2

Ecnu A > 0, To xpuBasa pacnpenesenus dosiee nosora cupasa ot MpX
(puc. 24).

Ecnu A < 0, 1o xpusaa pacnpenesenus 6osee mosora caesa o1 MpX
(puc. 25).

Koagduyuenmom axcuecco {«ocmposepuunnocmuy) F c.B. X Hasbl-
BaeTCA BEJHUHHA

_ 4
E:”_f_gzﬂ_/f(_x__Mzﬂ_
o (DX)
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Puc. 25

Benuwuna E xapakTepusyeTr OCTPOBEPUIMHHOCTD WM [LJIOCKOBEPUIMH-
HOCTh pacnpeneyieHnd. 118 HOpMAJIBHOTQ 3aKOHA pPaCIpeNesieHus {CM.
m 2.7) A =0un E = (; ocranbHble pacupeNe/IeHus CPABHKBAIOTCH C HOP-
MaJILHBIM: eclti F > (0 — BoJlee 0CTpOBEPUTHHHLIS, & PACHPEISICHIA KILI0C-
KOBEPLIHHHBIEY HMeoT £ < ( (puc. 26).

fiz) E>0
E=0
- E<O
—-{——/
0 T

Puc. 20

Kpome paccMOTDEBHBIX BLIIE YMCJIOBLIX XAPAKTEPHCTUK C.B., B IpH-
JICKEHUAX UCTIOJILIYIOTCA TAK HAZLIBAEMbIE KBAHTHIN.
Keenmuamo yposus p ¢. B. X HA3BIBAETCA DEIIEHUC YPABHEHHA

FX ("TP) =P
roe p — HeKoTopoe ucio, 0 < p < 1.
Kpantumm 29925, Tos ¥ Zo7s HMEIOT CBOM HA3BAHMA: MUNCHAS KGAH-
muas, meduana (M X = 205), seprnas xeanmuas coorsercrsenno. Onu

AeJIAT YKCJIOBYIO HPSAMYIO HA 4 9acTH, BEPOATHOCTH NONAJAHUSA B KOTODBIE
pasun 0,25 (puc. 27).
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0,25

———— ! WP,
0 Zo2s Zo,5 L7 z
Puc. 27
¥npaxHeHun
1. Ilpoussomurcsa 3 HE3aBMCHMBIX BHICTpeNa N0 ueau. BeposarHocru no-

HAJAHWS [IPH PA3HBIX BRICTPEJAX GAMHAKOBH ¥ pasubl ¢ = 0,9. Haifitu
M. 0. uncsIa nonananuik. Pemnts 3amauy B caydae, €C/iM BepOATHOCTH
HONAJAHKSA DK PA3HBIX BRICTPEJIAX pasamyibl: a) py = 0,7, 6) p; = 0,8,
B) p3 =0,9.

Henpepwisaaza coayyaliuas senmuurHa 33J1aHa TNOTHOCTBI) Daclpenese-
HHS
{, mprr <0unzx>mn,
{z) = .
Ix(z) %—Smaz, npu 0 < ¢ < m

Halitn MmareMaTndeckoe oxxuganne caydafinoi senuaunnt X.

IIycrs X m Y — mesaBucHMBIE f.C.B., upHuem MX = 2, MY = -3,
DX =2,DY =9 Hasitru MZ w DZ, ecin Z =5X —3Y + 2.

Ilo yeooBuo ynpaxuenns 2 natitu DX u ox.

C.8. X samana pyHknnefi pacnpenesienus

0, mpu z < A,
F(z) = {02522, mpm A < z € B,
1, upu B < x.

Hafty snavenua A uw B, MX u ox.

IIycts X, Xo, ..., X;, — OOCHEHOBATELHOCTh HE3ABHUCUMBIX C. B.
c MX, = aun DX, = ¢, i = 1,2,...,n Haitru m.0. u jucuepcuo
CpemHero apupMeTHYeCKOro 1 He3aBUCHMEBIX C. B. X,.
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2.6. Npouseogauian GyHKUNA

Haxoxgenue paxuelnux YHCIOBBIX XapaKTEPHCTHK M. C. B, C TEJILIMH
HeOTPHIATENBHBIMY 3HAYEHUAMH YI06HO TPOU3BOMNMTE € FOMOINLI0 BPOH3-
BoAMX hyHKIAHR,

Ilycrs a.c.s. X npunumaer sHavenun 0,1,2,...,k,... ¢ BEPOATHOCTS-
M Pp, P1, P2, -+ Pk = P{X = k}a v

Ipoussodawed pynwyued pos g, c. . X Ha3bBaeTCS (PYAKIHA BUIA

o0
p2) = pe 2 =potpztprt ..., (2.20)
f=x0
rje z — ITPOM3BOJIBHBIA napamerp, 0 < z < 1.
Ormerum, uro xoaddunmenramu crenensoro paga (2.20) spasorcs
BEPOATHOCTH 33XKO0HA PACHPENEeHHS . C. B. X.
HuddepeHuppya M0 z MPOH3BORAIYI0 (DYHKIUIO, NOJTY TAM

[o.0]
F2)= k-pp- 0.

k=0
Torna
og
G1)=> kepr=MX = o,
k=0
T, €.
a; = MX =¢'(1). {2.21}

BssB BTOpyo upousponHyo GyHKIMA @(2) U nosoxus B Hell z = 1, moay-
TUM:

oQ o0 o
O(2) =Y k(k—1)-pk- 22 Q") =D K ep— Y kepe=ar -
k=0 k=0 k=0

rae e H &¢1 — HAYAJBHLIC MOMCIHTLI COOTBETCTBEHHO 2-rou 1l-ro IIOPpANKOB
{ag = MX? ay = MX). Torna DX = MX? - (MX)? = ag — &% =
={ag =)+ a1 —af = ¢"(1) +¢'(1) = (¢'(1))?, ze

DX = ¢"(1) + ¢'(1) - (¢ (1)) (2.22)

Honyuennste dopmynst (2.21) a (2.22) ucnonpsyloTca O HAXOXKTEHUS
M. 0. H JUCIEPCHH PACCMATDHBAEMOTO PACHPEICICHHSI.

TTpumep 2.6. Haittu pucnepcuio c. 5. X — uncia nonafaHuit B yIpaxHe-
wum 1 (m. 2.5).
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(Q Psg pacopenmesienus ¢.B. X:

X 0 1 2 3
p | 0,010,027 | 0,243 | 0,729

Haitnem DX, ncnosnnsys dopmyny (2.22). Tlponssonsanias dyHkmus ¢(z) =
=0,0140,0272 +0,2432% 4 0,72923. Torma ¢'(z) = 0,027 +0,4862 + 2,18722.
Tonaraa z = 1, naxomum ¢'(1) = 2,7 = MX (ynpaxnenuwe 1 u3 m. 2.5),
©"(2) = 0,486 +4,374z. TTostomy ¢ (1) = 4,46 u DX = 4,86+2,7—(2,7)? =
= 0,27 {popmysa (2.22)).

AHajIoTMYHO pelaeM BO BTOPOM CITydae, KOTIA BEPOATHOCTH IIPH Pas-
HBIX BeICTpeaax pasyumuas! (1. 1.20, npumep 1.31). ¢(z) = 0,006 4 0,092z +
+0,39822 4+ 0,50423. ¢'(2) = 0,092 + 0,796z + 1,51222, ¢’{1) = 2,4 = MX.
©"(z) = 0,796 + 3,024z, " (1) = 3,82. TToaromy DX = 3,82+ 2,4~ (2,4)? =
= 0,46. ®

2.7. OCHOBHbIE 3aKOHbI pacnpeaeneHns Cny4yamnHbixX
BEJIUYMH :

BMHOMManNbHLIA 3aKOH pacnpeneneHun

Cpenu 3akOoHOB pachpeneseHss [I.c. 8. Haubosree pacnpoCTPaHeHHBIM
ABJIAeTCH DHHOMHAJIBHOE PACIPESEIEHHE, C KOTOPBIM MbI YK€ BCTPe4aJuch
(m. 1.20). ]
El Huckpernas c.p. X mmeer funomuasvhoe pacnpedesenue (MM pac-
npedeaeHa No GUHOMUAABHOMY 3GXKOHY), €CJIM OHA UPUHUMAET 3HAYEHHA
0,1,2,3,...,n, C BEPOATHOCTIAMHU:

P = P{X = m} = CTp"g" ™, (223)

mmel<p<l,g=1—p,m=0,1,...,n

Cayuaiinasa seanuuna X, pacupeneneniada no BHHOMPAAIBEOMY 3aK0HY,
ABJIAETCA YUCJIOM YCIEXOB € BEPOATHOCTBIO P B cxeMe Bepryniu nposene-
HHUA N HE3ABHCUMEBIX OIIBITOB.

Ecnu TpeGyercss BRIYMCJIMTH BEPOATHOCTL «HE MEHEE 71, YCIIEXOB B T
HE3aBHCHMBIX ONBITax», T.e. P{X 2 m}, ro umeem : P, = P{X 2 m} =
=P{X =m}+P{X =m+1}+...+ P{X = n}. Bepoaruocrs P, 6uiraer
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yAeOHO HAXOMUTH Yepes BePOATHOCTL MPOTUBONONOKHOLO cobbitua: P, =
= P{X 2m}=1- P{X <m}; ta us gByx $opmys nyuue, rae MeHblle
claraembrx.

Pan pacnpegenenud A.c. 5. X, nMeromell GuHOMBEANILHOE pacnpemesie-
HUE, UMEET BHL:

X=m 0 1 2 ™m cln
pm = P{X = m}|q" | Coplq™ ™! | Chp?q™ 2| |Coip™ g™ ™. . "

E

T
Kourponb: Y pm=(p+¢)*=1.
m={

Dyaxkuusa pacupenesenns ¢. 8. X, pacapenesenHol o SHHOMHAATILHOMY
33KOHY, HMEeT BHII:

0, npu £ < 0
F(z) = mgm Clmpmg™ ™ mpul<z€n
1, opu n < .

Ha#iem 9MCIIOBBIE XaPaK TEPUCTHRM 3TOr0 pacnpenenenud. [Ipoussogamei
dyurnueit GHHOMUAIBHOTO PACHIPENEIEHHS ABJIAETCH

T n
p(z) = Y CIp™g™ ™™ = 3 CiMpz) "¢ ™ = (g + p2)",
m=0

m=0
T.e. p{z) = (g + pz)*. Torna

¢(2) =nlg+p2)"'p, ©"(z) =nln—1)p*(g+pz)""°.

Cnegosatenpuo (em. m. 2.6), MX = (1) = np, vx. p+4q = 1, DX =
= ¢"(1) + ¢'(1) = (¢ (1))? = n(n — 1)p* + np — n?p? = npg. Urax,

MX =np, DX = npq. (2.24)
It GOPMYJIBI MOJIE3HO 3HATE.

IIpumep 2.7. Ilo ycnosuio ynpaxksenust 1 u3 . 2.5 matitu M X n DX, rie
X — aucho nonaganuit B LNk,

Q (.. X umeer GuHOMUAJNBHOE pacnpenetenue. 3aeck n = 3, p = 0,9,
g = 0,1. Tlo gopmysam {2.24) naxomnm MX v DX: MX =3-0,9 = 2,7,
DX =3-0,9-0,1=0,27. ®
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Pacnpeaenenne NyaccoHa

Huckpernas cnyqafinas seanunna X uMeer pacnpedeaenue [Tyoccona,
ecam ee BO3MOXHbIe 3Hauenus: 0,1,2,.. . ,m, ... (CHETHOE MHOKECTBO 3HA-
qeHuit), a COOTBETCTBYIOMME BEPOATHOCTH BhipaxawTca dopmynolt Ilyac-
CoHa,

™m —a
pm = P{X =m} = (1__'_'6___’ (2.25)
ml
e m =€,1,2,.. ., o — mapamerp.

Pacnpenenenne [lyaccona sapnaercs npeneabHbiM ais GMHOMMAJIBHOTO,
Korga n — oo 1 p - ( Tak, aro np = ¢ — nocrosigHo. lIpuMepaMu ciy-
JaifiHBIX BEJIUYHH, HMEIOUMX pacipenenenne Ilyaccona, ABIAIOTCA: YHCIIO
BBI30BOB HA TeyechOHHOH CTAHUMH 38 BpeMs f; YUCJIO Oe4aToK B HOJBIIOM
TeKcTe; YHcs0 bpakosaHuplX nerantett B G0/LLICH TAPTHK; YUCIIO -4aCTHLL,
HCIYCKAEMBIX PANHOAKTHBHEIM UCTOUHUKOM, H T. 1. [Ipn arom cuuTaertca,
YTO COOBITHA TOABNIAIOTCA HE3ABMCHMO IPYT OT APYra ¢ NMOCTOsSHHON cped-
Hell UHIMENCUSHOCTRGI, XapakTepusyomelica mapaMerpoM a = np.

Caywatinas sesranna X, pacnpenenensas o sakony Ilyaccouna, umeer
crnenyomuit pag pacupeneeHus

X=mi}] 0 1 2 .- m
o-u | @re”® a’ e ® am e ?
Pm 1 2 ||l
©0 % ,m
Konrponb: Y. pp, =e7% E_me %% =1,
m=0 m=0 m!

Hatinem M. 0. n nucnepcuro .. X, pacnpegenenno#t no saxkony ITyac-
cona. ITpoussonset byuknueit pacnpenenenus [yaccona Oyner

o= m
— E am . e“ﬁ g0 Z (GZ) — e 0. gl% = ea(zul)
Tml m! ’
m=0

T.e. @(z) = e®* 1, Torna ¢'(2) = a - 21, p(2) = a? - 1), Crano
6biTh, MX = /(1) =a, DX = ¢"(1) + ¢'(1) — (¢'(1))? = a®> + a - &® = a.
Hrax,

MX = DX =a, (2.26)

T. €. IAPAMeTP 4 NYACCOHOBCKOTO PACIpEIeTIeHHA PaBel OOHOBPEMEHHO M. O,
H oucnepcun . B. X, uMenonel 310 pacnpenesesye. B 3ToM COCTOUT OTIIH-
YHTENBHAST OCOOCHHOCTL M3YYAEMOrO pPaClpeleNeHds, KOTOpad HCHOJb3y-
€TCH HA NPAKTUKE (HA OCHOBAHWMH ONBITHBhIX NAHHBIX HAXONAT OLECHKH JJIH
M. 0. B JIUCHSPCHH; eCTH OHM Gummsky Mexny cobolt, TO eCTh OCHOBAHUE CHM-
TaTh, 9TO C. B. PacIpeneseHa no 3akony [Iyaccomna).
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ITpumep 2.8. BepoaTHOCTE DNONANAHNUA B 11616 BPH OJTHOM BEICTDEJIE PABHA
" (,01. Kakopa BepOATHOCTE TOTO, 4TO 4uco nomnaganui npu 200 BeicTpenax
cocTaBuT He Menee 5 # He Gosee 107

(Q Bepoarnocts p = 0,01 ogens mana, a UMCJIO BBICTPENOB {ONBITOB)
JIOCTATOYHO BEMHMKO. IloaToMy HCKOMYIO BepOATHOCTH OyliemM HAXONUTh,
ncnonsays ¢opmysay Ilyaccoma. C.s. X — umcno nonaumanmit. Tpedy-

erca Hafttm P{b € X <« 10}. Ilo reopeme CIOXKEHHA BepOATHOCTEH
P{5 £ X €10} = P{X =5} + P{X =6} +... + P{X = 10}. Ume
em:a=np=200-0,01 =2, e *=¢"2=0,135,

25 26 27 28 29 210
< < = = = L AL 42 LM Y.V .
P{5< X <10} = 0,135 (5! ok S 2 %0053 @

I‘eomeTpuqecxoe pacnpepeneHne

Hduckpersas ¢.B. X WMeET zeomempuneckoe pacnpedeneHie, eclH ee
BO3MOXKHBIE 3Hadennd: 1,2,3.4.. .., a BepoATHOCTY 3THUX 3HAYEHUH:
_ _ _ m—1
P =P{X =m}=4"""p, (2.27)

rmem=20,1,2,....

leomerpryeckoe pacnpenesieHue UMeeT ¢. B. X, PABHAA YHCJIY OITBITOB
B cxeme Beprynnu, nposenentofl Ao MEpBOTO YCIexa BePOATHOCTE YCIexa §
B equHWYHOM onbite. [IpuMepaMy peasipHbIX CAyYaHHBIX BEJIMYHH, Pacnpe-
JeJIeHHBIX II0 I'eOMETPUYECKOMY 3aK0HY, fABJANTCA: YHCJIO BHICTPEJIOB Jp
[I&PROTO NOMAJMAHUS, THCIIO UCHBITAHUY TpUGiopa M0 MEPBOTC OTKA3A, HHC/I0
6pocanuil MOHETH 40 IEPBOIrO BHINAJEHUSA PEmKH H T. .

Pan pacnpenenenus caygaiHol Besmannnl X, MMermelt reoMerpude
CKOe pacipeiesnenne, UMeeT BH

X=m!1:21| 3

pm plap|dPp

Koutpone: 3. pgm l=p 5 ¢" l=p - e =L =1
m=1 m=1 l-g¢q b
BeposrtHOCTH pp, 06pa3syloT reoMeTPHUECKYIO TIPDOTDECCHIO P, gp, a’,
q3p, .... [lo arolt npruune pacnpenenenue {2.27}) HASHIBAIOT 2e0MEMPULE-

CRUM.
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Hailiziem MaTeMarudeckoe OXHAAHHE W OUCIEPCHI) MEOMETPHYECKOrO
pacnpenenecnud. [Ipomssonsmedt dbyuknueit s c.. X sisnserca byHk-
s

oo o.0]
_ -1 _ m-1 _ 1
w(z) = Z g™ lpz™ = pz Z(qz) =PET— o
m=1 m=1
Pz ’ r 1 2pq
T.e @p(z) = . s wee ¢ (z) = ———, = Crano
wle) = 1= - A ¢'(2) 1= ar) ¢"(2) 0= g2
OBITE,
MX:@’(I):—————p 2;:22—-_—1,
(1-g?* p* P
2p¢ 1_1_ 4 (2.28)
DX =¢"() +¢' (1)~ (Y1) = F +5~ 5 =5,
Y P »
e MX = %1 DX = ;)% o, 3HAUUT, Ox = g

Iipumep 2.9. BepoaTHocTh NONANAHHA B UENb NPU OTAEJbHOM BHICTpE-
Je Ui JaHHOTO cTpesika pasHa (,1. Hafite maremarntieckoe OXHIAHHEE K
OUCTIEPCHUICS €, B, X — THCJIA BBICTPEJIOB 110 IEJH A0 HEPBOre MOmaiaHAA.

Q C.». X uMeer reomeTpudeckoe pacrpeiesesune ¢ napamerpom p = 0,1
Mo dbopmynam (2.28): MX = 61—1 =10, DX = (0(}_,19)2_ =90 {ox = V90 =
= 3+/10}. ‘ ®

Samenanue. NeoMeTpryeckoe pacupenesieHne ABNACTCA YACTHBIM CI1y-
yaeM Tak Has3bBaeMmoro pacnpedeaenus Iackaas: P{X = m} =
r—1 - T rq

=Clim 1 Pg™m=123,...,7r>0— nenoe; MX = 5 DX = -t
TIpu r = 1 pacnpenencnue [lackans coBnanaer ¢ reOMETPHYECKUM; TIPK
r > 1 — coBnamaer ¢ pacrupenesieHHEM CYMMBbI HO3ABUCHMBIX C. B., HMei0-
I[MX FEOMeTPHYECKOe PACIpeNesIcHue; IPH HATYPAJILHOM I OHO ONUCHIBAST
YUCHO OUbITOB B cxemMe Beprysnun, HeoOXOOHMBIX OIS TOrO, 9T00hI MOgY-
JHTh 3HavYenne | posHO r pas. Pacnpenenenne TTackasis nMeeT NpUJIOKEHHe

K CTATHCTHKE HECUACTHBIX CJy4aes u 3abojesannit u T. 1.
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FMnepreomMeTpUYECKUii 3aK0oH pacnpeaeneHns

Bl

Huckpernas ¢. 5. X HMEET 2UNep2eoMempuieckoe pacnpedeenue, ecy
oHa nputMaer 3Hadenus 0,1,2,. .. ,7,. .. min{n, M) ¢ BepoATHOCTAMH
™m -
= P{X = — CM CN——M
m = { . m} - O'n. ?
N
rae m = 0,1,...,min(n, M), M < N,m € n,n< N, n M, N — aary-
PAJIBHLIC “TUCTIA.

I'unepreoMerpuYecKoe PACTPENe/IeHHE BOSHUKAGT B CJAYYASX, 1MOOob-
HBIX ¢agayomemy: B ypue N mwapos, u3 Hux M 6Gesbix, a 0CTAJbHBIE “€p-
HLIE; M3 Hee BhluuMaerca n wapos. Tpebyerca nalTtv BepOsSTHOCTB TOIO,
9T0 CPefM W3BJIEUCHHHIX Wapos Oyaer poero m Oedsbix (OCTAJIbHBIE Yep-
mbie), Coryvaiinas senuanga X — 9UCA0 GEJIBIX IAPOB CPEIH H3BJICIEHHbIX
K3 YPHBLL

B n. 1.7 pazo6pan npumep 1.6 nogobuoro tuna.

MaremaTuiuecke OXHWIAHHA J.C.B. X, WMewmell runepreoMerpute-
CKOe paclpenejeHue, ecTh

(2.29)

MX =n-

z|=

, (2.30)

a ee OJMCTIePCHA

M N =M(N-n)

DX:n'N_l Nz

(2.31)

F'unepreoMerpuveckoe pacnipeeieHie OUPeaeIHeTCR TPeMA Hap&MeTpaMH

N, M, n. Ecnu n mMano no cpasaeHnio ¢ N (IPaKTHYECKHU MPH N < Ly )

10
o npubmnKaeTca K GHHOMHANLHOMY PAclpelesIeH IO ¢ TAPAMETPAMM 71 K
m o, n—m
p= M i Cnm = O gy
- [0
N or

T'unepreoMerprteckoe pacupeneseHue UCTIONB3YETCA IPH PEIISHUH 3034,
CBA3AHHBIX C KOHTPOJIEM KA4eCTBa NPOLYKIEMK (H JPYIrHX).

ITpumep 2.10. B rpyane w3 21 crynentos § mesywmex. 13 sTo#t rpynnm
Haymauy orbupaerca 3 crynenta. COCTAaBUTDh 3aKOH pachnpedesieHus H.C.B.
X — uancaa nesymwex us orobpanasix crynedros. Hatitu MX.

Q C.s». X npunmmaer snagenua 0,1,2,3. Bepoamoc’m TUX 3Ha4YeHnl

HaxonuMm no Qopmyae (2.29): pp = P{X = 0} =
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cl-C

2 CQ ) Cl
8~ 0,4511, pp = P{X =2} = =218
030250 21
p=P{X=3}= % ~ (,0075. Pan pacnpenenenus:
21

X =m 0 1 2 3
P 0,4211 | 0,4511 | 60,1203 | 0,0075

Suagenne MX uHalinem aByMs crocobamMm: a)no pALY PacIpelecHUs:
MX =0-0,4211+1-0,4511+2-0,1203 4+ 3-0,0075 = 0,7142; 6)no dhopmy-

se (230) MX =3 2 = 2 ~0,7142, : °

PaBHOMeprIﬁ 3aKO0OH pacnpeneneHus

E

HenpepmisHas ¢. 8. X nmeer pasnomephoe pocnpedesenue Ha OTPe3Ke
(a, b}, ecK ee MIOTHOCTL BEPOATHOCTH f () MOCTOAHHA HA BTOM OTPE3KE, &
BHE €r0 PaBHA, HYJIIO:

1
o= dp=g moHT € la, b, 5 39
/(@) {{), ¢ npu z ¢ la, b, (2.82)

(r.e. flz) =cnopu z € [a,b], HO

+o0
/ cdr = 1,
—00
b 1
0TCKdA CASOyeT, YTO ¢T = l, e = b bMecro orpeska [a,b] MOXKHO

nucars (a,b) nau {(a, b}, [a,b), Tak xax c. 8. X — HempepbIBHA. )

Ipaduk naorrocty f(z) os1st pABHOMEPHOTO PACHPENE/IEHH H.C. B. X
usobpaken Ha puc. 28.

Pasnomepnoe pacnpenesienue ¢. 8. X Ha yvactke [a,b] (mam (a, b)) 6y-
neMm obosuadare: X ~ Rla,b].

Haitnem dyuxumio pacnpenenenns F(z) aas X ~ Rla,b]. Cornacuo
dopmyse (cM. m. 2.4)

F(z) = f f(a) d,
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f(z)
1 ______
b-a : 1
0 a b z
Puc 28
HMEEM
T
_ di __t | z—a
Flz) = b—a b-—ala b-—oa
a
mpua<zgh Flz)y=0upnz < a, u
Q b T b
dt t
Flx) = dt dt = =1
{(z) f(] +fb_a+f0 P —ala
—00 o b
apu z > b. Taxum obpaszom,
0, upu r £ a,
F(z) = 'g:: npr a <z < b, (2.33)
1, npu b < z.
T

Puc. 29

Oupenesimm MX u DX c.8. X ~ Rla,b].
Cornacuo dopmyne (2.11),

a b + o0
MX = z-0dz + £ dr+ ;c-Oda:xa_'-b.
b—ua 2
—co b

a

(Oxmpaemblil pesyabraT: MareMaTHdecKoe oxkumanue c.B. X ~ Rla,i]
papHO abcimcce cepenuHbl orpeska; M X copnamaeT ¢ mMenHaHo#, T.e
MX =MX}
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Corntacno opmyae (2.14),

b

b= [ (=23 g =l b e 25

a

b

a

1 ((b—a)3 (a—b)ﬁ) (b-a)

“3b-a)\ 8 8 2
Taknum o6paszom, 1 u.c. 8. X ~ Bla, b umeem
b~ 2
Mx =418, DX:(l—;). (2.34)

IIpumep 2.11. Ilycts c.B. X ~ R(n,b). HaliTn BEepOATHOCTb MOMANAHUA
c.3. X B uuTepBaJ («a, §), npuHAINEX)AIUH DeIHKOM HHETEPBaY (a, b).

Q Cornacno dopmyne (2.8), umeem

—a b—a’

8 2]
P{Xe(a,ﬁ)}sz(x)d:c:/bl dp=2=¢

[#3

T. €. P{Xe(ar,ﬁ)}x’@_a

b—a’
Teomerpuvecku 3Ta BEPOATHOCTL pencrasnseT cobolt miomane nps-
MOYTOJBHUKA, 3alITpuxoBanHoro #Ha puc. 30. ®
flz) =

[ R

A

Puc. 30

K cnydalinpiM BenMYMHAM, HMEWINMM PABHOMEDHOS DACHpEIeseHue,
OTHOCHATCH: BpeMA OXKHIAHHA HACCAXKHUPOM TPAHCIOPTA, KYPCHPYHIOWIErO C
ONIPeIeIEHHBIM WHTEPBAJIOM; OIMOKa OKPYIJIeHUA HYUCJIa A0 Lesoro (oHa
paBHOMEpHO pacupenesieHa na otpeske [—0,5;0,5]). ¥ Boobme cayuaitusie
BEJIMYUHBL, 0 KOTODPBIX M3BECTHO, YTO BCE €€ 3HAYMEHHUd JIEXKAT BHYTPH He-
KOTOPOrO0 HHTEPBAJIa M BCE OHM MMEIOT OJIMHAKOBYIO BEPOSITHOCTH (17107T-
HOCTD).
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Auckpemnan cayvatinaa seaununa X umeem pasnomeproe pacnpede-
AeKiie, eC/iM OHA NPHHMMAET LEJIOYHCIEHHbIe 3Hadeuusn 1, 2, 3, ..., n ¢
1
BEPOATHOCTHIO Py = P{X =m} = 7, tuem =1,2,3, .. . n.

2 _
B »10m caygae MX = I;n’ DX = E«—-j-l Tak, npu n = 5,
MHOTOYTOJIBHHK PacupelesieHusa WMeeT BHI, NpelcTaBJIeHHBIH Ha puc. 31,

MX =3.

) P

Puc 31

MokasaTenbHbiid 3aKOH pacnpeneneHus

@ HenpepsiBHas ciaydahnas sennuuna X aMeeT noxazemeavutd (wm
IKCNONEHUUAADHDIL) 3AKOH PACTIPENE/IEHH, eC/Ii ee IIJIOTHOCTh BEPOATHO-

CTH HMEET BUT,
Xe=™  mpugx =0, (2.35)

Fla) = {0. npa z < G,

rae A > () — mapaMmerp pacnpeleesns.
I'pacduk wroiHocT f(xr) npusesed Ha puc. 32.

fle)
A

Puc 32
DyHKIUA PACHPENC/TICHHA [TOKA3ATEABHOTO PACHPEle/IeHHA UMECT BUJ|

1-¢e**, mnpuz 20,
F(z) = {07 npu z .0, (2.36)
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z 0 T
:/f(t)dt: /Odt-{»f)\e"’“”dt:l—e"\x. -
—y -0 0

I'padur F(z) upencrasmnen na puc. 33.

Fix)
1 _____________________________________________

Pue. 33

Haﬁ,ﬂ,eM MaTeMaTHYCCKOe OXWIaHNe H JUCHEePCHIG I0KA3laTeJIhHOrO
pacrpeneneHus:

oo b
MX = / r-Ae M dg = blim z-Ae™** dz = [unTerpupyem no yacram) =
—OC
0 G
b b
—tim (e L) o Loy = L
_blg&( gre TN a) 30 2 A
DX = f z)dr-(MX)? = [bopmyia (2.17)] /\f:n e dg —

= [JIBaKIbl HHTETPUPYEM O HACTAM) =

— 3 __{2_ —Az 2 T —-/\mwl—.\x b _ 1 _
")‘(blﬁo e T e lo 32

Takum ofipasom,
Mx=1 px=1, oy=1 (2.37)

Hailitem peposThOCTL nmonananvs ciaydatinofi sesmunabl X, paclpesesics-
HOH TI0 MOKa3aTeNbHOMY 3aKOHY, B muTepBaa (a,b). Vcmonssys gopmy-
ay (2.2) u dbopmyay (2.36), nonyuaem

Pla<X<by=FB) —Fla)=(1-e™) (1 -e ™M)=

Te. Pla < X < b} =e~? — e,

H
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Hpumep 2.12. Cayuaiinas sesvyuna T — BpeMda paboTel PAJIMOJIAMIIE

=  HMeeT HoKasaTesisHoe pacnpenesesue, Halitn BepodaTHOCTE TOTO, MTO MaM-
ra, npopabotaer e menee 800 yacos, eciiu cpenHee BpeMs paboTsl Pamiuo-
aamibl 400 1acos.

Q MT =400, snaunt (bopmyna (2.37)}, A = Z(ljﬁ HcroMas BepoAaTHOCTE
800

P{T > 800} = 1-P{T < 800} = 1—-F(800) = 1--(1—e400) = ¢~2 2 0,135.
()

[TokazarenbHOe paclpeNe/ieHHe NCNONBb3YETCH B IPHJIOXKEHUAX TeOPHH
BepostTHOCTEH, 0cobenHo B Teopuy Maccosoro obcayxusanusa (TMO), B du-
3HKE, B TEOPUH HAAEKHOCTH. QHO MCIIONB3YETCH LIS ONHCAHNS PACIIPOIe-
JIeHNA CYJaiHOd BeTuInHbl BHOA: AJIMTEIbHOCTE paboTsl npubopa Jo nep-
BOTO OTK&3a, JJIMTENHHOCTh BPEMEHH 0BCIYKHMBAHNL B CHCTEME MacCcOBOro
OBCITYKMBAIWH U T, 11,

PaccmorprM, nanpumep, H.c.B. T' — OAuTeNbHOCTL Ge30TKa3HOR pa-
Gorer npubopa. Pyukuus pacupenenemud c.8. T, ne. F(t) = P{T < ¢},
ONPENENIAET GEPOAMHOCTD OMKAIA 30 6pems NJATENLHOCTRIO . H, sHadur,
gepoamuocms Gezomxasnotl pabomui 30 epema t pasua R(t) = P{T >t} =
=1— F{t). ODyaxuus R(t) nasviBaeTca gynxyueli nadescnocmu.

Coyuafinas senumuuna T 4acTo MMeeT TOKA3ATE/LHOE PACIIPEe/IeH1e.
Ee dbynxnua pacnpeneienus umeer sug F(t) = 1 — e M (dbopmyna (2.36)).
B srom cnywae ¢dbynkius vamexnpoctu mmeer sun R(1) = 1 — F(I) =
=1-(1—e ™) = e M e R{t) = e, r1e A — unmencusrocms omxe3os,
T. €. CpeHee YKCJI0 OTKA30B B INUHHULY BPEMEHH.

[ToxasaTeTbHBIN 3aKOH — €IUHCTBEHHLIY H3 33KOHOB DaClpeie/eHNns,
KOTOpBIH 0BANAeT CBORCTBOM «OTCYTCTRUS NOCJAEICTBUAY {T. €. eCJH TIpo-
MEXYTOK BpeMenu T yxe jauiICA HEKOTOPOe BPEMA T, TO TMOKA3ATEJb-
HEIH 3aKOH paclpeNesieHus OCTACTCS] TAKMM K€ M [JIst OCTABIICHCST 9acTh
T) =T — T UpOMEKYTKA,).

HopmanbHbIiA 33K0H pacnpeaeneHns

Hopmansusiii saxou («3akon Nayccas) arpaer BCKIOUMATEIIHLHYO DO
B TeopuM BepoaTHocTed. I1aBras ocobernnocTs 3akoHa 'aycca cOCTOWT B
TOM, UTO OH ABJIAETCH npedeabHbim 3AKOHOM, K KOTOPOMY NpubaMXKaTed,
IIPH ONPERE/IEHHBIX YCJIOBHAX, JPYTUe 3aK0HL pacupenenenns. Hopmant-
HBIR 3aK0H HaubOJIee YaCTO BCTPETAETCH HA MPAKTHKE.
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Henpepeisaas c. 8. X pacuperenesa 1o HOPMAABHOMY 3AKOHY € TApa-
MeTpaMu a U 0 > 0, eCJIH ee MIOTHOCTh PACHPENS/ICHUA HMEET BHIY

(x —a)®

%7 , z€R. (2.38)

1
fla) = ——=¢
o2
Tor cakT, 4o €. 8. X umeer HOpMaNbHOe (HJIH TAYCCOBCKOE) pacnpene-

JIeHHe C MAPpAMETPaMU ¢ U 0, COKPALIeHAo 3anuckiBaerca tak: X ~ Na, o).
Ybemumcs, uyro f(x) — s1ro dyuxima mwiornoctu. Ouesuzmno, f{z) > 0.
oc

[TpoBepuM BLIIOJIHEHNE YCJIOBUSA HOPMHPOBKH / flx)dr = 1. Umeem:
—00
{z ~a)? ®  raz-a\?
S e e [0 (2 e
ade ¢}

[«
1
———e
/0-\/271' a-Var V2.0
—0CQ

v

o0
:%/etzdtz—lw\/‘}-r=l
—0o

31ech TPUMEHHIIH HOINCTAHOBKY W HCIIONB30BaNn «uurerpan Ilyacconas

o0

/ eV dt = /7. (2.39)

—0o0

U3z pasencrea (2.39) cienyer:

Q0 \/_ o0 2 0 22

42 m & _E
/etdt:T, fe 2dz=,/32[=/e 7 dz. (2.40}
0 0 00

T
Gynxnna pacupenenennd Fz) = / f@)dtn.c.s. X ~ N(a,o) umeer
—00
BUJT
{t — )’
207 dt. {2.41)

T

— 1 -
Flr} = —— €
o-V2r

-
Ecmi ¢ = 0 ¥ o = 1, T0 HOPMAJILHOE DACTIPENENICHHE C TAKMMHU [apame-
TpaMK HazblBaerTca cmandapmueim. [lnorHocTs cranpmaprHo#t ciyualnod
BEJIMYHHEI HMEET BUJL
z?
2,

1
() = N
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C geft MBI yxke BcTpewanucs B n. 1.21, dopmysa (1.37).
Pyukuua pacnpenenenus ¢.8. X ~ N(0,1) umeer Bug

-
-00

M HA3BIBAETCA, KAK Mbl yxe 3HaeM (m. 1.21, dopmyna (1.42)), dyxxyu-
eft Jlanaaca. Ona cBAsana ¢ HOpMupoBaHHON dynkumed Jlanmaca ©p(z)
(m. 1.21, dopmyna (1.40)), kak mut yxe suaem (dopmyna (1.43) u. 1.21),
PABEHCTBOM

®(z) = 0,5+ y(z). (2.42)

Je#cTBUTENBHO,

\/'+ Bo(z) = 1 + Bo(z).
(cm. (2.40)).

YerasoBUM CMEICT IIADAMETPOB @ W ¢ HODMAJLHOTO PACTIDENE/IEHUA.

Jna sToro HalimeM MaTeMaTWYeCKoe OXEISHHE M AHCHepcHio c.B. X ~
~ N(a,0).

g2
—00

oo oo (:t:—a)2
MX=/w-f(m)dm= 1 fa:-e 2% dz=
—00

oo

/ (V20t + a)e V20 dt =

—_

m J—
= [I‘IOJICT&HOBK&

a zt] =
V20 g
20

o
0\/§ -2 [} f ~t2 a
N / e + N € + Nz VT = a,
—oe —0oG

T.e. M X = q. Ilepeuifi MHTErpan paBeH HYOK, TAK KaK HONHHTEIDAJIBHAA
$YHKUNA HEYETHAHA, & IPENesbl MHTErPHPOBAHAA CHMMETDHYHBI OTHOCH-
TEJIHO HyJIsI, & BTOPOil nHTerpas pasen /7 (cM. paBercTso (2.39)). Takum
ofpasoM, mapamMerp & — MATEMATHYECKOE OKHITAHUE,

ITpu naxoxnenun nucnepcud ¢, 8. X ~ N{a, o) cHOBa coenaeM noncTa-

T —a
HOBKY = { ¥ NPKMEHUM METOJ UHTETPMPOBAHMA O JACTIM:

V2o
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T (x - a)*
DX = f(m-—a) flz)dz = /(:E—a 12 202 dr =
T

oC

o0
)
=_1 -/‘24:721'f21=,'_t2cr\/ﬁdt=2i‘-’-~/‘1€2-9‘t2 dt =
o0 f

™
—00

0]
202( 1 ~t2|°° 1 f —t2 _ 202 1
==|—xte += et dt T =0
2 (b = Vm Ve
—-0Q
Taxum obpazoMm, DX = 0?, a ¢ — cpenHec KBAZPATHYHOE OTKJIOHEHHE.
Moxno noxa.sa:rb, yto ana ¢.B. X ~ N{a,0): MgX = M. X = aq,

g’ o
HCCJIe,IIyEM nudgdepeHnuanbay ¢Gyakuuio (2.38) HOpMaJspHOTO 3a-
KOHAa:
1. f{(z) > O npu mobom z € (~00,00); rpachuk GYHKIEM PACHOIOKEH
phime ocu Oz.

2. Ocp Oz cnyxur acumnToTod rpacdura ¢yuxumu f(z), Tak Kak

lim f(z)=0.

r—toc
3. O@yukuus f(z)} mMeeT opud MAKCHEMYM Opd T = a, paBuuift f({a) =
1

= . HelficTBATENBHO,

o2

_ (z — a)?
o) = -8

o3/ 2

Orciona f/(z) = 0 npm ¢ = a, npu atom: ecm = < @, o f'(z) > 0, a
ecau z > a, To f'(z) < 0. D10 M 03HAYAET, UTO £ = a TOYKA MAKCHMYMA
1
1 fmax = fla) = .
ovin
4, TI'padux dbynxnuu f(r) ciMMeTpHYEH OTHOCHTENBHO NpAMOH T = o,
TaK Kak AHAJIMTHIECKOE BRIpaxKeHue f(r) cONepXXHUT PA3HOCTL T — G B

KBajapare.
5. Moxuo ybenuTncs, 94TO TOYKH

1 1
M, (a —-a, 1 e_f) n M, (a+a, 1 8—5)
av2m oV am
ABNAIOTCA TO4kamu neperuba rpadmka dyuxnun f(z).
[Tonb3yscs pesynpTaTaMH MCCIAEI0BAHUS, CTPOHM IpahHK HIOTHOCTH

pacnpeleNieHudA BEPOATHOCTH HOPMAJIBHOTO 3aKOHa — KDHBYIO paclpene-
JIEHHR, HA3BIBAEMYIO Hopmaavrol xpusod, wiu xpusod laycca (puc. 34).
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x
e

a2l i
1| |

ovi2re | /i .
. :

0 a—c @ a+o
Pue. 34

Kak simsier uaMenesue napamerpos ¢ W ¢ Ha ¢opmy kpusodt 'ayc-
ca? QueBRIHO, YTO M3MEHEHNE o He W3MCHSET (hpOpMY HOPMAIbHOR Kpusol
(rpadpuxm byaxkumm f{z) u f(x — o) uMeroT oapHAKOBYIO DhOPMY; rpadhux
f(z — a) nonyyaerca us rpachuxa Gyuruun f(z) nyrem casura MoCHeIHeEro
HA @ eNUHMIL BOPABO, ecau a > 0, u Bieso, ecau ¢ < 0). C uaMeHeHHeM o
MaKCHMaJlbHAS OPJAMHATA TOYKM KpMBOH H3Mensercs. Tax Kak miomajp,
OrpaHMYEHHAS KPHBOH pACIPeOesIeHNs, DABHA eIMHULE IPH JII0GOM 3Hade-
HHM 0, TO C BO3pacTaHueM o KpuBadA [aycca cTaHOBHTCA Gojiee Mo./I0rof,

pacTaruBaercs BaoJb ocu O ...

Ha puc. 35 nzoHpaxxeHnl BOPMAJIDHEIEC KPUBBIE P PA3IUYHBIX 3Hatqe-
auax o {0y < ¢ < 03) H HEKOTOPOM 3HAYEHMN & {OIMHAKOBOM JUTs BCEX

TpeX KPUBBIX).

f(=)

Pue. 35

HopMasibHOMY 3aKOHY NONMMHAIOTCA OMHKOKHM W3MEPEHHH, BeJIHHUHD
M3HOCH, JeTaseil B MEXaHH3MaX, POCT 4eJIoBeKa, omnOKH cTpesbdbl, BeC
KJybredi xaprodesns, BeMYHHA [IYMA B PAJIMOIPHEMHOM YCTPOHCTBE, KO-

aebanuAa Kypca akouit u T. O
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Haiinem eepoamnocms nonadanus ¢. 6. X ~ N{a, o) na 3adannsidl yua-
cmox (o, 8). Kax 6u1m0 nokasano,

b
Ph<X<&=/ﬂﬂh

(. 2.4, dpopmyna (2.8)}. B coysae HOpMaNbHOTO pacupeeneHns

2 (m-oy
Pla< X <p} = 1 fe 202 dggz[z‘“ﬁt]:
&

Wcnonbzya dbyukmmo Jlannaca (em. 1. 1.21, dopmyna (1.40))

Op{z) = ——/e 2 dt,

HIOJIY 4aeM

P{a{X(ﬁ}zcbo(ﬁ;) @0( “). (2.43)

Yepes cdhyrkimio Jlannaca $p(z) Beipaxaercs u QyHKIMA pacnpeieNieHua
F(x) nopmassHO pacunpenenenHod c. 8. X.

T (t —a)?
F(:z)m/ l_ =2 dt =P{-o0o< X <z} =

ov2n
o0 (259) -0 (252) - (552)

F(z) = —+‘I>o( ”). (2.44)

3mecs Bocroseayemcs opmysoll (2.43), nedernocrsio dyrkmmu $o(x) u

-0

T. €.

TeM, uro Pgoc) = %—, HeficTBUTENLHO

O
t_
=z [o farm T -
V]
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Ecnu dynknua Jlannaca (nim «ueTErpasl BeposaTHOCTE») ecTh

x
t2
®(z) = -—\/12;;_; / e 2 di,

F(z)=0 ("’ - “) (2.45)

(HerocpeaCTBEHHO BhITEKaeT u3 paBeHCTB (2.42)) u (2.44)).
Papencrso (2.43) MOXKHO Depenucars M Tak:

T0

P{a<X<ﬁ}=¢>(5;“)—c1>(a’;a). (2.46)

Ha npakTuxe 4acTO NPHXOMUTLHCA BHIYHCHATh GEPOAMHOCML nonada-
HUR HOPMAADHO pacnpedeaennot cayHatinot eiunund 6 UNMEPBAnR, CUM-
Mempu%nmﬂ OMROCUMEADHO YEHMPE PACCEAHUR Q. HyCTb TaK¥M HHTEp-
sanom Oymer (a — l,a + 1) nnmnaer 2. Torma P{la—1 < X < a+ 1} =

= P{IX —a| <1} = @ (2FE=2) — 0y (271=2) = 280 (£). re.

P{IX —a| <1} = 28, (j—,) =20 (g) ~1. (2.47)
[Monaras B pasencrse (2.47) | = 3o, nonyunm P{|X — a| < 30} = 284(3).
Ilo tabGmuue snavenwit ans p(z) maxomem: Dy(3) = 0,49865. Cuenosa-
tenvHo, P{|X — a| < 3o} = 0,9973, ©e. orkyuonHenue c.8. X OT CBOEro
MATEMATHYECKOro OXMIAHUA MeHbIIE, YeM 30— fIOUTH JOCTOBEpHOe COOLI-
THe.
Baosrensitt 6meod: TpaKTHYECKH NOCTOBEPHO, 4TO C.B. X ~ N(a, o) npu-
HUMAET CBOM 3HAYEHMH B NpoMexyTKe (a — 30,a + 30). D10 yTBepXKIeHHEe
Ha3bIBAGTCHA «NPAGUAOM MPET CUZMS.

Hpumep 2.13. Ilpu usMepesun geTany noJgy4aTcs caydalinsie omsbxy,
NOAMMHEHHBIE HOPMAJIBHOMY 3akoHy ¢ mapamerpom ¢ = 10 mm. IIpousso-
JATCA 3 HE3ABMCHMMBIX W3MepeHus geTasid. IHafltd BepoATHOCTH TOTO, 4TO
omnbka XoTA 6bl OAHOrO U3MEPEHHA HE IPEBOCXOAUT MO MOAYJIIO 2 MM.

Q Tlo dopmyne (2.47) naxomum:

P{|X - a] < 2} = 28, (-1%

BepoarHocTh TOro, 4ro »T1a OomMbKa (NOrpEIIHOCTh) TpeBbINaeT 2 MM B
OLHOM oOIisiTe (M3MepeHnn), PaBHA,

P{|X —a|>2} =1-P{|X —a| <2} =0,84148.

) 2. 0,07926 = 0,15852.
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[Io Teopeme yMHOXEHHA BEPOSATHOCTD TOFO, 9T0 BO BCEX TPEX ONBITAX Omub-
Ka W3MepeHud npepbimacT 2 MM, pasaa 0,84148% =~ 0,5958. CnemosarentnHo,
HCKOMas BepOATHOCTH paBra 1 — 0,5958 = (,4042. L

YnpaxHeHua

1. HWssectHo, yro ¢.8. X ~ N(3,2). Haittu

P{-3< X <5}, P{X<4}, P{X-3|<6}.

2. HopMmaabeOo pacnpemenednas ¢.B. X 3aIaHa ILIOTHOCTBI) BEPOATHO-
cTelt
x?

2,

fla) = —k=e

V2T
HaiiTu: a) BeposiTHOCTL MONAaHMs €. B. B uuTepBad (1,3); 6) cummer-
PHYHBIA OTHOCHTENBHO MATEMATUYIECKOTO OXHIIAHKA WHTEPBAJI, B KO-
Tophift ¢ BepoarHocThio (,8926 nomanet ¢.B. X B pesynbTATe OIBITA;
B) MyX u M. X. IlocrponTs HOpManbHYIO KpUBYIO f(Z).

3. Haiitu xoadppuimMenTnl ACHMMETPHM ¥ KCIECCA HOPMAJIBHOIO pacipe-
JleNeHns ¢ napamerpoM a = .



CucTemMbl cAy4aiHbIX BENUUUH

3.1. MoHsaTKe 0 cUcTEME Cny4aiHbiX BeSIMYUH U 3aKOHe
ee pacnpeaeneHun

ITpu usydenun cay4yalfHbIX ABJICHUN 4aCTO NPUXOOMTCA MMETH JEJI0 C
JByMsI, TPeMs B GONIBINUM YHCIOM cay4vadupix senmuun. CoBMECTHOE pac-
CMOTDEHHE HECKOJIBKUX CJOYYAHHEIX BEJIMYMH NPUBOIMT K CHCTCMAaM CJIy-
qalipIx BestnunH. Tak, TOYKA NONAJAHMA CHAPALA XApaKTePH3YeTCs CH-
cremoit {X,Y) mByx cayyabinnix senmumn: abcmuccodt X u opmmmaroit Y
YCHEBAEMOCTh HAYIAYY B3ATOre abHTYPHEHTS XapaKTepu3yercs CHCTeMOH

n cayqaiabix sesmgud (X, Xo, ..., X} — OUEHKaMu, DPOCTABJICHHBIMY B
€ro ATTECTATE 3PEJIOCTH.
Ynopanouennsit HRabop (X1, X9, ..., X, ) cuyualtnbix semmunn X; (i =

= 1,n), 3amanHLIX Ha omHOM u ToM xe II19C ), HaskBaerca n-mepHoll
cayualinotl seaunurotl HAH cucmemoll n cayNalinbr seauuH.

Qunuomepubte ¢.8. X1, Xz,..., X, HA3BIBAIOTCA KOMTIOHEHMOGMY HIH
cocmasanougumu n-mepaoit ¢.B. (X1, Xs,...,X,). Ux ynobuo paccwma-
TPHUBATH KaK KOOPAKHATHI CAYIaHHOH TOYKM Mum Cay4alHOTO BEKTOpPA
X = (X1,Xs,...,X,) B OpoCTPaHCTBE N U3MEPEHHH.

Ha muoromepasie cirygalinble BeIHIUHE] PACIPOCTPAHAIOTCA HoYTH Hes
U3MEeHEHHH OCHOBHBIC HMOHATHS M ONPENEJCHHsI, OTHOCIIHECS K OOHOMED-
HBIM cayvaliusiM BesmanHaM. OrpasmauMes U NPOCTOThL PACCMOTPeH -
€M CHCTEMBl JBYX CJAyYaliHbIX BeJIHYNH; OCHOBHBIE MOHATHA 0600maloTCs
Ha cay4dail BoJbIIero 9ucCiia KOMIIGHEHT.

VYrnopagouenuasn napa (X,Y) osyx cayvaitupix sesmuns X # Y Hasw-
Baercsa dsymepnotll caywatinoed seauvunot WK cucmesmol] J6yr o0HOMEPHKT
cayralinnz seaunun X u Y.

Cucremy (X, Y') moxuo usobpasurs caywatinott mouxot M(X,Y) unn
cayvatinnm sexmopom OM (puc. 36 u 37).

Cucrema (X,Y) ects dbyuruua snemenrapHoro cobpitus: (X,Y) =
= p(w). Kaxnomy snemMenTapHoMy COBBITHIO W CTABUTCA B COOTBETCTBHE
IBA ACHCTBUTENIBHLIX YMCHA £ M Yy (BIK Z) ¥ To) — sHavyeHus X u Y (wan
X1 v X3) B parHom onbire. B arom cayuae pekrop T = {2}, Z2) HABIBAETCA
peaausayuets caydahnoro sektopa X = (X1, Xs).
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y
M(X,Y)
Y- .
0] X =
Pue. 36 Puc. 87

ITpamep 3.1. Bpocalorca nse urpafibHble Koctu. Ilyers ¢.B. X — 4HCIO
BBIMABIIAX OYKOB Ha nepBoll KoctH, €.B. Y -— Ha sropoit; IIDC cocTour
u3 36 snemenron: (2 == {(1,1},(1,2),...,(1,6),(2,1),(2,2),...,(6,4),(6,5),
{6,6)}. Dnemenrapaomy cobbITHIO, HANpUMED, {6,5) = wss COOTBETCTBYET
napa yncen z = 6 w y = 5. CoBoxkynHoCTs 9THX 3HA4YEHMH — QyHKIMA
JIEMEHTAPHOIO CODLITHS W.

CucreMb! cayualiHBIX BEJIMYHMH MOTYT OBITh GUcKpeEmMHbMY, HENDEDHIG-
HOLMY B CMELUAHNDMY B 3ABICUMOCTH OT THNA CHYYARHLIX BeJIMYMH, 00pa-
3YOUHX CHCTeMY. B nepBoM C/Iyuae KOMIIOHEHTBI 3THX CJyd9alHbBIX cUCTEM
TUCKDETHHI, BO BTOPOM —— HElPEPLIBHBI, B TPETHEM — PA3HBIX THUIIOB.

Tlonno#t xapaktepuctukoit cucremsr (X,Y} Abnsfercd ee 3axoH pac-
npedesenus eeposmuocrnetl, yKaspBawwWwui o6JACTh BO3MOXKHBIX 3HAYe-
HUll CHCTEMBl CJlyYalHBIX BEJIMYNH W BEePOSTHOCTH »THX 3uHadeHnid. Kak
H [OJIA OT[ENbHBIX CJyYaHHBIX BEJIWYHH 3aKOH PACIPENEJIeHHAH CHUCTEMBI
MOXeT HMeTh pasHbie (opMmbl (Tabinia, ¢hbyHxunsa pacipeiesieHud, II0T-
HOCTB, ... ).

Tax, 3aK0H pacHpeneseuns JUCKpeTHO! nsymepro# ¢. B. (X, Y} moxHO
3aHaTh OpMyJIOH

pij = P{X = x;,Y = y;}, i=1m, j=1m (3.1)

mii B popme TabIRNEL ¢ OBOHHBIM BXOOOM:

ANY | w1 |viwm | --| Um
I Pu|Pi2|[P13 | ... | Pim
g Po1 | P22 | Pas | --- | Pom .
Ty, Prl | Pn2 | Pns | -+ | Pum

ITprueM, cyMMa BCEX BEPOSKTHOCTEH p,;, KAk CyMMa BepOATHOCTeH monHol
TPYIIIbl HECOBMECTHRIX cobbrrnit {X = ;Y = y,}, pasHa enunumne:

i m
2.2 pi=1

t=1 y3=1
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Ha puc. 38 nmpusenen npumepubiit rpacux pacrpenesienust OBy mepHoH
oucKperHOd caydatinolt seawunst {X,Y).

Dij

3

Puc. 38

3Haa 3aKOH pacnpemesenus apyMmepnoil nuckpernolt corywalinoit pe-
JIAYAHBE, MOMCHO Halmu 3axous. pacnpedesenus xedcdoll U3 KOMNOKEHM

(o6parunoe, Boobue roeopst, memepuo). Tak, py,, = P{X = z1} = pn +
+ piz + ... + Pim, YTO CACOYET M3 TEODEMb! CJOKEHHA HECOBMECTHBIX CO-
Gorruit {X = 21,Y =y}, {(X = 21,Y =}, ..., {X = 51,Y = yn}.

Anastormuno MOXHO HaliTu

m 1
pr=P{X=x}=2"pyj, py=P{Y=y}=2 py
j=1 i=1

Ipumep 3.2. B ypue 4 mapa: 2 6ensix, | yepuntit, 1 cunuil. 13 Hee maynaty
=~  H3BJEKaAOT ABa mapa. [Iyers ¢ B. X — YHCJI0 YepHEIX mapos B BHIOODKE,
C.B. Y — 4¥MCJI0 CHHMX HIAPOR B BeIGopxe. CoCcTaBUTE 3AKOH PaclIpere/IeHHs

st cucrembl (X, Y). Halttu saxonsl pacupenenemns X n Y.

Q C.B. X moxer npuaAMars 3Havenud ), 1; ¢.B. ¥ — sHavennn O, 1.
BeraucesnuMm cooTseTcTByIONMe BepoaTHocTH: Py = P{X = 0,Y = 0} =

c3 1 2 1 _1 C; _ 32
_5;5_E(HHH'Z'§"6)’p12_P{X_0’Y—1}_6'§_E’

pu=P{X=1Y =0} =% pp = P(X = 1,Y =1} = & Tabmmea

pacnpenesienus cucrems! (X,Y) umeer Bum:

X~Y |0
0

=] K= e
= S|

1
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Orcioma caenyer: P{X 0} = = —+——g- P{X 1} = %+% = é;
P{Y =0} = % + % = P{Y =1} = 5 %; = 5. 3aKOHH pacnpeneIeHus
cocTapnAmmux X Y HMEINT BUI;
X|0o|1 Y| 0|1
111] nm 111 ®
P3|z P23

3.2. Dynkuua pacnpenencHUa ABYMEpPHOW Cly4ailHOMN
BENUYNHDBI U €€ CBOMCTBA

Vunpepcanpuoit dpopmott zananusa pacipenesenns ABYMEPHOR ciry4ait-
HOH BesmuMHBI siBjIseTca (hYHKUMA PacHpele/cHus (MM «UETerpajbHasa
hYHKUHEAS ), NPUrOMHAS KAX [IJ1H JMCKPETHOH, TAK ¥ AJIs HeUPEepLIBHOM City-
qalirolt Benwuunskl, obosnavaemasn Fx y (z,y) wim npocro F{z,y).

§I Qynxyueli pacnpedenenusn deymeprott cayuatinot eeaurunn (X,Y) na-

sniBaerca dbyuxmmst F'(z,y), koropas s mobbix AeHCTBHTENBHBIX YUCENT T
U { PaBHA BEPOATHOCTH COBMECTHOrO BHINONHEHAA NByx cobprruit {X < z}
n{Y <y}

Taxum ofpazom, 110 OIpeaeSIeHRK

Flz,y) = P{X <zY <y} (3.2)

(cobrrrme {X < #,Y < y} osmavaer npousscnenne coburruii {X < z} u
{y <u}).

TFeomerpnueckn dynxuua F(z,y) MHTEPIPETHPYETCA KAK BEPOATHOCTD
nonaganus ciuy4dainoit roukn (X, Y) B GeckoHednnil KBaApPAHT ¢ BepUIMHOM
B Touxke (,y), nexxammit nepee u Huxe ee (puc. 39).

OyHKUUA pacopelesIeHns1 ABYMepHol qackperHol curyvyaitHolt penin-
ub (X,Y) Haxomurest cyMMupoBaHMEM BCex BeposTHOCTeR py;, mss KOTO-
pRIX Z; < T, Y; <Y, T €.

Fz,y)=Y_ > pij (3.3)

T, <L, <y

leoMmeTpnueckas HHTepnpeTanysa GYHKIAN PACIPEIe/IeHAA IO3BOJIHET
HaIVIANHO HJLIIOCTPHPOBATL ee CBOHCTBA.
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¥

(x, y)

- -1

. (X.Y)

T

Puc. 39

Cpolictrea ¢dyukumu pacnpeneseHus apyMmeprHo# chayqahsol
BEJIHIUHBI:
1. Oyuxuuma pacnpeneyieus F(z,y) orpaHu4ena, T.e.

0< F(z,y) < 1.

2. F(z,y) e yOblBaeT N0 KalKOOMY M3 CBOWX apryMeHTOB np# (uxcupo-
BAHHOM JPYIOM, T. €.

F(i:?':y
F(-’anz

F(z1,y) mpr g > x1;

>
2 Flz,y:) opu ya >y

)
)
3. Ecnu xora 6ui oguH U3 aprymeHToB ofpamaercs B —oo, TO (hyHKOHA
pacnpeneneaudn F(x,y) paBHa HYMO, T. €.
F(z,—0) = F(—o0,y} = F(~o00,—00) = 0.
4. Ecnm ofa aprymenra ofpamaiorest B +00, o F(z,y) pasua 1, n.e.
F(+00,+o0) = 1.

5. Ecuu oomH 13 apryMeHTos obpaulaercs B +00, To PyHKHOUA pacnpese-
JieHus CHCTEMBI CJIyvallHBIX BeJIRUMH CTAaHOBHTCA GyHKUIHEHd pacmpe-
JIEJIEHUH C. B., COOTBETCTBYIOLIEH JIDYroMy 3JIEMEeHTY, T. €.

Flz,+x) = Fi(z) = Fx(z), F(+oo,y) = Fa(y) = Fy(y). (3.4)

6. F(r,y) neupephiBHA CJIEBA 10 KAXKAOMY H3 CBOMX APTYMEHTOR, T. €.

lim F(ﬂ:,y) F(zg,y), UIm F(z,y) = F(z,y0)-
y—yo—0

$+-)In—
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(3 1. F(z,y) ects BepoaTHOCTD, cnienoBarensHo, 0 € F(z,y) < 1.

2. Tlpu ysenuyenud Kaxoro-auto U3 apryMeHToB (r,y) 3aliTpHXOBAH-
Had HA pEC. 39 obsacTh yBEMYMBAEGTCH; 3HAYHT, BEPOATHOCTE [OMAIAHUSA
B Hee cuydaltHolt touku {(X,Y) He MOXeT yMeHbIIATHCA.

3. Cobbitua {X < —oo}, {Y < —o0} u ux npouseeneHus HEeBO3MOXK-
HBI: NOMAJAHWE B KBAIPAT ¢ OTONBHHYTOH B —OC rpamHMLel HEBO3MOXHO.
BepoaTHOCTE TaKOTC COBBITHA PABHA HYJTIO.

4. Cobpitne {X < +oo} - {Y < +oo} mocrosepHO, CIENOBATENILHO, €TO
BEPOATHOCTh PABHA €IMHHIIE.

5. {X < +oo} -— pmocroeepnoe cobeirue, cienosarennHo {X < 400} X
x{Y <y} ={Y <y} u F(+o0,y) = P{X < +o0;Y <y} = P{Y <y} =
= Fy{y).

Awasorgano, F(z,+o00) = Fx(z). [

ITomuepkHeM: 3HaA COBMECTHOE paclpefesieHne IByX cayyalHbIX Besn-
quH X u Y, MoxHO HalflTu 0gHOMepHBIE pacipeleneHud 3THX caydalineix
BeJIHYWH, HO 0BpaTHOe, BOOG1Ie roBOpst, HeBEPHO.

OtMeTHM, UTO ¢ reoMerpudeckoit Touxu spenns F(z,y) ecms Hexomo-
pas nogeprrocmy (cmynexnvwamas AJis TBYMepHON muckpeTHOM cuyuaitnol
BEJINYMHD), 06J1A1A0MAA YKASAHABIMEA CBOHCTBAMA.

C nomoupio dyrxuyuu F(z,y) nerko MoxHO HallTH eepoamuocms no-
nadanus cayvatnot mouky (X,Y) e npamoyzoavnux D co croponamu, na-
PAJITIEABHBIMH KOOPIMHATHBIM OCIM:

Ploa: < X <o, €Y St =
= F(x2,y2) — F(z1,y2) — F(z2,11) + F(z1,1). (3.5)

IpuBemeM «reoMeTpuYecKoe OOKA3ATENLCTEO», CM. pHC. 40.

L~

(®2,y2)

=
(%)

NN

N

NN
NN

Y14
Ay, A,(xz,yl)
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//




110 * Pasgen nepablii. IneMeHTapHaa TEOPUA BEPOATHOCTENH

3necs F{z2,y2) — BepoATHOCTL NoNAmaHuA cjydalHol TO4KH B
06NacTh, 3ANITPUXOBAHHYI KOCHIMH NMUHUAMY, F(I1,y2) — BepTHKAIbHEL-
MH, F'(x2,11) — ropusonTansusivMu, F(z, Y1) — KOCLIMH, BEPTHKAJILHLIMH,
FOPH30OHTAJILHEIME (9Ty O6JACTh ABAXIBI BHIY/IH, CJIEAYET OIMH Pa3 MpH-
GaBuTh).

Ipumep 3.3. ITo rabaunam pacnpenenenns cucremsl (X, Y) xoMuonenr
X u Y nmpumepa 3.2 . 3.1 nattra Fi(z), Faly), F(z,y).

Q Hcnosbsya dopmyay (2.4), Haxonum bynkuuu paciupenesenus Fi(z)
u Fafy):

0, npu = £ 0, 0, npu y < 0,
Fi(z)=4056, npu0<z£l, Fo(y)=<05 mpuld<y<gl,
1, npu z =2 1, 1, opu y = 1.

Vcnonwaya dbopmyany (3.3), naxonum dbyrxumio pacipenenenna F{x,y):

XNY |yg£0j0<y<g1l 1<y
<0 0 0 0
1 3 1.2 ®
0<zgl 0 3 6m6+6
3_1,2),_1,2,2_1
1<z 0 6_6+6 1—6+6+6+6

3.3. NnoTHOCTHL pacnpeneseHUs BEPOATHOCTENR
ABYMEPHOW CAY4HAKHOWN BENIMYUHLI U €e CEROACTEA

HcuepnuiBajomeif xapakTepucTHKoi HenpepblBROR ABYMEPHOH# Coryvai-
HOft BETUYUHBL AB/IASTCH INIOTHOCTE BEPOATHOCTH. BBOAMTCH 9TO MOHATHE
AHAJIOTHYHO TOMY, KaK 2T0 JEJIANOCE NIPH PAacCMOTPEHHH ILIOTHOCTH pac-
npenesienns sepoaTHOCTE! ofHOl cayuaitHolt BeswunHb (11 2.4).

Heymepras caynailngs eeauyuMa HAILIBACTCA HEMPEPbIGHOU, ECTIH ee
dbyuknus pacnpesesnenus F(z,y) ects HenpepuiBHas dbynrums, nudde-
PEHUUPYEMAA II0 KAXKAOMY M3 ADFyMEHTOR, ¥y KOTOPOH cylecTsyeTr BTOpas
cMemauHas npoussonnad Fy (r,y).

ITaomnocmvio pacnpedeaenus seposmruocmet! (MM coemeemuots naom-
HOCTND10) HENPEePbIBROK NByMepHOR cnydaktnolt Benwauusl (X,Y) nasnsa-
ercd BTOpad CMeIIAHHAS [IPOH3BOAHAA ee (PYHKIMH Paclpene/IeHus.
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O6osHayaeTca COBMECTHAS ILIOTHOCTbH CHCTEMBI JIBYX HEIPEPLIBHBIX
cayqaitusix penuuut (X,Y) uepes f(z,y) (wom p(x,y)).
Taxum o6pazom, 110 ONPENETIEHUIO

2 T
faw) = 52 = Fy(a), 35)

IlaoTHOCTE pacnpeseneHns BepoATHOCTeR HenpepuiBHoH aByMepnoft ciy-
vaiinol Benwaunss (X, YY) ecTs npesesn oTHOLWEHNS BEPOSTHOCTH MONATAHUA
cay4dafisolt Touku (X,Y) B aneMeHTapHBIH NPAMOYTOJBHUK CO CTOPOHAMH
Az u Ay, npumbikaomuit X Touke (Z,Y), K MIOMAAN 3TOIO NPAMOYTOJib-
HUKa, KOTJ1a ero pasmepo Az u Ay crpeMsarca K Hyaw (puc. 41).

e
o o

Puc. {1

JefcrBuTensHo, ucnonbaysa dopmyny (3.6), nonyyaem: cpeaHaAs mIoT-
HOCTb BEPOATHOCTH B JAHHOM IIPAMOYTOJLHUKE DABHA

Plr< X <o+ Az,y < Y<y+Ay}

fp = Az Ay
_ 1 (Fl+lzy+dy)-—Flzy+Ay) Flz+Azy) - Flzy)
T Ay Az Az )

Tlepexona x npenesny npu Az -+ 0 u Ay — 0, nonygaem

Fl(z,y + Ay) — F'(z,y)
Az—0 Ay—0 Ay

b

e f(z,y) = (Folz,y))y = Fgy(z,y).

ITo aHaNOrMHU C ILIOTHOCTBLIO BEPOATHOCTH OHOMEDHOH HempepsiBHON
cny4daltHO# BenmumEbl, i npymepHol cayyalinolt emmaunst (X, Y) nnor-
HOCTb BEPOATHOCTH Onpenessercda kax GdyHkuusa f(z,y), yIOBIETBOPAIO-
WAS YCIIOBHIO

Plr< X <z+dz,y <Y <y+dy} = f(z,y) dedy; (3.7}

poipaxenne f(r,y)dzdy HA3LIBAETCS 3AEMEHTIOM GEPORATNHOCTIU [IBYMEep-
HOH cotydaiinol sesmunen (X, Y).
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TeomeTpHYeCKH NJIOTHOCTL pacupeneneHusi pepostocred f(z,y) cu-
CTEMEI JIBYX coyuadHbix Bennand {X, Y} upencrasnaer cofoll HEKOTOPYIO
MIOBEPXHOCTDH, HA3bIBAEMYIO NOGEPTHOCTMbIO pacnpedesenun (puc. 42).

Puc. 42

IInorHocTe pacnpenenenna f(z,y) obnamaeT clenyHOMEMH
ceoticTBamun:
1. IInornocte pacupefenenusa OpyMepHOH CirydalHON BEIHYIHHBI HEOTPH-
DaTeIbHa, T. €.

flz,y) 2 0.

2. Bepoaraocts nonananus cayuattnol rouku (X,Y) B obnacte D pasaa
IscitHOMY MHTerpaJy ot miaoTHOCTH no obsiactu D, T.e.

P{{X,Y)e D} = ff Flz,y) dzdy. (3.8)
D

3. Oysxnmsa pacnpeneseHNda OBYMEPHOH cayuafiHOH BeJMYHHBI MOXKeT
OBIThH BBIpAXKEHA Yepe3 ee IJIOTHOCTh paclpeneseHus 1o dopmyse:

Flew) = [ [ fxw(uo)dudo. (3.9)

—00 —00

4. VYcnosue HOpMHUPOBKH: ABoiHOH HecobeTBenHLIl mHTErpan B GeCKoHEY-
HEIX IIpefenax OT MJIOTHOCTH BEPOATHOCTH ABYMEPHOH C. B. pABEH eOn-

HUIE, T €.
>0 00

| [ 1@yydaty=1.
—00 —00
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5. IlnorHOCTHM pacnpeneNeHus ODHOMEPHBIX COCTaBAIomuX X H Y MOryr
OaITh HaliieHR! O POpMYyJIaM:

+o0 +oa
f flz,y) dy = fi(z) = f.(z), / flz,y}dz = faoly) = fy(y).  (3.10)

(1 1. Cnenyer n3 roro, uto F(z,y) ecTh HeyObiBaoman GyHKIMA 10 KaxX-
IOMY W3 apryMeHTOB.

2. Daement BeposiTHocTH f{z,y) dzdy (cm. (3.7)) npencrasnsier cobok
BEPOSITHOCTh NOTNanaHusa ciaydadinolt touxm (X,Y) B nmpamoyronsHuk co
cTopoHamu dz ® dy (c TouHOCTHIO 10 GeckoHeuHO Masnbix 6oJiee BRICOKOTO
nopAIKa [0 CPaBHEHUIO ¢ nponspencHueM dxdy). Pasbus obnacte D ua nps-
MOYTOJIBHUKH ¥ IDUMEHMB K KAXOOMY M3 HUX paBeHCTBO (3.7), mosyuaem,
[0 TEOPEME CJOXKEHUS BEPOATHOCTeH, DY CTPEMJIEHHH K HYJIO TIoHanel
OpAMOYTOABHHKOB (T. €. dz — 0 u dy — 0), popmyny (3.8). FeomeTpuueckn
3TA BEPOATHOCTE M300paxkaeTcs 06beMOM UIHHAPHIECKOrO Tera, OrpaHu-
YEHHOTO CBEPXY MOBEPXHOCTBIO pacnpeesenus f(z,y) ¥ onupaomerocs Ha
obnacte D.

3. Beipaxenue ¢dyHKIMHA pacopenesieHusa F(z,y) CHCTEMBI Cirydalnbix
pequynH (X,Y) yepes mnorHOCTE f(Z,y) MONydnM, HCHOB3Yys GOpPMY-
ay (3.8) {obnacrs D ecrb npsAMOYTONbHMK, OrpaHddeHHMH abcimccamu
—00, & U OPAMHATAMYU —0Q, Y):

FP,y)=P{X <z, Y <y} =P{~o0< X <z, <Y <y} =

= /m fyf(w,y)dmdy-

—00 — 00

4. Tlonoxus B dopmysie (3.9) ¢ = y = +00 U YUHTHIBAdA, YTO
F (400, +00) = 1, mostyaum

o o0
F(+400,+00) = f / flz,y)dzdy = 1.
—00 —0Q
Teomerpnuecku ceoficTBO 4 03HAYAET, UTO 065EM MEAL, 0ZPARUNEHHOZO NO-
eepTHOCMbI0 pacnpedeaenus u naockocmuio Oy, pagen eduruye.
5. Haitnem cHaqamna pyHKIMM pacnpedeseHus (3Has COBMECTHYIO TJIOT-
HOCTB OByMepHOH ciyuadtnoit senmuunsl (X,Y)), cocrapnmomux X n Y:

r oo

Fi(a) = Flo,+o0) = [ [ 1(a,) doay,

—0C —00
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o0 ¥
Fy(y) = F(+oo,y) = [ ff(ﬂf,y)dmdy,

—00Q =00

Fi(z} = / (f flzy)dy | dz, Faly) = (f flz,y)dz | dy.

(3.11)
Iuddeperimpysa nepsoe paBeHCTBO 10 X, & BIOPOE HO ¥, NOJIYYHM IJIOT-
HOCTH PACNPEENCHUA ClyyalhanX Besmunna X U Y:

= 9]

filz) = Fl(z) = [ f(z,y)dy

-0

faly) = Pilw) = ] fla.y)dz

OTmernm, yTo pemenue o6parHolt 3a1a4u (BOCCTAHOBATHL 3aKOH pacIpene-
JieHua cuctemel (X, Y) Mo H3BECTHLIM 3aKOHAM DAaCNpENeicHHA COCTaBJIs
IOIAX CHCTEMK) B ODIIEM CJYy4Yae HEBO3MOKHO. 1

IIpumep 3.4. Opymepnas crnydalinas senwaunna (X,Y) samana miortHo-

A
ﬁ s = . Haﬁ .
CTLIO pacnpeneseHusi pepoaTHocred f(x,y) 1+20 + ) TH
1) 4;2) F(z,9); 3) P{X < 1,Y <1}; 4) fi(z) u faly)-

Q 1) Hocroanuyio A HalneM, UCHOJB3YH YCJIOBME HOPMHDOBKH:

oo oo

A —
f f (1 +z?)(1 +y?)dmy—1’

—00 =00
o0 o0

A/ dx dy —1,
1+z? 1492

— 00 —0C
+0o0 +0co
‘ -arctg y} =1,
—0o —00

A-arctgz
A-n?=1.

L.
72

CanenosarenbHo, A =
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2) Ucnoneays dopmyny (3.9), Haxomum:

¥ z
_ 1. _dz dy . 1 T\ . v
F(m,y)—f(/ -2 1+m2) 1+y2__7r2 (a,rctg:t:+2) arctgyl_mm
-—00 o0

= (% arctg r + %) (:-l_r arctgy + —é—)
9

3) P(X < 1,Y < 1} = F(1,1) = (%‘ Z+§)(alr Z+%) =

{(ucnone3zosasm dopmyay (3.2}, MoxHO Bocnosb30BaTLCA dOpMyJIOH (3.8
4) o hopmyne (3.10) momnygaem:

16
))-

oD
1 dy 1 o
file) / 72 (1+z)(1+y?) 721 +3%) e gyl—oo
— 00

1 T, T 1
= e——i— _.+— = e,
72(1 + z?) (2 2) 7(1 + z?)

1 dz 1
= = . == — ®
) _4 Z Tr AR )
YnpaxHeHus

1. Osymepnaa caydaiinaa sesuunHa (X,Y) sanana copMecTHOH mutoTHO-
CTHIO pacnpeieseHus

Ae ™Y, mprz 20,y 20,
fla) = {3 e >0y
) IPOTHBHOM CJIy4ae.

Hatiru: 1) Kosd)d)nnneHT A; 2) Fxy(z,y); 3) Fx(z) u Fy(y); 4) fx(z)
u fy(y); 5) P{X >0,Y < 1}.

2. HeupepsiBuasa jiByMepHast caydaitnas sesmunda (X,Y) pasaomepHO
pacnpenenena (T.e. f(z,y) = ¢) BHYTpu TpeyroJIbHEKa C BepHIMHA-
mu (3(0,0), A(0,4), B(4,0). Hatttu: 1) copmecTHyio nioTHocTDb f(7,y);
2) fx(z) u fy{y); 3) BepoaTuocTs cobLITHA

A={0<X <1,1<Y <3}
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3. BepoaTHOCTh NONAJAHAS B LEJAb DK OJHOM BbICTpeJe AJs [ crped-
ka pasHa 0,4, nna II — 0,6. Oba crpeika, HE3ABUCHMO APYT OT JAPY-
ra, ZeJaloT Mo OBa BHICTpeaa B Ienab. Halttu: 1) 3akon pacnpenene-
HUA ciydaliepix Bemuynd X u Y; 2) coBMeCTHBIH 3aKOH pachpenene-
HHUA cHcrembl cayuadnamx seswunt (X,Y); 3) dbysxunio pacnpenene-
mua Fx y(z,y), econ cnyuafinast pemuupna X — 4ducno nonagasuil |
CcTpenKa, cay4dattnaz senmuanna Y — II crpenka.

3.4. 3aBMCUMMOCTL U HE3ABNCUMOCTb ABYX CJIY4AMHbDbIX
BesIN4NH

3Has 3aKOHBI PACIPENESIEHUS CAYIAHHBIX BeSTMYuH X H Y, BXOIALINX
B cuctemy (X,Y'), MoxHO HaliTy 3aKOH pacHpenesenua CHCTEMEL MOAbKO &
cayuae, xozda cayvatinse seaununs X u Y — wezagucumsi. C nonaruem
HE3ARMCHMOCTH CJYYaHHLIX BEJIHIHMH MBI YK€ BCTpEYaJIMch B II. 2.5: mBe
CIIYYalHBIE BEJIMYMHBL HA3BIBAKTCH HE3ASUCUMBLMY, ECIIM 3AKOH PacIpene-
JEHMA KKIOH M3 HMX He 3aBHCHY OT TOrO, KAKHE 3HAYEHHMA TPHHHMAET
opyras. B nporusnoM ciy4ae cayyatibie BeJMYUHE HASLIBAIOTCA 306UCU-
MBLMU,

Teneps nanum obiree onpenesieHne HE3ABUCHMOCTH CJIyIallHpIX BeJu-
YHH.

@I Crayuaitasie senuuuasl X ¥ Y HAILIBAIOTCA HE3GEUCUMbBIMU, CCJIH He-
3aBHCUMBIME aBssioTca cobbitus {X < z} u {Y < y} ana mobbix gefictsr-
TEJIBHBIX £ U §. B IPOTHBHOM CJly4ae CJIy<YalHble BEJIMYWHBL HAZBIBAKTCH
3QBUCUMBMU.

Cdropmynupyem ycioBue HE3ABACHMOCTH CNyYaRHBIX BEJTMYHH.

Teopema 3.1. Oaa toro, yrobri ciayuaiineie seigunsael X u Y Oblnu HesaBu-
CUMBL, HEOBXOIMMO U HOCTATOYHO, YTOORI (DYHKHHUA PACTPEIESIEHAA CUCTEMBL
(X,Y) 6pu1a pasna npomsseneruio hbyHKORH pacpeaeleHNAE COCTABIAIONINXK:

F(z,y) = Fi(z) - Fa(y). (3.12)

(4 Ecnu cnyvalinsie pesmauner X u Y nesasucamel, 1o cobprtus {X < 1}
u {Y < y} nesasucumel. Cnegosarensno, P{X < z,¥Y <y} = P{X <z}x
xP{Y < y}, r.e. Flz,y) = Fi(z)  Fo(y). Ecim xe nMeeT MeCTO pabey-
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creo (3.12), o P{X < z,Y < y} = P{X < z}  P{Y < y}. 3uaunm,
ciy4daiiple BeJIMYUMHEL X H Y HE3aBUCHMEL, |

3ameruM, yro ycsosue (3.12) ecTh MHadYe 3aIMCAHHOE YCJIOBHE HE3A~
BHCHMOCTH 1BYX cobbituii: P(A - B) = P(A) - P(B) (n. 1.15) nna cayvaa
cobeitft A = {X <z}, B={Y <y}

Teopema 3.2. Heobxom¥MeiM M OOCTATOYHBIM YCJIOBHEM HE3ABUCHUMOCTH
IBYX HEMIDEPBIBHBIX CJYYAHHBIX BesiMumH, ofpasyiommx cucremy (X,Y), As-
JIFETCHA PABEHCTBO

fz,y) = filz) - fa(y)- (3.13)

[J Eciu X # Y HesaBuCHMBIE HelpephIBHbIE COydalHhie BeIHIHHEL, TO
uMeeT MecTo papeHCTBO (3.12). HMudpepenumpya aT0 paBeHCTBO HO Z, 4

sarem 10 y, noytmm £(,9) = {2 Fi(a): £ Pafy) wm f(z,3) = fr(z) T2 (o).
N ob6parao. UnTerpupys pasencteo (3.13) mo z u mo y, nonyuum

jjf(z,y)dmdy= ffl(w)dw-/yfz(y)dy,

-00 ~00

r.e. F(z,y) = Fi(z) - Fo(y). Ha ocHoBanun teopemm 3.1 3akmaiouaem, 4TO
crnyvaitnble pesTHuMHLL X H Y HE3aBUCHMBL. n

k

Teopema 3.3, HeobxomumbiM M JOCTATOYHBIM YCJIOBUEM HE3ABHCHUMOCTH
IBYX OUCKPETHBIX CJIydadupix Besiwund X u Y, obpasyomux cucremy (X, V),
ABJIAETCS PABEHCTBO

P{X =2,Y =y} = P{X = x,} - P{Y = y,} (3.14)
pna gwbmx i=1,2,...,n, i=1,2,...,m

{(wmu, gTo TO Xe camoe: Py = Pz, - Py,, 1 = L,n, § = 1,m).

ITprumep 3.5. 3aBUCHMBI MJIM HE33BUCHMEI ciry4atinbie Besmyunam X u Y,
paccMOTpeHHbIe B npumepax a) 3.2 o. 3.1; 6) 3.4 n. 3.37
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3.5.

Q a)pu=P{X=0Y=0}=1,aP{X=0} PY=0}=3 =74,
T.€. P11 7 Px, - Py, - Cnyyafinble Bemrauan X H Y Ba.BPICHMI:I
1
6) flz,y) = __, =1 '
)f( y) W2(1+$2)(1+y2) .fl( ) 1+ 2 f2(y) T 1+y2
Tak xak f(z,y) = fi(z) - f2(y}, 10, cornacro ycmosuio (3.13), sakmogaem:
caydattasie pesimanast X 1 Y He3aBHCHMBIL [

YcnoBHbIe 3aKOHbI pacnpeneneHus

Ecnn cayqalinve Benuunrsl X u Y, o6pasyromue cucremy (X,Y), 3a-
BUCHMBI Mexk 1y COBOH, TO JA8 Tapaxmepucmuxy UL 368UCUMOCTNU BBOIUTCH
HNOHATHE YCJIOBHBIX 3aKOHOB PACIPENEJICHHS CYYaHHBIX BEJJUYIHH.

Yeaoanmm aoxonom pacnpedenerud 00nol u3 caysaiinme eeausun, BXo-
asmelt B cuctemy (X,Y'), HasbiBaeTca ee 3aKOH pacnpelesieHus, Haligen-
HBIA IPH yCJIOBHY, YTO APYras cJyJalHas BeJMYHHA TPUHAJMA ONpPEIeieH-
HOe 3Ha4eHue (MJIHM NOMAJa B KAKOU-TO MHTEpBaJ).

[Tycts (X,Y) — JIHCerTHa.ﬂ IBYMEPHAA Cy4YailHAA BeSTMINHA U Py =
=P{X =2,Y =y,},1=1,n,7 =1,m. B coorsercTsnu c onpeieeHn-
P(AB)

P(A)’
n. 1.14), ycaoeHas 6epoammocms mozo, wmo caydatinas eeaununa Y npu-
MET 3HAMEHUE Y; NPU YCA06UU, Ymo X = T, ONPEENACTCA PABEHCTBOM

eM YCJIOBHBIX BepositHocTel cobbiTull (Hanmomunanue: P(B|A) =

P{X =2,Y =y}
P{X=x}
1=1,2,...,n; 2=12,...,m (3.15)

PlY=y|X =z} =

Dy
(s xopowo: pllm) = ).
CosokynHocts  BepoaTnoctedt  (3.15), Te  p(y|z.), plyz|z:), -
ooy P{ym|z:), npencrapnsier cobolt yeaoenmtl 3axon pacnpedesenus cnyuaﬁ-
noti geauvwuns Y npu ycaosuu X = z,. CyMMa YCJOBHBIX BeposTHOCTelH

ply,|z.) pasna 1, neficTBuTeNnsHO;

m
Py _ 1 Pz,
ZP(%\%) =2 T ha P T
=1

m
(em. 1. 3.1: pg, = Zp”).
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Ilaomnocmy epoamnocmu Ycaoenozo pocnpedenenus (MIH YCAOBHAR
naomuocTid) cayualinot eeaununy Y npu yeaocsuu X = z onpenensercs
PABEHCTBOM

fy) _ _ fzy)
Hilz) o ’
/ flz,y)dy

Ycaopnaa mm’rnocrb obnagaer CROHCTBAMH IJIOTHOCTH PaclIpEIcJICHH,

Tax: f(ylz) 2 ff(ylcv ydy = 1.

flylz) =

roe  fi{z) # 0. (3.17)

Aua..nornqﬂo onpe,uenﬂe'rca YCJAOBHAS MJIOTHOCTH PACIPEICNICHHA CIIY-
qalHo# BeaMyuapt X NpPU yCIIOBHH Y = y:

ely) = f;;;)/) _ c’OJF(:E,y) ’
ff(x,y)dm

Hcnonbays coornowmenus (3.17) u (3.18), MoxHO 3amucaTsb

flz,y) = fi(z) - f(ylz) = fo(y) - Flz]y), (3.19)

T. €. COBMECTHAA TIOTHOCTh PACIPENE/ICHN CUCTEMBI CIIy4ailHbIX BeJIUTHA
PaBHA MPOH3BENEHHIO ILIOTHOCTH OIIHON COCTARJAMEN HA YCIOBHYIO IIJIOT-
HOCTH Opyro# cocTapiAnoniedl npy 3aJaHHOM 3HAYEHHR NEPBOH.

Papencrso (3.19) HasmBaloT Teopemo# (mpaBHJIOM) YyMHOXKEHHS
nnornocreil pacnpenenenuii (oHa AHAJIOTMYHA TEOpeMe yMHOXEHU Be-
poaTHocTed nna cobbrmuit, m. 1.15).

Jal) # 0. (3.18)

IIpumep 3.7. Ipymepuaa cayyailinas sesmumna (X,Y) sanana miorHo-
CTBIO COBMECTHOI'O PACNpeNeseHus

_ {Czy, mpu (z,y) € D,
flz,y) = {0’ npu (z,y) € D,

roe D — obnacTe Ha IJIOCKOCTH

y:’“ms
y <2
z < 0.

Haiite Gesycnosroe u yciioBHOe pacipemenesue cocrasisiiomelt X. Yoe-
AMThCH, 90 caydaliaeie Benuaunel X U Y 3aBHECHMEL
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N

Puc. 48

Q O6nacts D nzobpaxena Ha puc. 43.
Cuavana Halizem koadqbuupent C 13 yCiaoBUs HOPMHPOBKK:

/ f(z,y) dady = 1.

fﬂ?y)diﬂdyw/da’c/CwydyMC’fa:da:(%— ):
—C'[ (2—%) =C(.’c2—%)‘(12::—20_

ITosromy C = —%. Tenepr HAXOMUM

i
I

8\8 8

re fi(z)= %(rz:3 —4z), z € (~2,0) (xoHTpOID:

7f1(x) dz = fo i(mS ~4z)dz = -i- (-’%“ ~ 2m2) |:= %(—4+8) = % =1).

Hns naxoxnenus f(z|y) socnonbayemcs dopmysiolt (3.18), npenpapurens-
HO Halina fa(y):

faly) = [ff(w,y)dm] =/D(—§wy) we -ty 2f 2
-0 —¥
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[z, y) 1, ¥ 2
y € (0,2). Torma f(z|y} = [_h(—y)] = -5y p = —y—f, (z,y) € D
(xoHTpPOND:
oG 0
2)0
_Z; flz|y) dz =_/y“ (—-?2;%—) dr = —y—zz%’ﬁy= —3%(0 — %) =1).

Kax Banso, 6e3ycnoBHbIH 3aKOH pacupelesieHus Caydaiinol Benuunue: X
(f1(x)) He coBnanAeT C YCNOBHBIM BAKOHOM PACHDE/IEICHHA CIy4ailHOH Be-
gaunesl X (f(z|y)); cnyvatiusie senwumasr X 1 Y — 3aBHCHMEL ¢

B cnyuae npoussonsHOre THNA CAyYARHBIX BeNWIUH (YHKLIMA pacipe-
nenenus F(z,y) cucreMsl 3aBHCHMBIX caydalinbix sesumanH (X,Y) moxer
ObITh 3anKCAHA B BHOE:

Flz,y) = Fi(z) Fy|X <z)= Fy) Fi(z]Y <y),

rne Fao(ylX < z) = P{Y < y|X < 2} — ycsiornas GbyHKIMA pacrpeje-
JleHus cay4abino# sesmuuntt Y npu yenosum {X < z}; Fi(z|]Y < y) =
= P{X < z|Y < y} — ycnosHas GyHKIMA pacnpenesieHHs cJydairof
sesimuunbl X npu yenosun {Y < y}.

3.6. YncnoBble xapakTepucTUKU ABYMEepHO cnyyaitHon
senuuuHbl. MaTtemaruyeckoe oXxXxugaHue n gucnepcus

JLns cucreMbl Cay4alHBIX BEJIMYWH TAKKE BBOLATCH YHCIIOBBIE XAPak-
TePUCTHKH, NonobHbIe Tem, kakue Bulii g1 ogHOl ciaydalinoll seInHEL
B xauecTBe uucnosnix xapaxtepucruk cucteMsl {X,Y) obbruno paccmar-
PHBAIOT MOMEHTHl PA3JIMYHBIX DOpsaaxoB (cM. n. 2.5). Ha npakTure game
BCEro MenoJbayores MoMmerTh | 1 I nopsikos: MareMaTHIeCKOe OX H/IAHIe
(M.0.), DUCHIEpCUA ¥ KOPPEJANMOHHBIN MoMeHT, MaremaTHyeckoe oxuma-
HHE H JUCHEPCHA OBYMEpHOH ciay4valHO# BeTHYHHBI CIYyKAT COOTBETCTBEH-
HO CPeOHUM 3Ha4YeHHeM B Mepol pacceanus. KoppesanuoHHBLE MOMEHT BhI-
PAKAELT MEPY B3aMMHOIO BIAHSHHUS CIy4afdHBIX BEJIMUYWH, BXOIAAIIMX B CH-
cremy (X,Y).

@ Mamemamuneckum oncudenuem deymeprott c.6. (X,Y) uasbibaerca
COBOKYIHOCTL IBYX M.0. M X m MY, oupeneyiseMbiXx paBEeHCTBAMMU:

n m n m
MX =m, = ZZ:EEPZJ: MY =m, = Zzyjpur (3.20)

1=1 J:} =1 J=1
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ecnn (X,Y) — muckpeTras cacreMa . 8. (30echk pj; = P{X =, Y = y;} )
H

MX = f ]Oa:f(:z:,y) drdy, MY = /°° ]oyf(:r,y)dmdy, (3.21)

-0 —00 —00 =00

eciu (X,Y) — uenpepoiBHas cucrema ¢.s. (3neck f(z,y) — nJAOTHOCTH
PACIpelesIeHKrsl CHCTEMBI ).

Hucnepcuett cucmemn c. 6. (X,Y) HaseBaeTcs COBOKYNHOCTH ABYX
mucniepeuit DX nw DY | onpesenaemsix papeHCTBAMM:

DX = ZZ zi —mg)pij, DY = ZZ(yJ my)’pij,  (3.22)

i=1 j=1 =1 j=1

ecu (X,Y) — puckperHas cuCTEMA C.B. U

o0 oo oo o
ox = [ [@-m i@y, DY = [ [ty—m)itay) doy
—00 —00 —o0 —00
(3.23)
ecsin (X,Y) — menpepwsiBHasi CHCTEMA C. B.

Hucnepcur DX u DY xapakrepusyior paccesnue (pasbpoc) cnyuaii-
noit Toukn (X,Y) u B nanpansenvn ocelt Oz 1 Oy BOKPYD TOMKH (Mg, 1mMy)
Ha WIoCKOCTH Ty — UEHTpPA pacCesHMs.

MaremaTuyecKue OKHIAHUS My 0 My SBJSIOTCA YACTHBIME CIIY4aAMH
HAYGABHOZ0 MOMENMA O s Nopidia k + s cucremsr (X, Y'), onpenensemoro
PABCHCTBOM

g, = M(X*Y?);

M = M(XIYO) =mmo R my = M(XOYI) = aq,1-
Hucnepcuy DX u DY ABasA0TCA 4acTHBIME CIYYAAME YEHMPAABHOZ0
MOMENTRG P s NOpAdra k + s cucteMsl (X, Y), onpenesisieMoro paBeHcTBOM

Hi,s = M((X - mx)k(y - 'my)s)i

DX = M{(X —mgz)? = o u DY = M(Y —my)? = poa.

Marematudeckoe oxupanue c.s8. @{X,Y), asnmowelica dbyuxuuei
xkomnorenT X 1 Y asymepoii ¢. 8. (X, Y) naxoaurcs, aranoruano, no ¢hop-
MyJIaMm:

M(p(X,Y)) = f f olw,y)f () dady (3.24)
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IJIA HEIPEPLIBHOTO CJIYHad W

M(p(X,Y)) = > olzi ;)i (3.25)
t=1 g=1

JUISL NECKPETHOrO CJyvas.

Hawanenuniit momenT Il nopagka o1 = MXY wacro BcTpedaercs B

npuIcKeHuax. Beruucaserca mo dopmyne

MXY = Z Z ToYY;Dij (3.26)
1 j=1
OJIA AUCKPETHBIX C. B,
MXY = / / zy f(z,y) dedy (3.27)
—00 00

AJIA HeNPEPBIBHBIX C. B.

3.7. KoppensunoHHblit MOMEHT, k09dDUUUEHT
Koppenauyum

&

Ocofy10 posib UIpaeT IEHTPaJIbHBIH CMeIaHHEIH MOMEHT BTODOrO No-
panka p1,) = M(X—mg}(Y-my) =M XV, nassiBaeMbift KOPPESTAMOHHEEM
MOMEHTOM HMJI¥ MOMEHTNOM CERIU.

Koppeasyuonrvm momenmonm (MiIn xosapuatued) IByX cayualHbix be-
aHyad X # Y HA3BIBACTCA M. 0. OPOM2BEACHHS OTKJIOHEHHH 3THX C. B, OT HX
M. 0. B 06o3Hauaerca vepes Kxy unum cov(X,Y).

Taxkum 06paszoM, M0 OTPEIEIEHHIO

Kxy = cov(X,Y) = M[(X —my)(Y — m,)] = MXY. (3.28)

TMpu arom: ecnu (X,Y) — muckperHas OByMepHas C.B., TO KOBapHalmA
BRIYMCJIHETCH 10 (hopMyJIie

Kxy = Z z - My (yj - my)pu: (3.29)

ecin (X,Y) — HenmpepsiBHafA OByMepHad C. B., TO

Kxy = f [ (z ~ ma)(y —my) f (=, ) dudy (3:30)

—00 —C0
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{(bopmyasr (3.29) m (3.30) nosyyenn: Ha ocHosasmm dopmya (3.24) m
(3.25)).
Kopapuanuio 1acto yaodHO BBITHCAATH 10 (PopMYJIe

Kxy = cov(X,Y) = MXY — MX - MY, (3.31)

KOTOpas InoJiyuaercsa w3 oupenenenna (3.28) ma ocHoBaHHE CBOKCTE Mare-
MaTUYCCKOTO OXHIAHMA:

Kxy = M[(X —mg)(Y —my)] = M(XY — Xm, — Ym,; +mymy) =
=MXY -mMX —m MY +mgmy = MXY —~mgmy —mamy +memy =
=MXY -MX.MY.

Dopmysty (3.30) MoxHO 3amECaTH B BUIE

(o SR &)
Kxy = / /myf(a:,y) dzdy — mamy,. (3.32)

—00 —00

CsolicTBa KOBapHUanmu:
1. Kosapuanumsa cHMMeTpHYHA, T. €.

Kxy = Kyx.
2. Hucnepcud ¢. B, ecTh KoOBapHanuda ee ¢ camolf coboil, T e.
Kxx =DX, Kyy = DY,
3. Ecsm cnyyaliubie Besnaudabl X ¥ Y HE3aBHCHMBI, TO
K xy = 0.

4. Mucnepcus cyMMbl (pa3sHOCTH) ABYX C/y4aliHbIX BEJIMYAH DABHA CYMME
HX jucnepcril Iioc (MAHYC) yABOCHHASI KOBAPHALMHA 3THX CJY4alHbIX
BEJIMYHH, T. €.

DX+Y)=DX+ DY +2Kxy.
5. TocrosHHLIE MHOXKWUTENL MOXHO BLIHECTH 34 3HAK KOBADHAIHH, T. €.
Kexy =cKxy = Kxcy wm  cov(cX,Y) =ccov(X,Y)} = cov(X,cY).

6. Kopapumamusa He U3MEHHWTCH, €CJIM K ONHOR 13 . B. (AIM kK 060UM Cpa3y)
upnGaBUTh MOCTOAHHYIO, T. €.

Kx .y = Kxy = Kxyic= Kxiey+e
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A
cov(X +¢,Y) =cov(X,Y) = cov(X,Y +¢) = cov(X + ¢, Y + ¢).

7. Kopapuaumsa OByX CHYYAWHBIX BETHYHH N0 aOCOMIOTHOH BenM4uHe He
IIPCBOCXOOUT MX C.K. 0., T. €.

IKXYI L Og- Ty

(3 1. Caenyer u3s onpenenenus (3.28) xoBapraupu.
2. Kxx = M[(X —mg)(X —myg)] = M(X —m;)? = DX.
3. M3 mesapucumoct ¢. 8. X H Y cienyer He3aBHCHMOCTb HMX OTKJIO-

menuit X —my n' Y ~ my. Ionpsysacs coolicramu M. 0. (I, 2.5}, mosrydaem
Kxy = M{(X —mg} MY —my) =0.

4. DX +Y)=M{(X+Y)-MX+Y)* =
=M{(X-MX)+(Y -MY))? = M(X-MX)*+2M(X -MX)(Y —MY)+
+ M{Y —MY)? = DX + DY +2Kxy,
D(X —-Y)=DX+D(-Y)+2M(X - MX)(-Y — M(-Y)) =
= DX + DY —2Kyxy.

5 Kexy = M(cX — MceX)(Y -~ MY) = Mle(X - MX)(Y -~ MY)| =
= Cny.
6. JlokaspiBaeTCa aHAJIOCHYHO.

X —m, Y_my

7. IpuMensst CBOKUCTRO 4 K JIBYM CTAHIAPTHBIM C. B. 72 u oy

(em. 2.5), nosyqaem:
X —m Y - iy X-m Y — Ty
D( U;,;Ii oy )=D(——J$—Z')+D( 7y +

o (X o (X5me)) (Lo (L5 -

X-m; Y-my Kxy
:1+1i2M( s >=2(1:i:0m—0;.

JTiobaa nucnepcus HeQTPUOATENBHA, HO3TOMY
Kxy
2 (1 + EﬂTy) = 0. (3.33)

Orciona cnenyer, yto —o0y < Kxy < 050y, T €. |[Kxy| € 0,0y |
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Wa ceodtcrea 3 caenyer, yro ecnd Kxy # 0, o c. 8. X u Y 3aBHCAME!.
Cayuatinme penuunanst X n Y B otom cnyuae (Kxy # 0) HassiBaor xoppe-
auposarnmmu. OgHako U3 Toro, 1to Kxy = 0, He cielyeT HE3aBHCHMOCTD
c.B. X nY. Boarom ciayuae (Kxy = 0) ¢.B. X u Y HasbIBaOT HeKoppeaupo-
sannwMu. I3 HE3ZBUCHMOCTH BLITEKAET HEKOPPEJNPOBAHHOCTD; 0GpaTHOe,
BoOOIe rOBOPH, HEBEDHO.

Kax cnenyer us cpoicts xopapuamum, oHa (Kyy) xapakrepusyer n
CTEIeHDb 3aBACHMOCTH CAYYAHHBIX BEJMIHH, ¥ UX PACCEIHME BOKPYT TOUKH
(mg, my). PaamepHocTh KOBApHALMH paBHA IIPOM3BENCHHIO padMepHoCTel!
c¢.B. X u Y. B xauecTBe 4nC/IOBOH XapakTEePHCTHKH 3aBHCHMOCTH (a He
paccesinua) ¢.B. X u Y Gepyr Ge3pasMepHy0 BeJIHunHy — Koadpunuesr
koppensanwmn. Or apnserca Jy<ained onerxoll crenenu sAMAHMA 0IHCH C. B.
Ha OPYTYIO.

Koadpuyuenmonm xoppeasyut ryy AsyX ¢.B. X B Y HaswIBaeTCA OT-
HOWICHHE UX KOBAPHAIUH (KOPPENSIHOHHOrO MOMEHTA) K TPOU3BEASHHUIO UX

C. K. 0.
_ Kxy _ cov(X,Y)

rXy = = .
%%  /DXVDY
Ouesnnno, KO3IMPUIUEHT KODPENsMA PABEH KOBAPHAUMH CTAHIAPTHBIX

X—mx Z_Y—m
Oz AT T g,

CproiicTpa KosdrpunyMenTa KOppeasimuu:
1. Kosdqpdpuunenr koppesnapuu no abcomorHol BeMIHHE HE NPEBOCXOTHT
1, T e

(3.34)

Y
C.B. Zl = yLe ryy = COV(Z}, ZQ)

lrxy| <1 mam —-1<rxy €1
2. Ecim X u Y He3aBUCHMEL TO
rxy = 0.

3. Ecau c.s. X u Y caasann nuueitnol sapucuMoctsio, T.e. Y = aX + b,
a#0, o

lrxy| =1,
npyyeMm rxy = 1 npu a > 0,
rxy =—1lnopua <}
4. Ecmm |rxy| =1, 10 ¢.B. X u Y cBasaus! nuneiino#l GysxumonansHod
33BUCHMOCTBIO.

1. Tak xak |[Kyy| € 0, 0 (cBoiicTBO 7 KOBApHALHH), TO
y P

. iKxy| 020y
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2. Kxy = 0 B cay4ae mesapucumocry X u Y. CrenosaTesbHO,

Kxy
XYy = T20y =0

3. Cornacuo cpoficTBaM KOBapHaIlud, MMeeM
cov(X,Y) = cov(X,aX +b) = cov(aX + b, X) = acov (X +2, ) =
=acov(X,X) =aDX
u DY = D(aX + b) = a®?DX. [loatomy

rxy = cov(X,V) _ aDX _a _ {1, npu ¢ > 0,
vDXVDY DX |a|-vDX el -1, mpra<0.

4. Ilyers rxy = 1. Torpa u3 pasencTea
X—my Y-—my\ Kxy
D( Uz T oy =2 1_crmory
{cM. cBoficTBO 7 KOBADHANMHK) [HOIY9aeM

D(X_m’”—y—m”)zo

Tz oy

T. e. o - = ¢ — nocrosauuaa. Ho
X-m, Y—my X-m Y —my
C=MC=M( Oa £ _ o_y ):M(TE)—M(—%— =
=0-0=0,
- Y-m o,
T. e. ¢ = 0. 3uaqur, X Gmm“’ =~ Y reY = Ei-(X — mg) + my. ps

rxy = —1 noayyaem
g
Y= —O—.—z(X — Mg) + My

Taxum obpasom, npu rxy = 1 ¢.B. X u Y ceasans suuefinoft pyuxumo-
HAJILHOH 33BHCHMOCTBIO. [ |

ViTak, n/1a He3aBHCHMEIX CoIy4alHBIX BesmyuuH rxy = 0, nns muHediHo
CBAZAHHHIX |rxy| = 1, a B ocTaneHBIX ciydasax —1 < ryxy < 1; rose
PAT, YTO €. B. CRA3AHLI nNoAoHcumeavrol voppearyued, ecau rxy > (; ecm
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rxy < 0 -— ompuyameavnoii xoppeasyueti, Yem Gomxe |rxy| x engunune,
TeM Gonblie ocHoBanu¥ cuyuTarhk, 4To X M Y cbssann! junednoil sabucu-
MOCThI0. OTMETHM, YTO KOPPENAUHOHHBIE MOMEHTH ¥ JIUCIIEPCHH CHCTEMBI
C. B. O0BIYHO 3aJAITCH KOPPEARYUOHHOT Mampuyeil:

KXX KXY DX KXY
(KYX KYY) e ( DY)'

IIpumep 3.8. 3axoH pacnpeesieHdsi JHCKPETHOR OBYMEpHOH C. B. 3ajaH
TaDanaeH:

XN\Y|-1] 01
0 |0,15]0,40 | 0,05
T |0,200,10]0,10

Hairy xoa(pPrOMeHT KOPpesalun ryy .

(Q HaxoiuM 3aKOHBI PACHPENEeHUs cocTaBisaomux X u Y:

X101 Y] -1] 0 | 1
p | 0,604 p | 0,35 | 0,50 0,15

HaxoguMm MaTeMaTHIecKoe O IAHNE COCTABIAINMMNK: My = 0-0,6+1-0,4 =
=04, my =-1-0,35+0-0,50+1-0,156 = —0,20 (ux Moxno 6n110 GBI
Haliti, Hcmosb3ys opmyay (3.20); Tax

2 3
me =YY @py = 0:0,15+0-0,40+0-0,05+1-0,20+1-0,10+1-0,10 = 0,4).
=] j=1

Haxongm quctepcuu CoCTaBIsoumMX:

DX = [MX? - (MX)?] = (0*-0,6 +12-0,4) — (0,4)® = 0,24,

DY = ((-1)2-0,35 + 0% - 0,50 + 12 - 9,15) — (—0,20)? = 0,46,
Cragno 6oitn: 0, = /0,24 = 049, 0, = /0,46 =~ 0,68. Haxomum M XY,
uenoassysa dopmyay (3.26): MXY =0-(-1)-0,15+0-0-0,404+0-1-0,05-+

+1-(-1)-0,20+1-0-0,10+1-1-0,10 = —0,10 (Moxxn0 OBL7T0 GBI COCTABUTL
3aKOH pacnpenenenus Z = XY, a 3arem walitu MZ = MXY:

Z=XY|-1] 0 | 1
» 0,20 [ 0,70 | 0,10 |’
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MZ=MXY =-1-0,20+0-0,70+1.0,10 = —0,10). Haxogum xoppeJsay-
OHHBI} MOMEHT, HCTIONIL3ya dopmyay (3.31): Kyy = [MXY -MX -MY] =
= -0,10-0,4-(-0,20) = —0,10+0,08 = —0,02 # 0. Haxonum xoscduruent
Koppessinuu (opmyna (3.34)):

_ | KExy| _ =002 -
TXy = [Ua:ay] T 0,49.0,68 —0,06,
OTpHUATENILHAR KOPPeTIstiIas. o

YnpaxueHus

1. Isymepnas c.B. {(X,Y) sanana 3akoHOM pacnpesesieHus.

XY | 1] 2] 3] 4
1 | 0,07 |0,04]0,11]0,11
2 10,08 0,11 0,06 0,08
3 |0,09]0,130,10] 0,02

ITposepuTh, 3apucumel Jm ¢. B. X u Y. Halttu cov(X,Y).

2. IInoTHOCTE COBMECTHOrO pacnpenenerua c. B. X u Y 3anana dbopmynol

_Ja(l-=y®), mpuiz| <1, Jyl <1,
flzy) = 0 B OCTAJIBHBIX CJI
. ydasx.

HaliTu nocrosHuyio o ¥ KoadxpHUIHEHT KOpPEIALHH.

3. Henpepeisaaa neymepHas ¢.B. {X,Y) samana nJoTHOCTBIC pacupene-
JIEHMA BepOATHOCTEH

cle+y), npuld€r<<l, 0Ky,
Fzy) =94, B
R POTHUBHOM CJIy4ae.

Bapucumer au ¢.B. X 1 Y7 Haftti M. 0. v mucnepcuroc.B. X u Y.
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3.8. leymepHOe HOPpManbHOE pacnpeaneneHue

Cpenn 3aKoHOB pacnpenenieHus OsyMepHoit ¢.B. (XY} Ha npakTuke
yalle BCEro BCTPEYaeTCH HOPMAaJIbHOE (TayCCOBCKOE) paclIpenesieHHEe Bepo-
arHoctelt. OHO NpUMeHAETCS, B YaCTHOCTH, AJI4 ONHCAHUA 2-X PE3YJIbTATOB
H3MepeHns1, abCUUCChl ¥ OpAMHATE TOYKH nonaganusa {X,Y) npu cTpensbe
HTO

Heymepras c. 8. (X,Y) naznsaemes pacnpedeaennoti no HOpMaabHOMY
3aKoNY, EC/AH €e COBMECTHAR IJIOTHOCTE f(z,y) uMeeT BHA

1
flz,y) = X
2mozoyv]1 — r2

1 ((m—mm)z_%(m—mz)(y—mv)+(y—my)2)
2 2
we -t of TaTy 7y , (3.35)

TA€ Mg, My, Oz, Oy, T = Xy — HNAPaMeTPHI 3TOTO PaCNpeNe/ieH .
Pacnpenenernue (3.35) HASBIBAETCS TAKKE HOPMAADHBM 3AKOHOM DaC-
npedefchud HO NAOCKOCTRAY UNU J8YMEDHUM HOPMAALHBIM (TAYCCOBCKAM)
pacnpedesenue.
Moxwno noxa3sars, uto f(z,y) — 210 DYHKIHA DVIOTHOCTH, T. €. CHDPA-

BEIUIMEC PABEHCTBO
(e T o]

[ [ 1@ dsay=1;

— 00 — 00

my = MX, my = MY; 0; v 0y — cpensne KBalpaTH4YeCKHe OTKJIOHEHNA
(c.x.0.); r — kospdunmenr Koppessiuuu ¢.B. X n Y.

9T0 03HAYAET, YTO ABYMEPHOE HOPMAJILHOE PACIIPeelICNe IOTHOCTBIO
OMpelesiAeTCs 3a0aHHEeM €r0 YHCJAOBBIX XAPAKTEPHCTHK, YTO YAO0HO Ha
npakTHKe (ONBITHBIM NIYTEM HAXONAT 3TH NapaMeTPLl-XapaKTEPUCTHKH M
HOJYYAOT COBMECTHYIO MIOTHOCTD f(Z,y) ABYX HOPMAJbHO DACHPELENIeH-
HEIX C.B. X u Y).

BuIacHMM CMBICJI, HANIpIMED, NAPAMETPOB M, U Oy, Hallaa pacupene-
JieHHe BeposTHocTel cocTaBnaomelf X (T.e. NNOTHOCTh BEPOATHOCTEH of-
nHomepnoli ¢. B. X). Cornacuo dopmyste (3.10) (. 3.3) ameem:

o0 . (x —mg)?
z) = z,y)dy = e 203{1-1%) %
f1() [o Sy =t
| ((y-my)z_%(m—ms)(y—my))
% /e 2(1-‘1"2) a'f, Tz Ty dy::

—0Q0
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T — My Y — My
= |MOJCTAHOBKH ———— =1, ———— = z| =

\/§0'a:
V20, -t 70 -

= e 1—-r2
—00

2mozoyV1 — 12
o0

t2 1
MO, -7

—00
2 242
__t 2+rt2 o0 (z —rt}?
e 1l-—r 1—7r - 3
e 1-7° dz=

- Vo /1 —re

—00

z—1rt
= |IONCTAHOBK ———— = U} =

S
2

—12 7 )
=_£ 1-r e~ dy = & V=
V211 — r2_oo V2no,

= |TaK Kak / e du = /7 — unrerpan Ilyaccona, dopmyaa (2.39) | =
jmade )
(z = ma)?
1 e 202

- V2To,

B (x —mg)?

L (3.36)

1
filz) = €
V2woy
Crnyuafinaa peuunHa X UMeeT HOPMAJIBHOE paclpeneseHne ¢ M. 0. My
nucnepcueit o2. AHAJOIHYHO TOJIYyYaeM

(y*my)z
2
foly) = —=—e¢ %% (3.37)
W = J ,
T.e. Y ~ N(my, ay).
T'pacdux mmorHoctu f(z,y) HOPMAJBHOTO pacupejleNeHus JBYMepHOH
c.s. (X,Y) npencrasiaser coboll XoamooGpasHy0 NOBEPXHOCTH, BEPIIH-

1
¥
myMm bynkuuu f(z,y) mocruraercs B T0uKe (mg,my), puc.34. Cevennsa
NOBEPXHOCTH PACHPEAEJECHHS [JIOCKOCTSAMYM, NPOXOIAIMAMM 4YEepe3 TOYKY

Ha KoTopo#l HAXOOuTCH B TOUKE (mm,my, T. e, MaKCh-
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1
2nooyV1 — 12
BAAIT cobolt kpuseie Naycca srpa z = be-elz-ma)? IMepecexkas nosepx-
HOCTb PAaCIpenesieHnd z = f(z,y) naocKocThIo 2 = 2, rae 0 < 29 < Zmax,
napayienbHolt nuockocTH (Ozy, MOJIYYUM B CEYEHMH IAAUNC, YPABHEHUE
IPOEKIUH KOTOPOro Ha IJIOCKOCTh Oy, UMEET BHL

My, My, NEPIeHIMKYJIAPHO Tnockoctu (Ozy, mpencra-

(z ;nz) _o m;)c(ry my) W Ty) = A2, (3.38)
ox Y Ty

rae h? = —2(1 — r?) In(2r2g0,0,V1 — r2). (B cusy orpanwuenns Ha 2o ap-
ryMenT jorapudMa MeHblIe 1, CIIeH0BATEIBHO, 3HAYeHNe JIorapudMa OTpH-
narespHo.) Eco ocymecTBuTh peobpasoBaHie HapaiIelIbHOTO IEPEHOCE,
U 10BOpoTa ocell o dhopMyIaM

T =mg+ TpCcoSa — Yo Sina,
Yy =y + Tosina + yo cos

2rogoy
0'2 0'2 ’

T
ofpasyerca B KAHOHMYCCKOS YPaBHEHHE 3Jnunca. e {3.38) Haswsaior

FAAUNICOM PECCEANUA; OCH CUMMETPHH JLtuIca {oun obpasyior ¢ oceio Ox
yrue ¢ U T+ () — 2AGBHBMU OCAMU PACCEAHUA, 8 UEHTD JLIANCA (TOUKa

rae yroa ¢ nogobpas tax, 4ro tg2a = to ypasHenue (3.38) npe-

(s, my)) — uenmpom pacceanus.

Ecnu xomnonenTsl AByMepHo# HopMaJibHO pacupenesesso#ic. 8. (X,Y)
Hekoppenuposaint (r = rxy = 0), 10 {pynkuus niaoraocrn (3.35) npuan-
MaeT BujI

_ 2 _ 2
_%((m ma)? | =) ) )

oz oy

_{a: —1mg)? _(!J'—my)2

=—1 ¢ %d Ll o 20 (1) fy),

Vano, Vemoy

T.e fz,y) = fi(z) - fo(y), tae fi(z) — maotHoCTh pacnpenenenns c.B. X,
faly) — c.B. Y. Orciopa ciemyer BbIBOL HEKOPPEAUPOBAHHBIE HOPMAALHO
PACNPEFEACHHBIE CAYMATMHDBIE GEAUNUHDL AGARIOMCA TNAKICE U HEIABUCUMDL-
su. Copasenyiuso n obparnoe yreepiienne. Takum obpasom, Oist HOD-
MAaJIbHO PaclpeleJIeHHBIX C. B, TEPMMHBI «HE3ABHCUMOCTE» U «HEKODDEJIH-
pOBaHHOCTb» YKBUBAJICHTHBI.
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YpaBHeHHE JLIMIICA DACCEAHHS [JIA HEKOPPEJIHDOBAHHBIX C.B. 3allH-
CBIBAETCA B BUOE )
2
(z —mg)*  (y—my)”

(hog)? (hoy)?

{cnenyer w3 papseucrsa (3.38) mpu r = 0). Ha puc. 44 uzobpaxen omun
raxo ssumnc (npu h = 1).

Pue. 44

Yreepxaenue, Ecanc. B. X u Y HE3aBACUMEL, TO 82PORMKROCTIL NONA-
darua caysatinolt mouxu (X,Y), pacnpedenennoti no HOPMAALHOMY 3GKONY
8 npamoyzoavtux R = {a € z £ b,c £ y £ d}, naxomurcs no dopmye:

Pla<X <be<Y <d} = (q)o(b-;;’nx) _a, (a—;:nm)) .
22

(o () -2 (),

rne ®q(z) = e~ 2 dz — dpynxuus Jlannaca.

Bl
3
Se—n

[ Ucnonsaya dopmyuy {3.8),Haxomum:

Pla<X <beg<Y <d} =
& {z — my)? d (y —my)?

1 / T 202 1 f T 202 —
= e = dr- e v ody=
V2moy Vanoy Y

C

a

- (2o (557) - (55 (o (552) -2 (557))

IMpoussoabRyo obsacts D MOXHO nprbIDKEHHO 3aMEHATDH 06JIaCThIO,
COCTABJIEHHOH ®3 npaAMOyrosbHUKOB. Ha 9TOM OCHOBAHO NMPHMEHEHHE Tak
HA3BIBAEMBIX «CETOK PACCEMBAHUAS.
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3.9.

Moxno nokasare, IT0 BEpOATHOCTE MONATAHUA Taxol Xe roukn (X, Y}
B OAIMH M3 3JIJIHICOB PACcCEAHNA PaBHA ’

- 2 - 2 1
P{(m ma)” , W) gh2}=1—e“§h2.

2 2
oz a

IIpumep 3.9, Hafitu BeposrTnOoCcTs nonazanus todkd (X,Y) B npsmo-

yroneauk {|z| < 1,|y] € 2}, ecam JUIOTHOCTE COBMECTHOIO PACIDEICIICHHUS
T2 + 4y?

c.8. X u Y pasna f(z,y) = 5—¢ 6

3
Q Oynkuuio f(z,y) MOXHO NepElHCATh B BUAE
_(z-0)? e
-
1 L, ° (‘/g

“Svr .1, F) .
flz,y) = ‘/ﬁme 23\/5; fiz) - faly)

v (0,83

1 4
my P{lz| €1, L2} =20 =} 2%y [ = | = 4P,(0,58) - ¥4(2,31) =
yo 4;!3 | <Lyl <2} = 2% (\/ﬁ) 0 (\/9‘,) 0(0,58) - @o(2,31)

SnaunT, ¢.B. X u Y meaasucumuiu X ~ N{0,v3),Y . Iloato-

Perpeccus. Teopema 0 HOPpManbHOW KOppenauun

ITpw u3y<enuu OBy MepHOH Cliy4aliHOH BeTMYMHRI PACCMATPHBAIOTCA He
TOJIBKO YHCJIOBbIE XAPAKTEPHCTHKH OOHOMEDHBIX KOMIOHEHT X u Y (cM.
n. 3.6), HO ¥ YKMCJIOBEIE XAPAKTEPUCTHKH YCJIOBHBIX PACIPEOEICHHH: YCI0B-
HBIE M. 0., YCJIOBHBI€ THCNIEPCHH.

Yeaosnvim mamemamuvecxum odcudarues odnotll us c. 6., 6Todawur
6 cuememy (X,Y) HABMBACTCA €€ M. 0., BHIMHCJAEMOE [IPU YCJIOBUH, ITO
OpYTad C. B. IPUHA ONPENEJIEHHOE 3HAEHAE (MM HONaJIa B MAHHBIM HE-
teppasn). Oboznauaerca: M(Y|X = z) wm M(Y|z) u M(X|y).

BuaucaaioTcs 3TH XapaAKTEPUCTHKH MO OOBIYHBIM (OPMYJIaM M. 0., B
KOTOPBIX BMECTO TJIOTHOCTH PacOpelesieHds u BeposaTHocTeld cobrITHit uc-
HOJB3YIOTCH YCIIOBHBIE IJIOTHOCTH PACTPEIESICHUA HiTH YCJIOBHbIE BEPOAT-
noctm (1. 3.5).
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=

s HenpepeIBHLIX C. B,

M(Ylz) = / vfule)dy, M(Xly) = __/ cf(zly)ds,  (3.39)

rae f{ylz) u f{z|y) — ycoosubsie nnorHocTu pacupenenenus ¢.B. X u Y,
onpenensemble pasercrsamu (3.17) u (3.18) n. 3.5.

1A mUCKpeTHHIX €. B. X M Y YCIIOBHEIE M.O. BBIMHCAIOTCH [0 Pop-
MyJIaM

M(Y|z:) =Y yiplysles) M(X|y;) = D wiplzily), (3.40)
i=1 i=1

rre p(yjizi) = P{Y = y;|X = z;}, plaily;) = P{X = z|Y = y;}, dopmy-
awt {3.15) u (3.16).

YCI0BHOE MATEMATHYECKOS OXKUIAHAE C. B. Y npu 3aiaddoM X = I, T. e.
M(Y |z) = p(z), nasbiBaercH Pynruuetl pezpeccuy MM IPOCTO pezpeccueil
Y na z (uwnu Y no z). Aranoruuno, M(X|y) = ¢ly) — peepeccus X Hay
(wmu X no y).

I'paduku 3tux GyHKIMA HA3BIBAIOTCH COOTBETCTBEHHO AtNusimy (AIIH
«KPUBBIMH») pezpeccuts ¥ Ha z u X Ha y.

Ecnu ob6e ¢pynxoun perpeccun Y ma x u X Ha ¥y JUHEHHEL, TO TOBOPAT,
410 . 8. X # Y cBazaubl aunetinot xoppesiyuonnotl 3a6ucuMmocmsio.

Teopema 3.4 (Teopema o HopMmasbHOHR Koppenssuu). Ecoan neymepnas
c.n. (X,Y) pacnpenenena mo HOpMaJLHOMY 3aKOHY, TO ¢.B. X u Y cBaA3aHbI
JIMHEHHOR KOPPENSHHOHHOR 3ABUCHMOCTEIO.

(3 VYenosHoe m.0. M(Y|z) (re. pyuxumio perpeccur Y Ha z) Halloem,
HCIIO/Ib3Y$l YCJIOBHBIH 3aKOH pacupelesieHud C.B. Y OpH X = I, KOToO-
pulit onpenenserca yCJIOBHOH MIOTHOCTBIO pacupenenenns f(y|z). Cornac-
"‘E'J
HO dopmyne (3.17) f(y|z) = f(z.9)
fi(z)

Ha dbopmynolt (3.35), a maoTHOCTL pacnpenesnenus cocTapnsomei X ects

. CosmecTHada miorHocts f(x,y) 3a1a-

(z—'nr.!.w)2

— 1 202
I) = [ x
i) Vamag

(cM. dopmyny (3.36)). Umeem
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1
z) = x
fyle) 2rozoyV1 —r?

i ((r—mm)2_2r(x—mz}(y—my)+(y—mu)z)

21 —1r?) o2 Oz 0y al

xXe

[MpouseeneM ynpolieHne MOKA3ATENs 3KCIOHEHTHI B nochaenueil dopmyse.
Tak xKak

1 ((m—mr)ﬂ_2r(x—mm)(y-my)+(y—my)2)+

2(1 - r?) 2 Tz0y o2

($—mx)2_1—T2: 1
202 1—-r% 2(1-r%)

3 ((w—mm)z _2ra—ma)ly=—my) (o= m1-r?) | (y—mﬁ) _

2 G20y p 2

(o) T e}

z z ¥
L (mm) wemm)ymmy) | re-me)?)

2(1 —72) 03 T20y a2
__ 1 y-my z-mg ’
2(1—r2) \ % T ’

TO
9y 2
y—(my +7- g (2 —mse))
flylz) = 2oy VI=72)?

1
V2 (oyv/1 —r?) ‘

Kax Bunno, yc/OBHBIA 33K0H pacTpefesieHnst ABNATCA TOXE HOPMAJILHBIM
C YCJIOBHBIM M. 0. ¥ YCJIOBHOM gmcnepcuefl, onpenenseMpiMu popMyiamMn

. ay(z —my)

M(Y|z)=my+r o2

D(Y|z) = o2(1 - r?). (3.41)
AHAJIOTHYHO MOMKHO MOJIYYMTE (DYHKIMIO perpeccHd X Ha y:

Ux(y — my)

ly) = M(Xly) = mg +r- —— u D(X|y) =oi(l—r?). (3.42)

Tak xak obe dynxkuuu perpeccun (3.41} u (3.42) aune#inwl, TO KOppeIALAA
Mexay ¢. 8. X u Y nnHelinas. |
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ITpumep 3.10. IlocrporTe MuHEMIC perpeccuy Y HA T 1A OBYMepHOii C. B
(X,Y), sakon pacnpenesenus Koropoit 3anan rabanneii:

XNY|-1]o0 [ 1%
0 |0,10]0,15]0,2010,45
1 |0,15]0,25 0,15 | 0,55
S 10,250,440 | 0,35 | 1

Q Haxonpum ycsioBHBIE psAOB! pacnpenesieHss ¢. 8. Y npu 21 = 0, 3 = 1,
ucrons3ys hopmysts (3.15).

plyile)) = P{Y = 11X =0} = g2 = 12,
Plinler) = PY = 01X =0} = g2 = 12,
plusler) = PY = 11X =0} = g = 20
Corzazzef?y.ém) umeem M{Y|z} = -1 ig +0- }lg +1- ig ig
pliles) = P(Y = —1|X =1} = ;12 = 18,
pluales) = P{Y =0|X =1} = g2 = 2,
plysles) = PY = 11X = 1} = 2 = 2.
Canenosarensno, M(Y|xy) = -1 - El)g +0- gg +1- ég 0.
JinHuA perpeccun Y Ha r n3obpaxeHna Ha pHC. 45. [

M(Y|z.)
14
10,

0 1 4
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YnpaxHeHun

F

1. ITocTpouts Jimunio perpeccuu X Ha y Mo yonopuio npumepa 3.10.

2. Hyecrs (X,Y) — neymepnas HOPMAJILHASA C. B. C NAPaAMeTPAMH My =
=my =0, 0y = 0y = 1. Haiitn ycroBHEyI0 NIOTHOCTE pacnpenesieHHA
c.B. X npu ycnopuu, uto ¥ = y u ¢.B. Y 0pH yciaoBHu, 410 X =
(BocnionpsoBarecs dbopmysamu (3.36) u (3.37)).

3.10. MHoromepsas (n-mepHan) cny4aitHasl Be/iM4MHa

(obwime ceepeHunsn)

CucreMmy n ciyuaftHbIX BEJIMMMH HA3KIBAIOT N-Meproll (MHOZOMEPHOT)
¢. 6. uwim cay4adtnnim pexropom X = (X1, Xa,..., Xa).

Mnozomepnasn c.a. ecmv Pynkyus BAEMEHTAPHOTO COOBLITAA  Ww:
(X1, X2,...,Xn) = @(w); KAKIOMY 3JIEMEHTAPDHOMY COBBITHIO w CTa-
BHTCA B COOTBETCTBHE N AeHCTBUTENBHBIX “MCEN L1, X2, ..., Tn —
3HA4YeHUA, UpUHATLIE C.B. X3, Xo, ..., X, B pesygbrare onbita. Bek-
Top T = (Z1,%2,...,Tn) Ha3BIBaCTCH peaauseyuet] CaysaifHOTC BeKTOpa
(X1, X2,...,Xp) = X.

3axoH pacnpeneseHns BEPOATHOCTER n-MepHoi ¢. B. 3agaerca ee PyHk-
yuell pacnpedeserus

Fx\ X3, X%, (X1,Z2,. .., Zp) = P{X] <21, X9 < 123,...,Xp < zp}.

Dyuxumsa pacnpenenenus F(xy, Ty, ..., Ty) 06/1a0a€T TAKMME Xe CBOACTBA~
MM, Kak ¥ (pyHKHMSA pacnpenesienus asyx c. 8. F(z,y). B sacrrocru: ona
IpUHEMAaeT 3HaYeHud Ha orpeske [0, 1], F(+oo, +o0,...,00) = 1, F3(z3) =
= F(4oc0, +00, 3, +0C, ..., +00).

ITromuocms pacnpedenenus cucmems n HenpepmBubx ¢, 8. (X1, Xo, ...
... ,Xpn) ONpenensaeTCa PaBEeHCTBOM

_ O"F(x1,x3,...,%n)

P X0, X (215 B20 1 Bn) =~
IIpu srom: f(x1,22,...,%n) 20 H

oo X o0

/ / / f(-Tlst:---3mﬂ)d"‘r’.1dw2""d$":1'

—00 —C0 o0
g ———
n
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Bepoamnocmy nonadanua cayqatinott mouxu (Xp, Xo,...,Xpn) 6 obaacme
D 13 n-MepHOro NpoCTPaHCTRA BHIPAKACTCH N-KPATHBIM HHTErPasioM

P{(Xl,Xg,...,Xn)ED}=[/.../f($1,$2,...,$n)d$1dmg...,dz‘n.
(D)

Oysriua pacnpeneseHusa F(z1,%g,...,2,) BRPAXKAETCa Uepe3 MIOTHOCTD
f(z1,22,...,2y) N-KPATHBIM HHTETPAJIOM
T Z= Tn
F(x1,22,...,%p) = / / / f(z1, 22, ... 2n) derds . . ., day.
—00 —00 —0o
| S —

k]
Heobzodummm u docmamounsim YCAOBUEM 83aUMHOT HE3ABUCUMOCTNUY
Tt C. B, ABJIACTCHA PABCHCTBO:

Fx, x5,..%, (1, %2, ..., Tg) = Fx,(z1) - Fx,(z2)... Fx, (zs);

HAJ1A v HEIPEPBIBHBIX C. B.:

Fxi X0 Xa (21,22, 00, Tn) = fxy (21) - fx,(22) ... fx, (20).
OCHOBHBIMY “UCAOGBLMYU TOPaAXmMepucmuramy mHozoMmeprotl c. a. (Xj,
Xa,...,Xp) asasorca:
1. n M.0. cocTaBaaomux X;, T.e. m; = MXy, mo = MXa, ..., iy =
= MX,,

2. n mucnepcuit cocrapimommx X;, T.e. D1 = DXy, De = DXq, ...,
D, = DX, npu atom D; = M(X; -~ m;)%, i = 1,n;

a

3. n(n—1)koBapnaumit, . e. K;; = M(X}i-Xj), t # j, npu atom K;; = K,

ggnapfa);‘unn K;; 06pasyioT KOBAPHALMOKHYIO MATPHILY
Kn K2 ... Kin Dy Kip - Kiy
Koy Ko ... Koy - Dy o Ko
Kni Kpz ... K Dn

3.11. Xapakrepuctuueckas GyHKUMA v ee CBOACTEBA

Hapany ¢ dyuknuel pacnpenenesus, conepaxaileil Bce CBeeHNA O C. B.,
[ €€ OTMHCAHHA MOXKHO HCIOJIb30BATh TAK HA3BIBAEMYI) LAPAKMEPUCTIU-
yeckyro pyHruuw. C ee MOMOIBIO, B YACTHOCTH, YNPOLIAETCH 3a0a4a Ha-
XOXKOEHWA PACTpeNeNIeHHA CYMME He3aBMCHMEBIX C. B., HAXOXJISHHA YHCIO-
BBIX XAPaKTEPHCTHK C. B.
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Xapaxmepucmuueckoll Pynsyuet c. 6. X Ha3LIBAETCA M.0. C.B. X

ofosradaeTcs depes wx (1) nam apocto @(t).
Taxum o6pazomM, IO ONIpene/IeHNIc

ox(t) = M,

Tae ¢ —— mapaMeTp, ¢ = v/ —1 — MHAMAS €INHNIA.

Hdna o.c.s. X, npuarvaioomell 3navenua 1, T2, ...C BEPOATHOCTIMHA
pr = P{X =z}, k = 1,2,3,..., xapakrepucrudeckas GpyHKIHA onpese-
nserca dopmyaoh

o0
px(t) =Y e™py, (3.43)
k=1

i H.C. B. ¢ IorHocTso f () — dopmynod

o0

wx(t) = f e f(z) dz. (3.44)

~ 00

3amMeTHM, 9TO:

1. Xapaxtepuctuuyeckas byuKundg H. C. B. ecTh npecbpazosanue Dypre o1
[UIOTHOCTH €€ PACIPEIEJIEHUST; IIOTHOCTE f(2) Buipaxaercs wepes o(t)
obparaeiM npecbpaszosanuem Dypee:

o8]

— _L —itr
fo) =55 [ vt at
—00
2. Ecrau c.B. npueBMaeT mesoducaeHHbe sHageana 0,1,2,..., To ¢t} =
= (), tme z = €', Toraa

o0

W(z) = > 2 m
k=0

(cm. . 2.6).
Croiltcrpa xapakrepucruideckoil pyaxmmn:
1. [Ons Beex £ € R umeetr MeCTO HEPABEHCTBO

le(8)] < (0) = 1.

2. BEcmY =aX + b, roe e u b — nocroguawie, TO

oy (t) = oy (at).
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3. XapakrepHcTHYecKas JYHKIMA CyMMBl OBYX HE3ABACHMBIX ¢.B. X n Y
paBHA NPOU3BEINEHHIO HX XAPAKTEPUCTUCTHIECKHMX (DYHKIMMH, T. €.

ex+y(t) = px(t) - v (t).

4. Ecnu gna HekoToporo k CyIECTBYeT HaMAIbHBIR MOMEHT k-T0 MopaIKa
c.B. X, r.e. og = M(X¥), ro cymecrsyer k- IpH3BOIHAH XapPAKTEpPH-
crudeckol pyHKUMM U ee 3Ha4eHne npH £ = 0 paBHO oy, YMHOXEHHOMY

Hna i, T.€.
k , .
r,ag()(O) =P M(XF) = ik,
3 1. @(t) = |[Me*X| € M|e"X| = M1 = 1. ([ettcreurensro, |etX| =

=|costX +isintX| = Vcos2tX +sin? tX = 1); o(0) = Me® = M1 =1,
2. <py(t) = MetY = Mett(aX+b) — M( 2th ta.Xt) = githpferetX —
= e'Pox(at).
3. ‘PX1+X2(t) = MeiX1+X2) — M(etiletth) = MetX1 . pMetXe —
= px, (1) - px,(t). CBoHCTBO CIPABEIIHBO IUIA CYMMBI 72 HE3ABHCUMBbIX C. B.
(K)o _ dEMetX k_atX _
4. o' (t) = ok < "M {X*e**). Tlosromy mpu t = 0 mmeem
¢ (0) = it M(X*) = i*ay. n

s ceodicrsa 4 cnenyer o = i‘k(pf,];) {0). Orciona, Kak 9acTHLLE cotyuall,
MOXHO IOJIY4HTD:

a1 = MX = —ig/ (0) (z‘lml=ix-_—i—=—i),

= MX? = —,"{0), (3.45)
DX = ay —aF = —"(0) + (£'(0)).

IIpumep 3.11. Halitu xapakTepucrudeckylo GbyHKIHIO €. B. X, pacupene-
JIeHHO# mo GmrOMEaNbLHOMY 3akony. Halttu MX u DX.

Q C.s. X mpunnmaer 3navenus 0,1,2,...,7 C BEPOATHOCTAMH
= P{X =k} = Chp*q" %,
Iosromy, ucnonsaya dopmyay (3.43) u dopmyny 6unoma Herorona, raxo-

IHM, 9TO

n

(,D(t) - Zeitkck k n—k ch(ett k n— — (Bitp—l-q)n,
k=0
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T.e. p(t) = (e''p + ¢)*. Ucnonsaya dopmynsr (3.45), Haxomum:

MX = —i(n(e®p + )" ' -pe’ -i)| =np, DX = npq. ®

YnpaxHeHus

1. Hality xapakTepucruiecKyo (pyHKIMI ¢. B. X, PABHOMEDHO pAacIpe-
HesieHHol Ha oTpeske [a,b].

2. Halitu MX c.s. X, pacupenesiensoif no sakony Ilyaccona ¢ napame-
TPOM a, ¥CHOJIb3ys XapaKTepucTuiecKyo GhyHKIMo @y (i).

[ -2z, upmze[-1,0], .
3. Hano fx(z) = { 0, B IPOTHBHOM Co1y*ae IJIOTHOCTE C.B. X.
Haittu @x(t).

3.12. Xapakrepucruyeckaa GyHKLMNS HOPManNbHOW
cCRy4yaiiHOW BeJINYUHDI

Cornacno ¢opmyne (3.44), xapaxtepucruueckas HpyHKIUa C.B. X ~
~ N{a,o) pasua

oo

? (z —a)? 2% — 2{a + ito?)x + o?
w(t) = L f et 207 dp m — / e 202 dz =

2we
—00 bde 4]

202 dr =

o0

1 X 22 —2z{a+ite?) + (o + ito?)? + a? - (a + ite?)?
f e
— o0
1 / (x~{a+ite?))?  2nito? + (ite?)?
e

2a? ‘e 202 dr =

-0

1 e g2 202 dr =

Zaite? ~ 12q¢ ]0 fz—(e+t ta?))?
€



144 * Paanen nepesiid. 3neMeHTapHan Teopus EEPOATHOCTER

[=]
— :at- — /
2

— 1 zta-——\/— zta—

(1: - (a+zta’2}

J z — (a + ito?) -
( V20 )

2,2

ta

/ ¥ gy = — wunrerpan Ilyaccona

U
Taxum 0b6pasom, px (t) = e® T eciu X ~ N{a,a).

IMpumep 3.12. HafiTu ¢ noMOMBIO XapaKTepUCTHYECKOR (DYHKIIHNA M. 0. U
—  mmcnepcuio ¢.B. X ~ N(a, o).

Q IHpmmenum dbopmyns: (3.45):
t2 2
= [~ig/(0)] = —ie' ™™ 3 (ia — taz)lt =-ila=a,

.e. MX =a;
DX =[-¢"(0) + (¢'(0))*] =
. tg? 2
=~ (—dzemth_ﬂih + (10 — t02)2em’t~Tﬂ) L_0+(iaa)2 =
2_ 22,22 _ 2

=0g°—1"a" +:“a“ = ag°,

1.e. DX = o2, Tlosy4nan M3BECTHBIE HAM PE3YJIbTATHL G ~~ M.O., 0 —
C. K. 0.; 3TH IAPaMeTPHI IIOJTHOCTBIO ONPefessaioT C. B., PACNPENESeHHYI0 0
HOPMAJIBHOMY 3AKOHY. L



CDYHKIJ.MVI cNny4yanHbIX BeNU4YMH

HacTo BO3HHKAKIT 3334, B KOTOPBIX II0 U3BECTHOMY 3aKOHY Dacmpe-
nesieHus (Wi YUC/IOBEIM XAPAKTEPUCTUKAM ) OTHOH (MM HECKONBKUX ) CITy-~
yaltHoH#t BeIMYHHLL TpebyeTca onpenenuTh paciupenesieHue Apyroi (Mim He-
CKOJIBKAX) Coy9a#iaoil BesM4uuHbl, (DYHKIAOHAIBHO CBA3AHHOH ¢ nepsof.
IMocTpoenne 3aKOHOB pacupenesieBusa (pyHKnud HekoTopmiX o, c.B. {cX,
X+Y, X Y) yxe 6pl10 paccmorpeno B m. 2.5 (csoltctsa 2, 3, 5 mare-
MATHYECKOTO OXKMIIAHMA).

DyHKLMA O/HOMO CNYYaiHOro apryMeHTa

Ecay xaxk oMy BOZMOXHOMY 3HAUEHUIO C. B. X IIO ONPENEeJICHHOMY pa-
BHJTY COOTBETCTBYET OOHO BO3IMOXHOE 3Ha4YEeHHE C. B. Y, T0 Y HA3BLIBAIOT
dynryueti caynalinozo apeymenma X, 3anuceisaior ¥ = ¢{X).

ITycts X — A.cC.B. C BOBMOXHBEIMHM 3HAYEHHAMH I, X2, L3, ...,Ln, BE-
POATHOCTH KOTOPHIX DAaBHBL COOTBETCTBEHHO P1,P2.P3,..-1Pny T € P =
= P{X = z;}, i+ = 1,2,3,...,n. OueBugno, 910 c.B. ¥ = ¢(X) Tak-
Xe I.C.B. C BO3MOXKHBIMU 3HadeHUAME y1 = @(z1), ya = p(z2), y3 =
= @(x3),. .., Un = ©(Tn), BEPOATHOCTH KOTOPBIX PABHBI COOTBETCTBEHHO
P1,P2:P3s -+ Py T € €0 Yy = @(2i), 10 p; = P{Y = yi} = P{X = 2.},
i =1,n.

OTMETHM, UTO pa3JInYHBIM 3HAYCHWAM C. B. X MOTYT COOTBETCTBOBATL
OIHHAKOBLIE 3HAYEHNSA C. B. Y. B stom clIy4ae BEPOATHOCTH NOBTOPAIOIINAX-
csA 3HAYEHUH clelyer CKIabIBaTh,

Maremaruyeckoe oxkunanue 0 gucnepeus Gysxumn Y = o X) onpene-
JIAIOTCA COOTBETCTBEHHO PABEHCTBAMH

MY =3 ¢(zip, DY =) (o(z:) - my)’p;.
=1

=1
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Ilpumep 4.1. 3anan 3ax0H pacupeneseHns 1.¢. B, X:

X|-1:1 2
p |01[03[06]

Haittu MY, ecm: ) Y = X2,6) Y = 2X + 10,

Q a) C.s. Y npunumaer snavenua 41 = (21) = (-1)2 =1,y = 12 =
=1, y3 = 22 = 4, T.e. oHa NPUHUMAET UBA 3HavenHs: 1 W 4, mpuuem
m=PY =1} =P{X =-1}]+P{X =1} =014+03 =04, po =
= P{Y =4} = P{X =2} = 0,6. Caenoparensno, MY =1-04+4-0,6 =
= 2,8.

6) 3akoH pacnpenesieHas Y HMeeT B

Y] 8§ [12] 14
7 10,1]0306]

Buayur, MY =8-0,1+-12-0,3+14-0,6 =12,8. ®

IMycrs X — HenmpepwIBHASA C.B. C MJIOTHOCTLIO pacnpenenesna f(z), a
¢.B. Y ecrp ¢byukuua ot X, T.e. ¥ = @(X). Halinem sakon pacnpenesie-
HUs ¢ B. Y. Byaem cuntars dyskmmo Y = ¢(X) nenpepsipHO#, cTporo
so3pacralomelt u muddepennupyemoi B uurepnane {(a,b) (oH MOXeT GrITH
BeckoHedHBIM: {—0C, 00)) Beex BozMoOxHBIX 3HadennH c.B. X. Torna cyme-
creyet dyuknua x = ¥(y), obparnas dyukiun y = @(z) (cnydalinaa rouka
(X,Y) nexur Ha Kpuso# y = w(z)). Cyukuusi pacnpenenedua Gy (y) (ee
mox o obo3auuTs ¥ Tak: G{y), Fy (y) 2am Fy (x)) c. 8. Y onpenensiercs no
dopmyse G(y) = P{Y < y}. U tax xax cobuoitee {Y < y} skBHBasIeHTHO
cobrrmuio {X < ¢(y)} (puc. 46), o

¥

y = ()

Y<y{

o
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w(y)
G(y) = P{Y <y} = P{X < 9(y)} = Fx(s(y)) = [ flz)ds, ne.

P(y)
Gly) = f f(z) de.

[

Huddepesnupys nosyueHHOe paBeHCTBO 10 Y, HalliemM mI10THOCTE pacmpe-
IeJIEHNA C. B. Y

o) = 20 = ) ) = 16w H W)
T. €
9ly) = FlHN¥' (v). (4.1)

Ecnu ¢ynxuna y = p(z) B untepnasne (a,d) cTporo yoniBaeT, T0 cobbiTHE
{Y < y} sxBusanenrHo cobpiruio {X > (y}}. osromy

b Yy
cw= [ f@ds=- [ fie)da.
W(y) b

Orciona ciegyer, 9To

g(y) = —F )Y (y). (4.2)

YuuTBIBaAS, YTO INIOTHOCTH DACHPENeeHus He MOXKeT BbITh OTpUIIATEbHOMH,
dopmyannt (4.1) u (4.2) MoxkHO 06benMENTL B OTHY

g(y) = f( () (W). (4.3)

U, nakonen, ecom ¢ysKnus y = ¢(z) HeMOHOTOHHA B muTepBaJe {a,b), To
s Haxoxaenus g(y) cienyer pasburh MHTEPBaJ HA 71 YYACTKOB MOHOTOH-
HOCTH, HaliTi o0paTayio (PYHKIMIO HA KAXKIOM U3 HUX M BOCIIOJIB30BaTLCS

dopmynoi

n

aly) = > Flu(w) i (v)l- (4.4)

i=1

Ecmu c.B. X sBiderca HenpepniBuo# B f{x) — mioTHOCTH €e pacnpene-
JIGHHS, TO IJIA HAXOXKJIEHWA UYMCIOBBIX XAPAKTEPHCTHK C.B. ¥ = @(X)
HeobGA3aTENbHO HAXOONTD 3aKOH €€ PacupelelieHHs, MOXKHO I0J1b30BaThCs
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&

dopmynamn

MY = M{p(X)) = / o(z) f(z) dz,
o (4.5)

DY = D(e(x) = [ (pla) = m,)*f(@) do

IIpumep 4.2. Haltty naoTHOCTh pacnpeneseHna gpyuxnun ¥ = —5X + 2,
cuutas X H.C.B. C JJOTHOCTBIO f(Z).

Q OyHEuuA y = ~5z + 2 MOHOTOHHO yORIBAET B MHTEpBaJe (—00,00).
Obparnas ¢byHKUMST eCTb & = %(2 —y) = ¥(y), ¥(y) = —%. TIo dopmy-

Je (4.3) nmeeM g(y) = f (2_g_y) : I—%I = —éf (z—g—y), Y E (~—00,00). @

MponnnrocTpupyem Ha npuMepe 4.2 BoiBom Gopmys niad QYyHKIHN H
IJIOTHOCTH pacHpeNesIeHHs

Gly)=P{Y <y} =P{-5X +2 <y} = P{X>25y}

:1—P{Xs2g—y}=l—(P{X<25y}+P{X_2—gy-}):
=1_p{x< 5”}:1—}&(2;”),

TaK Kak P{X = 2—?’-} =0, e Gly) =1-Fx (2—-—5"—3) — ¢dyuxumsa
pacupenenenud c. 8. Y. Torna

s =0 = (1- 1 (352)) - _fx(zT) ( 5 )yz

T. €. g(y) =z "—_5-—y‘): YE (_001 00)

Otmetum, yro nureltnoe npeofpasopanne Y = aX + b He MeHseT xa-
paKTepa pacnpeneseHna: U3 HOPpMaJlbHO#| C. B. IOJIydaeTcs HOpMaJIbHASA; U3
pasHOMepHOH — paBHOMepHaa.
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[~

ITpemep 4.3. [IycTe c. B. X uMeer paBHOMEPHOS PACTPEUSICHUE B HETED-
BaJIe (ﬂ%, %) . Ha#iTu maremaruteckoe oxuaanue ¢, B. Y = cos X a) naii-

a1 mioTHocTh g{y); 6) He Haxonsa g(y).

Q a) VImeem:
e (59)

0. #¢(-33)
s

B unTeppasie (—%, 2) dbyrKUMA ¥ = cOS T He MOHOTOHHBA: B (—%, 0) PpyHK-

f(z) =

usa pospactaer, B {0, T ) — y6pisaer. Ha mepsom yuacrke o6paruas byHK-
2

umMst £ = —arccosy = yYn(y), Ha BropoM — Z2 = arccosy = a(y). o
dopmyse (4.4) umeem

g9(y) = FE I ()] + F2()lda ()] =

_1 1 1/ 1 - 2
Tl/1—¢21 7 1—42] wy/1—y?
T.€ o
—=— mpul<y<l,
gy)=q7mv1i-9*
0, mpu y < 0w y = 1.
Torma
O 1
2
MY = /yg(y)dy] :fy-—————dy=
[ T/ 1 — g2
—o0 0
1
2 _1 1
=24 fa-wraa - = -1 2vT= - &,
]
T.e. MY=%.

6) Ucnonszyem dopmyay (4.5):

z
MY = cosm-%dz:%sinw 2W=%(1—(—-1))x,‘%,
r)

I
nof k\wlu

T.e.MY=%. ®
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YnpaxHeHua

1. Huckpernas ¢.B. X 330aHA 3aKOHOM PACIPENESIEHAA

XT—2]-1] 01 2] 3
p | 0,10 | 0,20 | 0,30 | 0,25 | 0,10 | 0,05 |

Ha#iti 32K0H pacupenesienus Ciydaluerx pesyyann: a) ¥ = 2X?% — 3;
6) Y =vV/X+2;8) Y =Sin%_X.
Juckpernas c¢. 8. X 3a0aHa CBOMM pAOOM pPacIpene/eHHs

Xi0]1]2]3
p 0304102017

IloCTpOMTh MHOTOYTOJBHUK pacnpemenenusi ¢.B. X u Y = cos? %X .
Hafitu MY n oY

HafiTyt mAoTHOCTL pacnpeaeicHia W oucnepcuo ¢. 8. ¥ = X + 1, econ
X ~ R[-2,2].

Curyuattvasa senumunna X ~ N(0, 1). Halltu myorHoCTh pacnpeneneHns
c.B:a)Y =3X%6)Y =X|.

IIycre X — H.C.B. C IJTIOTHOCTBIO

_Je™®, mpuz 20,
fle) = {0, npu z < 0.

Hafitu $yHk1MI0 pacopenesie nst B ILIOTHOCTh PACTIPEIESICHHA C.B. Y,
ecmma)Y =2X -1,6) Y = X2,

4.2. OyHKUUN ABYX CNYYaNHbIX apryMeHTOB

JJ1s pelieHnA pROA TPAKTHYECKUX 34734 HeoDXOOMMO 3HaTh 3aK0H pac-

NpeJie/IeHRA (MM 9HCIOBbIE XaPAKTEPHCTUKH) CIydalHBIX BeJIMYAH BUOA
Z=X1Y,Z2=X'Y,Z=vVX?+Y? Z =max(z,Y) u apyrux.

Ecnu raxkmoit nape BO3MOXHBIX 3Hadennd c.B. X m Y mo oupeiesnen-

HOMY OPABHJIY COOTBETCTBYET OJHO BO3MOXKHOE 3HAYEHHME C.B. Z, T0 Z

Ha3hIBAKT @ynxyuetl dsyr cayralnur apzymenmos X u Y, 3amuCLIBAIOT
Z=p(X,Y).
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Haitnem 3aKkoH pacnpenesieHus CyMMbl JBYX CIyJalHBIX BeJIMYHH {HAK-
fomee parkHbIll HA MpaXTHKE}, T. €. 3aK0OH pacupenefeHus ¢.B. £ =X + Y.

IIycrs cucrema Opyx HenpepoiBHEIX ¢.B. (X,Y) HMeeT coBMeCTHYyIO
nIOTHOCTSE pacupenesenus f(x,y). Hattnem oo dopmyse (3.8) dbyuxumio
pacupenesesuz c.B. £ = X + Y.

Fz(z) = P{Z < 2} = P{X +Y < 2} = //f(m,y) dody.
D,

3aeck D, — MROXeCTBO TOYEK IIOCKOCTH (JTY, KOODOHHATH KOTOPBIX Y0~
BJIETBOPHAIOT HEPABEHCTBY & + ¥ < z, ¢M. puc. 47,

7/ y

Puc. 47
Hmeem o s-s
Foe) = [ ( [ r@wan)ds.

Huddepennupyst noayveHHOe PABEHCTBO MO MepeMeHHOH z, Bxopsmel B
BepxHu# nrpenest BHy TPEHHETO HHTEIPaJIa, MOy IAEM BhIpaXKeHHe 114 IVIOT-
HOCTH pachpeleieHusa ¢.B. £ =X + Y

fz(z) = / flz,z — z)dz. (4.6)

Ecin c.B. X u Y wnesasucume, To, Kak ussectno (n. 3.4), f(zr,y) =
= fi(z) fa(y). Popmyna (4.6) npumer Bux

ﬁ@=ﬁw@2fh@ﬁ%ﬂﬂ- (4.7)

3aKo0H pacHpeneiCHUA CHMMB HE3QGUCUMBLE C. 8. HR3BIBAETCA XKOMMNO-
guyuet! NWIH ceepmxoll 3aKOHOB PACTIPENE/IEHAHA CIIATACMEBIX.
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ITnoTHOCTE pacnpenesJeHus C.B. Z MOXHO 3alUcaTh B BUIE fxiy =
= fx * fy, TOe * — 3HAK CBEPTKH, a ¢hopMyay (4.7) nvaswisarT GhopmysI0i
CBepTEM uau GHopMyIol KOMIIO3HIINN IBYX pacrpeneseHuii.

3amicas Z B puae £ = Y + X, MOXHO [TOJ1YYUTE IPYTOE NPEICTABIEHNE
miast fz(z), a nMeHHO

= ff(z—y,y)dy

fa(z) = f filz ~ v faly) dy

B CIy4ae He3aBHCHMOCTH C.B. X n Y.
Sasaua HAXOXKOCHHA 33KOHA pPacHpelesieHud C.B. uga £ = X — Y,
Z =X .Y ¥ Opyrux peiaiorca aHaJIOrHYHO,

IIpamep 4.4. Ilycts c.B. X ~ N(0,1), ¢.B. Y ~ N(0,1). Halitn sakon
' pacopegenesusa ¢.B. Z = X + Y, cuuras X u Y He3aBUCHMBIMH C. B.

Q Hcnonwsya dpopmyny (4.7}, nonyquaem

:1:2

fa(z) = 7’% 7

o0 2
= -1— e 2 dr = i—e_%- / e_(x_i) d (g; — _Z_) =
27 27 2
oo —00
22
- L \/; = L _o 2

] e~ du = /7 — nrrerpan Ilyaccona

z2

Ix+v(z) = =€ V27,

1
\/_ !
CyMMa He3aBHCHMBIX HOPDMAJILHBIX C. B. (c m = 0, ¢ = 1) uMeer HOpMaJb-
HOe pacrpeaesenne (¢ m = 0, ¢ = v/2). ¢
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ITpumep 4.5. CoBmecTHOE pacripenenenue C. 8. X u Y 320aHO ILIOTHOCTBIO
pacnpeaeeHns BePOATHOCTER

z+y, mprl0<z<L, 0<y<l,
f@v) =9, B
) POTHBHOM CJIy4ae.

Hai#itu norHoCTs pacnpenesnenns peposTHocTed ¢.B. £ =X — Y.

Q Haitnem cnauana dpyuxumo pacnpenenenus F(z) c.s. Z, a satem — ee
npoussoaHyo F(z) = fz(z).

Fa(z) = P{Z < 2} = P{X —Y < 7} =f/(x+y)d:cdy,
D,

rne D, — MHOXECTBO TOYEK, KOODAMHATH KOTODBIX YAOBJIETBODHIOT HEpa-
BEHCTBY Z—% < 2, T.€. ¥ > T — 2 {OHW HAXONATCH BbILIE NPHEMOH ¥ = T — 2),
rge z — npoussoanHce wucao. OgeBnmuo, ecau z € —1, to F(z) = 0; Tak
kax f(z,y) = 0 pue kpagpara 0 < z £ 1, 0 € y € 1. OGnacTs WHTErpHpO-
panus D, npn —1 < z € 0 nsobpaxena na puc. 48, npu 0 < 2 £ 1 — Ha
puc. 49).

¥ / ]
y=x-—z
4 1/ ///=w-z
74 //D/
A .
/ 0 1+z1 = ot /2 ¥
Puc. 48 Puc. 49

IIpu —1 < z € 0 uMeem

14z 1 14z

2y (1
F(z)=[f(m+y)dmdy=fdwf(x+y)dy=fdm(:cy+%~)
r—z
D, 0 T—z 0
1+z
- 1_,2 _(m‘z)z =
_[(m+2 I° 4+ 1z 5 )dm-
0
(=21 2 _m_i_q(fﬂ“*z)a |1+"_
—(“z“"i“"' 5 t23 & Jl =
142?142z (1+z)3+z(l+z)2__l_é__(z+1)2
T A R ) 66" 2
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Iipu 0 < z € 1 umeem

1

F(z)=f/(m+y)dwdy=jdwj(w+y)dy+/d:c/1($+y)dy=
D; 6 0 z-z

z

z 1
2 1 2
— ¥ L
_[dm(my+ 2)‘0+fdm(xy+ 2)
0 z

1

T—2

Taxum obpasom,

0, npd z € —1,
1 2
(z-;), mpu —1 <250,
Fala) =1 _ 242241
%, opu 0 < 2z € 1,
1, upu z > 1.
CrnenosaTensHo,

0, upu z € -1, z > 1,
Fi(z)=fz(z)=<z+1, npu —1<2z<0,
l—2, mpul<z< 1.

Kontposs:
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1 o]

o0 _1 0
_[of(z)dzzi0dz+/1(z+1)dz+0/(1_z)dz+1/0dzx

_(z+1)2|0 _(lﬁz)zll 1
- 2 -1 2 ¢ 2

IIpumep 4.6. Hesasucmmbie ¢.B. X ¥ Y pacupenenensl paBHOMEPHO
~ X ~ R[0,4], Y ~ R[0,1]. HatiTit niI0THOCTE paclipeiesIeiins BePOATHOCTEH
¢.B. Z=X+Y (puc. 50).

¥
N

\1

z

AN AN
<

r+y=2z Tty=z r+y=z

Pue. 50

Q Cucrema c.n. (X,Y) pasHOMEpHO pacupeleseHa B npﬂmoyronbunke
D={0<z<40<y<1},

1
a1 < € [014]3 {11 Y € [07 1}1
1 =<4 =
Sile) {0, < ¢0,4], 20 =10, y¢lo]
Tax xak ¢.8. X 1 Y uesanucumel, o f(z,y) = fi(z) - f0y) = %: 1= %1
Fz(z) =P{X +Y <z} = ff }l-da:dy - %sz,
D,
(z+y<=2)
roe Sp, — mnomaaps obnactu D, — YaCTH MPAMOYTOJBbHHKA, JiesKaueh

Hipke npaMoit 7 +y = 2. Boymw 2 € 0, 10 F(2) =0 ecmn 0 < z € 1, TO
F(z)=%-%z2 (Tak xax S’Dzzé-z-z); eciu 1 < z € 4, T0

(iﬂl) _ %(22_1);

F(z) = 3

1
1
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ecsim 4 < 2 £ 5, TO

Fz)=1- (1-4-%—(5-z)(5-z)) = 2(8- (-2,

Hrak,
(0, 2€0, 2>05,
%z, 0<zg1,
= ! =
S =Py = 41 erct
\%(5—2}, 4 <25
Konrpous:
00 1 4 5
1 1 1
ff(z)dz=/.szz+/.zdz+zf(5——z)dz=1.
—oo 0 1 4

IInoraocTs pacnpenenerus fz{z) MOXKHO HaliTH, UCHONB3YA dOpPMYITY

fz) = f () - fale — 2) da.

Hmeem
4 4
1) = [ L=t =1 [ a5y da.
D 0
DyHKUAA 00 3HAKOM HHTErpajia OTJIUYHA OT HYJH JIHUb B CIyYae
0Lz <4,
0<z—z2<1,
T. €.
024,
{z—léx:ﬁz. (4.8)

Pemenne cUCTEMBI 3aBUCUT OT 3HAYEHUHA 2.

1. Ecan z < 0, cuctema necoBmecTHa; otpeskn {0,4] u {z — 1,2] ne
nepecekalorcs, (cM. puc. 51).

Caeposarenbho, fa{z —z) =0u fxiv(z) =0.

2. Ecnu 0 < z € 1, cucrema (4.8) sksusanentHa HepasercTey 0 € z < 2
(em. pue. 52).
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pRL1aaes" ~
Pue. 51
~1 z T
0 1 4 x
Puce. 52
IMostomy
z
1 1 lz z
2y== | ldz = x| = =.
fX+Y( ) 4 470 4
(]

3. Ecu 1 < z € 4, cucrema (4.8) skBuBasieNTHA HEPABEHCTBY z — 1 £
£ z < z (em. puc. 53).

1111111
T

=1z z
6 ’iu 4 T
Puc. 58
IloosToMmy
z
fx+y(z)=%/ldz=%x * lp-sep-l
z—1
4. Ecrm 4 <z <5, 70 2 -1 <z <4 (em. pue. 54).
1z 5 T
0 i z
Puc. 54
ITosromy
4
fiy =1 [ra Lo ~Tu-ssy=532
z=1
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5. Ecou 5 < 2, To cucTeMa (4.8) necosMecTHaA (cM. puc. 55), a, 3HauuT,
fz{z) = 0. Uraxk,

(0, 2<€0, z>85,
%z, 0<zg1,
= ®
1) ‘%, 1< 24,
1
\z(f)"Z), 4 <259

YnpaxHeHuusa

1. Ilo ycnosuio mpumepa 4.5 HalTH PYHKINIO H IVIOTHOCTh paclnpenede-
HHA BepoATHocTel ¢.B. Z =X +Y.

2. TIlo ycnosuio nipaMepa 4.5 HaltTH UTOTHOCTH paclpelesIeHHA BePOATHO-

creli ¢.B. Z = %’-{—

4.3. PacnpepenexHmne pyHKLUMIA HOPMaNbHbIX CAYYaUHbIX
BeJINHUNH

PaccMoTpuM pacnpenesienne HEKOTOPLIX C. B., IPEICTABAIONUX yEK-
IIMH HOPMAJBHBIX BeJInYHH, KCIOAL3YeMEIe B MaTeMaTHYeCKo# CTATHCTHKE.
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PacnpeaeneHnue x? (xu-ksagpat nav Nupcoxa)

@ Pacnpedeaenuenm X2 ¢ n cmenenamy ceo6odh Ha3bIBACTCH PacIpeneTe-
HUE CYMMBI KBAJIPATOB N HE3ABACUMBIX CTAHIAPTHLIX CAYYallHBIX BeJMTIHH,
T €.

n
2 2 :
X=X} re X;~N(0,1), i=12,...,n
i=1
ILIOTHOCTL BEPOATHOCTH C. B. X° 3ABHCHT TOJBKO OT UHCJIA 7, T. €. Y-
cna ciaraemeix. Bcmmn =1, to x? = X2, rne X ~ N(0,1),

2

1 -z
xlz) = e 2,
fx(z) Nor
ILiorROCTL pacnpenenenus .. Y = X2 papua (comtacuo (4.4))
1 _¥
g(y) = e 2, y>0.

2./ 2wy

[In0THOCTD pacnpenesieHus X5 AMeeT BH/L

1 U._l _x
———x2 e 2, mpuz >0,
Fxa(z) = § 22T (%)
0, npu r € 0,

o0
roe I'(p) = / tP~le~t dt — ramma-dyrxnus Dtnepa (I'(p) = (p — 1)! mia

0
HENBIX MOJIOXKHTENLHBIX p). C BO3pacTanneM MucJa creneHed csoGoibl n
pacIpeniesienne Y2 npubAmKaeTcs K HOPMaJIbHOMY 3aKOHY paclpele/eHus
(mpu n > 30 pacnpenenenue x? NPAKTHYECKA HE OTJIHYACTCS OT HOPMAJIb-
HOIO);

My2 =n, Dxi=2n

Ha nmpaxTuxe, Kax NpaBmIO, HCIOAB3YIOT HE ILIOTHOCTh BEPOSITHOCTH, &,
KBAHTWJIK PacIpeleseHus X2 .

@ Keanmuavio pacnpedesenus X, OTReYaoed yPOBHIO 3HAYMMOCTH (&,
HA3BIBACTCH TAKOE SHAUEHHE X5 = X&) DA KOTOPOM

P{xi > X?y,n} = / felz)dz = a.

X2 0
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FOP
0 Xi,n T
Puc. 56

C reomeTpuuecKOl TOYKH 3peHMA HAXOXKICHHE KBAHTHJIIN xg,n 3AKJII0-
YAETCA B BLIOOPE TAKOTO 3HAYEHH X2 = xg,n, 4TOOM IJIOMA0b 3AIITPHXO-
BaHHOH Ha pHC. 56 GHrypnl ObNa paBHA O

3HaueHns KbaHTHIeH OPHBOOATCA B CIHELHAJIBHBIX Ta&bJIHIAX-TPHIO-
KEeHHAX.

Hns cranpapreoro HOPMAJNHHOTO PACHPENENEHUS KBAHTHJIH YPOBHS
o 0603Raval0TCa vepes u,, IPHIEM U, SBJSIETCA PEUIEHHEM YDABHCHUS

®(uq) = 150-

PacnpepneneHue CrbloaeHTa

Pacnpedesenuesm Crwvrodenma (uim t-pacnpedesentiem) ¢ 1 CTENEHAMI
cBOGOIBI HA3BIBAETCH PACIPEIESICHHE C. B.

Z

)
/1
',;X%

rne Z ~ N(0,1) — crangapTHas HOPMaJibHAA BEJUYHHA, HE3ABUCHMAS OT
X2-pacpenencHus.

IlsiorsocTh BEpOsTHOCTH pacuperenenna CThIOAeHTa UMEeT BUM,

n+4+1 n+1
F(2 ) (1+t2)—2 te( )
P L : —00; 00 ).

n b 7

oM

IIpu n — oo pacnpenenenue Croiopenta npubmmwkaercs (yxe mpu n > 30
NOYTH COBOALAET) K HOPMAJIBHOMY;

Tn=

fr,(t) =

MT,=0, DT,=-%5 n>2
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Ha npakTuke HCHOMB3YIOT KBAHTWIIN {-PACHpelNeNICHHA: TAXOE 3HAYECHHE
t= t%!n, 4TO
[ a)

P{lt} >t .} =2 f F(t)dt = a.

-1
2"

C reomerpuueckolt TOUKM 3peHHs HAXOXIOEHUE KBAHTHIIEH 3aKJIIOYAETCs B
BBIOOPE TAKOro 3HAYEHHA { = ig ., ITOOBl IVIOWAAP 3AIITPUXOBAHHON Ha,
2 H

puc. 57 ¢urypst 6p11a paBHA .

ft)

Pacnpepenexdne ®@uwepa-CHeaekopa

@I Pacnpedenenuem Puwepa-Credexopa (v F-pacnpedenenuem) ¢ m u
7L CMENEHAMU C80000b HA3KIBAETCHA PACIPENEJICHHE C. B.

1.2

mXm
1.2
nXn

F=

roe x2, # X- — HE3ABUCHMBIE C.B., IMEIOIIAE X -DACTIPENeIeHHe COOTBET-
CTBEHHO C T U N CTENEHAMH CBOOOIBL.
ITpn n — oo F-pacupenenense CIPeMUTICA K HOPMaJIbHOMY 3aKOHY.
2n%(m +n - 2)
MF=~—”—-2—, n>2, DF = ( - , n>4
n— m{n —2)%(n —4)
Ha NpaxTHKe OGH‘-IHO HUCIOJIB3YIOT KBAHTHIIH DACTPCOEJICHHA: TAK0¢ 3Ha-
genne F' = Fy 5, 9TO

P{F > Famn} = f f(F)dF = a.

Fa.m,n



162 * Paanen nepabiii. 3MeMeHTapHaa TAOPUS BEPOATHOCTER

C reomerpuvecKkoif TOYKM 3pEHUA HAXOKIEHHE KBAHTH/IM 3aKIIIOYAETCHA B
seibope Takoro snavenms F' = Fy 5, 910681 momane salnTpuxoBarHOMR
Ha pHC. 58 durypel 6buTa paBHA Cr.

f(F)

0 Fa,m,n F

Puc. 58



MpeaensHblie TEOpEeMbl TEOPUM BEPOATHOCTE

PaccmorpumM pan yTeepxuaeHHlt B TeopeM U3 GOJIBIION IpyNIb! TAK HA-
3BIBAEMEBIX IIPEJEJIBHBIX TEOPEM TeOPUH BepOATHOCTeH, YyCTAHABIMBAIOLIMX
CBA3b MEXOY TEOPeTHYECKMMH M SKCIEDHMEHTAJBHBIMHM XapPaKTEePUCTHKA-
MH CJIy4aWHBIX BeJIMYMH npy OOJIBUIOM YHCIEe HenblTanuil nan Humu. OBH
COCTABJAIOT OCHOBY MaTeMaTHuecKo# craTucTuku. [Ipenenbhble TeopeMbl
YCJIOBHO IEJIAT Ha ABe Tpynndl. [lepsas rpynna TeopeM, Ha3bIBAEMAA 30K0-
nom Goavuwux wucea (kopotko: 3BY), ycrasasaupaeT yCTORYHMBOCTD Cpell-
HUX 3HAYEHUH: Apu GONMBIHOM YHCITIe HCIBITAHUYE WX CpelHUf peayasTar me-
pecTaeT ObITh caydalibiM ¥ MOXeT GLITh NPEICKa3aH ¢ JOCTAaTOdHOH ToY-
HOCTBHI0. Bropasi rpynna TeopeM, HA3HBAEMAS UeHMPabhol npedeavsnod
meopemott {(koporko: LIIIT), ycranapnusaer ycsioBus, IPU KOTOPHIX 3aKOH
PACTIPENEIEHHA CYMMBI DOJIBIIOTO YHCJIA CJOYYAHHBIX BEJWYUH HEOrpaHH-
YEHHO IPHDIINKAETCA K HOPMAJIBHOMY.

B magase paccMoTpmM HepaBeHcTBO ebbimieBa, KOTOPOE MOXHCO MC-
IOJIL30BATh: a) OJia rpybolt OHeHKH BeposaTHOCTeR CoBBITHH, CBAZAHHBIX CO

C. B., PACIIPEIETICHUE KOTOPbIX HEH3BECTHO; 6) JIOKA3aTeNhCTBA PANA TEOPEM
3B4.

5.1. HepaBeHcTBO YebbiLLeBa

Teopema 5.1. Ecau c.n. X umeer m.0. M X = ¢ u aucnepcaw DX, to qaa
moboro € > 0 cnpaBeqMBO HepPABeHCTBO ebbimesa

P{X - MX| > ¢} < %235. (5.1)
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(A Hoxaxem mepaseHcrso (5.1) nns nenpepwisuoi . B. X ¢ MJIOTHOCTLIO
f(z). Beposrtioets P{|X —a| > £} ectb BeposiTHOCTL momananus c.B. X B
obJIacTh, MEXAHYIO BHE TPOMEXYTKA [a — £, 6 + £]. MoxHO 3anucars

a—E +o0 -
PUX~dze) = [ f@do+ [fwan= [ jw)do=
oo ate 2|z
= f 1- flz)de < (iif‘i)ff(m) dz,
s—alze ealze

Tax Kak oBJacTh MHTErpHPOBAHHA |T — o 2 &€ MOXKHO 3aIlHCATE B BHIE

(z — a)’

(z —a)? 2 &2, otkyna caenyer 1 €

P{|X—~a|2.‘s}-1\’;EL2 / (:c—a)zf(:c)dwg—li/(:n—a)zf(:v)d:f:,
lz—alze —oe

TaK KaK MHTETPaJl OT HEOTPHIATENbHOU hYHKUMH Npy pacluypednn obyia-
CTH MHTErPHPOBAHMA MOXET TOJBKO BO3PAcTH. TakuM obpasom,

2

P{IX-—G,]}E}QWL /(ﬂ:—a)zf(m)dz':—laDX,
e J €

Te P{X —a| 2 €} < -J-Dw‘;—(
2

AHRAJIOrHYHO JOKA3BIBAETCA HEPABEHCTBO ebbilieBa M AJA OUCKPET-

Hoit €. B. X, NpUHEMAIOME 3HAYECHUA L1, T2, T3, . - - C BEDOATHOCTAMHU P, P2.
k) ¥ ¥
P3, . . .; TOJBKO HHTErPaJIbl (BUOA ) 3AMEHSIOTCH COOTBETCTBY HOUIMMH
lz—ajze
cymmamu (Brga E )- [ ]
lry—a|ze

OrMernM, uTo HepaBencTBC UebbimieBa MOXHO 3anucaTe B apyro#

dopme:
P{X —MX|<e} 21— QE%. (5.2)

B dopme (5.2) 0HO yCTAHABAMBAET HUXHIOO TPAHMILY BEPOSTHOCTH CODbI-
THsA, a B dopme (5.1) -— BepxHIOI.
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Hepasenctso YUebnimesa cupaBeXauso daa 4wbnz ¢. 6. B wacTHOCTH,
gnsc. s, X = m, uMeoumel Gunomuaavioe pacnpedenctie ¢ MATOXUAAHHEM
MX = a = np u gucnepcueit DX = npg (. 2.7), 0HO NPRHUMAET BUI

n
P{fm —np|<e} 21— %; (5.3)

m na
ans uacmocmu - (mmm —=, 1. 1.5} coBeITHA B N HE3ABHCHMBIX HCIIBI-

TAHHUAX, B KaKIOOM H3 KOTODLBIX OHO MOXeT I'IpOPISOﬁTH C BEPOATHOCTBID

p=M (%) = a, MUCTIePCHs KOTOPEIX D (%) = pﬁq’ nHepasencTso Hebpiie-
BA, MMEET BH P
P{l——p'<£}2 “-TE,Z-. (5.4)

Ouenky BepOATHOCTH NONAJAHUA C.B. X B UPOMEXYTOK [€,00) HaeT
mepasencTso Mapkosa.

Teopema 5.2 (Hepasencrso Mapkosa). lna moboil HeoTpunaressHOR
¢.8. X, nmeomeit M.o. M X u ¢ > 0, cuparenyinBo HEPaBEHCTBO:

P{X > e} < MX (5.5)

[

e}—ffqu f L5 /mﬂﬂws

<ifzf@)de ]

]

Hepasencrpo (5.5) MoxHO 3anucarth s dopme

P{X <e}»1- MX, (5.6)

IIpumep 5.1. Ouennrts ¢ oMok HepapeHeTBa Hebbiesa BEPOATHOCTD
TOrO, 9TO OTKJIOMEHHE C.B. X OT CBOEro M.o. 6yOeT MeHbIIE TPeX C.K. 0.,
T. €. MeHbIUEe 30y.

Q Tlonarast ¢ = 30, B dopmyne (5.2}, nonysaem

0.2

_ _ % _;_1_8_
P{{X -MX|<30;} 21 (302)? =1 i (0,8889.
Dra ONEHKa, KaK W3BeCTHO (M. 2.7), HA3LIBACTCA NPAGUAOM MPET CUZM; LTS
¢.B. X ~ N(a,o) 91a pepoaTHoCTh parsa 0,9973. @



166 * Paagen nepBblil. 3neMeHTapHaA TOOPURA BEPOATHOCTEH

5.2. Teopema HeObiuieBa

Bl

Ocnosnoe yrBepxuenue 3BY cogepxurcs B reopeme Yebnimesa. B nett
H apyrux Teopemax 3BY Herosp3yeTes NOHATHE «CXOTHMOCTH CJIy YaHHBIX
BEJIM'IMH 10 BEPOATHOCTH.

Coayuaitasie Besmmaunst X, Xs, ..., Xy, ... crodamca no eepoamnocmy
K penuuuHe A (caydalisoh wim mecsyualino#t), ecnu paa suoboro € > ()
BEPOATHOCTH CoObiTHsA {|X;, — A| < €} ups n — 00 CTPEMHTCA K EIHHHUIIE,
T. €,

nI-l-{roloP{lX“ ~ Al <e} =1

(umm P{| X, — A| < ¢} = 1). CxoqumMocTh 110 BEPOATHOCTA CHMBOJIMIECKH
3ANMCHIBAIOT TAK:
P

X, — A.
n—oo

Crenyer 0OTMETHTE, YTO cZo0uMocmy 1o 6eposmuocmuy Tpebyet, 4To6hl
HepaBeHeTBO | Xy, — A| < € BBHINOJHSAIOCH (A% NOGGSARIOULERL0 HUCAL HAEHOE
AOCJICIOBATENBHOCTH (B MATEMATHYECKOM AHAJM3E — 1A BCex o > N, roe
N — HexOoTOpoe 9uCH0), & IIPK Tt — 00 HPAKTHYECKH BCE UJIEHBI IIOCJIEI0-
BATENbHOCTH HOJDKHLI OIACTh B £-OKPECTHOCTL A.

Teopema 5.3 (3BY B popme I1. /1. Hebnimena, 1886 r.). Ecmu cayuaii-
uple Benuauesl Xy, X, ..., X5, ... HE33BHCUMBI H CYILECTBYET TAK0OE YHUCJIO
C>0,ur0o DX; £C,i=12,..., To gna awdorc g > 0

T. €. CpenHee apupMeTHIecKoe aTux CAYJARHEBIX BEJWYHMH CXOTUTCH [0 BEPO-
ATHOCTH K CpeOHEMY apH(MMETHIECKOMY HX M. 0.

n n
. 1 1 —
JLIEOP{ ﬁ-EIXi—ﬁéiMXil(E}_l, (5.7)
i= ==

n

11
Isx, 2515 ux.
i=1

n—oq ;
i=1

d Taxkax DX; < C,1=1,2,..., 10

[ Tt n
1 1 z 1 Z -
D(-ﬁ X‘l) = “"2"D( X{) = ‘—2 D.Xz ==
1 ;

; n
1=
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= L(DX,+DXa+...+DX)) < H(C+C+...4+C) = Lon= &,
n n n

Torna, npuMensa K C. B.

;3I'-*

HepaseHcTeo Yebbrmesa (5.2), nmeem

P{ %ixi ZMXI<5} - —5 -
i=1

Ilepexona k npemeny np# N — o0 H YIHTHBAA, Y10 BEPOATHOCTE JIOGOTO
coOBITHA HEe NPEBBLINIAET 1, MOIydaeM

W

1- £ (58
ne

n n
. 1 1 . _
nangoP{ﬁZXi—ﬁZMXz‘<s}—l. |
i=1 i=1
Caencrere. Ecom ¢. 8. X1, X5, ..., X, ... HE3ABHCHMEL ¥ OOUHAKOBO

pacupenenens, MX; = a, DX; = 02, vo nns moboro € > 0

7
. 1
nlﬂlolop{ 7 ZXi —a
i=1

T. e, cpenyee apnMeTHIecKoe €. B. CXOOUTCH N0 BEPOATHOCTH K MATEMATH-~
HEeCKOMY OXHIAHHID G

<gp =1, 5.9
} (5.9)

n

P
1S~y Py,
= n—o0

=

[d Tax xax

n
IS M = L MX rMXat . MX,) = Letat. 4a) = Lna =g,

a qucnepcuu ¢. 8. X; PaBHbl YUCJTY 02, T. . OTPAHUYEHDI, TO, npumenus 3B
B opme Hebonuesa (5.7), nonyuum yreepxueane (5.9). [ |

Cnepcrsue (5.9) reopemn: Yebbliepa 060CHOBHIBAET «IPHHIMNI Cpen-
Hero apiMETHYECKOTO C. B. X;», NOCTOAHHO HCNOJb3YeMbilt Ha IDAKTHKE.
Tak, nycTh NPOM3BENEHO N HE3ABHCHMBIX M3MepeHmil HeKoTOpOH Besmun-
HBI, HICTHHHOE 3HAYMEHME KOTOPOH ¢ (0HO HewssecTHO). Pesynwrar kaxporo
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waMepeHus ects ¢. 8. X;. Cornacno cnencrsuio (5.9), B Kauecrse npubin-
KEHHOTO 3HAYEHWS BEIHYHHHE 4 MOXHO B3ATh CpefHee apHPMETHIECKOe
pe3y/IbTAaTOB W3MepeHuH:

X; = X.
1

anl

[
=
PasedcrBo Tem rounee, yeM Gonpuie n.

Ha teopeme YehHollleba OCHOBAH TaKXKe IUPOKO NpPHMeHAeMbil B cTa-
THCTHKE ebfopounsili memod, CYyTh KOTOPOTO B TOM, YTO O KadecTBe 5oJIb-
LIOrQ KOJIAYECTBA OLHOPONHON0 MATCPUAJIA MOXHO CYIMTH 110 HeDOALIIoH
erc rnpobe.

Teopema Yebresa nonTBepX 86T CBA3b MEXKAY CIYHAHRHOCTRIO B He-
0OXOOUMOCTBIO: CPETHEE SHAYEHHE CAYUaUHOT 6eAuUHbL

n
x=15x
i=1

OIPAKTHYECKH HE OTJIHYaeTCcsd OT HeCﬂy“&aﬁHG?j GCAULUHY
1 n
13" mx,.
i=1

IIpumMep 5.2. [nybura Mopsa usMmepAeTcsa IpubopoM, HE HMEIOIIUM CHCTe-
Marugeckoit omubku. Cpeanee KBaAPATHIECKOE OTKJIOHEHNE U3MepeHui He
npesocxomuT 15 M. CKOJIBLKO Hy3KHO CIeNaTh HE3aBACUMEIX Hamepenuii, 1410
OBl ¢ BepOATHOCTLIO, He MeHbliel 0,9, MoxHO OBLIIO yTBEPHXOATH, YTO Cpen-
Hee apuhMeTHUIecKoe STUX HiMepeHuii oTnYaerca oT @ (ryBuHsl Mopsi)
110 MOIYJIIO MEeHbINe, ¥eM Ha & M7

Q O6o3nayyumM yepes X; pesysIbTaThl 1t HE3ABUCUMBIX K3MepeHnH riryGuHs!
mopa. Hyxno naliTy 4nciio n, KoTopoe yaoB/ierBopsier HepaseHcTBy (5.8):

n k(3
P{AS X~ ux, c
i=1

s,
, ne
i=1
roe MX; = a, wmo o3Havaem omcymcmene npu UsMEPEHUAT CUCmMemMamu-
uecxoill owubxy (T. &. U3MEPEHRA HPOU3BOAATCA C OXHHAKOBOH TOMHOCTBIO).
ITo ycooBmio € = 5, C' = 225, tak xak ¢ = v DX = 15m. Orciona

p{”

1
n Z —a
e 0,12 ,%, n = 90. Usmepenune HyxHO npoBoauTh He Menee 90 pas. @

<5}> —%%;0,9,

i=1
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5.3. Teopema BepHynnu

Teopema BepHysiiy HCTOPHYUECKH ABIACTCA NepBohk ¥ Hamboee mpo-
croit ¢opmoli 3axona Gospmux uuces. OHa TeopeTHYecKH OOGOCHOBBIBaET
CBOHCTBO yCTOHYMBOCTH OTHOCHTENILHOH wacToThl (cM. m. 1.5).

_
Teopema 5.4 (3BY B dopme A. Bepuysau, 1713 r.). Ecnu sepoartocts
NOABJEHAsA COBBITUS A B ONHOM MCOBITAHHM PABHA, P, MUCJO HACTYNJEHHS
3TOTO COBBLITHA IpPH N HE3ABACUMBIX HCIBITAHWAX PABHO 74, TO I 106010
gucya € > (0 uMeeT MeCTC paBeHCTBO

lim P {
n—+oo

T. €. OTHOCHTESIbHAA 4acToTa P*(A) cobritua A CXOOUTCA 10 BEPOSTHOCTH K

ne _p’ < g} -1, (5.10)

BeponTHOCTH p cobertna A: P*(A) —— P(A).
-+ CcO

[d Bsemem c.B. X, Xo,..., X, cnenyomum obpasom: X; = 1, ecqiu B i-M
MCIBITAHMMA NOIBAIOCE colbrrae A, a ecaw He noasunock, 10 X; = 0. Torna
YHCJIO N4 (MHECHO YCIEXOB) MOXHO OPEACTABHTH B BHIE

7
nag = Z Xi.
i=]

M.o. u gucnepcus ¢.B. X; papus: MX; = 1-p+0-(1 —p) = p,
DX; = (0 —p)2(1 —p} + (1 — p)?p = p(1 — p) = pq. 3akon pacnpencieHus
c. B. X; uMeeT BHD,

X, 1 @ 1
Pil-p]|p,

npu s1o0oM . Takum 0bpazoM, . B. X; HE3ABHCUMBI, X JHUCIEPCHH Orpa-
HUYEHbI OMHUM K TEM XK€ TUCIIOM 7, TAK KaK

p(lwp)=p"—pz=%—( —%)ES%-

I1oaTOMY K 3TMM C. B. MOXHO NPUMEHUTS TeopeMmy Yebpiuesa (5.7):

lim P{ < E} = 1.
n—

n

LS x A3,

i=1 i=1
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Ho
1y na 1% 1
ﬁZXi=T, EZMX,-=—T-E-np=p.
i=1 i=1
. na
CnepoBarensuo, lim P {lW - p’ < s} = 1. [ |
. n—Cc0

Teopema Bepuynnu Teopermyecku 000CHOBLIBEET BO3MOXHOCTL IPH-
BUIIDKEHHOTO BBIMHCJIEHR BEPOATHOCTH COOBITHS ¢ MOMOMBHY €r0 OTHOCH-
TenkHON YacroThl. Tak, HATIPUMED, 334 BEPOATHOCTE POKJIEHWA JIEBOUKH
MOKHO B3ATh OTHOCHTENHHYIO YacTOTY 3TOr0 cOOBITHA, KOTOpAd, COTVIAC-
HO CTATACTHYCCKHMM NAHHBIM, TpubJnxenno pasHa 0,485,

Hepapencrso Uebniuena (5.2) juiA cny4aldHbIX BeJiMauH

n
IEEDIRS
i=1

OPUHUMAST BHJ

na Pq
P{|5-r|<e}21- 2% (5.11)
ne
O60bmenueM TeopeMbl DepHynsu Ha caydalf, Korga BepOSTHOCTH P;
NnosABAeHUsA COOBITUS A B KAXJIOM U3 72 HCIOBITAHMH pPas/IM4Hbl, FBJIAETCH
meopema ITyaccona:

n—od

n
P
P4y Lo L3, (5.12)
i=1
rae p; — BePOATHOCTh COBBITUA A B i-M UCILITAHHH.

IIpuMmep 5.3. BepostTHOCT HATWYMA ONEYATKA HA ONHON CTDAHHUIE PYKO-
muck pasHa 0,2, OueHuTs BEPOATHOCTE TOPO, MTO B PYKOIMACH, comepxatieh
400 cTpaHull, 1ACTOCTh HNOABJEHHA ONEHATKH OTIHYAETCA OT COOTBETCTBY-
ouleil BepOATHOCTH N0 MOMAYJII0 MeHboie, Yem 0,05.

Q@ Bocnonssyemes: popmynoit (5.11). B pannom cayyae p = 0,2, ¢ = 0,8,
n = 400, ¢ = 0,05. FImeem

0,2-0,8
P [“—Aa02|<0,05 ;a[ —ﬁ]ﬂ——-’ = 0,84,
{15 -0 } ne? 400 - 0,052

T.e. p 2z 0,84, @
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5.4. LleHTpanbHan npeanenbHas reopemMa

lenrpansnas npenensuasa reopema (I[IIT) npencrasnser coGo#t Bro-
PYIO IpyImy NpenenbHbLIX TEOPeM, KOTOPBIE YCTAHABIWBAIOT CBA3bL MEXIY
3aK0HOM PaCHpeIeNICHHSI CYMMEL C. B, B ero mpenenabHo#t ¢opmolt — Hop-
MAJILHBIM 3aKOHOM PACHPDEOeSICHHS.

Cdopmymupyem UIT nura ciaygass, KOrma 4eHS CYMMBI HMEIOT OIHHE-
KOBOe pacnpenesieine (MMEHHO 9Ta TeopeMa Jallle APYrHX HCHOMh3yeTCd Ha
IpaKTHKe, TAK B MaTeMaTHYeCKOH cTaTucTike BHIGOpOYHbIE Cay4valitbie Be-
JIMIHHEI HMEIOT OOHHAKOBBIE paclpene/eHnd, Tak Kak IoJy4eHsl H3 ofHoH
a1 Tolt e remepaspHO# COBOKYIHOCTH),

Teopema 5.5. [Iycts ¢. 8. X, X3, ..., X, HE3aBUCKMBL, OTUHAKOBO paclpe-
IejIeHBbl, UMe0T KOHEedYHble Maremarudeckoe oxumanue M X; = a n nucnep-
cuo DX; = 02, i = 1, n. Torna GyHKIMA pacupenenenus IEHTPHPOBAHHEON 1
HOPMUPOBAHHOE CYMMEI 9THX C/IydalHBIX BeJIMYMHE CTPEMHTCA IPH N — OC K
YHKIMA pacupenesIeRua CTAHIAPTHOR HOPMAIBHOR CIlydalHOl BESTHYHHBIL:

n n i
EX,,'——M(ZX,-) Y. X, ~na
i=1 =1

i=1

ovn

Zn =

(5.13)

T
_e
Fz, (z)=P{Z, <z} — &(z) = _\/12::7 f e 2 dt.
—00

W3 coorromenus (5.13) crnemyet, 4To mpH ZOCTATOYHO GOJIBUIOM 1 cyMMa Zp,
npHOGIIMKEHHO DACIIPENEJIeHa [0 HOPMAJbHOMY 3aKoHy: Z, ~ N(0,1). 3to
03HAYAET, YT0 cymMMa S, = X + Xo + ... + X, npubnuXeHno pacupeneseHa
110 HOPMANLHOMY 3aKoHy: S, ~ N(na,+/no). TosopaTt, 4To npu n — oo C. B.

n
Y. Xi acuMmnmommuNecsy HopMaasHa.
i=1

Hanomuum, gTo:

1. C.B. X HasbiBaeTCHd UEHTPUPOBAHHOH M HOPMHpPOBAaHHO# (T.e. cTaH-
naprHoft), ecmme M X =0,a DX = 1.

2. Ecmmec.s. X;, i = 1,n nesasucumur, M X; = a, DX; = a2, 10

n
M(ZX,;) =a+a+...+a=na,

i=1
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n n
D(ZXi) :ZDXi =cl+a*+... 40 =no’.
i=1

i=1

3. @(zx)

T
1 2 1
=——= [ e 2 df — bysruma Jlamnaca; ®{x) = 5 + Po(z), roe
-0

T
tQ
bp(z) = \/% / e~ 2 dt — nopmupoBaunas dhynxkuus Jlannaca,
0

®opmysia (5.13) mospossier npr GOUIBIWKX 71 BBIYUCIATL BEPOATHOCTH
PA3MYHEIX COOBITHH, CBA3AHHBIX C CYMMam# CoydaBHbIX penununn. Tak,

nepefina or C. B.
n n
Sa=D_xi=)_Xi
=1 i=1

K CTAaHIZAPTHOR C. B., TOIy9HM:

n

e Y Xi—na 5
Pla<g X; € —pla—ne =l < —ﬂa}z
fecSns)opfozm BT oo

~s(w) o ()

a (B=MS\ o (a-MS\
P{agsné,ﬁ}ru@(—w—m) (I)(M\/DTS'I) (5.14)

chopmyna o5 onpenesieHus BEPOATHOCTH TOrO, YTO CYMMAa HECKOJIBKHX C. B.

OKa2KeTCs B 33JaHHbIX Openenax (cm. (2.43) u (2.46)). Tacro IIIIT ucnoss-
3yIioT, ecam n > 10. -

ot

Ipumep 5.4. Hezapucumele c. B. X; pacnpenc/ieHsl PAaBHOMEPHO Ha OTPes-
ke [0,1]. Ha#iTu 3aKOH pacopeneseHus C. B.

100

Y=Y X
i=1

A TAKKE BEPOATHOCTE TOTO, uro 53 < Y < 70.

Q Veaopua UIIT cobuopatorcs, noaromy c.B. Y UMeeT HPHOJIIDKEHHO
IUIOTHOCTE PACIPEIeTeHIs
(y*my)z

- 2
Friy) ~ —= 2oy

—e
Va2may
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ITo ussecTHBIM hOpMySIaM st M. 0. B JUCIEPCHAHN B CJIYYae PABHOMEPHOTO

T DU paee ) L
pacnpe,uelneHuﬂ ?axozmm. MX; = L DX; = 15 = 15
Xi=— = —=. Torna
V2 23

100 100
my = M(ZX{) =S MX; =100} = 50,
i=1

=1

[ S]

100 100 1 25
2 _ ) = J— = 2
oy —D(Zle) =D DX; =100 ;5 =%,
=

i=1
5v3

gy = ——. Iloaromy

3

_ 3(y ~ 50)?

3 50

Y ~ e
fr(y) i
Hcnonesya dopmyny (5.14), naxomum

_sfm=-50Y _{55-50) _ 3 B
P{55 <Y <70} =& o7 @ | - B(4v3) — #(V3) =
3

3
= $(6,9282) — ©(1,73) ~ 0,04,
T.e. P{85 <Y < 70} = 0,04. ®

5.5. UnterpanbHas Teopema Myaspa-flannaca

Caencreuamu LIIT asiaaiotca paccMorpennble panee (1. 1.21) gokadb-
HasA ¥ uHTerpajbHas reopemnl Myappa-Jlannaca. IlpapeneM BuIBOX MHTE-
rpaspHO#t Teopembl Myaspa-Jlannaca.

Paccmorpum cxemy Bepuysnu. Ilycts ng4 — 4YHCao nosssesus cobbl-
THa A (YHCN0 yCIEXOB) B N HE3ABUCHMEIX HCHOBITAHKAX, B KAKIOM U3 KOTO-
PBIX OHO MOXKET IIOABUTLCH C BEPOATHOCTBIO P (He HOABHTLCA ~— C BEPOAT-
HOCTbIO ¢ == 1 — p). Cny4aluyio BEJIMYKHY Tt 4 MOXKHO IPGICTABHTHL B BHIE
CYMMBI 7t HE3aBHCHMBIX C. B. X1, X9,..., X, Takux, uto X; = 1, ecyia B 2-m
HCHOBITAHUM COOBITHEe A HacTynuio, u X; = () B IPOTHBHOM CJIy4ae, T. e.

n
N4 = E Xi.
i=1
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Tax kax M X; = p, DX; = pg (1. 5.3), T0

n n
MnA:M(‘ZX’;) = np, DnA=D(ZXi)=an
=1

i=1

(na aTo yxe naBHO U3BECTHO, CM. (2.24), Benb €. B. 114 HMeeT CUHOMBAJIBLHDBIH
3AKOH pachpeseneHus). Torua C. B.

n n

X - M(E Xz-)

i=1 iT1 na— np
Zn =

i p(3 X TV
JP(5x)

OPECOCTABIACT TAKXEe CYMMY 7t HC3ABHMCHMELIX, OORHAKOBO paclpCcOCcCHHBIX
cayqaitaeix senuuns. Ilpu 2Tom Z, ~ N(0,1), nelicrenrennHo:

ng—np\ _np-np
" ( N ) /TPq

=p(taZrPY_ 1 p, P9 _
DanD(m)—nqunA o =1,

CnemoBarensro, Ha ocuopauum LIIIT (5.13) c.B. Z, npm Goabwom 4Yu-

cie n uMeeT NpubaMKeHHO HOpMayibHOe pacnpenenesue. Cornacuo csofi-
crBy (2.46) HOPMAJILHOIO 3aK0HA, 3AIIMChIBAEM

Pz € Zp € 22} = ®(22) — ®(z1)
(®(z) — bynxuus Jlannaca). [onaras

Lhonp _ke-mp

21 3 2 ’
Vpq Vv pq
OBOHHOE HEPABEHCTBO

k1 —np cRATIP ko —np
VPG . /mpqg  J/Tibg

MOXKHO NTE€PENUCaTh B 3KBHBAJICHTHOM BHIE k1 € na € kz. Takum obpasom,
NOJTY YAEM

Pk € na < k2} = @(z) — ®(21),

T. e. unmezpaavnyro popmyry Myaepa—JSlanaaca.
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3aMeTHM, YTO WHTErpaJibHasA Npenesablasa Teopema Myaspa—Jlannaca

n4 —np

nnsa cxemb! Bepaynnu nenocpencrsnno soitekaer us LT (5.13) ¢ yueTom

n
peayJIbTATOR, MOJIYYEHHBIX B IL. 5.3 (ng = ZX“ MX, = p, DX, = pg;

1=1
TOrma na = np, o\/n = /Bg/n = /npq).

J1a nmoocyeTta cyMM OHHOMHAJNILHBIX BEPOATHOCTEH MOMHO BOCHONB30-
paThea npubankenHolt dopmynof

ipn,k ~d (m\/;_?%p) (5.16)

k=0

HelctBuresnsHo,
m
S Py =P{na<m}=P{-c0<ng<m}=

k=0

na—np _m-—np m— np

=P{—00< < }=‘I>( )"‘I’—OO=
{ VPg V1P ( )

rne ®(z) — pyuxuma Jlamraca.

IIpemep 5.5. Mamunncrke Tpebyercs HANEYATATbH TEKCT, COTepxauuil
8000 cooB, cocroAmmx 3 4YeThipex u Oosee Oyks. BepositHocTh chesarb
onmbKy B s0GoM U3 sTHX cnoB paBua 0,01, Kaxosa BepoATHOCTE, 9TO IIPH
negaranun 6yner cnestano He Bonee 90 omubox?

Q Ipumennm dopmyny (5.16). Tax kax n = 8000, p = 0,01, g = 0,99,
m = 90, To
L 1 -1 o112
vnpg  /8000-0,01.0,99 V19,2
m—np 10 11

J/pg 8.9
90
®(1,12) = 0,8686. Cnenosaressuo, P{na < 90} = Y P4 & 0,869. ®

k=0
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YnpaxHeHusn

1.

Onennts ¢ MOMOLIBIO HepaBeHCTBA JebblneBa BEPOATHOCTL TOLO, YTO:
a) npu Opocanuu moHeTsl 500 pas uucs0 BhnaueHuit repba Oymer 3a-
kmoueno mexay 200 u 300; 6) npu Gpocanmu 10 mrpasibHbix KocTel
CYMMa OYKOB OTKJIOHWTCH OT M. 0. MEHbIIE, “1eM Ha 8.

Hucnepcus KakIo¥ U3 TAHHBIX HE3ABHCUMEIX CIIyIalHBIX BEJIMIHH HE
npepuiuaeT 5. HaliTy uucsao 9THx BeJIHYRHE, IPH KOTOPOM BEPOSITHOCTE
OTKJIOHEHHST uX cpenmuelt apucpmerndeckofi or cpesnedl apudmernye-
CcKOl ux M. 0. meres yeM Ha {,1 npessicur 0,9.

OueHKHTL BEPOATHOCTE TOTO, 9T0 NpH ObpocaHun monerst 500 pas ua-
CTOCTH NOABJIEHHA repba OTKJIOHHTCA OT BEPOATHOCTH [OABJICHUS TEP-
6a npu ommoM OpocanuM no MOmyJiio MeHee WeM Ha 0,1.

Crpenok nomagaeT IpH BEICTPEJIE B MELIEHD B JECATKY C BEPOATHOCTBIO
0,5, B peparky — 0,3, B pocbmepky — 0,1, B cemepry — 0,1. Crpenox
cnesian 100 swicTpesios. Kakosa BepOATHOCTE TOrO, 9TO OH HAOpAJ He
meHee 940 ouxon?

IMpmkusarores B cpeanem 70% 4wucTa MOCAXKEHHBIX caxeHnes. CKob-
KO HYKHO IIOCAIATh CAXKEHUEB, YT00bI C BEepOATHOCTHIO He MeHbined (.9
OXUIATH, YTO OTKJIOHEHHE YHCIIA NPIKUBIIHXCA CAJKCHIEB OT MX M. 0.
He mpeBnmasto no Monyaio 407 Penmres 38/ta4y ¢ HOMOIIBKY HEPABEH-
crea Yebbnmesa.
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BbIGOPKM U UX XapaKTEepPUCTUKN

6.1. Npeametr maTeMaTU4E€CKON CTATUCTUKM

Mamemamunecxar cmamucmuxe — Pa3iesl MATEMATHKH, B KOTODPOM
H3y4aloTCa MeTonsl chopa, CHCTEMAaTH3AMH M ODpabOTKH pe3yiibTaToB Ha-
6atonennit MACCOBBIX iy YalHBIX ABJTeHu M1 BLISBJICHES CYIIECTBYIOWINX
3aKOHOMepHOoCTeH.

Maremaruyeckas CTATHCTHKA TECHO CBA3aHA C TEOPHEHR BEPOATHOCTEH.
Obe sTH MareMaTHYecKHe OUCHUNIRHBI H3y4alOT MACCOBble CiaydadHbie
ABjenua. CBA3YIONMM 3B€HOM MEXIY HHMH ABJISIOTCA NPEIe/bHEIE Teope-
MEI Teopuu BepodATHocTed. [IpK 5TOM TeopRA BEPOATHOCTEH BEIBOINAT U3 Ma-
TeMarndeckoil Momenu cBORCTBA PeaNibHOIG NPOIECCa, a MAaTeMATHYeCKas
CTATHCTHKA YCTAHABJINBACT CBOICTBA MareMAaTHYECKO! MOgenn, HCX0OA U3
JaHHBIX HabmoneHu#t (rOBOPAT «M3 CTATHCTHIECKMX JAHHBIX»).

Hpedmemom Maremarnieckofl CTATUCTHKH ABNIACTCA N3YYeHUe cydali-
HBIX BeJIW4MH (MAM coaydaHHbix cobbiTul, IPONECCOB) IO PE3yJsIhTaTaM Ha-
6monenntt. Ilonydyennsie B pesynsrare HabmogeHnna (OnbiTa, IKCIEPHMEH-
Ta) DaHHBblE CHAYANIA Ha/I0 KaxuM-iubo obpasom obpaborars: ynopadovums,
IPEICTaBUTD B YOOOHOM 015 0003DEHUA U AHAJH3A BUIE. JTO NepBad 3a1a-
ya. 3areM, 3TO y¥Ke BIOpasl 3a1ada, OYeHums, XoTd Obl NpHOIH3NTEIBHO,
uHmepecywute HAC zapaxmmepuctnury nabionaeMolt cayvalnol Beanyn-
uel. Hanpumep, Date onenky HeM3BeCTHOH BEPOATHOCTH COOBITHA, ONEHKY
Heu3BecTHOH (PYHKIMH pacnpeleIeHUsA, OLEHKY MATEMATHYECKOTO OXHIA-
HUf, OIENKY MUACTICPCHH cjiay4aiHoll BesIMYuHEBl, OLICHKY IapaMeTpOB pac-
IIpeneJIeHns1, BUJ, KOTOPOFO HEM3BeCTeH, U T. 1.

Chrenyiouielt, HazoBeM ee YCIJIOBHO TpeThel, 3anadelt apigerca nposep-
%O CIMAMUCTRUNECKUT 2UNOMES3, T. €. PelleHUe BONPOCA COINIAcOBaHHMA pe-
3YJILTATOB CUEHUBAHMA C ONBLITHHIMHA NauHbIMH. Hanpusmep, BpluBuraercsa
TUNOTE3a, YTO: a) HabJogaeMasn C. B. ONYUHSAETCS HOPMAJIbHOMY 3AKOHY;
6) M. 0. HabmonAeMOH C. B. paBHO HyJIKO; B) cayiafinoe cobeirre obnanaer
JAHHOH BEPOSATHOCTBIO U T. 1.

OnHoft w3 BaskHefiiMx 33037 MaTEeMATHYECKOY CTATHCTHKM ABJIACTCH
pa3paboTKa METONOB, IO3BOJIAMILAX [0 pesyJjbraraM O0CAeNOBAHMA BhI-



Tnapa 6. BeiGOpKW M WX xapakTepucTikn ' 179

6.2.

H6opkH (T. €. YacTH HCCienyeMol COBOKYIHOCTH OOBEKTOB) Oesars oBocHO-
BaHHBIE BHIBOIbE 0 PACTIPEOESICHAN OpU3HaKa (c. B, X ) u3yyaemeix 06beKTOB
no scel COBOKYHHOCTH.

Insa o6pafoTkH CTATHCTUYECKUX JAHHBIX CO3OAHBI CHENHANBHBIE TPO-
rpammubie nakerbl (STADIA, CrarDxcnepr, 9spucra, SYSTAT, STAT-
GRAPHICS u np.), KoTOpbI€ BBIMOJHAIT TPYIOEMKYIO paboTy 1o pacte-
TY Pa3sJMYHBIX CTATHUCTHK, NOCTPOEHMIO Tabsauy ¥ rpadpuxon. ITpocreiimue
CTAaTMCTUYEeCKHE (DYHKIHMH UMEIOTCH B IPOIPAMMUDPYEMBIX KaJIBK Y ISATOPAX
A monysasapHbeix ogpucHeix nporpammax (EXCEL).

PesynbTaThl MCCNEIOBAHMA CTATHCTHMYECKHX NAHHBIX METOOAMH MaTe-
MATHYECKOH CTATUCTHKH UCNOALIYIOMCA OAf NPUNATIUR peweHus (B 3a0a-
4ax IJAHUPOBAHUWA, YIIPABJIEHHS, TPOrHOSHPOBAHNA H OPranu3aluy Mpon3-
BOACTRBA, IPH KOHTPOJIE KA4eCTBA NPOAYKIHH, IpH BHOOpe ONTAMAJIBHOTO
BpEMeHY HACTPOHKH WM 3aMeHbl HeHCTBYOIIEH annaparypel ¥ T. 1.), T. €.
A8 HAy4YHBIX H NPAKTHYECKMX BBLIBOIOB.

ToBOpAT, 4TO «MATEMATHIECKAA CTATHCTAKA — 3TO TEOPHA NPHHATHA
peleHHil B yCIIOBHAX HEONPENEICHHOCTHS.

MateMaruueckasd CTAaraCTHKa Bo3nnkaa s XVIIL seke B pabotax
5. Bepaynnu, I1. Jlannaca, K. Ilupcona. B ee coppeMeHHOM pasBuTHH OIpE-
JeNAUYI0 poJik chirpaiu Tpyasl . Kpamepa, P. @umepa, 0. Hetimana
¥ gp. Bosismof BXJIaj B MATEMATHYCCKYIO CTATHCTHKY BHECJIH PYCCKHE y4de-
uete I1. JI. Yebuimes, A. M. Jlanysos, A. H. Kosmoropos, B. B. I'negenko
M JIpyTHE.

FeHepanbHaa u BbIGOPOYHAA COROKYNMHOCTH

IlycTe Tpebyercs M3y4YWTh JIAHHYIO COBOKYHHOCTH OOLEKTOB OTHOCH-
TeJILHO HEeKOTOpOTO NpH3Haka. Hanpumep, paccmarpusas pabory mucrer-
depa (DpPOAABIA, HADUKMAXEPA,...), MOXKHC HCCJIEH0BATH: ero 3arpyxeH-
HOCTB, THI KJIAEHTOB, CKOPOCTh OOCHYXKHMBAHUA, MOMEHTHI NOCTYMJICHHHA
3aABOK H T. 1. Kax sl Taxol npusHax (v mx xomGuHauuu) obpasyer ciy-
4aliHy10 BeJIMYMHY, HabIIoNeHua HAJ KOTOPO# MBI H IPOUSBOIMM.

COBOKYHHOCTE BCEX MIOIIEKALIMX U3y YEHUIO O0BEKTOB MM BO3MOMKHBIX
pPe3yAbTaTOBR BCEX MBICAMMEIX Habmopenull, NPOU3IBOIVIMELIX B HEW3IMEHHBIX
YCJIOBHAX HAT OJHUM OOBEKTOM, HA3BIBAETCH 2EHEPAALHOT COBOKYTIHOCIILIO.

BoJstee cTporo: reHepajapHad COBOKYIHOCT: — 970 C. B. X (w), 3a1aHHaA
Ha IpocTpaHCTRe 3/1eMeHTapHbIX COOLITHH §) C BLIIE/ICHHEIM B HEM KJIACCOM
S5 nonMuOXKeCTB COOBITHH, I1A KOTOPHIX YKA3AaHbBI MX BEPOSTTHOCTH.
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3agacTyio UpOBOOHTE ciaciunoe obcaedosanue, KOTIA M3YyHaHTCH BCE
06BeKTH (HAIPUMED — MEPENUCh HACEJCHHU), TPYAHO HJIH AOPOTO, 3KOHO-
MHMYECKH Hellestecoobpasno {HanpuMep — He BCKPHIBATDL XK€ KaXIIyio KOH-
CepBHYI0 BaHKy AJIA NPOBEPKH KA4eCcTBA HPONYKIWH), & HHOLIE HEBO3MOXK-
HO. B 3THX ciyvasx HaHJIYIEmMHAM crnocoboM obCHENOBAHHS SABJAETCH &bi-
bopouroe Habarodenue: BLIOHPAIOT U3 I'eHEPAJILHOE COBOKYITHOCTH HYACTh €€
obbexToB {«BHIBOPKY»)} M MOEBEPraloT MX U3y JCHHUIO.

Bw6opounoti cosoxynuocmuio (ewdoprxoti) HA3HIBAETCH COBOKYIHOCTD
obbexToB, oTOOpaHHLIX CaydafHEIM OOpa30M M3 reHepaJbHOH COBOKYMHO-
CTH.

Bonee crporo: swbhoprxa — »To mocsienoBaresibHocTh Xp, Xo,...,Xp
HE3aBHCHMBIX OIMHAKOBO DACHPENEJIEHHBIX C.B., PACIPEIEIIEHHEe Kax ol
U3 KOTOPBIX COBIIANAET C pacnpeflesieHReM reHepanbHoil cayualtnolt Benn-
YMHEL.

Hucso 06bekToB (HabmoaeHul) B COBOKYIIHOCTH HA3bIBAETCA €€ 0fae-
MOM.

Kouxpernsie snavenns spibopKy, NOJYYEHHABIE B PE3YNILTATE HabJII00e-
HUA (MCnbITaHWH), HASKIBAIOT peaausdcyuelt 6ubopry U 0G03HAYAIOT CTPOY-
HbIMHM DYKBAMM X1, L2, ..., Ly,

MeTon CTATUCTHYECKOTO HCCISI0BaHAA, COCTOAIUEH B TOM, YTO HA OCHO-
BE W3Y4IEHHA BHIDOPOYHON COBOKYIIHOCTH JETASTCH 3aKJI0UeHne O BCelt re-
HEPAJBHOH COBOKYHOCTH, HAZLIBAETCH 6MOOPOYHBIM.

JLiist TIOUTy 9eHU A XOPOUIEX OIEHOK XAPAKTEPHUCTHK TEHEPaJIbHOH COBO-
KYITHOCTH HeobGxoipmo, urcbnl BmiBopka 6blIa penpezewmamusghoti (Mmu
npedemasumenviotl), T.€. AOCTATOYHO NOJHO NPENCTABIAATL H3Y4aeMble
IPH3HAKH reHepaJibHOH COBOKyHmHOCTH. YcioBHeM ofeclnedeHus pernpeseH-
TATHRHOCTH BBIOOPKH ABJIASTCH, COTJIACHO 3aKOHY Bosbmiux uuces, cobmamw-
Jenne caydalirocTn othHopa, T.e. Bce 00BEKTH [C¢HEPAILHON COBOKYIHOCTH
OOJKHBL UMETh PABHBIE BEPOATHOCTH NOMNACTDL B BRIOODKY.

Pasnuyalor BeIGOPKE ¢ sosepoujenuem (noemopusie) U be3 gozspaue-
nus (Gecnoemoprnie). B nepeoM cayuae 0To0patHbIi 06HEKT BO3BPAIACTCS
B IeHEPAIBLHYI) COBOKYITHOCTH Tepeli U3BJIeYEeHMeM CIIEHYIOWEro; BO BTO-
poM — He Bo3Bpainaerca. Ha nmpaxTuxe game ucnonssyercsa GecioBropHas
BRIGOPKA.

3ameruM, ecyiu 00beM BLIGODKY 3HAYHWTE/IBHO MeHblle ofibema rede-
panbHOR COBOKYIIHOCTH, pazjiHuve MexXIy MOBTOPROH n BecnopTopHOll BH-
fOpKAMH OYE€Hb MAJIO, 810 MOXHO HE YYHTLIBATE.

B 3aBMCHMOCTH OT KOHKPETHBIX YCAOBHE 115t 0BecieTeHHs penpe3eHTa-
THBHOCTH NPHMEHHAIOT PA3JIMYHBIE CI0coOBI oThOpa: npocmoti, IpH KOTOPOM
H3 PEHEPANILHON COBOKYNHOCTH M3BJEKAIOT IO OOHOMY ODBEKTY; munuye-
cxutll, IPH KOTOPOM FEHEPAJIBHYIO COBOKYIIHOCTh HENAT HA «THIUIECKHEs»
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]

4aACTH M OTOOD OCYWIECTBIIAETCA M3 KaXIol 4YacTd (Hampumep, MHEHHE O
pedepenmyme cipocuTh v cay4aino oTo6pansbix Juonei, pasiesIeHHbIX N0
NPH3HAKY [ONA, BO3PACTA,. . . ); MeTaHuYeckutl, Tpu KOTopoM 0rHop npous-
BONUTCH Yepes onpeneneHHult HHTEpRaJ (HaUpuMmep, MHEHHE CHPOCHTh ¥
KaxXKJOTO IMECTHIECATOrO. .. ); cepudinvili, npd KOTOPOM OGBEKTHI H3 reHe-
pPAJIbHOH COBOKYIHOCTH OTOHPANTCA «CEPHAMHE», KOTOPBIE NOJKHBI HCCIIS-
JOBATHLCHA [P NOMOUIY CILIOWHOTO 0DC/IenoBaHUA.

Ha npakTHke roas3y0TCH COUETAHHEM BhIIEYTIOMAHY THIX CitocoboB oT-
topa.

IIpumep 6.1. Hecsars aCHTYPUEHTOB DPOXONAT TECTHPOBAHHUE IO MATEMA-
THKe. Kaxnpit 3 aux moxer Habpare oT 0 0 & GANIOB BKIIOYATENBHO.
Mycrs X —— xosuuectso 6asiios, HabpaHusx k-M (kK = 1,2,...,10) abu-
TYPHEHTOM.

Torna snavenua 0, 1, 2, 3, 4, 5 — Bce BO3MOXKHBIE KOJHYECTBa OaJ-
J10B, HaOpaHHBIX oOHUM abUTYPHEHTOM, —- o0pa3’yIoT reHepaJbHYIO COBO-
KYIIHOCTb.

Boibopka X1, X2, X3,..., X190 — pesynsTar recruposanua 10 aburypn-
€HTOB.

PeasmzanmsiMu BIOOpKHE MOIyT OBITH cienyomue nabops! yuces: {5,
3,0,1,4,2,5,4,1, 5} vum {4,4,5,3,3,1,5,5,2, 5} wun {3, 4, 5,0, 1, 2,
3,4,5 4} n 1o

6.3. Crarncruueckoe pacnpegesnieHue BbiOOpKAN.
IMnupudeckan GyHKUVA pacnpegenexns

IlycTs u3yuaercsa mekoropad c. B. X. C aro#f uennio Hazg ¢.B. X mOpo-
M3BOMUTCA PAN HE3ABHCUMBIX ONbITOB (Habmonenuii). B kaxkgom u3 9THx
ONBLITOB BeJaH4uHA X IpHHHMaET TO WM HHOE 3HAYEHHE.

Ilycre oHa mpuHANA 1N pa3 3HAYEHHE Z], N2 pa3 — 3HAYEHHE Ty, ...,
T pas — sHavenue ;. [Ipu a1oM n) +ng+. .. +7ng = n — obbeM BHIOOPEN.
3Ha4YeHUA Z1, T2, ...,T, HABBIBAIOTCH Gapuanmamy c.B. X.

Bca copokynHocTh sHadenu#t ¢.B. X npencTabBiaseT cobol NMepBHYHBIHR
CTATHCTYYECKMH MaTepHas, KOTOpHH# momaexkuT naibHelmed obpabotxe,
Opexle BCero — YIOpsaZOYeHHIO.

Onepanus pacnooxeHus 3HaveHul caysalnoil penyuudsl (IpU3HA-
Ka) N0 HeyOLIBAHHIO HA3HIBACTCA PAHMCUPOSAHUEM CTATHCTHIECKHX HAH-
neix. ITonyqeHunan TakuM 06pa30OM MOCNEHOBATENBHOCTD T(1), T(2): - - - » T(n)
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E

sHavenuti ¢.B. X (me (1) < 2(2) € ... S Tm) KT = lr%iéln Xiy ooy Tmy =

= max X;) HA3bIBAETCA GAPUAUUORKBIM DRIOM.
1<ign

Yucna n;, DOKA3LIBAIOIIEE, CKOJIBKO Pa3 BCTPEYalOTCA BADHAHTEHL T; B
pane HabmoneHni, AA3EIBAIOTCH “GCMOMAMY, 8 OTHOUIEHHE WX K obbeMy
BBIBOPKH — “ACMOCMAMYU WA OMHOCUMEAbHBMY Yacmomanmy (pf), T.€.

* L

Py =7, (6'1)

k
roe n = Z ;.
i=1

Ilepe4enb BAPHAHTOB M COOTBETCTBYIOIMX MM YacCTOT HJHM YacTocTelt
HA3LIBAETCA CMAMUCTNIUNECKUM pacnpedescHuesm enfopry WIH Cmamucmu-
weCKuUM pAGoM.

3anuCsIBAETCA CTATHCTHYECKOE pacnpenesienue B suxe tTabmunsl. [Tep-
BasA CTPOKA COLEPKUT BAPUAHTEL, & BIOPAX — KX YACTOTHI 1; {MJIM 9acTo-
CTH pj).

IIpumep 6.2. B pesynnrare TecTHpoBanua (cM. upumep 6.1) rpynna abu-
TypHenTos Habpana Gannsr: 5, 3, 0, 1, 4, 2, 5, 4, 1, 5. 3anucars nosydenHyo
BLIGOPKY B BHJIE: 4) BADHAIMOHHOIO PANR; 6) CTATHCTHYECKOro PAA.

Q a) IIpopamxupoBas cTaTHCTHYECKYE DaHHBE (T. €. HCXOOHEIN pax), mo-
JAYYAM BAPMAIMOHHELE PAR (T(1), T(2),- - -, T(10))"

©, 1,1, 2, 3,4, 4,5, 5, 5).

6) IToncuuTas YacTOTY H YACTOCTL BAPHAHTOB 2, = 0, 3 = 1, 73 = 2,
z4 =3, 25 =4, £g = 5, TOIYYHM CTATACTHYECKOE PACIPENEIeHAe BHIOODKH
(rax HasbIBaeMBIN TUCKPETHBIH CTATUCTHUYECKUH pAN)

6
z |0[1]2]3]4]5 _
ni|112]1(12]3 (;n’"m)

HJIH

n] 01123145 6
N N U O N (ZPI=1)- o
Pil76|10|10| 10|16 |10 =1

—t

Cmamucmuseckoe pacnpedeaerue anlfopxu fearemca oyenwol Heus-
secmnozo pacnpedeaenus. B coorsercreun ¢ Teopemolt Beprysmu (n. 5.3}
OTHOCUTEJIbHBIE YACTOTH P; CXOJATCA NIPA N — 00 K COOTBETCTBYMOIMM



Mnasa 6. BbBOPKKW 1 WX XapakTepucTikn « 183

BEPOATHOCTAM Py, T. €. D) n—jg pi. llosromMy npu GONBIINX 3HAYEHWAX N
CTATHCTHYECKOE paclpenesieHde MaJiOo OTJIMYAETCA OT MCTHHHOIQ paclpe-
JeJIeHUA.

B cay4uae, xorna 4mMcao sHadeHull npusHaka (¢. B. X ) BENMUKO MM IPH-
3HAK FBJAETCS HENDPEPHIBHBIM (T. €. Korna ¢. B, X MOXeTr NpuHATH Joboe
3Ha4YeHHe B HEKOTOPOM HHTepBaJIe), COCTABJIAIOT unmepea.ﬂ,bnmﬂ Cmanmu-
cmuveckutl pad. B nepsyio CTPOKY TabIHIBI CTATHCTHYECKOrO pacipene/ie-
HHUA BIHUCBIBAIOT JACTWYHBIC IPOMEXKYTKHE [Z0,Z1), [T1,22);. .., [Thels Tk)s
KoTOphie OepyT OOBIYHO OMMHAKOBEIMHE 110 AJIHHE: b = 11 — 2o = &2 — X1 =
= .... [Ins onpenenesusa BeJIMYUHBI HHTEpBaJa (h) MOXHO HCIIO/IB30BATh
dopmyny Crepmxeca:

__ Tmax ™ Zmin

T l4logyn

bl

TZI€ Tmax — Lmin — PA3HOCTB MeXIy HaubOJIbIIHM M HAMMEHBIIMM 3HaYeHH-
AMH NpH3HaKa, m = 1 + logy n — uucso unreppanos (log, n & 3,3221gn).
3a HaYaJTI0 IePBOro HHTEPBAJIA PEKOMEHAYETCS OPATh BETHURHY Tyay =

= Zmin — % Bo sropo#t cTpouke CTAaTHCTMYECKOro PsAAa BHUCHIBAIOT KOJIH-

4yeCcTBO Habmomenwit n, (¢ = 1, k), nonaswiux B KA AL HHTEPBAJ.

Hpumep 6.3. Usmepunu poct (¢ Trognocreio no cM) 30 Haymady oTobpan-
HBIX CTYHeHTOB. Pe3yspTarsl U3MepeHH# TAKOBEL:

178, 160, 154, 183, 155, 153, 167, 186, 163, 155,

157, 175, 170, 166, 159, 173, 182, 167, 171, 169,

179, 165, 156, 179, 1568, 171, 175, 173, 164, 172.

ITocTpouTh MHTEPBAJILHEIN CTATHCTHYECKUH PALL,

Q s ynobeTea npopakXupyeM NoiydyeHHbe JaHHble:
153, 154, 155, 155, 156, 157, 158, 159, 160, 163, 164, 165, 166, 167, 167, 169,
170, 171, 171, 172, 173, 173, 175, 175, 178, 179, 179, 182, 183, 186.
Ormerum, uTo X —- POCT CTYOeHTa — HenpepsiBHAA C. 8. 1lpn Gosee
TOYHOM H3MEPEHHH POCTA 3HAYEeHUs . B. X OBBIUHO He INOBTOPATCH (Bepo-
ATHOCTE HANMYHAA HA 3eMJIe ABYX H6JIOBEK, POCT KOTOPHIX PABEH, CKaXeM
V3 =1,732050808 . . . MeTpOB, paBHa HyJ0!).
Kax BUIMM, Tmin = 1533, Tmax = 186; no dopmyne Crepiukeca, npu
n = 30, HAXOOMMM [JIMHY YACTHYHOrO HHTEpBaJa

1+log, 30 ~ 1+3,3221g30 5,907 ~ 777

Ipumem h = 6. Torma Tyae = 153 — g = 150. Ucxonmrie JanHke

pasbupaem ua 6 (m = 1 + logs 30 = 5,907 = 6) unrepsanos: [150,156),
1156,162), [162,168), [168,174), [174, 180), {180, 186).
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IloncurTas YHCAO CTYIAEHTOB (n;), HONABIIMX B Kaxkaui#l H3 mOJTydeH-
HBIX [IPOMEXYTKOB, IOJIYYHM UHTEDBAJIbBHbIH cTaTHCTHYeCKMH pa:

Pocr  |[150-156)|[156-162)[[162-168)][168—174)|[174—180)|[180-186)
YacroTa 4 5 6 7 5 3 ®
Jacrocrs| 0,13 0,17 0,20 0,23 0,17 0,10

Qmuum U3 crocodos 0OpPAGOTKH BAPKAIMOHHOTO DALA SBJAAETCH 110CTPO-
eHHe IMIMPUYECKol (HyHKIMHK pacnpenenesus.

Omnupuseckoli (cmamucmuneckoli) dynnyued pacnpedesenus Ha3bIBa-
ercs pynkmust F(x), oupenessomas A5 Kax,/10T0 3HAYEHRA £ JaCTOCTh
coburrua {X < z}:

L%

Fo(z) =p"{X <ax}. (6.2)

15l HaXOXKIEHUS 3HAYEHUH aMIMPUUeCKOR (byHKumu ynobuo Fi(x) sa-
OHCATH B BHJE
F* —_ Ty
(CL’) =

W]

roe n — obbeM BEIGOpKR, 1, — uHcIo Habmogenuil, Mensmux r {z € R).

Ouesuano, uro F) (1) ynosiersopsAeT Tem xe yCJIOBHAM, YTO U MCTHH-
nas dpyHxuua pacnpenenenna F(z) (cm. o 2.3).

Ipu yBesMueHHN IHCaa 1 HAOIIOAeHWH {ONBITOB) OTHOCHTENLHAS Ya-
crota cobuitea {X < z} npubmokaeTcs K BepOATHOCTH ITOrO COOBITHS
(reopema Bepnysanm, n. 5.3). dvoupudeckas yHKUUsS DPACIHpeNesIeHus
F)(z) asnsierca ouyenxod seposrHOCcTH cobeitnst {X < z}, 1 e. omenkoff
Teoperuieckoit dbyHKumu pacnpenenenusa F(z) c.B. X. Umeer mecTo

Teopema 6.1 (Fnusenko). Ilycts F(z) — reoperndeckaa dyHKuma pac-
npegenenus ¢. 8. X, a F{z) — smnupuieckan. Torma nia moboro ¢ > 0

lim {IF() ~ F@) > e} = 0.

Mpumep 6.4. [Mocrpouts dyskumo F) (), HCIIONB3yA yCIOBHE H PE3YJIb-
—  Tarbl npumepa 6.2.

Q 3uecs n = 10. Umeem Fy(z) = T% =0 npu z £ 0 (nabaomennit mens-

we ( Het); Fiy(z) = le— npu 0 < z € 1 (31ech ng = 1) u v 1. OxkongaTesnabHo



Mnaea 6. BuGopkun 1 ux xapaktepnctikin * 185

IOJYYaeM
r0, npe z £ 0,

0,1, mpu0<z <1,
0,3, mpml < z<K2,
Fly(x) =404, mpu2<z <3,
0,5, mpn 3 <z £ 4,
0,7, mpu4 <z <5,
I, opH § < .

\

['pacdux smonpraeckoll GyHKUMHE pacipengseHus NpuBenex ua puc. 59. @

Ffo(a’)l.._ ___________________________________ —
0, F-mmmmmmmmmme e —
V) S —— -—
-------------- ot : :
0,3¢----- I— i | i
=
0 % & & & =
Puc. 59

6.4. Mpaduueckoe naodbpaxeHne CTaTMcTUYeCKoro
pacnpeneneHus

CrarucTiueckoe pacopefienenue usobpakaercs rpaduyeckyu {11 Ha-
IIAHOCTH) B BAAE T3K Ha3bIBAEMEBIX MOJIMIOHA U THCTOrpaMMebl. [losmron,
KakK MPaBHJIO, CIYXKUT JJ1A H300PAKEHUs JUCKPETHOTrO (T. €. BAPDHAHTHI OT-
JMYAI0TCA HA, MIOCTOAHHY BEJIMHUHY ) CTATUCTHYECKOrO PALA.

@ Hoauzonom wacmom HA3BIBAIOT JIOMAHYIO, OTPE3KH KOTOPOH coenuus-
0T TOYKM C KOOpOMHATAMH (T1,7M1), (Z2,n2),..., (Tk,Nk); noauzomnom wa-
* * *
cmocmeti — ¢ xoopauHaTamu (x1,p7), (22.05), ..., (Zx, PE)-

BapuanTtsr (z;) OTKJIaapiBaloTCsa Ha ocH abcuuce, a 4acTOTHI M, COOT-
BETCTBEHHO, YACTOCTH — HAa OCM OPIWHAT.
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Pi

Pue. 60

IIpumep 6.5. na npuamepa 6.2 (n. 6.3) nonuron gacrocrelt umeer sun,
H300paxkeHHbIl Ha puc. 60.

dameTuM, 9t0 pi +p3 + ... +pg = 1.

Ka.x BHOHO, NMOJIMI'OH yacTocTel aBasdeTcsi cTaTHCTHYECKHM aHAJIOrOM
MHOTOYTOJIBHUK2 paciipefesesns (cm. m. 2.2).

s HeIPEepLIBHO DACTPENENIEHHOrO MPH3HAKA (T. €. BAPDHAHTHI MOTYT
OTJIMYATRCA ONWH OT JPYTOre HA CKOJb YTOOHO MAJYIO BEJIAYHHY) MOXHO
HOCTPOWTD HONUIOH YACTOT, B3AB CEPENMHBI HHTEPBANIOB B KA1ECTBE 3HAYE-
uuit r1,zs,...,T,. Bojiee ynoTpebuTeIbHA TAK HA3BIBAEMAA CHCTOIPAMMA.

Tucmoepammot! wacmom (uwacmocmeti) HA3BIBAIOT CTYHEHYATYIO BUTY-
PY, COCTOANIYIO M3 MPAMOYTOJLHAKOB, OCHOBAHMSIMH KOTODBIX CJIYXKAT 4a-
CTHMHBIE WHTEPBAJIbI JUIHHBI h, & BBICOTHI PABHB! OTHOMIEHMIO -+ — ILIOT-

h

*

P 7
HOCTDL YaCTOTHI (F wIH

OuepnaHo, IOIAAL TUCTOrpaMMbl 4acTOT paBHA 06'bemy BbIﬁOpKH, a
IJIONIA/lh THCTOIPAMMBL YACTOCTEH paBHA €IMHULIE.

~— TUIOTHOCTH YACTOCTH).

IIpumep 6.6. Vicoosesys yciioBee n pesysprarsl npumepa 6.3 uz m. 6.3
HNOCTPOXTH M'MCTOrPAMMY YaCTOCTEH.

(Q B pannoM cayudae jnjuHa MHTEpBana pasHa b = 6. HaxomuMm BbICOTHI

h; npsAMOYTONBHUKOE: by = 0,13 = 0,022, hy = % ~ {0,028, hs = 0—’;9 R
1
~ 0,033, hy = 9’6,23 a0 0,038, hy ~ % — 0,028, he % = 0,017,

I'ucrorpamma uacToctelt usobpaxena ua puc. 61.

TucrorpaMmMa JACTOT SBJIAETCH CTATHCTHYCCKYM aHAJIOTOM mudiepen-
muana byHkuME pacupegenenus (moraoctd) f(z) . 8. X. CymMma miowa-
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o

T
0,088} > \ / /@)
0,033]777777T
0,028}--------- %
0,0221---- N

Puc. 61

,u,eﬁ NpAMOYTOJIBHAKOB DaBHa COUHHIE

*

o P . .
(h'Fl‘l"-.."'h‘WG3p1+...+p6$1),

YTO COOTBETCTBYET YCJIOBHIO
o0
/ flz)de =1
—00

AJA IAoTHOCTH BepoatHocTedt f(x) (ecm. n. 2.4). Ha puc. 61 nokasana u
IJIOTHOCTh BepoarHocrel f(z).

Ecsn coepunuTh Cepesuubl BEPXHUX OCHOBAHKE NPAMOYTOJbHHKOB OT-
pPeSKaMH NPSIMOM, TO MOJIYYHM HOJIAFOH TOTO K€ PACIPEeNesIeHHs. ®

6.5. Yucnosbie XapakTepUCTUKN CTaTUCTUYECKOIo
pacnpeneneHus

Bl

11 BBIBOPKH MOMKHO OIIPEIETHUTS DS IHCJIOBBIX XaPaKTEPHCTHK, AHA-
JIOTHYHBIM TEM, YTO B TEOPHH BEPOATHOCTER ONpemenaaucs ans corydatHBIX
BeangrH (cM. m. 2.5).

IlycTe craTucTuueckoe pacrpeneseHre Buibopku obbvema n mMeer BUA;

Ty |1 | X2 | XTg | ... | Tk
g |y e (ng|... | Ng

(6.3)

Bubopounmm cpednum T HA3BIBASTCH CPegHee apudMeTHdecKoe BCex

3HaYeHUY BLIDODKHM:
k

Ty = %Zx; s 1. (6.4)

i=1
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Bribopo4Hoe cpenHee MOXKHO 3alIACATD ¥ TaK:

k
—_— *
To= i P}, (6.5)
i=1
e pf = = 6 6
pi pi =7 JaCTOCTSb. ﬂ'J'IH O0D0O3HAYEHHA BBI OPO‘IHOI‘O Cpe,]IHEI‘O HC-

*

IIONB3YIOT clenylomue cumpossl: T, M*(X), m].
OTMeTHM, YTO B CJIy4ae HHTEPBAJILHOIO CTATHCTHYECKOrO PALA B pa-
seHcTse (6.4) B KauecTse &; 6epyT CEpENMHEBI €r0 MHTEPBANIOB, & N — CO-
OTBETCTBYIOILME UM TACTOTHL.
@ Buibopornoti ducnepcueli D, HaspiBaercad cpeiHee apudMETHYECKOe
KBAIPATOB OTKJIOHEHHMH 3Hadvenuii Buibopkm oT BuIbopounoll cpenmelt Fj,
T €.

Dy = (zs — ZU_B)Z L (6.6)

1

3=

k

@
HJIH, YTO TO Ke caMoe,

k

Dy=> (z;~Ta)? - p]. (6.7)

i=1
Momxuo noxazars, 4o Dy Moxer ObITH NOACYMTAHA TAKXKE N0 POpPMYJIe:

k
D, = %me cny — (Tp)?, Te
i=1

Dy = 2% — (T)?, (6.8)

30eCh T = Tp.
Buibopounoe cpedmnee weadpamutecxoe omraonenue BHRIOOPKYM onpene-

JIseTca GopMyIoH
as = v/ Dy. (6.9)

OcobeHHOCTE BBIOOPOUHOTO C. K. 0. (0p) COCTOUT B TOM, YTO OHO H3Me-
pAeTCA B TeX Xe €IHHHNAX, 9T0 H H3y4aeMbli NpH3IHAK.
Tlpu penreHnu IpaKTAYECKUX 33/0a4 UCTOAB3YETCHA M BEIHYHHA

k
5% =— 1 - Zl(xi —7)% ny, (6.10)
1=
T. €.
5% =" _p,, (6.11)

n—1
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N

KOTOpasi HA3BIBAETCH UCNpasaenuol ewbopounoll ducnepcuet (cM. nanee
o 7.1).
Beguuuna

S =52 (6.12)

Ha3bIBAETCH UCHPASACHHOIM GO0POYHBIM CPECHUM KEQIPAMUNECKUM OTN-
KATHEHUEM.

Jis HeHpepriBHO pacupenefieHHore npu3Haka HopMyssl niis Beibo-
POUHBIX cpenHpux OyOyT Takumd Ke, HO 3a 3HAYEHHA £1,Z9,...,T, Ha-

n0 OpaTh He KOHIbI IEPOMEXYTKOB (Zo,Z1),[%1,Z2),..., & HX CEpeiuHbI
Zo+x1 Z1 + o

L R A

B KauecTBe ONHMCATENLHBIX XAPAKTEPUCTHK BAPHAUHOHHOTO DALS. T(1),

T(2)y -+, T(n) (MM MOMYTEHHOTO M3 HErO CTATHCTHIECKOTO PACTIDEeJIeHAs
BeIOOPKY (6.3)) uCrONB3yeTcs MEHaHA, MOJA, PA3SMax BapHAUMU (BLIOOL-
K4) H T. 1.

Pasmazom sapuayuy HaSHIBACTCA WHMCI0 R = T(y) - Z(1), IAEC T¢y =

= min Ty, Tiyy = max Tx MIH B = Tax —ZLmin, THE T — HaubonnuInit
1<k<n k2 &(n) 1<k<n k max min max ’

Tmin — HAMMEHBIIUH BAPHAHT pAIOa.
Modoti M} BapUaltHOHHOTO PANA HASLIBAETCA BAPHAHT, UMEHOIHY Han-
OONBILYIO) YaCTOTY.
Meduanoti M, BADHAIIMOHHOTO DHAIA HA3BIBAETCA 3HAUCHHE IIPUSHAKA
(c.B. X), npuxonfuieecs Ha CEPElUHy PALa.
Ecomn = 2k (1.e. pag ), (), . .- s Z(k)s Tik+1)y - - - » T(2k) HMEET YETHOE
Lik) T L(k+1) |
) :

YHCJI0 4IeHOBY, To M} = ecmu n =2k +1, T0o M = 2441

IIpumep 6.7. Tlo ycoropmio npumepa 6.2 u3 n. 6.3 Hallte xapaxkTepucTuku
BbIOOpK# — pe3yJIbTaThl TecTHpoBanus 10 abuTypueHTOB.

Q Vcnonsays dopmynst (6.4)-(6.12) u onpenesiennst us 1. 6.5, Haxozmm:
Ty = 11—0-(0-1+1-2+...+5-3)=3,
Df:%(m—w?1+u—3Pa+.”+w_3Fﬁ)=&z

0 = /3.2 2 1,79,

52 =10 .39 356

9
8 = /3,56 ~ 1,87,
R=5-0=5,
M* =5,
_3+t4

M 5 3.5. ®
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YnpaxHeHua

1. HaittTn 1 nocTpouTh sMIupyyeckyio byHKIHIO pacpeNesieHus /1A Bhl-

GOpPKH, IPEACTABIEHHONR CTATHCTHYECKHM DAIOM.

x| 113 6
n,;10812

Ha renedonno#t cranmmm nponspoananck HabmoneHns sa IuCIOM He-
NpaBHJIBHLIX coeqmbeHudt 8 MuryTy. PesynbpTare Habnwopenull B Tede-
HUE Jaca IpeiCTaBJIeHbl B BY/le CTATHCTHYECKOTO pacpelesIeHus.

|0 123415
m | 811711610621

Haiditu Bribopounnie cpeitee u nucnepcuio. CpasHRTh pacnpenenenne
yactocTel ¢ pacnpenesiesueM Ilyaccosa (pn,m = e—%&""’—m

Hayuaercs ¢. . X — 4UCI0 BHIIABUIMX OYKOB Ipu Hpocanun HrpaJibHOM
koctu. Kocrs nogbpocusu 60 pas. TlosiyyeHbl CaenyONRe pe3yILTaThL:
3,2,5/6,6,1,4,6,4,6,3,6,4,2,1,5,3,1, 6, 4,
5,4,2,2,4,2,6,3,1,5,6,1,6,6,4, 2,5, 4,3, 6,
4,1,5,6,3,2,4,4,5,2,5,6,2,3,5 4,1, 2,5, 3.

1. YTo B HAHHOM ONBITE-HADTIONEHUH NPEJACTABIIET IeHePAJIBHYIO CO-
Bokynnocts? 2. [lepeuucnnre ayieMeHTs 3T0H coBokymmocTH. 3. Yt
npencrapnser coboift snibopxa? 4. Hpusegure 1-2 peanusanny suibop-
xu. 5. OdopMAaTe e B BAJE: 4.) BAPHAIMOHHOTO PAa; 6) CTATHCTHYIECKO-
ro paga. 6. Halinure smMnupudeckyio ¢hyHEIUIO pacnpeneseHns Bbbop-
ku. 7. [ocTpotiTe unrepsanbunil craructudeckufl pan. 8. [locrpoiite
MOJAUrOH 9acToT M THCTorpammy dacrocredt. 9. Haiinure: a) saiBopoy-
HYI0 cpentiow; 6) BHIGOPOYHYIO DMCIEPCHIO; B) MCHPABJIEHHYK BblbO-
POMHYIO AMCIIEPCHIO U BCIPaBJIeHHOe CpefHee KBaJpaTHIECKOe OTKJIO-

“ue; I') pasMax BapHAIMK, MOAY M MEIHaHY.



INeMeHTbI TeOpUH OLLeHOK U NPOoBepPKn rmnoTe3

7.1. OueHka HEeM3BeCTHbIX NapaMeTpoB

NoHsTHe ol eHKn NnapaMeTpoB

Ilycth u3yvaercs cayqalinas senmunta X ¢ 3aKOHOM PaclpelesieHnst,

3aBHCAIIHM OT OOHOI' O HWJIH HECKOJIBKHX [IapaMeTpOB. HanpuMep, 3TO Ilapa-

m, ,—a

Merp a B pacnpeaenenun Ilyaccona | P{X =m} = GT WIH napa-
METPbl @ ¥ & AJIA HOPMAJIBHOTO 34KOHA PACTIDEIENIEHAR.

Tpebyerca no puifopxe Xi, Xa,..., Xy, MonydyeHHOH B pe3yisTare n
Habuiozenu#i (ONBITOB), OLEHUTL HEM3BECTHBIK napamerp 6.

Hanomuum, uto X, Xa,..., X, — cayvaiiuele senmunser: X1 — pe-
3YJIBTAT TepBoro HabmwoneHusa, Xo — BTOpPOTO H T.H., TPUYEM C.B. X,,
i=1,2,...,n, IMEIOT TAKOE Xe PACIpeNe/eHne, 4T | C. B. X ; KOHKPeTHASA
BLIOOPKA T1,Z2,...,Tn — 9TO 3HAYECHUHA (PEATM3AMA) HE3ABUCHUMBIX C. B.
X1, X2,..., Xn.

Cmamucmusecxot oyenxol §n (nanee npocto — oyenxol 5) napame-
Tpa # TeopeTMYecKoro pacupenc/eHusl HA3BIBAIOT ero NpubbKeHHoe 3Ha-
“eHHe, 3aBACHIee OT AAHHBIX BhIOOpA.

OueBnaHO, YTO OLEHKE f eCTh 3HaveHHe HeKOTOpOH YHKIUY pe3yib-
taTop Habmronenui#t Han coy4vaitnolf BeuauHOM, T. €.

—

6 =08(X1,Xa, ..., Xn). (7.1)

Oyuxnuio pesynsrarop Habmoneunt (1. e. dpyHrMO BHOOPKK) Ha3kbl-
BAIOT CMAMuUCMurot. N

MoxHO ckasaTh, 4T0 oyenxae § mapamerpa & eCTh CTATHCTHKA, KOTOpad
B ONPENEJIEHHOM CMbICHE BIIM3KA K MCTHHHOMY 3HAYEHMI 6.

Tak, F*(z) ects ouenxa Fy(z), rucrorpamma — rwrorHoctn f(x).
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Ouenka 6 sBnserca ciaydaltHol BenwumHOH, TAK Kak ABIALTCH (PYHK-
uneit HesaBucAMbIX C. B. X1, Xo,..., X,; ecomm MpoHsBeCTH APYTYIo BortOopKy,
To pyHKIMI npuMeT, BooOUe roBops, Apyroe SHAYCHHE.

Ecay aucno onsros (Habnoaenuit) HeBe/IMKO, TO 3aMeHa HEH3BECTHOTO
mapaMerpa @ ero onesx o Ei, HANPUMED MATEMATHISCKOrO OXUIAHUA CPEJl-
HUM apu(pMETHYECKHM, IPDHBOMUT K owmnbKe. D10 ownbKa B CpemHeM TeMm
60.}'[511[8, €M MEHBUIE YHUCJIO OIIBITOB.

K ouenxe moboro napaMmerpa npebaBasercs psaj rpebosanui, XxoTo-
PHIM OHA JOJDKHA YOOBJIETBOPATE, 4ToObl ObiTh «Biu3koift» K HCTHHHOMY
3HaYEHHIO [IApaMeTpa, T. €. OLITh B KAKOM-TO CMBICIE «I0DPOKaAYECTBEHHOMH»
OIEHKOMH.

CBoliCcTBa CTATUCTUYECKUX OLL,EHOK

KamecTBo onenkH onperenaroT, nposepsa, obianaer I OHa CBOHCTBA-
MH HECMEIICHHOCTH, COCTOATEBHOCTH, 3¢ DEKTHBHOCTH.

Ouenka 9 napamerpa § HaseBaeTCA Hecmeusennotl, ecan M 6=10.

Ecnn M0 #£ 8, To ougHKA f nasnBaerca CMEWEHHOTL.

Uro6HI OlEHKA § He HaBasa. CHCTeMaTwIecKol omnbru (ommbxum omnoro
3Haxa) B CTOpoHY sasbimenns (M6 > 0) unn sammkenus (MO < 8), na-
o motpeboBaTh, 4TOOL! «MATEMATHYECKOE OXKHIAHHE OLEHKU BBIIIO paBHO
OLIEHUBAEMOMY ITAPAMETDY .

Ecou M §n — 8, TO OuEHKA gn HA3SBIBACTCH GCUMNMOMUYECKY HeCMe-
WEHHOTI.

TpeGoBanne HECMEUEHHOCTH OCODEHHO BAXKHO [PH MAJIOM YHCIE Ha-
Gimonenuit (onsIToB).

Ouenka, 5,, napamerpa ) HARBIBAETCH COCMOAMEALHOL, eCIIH OHA CXO-
JIMTCS 10 BEPOATHOCTH K OLIEHHBAGMOMY TIapaMeTpy:

8, —2— 0,

n—oo

T. e. g0 jJboro € > 0 BEMOTHEHO

lim p{qﬁn —9| < s} -1
N=3>0Q

DTO 03HAYAET, 4TO C yBeJUYeHHeM 0ObeMa BBIOOPKM Mbl BCe OyMXe
npubnmKaeMcst K WCTHHHOMY SHAMEHHIO IapaMerpa ¢, T.e. NpaKTH4ecKH
JoctoeepHo O, == 0.

CroficTBO COCTOATEJILHOCTH 00A3aTeILHO I M1060ro IpaBrJja OleHu-
BaHMs (HECOCTOSTENBHBIE OLGHKE HE HCHOJIB3YIOTCS ).
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CocTosaTebHOCTh OIEHKE &, 4acTo MOXET GBITH YCTAHOBIEHA C ITOMO-
WL CASNYIIEHR TeopeMBL.

Teopema 7.1. Kenu onenxa @, napaverpa f spnsercss HECMEWEHHOR W
DB - 0 npu n — oo, TO 9 —— COCTOATENbHAA OUEHKA.

o~

—~

(A 3anmmem nepapencrso Yebnunesa nag c. B. 8, mis moboro £ > 0
Dg,
S

P8, -0l <e) 21~
o

Tax kak mo ycaosuio lim D&n =0, To hm P(ll? -8 < 5) = 1. Ho
n—oo

BEPOATHOCTD JHIODOTO COBBITHA HE npeﬂmmae?r 1 H, CEAOBATENHHO,

P8, ~0) <¢) =1,

—~—

1. €. 6, — COCTOSATeNIbHAA OLUEHKA napamerpa 8. |

~

Hecmemennan oueHka 8, napamerpa 6 mBasmBaercda sddexmusnod,
eCJIM OH3, HMEeT HAMMEHDBIYIO IMCIEDCHIO CDEM BCEX BO3MOKHBIX HECMe-
HIEHHBIX OIEHOK mapaMerpa &, T.e. onedka 6, 3deKTHBHA, eC/IH ee HUC-
IepcHA MAHMMAJILHA.

P PEKTHBHYIO CLEHKY B PAJIE CJAYYAEB MOKHO HalTH, HCHOJIB3YA He-
pasencmeo FPoo-Kpoamepa: N .

De‘n .‘>f ;L-_'_I’
roe I = I(#) — undopmaunua Ouinepa, ONpenesseMas B AMCKPETHOM CIIY-
yae ¢opmysol

I=M [69 Inp(X, 9)] i [@(:%?r -plz,, 0),

=1 p(wh

rne p(z,0) = p{X = z}, a B HenpepsisOM — opmyioft

I=M [(T%lnf()(,ﬁ)r = 7 [f}ﬁ"-(%%)r . f(z, 8) da,

—QQ
e f(z,f) — NIOTHOCTS pacnpenesieHus H.c.B. X,
3¢ ek THBHOCTL OLEHKH OMPEIeISeTCH OTHOIEHHUEM
ix)
Do

eﬁ gfn = —=,
.Den
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e 5; — sddextusnaza onenka. dem Gmoxe eff 5,, K 1, tem adhexTuBHEE
ouenka &y,. BEcau eff 8, — 1 npu n — 00, TO OUEHKA HA3BIBACTCA GCUMNITO-
munecku adPexmuanot.

OTMeTHM, YTO Ha NPAKTHKE HE BCETNA YIACTCH YIOBJETBOPHTH BCEM
NepeduCIeHHbIM Bblie TPeOOBaHHAM (HECMEIEeHHOCTh, COCTORTEABHOCTD,
apDHEKTHBHOCTS ), ¥ MORTOMY IPHXOQUTCHR AOBO/BCTBOBATHCA OUEHKAMH, HE
oA nalUEMK Cpa3y BCeMU TpeMd ¢BocreaMu. Bee ke Tpu cpoficTsa, Xak
[IPABUJIO, BBIOEJISIOT OUEHKY OJHOZHATHO.

To4YeuHble OLLleHKU MaTeMaTU4eCKOro OXuaaHua n Avucnepcnm

Ilycry waywaercst ¢.B. X ¢ mMaTeMaTHYeCKuM oxunanweM ¢ = MX u
mucnepcueit DX, ofa napamMeTpa HEM3BECTHSI.

CTaTHCTHKA, HCIOJB3YEMAasi B KadecTBe NpUbAMKeRHOro 3HAYCHNS He-
H3BECTHOIO NAPAMETPA FEHEPATIbHON COBOKYIHOCTH, HASHIBAETCH €€ Modey-
not ouenxoth. To ectb ToueUHAS OLEHKA XAPAKTEPUCTUKY FreHepaJisHol co-
BOKYITHOCTH -— 5TQ MCJIO, ONPENENISeMOe 110 BRIDOPKE.

Iycte zi1, 0, ..., Ty — BbIOOPKa, DOJIYUEHHAA B Pe3yJibTare IpoBeae-
HUA N HE3ABHCHMBIX Habmiogennii 3a ¢. B. X, HTobsl noguepkHyTh Cilygali-
HBI# XApaKTep BeNWYMH Z1,I2,...,~T,, lepenuiueM ux B sune X, Xa,...
vor yXp, 1€ mox X; OymeM NOHHMAThL 3HaYEeHHEe C.B. X B 4-M OIBITE.
Cayuatinpie pesmunnsl X1, Xg,..., X, MOXKHO pPaccCMaTpUBaThL Kax 1 He-
BABHCUMEIX «3K3eMmaaposy peauanenl X. Tlostomy MX) = MX; = ...
o= MXy,=MX =4, DX1=DXo=...=DX,=DX.

Teopema 7.2. Ilycts X1, Xo,..., X, — BoIDOpKa H3 reHepaybHOR COBOKYT-
noct 1 MX; = MX =a, DX; = DX (i = 1,n). Torga smfopoutnoe cpentee
n

7‘3 = % E X,' -— HeCMellleHHad U COCTOoATEIbHAA OILIEHKA MaTEMATHYCCKOTO
i=1
oxunanua MX.

1 Ha#imem M. 0. ouenkm X 5:
n kA n
MX, = M(%in) = %M(in) =tY MX;=% na
=1 i=1 i=1

OTcropa 110 oflpenesIeHRIo oy uaeM, 910 X ; — HecMellenHad oneHka M X,
Hanee, cornacro Teopeme Yebemepa (n. 5.2), gua soboro £ > 0 mmeer
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MECTO PABCHCTBO

lim P{ < e} =1,
-0

KCTOpOe, COJIaACHO YCJIOBHIO TeODEMBI, MOXKHO IIePEeIHCATh TaK!:

n T
L3 x - E3ux

=1 =1

lim P{|Xs - MX|<e} =1
n—o0

uaH, 9TO 70 Xe camoe, lim p{|f — 6| < e} = 1. CornacHo onpenesieHmIO
n—oo

nojiyuaem, 9To Xz — cocrodresabHaA ouenka MX. |

MoxHO mOKa3aTh, YTO IPH HOPMAJIBHOM pacupenesieHud c.B. X 3T1a
oneHka, T.e. Xy, 6ymer m adbdextusrolt. Ha mpakTuke Bo BCEX Cay4a-
X B KAYECTBE OIIEHKU MATEMATHHECKOTO OXHIAHKS UCHOJIL3YETCH CPETHee
apudmMeTnueckoe, T.€. Xg.

B craTucrrke oueHKY MareMaTHM4ecKoro OXHIAHWA NPUHATO 0b603HA-
qaTh gepes X WM X, a He X.

Ilokaxkem, uro

MD,=""1px (7.2)

JelicTBUTENBHO,

n n 2
1 Z 1 Z 1

L M X+ X)) = L (MXE+ MX 4.+ MXD)-

-
n
—%-M(X12+X§+. A XEH2AX X + X1 X3+ Xo X3+ + Xn_lx,,;)) =
=2l (MX2+ MX 4.+ MXE)-
n
— 2 (MXy-MX; + MX{MX3+ MXoMXs + ...+ MXn_ 1 MX,) =
n
=2l MXP e MXP 4+ M-
" n
~Z(MX MX+MX-MX+... +MX MX)=
mn
_n-1 : 2 nn=1) s n—1 9 n—1 2 _
= P MX? = B e (MX)? = RS M - B (MX)P =
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=2=Lowx?— (mxy2) =22t . px.

W3 pasenctsa (7.2) caenyer, uro M D, # DX, r.e. embopounan duc-
nepcua Asagemea cmewennoll oyenxoll ducnepcuu DX, [losToMy setbopot-

HYI0 OUCIIEPCHIO UCHPABJIAIOT, YMHOXKHB e Ha n—T—lT’ noyiyqas hopMysty
2. _n
5% = — 1DB {cm. {6.11)).
Teopema 7.3. Ilycrs X, Xo,...,X, — Bbibopka W3 renepalibHOl COBOKYN-

noctd ¥ MX; = MX = a, DX; = DX (i = 1,n). Torna ucnpabiennas
Tl

i
n—1

BHIGOpOUHAA OuCHepcHs 57 = n—iT Z(X‘i —-X) = . D, — HecMeweH-
i=1

Has COCTOSTEhHAA OUeHKA uucnepcun DX,

[ IlpuMeM 6e3 n0Ka3aTENBCTBA COCTOATENBHOCTE OueHKH S2. JToxaxem
e¢ HeCMEUICHHOCTD.
Hmeem

2 _ 0 __n_ __n_n-—1 _
M$? =M (—2oD,) = 2~ MD, = 2. 221DX = DX,
r.e. MS? = DX. Orcona 1o onpenesieHuio noayyaeM, 4ro 52 — mecume-
meHdas onenka DX B

OrMeTHM, 4To NpM GONBUIMX 3HAYEHMHX N pasHuna Mexay D, u §?
OYeHb MAJIa M OHH HPAKTHYCCKH PABHBI, IOYTOMY OHEHKY S? MCIOMB3YIOT
JUIST ONEHKH OUCIIEPCHU ITPY MAJbIX BRIGOpKax, 00BIYHO 11pu 1. & 30,

Hmetor MecTo cIlenyomue TEOPEMEL.

n
Teopema 7.4. OTHOCHTEIbLHAA YACTOTA, WA moABJIeHUA cobHTHA A B n He-
3aBHCHMBIX HCIBLITAHHIAX SIBJIACTCS HECMEIICHHOH CcocToATenbHO# B 3¢rdek-
THBHOH OLEHKOH Hen3BecTHOH BeposTHOCTH p = P(A) 316ro cobeitua (p —

BEPOSITHOCTL HACTYIJICHAS COOBITHS A B KaXK/IOM HCILITAHUH).

I’y T
OrmMeTHM, YTO COCTORTENRHOCThL ONEHKH @ = WA- HEIIOCPENCTBEHHO BhI-
TexaeT u3 reopemnl Bepaysuin (cm. 1. 5.3).

Teopema 7.5. OMmnupuueckas (hbyHKIMsS pacnpenenenus suibopku F*(r)
ARJASTCH HECMEIEHHOH COCTOATENRHOR OlleHKON byHKINE pacrpeneenns
F(z) cnyvaiinott enmaunnr X.
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IMTpumep 7.1. Morery nonbpaceisator n pas. BeposaTHOCTE BEIIAICHHS rep-
fa npu KaxaoM nogdpaceiBanus paBHa p. B xome OIIbITa, MOHETA BHITIAJIA
repbom n4 pas. [okaszars HECMENIEHHOCTh OUEHKH @ = i} BEPOATHOCTH

n
# = p seinagenua repba B KAXKIOM ONBITE,

Q Ywucso ycnexos (n 4) umeet pacuopenesnenne Bepaynnu. Torma M(n4) =
= np, D(ns) = npg = np(l — p). CrenoparensHo, M8 = M(HWA) =

-~ n
= %-M(n,;) = ;rli-n-p:p=6‘, T. €. OlIeHKa 0 = TA——HecmemeHHaﬂ. ®

7.2. MeTOoAbl HAXOXKAEHUA TOYEUYHLIX OUEeHOK

PaccmoTpum Haubonee pacipocTpaHEHHBIE METOOBI MTOTYYEHUA TOTEY-
HBIX OIIEHOK MAPAMETPOB PACIPEIETICHHA: METO MOMEHTOB H MEeTON MaK-
CUMaNbHOTO npasinononobusa (kparko: MMII).

MeTOon MOMEHTOB

MeTOJl MOMEHTOR OJI5s1 HAXOXKIEHHUS TOYECYHLIX OIEHOK HEH3IBECTHBHIX
IapaMeTpoB 3a0aHHOrO PACIPEIeIEHNA COCTONT 6 NPUPGEHUCAHUY MEOpPE-
MURECKUT MOMEHOB pacnpeae.nenu.ﬂ Coomaememesy oM IMNUPURECKUM
MOMENNAM, HARTeHHBIX 110 BEIOODKE.

Tax, ecnu pacupenesieHue 3aBECAT OT OOHOTO napamerpa @ (Hanpumep,
3a0aH BHA IJIOTHOCTH pacnpenenenusn f(z,0)), TO WA HAXOKACHAA €ro
OLIEHKH Halo PelIHTE OTHOCUTEIIBHO g ONHO YPaABHCHHE!:

MX =X,

(MX = / z - f(z,8)dr = ©(0) ecrs dynxUU=A OT ).

Ecnn pacnpenmesienne 3aBUCHT OT OBYX NAPAMETDOB {HAIPUMED, BHJL
IJIOTHOCTH pacripepenenusn f(x,6,62)) — HALO PELIATL OTHOCHTENLHO )
i 62 cucTemy ypapHeHui:

MX =X,
DX = D,.
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W, makoHeir, ecoTM HAAO OUNCHHTH N MapaMeTpor 8,60z, ...,60, ~— Hamgo
PEUIATE OJHY M3 CHCTEM BHIIA

4 _1 n .

MX—EE:IX“ MX =X,

MX?=1 i){f, DX = Ds,
4 3 Bau

. n
n M(X - MX) =1 s (X, - X )%

?

MeTton MOMEHTOB ABARETCs HAMOOJEE IPOCTHIM METOAOM OIEHKY NADa-
merpos. On Obut npennoxen B 1894 r. Ilupconom. OueHkn MeTona MOMeH-
TOB OOBIYHO COCTOATEJILHEL, ONHAKO UX 3()DeKTHBHOCTE YACTO SHAYUTELHO
MEHBIIE STHHALD.

ITprmep 7.2. HaliTe oneHkyn napameTpoB HOPMAJILHOIO paclpeneneHHs
C.B. X M&FTOZOM MOMEHTOB.

Q Tpebyercs no euifopke z),Z2,...,T,; HAHTH TOYEUHHIE OUEHKN HEH3-
BEeCTHLIX mapaMeTpoB a = MX =0, n 0? = DX = 0,.

Tlo MeTony MOMEHTOB MPUPABHUBACM HX, COOTBETCTBEHHO, K BBLIDOPOU-
HOMY cpenseMy M Beibopounol mucnepcmn (o = M X — HavanoHbi#l Mo-
MeHT [ nopsnka, pe = DX — unenrpansusiit moment I nopsinka). Iomy-
9aeM

MX =7,
DX =Dy,
T.€
a =Ty,
a? = D,.
Hrak, uCKOMEBIC OIEHKMW IAPAMETPOB HOPMAJBHOIO DACHPEIEIEHHS:
51 = Ty H 52 = /Ds. @

MeToA mMakCcMManbHOro npasaonoaooma

Ilycts 2, 29,...,2, — BHBOpPKA, NOJYYEHHAS B PE3YJILTATE IPOBEIE-
HUS " HE3aBHCHMBIX Habnonenwmit 3a ¢.B. X. M nycrs Bun 3akoHa pac-
npefesesns: BeMYruEL X, HanpumMep, BUL mioTnoctr f(x,#), ussecrten, Ho
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HEN3BeCcTeH napamerp #, KOTOPBLIM ONpeNeNsaeTca 3TOT 3aKoH. 1pebyercs
o BIGOPKE OHEeHuTHL napameTp 8.
B ocHope MeTona MakcuMasibHOro npasuononobua (MMII), npensio-
xeHHOro P. PumepoM, JIexXUT NoHATHE (DYHKIHH NPABROIOZ0OHS.
Dynxyueti npasdoncdobus, nocrpoennoit no Beibopke T3, Ta,. . ., Ty, Ha~
3BIBAETCA (PYHKUMA apryMenTa € suga

L('Tl?m?:-":mn;g) =f($1:9)f($2,9) f(x'n.so)

HJIH
n

L("B?G) = Hf(:l’:,,,e),
=1
rne f(z,8) — nuorHOCTH pacnpemeneHusn ¢, B. X B ciaydae, ecyim X — He-
npepeiBHad. Ecan X — MHUCKpeTHA C. B., T0 GYHKIHA IPABIONONnobHa HMe-
eT BHJ,

L(a:,@) ZP(.'L']_,G) 'p("rZaB) T p(ﬂ:n,g) = Hp(m,—,ﬁ),
=1

rne p(mhg) = p{X = Ty, 9}

W3 onpenenenns caenyet, uro 4em Gosbsmre sHauenne byakuun Lz, §),
TeM Gonee pepostHO (mpapoonopobHee) mosBaeHne (npu (PUKCHPOBAHHOM
f) B pesysibTare HabmoneHd# YuCes T1, Lo, ..., Tn.

3a moueunyro oyenxy napamempa 8, cozaacne MMII, Gepym maxoe
ezo 3nauenue @, npu xomopom Pynxyus npasdonodobur docmuzaem Max-
CUMYMA.

Ora oueHKa, HA3LIBAEMAas OueHKol MOKCUMAAbHO20 npasdonodobus,
ABJIACTCA PEUIEHUEM YPABHEHUS

dL(z,6)
g ¢

Tak kak dyuxuun L(z,0) u In L(z, ) mocTuraror MAKCUMYMa, TIPHA Of-
HOM M TOM e 3HaYeHH# §, TO BMECTO OTHICKAHWS MakcAMyma dbyHxmun
L{z,0) muyt (uro npowe) makcumym dbynkunu In Lz, 0).

Takum o0bpaszomM, 017 HAXOXEIEHNA OUSHKH MAKCHUMAJBHOTO NPABIOMNO-
mobusa Hano:

1. pewuTs yparHeHHEe NpaBronozobus

d(Iln L(z, 8})

o =0
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2. orobparb TO peumieHue, KOTOpoe obpamaer dynxuuio In L(x,d) B mak-
cumywM (y106HO MCIOUIB30BATE BTOPYIO MPOU3BOAHYIO: €CJIH

d?InL{z,0)
B lo=g <O

10 6 = § — TOUKA MAKCHMYMA).

Ecin oueHke nojJiexar HeCKoabKo napamerpos 0,0, ..., 0, pacnpe-
[eJIeHR, TO OLEHKH B4, .. . , 6, ONPENE/TIOTCS PEIIEHAeM CHCTEMBI YPABHE-
Hu# npapaonomobusa:

O(lnl) 0
00, ’

ceey

d(lnL) 0
a0,

IIpumep 7.8. Halitu ouenky napamerpa o pacupenesenus [lyaccona me-
’ TOAOM MAKCHMAJIBHOTO IPABAOTOA0GH T,

m —a
(Q B mannom ciygae p{X =m} = a—ﬂ'f—. Tloatomy

!

.

p(@:,0) = p{X = m;, 0} = e
1

npu z; € N Cocrasnsiem dyuxumo opasgonopobus (s auckpeTHOM

c.e X):
e T et
! Ia: T il oo Ty
Torna
n
InL(z,0)=—n -0+ z;-Inf-In(z:! 72! ... 25!
i=1
) (z,6) =
dinL(z,8 1
—a —n+ 9" let:t.
p—

YpaBHeHne Hpa.BJIOHO,E()ﬁIfIﬂ HMECCT BHIO!

(—n+%.imi)

i=1

= 0.
0=0
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Orcrona HaxomuM

A Tax xax 2 "
InL(z,6) 1
— |9=5 == m <0,
i=1

o~

TO oueHka § = T, sBIAETCA ONEHKOH MaKCHMAJIBHOrO HpaBIonomobus.
Wrak, 8 = a = Ty,. L

MeToa HaMMeHbLUMX KBAAPATOB

MeTon, HaXOXeHH OLeHKH § HeH3BeCTHOTO napamMeTpa f, oCHOBAHHBIH
HO MUHUMUIAYUY CYMMDL K6aIpamos omxaonerud anbopounos JanHmT OT
onpenesseMod (Mckomoit) oueHkM ), HA3BIBACTCH MEMOJOM HOUMEHBUIUT
xeadpamoes (xoporko: MHK). N

Hpyrumu caosamu, B MHK tpefyerca HaltTe Taxoe sHavenue 8, koto-
poe MHHAMH3UPOBAJIO OBl CYyMMY

i
F(8) = Y (X; —6)? > min.
=1

OrmernMm, uto MHK asnserca naubosiee IpOCTHIM METOOOM HAXOXIEHHA
OUEHOK mapamerpa 8.

IIpumep 7.4. Hailtn ouenky napamerpa ¢ pacupenesrenusa [lyaccona me-
TONOM HAMMEHLIIAX KB3IPATOB.

n
(0 Haitznem Touky munumyma Gyrkmuu F(f) = Z(X“ — %

1=1

n ! n
o) = (F =Y (0 -07) =Y 20-6)- (1)
i=1 g =1
7
u3 ypasaerus F'(6) = 0 HaXOn¥M KPUTHIECKYIO TOUKY: —2 Z(X2 -8)=0,

i=1

n n n 7
re Y X~ 6=0r1e Y Xi=nb, bp=1 > Xi. A 1ax xax
1=1 =1 1=1 i=1

F"(Byp) = (—z 3 - 9))0 =23 (-1)=2n >0
i=1 i=1
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A
npu aobom 3Havennn 8, 1o By, = %ZX,- — TOYKa MHUHUMYMa (PYHK-
=1
mun F (). Takum obpasom, onenkolt napamerpa a B pacnpenenenaus [lyac-
m, ,—a
& € _ m = 0,1,2,... cormacio MHK, ssnsierca

cona P(m;a) = -

f= %anxi.
=1

MoxHo 10K a3aTb, 4T0:

M@ =6

I
_Q
9
X

I
i

®

YnpaxHenuna

1. Haiitu onenky napamerpa pacnpenesnenus [lyaccona MeToqoM MoMeH-
TOB.

2. Tlonbayace MMII, oneHuT: BEPOATHOCTL NOABJIEHUA repba, ecoTu npu
10 6pocanuax MOHeTHI repd noABRACH 6 pas.

3. HaiiTH OUeHKY HEU3BECTHOH BEPOATHOCTH YCHexa B cxeMe DepHyniam
MeTOonOoM MOoMeHToB 1 MMIT.

4, [Hano: c.s. X ~ Rla,b]. [To suiGopke 1,3, . .., L OLEHHTH BEIHINHAI
G H b METOIOM MOMEHTOB.

5. Hafitu ouenku napaMerpoB HOPMAaJIBHOTO PACIpEne/esHud c.B. X Me-
TOJOM MaKCUMAJIBHOIO OPaBaonomobus.

7.3. NoHaTME MHTEPBaNbHOINO OLEHUBAHUA NapaMeTpPosB

Toueunnie OLEHKY HEMIBECTHOTO napaMerpa § xopoun B Ka4ecTBe Nep-
BOHAYAJILHBIX Pe3yJbTaToB obpaborkn Habmonenuit. Mx Hemocrarox B ToM,
YTO HEUIBECTHO, C KAKO#{ TOYHOCTBIO OHM ARIOT OIEHUBAaeMBIH mapamerp.
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Hna spibopox Hebosbworo 06LeMa BONPOC O TOYHOCTH OIEHOK OYEHb CY-
IEeCTBEeHeH, TAK Kak Mexay & W ¢ moxer 6Tk OONBUIOE PaCXOXKICHUE B
aToM ciyuae. KpoMe Toro, npu pelneHus NpAKTHYECKUX 33,089 YaCTO Tpe-
ByeTca onpenenuTh M HAJEXHOCTE 9THX OueHoX. Torna m posHukaer 3ana-
4a 0 NpubJIMXEBHH napaMerpa ¢ He OZHUM YHCTIOM, 4 IeJILIM MHTEPBAIOM

(61,82).

OneHka HEM3BECTHOrO NAPAMETDA HA3BIBALTCA UNNEPEAAvHOtl, ecyH
OHA ONpPEeHEeNAETCA ABYMs YHCJIAMA — KOHUAMH HHTEDBAJIA.

3284y MHTEPBAMBHOIO OUEHHBAHUA MOXKHO COPMYJIAPOBATL TaK: 1O
DNAHHBIM BBIGOPKHM NOCTPOMTH YMCHIOBOH HHTepBai (64,8:2), oTHOCHTE/BLHO
KOTOPOI'o ¢ 3apaHee BhIOpAHHOH BEPOSTHOCTBIO Y MOXKHO CKA3aTh, YTO BHY-
TPH 9TOr0 WHTEPBAJIA HAXOINTCA TOYHOE 3HAYCHUE OLEHHBAEMOTO 1ADAMET-
pa (cm. puc. 62).

Pue. 62

Wurepsan (6y,6;), HakpoiBaiomui ¢ BEPOATHOCTBIO <Y UCTHHHOE 3HA-
JeHMe napamerpa 0, HasbIBAeTCH J0BEPUMEABHBIM UHMEPEAAOM, & BEDOSIT-
HOCTb 7y — HOJEHCHOCTILIO QUEHKYU WIIH JOGEPUMEAbHOT 8EPORTNHOCTTIDIO,

Ouens 4acTo (HO He BCErNA) AOBEPHTENbHHIH MHTEPBAN BHOUpaeTcs
CHMMETPHYHBIM OTHOCHTEILHO HECMENEHHO! Toueunolt ouenku 6, T. €. Bui-
fupaerca unrepeat suga (6 — ¢,8 + ) rakoii, 4ro

p{66(5—6,5+5]}xp{{9—§{<6 =y,

Yucmo € > 0 XapakTepusyeT TOMHOCTb OLEHKH: YeM MeHbule Pa3HOCThb
{@ — 6|, TeM TouHee OUEHKA.

Benwunna v sribupaercst sapanee, ee puiflOp 3aBUCUT OT KOHKDETHO
petnaemolt sapaun. Tax, crenens NOBepMs ABMANACCANXUDA K HAJAEXKHOCTH
CaMOJICTA, OYEBHANO, NOJDKHA OLITH BHIIIE CTENEHH NOBEPUA NOKYIATENd X
HAIEHHOCTH TEJCBM30PA, JIAMIIOYKW, HIPYIUKH. . . HamemnocTs v upuHaTo
suibupare pasnoit 0,9; 0,95; 0,99 unu 0,999. Torpa rpakTHYeCKH JOCTOBEPHO
HAXOXK/IeHue TlapaMerpa O B 10BEPUTELHOM HHTEpBane (§ - ¢,8 + ¢).
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7.4. loBepuUTenbHbIe UHTEPBaNb! IR NapaMmeTpoB
HOPMAaNbHOro pacnpeaeneHus

TTocTpouM NoBEpUTENHHBIE BHTERBAJIB LA TADAMETPOB HOPMAJIBHOIO
pacipenesieHud, T. €. KOrja BEIDOPKA DPOM3BONMUTCA N3 reHePabHOR COBO-

KYIIHOCTH, umMercmeit HOPDMAJIBHOC PaCIpEnesiCiae C rnapaMeTpaMu d 1 0'2.

HoeepurenbHbiiA MHTEpPBan AN MaTEéMaTUMECKOro OXXUAAHUA NPV
M3BECTHOK AUCIHEpPCHUM

Iycts ¢.B. X ~ N(a,0); ¢ —— H3BECTHA, JOBEPUTEILHAN BEPOATHOCTD
(HamexxHOCTE) ¥ — 3aOaHa.

Ilycrs 21,32, ..., &y — BHDODKA, TOJNYYEHHAS B PEe3yJILTATE IPOBEIe-
HHEs N HE3ABMCUMBIX HabsoaeHui 3a ¢. B. X. YToOb NOMIepKHYTH CIIydait-
HEIfl xapakTep BEJIMYHMH T1,Z3,...,~Tn, HepenuneM ux B Bune X1, Xop, ...

, Xn, T.€. mon X; OymeMm NOHUMArk 3Ha4deHMe C.B. X B i-M OILITE.
Cayyaiiusie peauamnnpl X1, Xo, ..., X;, — HE3ABHCHMBI, 32KOH pacHpene-
Jeada miobol W3 HEX COBIAIAET ¢ 3aXOHOM pacnpenesenus c.B. X (T e.
X; ~ N(a,0)). A»stosmauur, yuto MX; =MXs=...=MX,=MX =a,
DX, =DX,=...=DX, =DX.

Bribopounoe cpentee

n
=X

f=1

:3|>—‘

Takxe OyNeT paclpeleNieno [0 HOPMAJLHOMY 3aKOHy (npumeM 6e3s Doxa-
saTenbcTba). Ilapamerpn pacupenenenus X takoss: M(X) = a, D(X) =

2
= %. JHe#cTBHTEeNnBHO,

MX)=M ( ZX) -iMXi=%-iMX:MX:a,
i=1 1=1
2

n n
~ 1 1 1 1 o
D(X) =D(EZX,-> =§ZDX1- = n—QZDX— DX =2
i=1 i=1 i=1

* Takum 06pasom, X ~ N (a, %)

CrenoBaTesIbHO, H0Ib3YACE (GOPMyITOH

p{IX —a| < I} =28 (-f;) — 20 (g) 1
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(bopmyna (2.47)), moxHO 3anucarh

7=p{|"X"—a| <E}=2‘I’g (50\/7_7') =2¢)O(t)s

e t = £ C;/H . M3 mocaotestrero pasescTsa HaXOmMM
€= tfg (7.3)
HOATOMY ¥ = P {D_(- —a| < Ej%} = 2@ (t) unu
p{f—t-%<a<7+t'%}=2f1>0(t)='y. (7.4)

B coorBeTcTBUE C OIpenesieRueM TOBEPHTEILHOND HHTEPBAJIA IOy Ya-
eM, 4TO JoBepHUTe bRAH uHTepBa) juisa ¢ = M X ecrp

Y..t.i)f.{.t._a_), 75
(-t Xz (73
rIe t onpenesnAeTca U3 paBesHcTsa (7.4), T. €. u3 ypaBHEHMS

®(t) = & (7.6)

(o ®(t) = ! _;’Y); IIPH 330aHHOM 7 mo Tabmimne dynknum Jlannaca Ha-
Xoaum aprymeHT t.

3ameruMm, uTO U3 paBeHcTBa (7.3) crenyeT: ¢ BO3pacTaHweM oGbeMa
BBRIDODKH 1 9UCII0 € YOBIBAET W, 3HAYUT, TOYHOCTEL OLEHKH yBEJIMYMBACTCS;

YBeNHYECHHEC HAOCXKHOCTH Y BJieYeT YMCHBIICHUE TOYHOCTH OIECHKH.

IIpumep 7.5. llpousseneno 5 HesasmcuMerx Habmiopenwit Hag C. B, X ~
~ N{a,20). Pesynbrarel rabuionenuit Takosbl: 1 = —25, 2o = 34, z3 =
= —20, z4 = 10, x5 = 21. Halitet cuenxy nna a = M X, a Takxe IOCTPOUTE
nns Hero 95%-# nosepurenbupiit HHTEPBAJL.

(9 Haxomum cHawana Ty: T = £ - (—25+34 — 20+ 10 + 21) = 4, re.

=

T = 4. YuursiBad, uro v = 0,95 u $y(t) = %, nonyaaem Og(t) = 0,475.
ITo tabmune (cM. [Ipunoxenue) seigcHseM, uro ¢ = £, = 1,96. Torna £ =

_ 1,96-20 =~ 17,5 (dopmy.aa (7.3)). HosepuTenbHbll MHTEPBAT IUIS @ =

= MX (cornmacuo (7.6)) Takos: (4 — 17,5;4 + 17,5), r.e. (—13,5;2L,5). @
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AosepurenbHbil UHTEPBaN AJ1I1 MaTeMaTUMECKOI0o OXXUAAHUA NpY
HEeU3BeCTHOW gUucnepcun

Tlyctb c.B. X ~ N(a,0), 0 — HeussecTHa, v — 3anana. Haiinem Taxoe
4HCIIO €, 4ToBbl BRIMONMHANOCH cooTHomeHne p{X — e < a < X + ¢} =7
HJIHA

X —al<e}=7. (7.7)

Beenem cnyvailHyO BeHIHHY

T =

Tie § — WCIPaBNEHHOE CPEIHEE KBAIPATUYCCKOC OTKJIOHEHHE C. B. X, BHI-
YHCJIEHHOE IO BLIOODKE:

T

§=, |2 Y (x.-X)

n—1

=1

HokaseBaerca, 9ro ¢.B. I nmeer pacnpeneneuue CrpomeHETa (CM.
u. 4.3) ¢ n — 1 crenensio ¢cBobonsl. ILTOTHOCTE 3TOTO pacnpeneNeHUs UMEeT
BHII:

I'(%)

\/TT_(TT—-T)‘F(HEI) : (1+nt_21)ﬂ2,

fT(t,'ﬂ - 1) =

[ a)
roe [{p) = /u”—l - e %du — ramma-dysxuma; fr{t,n — 1) — verHas
0

$yHK .
IepelineM B Nesol yactu pasencrsa (7.7} or c.n. X Kk ¢.B. T:

|?—a| £
T <_i— =%
vn Vvn

g4/ T
HJTH p{[T] < —S—} = nm p{|T| < t,} =~, tne

ty =2 g/ﬁ (7.8)
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Benuunna £, HAXOOMTCA U3 YCJIOBHA

p{|T|<t,,,}—/.fT(tn—1dt—2 fthn—l)dt ¥,

Ht_y

ty
Q-ffT(t,n— 1)dt = .
i

Ionssyscs Tabauuedt xsantmielt pacupenesenus Creiogenta (CM. npuno-
xenue 4 Ha ¢. 252), HaxXONUM 3HAYEHUE T, B 3aBUCHMOCTH OT JOBEPHTENbLHOM
BEPOATHOCTH 7y M 4HCJa creneHed coboasl n — 1 (ty — KBaHTHJIB YDPOB-
o 1 — ).

Onpenenus snauenune i, u3 paseHcTsa (7.8), HaxoauM 3HAYEHUE £!

T. €. U3 PABEHCTBA

€=ty =, (7.9)
Cnenoearenbro, paseHcTBO (7.7) HpHHEMAST BHY

p{X —<a<X+t .

R

A 310 3HAUMT, 4TO MHTEPBAJ

(“X”—ta, S X +1, \/_)

nokpeiBaer a = MX ¢ BepOATHOCTBIO -y, T. €. HBAASTCHA AUBEPUTE/IBHBIM
HHTEPBATIOM JIJ1s1 HEM3BECTHOIO MATEMATHIECKOro OXKWIAHUA C. B, X.

Ipumep 7.6. Ilo ycnosmo npumMepa 7.5, cumrad, 9ro ¢.B. X ~ N(a,o),
TOCTPOUTH BJiA HeussectHoro M X = a nosepurensusiit unreppas. Cuutars
v = 0,95,

Q Onenky T nna MX yxe suaem: T = 4. Haxomum sHauenwne S:
§2= 2 ((-25-4)2 -1+ (34— 497 + (=20 - 02 + (10 ~ 42 + (21 - 4)%) =

= 660,5; S =~ 25,7. Ilo Tabnuue maz vy = 0,95 u n—1 = 4 naxogum t, = 2,78,

25,7

Caenosarensho, £ = 2,78 - 394 =~ 31,9. JloBepuresibHbI} WHTEPBAJ TAKOB!

(—27,9; 35,9). ®
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AoBepuTenbHbIA MHTEPBaN ANS CpeAHEro KBaapaTuieckoro
OTKNOHEHUSA HOPMAaNbHOIO pacnpeseneHns

IMycrs c.B. X ~ N{a,0), 0 — Hen3pecTHO, ¥ — 334aH0. MOXHO 110~
Ka3arh, 9ro ecau MX = g wzsecmno, T0O DOBEPRTEJbHER MHTEpBAT O
CPEOHETO KBAJIPATHIECKOTO OTKJIOHEHHA 0 HMEET BUJL:

(\/7_1'30 \/7_1'50),

X2 ' X

2

rme n — obbem BbIOOPKH, SF = % (X; —a)?, a
i=1

2 _ .2 ] 2_ .2
XI1=X14+~ 3+ Xa=X1-—+
5 —FTim
ABJIAIOTCA KBAHTHIAMH X’-PACHpeesieHHA ¢ N CTENeHsMH CBOGOmbI (CM.
. 4.3), onpenenaeMyie o Tab/IRIEe KBAHTHIICH X?r,n pacrpeneachEusa X?; {cM.
npunoxenue 3 Ha ¢. 251).
Ecm ¢ = M X neussecmmo, TO JOBEDUTEJILHBIR MHTEDPBAJI I HEH3-
BECTHOTQ 0 MIMEET BHJI

X2 ? X1

(\/n_—T-S \/n_—“l-S)’

n
roe n — o6bem BLGOpkH, S° = n_l——l . Z(X,; — X)? — ucnpasnenHoe

i=1
cpegHee KBanpaTuiecKoe OTKJIOHEHWE, KBAHTHIH

2 _ .2 ‘ 2 _ .2
X1 = X144+ r X2 =X -«
——2—;n——1 ) n—1

1+ 1-
onpeneaqanores 0o Tabanie Xi,k mppk=n—-1luna= 5 Tna=-"2

COOTBETCTBEHHO.

ITpumep 7.7. Insa ouesku nmapaMeTpa HOPMAJEBHO DACHDENEIEHHOHR CJIy-
yalinolt senwuunel ObUIA cOenana BubGOpPKa obbema B 30 EIURHI U BLIYH-
cneno § = 1,5. Halitu gopepurennuniii uuTEpBaJ, IOKPBHIBAICUIMY o C Be-
poaTHocTsio v = 0,90.

Q Umeem n = 30, v = 0,9. Tlo rabuuue x2 , Haxomum

Xi=Xis0e = X'(0.9529) =177,
2 T
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x5 = x3 09 1 x*(0,05,29) = 42,6.  .-iefrn
2 ¥

JoBepuTensHbI HHTEPBAJ UMEeT BUI:

(\/30 —T1-1,5 V30 -1- 1,5)
VaZe 1 JITT

mu 1,238 < o < 1,920. L

CxaxeM HECKOJILKO CJIOB O JOBEPHTEIIBHOM MHTEPBAJIE [NA OLEHKH Be-
POATHOCTH YCIEXa, NpK BOMBIIOM YHCIE HCnbITanui Bepuymnnn.

II,OBepHTeJIthIﬁ PIHTEPB&JI, KOTOpHﬁ C HaJeXKHOCTBIO 4 IIOKPEIBaAeT
ONEHMBAaEMbIA napaMerp p upu OOJIBIUMX 3HAYEHWAX 1 (IOPSAKA COTEH),
umeet BUL (p1,p2), L€

* 1 ot * 1 ¥
roe p* = T?:TA — OTHOCHUTEJIBHAs 4acToTa cobpiTHa A; ¢ onpenensercs us

paseHcTBa 28y () = 7.

Ha omeHKH npHOIMKEHHOTO PABEHCTBA P & p* MOXKHO HCIOJIb30BATh
€ /N
pasencreo p{|p* —p| < e} = 2%, ( ) cm. 1. 4.1).
(P -5l <) )

YnpaxHeHws

1. D'nybuna mopa mamepsiercsa npubOpoOM, cHcTeMaTHdeckad ommdKa Ko-
TOPOTO PaBHA HYJI0, 8 CJIyuaiinble omubKH pacnpelesicHbl HOPMAaJIbHO
¢ o = 15 M. CKoXBKO HAIOO COENATb HEIABUCKHMBIX M3MepeHuft, wrobel
onpenesuThk raybuay mops ¢ omubxoft He Gonee 5 M 1IPH HADEXKHOCTH
v =10,9?

2. Ilo ycnosuwo npuMepa 6.3 naflTi ToOYeuHyI0 OLEHKY K JOBEpDHTENbHBIH
HHTEPBAJ M CPEAHErO POCTa CTYAEHTOB, cunTtars v = (0,95,

3. IIpor3BogATCH HE3ABHCHUMBIC HCIBITAHW C ONMHAKOBOR, HO C HEU3BECT-
HOH BEPOATHOCTBLIO P HOSBNEHUA COOBITHH A B KadXK/OM HCILITAHHH,
Hailtu nogepurensHbiii waTEpBas IJIA ONEHKY P ¢ HaJexHOCTLIO (1,95,
ecsm B 400 ucnsiranuax cobeiTua A nossuaock 80 paa.
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7.5. Nposepka CTaTUCTUYECKUX TMNOTES

3apaum cTaTMCTUYHECKON NPOBEPKU FMNoTes

OnBsa u3 4acTO BCTPEYAIOUIMXCA HA IPAKTHKE 337134, CBARAHHEIX C [IPH-
MEHEeHMEM CTATHCTUYECKUX METOL0B, COCTOMT B PEUIEHUY BOMPOCA O TOM,
AO/DKHO M Ha OCHOBaHMY JaHHOH BHIOOpKHM OBITH NPHHATO MK, HANPO-
THB, OTBEPTHYTO HEKOTOpPOe MpelnoJioxkenne (rumoTesa) OTHOCHTENIBHO re-
HepaJIbHOM COBOKYNHOCTH (ciyvaitHo# BesTHYHHE).

Hanpumep, HOBOE JNIEKAPCTBO MCHEITAHO HA ONPEICIICHHOM YUCJIE JIO-
melt. MoxHO Jid CHE/IATE [0 NAHHBIM PE3YJIBTATAM JiedeHHs 000CHOBaHHDIH!
BEIBOZ O TOM, UTO HOBOE JleKapcTeo Gosee adheKTHBHO, 9eM TIpHMeHABIIHe-
Cq panee MeTOAbI ieneHuR? AHAMOTHYHEIR BONPOC JIOTHYHO 334aTh, FOBOPSA
0 HOBOM IIpaBWJje MOCTYILJIGHHS B BY3, O HOBOM MeToge ofy4eHHs, O [0JIh3e
6uIcTpoit XonbOBl, 0 MpEMMYILNECTBaX HOBOH Momenn aBToMODMIA WM TeX-
HOJIOTHYECKOro NPOecca ! T. I,

TIpouenypa conocTaBIeHs BHICKA3aHHOTO IPEIIOIOMKEHHs {THIIOTE3H )
¢ BRIDOPOYHBIME JIAHHEIMM HA3LIBACTCA nposeprofl aunomes.

Jadauwu cmamucmusneckot NPOGEPKY 2uNOMe3 CTABATCA B CJEIYIOUIEM
BHE: OTHOCUTENHHO HEKOTOPOH renepatbHON COBOKYIHOCTH BBLICKA3LIBA-
eTcs Ta MM MHasg runoresa H. M3 atoft reHepaspHOM COBOKYIHOCTH M3-
BreKaercsa puibopka. TpebyeTcs yKas3aThk IPABKIIO, HPHA TOMOIM KOTOPOTO
MOXKHO 6b1710 BBI O BRIBODKE PeNIuTh BOIPOC G TOM, CJAEAYET JIM OTKJIOHHTS
runore3y H uinu npuHATL €e.

CuoelyeT OTMETHTD, YTO CTATHCTHIECKHME METONAMHY I'HIIOTE3Y MOHCHO
MOALED ONPOSEPRHYMD UAU HE ONPOGEP2HYMD, HO He JHokasars. Hanpumep,
IJIs1 TPOBEPKM YTBepXKOEHUA (runoresa H) aBTopa, YTO «B DYKOIHCH HET
omubOK», peleH3eHT MpoYesi (H3yH9nJ) HECKOJILKO CTPAHHKL PYKOIACH.

Ecnu o obuapyxuia xora 6ul ooy omubKy, To rumoresa H oTBepra-
e1cst, B NPOTHBHOM CJydae -— HEe OTBEPraeTcd, TOBOPAT, UTO «Pe3yJIbTaT
OPOBEPKH ¢ THNOTE3CH cormacyeTcas.

BrigsueyTas rumoresa MoxeT OBITh TpABHJIBHON WJIH HEnpabBUJIBHOM,
[GITOMY BO3HHKAECT HeOOXOIAMOCTE €€ [IPOBEPKH.

Cratuctnyeckas runoresa. CTtaTUCTUNECKNUIA KpUTEPUA

TMon cmamucmuneckot zunomesoti (WM TPOCTO 2unomesoti) TOHUMA-
10T BCAKOE BLICKA3BIBAHKE (IPEINOVIOKEHNE) 0 TEHePATLHOH COBOKYTTHOCTH,
npoBepaeEMoe o BLIbOpKE.
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CTaTHCTHYECKUE THIIOTE3bl JEJIATCA HA THIOTE3bi 0 NapaMeTPax pac-
NpellesIeHUst USBECTHOTO BUAR (9TO Tak HA3BIBAEMBIE NAPAMEMPUNECKUE TH-
MOTE3bI) U MUIOTE3B! O BH/IE HEM3BECTHOrO pacnpeneieHn: (Hengpamempu-
“eCKuE THIOTESB).

Onny W3 MUNOTE3 BBHIOCIAIOT B KAUeCcTBe OcHoSHot (MM Hy.seeod) u
obosnaqaior Hy, a OApyryio, sSBJASIONYIOCH JIOCHYECKMM oTpunanuem Hy,
T. €. IPOTHBONOJIOXHYI ) — B kKavecTBe xomxypupyrowed (W aavmep-
rnamuenoti) runoTessl u obosnagarnr H.

Cunoresy, onHo3HawHO (BUKCHPYIOIYO pacnpenenesue HabMOUeHUH,
HaskBAOT npocmod (B Helt umeT peus o6 OONHOM 3HAYMEHHM [IAPAMETPA), B
IPOTHBHOM CJIydae — cAoMcHoll.

Hamnpumep, runoresa Hy, COCTOAIIAA B TOM YTO MATEMATHYECKOE OXH-
Aanue ¢.B. X paBHO Qp, T.e. MX = ay, asngerca npoctofl. B xagecTse
AJIbTEPHATHBHOR MMMIOTE3BI MOXKHO PACCMATPUBATS OJIHY M3 CJAELYIOIIHX TH-
notes: Hi: MX > ag (cnoxkuaz runoresa), Hy: MX < ap (cnoxnas), Hy:
MX # ag (cnoxuan) wna Hi: MX = a; (nmpocras runoresa).

Wmes ppe runoress Hy uw Ay, Hago Ha ocHoBe BhiBopkm Xip,..., X,
TIpUHATEL 100 OCHOBHYO runoTesy Hg, muGo Konxypupyomyw H;.

IMpaBuio, M0 XOTOPOMY HPUHHUMAETCS PEINICHME NMPUHATL MJIM OTKJIO-
HUTh runotesy Hy (COOTBETCTBEHHO, OTKIIOHUThL MJIM OpUMHATH H;), Hasbi-
BAETCS CTRATRUCTRUNECKUM KPUMepuesm (M IPOCTO KPUMEPUEM) TIPOBEPKH
ranoressl Hp.

IMpopepky rHnoOTe3 OCYMIECTB/IAIOT HA OCHOBAHHH PE3yJIbTATOB BHIGOD-
KM Xi,Xq,...,X,, U3 KOTOpPLIX ¢opMupyioT yHkuuio Bubopkn T, =
=T(X1,Xa,...,Xn), HA3LIBACMOH cmamucmukold Kpumepus.

Ocnoenoli npunyun npoeepry 2unomes COCTONT B cruenyiomeM. Mpo-
JKECTBO BO3MOXKHBIX 3HA4YeHMHl CTaTHCTHKM Kputrepus 7, pasOuBaercs Ha
JIBA HEMNEePEeCEKAININXCA NOAMHOMKECTRA: kpumutdeckylo obacems S, T.e.
obacTb oTKJIOHeRus runotessl Hy u ofaacms S npunamus 3Tol TMmoTe-
apl. Ecoiu hakTrueckd HabIONAEMOe 3HaYCHHe CTATUCTHK Y KpUTepud {T. e.
3HAYEHUE KPUTCPHUs, BEIYKCIeHHOe 0 BuibopKe: Tyaen = T'(x1, Z2,. .., o))
HONaAaeT B KPHTUYECKYIO 061acTh S, TO OCHOBHAsA rumnoresa Hy OTKI0HAET-
CH M NIPHHHMAETCH aJIbTepHATHBHAA runoreda Hy; ecnn xe Tyh,a6, nomanaer
B ?, 10 npuHuMaeTca Hy, a H; oTknougercs.

Ilpu npoBepke runoTe3bl MoXeT OLITh NPHHATO HENPABHJILHOE pelle-
HHE, T. €. MOTYT ObLITL NOMYIUEHB! OIIHOKY ABYX POAOB:

Owubxa nepeozo poda COCTOUT B TOM, 4TO OTBEDPraeTcs HyJleBas I'MHo-
Tesa Hg, Koraa Ha CaMOM [ieJie OHa BEpHA.

Cuwubxe emopozo poda COCTOUT B TOM, 4YTO OTBEPraeics albTepHATHE-
Had runotesa Hi, Korja oHa Ha caMoM fejie BepHa.
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(3

PaccMmarpusaeMeie Caydan HaIVIATHO UILNICTPHPYET CAeAyHmaa Tab-
JIHIIA.

Tunoresa Hy Orsepraerca [Ipunumaercs
BEpPHA otbxa 1-ro pona, NPABHJIBHOE PEHIEHNE
HeBepHa [PABHJILHOE PCLICHHE omrnbxa 2-ro poma

Bepostaocts omubku 1-ro poxa (06o3Ha4aeTCA 4epes ) HASHIBAETCH
YPOBHEM ZHAMUMOCTIU KPUMEPUSR.

QOuesngHo, o = p(H1|Hy). Yem menbme «, TeM MEHBIIE BEPOSTHOCTH
OTKJIGHUTE BepRYIO runoresy. JlonycruMmyo omubky 1-r¢ poma ofpIgHoO 3a-
JAOT 3apaHee.

B onnux ciayuasx cunTaeTca BO3MOXKHRIM npeHebpeds cobbrrusiMu, se-
poaTHocTs Koropbix menbule 0,05 (¢ = 0,05 osHavtaer, 4TO B CpexHEM B 5
cay4aax u3 100 ucnerTanuit BepHas runoresa 6yzeT OTBEPrHYTA), B APYTHX
CJIy4asXx, KOrIa pedb HIET, HANDHMED, 0 PA3PYIICHHN COOPYXKeHuH, rude-
JIM CYAHA H T. 1., HeJb3d npeHebpeus o6CTOATE/IbCTBAMH, KOTOPBIE MOTYT
MOSIBUTLCA C BEPOATHOCTEHIO, pasHoit 0,001,

OO0biuno AAs ¢ NCOOMLIYIOTCA CTaMpapTHbie sHadgenus: o = 0,05
a = 0,01; 0,005; 0,001.

Bepoarnocrs ommbkm 2-ro popma obosHauaercs uepes 3, e 8 =
= p(Ho|H\).

Benuunrny 1 — J, T e. BEPOATHOCTL HEOOMYMICHHS OWMOKH 2-10 pOna
(oTBeprayTh HeBepHyw Tmitoresy Hy, npuaarb sepuyw H))}, HasniBaeTca
MOUHOCTALIO KPUMEPUR.

Ouenuano, 1 -- 8 = p(H1|H1) = p((z1,z2,...,zs) € S|H1).

Yem GONbIIE MOIHOCTE KPUTEDPHS, TEM BEPOATHOCTD OMKOKH 2-10 DOja
MEHLINE, YTO, KOHEYHO, XKEJATENbHO (KaK ¥ YMEHBLIEHHE (t).

IMocnencreust omubok 1-ro, 2-ro pona moryr ObiTh COBEPIIEHHO pas-
JIMUHBIMH: B OOHHX CJyYaiX HAJO MMHHMH3UPOBATH @, B IpyroM — f.
Tak, IpUMEHHTENBHO K PATHOJOKAUMH FOBOPAT, YTO (¢ — BEPOATHOCTH
NpOIYCKa CUIHAMA, § — BEPOATHOCTL JIOKHOH TPEBOrW; NPHMEHHTEILHO
K IIPOM3BOACTBY, K TOPTOBJIE MOMXKHO CKa3aTh, 4TO (¢ — PUCK NOCTABUIUKA.
(. e. 3abpakoBka no BeIbOpKe BCEH MApTHH W3NENHH, yIXOBJIETBOPAIOUINX
cTangapty}, 8 — puck norpebutesa (T.e. npHeM 1o BuIOOpKe Beelt maprTun
nznenuH, He yAOBJIETBOPAXMEH CTAHNAPTY); IPHMEHHTENBHO K cydebnoi
cucreme, omubka 1-ro0 poa UPUBOIUT K ONPABJAHHMIO BUHOBHOTO, ournbka
2-r0 popa — OCY¥KJIEHWK) HEBHHOBHOTO.

OrMeTHM, YTO odHOGPEeMEHHOE yMmenbiuenue owubox 1-20 u 2-20 pods
BO3MONCHO AUWDL NPU YeeaureHut obsema subopor. [loatomy 0OwIvHO npk
3a/l[aHHOM YPOBHE 3HAMHMOCTH (¢ OTHICKHBaercd xpurepuit ¢ Hanbosbueit
MOIIHOCTBIO.
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METOJIHKH. MIPOBEPKH THNOTE3 CBOOHUTCH K CJIENYIOUEMY!:

Pacnonmaras spiboproit X, Xa, .. ., X, GOPMUDYIOT HYJIEBYIO THNOTEIY
Hy v anvrepuarnsuyio Hi.

B xax oM KOHKPDETHOM CJIyuae nonfipalor cTarucTrKy Kpurepud T, =
=T(X1,Xo,...,X,), 00b14HO U3 nepeunciieHHbIx HuKe: [J — HOpMasTh-
Hoe pacnpenesienne, x° — pacnpenesenue xu-ksaapar (IIupcona), t —
pacapenenenue CThiogenra, F — pacnpenesenue @umepa—CHenekopa.

Ilo cratncTuke Kpurepus T), M ypOBHIO 3HAYMMOCTH (¢ OIEPEIEIAIOT
KpUTHYecKy1o obyacts S (n §). JJa ee OTBHICKAHHS AOCTATOYHO HAKTH
KPUTUMECKYIO TOUKY lxp, T. € FPAHHNY (MM KBAHTHIL), OTHEIAIOLYIO
obaacts S ot 5.

Cparnue! ofracreil ONpeReIg0TCs, COOTBETCTBEHHO, U3 COOTHOIICHUH!
P(T, > tgp) = @, [J8 NpaBOCTOPOHHEH XpuTHdYecko# obnactu S
(puc. 63); P(Tn < txp) = @, AJA NEBOCTOPOHHER KpuTHIeckod obia-
cru S (puc. 64); P(T, < #3,) = P(T, > 1) = %, I/ OBycTopoHHei
kpuruueckoi obnactu S (puc. 65).

fr.

Kp,a

Puc. 63

Anf KaXKnoro KpHTepus UMEIOTCH COOTBETCTBYIONME TabIunp], o Ko-
TOPBIM M HAXOIAT KPUTHISCKYIO TOYKY, y/IOBIETBOPAIILYI) IPHBEICH-
HBIM BBIIIE COOTHOUICHUAM,

Hns nonyuennolt peanusaumu snibopku = (r1,T2,...,Ty,) NONCYH-
THIBAIOT 3HAYEHHUE KPUTEPUS, T. €. Thasn = T'(21,Z9,...,2,) =t

Ecmu t € S (mampumep, t > ty, ana npapoctoponne# obsactu S), To
Hynesyio runore3y Hy orpepratot; ecm xe t € S (t < typ), TO Her
OCHOBaHUH, 4TOOLI OTBEprHyTh runoTesy Hy.
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fr.
[0
).
0 tina t
Puc. 64
fr.
3 a
2 2

.

b toa
Kp»z Kpag

Puc. 65

7.6. Mposepka runoTes 0 3aKoHe pacnpeaeeHus

Bo MHOrux ciy4asx 3aKoH paciipelesieHus H3ydaeMoit cayualiHo Besm-
YUHBI HEM3BECTEH, HO €CTh OCHOBAHUSI NIPEAIOIOKMTE, YTO OH HMEET BIIOJIHE
ONpeNeSICHHBIN BUI: HOPMANBHBIH, HUHOMHAIBLHBIH MM KaKo#-nubo apy-
roi.

ycrs HEOOX0OMMO npoBepUTh runoresy Hy o Tom, wro ¢.B. X mop-
YUHAETCA ONPENESICHHOMY 3aKOHY DAaclpenesieHHs, 3aJaHHOMYy dyHKIueH
pacnpenenersus Fy(z), . e. Ho: Fx{z) = Fy(z). Ilon ansrepHaTupHoil rAmo-
Tesoit Hy ByneM OOHHMAaTh B IAaHHOM CJIyqae TO, YTO MPOCTO He BHIIOJIHEH
ocHoBHad (T.e. Hy: Fx(z) # Fy(z)).
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AJ1A TIPOBEPKH THINOTE3Rl 0 pacnpenesicHHH chyuaiinoll Benwuumssr X
poBsemeM BLIOOPKY, KOTOPYIO odopMEM B BUIE CTATHCTUHECKOro Psma:

iy | T2f...| Ty
Ni | |2 ]| ... | N

(7.11)

m
roe Z n; = n — obbem BLIGOPKH.

1=1

Tpebyercs coerrars 3akII0YEHHE: COMIACYKTC JIH Pe3yJIbTaThl HabJIio-
OeHH# ¢ BBICKA3AaHHBIM TPENonokeHneM. Jisg 9Toro uenosb3yem Criemm-
AJNILHO TONOOPAHHYI) BEJIHYUHY — KPHTepHH corsiacus.

Kpumepuem cozaacus HA3BIBAIOT CTATUCTHYECKHHA KPUTEPHH TPOBEPKH
PHIIOTE3B! O NPEIIIOJIAaraeMoM 3aKOHe HeM3BeCTHOro pacupegeneHus. (On
HCHONB3YEeTCA IJIA MPOBEPKU COrNACHs NPEIIoJIATAeMOro BHIOA paclipene-
JICHUA C ONBITHBIMK JAHHLIMHA Ha OCHOBAHHKA BLIGOPKH.)

CywecTsyor pasnudHble Kputepus cornacus: [Tupcona, Konmoroposa,
Ouurepa, CMApHOBA ¥ JIp.

Kpurepntt cornacus Hupcora — nanbosiee yacTo ynorpebnsembiit kpu-
Tepuit 071 IPOBEPKH MPOCTO# I'MIOTE3H O 3aKOHE PacIpelesleHH.

Kpurepwuit xZ Mupcona

Jlna npoBepkH runoTesnl Hy MOCTYIAIOT CISLYIOIMAM 05pasoM.

PasbuBator BCro obnacTh suavenuit ¢.B. X Ha m wHTEepBasion Aj,
Ag,..., Ay ¥ nopcumThiBaOT BeposTHOocTH P; (¢ = 1,2,...,m) nona-
paums ¢.B. X (T e wmabmonenms) B warepBan A;, ncnonssys bopMmysty
Pla € X € B} = Fo(B8) — Fo(a). Torna Teoperadeckoe YHCI0 3HAYCHUM
c.B. X, NonasmMx B MHTEPBAT A;, MOXHO PaccuuTaTh 1o Jopmyie n - p;.
Taxkum 06pazom, IMeeM CTATHCTUYECKHH pay pacnpenesedust ¢. 8. X (7.11)
M TeopeTHYecKUH pAn pacnpenesnesud:

A A A
— — — (7.12)
N =NP1 (Mg =NP2 ... | Ny =NPm

Ecan amaupuveckne 4acToThl (1;) CHJILHO OTJIHYAIOTCH OT TeOpeTHye-
ckux (np; = nf), To nposepsemy runoresy Hp cnenyer orseprHyTs; B
NPOTMBHOM CJIYYae — MPHHHATH.

KakuMm KpMTepHEM, XapAKTePH3YIONIMM CTEIeHb PACKOXACHUN MEexILy
BMONPUUSCKUMY KA TEODETUYeCKUMY YaCTOTAMM, CIENyeT BOCHOJIB30BATH-
ca? B xadecTBe MepHl PACXOKICHHUA MEXIy n; ¥ np; and ¢ = 1,2,...,m
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K. MTupcon (1857-1936; anrn. mareMaruk, CTATHK, 6uonor, punocod) npej-
JIOXHIT BeSTHINHY («kprrepnit [Inpconas):

2 _ - (i—np)?  O-onf
=Y e = Y (7.13)
i=1 i=1

Corntacno Teopeme IImpcona, mpu 1 — oo crarncruka (7.13) mmeer x*-
pacnipenesieHue ¢ k = m—r — 1 crenesamu cBobOAbI, THE 1 — YUCJIO TPy
(unTEpBaIOB) BEIGODKH, ' — YHCJIO OaPAMETPOB IIPEANOIAraeMOrO pacipe-
jsenenusi. B yacTHOCTH, €CJIM NpeNnOJIATAeMOe PACIIPEIeeHAEe HOPMAJIbHO,
TO OLEHHBAIOT IBa napaMerpa (¢ ¥ o), noaTomMy wucno creneHeil cBoGOab
k=m-—3.

IMpaBnio NpUMEHEHUA KPUTEPEA X CBOTUTCA K CJISIYIOMEMY:

1. Ilo dopmyze (7.13) BrrumcaAOT xiaﬁn — BBIDOPOYHOE 3HAYEHAE CTATH-

CTHKH KPUTEDHS,

2. Bu6paB ypoBEeHb 3HAMHMOCTH (¢ KPHTEPHH, TIO TAGJIUIE X’-pacipene-

JICHHA HAXOANM KPHTHIECKYIO TOUKY (KBAHTHIIb) xfx,k.

3. Ecau xflm £ xg,k, TO runoTesa Hy He TIPOTHBOPEYHUT ONBITHRIM JIAH-

HBIM; €CITH Xoy6, > X2 3, 10 runoresa Hy orsepraercs.

HeobxonuMbiM yCIOBHEM IpHMeHeHHs xpuTepHs [lupcona ssisercs
HAJIHYYE B KAXIIOM M3 MHTEDBAJIOB He MeHee 5 Habmonenu#t (T.e. n; 2 5).
Ecnu B oTmesnbHBIX HHTEpBAJIaX WX MEHbBINE, TO YHCJIO WHTEPBAJIOB HAMI0
YMEHBIIUTH [IyTeM OObeNWHEHU (YKpyIHenMs) COCENHUX HHTEPBAJIOB.

ITpamep 7.8. Usmepenn: 100 obpafoTannnix gerancit; OTKJIOHEHUA OF 3a-

JIAHHOTO DA3MEpa NPUBEIEHbI B Tabiuie:

[$i1$i+1) [_31 _2) [_21_1) [—110) [0: 1) [112) [273) [334] [4:5)
n; 3 10 15 24 25 13 7 3

Ilposepers npu ypoeHe sHaumMmoctH o = (0,01 runoresy Hpy o ToMm, 910
OTKJIOHCHUA OT IPOSKTHOTO Pa3Mepa NIOIINHAIOTCH HOPMAJILHOMY 3aKOHY
pacupefeneHy.

@ Uwucno wabmonenult B kpallHuX WHTEpPBAJAX MEHbIIE 5, MOSTOMY 06b-

eIMHAM HX C COCeOHMMH. IlosyanM caenywomuil pan pacupenesnenus (n =
= 100):

[:E,;.,.’E;'.,.]) [—3,—1} [—1,0) [0,1) [1,2) [2,3) [3,5)
;i 13 15 24 25 13 10

CnyqaliHy10 BeWUnHYy — OTKJIOHEHHE — 0603HavuM vepes X. [lna Beran-
CJIEHMS BEPOATHOCTEX p; weodXOAUMO BBIMHCJWTDL MAPAMETPLI, OINpeaesd-
IOlHEe HOPMAJILHBIN 3aK0H pacnpenenienus {a ¥ o). Ux onenkn Berauciam
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mo Bolbopke: T = %ﬁ (—2-13+(~0,5) - 154 ... +4-10) = 0,885 ~ 0,9,

D, = 1%6(4'13+0’25'15+' .. +16-10) — (0,885)% ~ 2,809, ¢ ~ 1,676 ~ 1,7.

Haxomam p, (¢ = 1,6). Tak xak c.B. X ~ N{a,0) onpesenena Ha
{—o0, 00), 10 KpaliHiHe URTEPBAJIL! B PALE PACIPENENCHUA 3aMeHAeM, COOT-
BETCTBEHHO, Ha (—o00, -1} u (3,+00). Torma p1 = p{—-00 < X < -1} =
= @ ('—15}9) — Po(~00) = %_ $4(1,12) = 0,1314. Ananormsmno
monyuaen: py = 0,1667, p3 = 0,2258, ps = 0,2183, p; = 0,1503, ps =

= p{3 < X < 00} = Bg(o0) — B (3 - 0’9> = 0,5 — ®o(1,24) = 0,1075.

1,7
IMosy4eHnbe pesynsTATH IPUBEIEM B cilenyouelt Tabnune:

(i, #i41) | (—o0,—1) | [=1,0) | [0,1) | {1,2) | [2,3) | [3,00)
g 13 15 24 | 25 | 13 10
n=np, | 13,14 | 16,67 | 22,58 | 21,83 | 15,03 | 10,75

Boeraucaisiem X?[a,ﬁ o

6 2
2 _ o
Xuaba = np; n=
=1

_ (132 152 102\ o0 ~
_(13,14+16,67+"'+10,75) 100 = 101,045 — 100,

T. . Xﬁaﬁn ~= 1,045.

Haxomum wucsno crenenedt ceobogpl; no BHGOPKE PAaCCYHTAHBI [Ba, Ha-
pamerpa, 3HauuT, v = 2. Koanuecrso uwarepsaios 6, T.e. m = 6. Cnemno-
BarenbHo, k == 6 — 2 — 1 = 3. 3nas, uro @ = 0,01 u k = 3, no rabuune
x*-pacnpenenenns Baxopam X2, = 11,3. Hrax, x2.5, < x2;, cnenosa-
TeJIbHO, HET OCHOBAHWH OTBEPrHYTH NMPUBEPAESMYI0 THIOTE3Y. L

Kpurepuia Konmoroposa

Kpnrepuit Konmoropoea giaa mnpoctolf rEnoTess! siBagercsa panbosee
IIPOCTHIM KPUTCPHEM IPOBEPKH THIIOTE3bl O BHOE 3aKOHA PACIPEIesieHus.
Ou ¢BA3BIBAET IMIUPUYIECKY 0 DYHKIMIO pactpenenedns F(x) ¢ dynknu-
et pacupenenenna F(x) nenpepuisHol cayqaitsolt Benuumasr X.
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Tlycte zy, Z2, . .., Zn — KOHKDPETHAS BHIOODKA M3 paclpelesieHas ¢ He-
U3BecTHOH! HenpepriBHOR byHKkuMed pacopeneaenus F{x) n Ff(z) — smnu-
pHyieckad GyHKUMA pachpeneneHusd. Boiaeuraercsa npocrtas runoresa Hy:
F(z) = Fy(z) (anbrepuarusnaa Hy: F(z) # Fy(x), z € R).

CymHocTs Kpurepus KosMoroposa COCTORT B TOM, YFO BBOIAT B pac-
cMoTpeHue (bYHKLHIO

Dp=_max_|F;(s) - Fo(a)} (7.14)
HasblBaeMofl cmoamucmuxots Koamozoposa, npenctapisaiomel cobolt Mak-
CUMAaNTPHOE OTKJIOHEHHE aMIupuieckod yHkumu pacnpenenenus F,, (z) ot
ruIoTeTHIecKol {T. €. COOTBETCTBYIONIEH TeopeTuyecKol) hpyHKIum pacipe-
nenenus Fy(x).

Kosmoropos gokasasi, 9T0 OpU 71 — 0O 3AKOH PACHPENesIeHUA CIIy-
qafiHOH BesIMUYHHEL /7 - D), He3aBMCUMO OT BHOA PACIPE/EJIeHHs C. B, X
CTPEMHTCA K 3axony pacnpedesenus KoaMozoposa:

P{v/n-D, <z} = K(z),

roe K(z) — dbyukuma pacopenencuna Koamoroposa, niis KOTopoit cocTa-
BjieHa Tabumna, ee MOXKHO MCHOJIB30BATE 1A PAcIeToB yxe upa n 2 20:

] 0,1 [005]0,02 | 0.01 ]0,001
zo | 1,224 | 1,358 | 1,520 | 1,627 | 1,950

Hatinem Dy taxoe, uro P(Dy, > Dy) = a.

Paccmotpum ypagrenne K (z) = 1 —a. C nomomsio dbyuaxuun Koamoro-
poBa HalOeM KOPeHb Xy 9T0ro ypasuenus. Torga no Teopeme Kosmoroposa,
P{yn-D, <z} =1—a, P{y/n-D, > zp} = ¢, orkyna Dy = ——%.

Ecmu Dy, < Dy, 1o raioresy Hy ser ocHOBaHHM OTBeprars; B NpOTHE-
HOM CJIy4ae — €€ OTBepraloT.

IIpumep 7.9. Mouery Gpocann 4040 pas (Broddon). [Tonyuunu n) = 2048
BbImaneHu#t repba u ne = 1992 ppmanenwnit pemku. [Iposepurs, Hcronb3ys
a) kpurepnii KommMoroposa; 6) kpurepuil Hupcona, cornacyorcs u atu
OaHHBIE C rHUnoTe30d Hy 0 cuMMeTpraHOCTH MoHeTHl (o = 0,05).

Q Cayuaitnas senwmausa X npuauMaer JiBa sHadeHus: 1 = —1 (pelnka)
u 2o = 1 (rep6). 'unoresa Hy: P{z = -1} = P{z =1} = %

a} ITo Tabnuue pacnpenesnenus KosMoroposa HaXoZuM KODEHB ypas-
neunsi K(z) = 1—a npu a = 0,05. Caenyer zg = 1,358. Toroa Dy = To -

Nz
1,358

= 2 0,021.
104

2
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Hna naxoxaenna no seibopke D, crponm dyukunu Fy{z) u F(z) n
BbluMCJsieM Beanuuny [, = max|F}(z) - Folz)|.
T

pemka | repb 0, mpuzx<g -1,
i |y ==1|3p=1|— Fy(z) =4¢05, nmpu —1<z<1,
Di 0,5 0,5 1, npr 1 < @,
pemxal repﬁl 0, npu z £ —1,
T | = — To = . _ _
p; | ~ 0,493 | ~ 0,507 1, upu 1 < z.

Maxcumanshoe oTkJoHeHue Fy(z) or Fi{z) pasuo 0,007, v.e. D, =
= 0,007. Tockonexy D, < Dy, To HeT oCHOBaHMI OTBEpPraTh IHUIIOTE3Y
H); ombiTHBIE NAHHBIE COMNIACYIOTCH C THDOTE30# Hy 0 CHMMETDHYHOCTH
MOHETHI.

6) Brruucnsiem craructaky x2:

2 2
2 _ o 1992° 2048% »
X2agn = § 1: b~ = T om0 + T 1040 4040 = 0,776.
i=

Ilo Tabauue Xz-pa.cnpeneﬂennz HAXOIAM KPHTHUYECKYK) TOUKY th,k =
= xg,of,;l = 3,8. Tax kax 2., < x8,05;1, TO ONLITHBIE HAHHBIE COTJIACYIOTCA
C runoTe3’cH 0 CAMMETPHIHOCTH MOHETHI. ®

YnpaxHeHus

1. Pacnpenenenve npusnaka X (caygalinoit sesigaman X) B Boibopke 3a-
IaHo caenyromett Tabnuned:

Ti1—2:] 0-0,1 ]01-02]02—-03]03—04]04-0,5
T 105 95 100 100 102
Ti1—2;]065-06106-0,707-08]08-0,9]09—1,0
T 98 104 06 105 95

TIpu yposHe snaarmMoct® ¢ = (0,01 nposeputs runoresy Hy, cocrosmyio
B TOM, 4TO C. B. X ¥MeeT PaBHOMEPHOE pacnpeneseaue ua orpeske [0,1]
(BepoaTHOCTH p; onpenensiores dopmynamu p; = h; (1 = 1,2,..., k),

k
coe h; — juinHa $-ro oTpeska [z;_;; ;] (Z =h;= 1) )
—
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2. Pesynsrars vabmoneru#t Hag ¢. 8. X (POCT My»KUMHBI) IPEICTABACHB
B BUAC CTATHCTHYECKOTO PAOA:
X (poct) | [150 — 155) | [165 — 160) | [160 — 165) | [165 — 170)
n;{uacrora) 6 22 36 46
X (poct) |[[170 — 175} | {175 — 180) | [180 — 185} | [185 — 190)
n,(1acrora) 56 24 8 2

IIpoBepuTs npu yposue sHauamocti ¢ = 0,05 runoresy Hy o Tom, uro
¢. B. X NOOTMUHAETCH HOPMAJTBHOMY 3aKOHY PACHpENESIeHN, HCIIONb3Ya
kpurepuil cornacua [lupcona.

3. Ilo panpniM yOopakiucHus 2 NPOBEPHTH THIIOTE3Y O HOPMAJILHOM pac-
npemejyieHuH C. B. X, UCOOMB3yda Kpurepu#t KosaMoroposa.



| OTBEeTLIK ynpa>xHeHusm

i Paznen nepeolia
Maea 1

1.3

. 1) B=B-Q=BA+4) =A-B+4-B;,2) (A+C)-(B+C)
= AB+AC+BC+C = AB+AC+C = A-B+C;3) Ilycrbw € A+ B = w
¢A+B=>w¢Aw¢B:>w€AwEB:>wEABTeA+B A
Anasornuno ybexpaemes, uro A- BC A+ B=A+B=A-B.
a) ABC;6) A-B-C;p) A+B+C;r) A-B-C; 1) ABC, e) AB-C+ABC+A-BC;
x) ABC=A+B+C.
. A1A2(A3+A4+A5)Aﬁ.

:l;
?Ulm I

. W3 90 peysnaunsetx umucen 9 umernor opmHAKOBhie Hudpbl, T.e. 1 = 90, m =
= 90 — ¢ = 81. CaemosarensHo, p = % = 0,9
. p=0,01, rak kak m =1, = 1010 = 100.

 5-4-3=060:5-4-34+5-4-3-245.4-3-2-1 = 300.
1241547 = 34.

10-9-8- 7 = 5040.
(10-9-8)? = 7202 == 518400 unu Aj; - A,

9 = 6561.
A%y =12-11-10-9 = 11880.
Ay = T20.

AL AL AL =120
Bs- P3 = 720; Py — 720 = 4320.
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10. Py = 4! = 24 {ogmu ceut rae yrogHo).
11. 3. 2- 8! = 241920.

Q000

Pue. 66
12. 112 = 7-16; 2520 = C2 - C%,.
13. a) C3 = 56; 6) C3, - c8 = 6160.
14. C% - C% - C% wm = 135135.

15.
16.
17.

8‘5‘2’

Al =2"=128wm?2-2-2.2-2.2-2.
63 = 216. Do 234, 666, 165, ... .

A8 = 45 = 4096.

13.0“—06 03 9:-8-7 _91.4=384

123

20. 03 c'6 Cg = 15, 15 - Py = 360.

— 94 8! —

21.a} 4! = 24; 6) TRRIIS LIS T = 3360.

9! -
22. el 1260.

16! _ 4, 3
23. oA s 400400 = C%, - C# - C3.
1.9
1. n=Al =8 =40062) m=8.7-6-5 = 1680, p = %Nom 6) m = 8,

-8 : - 1

P2 = qa6 © 0,00195; B) m =1, p3 = 3096~ 0,00024.
C cy
2. n=C§,m=C;-Cl,p= 405 ~ 0,000064.
36
6!-2 2
=T = §l- = —— = R .
3. n=7",m=6'-2,p = 7 0,29
4. n=5=120,m=2-2-1-1, p= 1‘210 =0,033....
Cd Céh - Cly
5. a)p=—"=0,573;6) p= —=——=— = 0,36.
5 _ 4 B

7. ['pynna u3 5 koMang MoXxer OBITH BbIGpaHa, 010 cnocobamu (Bropas rpymnna

ofpasyeTcs aBTOMATHYECKH), T.e. n = (5. B mepsyio rpynmy momamer Jin-
6o omwn Jumep, anbo mea. Crano 6urrs, m = Ci - CF + C% - C3. Tlostomy
C}-C}+C5-C3
=3 T 73 7 ~0,833,
CIO




OTteeTsi K yipaXHeHuam = 2%

r= 04103:}2 + 020392
Cl Cls
= P(A) + P(B), AB = @. 3necs A = onna nama, B = e namel.

= 0,21. Bocnosp3osanuck ceoficTeom: P4 + B}

1.10

1.

n

2
Cropona Tpeyrosibuuka pasaa Ryv/3. Snaunt, p = 9, _ 3R v3 = 3V3

2
~ 0:41 So 47 R 4
p= 1é6 = 0,32.
Obosuaynm anuny I orpeska wepes x, II — uepes y, Torna III orpesox uMec
oy [ -z -y Q ={(z,y) 0 <z+y<i},re 0 <z+y <l — B
BO3MOXHBIe KoMOHHAUMH AnHH dacTelt orpeska. Tobbr 3 HUX MOXHO GBI
COCTABKTD TPEYLOJILHUK, HeOOXOIHMO BhINOJIHEHNe yeJopuil: x +y > [ — 1 —
z+l-—z-y>y,y+l—az -y >z re < %,y < %,m+y > % 3T
HepaBeHCTBA ONpeNesaioT ob/acTh, 3alITPUXOBAHHYIO Ha pHUC. 67.

(4

[ e ~—

[l o

[l

Pue. 67

1.15

ﬂa' Q= {15253:41596}7 A= {2,4,6}, B= {4,5, 6} HCHO, HTO P(A) = % =
P(B) = % a P(AB) = % = % r.e. P(AB) = % + P(A) - P(B) = % 1= %_
a) Aj — nepras 6yksa T, As — Bropasn Oyksa W, ..., A5 — naras Gyxs.
. Bepoatrocrs cobmrtus A — nogyuurcsa caoso TUCKH, pasua P(A) =

- 3.2, 211 _ 1 .
= P(A1ApA3A 1 A5) = 50 8§76 = 3539 0,0004; 6) 0, Tak xax BTOPO]
ovkeol K B ciiope CTATUCTHKA met, B) p = 1.2 3 _ —‘1— ~ (1,008
10 9 8 12G
2 322 21111

DP={5 98 765 432
¢: = 0,2 — BepoATHOCTL OTKa3a i-ro 3JeMeHnTa, p, = 0,8 ~— BEepOATHOCTH e

ucnpasHo#fl paboret. lenn nocienobBareNbHO COETHHEHHBIX 3JeMeHTOB 1-2-
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6ymer paboTaTh, CJIM UCIIPABHEEI BCE TPH 3JIEMEHTA: Pio3 = P1-p2 - p3 = 0,8% =
= (,512. lens napaJiiesIbHO COETAHEEHHBIX 2/IEMEHTOB 5—6 0TKA30B, TOJIBKO B
CIIy4ae OTKa3a 0BOMX DIEMCHTOB ¢ss = ¢sqs = 0,2% = 0,04, a BepoaTHOCTD ee
ucnpabiolt paboTel paBHa Py = 1 — gs¢ = 0,96, pase = pa - pse = 0,8- 0,96 =
= 0,768; pragase = 1 — quza - qus6 = 1 — (1 — 0,512) - (1 — 0,768) =~ 0,887,
PMK =1 —P123456 " P7 = 1- 0,887 . 0,8 ~z 0,291

1.16

1. A — pepsuift map Gensilh, B — BTOpoit map qegﬂmﬂ Torna AB + AB — ofia

mapa pasubix nperos. P(AB + AD) = g '3 Ly 9% gg % = 0,39.

2. a) A) — nonajaHue NepBoOro opyiausa, A; — Broporo, Ay — Tperbero. 3HaYHT,
ABC + ABC + ABC = D — nonaganue TOALKO OIHOTO M3 HMX. P(D) =
=0,7-0,3-0,3-3 = 0,189;6) § = A, Ay A3 — rpu npomaxa. P(§) = 0,3-0,3.0,3 =
= 0,027. 3uauur, P(S) = P(A; + As + A3) = 1 — P(§) = 1~ 0,027 = 0,973.

3. BepoAaTHOCTH BHIXOAA W3 CTPOA BCex 1 npubopoB PaBHA,

(1-0,7)-(1-0,7)-...-(1—0,7) =03,

Tl

CrnenoBaTesabHO, BEPOATHOCTL Oe3oTkasnol paborsl pasua 1 — 0,37, Tlo ycao-
Buw 1 — 0,3™ = 0,95. Orcroma 0,3™ £ 0,05, n1n0,3 < In0,05,

n 2 n0,05:In0,3 ~ 2,488,

1. A — semuuna ms crpos ofjEa MHKpocxema, Hy — orkazamm obe, H; — orxa-
3aJla mepBas MUKpocxema, Hy — oTkasana Bropas, Hz — ofie He oTKasann.
Toraa P(H,) = 0,07 - 0,1 = 0,007, P(H,) = 0,063, P(H,) = 0,093, P(H;3) =

3
= 0,837 (Konrposs: 3. P(H,) = 1). P{AlHy) =0, P(A|H;) = 1, P(A|H2) =
=0
=1, P(A|Hj3) = 0. 3uauuTt, P(A) = 0,156 u P(H|A) = 0,404.
2. A; — cryzmeur Il cnact sk3ameH, ecan 3alfmer nepeniM, P(A;) = 30 _ %
As — crymenr I1 chmacT »x3amen, ecnu safiner sTopeiM, P(Ag) = 7 Beenem

runoTessl: H; — neppuift cTymenT BuiTauus OHJIET, KOTOPBIA 3HAET CTYHEHT
II, H — nepsmii crynent BbIT&IJJ,PIJI fwier, koTopwil He 3HAET CTy,H,eHT II

(H)_30 3, P(Hy) = 1(3+l_1) Hanee: P(A|Hy) = 2

— 1
P(Ax|Hy) = gg 3uaqur, P(A2]=% %+i % i Bce parno.

39‘
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3. Ilycte A — wu3nesnme npoftner koHurpons, H| — B3asAToe u3mesnme crasmap’
Ho, Hy — ne cranmaprio. P(H;) = 0,9; P(H;) = 0,1; P(A|H;) = 0,9
P(A|Hy) = 0,06. Crnegosarensno, a) P(A) = 0,9-0,96 +0,1-0,06 = 0,8

6) P(H,|A) = %99 ~ 0,993,

1.20

1. a) Pp(4) = C% - (%)4 : (%)6 ~ 0,215 6) Pip(0) = (%)m ~ 0,00098; B) p :

= Pm(l) + P10(2) +... 4 Plg(lo) =1~ Pm({)) = {),999.
2 2 3 3
.y bt (') - S - ()" (1) - &
Cnenyert, uro P4(2) > FPs(3), ne. 2 us 4,
3. a) B(3) =C2-0,513- 0,499 =~ 0,133, 6) P5(1) = C} - 0,51 - 0,49? ~ 0,368.
4. Couykwu Gpasmuce 2 - 10 — 6 = 14 pas, us gux 10 pas u3s xopobku, kKoropa
okazanacek nycroif. Mmeem 10 «ycnexos» B 14 «ucnuranusax», 1.e. Pi4(10) -

=a(5) - (3) ~oe
1.21

1. p=1:365= 0,0027, n = 84, ¢ =~ 0,23. [lo popmyne IMyaccona Psy(2) =

2,
~ w ~ 0,021, (e=%2% = 0,7945).
2. n =200, p=0,02. 3nauur, ¢ = [np] = 4. UckoMas BEPOATHOCTH:

0,.-—4 —4
Pao(0) + Paoo(1) = £~ + 26— =~ 0,09.

3. 3aecsn=100,m =60, p=¢q = -é— HUcmonbsyem okansiyo Teopemy Myas

-~ 60 — 100 - 0,5 1

~J1 g —————— =2 T Pigp(60) = $¢(2) = 0,2-0,054 =

pa—-Jlannaca: x 050 orma Piop(60) = z¢(2) =0,

=~ 0,0108.
4, Pgpo{m, 800) = 0,95. Mcmosssyem wHTErpasbeyro Teopemy Myaspa—Jlamsaca

m — 388
r) = ———, £z = 29. 3nayur,
14
388 —
Bolzz) =0,5; 0,5 — &g (—T@) = 0,95.
Otxyna @ (-?18—81—}13"‘-) — 0,45, §88—1;—”l = 1,65. BmaunT, m = 365.
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Maea 2

2.2

1. Boamoxunie sHadenua c.8. X ects 0, 1, 2, 3, 4. Ux BepoaTuocT paBHBI CO-

0 4
OTBBTCTBGH‘.:IO: P1 3m P{X =0}=C}. (%—) . (%) = 1-1-6, pp =P{X =1} =
1 1 4 6 4 1

=Ci'(§) (5) =ﬁ,p3=E,P4=E,p5=P{X7’4}=E~

2. Tlycre A)] — nepsoili cTyneHT ciaer sksameH, A9 — BTOpofl cmaer sk3aMem.
C.s. X mpumumact Tpu smadenus: 0,1,2. a) py = P{X = 0} = P(4,4;) =
=0,4-0,1=0,04; po = P{X =1} = P(A1 A3 + A1 42} =0,6-0,1 +0,4-09 =
= 0,42; p3 = P{X = 2} = P(A4142) = 06-09 =054 (3p =1);6) ;1 =
= P{X =0} = P(A,A; A3 45) = 0,4-0,4-0,1-0,1 = 0,0016; p; = P{X =1} =
= P(A]_AQAT.Q + /-—111@1142 + /—111‘12141;42 + Ay‘%ngg) =...=0,1668;

p3 = P{X =2} = P(A1 A2 + A1 A Ay + A1 A1 Ag + A1 Az A1 Ag) =
=06-09+06-0,1-09+04-06-0,9+0,4-0,1-0,6-0,9=0,8316

1. A; — nonapanne I crpenka, A2 — II. Torma P{X = 51} = P{X = 0} =
= P(A414z) = 0,08, P{X = w3} = P{X = 1} = P(A A + A A3) = 0,44,
P{X =2} =048.

0, x < 0;

0,08, 0 <zl

052, 1<z<2

1, 2 <z

F(z) =

2. F{z) ynosiersopsieT cBolicrBaM MYHKIUK pacOpeneIeHus,

P{0Ss<1}=F1)~-F(0)=1-e'=1-1~0632

3. P{X €(0,1)} = F(1) - F(0) = 3. 3nasus, Py(3) = C}- (%)3 : (é—)l = 0,25.

2.4
1. F(2) = 1. 3nauur,

2(x+1)
1=a(2+1)% aﬂ%; f(x):F’(a:)—_—{ 5 ¢€(-12),
T ;2]
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2.

S,:,— lh—l 3uaumnr, OM = h = 4. Ypasuenue MN: g i—— E—:—g T.
y=—8$-§-4. Crajo GbiTh,
~8x 4+ 4 CLE(D;%],
flz) = ;
ecnn ¢ < 0, To
T
EF{z) /Odt—O
—o0
ecu 0 < %, TO
1] T
F(x) = /Odt+/(—8t+4)dt —4z® + 4z
—00 0
ectn & > 1
2]
1
0 2 T
F(z)= /Odt+/(—8t+4)dt+f0dt=1,
—o0 0 1
2
TaKBM 0BpasoM
0, <0,
F(z) = —4z? + 4, 0<$$%,
1, z>%;
1
2 1
1
P{Xe (Z,l)}=/(——8m+4)da:—i—/0dx=£
1 1
4 2
o0
a) ner, Tak kak f(z) € 0 npu z € {—00,0); 6) na, f(z) 2 0, ff(m)da: =1
—00

oo g 2 00 9
3
B) /f(z)dcc= /Oda:+]am2dm+/0dm=1,me.%‘O: l,ax%.Ecni
—o0o —00 ¢ 2

= %, o f(z) — NMOTHOCTDL pacnpenesieHus; a # % - HET.
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2.5
1.

YuuTeIBATE pe3synbTaThl npumepa npuMepa 1.31 (n. 1.20) B mepBom ciydae
umeenm: MX = 0.0,001 +1-0,027 + 2-0,243 + 3 - 0,729 = 2,7; B0 BrOpOM
caygae: MX =0-0,006 +1-0,092+2-0,398 +3-0,604 = 2.4.

0 n

MX = [/;cf(ﬂ:)dw] :/:U-de-i-/%xsinmdm"-l-/xﬂdm: %fxsinmdm=
0

—00 —o0 0 ™
=I
COEJI&CHO cBoHcTBaM M.0, H mucnepcuu, umeeM MZ = M(5X — 3Y + 2)
= MX —M3Y + M2 =5MX-3MY +2=5-2-3-(-3)+2=21
DZ = DX ~3Y +2) = D6X + D(-3Y) + D2 = 25DX +9DY 4+ 0
=25-249-9=131.

oo 0 n o]
DX = [/$2f($)d:c—(MX)2} = /$2-Ddsc+/:c2-%sinwdm»i—fzz-Odw—

o= i

—00 -0 0 Tf
ki
2 2 T 7 T
_f{=z\" _ 1 2. A Y A ( ; )) _
(2) 2/:5 sinz dzx T = 2( T cosx0+2 a:smmo+cosm0
2 q2 o a2 x2
——4———?— —T=T—2~0,467, O'X:\/O,467~0,68.

Ecin 2z — A, To F(z) — 0, liin+00,253:2 =0, te 0,254% = 0, A = 0
bt 4

lim 0,252 = 1, T.e. 0,25B% = 1, B = 2. Tloatomy

B

0, npu = £ 0,
F(z) = {0,252 nopm0 <z <2,

1, opu 2 < .
Torna
_ {0, nmprz < 0unx > 2,
f(z) = {0,53:, upn 0 < < 2.
HMosromy

Suaumrt, oy = g
1w 1w 1w 1 1
M(ﬁin):ﬁZMX’f:ﬁ oa=zlat+ta+t...+a) = 7 -na =g
=1 i=1 =1 n

1w 1 v ;= . 1x~ 2_1 _2_a
D(HZX;-) x—zD(ZXi)=—§ DXi::EZo =5 no’ =G
pa . <

n i=1
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2.7
1. P{-3 < X <5} = & (5“3) — @, (‘32“3) = ®o(1) + ®o(3) = 0,841

2

P{X <4} = P{—o0 < X < 4} = &y (4*3 _ &, (:C";—‘?') = 30(0,5)
+ ®g(00) = 0,19146 + 0,5 = 0,69146; P{|X — 3| < 6} = P{|X —3| < 3-2}
= 28,(3) = 0,9973.

2. Tlo ycoemio @ = 0, 0 = 1 a) P{X € (1,3}} = & (310) — %o (IIO)

= $o(3) — Bo(1) = 0,49865 — 0,34134 = 0,1573; 6) 2, (%) = 0,8926, oTCI07
®o(l) = 0,4463. Tlo rabnunam maxomum, | = 1,62, u uaTepBan uMeeT By
(—1,62;1,62); ) MpyX =0; M, = 0.

3. Koadduunent acummerpru A HopMasibLHOro pacnpeneserus pasen 0 (A = 0
TaK Kak KpuBada [aycca CHMMETDHYHA OTHOCHTERHO NPAMOR & = @, TTPOXOJT;
meift Yepes neHTp pacnpeneneuns a. Halinem (ananwruueckn) koasddpuuuer

aRCcUecca, T.e. B = —: — 3. Cuavauia Hajigem pq:
o
7 i 1 _.'n_22 u = g3 du = 3z dz
u4=/m—e 20?2 dr = 22 22 —

4 oV 2r d'u:g:e 202 dx 'U—-*O'e 202

22 T2
=_1 (—:1230‘26_202 * +3c5° / e 20% d:c) =

27 -
—0Q
a2 oo z2
-1 (O+3J ( Te 20° 2' +02/e 202 d:n)):
o2 —o0
-0

127?(30 (O+oa\/_/ (%) d(ﬁ;))%

- a\/ﬁ(&rzos\/ﬁﬁ) =30

CTMOGBITB:E—S—J——?)—»?) REERIE

J
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Fnasa 3

3.3

00 oQ
/e_‘”—y dedy = A/e'“’”dwx
0 0

oo o0
20
X/e'ydy = Afe"z (—e“y‘ﬂ )daz =AfeTdr =A=1 2) F(z,y) =
0 0
T ¥ z Yy z
= f/e_“_” dudv = fe‘“" du/e_” dv = /e”“ (—e_” (y)) du=(1-e¥)x
0 0 0 0 0
xr
x/e‘“du= {(I—e®)(l=-e¥)mpuzz20,y=20,re
Q
{(1 —e *)(1—e7¥), mpuz 20,y 20,
Fxy =
0, B MPOTHBHOM CJIYYae.
T o0 T o0 T
3) Fx(z)= {/ (f f(m,y)dy)dm] = /(/e"“e“”d’u)du= fl-e""‘duz
—oo —oo 0 0 0
=—e " o= l—e*,uprz >0 e
Fy = 1—e™, mpuz =0,
0, npe ¢ < 0.
AHANOFHYIHO

1—e"¥, mpuy20,
Py =
0, npr ¥ < 0.

2) f2(e) = file) = Fi(a) = {

0, npnx<0,_

(1—e®), mpuz >0, Je™* mupuz2z0,
0, npa z < 0.

-y, >0
Ananoruuno, fy(y) = ¢ Ry =
0, npu y < 0.

[se] 1

5) P{X > 0,Y < 1} = /e‘xd:c/e*ydy = —(e7! - 1)/8"”(13: =
0

1Y e _lzo | 0
(1-3) ™| =1-§~063
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4 4—z 4
f;cy)dwdy=1,'r‘e./.d:n/Cdy:l,C/(4—z)d$:1,C=%_
0

]

Caneposarenbho, f(z,y) = { 8’
0, B OPOTHBHOM CIydYae.

4—3

8\8

|

mpr z 2 0,y 2 0,z +y < 4

2) fx(a) = [[f(m,y)dy] = f Lay = L[ =422, 0 € (0,9), i) =
—co 0
=4%y,0<y<4;3)P{0<X<1,1<Y<3}=/ff(:c,y)dmdy=

13
= é/dx/dy = 0,25 (cM. puc. 68).
0 1

Puc. 68

1) C. B. X npunumaer 3uadenns 0, 1, 2. Quesuano, p; = P{X =0} = 0,6-0,6 =
=0,36,p,=04-06+0,6-0,4=0,48, p3 =0.4-0,4 =0,16. Crano 66ITb:

X o0 1] 2
» | 0,36 | 0,48 | 0,16

3
(Z P, = 1). AHATOrMYHO HAXOOUM, UTO
=1

Y| 0 1 2
» | 0,16 | 0,48 | 0,36

eCTb DAL PACIDENENIEHH C. B. Y 2) BOBMO}KHBIB anauenus cucremnl (X,Y):
{0,0), {0,1), (0,2}, (1,0), (1,1), (1,2), (2,0, (2,1}, (2, 2). CoBmecTHAn Tabiuua
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pAcCIpeNesIeHAA MMeeT BUL

X¥[ o 1 2
0 | 0,0576 | 0,1728 | 0,1296
I | 0,0763 [ 0,2304 | 0,1728 |’
2 10,0256 | 0,0768 | 0,0576

tax kak p;y = P{X =0,Y =0} =04-0,4-0,6-0,6 = 0,16 - 0,36 = 0,0576,
pi2 =P{X =0,Y =1} =0,36-0,48 = 0,1728, py3 = P{X = 0,Y =2} =
= 0,36 - 0,36 = 0,1296, ps; = P{X = 1,Y = 0} = 048 - 0,16 = 0,0768,
pe=P{X =1Y =1} =048-0,48 = 0,2304, p2s = P{X = 1,Y =2} =
= 0,48 - 0,36 = 0,1728, p33y = P{X = 2,Y = 0} = 0,16 - 0,16 = 0,0256,
P32 = P{X = 2,Y = 1} = 0,16 -0,48 = 0,0768, P33y — P{X = Q,Y = 2} =
=0,16-0,36 = 0,0576. 3) Ilo rabuune pacnpedesieHEA, IOJb3YACH PABEHCTBOM
F(zx,y) = z Z Pij, HAXOMHM 3HaYeHHA GYHKIUK pacnpenenenns F(zx,y):

<Y<Y
XN\Y y<0 | 0<ysl|l<yg2| y>2
<0 0 0 0 0
O<rgl 0 0,0576 0,2304 0,3600
1<z g2 0 0,1344 0,5376 0,8400
x> 2 3] 0,1600 0,6400 1,0000
3.7
1. Hmeem
X 1 2 3 " Y| 1 2 3 4
p | 0,33 (0,33 |0,34 p 0,24 (0,28]0,27 (0,21 [

Torna m; =1:0,33+2-0,33+3-0,34 = 2,01, my =1-0,24+2-0,284+3-0,27+
+4.0,21 = 2,45. Tak xax

P{X=1Y =1} =007 # P{X =1} P{Y =1} =0,33- 0,24 = 0,0792,

10 ¢.B. X u Y — 3apucuMbl. Haxooum MXY: MXY =1-0,07+2 0,04 +
+3-0,114+4-0,114+2-0,08+4.0,114+6-0,06+8-0,08+3-0,09+6-0,13+9-0,10 +
+ 120,02 = 4,71. Moaromy cov(X,Y) = 4,71 — 2,01 - 2,45 = —0,2145.

2. //f(x, y) dxdy = 1, nostomy
D

1 i 1 A\ 1 ,
a/dx/(l—my3)dy=afdw (y—m—-)l 1-—_(1/20!:3:4&:1, a=j
-1 -1 -1

-1

.
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1 1
MX = %/:}:dm/l—zy =0,
1 -
1 1 . ) .
1 — ¥ _ Ly ~132
MY = 4/d:n/ (1—zy*) dy = /d:c(2 $5)|ﬁ1—452_1
—~1 -1
1
DX = i/(m—O)zd:c/(l—my)d :%,
“1
3HANMT, Oy = 1
V3
s o3 o]

DY = [/ f(y—my)zf(w,y)dfcdy] = }Ifldwjyz(l—xﬁ)dyﬂ-m
21

—00 —Q

1

3HAYHT, Oy = —.
V3

CrenoBarenbHo, rxy =

f

dx

j

11
ny=%//myl-—:cy d:sdy—(]z...z—Ilg.
“1-1
L
5 1
1,1 5
V3 V3
T+y)d 1. Orcwopa ¢ = 1. Haxooum nOOFHOCTE BEPOATHOCTE

1
i@ = [@+dy=z+},
0

fa(y) = /($+y das-*( +yﬂr)1"y+%.

Tax kak fi(x) - fo(y) = (:1:+ %) (y+ i) #Zz+y= flz,y), oc.B X
3ABUCHMEL.

1
_ 1 - 1
(a:+y)dy—[:c(x+2) dr = 5
0

o

1
MX=/$d:c
0
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= L
MY = 15
1 \ 1
_ 1 _ 11
DX—/(m 12) dm/($+y)dy Tid
0 0
WA
1 1 \
S ~ (LY = 1L
DX—fx dm/($+y)dy (12) T4
0 0
_ 1
DY = Tad"
3.9
0,10
1. Haitmem ycnosroe pacnpenenenue X: p(z|y:) = P{X =0]Y = -1} = m =
_ 10 0,15 _ 15 _g. 10 15
=55 P plzelyn) = 0.25 = 5 Buaunt, M(X|y) =0 o5 T 1 25 = 0,6.

0,15
(m1|y2) ~ 55 = 1o x2|y2) = 25 Bnawmr, M(Xyg) = 0 ig +1.8 -

40 ~ 0,63. p wl[y-'i) = 57 p($2Ey3) 3? 3HaTuT, M(leli) = 3_5 =~ 0,43.

Kpusaa perpeccun X Ha y uMeer BUX, H3o0paxkenHbi# Ha puc. 69.

M(X|y:)
1...

0,63

Pue. 69

2. Kaxk ussecTHO, 1151 HOpMAaubHO pacopenenennol c. B. (X, Y) ee cocraBisiroman
Y takke pacupenenena mo HOpMaJbHOMY 3akoHy (dopmyrna (3.37)):

1 _ (y— my)2
- e 202
Ja(y) -
Mmeem
1
f(.’.'C y) 1 e* 2(1 _T2)($2_27'Zy+y2} . 1 eﬁy2_2 _

TEW) =20y = o =52 Vo
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{(z —yr

T. €. YCJIOBHAA IIOTHOCTL pacnpenesenrs f{z|y) ecTh Ni0THOCTE HOPMAJIBH
PACIPeNeIEH)A C NAPAMETPAME 1M = YT U 0 = /1 — r2. AHANOrHYHO HAXON

aTO ( }2
y—xr
foley = L&Y L ATy
filz) 21 =2
3.11
1. Tak xak .
| flzy=qb-0a’ @ € la, b,
0’ ¢ [a’? b])
TO
)
‘P(t) = Ei_a,_/eitx dr = ﬁ . %(Bitb _ eita) — (a_j b)t (ez’tb _ e’;m).
a
k
2. Tax Kax p; = k' 1,
ex(t) = Z Eztka e e _ e~ i _(Ez_it_)’i _ oo et L gma(l-eit)
k=0 '

Torna @' (t) = e~91-¢") . (—q)-(—eit) -4, smasur, MX = [—ig/(0)] = —i-(1-ai

=a, 1e. MX = a.
3. pf) = /eitz . 0dz + feitx(—zx)dm + /eitm . O0dr = _2f T g
e -1 0 1
., |0 i i] ' L
_ €T itz _l . l itx _ _ 1 —zt 1 _ Yy — 2ie”"
2(2eef -1 ket ) = 20— Gt T - e = 2e

2, 2e~it _ 2te” — 2 4 2e~H
B t2 t2 - t2 *
Fhaea 4
4.1
1. a) Y| 3]-1]5 15 |,
p | 0,30 | 0,45 | 0,20 | 0,05 |
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6 Y] 0 | 1 V2 | V3| 2 | VB
p | 0,10 | 0,20 | 0,30 | 0,25 | 0,10 | 0,05 |’
V3 V3
Y[~ 5| 0|3
p| 0.3 |0,35]0,35
YT 01
2. p 10,5105

MHuoroyronsHUKH pacnpenesienus ¢. B. X 0 Y u300paxKenbl, COOTBETCTBEHHO,
Ha puc. 70, 71.

P p
0,51 11
0,4

0,3
0,2
0,1

w2

i
[, 4
|—-----J

0 1 2 3z 0
Puc. 70 Puc. 71

MY =0.0,54+1-0,5 =0,5; DY = [MY? - (MY)? = 02-0,5412.0,56—(0,5)2 =
= 0,56 - 0,25 = 0,25. Orcoga oY = v DY = /0,25 = 0,5.
3. C.s. X umMeeT paBHOMEPHOE paclpeneseHne, 3HAUHT,

1
fx(@)y=< 4 z €[22,
0, z¢[-22.
Qyukuua y = z + 1 crporo Bospactaer B (—oo,00), obparHas (yHKUUA

r=y—1=4y),y € [-1,3]. Mo bopmyxre g(y) = f(1b(y)) - |¥'(y)| maxo-

JUAM: .
e 11 yE [_153]3

=44
9tv) {0, y ¢ [-1,3],

e

3
r.e. Y ~ R[—1,3]. Haxonum MY: MY :/—dy =1 (e MY = M(X+1) =
-1

2 3
2
=f(x+1)-§dm=1). DY:MYQ—(MY)2:f%dy—12=%,oY:
-2 . -1

2
V3
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N

T
1l -7, a) Oyukmust y = 3z° umeer 06paTHYIO

Ilo ycnosuw fx{z) =

\/_
= Yy), o' =P'(y) = IToatomy
- itz
134
g(y) = —1—— ‘/; y #0.
Vaor 3\/3y
z =0,
6y = |zl = Cr 2 <0 Ha {—o0,0) ofparnas dbyskuus myid y = |z| ecTh
= —y = ¢, (y). Ha [0, oc) obparnas dbynknus ects 23 = y = 12(y). Crano
OBITD,
2 2 2
/ 1 - 1 % 2 %
= = e” 2 .1+ e 2 -1= e 2
9(y) ;f(wa(y))lwz(y)l " o = 7
y € [0, 00).
a) Ilo yeoosuio f(z) = e *, 2z 2 0un Flz) = 1-e %z 2 0. Gly) =
1
= P{Y <y} = P2X-1< y} = P{X<y—‘2”} = (—wy; ) =
y+i1
=1-e 2 ,y > —1 (rak xkax ycnosue z > () nepexonut onsa y = 2z — 1
y+1
B ycnosne y = -1). Cnemosarensno, g(y) = G'(y) = —e 2 (~%) =
y+1

:%E_T mpu y > —1 (g(y) = 0 mpr y < ~1). 6) Ecim v € 0, ro G(y) =

=P{Y <0} =0u g(y) = G'(y) =0. lIpu y > 0 umeem G(y) = P{Y <y} =
=P{X <y} =P{X|< it =P{- <X < g =P{0< X < fy} =
=P{X < \G}—P{X <0} =F(/)—-F0) = (1—e V¥)—(1—-¢%) = 1 —e" V¥,
y > 0. Toraa g(y) = G'(y) = (1 —e™V¥), = L eVi re

ENG
1
" > Oa
p={2/4 "
0, y < 0.
oo 0 o0 o0

Koutposns: fg(y) dy =1, /0-dm+/§—1\/§e*ﬁdy = —/B_ﬁd(—\/@ =

-0 —0o0 0 0

= 46—\/::7‘;02 —(0 1) = 1. (Mnaze: mpu z € (0,00) umeeM = = /i = P(y).

Nostomy g(y) = f(/F) - (VB), = e V¥ - 2—}/37 y > 0.)
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4,2

1. Haxomam Fxay(z). F(z) = P{X + Y < 2} = f [ (z +y) dzdy. F(z) =0

2
(z+y<az)

npu z € 0; npu 0 < z € 1 (Ha puc. 72 obnactes D, samTpuxoBaHa BePTHKA Ib-

HBIMHI .nnﬂnsmu) HMEEM

2=

F(z) /da:[(m+y)dy“fz(zm—$2+(z;m)2>dz=
0 0 =(%E_g;+($;z)3)

2 {o6nacte D, samrpuxosada TOPH3OHTANBHBIMEA JIHHUAMHE)

z

mpr 1 < z €

HMeeM
z-1 1
=fda:fm+y)dy+/da:/ (z+y)dy =
0 0 0
1
/‘ /( z-—.s)g)
= Tz — 2% + dx =
2
0 —_
22 Y| zz? (w—z)S 1
—(3'4"2“) o +(*—2—---"3—+ 3 z—1_3( 2% + 3z 1)
Urax,
0, z2%0,
1,3 0<z<,
3
Flz)=41, 4 2
3—(—2 +32°~1), l<z<?2,
1, z> 2.
Orcrona
0, 2L 0, vau z > 2,
f(z) = F'(z) = { 2%, 0<zg1,
Iz —22, 1<2<2
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/y=z:z:

-
&2

\1 Y Z
z N Y = ZI
M Y
B y=z-—-2
RS ietll;
Qi z-12 1 NZ 1 1 &
\\y=2~z z
Puc. 72 Puc. 78

2. F(z):P{%-(z}: f(a:+y)dmdy.F(z)m()npnzg();npn0<z
D

y Z
{(Z<2)
HMeemM

; 2
F(z)z[dm/(:c+y)dy:§+%.
0 0

Ilpu 1 < z < 0o uMeeM

1
z

F(z)=fdm7{w+y}dy+jdwj(m+y}dy=
0 10

0

-1 1,41 _ 1 _4_1_
=g et T T
Crnenmoparensuo,
0, z2<0,
; 1,2 0<zg1
Fi(z) = f(z) = 31 3’1 =0
et =, 1 <z<
322 328

1 00
Kowtposns: f f(z)dz = / (% + %) dz+f (3—12 + 5%) dz = 1 (cM. puc.
0 1
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Tnasa s

5.5

1.

a) C.B. X — umcio spimaBmiux repbos. MX = 500 - % = 250. Hepasencreo

200 < X < 300 moxHO nepenucars B Buge —50 < X —250 < 50 nwnm | X —250| <
< 50. A rak xax DX = [npg) = 500- £ - £ = 125, 10 P{200 < X < 300} =

2 2
=P{|X—250t<50};[1—9—§—(]=1 L})é"’ 10,05 = 0,95; 6) ¢
£
X — cymMma ouxoB, X, — YHMCIQ OYKOB Ha -0l KoCTH (z=1,2,...,10).X—
=X1+X2+...+X10.MXZ=%(1+2+3+4+5+6)=3,5,DX3_%

10
Buaumt, MX = 3 MX, = 35, DX = % Ilosromy P{|X — 35| < 8} >
1=1

175 _ 4 _ _
6_64_1 0,4557 = 0,5443,

n
P{ Isx, -
=1

- —5—2 > 0,9. OTCIOLla n > 5000.

<5} 1—£ npu € = 0,1 u ¢ = 5 momyuaem:
ne?

P{%—p‘<£}}31—£—g— W3 ycnosua cnexyer, uro n = 500, € = 0,1,
ng?
o1 ok . 05-05
p=q=1 Tonysaewm P {‘—500 0,5 } > 1 oo = 0

Ilycers X, — uwicno HaBPAHHEBIX OYUKOE IIPH 2-M BRICTPEIE, a Sigp — CYyMMapHoe
auco oukos npu 100 seictpenax. Torma M X, = 10-0,5+9.0,34+8-0,14+-7-0,1 =
= 9,2,

100

M(Z X,) =9,2- 100 = 920;

=1

DX, = 100-0,5+81- 0,3+ 64 0,1 +49-0,1 — (9,2)? = 0,96,

100
D(Z X,) = 0,96 - 100 = 96.

=1

Mo Qopmyste (5.14) P{940 < S0 < oo} ~ H(oo) — @(940—920) ~

V96
=1-—®(2,04) =1 - 10,9793 = 0,0207.
Mycrse X — 4HCNO NpMWXUBOIMXCH M3 7 [IOCAXEHHbIx caxeHnes. Ilo ycno-

Buro p = 0,7, ¢ = 0,3. Torna MX = 0,70, DX = 0,3 -0,7n = 0,21n,

P{|X — 0,7n| < 40} > —%ﬁ’f.mmem-%%g 0,9, n < T61.
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Pa3pen BTopoi

fnasa 6
6.5
01 npu xr *<~.. 17
1
1 l<z<€3
10 8 12 3 P h
1. n=230,p] = 35, P5 = 55, P3 = 55 Fip(z) =
, 35" 30 30 % npu 3 < z < 6,
1, mpmb6 <z
2. T, =1983 ~ % D, = 1,049 ~ 1,95. Gacrocrs p} raxosa: p} = = &
P = %‘E ~ 0,283, p3 = 0,267, pj = 0,167, p; = 0,100, p§ = 0,033, p7 =

7
(Z p; = 1). Haxomum BepogTaocTH p; 1o dopmyne Ilyaccona, cumras
=1

T —2.20 —2.91 0,135 -
=Tp = 2.p1 = Sr= 0,185, pp = S5 ~ 0270, py =
7

0,135 - 23
~ 0,270, ps = ~gr— ~ 0,180, ps & 0,090, ps & 0,036, pr ~ 0,017 O

= 1). Kak sunum, c¢.B. X — 9HCI0 HENPABUIBHBIX COSHUHEHUH I/IMBE;I‘
THYECKOE NYACCOHOBCKOE paclopeielieHue.

3. 1. Bce Bo3MOXHEIC 3HAYEHASA C.B. X — YNACJA OYKORB, BBITABIIMX HA BE|
IPAHA KOCTH TIPH OQHOM IOA0DACKIBAHHH ee,
2. 9ro wucna 1, 2, 3, 4, 5, 6.
3. D10 pesyaprar 60-Te moubpaceBannil UrpaJsibHOK KOCTH, OOHCHEIBAETC
Xy, X2, X3,..., X359, Xep-
4. TTepaas peanuzanus BLIOOPKY OPABEACHA B YCJIOBUH, BTOPAT — MOXET
rakaa: 1,1, 1,1,1,1,1,2,2,2,2,2,2,2,2,2,2,3,3,33,3,3,3,3,4
4,4,4,4,4,4,4,4,4,5,5,5, 5,5, 5, 5, 5,5, b, 6, 6,6, 6, 6,6, 6,6, 6
6, 6. 3meco ¢y =1,...,%30) =4 231 =4,...,Te0) = 6.
5. a) Bropas peanmsaumusa ¥ IpencraBiager coboll BapMauMOHHBIA pan.
6) CraTuctuveckuit pag Takos:

2] 1] 234516
| 7 10| 8 |12 ] 10 13
N NA RNV EE
Pi 150160 |60 |60 |60 60

[ 6
() =60, p;=1).
i=1 =1
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4

0, npu z £ 1,
6%’ npu 1l <z £ 2,
fl‘)_g’ opu 2 < ¢ £ 3,
% _ )25

6. Fglz) = < 0 mpu 3 < x €4,
%%, npu 4 < x £ 5,
%—g, npu b <z < 6,
1, npu 6 < T.

\
7. Yucao unrepsanos m = 1 +log, 60 = 14 3,3221g 60 =~ 6,9. Bosemem m = 6.
Tmax — Tmin = 0 — 1 = 5; nnuua untepsana b = S _ 0,833. Bozemem b = 1.

6

Hureppanbusiil crarucTuyeckufi pamg uMeer BUI:

[Z—132,) | [0,5;1,5) 1 [1,5;2,5) | [2,5;3,5) | 3,5;4,5) | [4,5;5,5) | [5,5;6,5)
Ty 7 10 8 12 10 13

8. TTonuron yacToT ¥ rucTorpaMMa yacrocTelt n3o0paskeHsl, COOTBETCTBEHHO,
HA puc. 74 u 75.

1,

10f-==m=mmm e gz mmm oo SR ,

ST 0

P R
g 3 3 §F 5 &
Puc. 74

9.&)@,:1'7+2'1063-“+6'13z3,783;6)DB=6—10(12-7+22-10+...
. +62.13) — (3,783)2 ~ 2,839; ) S? ~ 80 .2 836 ~ 2,888, S = v/5Z & 1,699;

59
P) R=6—1="5 M} =6 M= %(m(30)+m(31))=%-(4+4)=4.
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13 0,217

N
60 = 02

10 10,167k ememem ey oo

;”0’“7?" % §7 §
N

M)
77

N\

v
DN

0 1 3 T
Puc. 75
FnaBsa7
7.2
1. Pacnpenenenne Iyaccona p{X =m} = & m? % conepmuT OmmH ApaMETp

AJia OIEHKM €ro MeTONOM MOMEHTOB 3AIAINCM ypaBHEHHe MX =%, 1e 0
= %p. Ouenka g napaMerpa a =  ects =& E ri, T.e. 8 =71,
X — nO¥cKpeTHas C.B. C 3aKOHOM Paclpene/IeHuA

T; 0 1
pill-pip|

e

Tax xax
1-8, ecnuz; =0,
p(z;,0) = p{X = z;,0} = { '
a, ecnu x; = 1,
10 $yHKuMst npaspononobua umeer sum: L = L(xz,0) = 6% . (1 — )4, Torr
InL, =6-1n6 +41In(l — )}, ypasenune npasaonogotus

(8- rialbao

Orcroma HAaXO[HM, 49TO g = p* =06,

a) Iycre @ (mnu p wnm p*) — onenka RewspecTHOA peposttroCTR 8 (Wan P) 1e
siBj1IeHMA Hekoroporo cobuitina A (yenex) B ogoM ucnuitanuu. CorsiacHo MeT
IOy MOMEHTOB npupasHuBaeM Teoperudeckoe M X = p BeiDopousomy cpentiem

I
"=%Z$z’, p=T.
i=1

Hckomasa ouenka ects 6 = T,
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6} Tax kak
1-6, ecmu x; =0,
p(ﬂ;,;,g) =p{X=$,;,9}= { '

a, ecam T; = 1,

TO (bYHKIHA DpABIOIOIOON NUMEEeT BHI;

L=L{z1,22,...,20;0) = p{X = 24,6} =
= p{z1,8}  p{x2,6} ... p{zy,0} =8"4 - (1 - G)"774,
n

e ng = ZX,, — YHCI0 ycnexoB (HacTymieHnst COOBTHA A) B 1 HE3aBHCH-
=1
MBIX ucnpiTasdax. InL = ng - @ + (n — ng) In(1 — 6). Pemaem ypasuenne

npapnononobus %—Aﬁ - nl__ngA Tf , T.€. OLEHKA g = nWA,
({In L)ga < 0).

4., Tpebyercs oueHUTH 1Be BenuuMHb &) u B2, T. €. a ¥ b, MeToTOoM MoMeHTOB. Tax

= 0. Orcropa 0 =

_ 2
Kak s ¢. . X ~ Rla,b], To MX = g ; b, DX = %. Pemaem cucremy
YpaBHEHHN
a+b __ _
MX =%, . 5 = ¥n
DX = DB, T. €. (b— G.)2 _ o2
12 B
b = 2T, — a, (2T, — 2a)? = 1202, re. (Tz — a)® = 302, To — a = £/304,

Ty, = a+ \/§orB H, 3HAYUT, @ = Tz— \/_UB, b = ZTz+ \/50B (BapnaHT Tpy = a—\/?_m'a,
T.€. a = Ty + V30, b = Ty — V30, nckmowaem, 1aK Kax a < b)

Takum 06pa3oM, OIEHKYM BETUYMH @ W b TAKOBBI 81 = d = T — V30,
92 =b= Tp + V305.

OtMmeTrM, 4TO, pelas CUCTEMY

b
MX = scdsc - b MX2 = z?dy _ a®+ab + b
; b—a 3 )
a
CrcreMa MPpUHUMAET BHI:
a+b _ z,
2
at+ab+ b _—
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Orciona cienyer, & = T — V3 - /22 — ()2 = £ — V3 - VDy = T - V30,
b=7 + V3o,
B nannom cayvae

{z ~a)?

— 1 - 2
T) = e 2 = z,a,0).
fx(z) = Ix( )
Tax xax
(z. — 81)?
A | T 202
z,0)=————¢ 2
f@0) =
70 GYHKIHA UpaBaOnonobua KMeeT BU:
_E:(Ii - 6)?
L=L(z8=—721 _.¢ 26
o - (2m)2
Toroa
InL=-nlnd — 2w - —2 Z i —01)?

CHCTBM& ypa.BHeHKﬁ MaKCHMaJIBEHOT'Q HpaB,HOHOI[OﬁHH HMeeT BUI.
dlnlL 1
ink _ 1 s _g)=0
391 92 mzl( T 1) ’

OlnL _ _n 1 aae
692 = 92+93 3'=Z:1(Ez 91) =0.

Orciona
]
Zw,-—7191=0, T, €. 91=%— T; =T,

=1 i=1
5 _ 1< =2 (7.
05 = & > (zi — T)° (02 — ouenka HemssecTHOTO Mapamerpa g = §2). Moxno

ybemuthes, uto (61,6;) — r1ouka maxcumyma bynxuau In L(z, 8). Haiinem
A= AC - B?, rne

_ 3%InL __.n
802 l@g) g2
&inl 2 Y 5 2
B= 2 N (@i - f) == -0=0,
96,062 \@. g3 ;(m X 6
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&InL n_ 3 ( g2 _n 3 52 n
= - e == = $i—91) :r—r‘n'f)g:—r.
2 FU
Cneposaresnibho, A = 7}_—3 > 0, A < 0, nosromy touka (f,62) ecTp TOURA

2
MakcnMyma Gyukumu Lz, ).

7.4

Bocnonesyemcs dbopmystolt (7.3): € = L\}__g u (7.6) $p(t) = % HNmeem € = 5,
n
o = 15, v = 0,9, ®o(¢) = 0,45. ITo Tabmune naxomum, w10 £t = 1,65. Torna
1,65 15 1,652 - 157
5= ——— Orcogan = ———52—— = 24,5025, 1. e. HEOOXONUMO COEJIATE HE
n

MeHee 25 naMepeﬂnﬁ

Ty = T == 302,»5%“ +(153-4+159-5+165-6+171-T+177-5+183.3) =
= 167,6; § = 9 28; mpu v = 0,95 u n — 1 = 29 no tabunne pacupeneeHus

Crrionenta naxomum ¢, = 2,05. CnegoparensHo, € = g&ﬁ%@ = 3,47. Hose-

putenbHmil wHTEepBAN Takos: (164,13;171,07).
Tlo ycaosumo n = 400, ny = 80, v = 0,95. OrHoCcHTENbHAA YacTOTa COBBITHA A

ecTh p* = Enfi = (,2. W3 coornomenun Py(t) = % = 0,475 Haxooum ¢, DOaB3Y-

sch Tabnunel 3nauennit pyukumn Jlamnaca: ¢t = 1,96. Haxomum py u po (dop-
0,2-0,8 _ 0,2-0,8

myna (7.10)): p1 = 0,2~ 1,96+ 25~ = 0,161, pp = 0,2+ 1,961/ = =

2 0,239. Urak, mosepurensubit uaTEpBaN ecth (0,161;0,239).

n = 1000, X ~ [0,1], m.e. a = 0, b—I,p1 =0,1 =pg == ... = P10} Xougn =

_ 105% | 952 1052 , 952 14 2 _

X2agn < xg 01,9> TO THIIOTE3a HE OTBEPracICA.

Haxomum Ty Hon: Tp = (152,5-6+157,5-22+162,5-36 ...+ 187,5-2) - 2(1)0

— 168,45. 3mech 152,5 = 1;9;5_15_5_’ 157,65 = gg;_w_q % Ta Dy =

= 200(152 52 -6 4 157,52 - 22 + ... + 187,57 - 2) — (68,45)® = 53,348, Torma
¢ = T7,3. Tak kak ng = 2 — Majyo, TO TOCJETHEE JIBA MHTepBasta obbenuAaeM.

Cocrapnstesm rafuiy:

(—oc, 155)][155, 160) [[160, 165)1[165, 170311170, 175) 1175, 180) [[180, +-00)
6 22 36 46 56 24 10
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s pacyera BeposiTHOCTEH p, noMaganus caydaiinoft enuuuusl X B 1-# wH-
TepBaJi ACTIONL3YeM DyHKUMD Jlannaca:

1 = By (?-55*:713@%) — By(—o00) = 0,5 - Bo(1,84) = 0,5 — 0,4671 = 0,0329

_ g (16016845 o (155 168,45\ _

p2 - 0 7!3 0 7,3 -
= ®g(—1,15) — Do(—1,84) = 0,0922

165 — 168,45 160 — 168,45)

p3 =Gy (_7»3__) — @y (-—-——"—7-73—-—-——-) =

= $o(~0,47) — o(—1,15) = 0,194

155 — 168,45
) - (F)

= &o(~0,21) — Bo(—0,47) = 0,26

_ o, (170 168,45
P4 =%y 7,3

s = 0,2327, pg = 0,127, p7 =05~ $g(1,58) = 0,0571.
Torna
2 :i:i__n—_-_.l._ 62 + 22 + _}__1@_ — 200 = «
Xwan 2 Py 300 \ 0,032 " 0,0022 " """ 0,0671

o Tabmmue x2 , = x305.4 = 9,5. Tak xax X6, < X§ 05,4, TO runoresa Hy
OTBEpraeTcd.

X | [150,155) | (166,160) | (160, 165) | 165, 170)
n, 6 22 36 46
P} | 505 =008 0,1 0,18 0.23
X 170,175} | [175,180) | [180,185) | [185, 190)
T 56 24 8 2
pr ] 028 0,12 0,04 0,01
8
> p}=1,%, = 168,45, 0 = 7,3.
=1
zCctCTa.Bm\.t TabauIy:
T 150 | 165 | 160 | 165 | 170
F*(z) 0 0,03 [ 0,14 ] 0,32 | 0,55
Fy(z) 0,0057 | 0,0329 | 0,123 { 0,3192 | 0,5832
A= |Fr — Ep[ | 6,0057 | 0,0029 | 0,017 | 0,0008 | 0,0332
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T 175 | 180 | 185 | 190
F () 0,83 | 0,95 | 0,99 1
Folz) 0,8159 | 0,9429 | 0,9884 | 0,9981
= |F — Fp| | 0,0141 | 0,0071 | 0,0016 | 0,0016

Hpoxaeps:ema.a THnoTe3a, COCTOMT B TOM, 4TO C. B. X umeer HOpMaJILHOC pac-

upenesenne, T. e. Fy(z) = 0,5 + &o(E-2):
Fo(150) = 0,5 + @, (150 168, 45) — &0(2,53) = 0,0057;
Fo(155) = 0,5 + By (155 168, 45) 0,5 — Bo(1,84) = 0,0329;

Fp(160) _05+<1>0(1 16845) 0,5 — o(1,16) = 0,123;

Fo(165) = 05 + o [ 1 16845

— $p{0,47) = 0,3192;

176 168 45

Fo(170) = 0,5 + ®y 0,5 + $(0,21) = 0,5832;

0,5 + $o(0,90) = 0,8159;

180 168 45

Fp(180) = 0,5 + ¥ 0,5 + ®p(1,58) = 0,9429;

185 — 168 45

() -os
(F2577)
Fo(175) = 0,5 + ®, (175 168 45)
(=)
(757 -

Fy(185) = 0,5 + & 0,5 + $p(2,27) = 0,9884;

168,45

Fp(190) = 0,5 + &y (190 = ) = 0,5 + $o(2,95) = 0,9984.

Maxcumanbiaoe OTKIOHEHHE sMnupaveckoil (pyHKIIHK paCIpefeNeHna 0T Teo-

perudeckot ects D = |F;(170) — Ey(170)] = 0,0332. Caemosarennno,
Dy - /m = /200 -0, 0332 ~ 0,47. Kputngeckoe sHauenue Kpurtepus Kooi-
MOTOPOBa PaBHO Aggs = Aq = 1,36. Tak kax Dy/n < Aq, TO runoresa

COJIACYeTCaA C ONBITHBIMA JIAHHBIMH.



Apunoxexnus

-1 5

Ipunoxenne 1. 3uadenue dbyurumn () Nor €
Cotnle gonu
T 0 1 2 3 4 5 6 7 8 9
0,0 | 0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973
0,1 3970 | 3965 | 3961 | 3956 | 3951 | 3945 | 393% | 3932 | 3925 | 3918
0,2 3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825
3 3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
0,4 3683 | 3668 | 3653 | 3637 | 3721 | 3605 | 3588 | 3572 [ 3555 | 3538
0,5 3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3411 | 3391 | 3372 | 3352
0,6 3332 | 3312 | 3292 | 3271 | 3251 | 3230 | 3209 | 3187 | 3166 | 3144
0,7 3123 | 3101 | 3079 | 3036 | 3034 | 3011 | 2989 | 2066 | 2943 | 2920
0,8 2897 | 2874 | 2850 | 2827 | 2803 | 2780 | 2756 | 2732 | 2709 | 2685
0,9 2661 | 2637 [ 2613 | 2389 ! 2565 | 2541 | 2516 | 2492 | 2468 | 2444
10 2420 | 2396 | 2371 | 2347 | 2323 | 2299 ( 2275 | 2251 | 2227 | 2203
1,1 2179 | 2155 | 2131 2107 | 2083 | 2059 | 2036 | 2012 1989 | 1965
1,2 1942 | 1919 | 1895 | 1872 | 1849 | 1827 | 1804 | 1781 | 1759 | 1736
1,3 1714 | 1692 1669 1647 | 1626 | 1604 | 1582 | 1561 1540 1518
14 1497 | 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1354 | 1334 | 1315
1,5 1205 | 1276 | 1257 | 1238 | 1219 | 1200 | 1181 | 1163 | 1145 [ 1127
18 1109 | 1092 1074 1057 | 1040 | 1023 1006 | 0989 | 0973 [ 0957
1,7 0941 | 0925 | 0909 | 0893 | 0878 | 0863 | 0848 | 0833 | ORi® | 0804
1,8 0790 | 0775 | 0761 | 0748 | 0734 | 0721 | 0707 ; 0694 ; 0681 | 0669
1,9 0656 | 0644 | 0632 | 0620 | 0608 | 0396 | 0584 | 0573 | 0562 | 0551
HecaToie 1051
z 0 1 2 3 4 5 6 7 8 9
2, 0540 | 0440 | 0355 | 0283 | 0224 | 0175 | 0136 : 0104 ; 0079 | 0060
3, 0044 | 0033 | 0024 | 0017 | 0012 | 0009 | 0006 | 0004 | 0030 | 0020
4, | 0001
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ITpunnoxenne 2. 3unauenune byuxum $y(xr) =

1
V2T

] 2
f e_?
0

Corwie gone x

x 0 1 2 3 4 5 6 7 g 9
0,0 10,0000 0040 | 0080 | 0112 [ 0160 | 0199 | 0239 { 0279 | 0319 | 0339
0,1 0398 | 0438 0478 0517 0557 0596 0636 0675 0714 0754
0,27 0793 0832 | 0871 | 0910 | 0948 | 0987 | 1026 | 1064 1103 | 1141
0,3 1179 1217 1255 1293 1331 1368 1406 1443 1480 1517
0,41 1554 1591 1628 | 1664 ! 1700 | 1736 | 1772 | 1808 1844 | 1879
0,5 1915 1950 1985 2019 2054 2088 2123 2137 2190 2224
06| 2258 2291 2324 | 2357 | 2389 | 2422 | 2454 | 2486 | 2518 | 2549
0,7 25680 2612 2642 2673 2704 2734 2764 2794 2823 2852
08| 2881 2010 | 2939 | 2967 | 2996 | 3023 i 3051 | 3079 | 3106 | 3133
0,21 3159 3186 | 3212 | 3238 | 3264 | 3289 | 3315 | 3340 | 3365 | 3389
1,01 3413 | 3438 | 3461 3485 | 33508 t 3531 | 3553 | 3577 | 3599 | 3621
1,1 3643 3665 | 3686 | 3708 | 3729 | 3749 | 3770 | 3790 | 3810 | 3830
1,2} 3849 3869 | 3888 | 3907 | 3925 | 3944 | 3962 | 3980 | 3997 | 4015
1,3 4032 4049 | 4066 | 4082 | 4099 | 4115 : 4131 | 4147 | 4162 | 4177
1.4 4192 | 4207 4222 4236 4251 4265 4279 4292 4306 4319
1,5 4332 4345 | 4357 | 4370 | 4382 | 4394 | 4406 | 4418 | 4430 | 4441
1,6 4452 | 4463 4474 4485 4495 4505 4515 4525 4535 45345
1,71 4554 | 4564 | 4573 | 4582 | 4591 | 4599 | 4608 | 4616 | 4625 | 4633
1,81 4641 | 4649 4656 | 4664 | 4671 | 4678 1 4686 | 4693 | 4700 | 4706
1,9 47131 4719 | 4726 | 4732 | 4738 | 4744 | 4750 | 4756 | 4762 | 4767

HecaTbie 1oan &

z G 1 2 3 4 5 6 7 3 9

2, 4773 | 4821 | 4861 | 4893 | 4918 | 4938 | 4953 | 4965 | 4974 | 4961

3, 4987 | 4990 4993 4995 4997 4998 4998 4999 4999 | 50001

1Tounoe 3HAUEHNHE OTJIMYAETCHA MeHbIIe, YeM #a 5 - 1075,
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ITpunoxensne 3. Kvanrum x2 , pacnpenenenus x;
(k — umncno crenexett croboOIbI)

YpoBers 3HAYUMOCTH (¥

k 0,01 0,025 0,05 0,05 0,075 0,99
1 6,6 5,0 38 0,0039 0,00008 0,00016
2 9,2 74 6,0 0,103 0,051 0,020
3 11,3 9,4 7,8 0,352 0,216 0,115
4 13,3 11,1 9,5 0,711 0,484 0,297
5 15,1 12,8 11,1 1,15 0,831 0,554
6 16,8 14,4 12,6 1,64 1,24 0,872
7 18,5 16,0 14,1 2,17 1,69 1,24
8 20,1 17,5 15,5 2,73 2,18 1,65
9 21,7 19,0 16,9 3,33 2,70 2,09
10 23,2 20,5 18.3 3,04 3,25 2,56
11 24,7 21,9 19,7 4,57 3,82 3,05
12 26,2 23,3 21,0 5,23 4,40 3,57
13 27,7 24,7 22,4 5,80 5,01 4,11
14 29,1 26,1 23,7 6,57 5,63 4,66
15 30,6 27,5 25,0 7,26 6,26 5,23
16 32,0 28,8 26,3 7,96 6,91 5,81
17 334 30,2 27.6 8,67 7,56 6,41
18 34,8 31,5 28,9 9,39 8,23 7,01
19 36,2 32,9 30,1 10,1 8,91 7,63
20 37,6 34,2 31,4 10,9 9,59 8,26
21 38,9 35,5 32,7 11,6 10,3 8,26
22 40,3 36,8 33,9 12,3 11,0 9,54
23 41,6 38,1 35,2 13,1 11,7 10,2
24 43,0 39,4 36,4 13,8 124 10,9
25 44,3 40,6 37,7 14,6 13,1 11,5
26 45.6 41,9 38,9 15,4 13,8 12,2
27 47,0 43,3 40,1 16,2 14,6 12,9
28 48,3 445 41,3 16,9 15,3 13,6
29 49,6 45,7 42,6 17.7 16,0 14,3
30 50,9 47,0 438 18,5 16,8 15,0
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IIpunoxenne 4. Kpautunn t-pacnpenenenust CThIOIEHTA
(k — aucno creneneit crobomer)

YpoReHb 3IHAYUMOCTH €
(IBYCTODOHHAA KPUTHYECKA 0GJIACTH)

k 0,10 0,05 0,02 0,01 0,002 0,001
1 6,31 12,7 31,82 63,7 318,3 637,0
2 2,92 4,30 6,97 9.92 22,33 31,6
3 2,35 3,18 4,54 5,84 10,22 12,9
4 2,13 2,78 3,75 4,60 7,17 8,61
5 2,01 2,57 3,37 4,03 5,89 6,86
6 1,94 2,45 3.14 3,71 5,21 5,96
7 1,89 2,36 3,00 3,50 4,79 5,40
8 1.86 2,31 2,90 3,36 4,50 5,04
9 1,83 2,26 2,82 3,25 4,30 3,78
10 1,81 2,23 2,76 3,17 4,14 4,59
i1 1,80 2,20 2,72 3,11 4,03 4,44
12 1,78 2,18 2,68 3.05 3,93 4,32
13 1,77 2,16 2,65 3,01 3,85 4,22
14 1,76 2,14 2,62 2,98 3,79 4,14
15 1,75 2,13 2,60 2,95 3,73 4,07
16 1,75 2,12 2,58 2,92 3,69 14,01
17 1,74 2,11 2,57 2,90 3,65 3,96
18 1,73 2,10 2,55 2,88 3,61 3,02
19 1,73 2,09 2,54 2,86 3,58 3,88
20 1,73 2,09 2,53 2,85 3,55 3.85
21 1,72 2,08 2,52 2,83 3,53 3.82
22 1,72 207 2,51 2,82 3.51 3,79
23 1,71 2,07 2,50 2,81 3,49 3,77
24 1,71 2.06 2,49 2,80 347 3,74
25 1,71 2,06 2,49 2,79 3,45 3,72
26 1,71 2,05 2,48 2,78 3,44 3,71
27 1,71 2,05 2,47 2,77 3,42 3,69
28 1,70 2,05 2,46 2,76 3,40 3,66
29 1,70 2,05 2,46 2,76 3,40 3,66
30 1,70 2,04 2,46 2,75 3.39 3,65
40 1,68 2,02 2,42 2,70 3,31 3,55
60 1,67 2,00 2,39 2,60 3,23 3,46
120 1,66 1,98 2,36 2,62 3,17 3,37
oo 1,64 1,96 2,33 2,58 7,09 8,29




