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Abstract 
This paper is a theoretical study of digital control algorithms for the systems of positional electric drives 

which would ensure minimum energy losses.  In our research we took into account the effect of time discreetness, 
extrapolation, peculiarities of numerical integration and the necessity of real time calculations. 
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Introduction 
At present, when energy costs are growing, the problem of energy saving by means of 

electric drives becomes more and more important. In positional electric drives working in recur-
sive short-time mode the increase of motion playback time will help to significantly reduce the 
heat losses from the dynamic component of armature current for DC drives and from moment-
generating component of stator current in the systems of AC drives vector control [1-3]. There 
are many diagrams describing the changes of position, speed, acceleration and jerk in the process 
of mechanism motion from one given position to another. The basic diagrams are those optimal 
by speed and by heat losses in DC motor armatures or in asynchronous motor rotors, if speed 
constraints, acceleration, motor current and jerk are taken into account.  

Review of Previous Studies 
A great contribution to the development of electric drive control theory was made by Yu. 

P. Petrov, K. I. Kozhevnikov, V. P. Chistov, V. A. Svyatoslavskiy and others. Many published 
works [3-7] are devoted to the rational choice of appropriate laws of positional drive coordinates 
variation; these publications also deal with the algorithms for developing proper control actions. 

Implementation of position adjustment systems (optimal by heat losses) is based on the use 
of digital setting devices which help to implement the most complicated control laws taking into 
account various constraints. In these works the optimal control algorithms are provided in con-
tinuous form.

The goal of this paper is to develop a reliable technique of setting device (SD) software 
implementation which would ensure the optimal (by heat losses) control of positional electric 
drives. When considering this problem we took into account acceleration and speed constraints, 
the permanent moment of static resistance at the shaft of the actuating mechanism, time quantiza-
tion effects, signal extrapolation and digital integration. 

Results and Discussion 
Let us consider the amount of heat losses conditioned by dynamic armature current in 

case when magnetic flux is constant. In these paper , ,  stand for acceleration, speed and 
motion respectively: U, E , Ia stand for voltage, EMF and motor armature current; Ra is armature 
circuit resistance; Mj, Ij, Mc, Ic are dynamic and static components of the moment and armature 
current; J is the drive inertia moment reduced to the motor shaft; is maximum speed, max p is 
maximum speed-up acceleration; max t is maximum braking acceleration; I0 is the value of current 
limitation, t0 is the time of motion playback. 

Electric energy consumed from power supply network 
t

0

)()( AAdttItU (1)
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is spent on mechanical work 
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dttMtdttItEA
00

)()()()( (2)

and heat loses in armature circuit (the losses in exciting winding are ignored) 
t

dtRtIA
0

2 )( (3)

Let us decompose the electromagnetic moment of the motor and armature current (propor-
tional to electromagnetic moment if magnetic flux is constant) into static and dynamic compo-
nents:
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Then the electrical energy heat loss from the effect of armature current dynamic component is 
t

jj dttIRA
0

2 )( (9)

In [1] it is proved that the loss AjT  is minimal when speed diagram is parabolic and accel-
eration diagram is triangular. In this case speed and current can exceed their permissible values. 
In the process of creating diagrams acceleration constraint (dynamic moment) should be taken 
into account. However, if static moment is present the constraint of dynamic moment can change 
when the system reaches current limitation level. That is why dynamic moment constraint leads 
to acceleration limitation at level 1 in case of speed up and at level 2 in case of braking. Thus 
the acceleration diagram and the tachogram become asymmetric. 

Formulas for Calculating Optimal Diagrams in the Continuous Form 
Possible types of optimal diagrams for the given problem are provided in Figure 1. Three 

signals (t), (t) and (t) are interconnected through integro-differential dependences, accelera-
tion (t) being the simplest one. So when a control action is being implemented in digital form it 
will be enough to generate this particular signal and the rest coordinates (t) and (t) can be ob-
tained by means of successive numerical integration of acceleration task code. 
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dttt ; dttt (10)

From the above mentioned it follows that node points coordinates of the graphs (t) are suf-
ficient for creating the optimal diagrams. However, if we need to select the required diagram we 
should know the formula for calculating the maximum value of speed without taking into ac-
count the constraint. The methods of defining the coordinates of the characteristic points of dia-
grams (Figure 1) are discussed in [5, 6]. Besides, these works provide the formulas for calculating 
the above parameters (see Table 1). 

It’s worth mentioning that incomplete equation of the forth degree in the variable 2, ob-
tained for diagram 1d, has no analytical solution. That’s why its roots should be found by means 
of a numerical method. 

Formation of Discrete Standard Diagrams
The drawback of the formulas from Table 1 lies in the fact that in the process of the set-

ting device digital implementation the x-values of the curve (t) breakpoints are not multiple of 
the sampling period T and therefore should be rounded. It leads to significant deviations of the 
formed control actions from the desired ones. In this case, the steady value of motion task 
changes, whereas the accuracy of positioning should be as high as possible. That is why the given 
diagrams should be corrected so that the change of abscissas ti=kiT (ti are integers) could not dis-
tort the value 3.

The suggested technique of acceleration diagram node points coordinates correction com-
prises the following stages: 

1) The total desired time of the motion playback t0 is rounded to the nearest larger value 
multiple of the sampling period T:

T
t

ceilTt old
new

0
0 (11)

where t0old is the time before rounding and t0new is the time after rounding; 
2) The times t1…t5 are calculated according to the formulas presented in Table 1 and 

aimed at SD implementation in continuous form; 
3) The times t1, t3 and t5 are rounded to the nearest larger values multiple of the sampling 

period T as in (11), and the time t3 is rounded according to the common rules (that is to the near-
est integer): 

T
t

roundTt old
new

2
2 ; (12)

4) Then we find the values of the rest of times t2 + t4 or t2, without changing the total time 
t0:

51042 ttttt

532104 tttttt ; (13)

5) At this stage we recalculate the values of accelerations 1 and 2 by solving the equation 
set (ES): 
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Figure 1. Motion diagrams optimal by heat losses 

It should be mentioned that the suggested technique does not presuppose re-examination 
of the corrected parameters aimed at finding out whether these parameters have reached limiting 
levels and whether the diagram has changed if compared to the original one. Such a procedure 
can break the equality of jerks in the intervals t2 and t4. We should also take into account that the 
corrected values 1, 2 and 0 can exceed their limiting levels. If it is not acceptable each time in-
terval should be rounded up, and that will lead to the increase of time t0.

The suggested technique of deriving expressions for the left sides of ES (14) is the follow-
ing:

We put down the equations for the graph )(t  in each interval 1t , 2t , …, 5t , combining the 
initial reference point of time with the beginning of the respective interval; 

Then we integrate twice the right sides of the obtained equations taking into account that 

dttt )()( , dttt )()( (15)
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Under initial conditions (IC) 

)( 10 ii t , )( 10 ii t , 001 , 001  (16) 

we find successively the expressions for the graphs of speed and motion variation in different 
time intervals of the considered diagram as well as the values of these signals at interval extremi-
ties (i. e. in break points) substituting them in the expressions obtained from (15) taking into ac-
count IC (16), itt ;

From the expressions obtained for the values of the considered signals at the end of the 
last interval the left sides of ES (14) are formed. 

The suggested technique helps to derive the formulas for recalculating maximum 
speed up and braking accelerations. The results for all considered diagrams are given in Ta-
ble 2. 

The Symmetry of Acceleration Task Extrapolated Signal 
In case of digital implementation of control algorithms optimal by heat losses (parabolic 

character of speed variation being their distinctive feature) the above mentioned initial continuous 
algorithm correction is obviously not enough. We illustrate it by comparing the control actions 
(Figure 2) formed by means of SD with two considered types of tachograms (triangular and para-
bolic) using numerical integration (NI) methods with automatic step selection (ASS) and NI 
methods with constant step equal to the sampling period ( Th ). In both cases speed and accel-
eration do not reach their limiting levels and maximum values of acceleration are obtained from 
the condition of a given motion playback in a given time, i. e. termination control problem is 
solved:

24 tm , 26 tm .   

From the given figure it is evident that the acceleration task diagrams have pieces with in-
finite gain factor, and the accuracy of their representation decreases significantly if NI methods 
with constant step are used. In this or that way it influences the operation of SDs under compari-
son. In case of a triangle tachogram it will lead to the one-NI-step increase of signal formation 
time only. But if the diagram is parabolic the symmetry of the graph )(t  (with respect to the 
time axis) will be broken. As a result at the moment of the equality of the acceleration task to 
zero the speed task will be negative and the motion task )(t  will decrease (with constant rate) 
deviating more and more from the required value . Even the forced zeroing of the signal )(t
at the moment t  or ht  will not solve the given problem.  

The same takes place if the analog integrators are substituted for the discrete ones with 
zero order extrapolation (see Figure 3 ). To eliminate this drawback we should correct the initial 
continuous diagram of acceleration task change so that by means of extrapolation we could obtain 
from it the symmetric discrete diagram )(t .

Such a result can be obtained by means of defining the difference between the maximum 
and the minimum values of accelerations of the discrete diagram, dividing this difference by half 
and shifting the continuous diagram up this value: 

minmax 2
t
T

mm (17)

o2 t
T

m
m

(18)

max m , min m (19)
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Table 2. Formulas for recalculation of maximum acceleration  
at speed up 1  and at braking 2

Diagram Values of acceleration 
2
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Figure 2. Diagram of motion with the triangle and parabolic tachograms formed by the analog 
model: ) – NI with ASS; b) – NI with constant step (Euler method) 

The analysis of the original graphs and those corrected by means of the suggested formu-
las leads to the conclusion that the same result can be achieved by shifting the signal )(t  to the 
right by half of the sampling period, as it is shown in Figure 3. (See graph )(t ).

Besides, such a method of correction is also true for quasi-optimal diagrams that have in-
tervals of motion with constant values of speed and (or) acceleration which appear if these coor-
dinates constraints are taken into account.

From the last figure it is evident that the suggested method of acceleration task signal cor-
rection allows eliminating the discrepancy in the times when transient process are coming to an 
end and creating the basic control action without any error and in stable regime.  
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It is worth mentioning that such correction technique can also be applied for the diagrams 
optimal by heat losses obtained under the condition that the constant static moment is present at 
the motor shaft [8]. 

)(t

)(t)(t

t
T

)(t

)(t

)(t

t

)(t

T2/T

)(t

)(t
)(t

)                                                                                             b) 
Figure 3. An optimal by heat loss diagram formed by a discrete model: ) – without correction, 

b) – with the correction of the diagram )(t

Numerical Integration Method Selection 
The choice of operation algorithms for digital integrators (DI) is very important in the 

practical implementation of digital setting devices. It predetermines the degree of discrete dia-
grams approximation to the respective analog diagrams taken as standard.  

The simplest NI methods are right-side rectangles method (Forward Euler), left-side rec-
tangles method (Backward Euler) and the method of trapezoids (Trapezoidal) which have respec-
tive DIs of the first order with transfer functions (TF). 

1
)(

z
TzWFE , (20) 

1
)(

z
TzzWBE , (21) 

)1(2
)1()(

z
zTzWT . (22) 

These are the methods that can be installed in the unit Discrete-Time Integrator of the 
program Simulink in the package MATLAB, which (due to the presence of Real Time Workshop)
can be regarded as one of the possible versions of digital control devices software implementation 
[9].

Usually in the intervals with constant value of the integrated signal we use Forward
Euler, whereas in the intervals where the signal changes according to the linear law we should 
apply the method of trapezoids, and that is quite natural. Following such a logic, in SD with tri-
angular tachogram we must use the integrator with TF (20) (as the first integrator which forms 
acceleration task); and in SD with parabolic tachogram we should apply the integrator with TF 
(22). Nevertheless the modeling results have shown that integrator (21) is the best for both cases, 
because it ensures the coincidence of the discrete extrapolated tachogram )(t  with the stan-
dard analog tachogram )(t  at the moments of time multiple of the interrupt period. It is con-
firmed by the graphs provided in Figure 4a. This effect can be explained by the equality of the 
respective areas of the trapezoid and the rectangle added in case of analog and discrete integra-
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tion. The first of them ( 1  and 1 ) are marked with thick lines in Figure 4a. The analysis of 
the provided diagrams shows that with the use of the above-mentioned acceleration diagram cor-
rection method the altitude of the marked rectangle is equal to the half-sum of the bases of the 
marked trapezoid. This property is typical of all the subsequent pairs of the considered geometri-
cal figures. 

It is quite different with the diagrams, which take into account the jerk constraint (the ex-
amples are in Figure 4b). In this case, in order to achieve the coincidence of the extrapolated dis-
crete tachogram with the standard one we need to carry out NI of the acceleration task signal by 
means of the trapezoid method, i. e. to use the DI with transfer function as the first integrator 
(22).

The second DI of the position setter integrates the speed task. For SDs with triangular and 
trapezoidal tachograms it is better to use the integrator, which employs the trapezoid method. If 
the integrators employing the rectangles method (Euler method) are used instead, it will reduce 
the dynamic accuracy of acceleration task signal reproduction without changes in its steady-state 
value.

)(t

)(t
)(t

)(t

)(t

)(t

1

1a

)(t

)(t

)(t

)(t

)(t

)(t

1
1a

)                                                                                             b) 
Figure 4. Diagrams of motion with parabolic tachograms 

) – without constraints, b) –  with jerk constraint during signal )(t  integration by left-side rec-
tangles method and signal )(t  integration by trapezoid method 

If SDs with the parabolic tachogramm are used, the integrators will form the acceleration 
task with the same steady-state error. It follows from the well known NI formulas if condition 
(23) is satisfied

0)()0( t . (23) 

Let us find an analytical expression for this error. Let the interval t  contain an even 
number of sampling periods:  

kTt 2 , ...,2,1k .  (24) 

The analog signal of the acceleration task changes according to: 
2

2)(
t
ttdt

t
tt mmm . (25) 

The exact value of the motion developed according to the tachogram specified by (25) is 
defined from: 
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tdtt m
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, (26) 

and the approximate value calculated with rectangles method and trapezoid method with 
step T is defined from the formula  
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After substitution 
T

tk
2

 and transformations we have finally  

6
)( 22 Ttm . (27) 

Subtracting (27) from (26) we come to: 

6

2Tm . (28) 

If the sampling period is small the error (28) will be insignificant and can be compen-
sated, if necessary.  

The diagrams from Figure 4 are obtained by using (as the second DI) the integrator which 
involves the method of trapezoids. They show that the discrete signals of speed task as well as the 
discrete signals of position task coincide with standard curves at the moments of time multiple of 
the sampling period. The values of steady-state errors obtained in the process of modeling agree 
with the values obtained from formula (28). Meanwhile, the accurate integration of a parabolic 
signal (speed task signal is parabolic) can be achieved by means NI algorithms of a higher order, 
for example, Simpson algorithm [11]. 

Equation Numerical Solution in Real Time 
Let us consider the possibilities of real time implementation of  the given diagrams in the 

software environment MatLab Simulink Real Time WorkShop.
The formulas from Table 1 can be easily represented as the units of Simulink. But for cal-

culating the maximum value of acceleration 2  for the diagram (Figure 1 e) we need to solve an 
incomplete algebraic equation of the foreth degree with real coefficients

04636 2
0

4
11

2
0

3
21

2
0100

4
2 t .  (29) 

From the physical sense of the given problem it follows that we need to obtain the real 
root belonging to the interval JII c0,0 .

The simplest methods of solving algebraic and transcendental equations are iteration half-
division method, chord method and tangent method [10]. The analysis of the polynomial function 

)( 2f  in the right side of equation (29) shows that such a root is always present in the domain of 
real parameters and is the only one. Moreover, the graph of this function has a great slope at the 
extremity JII c0,0  and satisfies the condition 0)()( 22 ff . So it is reasonable to solve 
the equation (20) applying the tangent method with the initial approximation of the root equal to 

JII c0 .
In the library Math of the application Simulink there is the unit Algebraic Constraint that 

is used to find the roots of the equation 0)(xf  by means of creating an algebraic loop, but such 
a technique is impossible in Real Time WorkShop.
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Figure 6 presents the algorithm of updating the given initial approximation 0x  of the root 
of the equation 0)(xf   by means of the tangent method (also called Newton method). Figure 7 
provides a Simulink-model of this iteration algorithm. The model involves Enabled Subsystem for
loop organization. Enabled Subsystem (j2_kasat) is working only if the inequality tolh  is true 
( tol  is the equation solution accuracy assigned by the variable e in the unit Const). In the unit 
Memory (which implements one step delay of numerical integration) the Initial Condition is as-
sumed to be equal to 1 as the iteration process should start without the delay of the first step. A 
comprehensive model of this subsystem is given in Figure 8. In the subsystem j2_kasat the initial 
approximation of the root JIIx c00  is formed and the iteration body is implemented.  

The values of the function, which makes up the left side of equation (20) 
2
0

4
11

2
0

3
1

2
0100

4 4636)( xtxxf  and its derivative  

1
2
0

2
1

2
0100

3 436364)( xtxxf

are calculated in subsystems )(xf  and )(xdf .

If the difference between two successive approximations 
xdf
xfh  does not ensure the ac-

curacy tol , the next iteration is performed. When the given accuracy is achieved the iteration 
process stops. The parameter Threshold of the unit Switch is equal to 0.5. The vector of the sig-
nals (which are necessary for calculating the coefficients of polynomial functions )(xf  and )(xf )
comes to the input In1 (data)

Control system examination has shown that three iterations are required to solve equation 
(29) with the accuracy  

001.0tol  by means of the tangent method 

Figure 6. The algorithm for specifying the 
real root of an algebraic equation by tangent 
method 

Figure 7. A Simulink-model of solving the 
equation (29) in real time 
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Figure 8. A comprehensive model of Enabled Subsystem (j2_kasat) in case of  
equation (20) solution by tangent method 

The suggested models have been successfully applied in the control of positional electric 
drives of the experimental facility in real time operational system QNX. 

So the technique of creating optimal diagrams for real time implementation comprises the 
following principal stages:  

1) We should calculate the node points of the acceleration task diagram proceeding from 
the value of motion  and the desired time of motion 0t  taking into account speed constraint 0

and acceleration constraint 0  according to the accepted optimization criterion (discreteness in 
time is ignored); 

2) Then we must correct the abscissas of the node points of the diagram )(t  in order to 
make them multiple of the sampling period T . This procedure leads to the correction of 
ordinates, otherwise the value of motion and the diagrams will be distorted.  

3) The obtained signal )(t  is first shifted to the right by half of the sampling period, and 
then it is sampled and extrapolated: 

nTtTtnT )2/()( ;
4) If there is no jerk constraint we use Backward Euler (21) for the first digital integrator 

(DI) which forms the discrete extrapolated signal of acceleration task )(nT , and for the second 
integrator which forms the signal )(nT  we use Simpson method. 

Conclusion
1. Setting devices that form motion diagrams (optimal or quasi-optimal by heat losses) 

can be successfully implemented in digital form only. It requires the correction of the algorithms 
of the digital implementation of motion diagrams in real time (quantization and extrapolation ef-
fects should be taken into account).

2. At the first stage of correcting the optimal diagrams of positional electric drive control 
the effect of time quantization should be taken into account, because the time of the breaks of 
standard signal graphs should be multiple of the sampling period. The formulas from Table 2 al-
low recalculating the maximum accelerations in case of speed up and in case of braking after the 
time intervals had been corrected. 

3. The use of NI methods with constant step reduces the accuracy of representing the 
pieces of diagrams with infinite gain factor. In case of triangular tachogram implementation it 
leads to one NI step increase in the time of signal formation, and in case of parabolic tachogram 
implementation it leads to the output signal error.  

4. The parabolic tachogram can be successfully implemented only if the initial continuous 
acceleration task diagram had been corrected (shifted to the right by half-sampling period). 
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5. The agreement of the standard analog diagram and the discrete extrapolated one (at the 
moments of time multiple of the interrupt period) is achieved through acceleration task signal in-
tegration by left-side rectangles methods if jerk constraint is absent and by trapezoid method if 
this constraint exists. 

6. In the process of integrating the parabolic signal of acceleration task by Euler method 
or by trapezoid method the signal of position task is formed with steady-state error calculated by 
formula (28). If sampling period is small the error will be insignificant.  

7. The numerical solution to simple transcedental and algebraic equations can be success-
fully performed in real time in the environment MatLab  Simulink  Real Time WorkShop.
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