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Belovodskiy V.N., Smirnov A.N. “Harmonic balance method and global analysis of dynamical
systems”. One of the main problems in the global analysis of oscillatory systems is the finding of
all its periodic motions for given correlations of the parameters and priori considerations give
reason to believe that for systems of differential equations with polynomial nonlinearity the use of
the harmonic balance method (HBM) for this purpose seems to be very attractive. Indeed, the
HBM enables us to reduce the finding of stationary motions of such systems to the solving of
systems of polynomial equations, the number of solutions of which, presumably, can be set using
the theory of Newton polyhedra. And, then, with the help of the interval approaches or methods of
continuation, which are currently being developed within the framework of tropical geometry, you
can determine the whole set of solutions of polynomial equations and thus, the entire range of
motions of the dynamical system.

In this paper, this hypothesis is being tested for the differential equation with cubic nonlinearity
and harmonic exciting force. We consider two versions of HBM, — trigonometric one and complex
exponential form. On their basis for the differential equation with cubic nonlinearity the
construction of polynomial equations is fulfilled and in accordance with the theorem of Bernstein,
attempt to estimate the number of solutions of the obtained system has been undertaken. Then,
with use of interval bisection method solutions of the system of polynomial equations in a given
part of phase space are determined, comparative evaluation of the complexity of the considered
versions of HBM is conducted, advantages and disadvantages of the described approach are
marked.

Keywords: harmonic balance method, dynamical system, global analysis, Duffing

equation, Newton polyhedron, interval bisection method.

Introduction

The following considerations are the
impetus of this research.

On the one hand it is obvious, that the
successful performance of global analysis of
dynamical systems is based on the finding of all
solutions of the corresponding differential systems
of equations. And traditionally it is being done with
use of multistart methods by trying a certain
volume of initial conditions. But, unfortunately,
even for great number of initial points such
procedure is not exhaustive. On the other hand the
HBM gives an opportunity to reduce the finding of
solutions of differential equations to the solving of
systems of polynomial ones, for which there is the
Bernstein’s theorem describing the number of
solutions through the mixed volumes of Newton
polytopes [1]. And based on this, the following
scheme of the implementation of the global analysis
of dynamical systems seems to be very attractive.
At first, by preserving the sufficient number of
terms in the Fourier decompositions, we reduce the
original system of differential equations to a system
of polynomial ones. Then, using the theory of
Newton polyhedra we determine the number of
solutions of the resulting system. And, further,
applying, one or the other method of the global
search, we are guaranteed to determine the entire
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range of solutions and, thus, theoretically evidential
global analysis of dynamical systems is carried out.

It should be noted that at present, perhaps,
the methods of continuation and various
modifications of the multistart method are dominant
in the global analysis of dynamical systems [2, 3],
though the first of them are still in the development
stage, and the latter is not exhaustive. Along with
this under computational mathematics during the
last decades there is being developed an interval
analysis, which is increasingly beginning to use to
the global analysis of equations and systems. And
some authors believe that namely interval
approaches are able to provide reliable analysis of
nonlinear systems [4].

Below these hypotheses are being tested on
the example of the Duffing equation in the area of
the principal resonance.

The model under consideration

So, here we consider the Diffing equation
¥+bx+x+yx’ = Pcos ot (1)
and using HBM find its solutions in the area of the
principal resonance. There are two main versions of
HBM, — complex and trigonometric. In the first
case, the solution is sought in the form
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x(t) = i c, e, 2)

n=—N
where N is the number of harmonics taken into
account, in the second, — in the form

N
x= Z (A, cosnwt + B, sinnwt)  (3)

n=0

N
or x:Z Am, cos(nawt—g,) .
n=0
The connection between the coefficients of
these expansions are described by the following

[ 42 2
Amn = An +Bn :2 Cn Cfn ’

n + Cfn

c,+c. c,
@, = arccos ———== 0r @, = —arccos ———=,
cc 2./c ¢

n " -n n -n
if (3¢, =0 A Re_, <0) v JIc, <0,

A —iB A +iB,
@, €l-n,7),and ¢, = s, =
2 2

In each of these approaches solving of the
differential equation (1), ultimately, reduces to the
solving of a polynomial system of equations,
however, in the first case, — to the system with
complex coefficients, in the second case, — to the
system with real ones. Consider these options in
more detail.

relationships:

Comparison and selection of the form
of the HBM

Here, we restrict ourselves by the analysis of
the harmonic solutions of the equation (1), i.e. in
expansions (2), (3) and suppose that N = 1 and
Ay=By=Cy=0. Substitute, now, each of these
expansions into equation (1), perform algebraic
transformations and after comparison of the
respective harmonics we obtain a system of
equations to determine the coefficients:

— in the case (2), —

(1- @ +ibw)c, +3yc’c, = %P

. “)
3yce ) +(1-@° —ibw)c, = EP
— in the case (3), —
2 3 2 2N
(1-o°)4, +bwB, +Z;/A] (4°+B°)=P

~bwA, +(1-@°)B, +%7/B1 (4°+B*)=0

Note that the solutions of the equation (1)
correspond to a self-adjoint solutions of the system
(4), 1.e., those for which ¢, =¢ . Given this fact,

along with (4) we also consider the equation
(- +ibw)c, +3y¢c, = %P , (6)

which is a shortened version of this system which
doesn’t contain, unlike it, the extra solutions. To
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assess the comparative computational complexity
of the considered forms HBM the construction of
amplitude-frequency characteristics (AFC) for
system (1) (Fig. 1) was carried out in Matlab,
version 8.5 (R2015a), by solving the systems (4),
(5) and (6) for the parameters of equation (1):
b=0.1, y=0.5 P=1 and w=[0.01, 3.0], with
step A@w=0.01. When solving these systems as the
initial conditions for the next value of @ the set

¢, ¢, (or Ay, B)) has been taken, respectively,
which was obtained for its previous value.
Computational experiments were conducted with a
computer having processor Intel Pentium Dual Core
2.2 GHz and memory 4GB. The results are
presented in Table 1 and they demonstrate that the
least time consuming corresponds to a
trigonometric version of HBM, despite a few more
number of calls to the functions describing the
system of equations, compared with the complex
version of HBM.
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Figure 1. — AFC for the equation (1)

Estimation of the number of solutions
of the system

Taking in mind the described experiments,
further we restrict ourselves by the trigonometric
version of HBM and consider the system (5).

Note that the estimation of the total number
of solutions of the nonlinear system in a given area
or in a given interval, in itself, is quite interesting
and important. For algebraic equations such
instruments are known. They are, in particular, and
the Fundamental Theorem of Algebra, and Shturm's
Theorem, and Budan’s and Fourier’s procedures,
etc., which allow you to set the number of real and
complex roots and implement their separation [5].
For systems of polynomial equations the range of
such possibilities is more narrow, although there are
also some tools for estimating the number of
solutions and they are based on the theory of
Newton polytopes [1]. Thus, in particular,
according to Bernstein's theorem, the number of
non-trivial solutions of the system with generic
coefficients is equal to the mixed volume of such
polyhedra constructed for polynomial equations.
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Table 1. — The results of the run-time

Trigonometric version of [Complex version of HBM,| Shortened version of
HBM, system (5) system (4) HBM, system (6)
Total work time, (s) 5.877 6.338 13.997
Average time of one solving of 0.0107 00110 0.2495
system of equations, (s) ) ) )
Average time of one calling of 0473810 0727610 0558610
system of equations, (s) ) ) )
Total number of calls to the
function describing system of 6775 6473 22379
equations
We return to system (5). The computation of =y 41=0
the mixed volume of Newton polytopes, carried out { , .
with use of the program MixedVol [7], gave 9 XAy +1=0

solutions. Although from the theory of vibrating
systems it is known that the Duffing system in the
area of the primary resonance has no more than
three regimes, — two stable and one unstable.
Taking in mind that system (5) has no trivial
solution perform the following transformation.
Namely, to the first equation multiplied by (—B;) we
add the second one multiplied by 4; and as the
result we obtain

A’ +B’ =PB | bw

2 3 2 2 ' (7)
—bwd +(1-w )BI+Z;/BI(A] +B7)=0

The mixed volume of the Newton polyhedra
for the system (7) is already six. Finally, if we
substitute the ratio from the first equation into the
second of system (7), we get

A’ +B? = PB, | bo

) 3 ) - (®
—-bwd +(1-w )Bl+27/PB1 /bo=0

And for this system the mixed volume of
Newton polyhedra is already four.

Thus, for equivalent, essentially, systems
(5), (7) and (8) the number of solutions determined
with help of the Bernstein theorem turns out
different. What's the deal?

To clarify the situation let us turn to the
simple examples.

Example 1. Consider

X +x’-2=0
Fy+y =2=0 .
Program MixedVol gives for this system
nine solutions. However, subtracting the second

equation from the first one and considering, further,
two cases

x—y=0 X +y°=0
) s and o, ,
xXy+y -2=0 y(x*+y)-2=0
i.e., essentially, performing identical transformations,
we’ll come to a conclusion that the original system

has only three solutions.
Example 2. Consider

a4

Adding the second equation to the first one
we have

x*+1=0 X +1=0
= =
X+’ +1=0 y'=0

X, =4%i
' = (£i,0) u (£i,0),
Yip = 0

i.e. two pairs of multiple solutions, the mixed
volume is equal to 4.

At last,

Example 3. The system
x> +y'-1=0
¥ +y'-1=0

has an infinite number of solutions, while the mixed
volume of Newton polytopes equals 4.

Thus, summing up the performed analysis,
the following can be noted. The theory of Newton
polytopes is applicable to nondegenerate systems,
does not account the relations between the
equations of the system and., because of this, it
gives only an upper estimate for the number of
solutions. For these reasons, the results obtained
with its use cannot serve as a control in the
formation of a plurality of the solutions of the given
system.

Interval solving of system

It seems that the interval method of bisection
can become to be a method that allows to find all
solutions of the system. This method essentially
generalizes the dichotomy method for the case of a
system of equations and, conceptually, its approach
is as follows. Consider a system of two equations

X =
{f (x,)=0 )
g(x,y)=0
and suppose you want to find all solutions of this
system in a rectangular area D= X xY , where
X =[a, b], Y=[c,d], a<b,c<d. At the first
step the region D, along one of the measurements,
is divided equally into two parts and in each part
the smallest and the largest values of the functions f
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and g are determined. If in some of it the found
values have equal signs, i.e. min f-max f >0 or

min g -max g >0, then in this part, this function

takes values of the same sign and doesn’t become
zero. Consequently, in this part of the rectangle D
system (9) has no solution, then this part is
discarded and the remaining part is divided in half
again. The procedure of successive division
continues until each of the sides of the remaining
parties becomes less certain &, where 6/2 is the
given accuracy of the approximate solution. Then,
the midpoints of the remaining sections are
accepted as solutions of the system of the
equations.

Another variant of this approach can be
implemented using interval computations. Namely,
instead of the original functions f(x,y), g(x,y)

there are considered interval functions f(X,Y),
g(X,Y) which can be obtained by replacing of the

original variables in the given function by the
intervals X, Y and the coefficients in it are presented
by "point" intervals. The functions thus defined are
called the natural interval extensions of the original
functions. Operations over intervals in it are carried
out according to the rules of interval arithmetic [6]
and as a result an interval estimation of the values
of the given functions is obtained. According to the
fundamental theorem of interval arithmetic the
range of values of the initial function is contained
in its interval estimation that is
ran(f(x,y)) c f(X,Y). Further actions are similar

to those described above. Namely, the interval
estimates f(X,Y), g(X,Y) are determined. If each

of them contains zero, ie. 0ef(X,Y) and
0eg(X,Y), then the system (9) can have a

solution in the domain X xY and by dividing one
of the intervals in half the domain is divided into
two parts. In each of the obtained parts the new
interval estimates are determined, the part, in
which, at least, one of the interval estimates doesn’t
contain zero, is discarded and the procedure
continues as long as the size of the remaining part
or parts containing zero becomes less than the
preassigned small o . If desired, the obtained
solutions can be clarified further by one of the usual
methods for solving of nonlinear equations.

It should be noted that this procedure
becomes less laborious and more certain, if
ran(f(x,y))=f(X,Y) exactly. And for some

classes of functions [4,6], in particular, for
polynomials, presented in the form

p(x,a,...,a") =
(@ x+a" "y +a" )+ +a) +a? ’
in which exponentiation is computed according to
the rule X* = [minXx",maxXx"] this requirement is
ve ve

fulfilled. In order to bring equations of the system
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(8) to this kind it is sufficient to select there the
perfect squares and present them in the form

2
ad+o(B+2y B g
ST e 4c,
1 , 1 , (10)
d d
AP +(B+1) -—=0
B
P P
where a, = -bw, blzl—a)z,clzsL, =
4bw bw

The described methodology has been
implemented by us in Matlab and the subsequent
computational experiments were performed for the

parameters of the equation »=0.1, y=0.5, P=1

and w=2. Figure 1 shows that the system at this
point has three solutions

Figure 2 illustrates the procedure of
successive division. In fairness, we note that for the
purpose of clarifying the existence of a root in the
area under the condition

0ef(X,,Y,)
0eg(X,.Y,)

an additional test procedure was added to the
program, which contains criteria for the check
whether the point of intersection of curves
f(x,»)=0, g(x,y)=0 lies in this plot. The

matter is that the interval estimates contain zero in
those cases also when the curves corresponding to
the equations are contained in the parallelepiped,
but do not intersect. This feature leads to the
preservation of false parallelepipeds of the next
generations and, perhaps, even to their
accumulation. In order to avoid such situations an
additional criterion was included into the algorithm,
which performs the verification of the intersection
of the curves in the considered part of the
parallelepiped by replacing sections of the curves
by the segments [8].

° T2
'8 7
1
ol N A/
5
-5 0 5

X

Figure 2. — Illustration of use of bisection method to
the system (10): 1 — curve of the first equation of
(10); 2 — curve of the second equation of (10)

In addition, given that the system (5) has no
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trivial solutions, in order to exclude the search of
the zero solution when implementing interval
method, the zero point has been removed from the
originally specified area of search (Figure 3) and
the solving of the system (9) was carried out, which
had been adapted to perform interval computations.
The solving of the "trigonometric" system (5) was
carried out in Matlab with the help of the function
fsolve. The final results are as follows.
Interval bisection method. For the value of

0 =0.001 the elapsed time was 7 =2.206s and
there was found the next set of interval solutions:

— A =[-0.3367; -0.3361], B, =[0.0226; 0.0233];
— A, =[-2.2604; —2.2597], B, =[1.4315;1.4321];
— A, =[2.3831; 2.3837], B, =[1.7453; 1.7459].
When 6 =0.01 then time to find solutions
amounted to 2.132s, when 6 =0.1, — 1.822s .

Procedure fsolve: Volume of initial
conditions in the domain

D={(4,,B):-5< 4,B, <5} (Figure 2) was fixed

and amounted to 25 sample points, elapsed time
T =0.874s , the found solutions were: the first one,

— 4, =-0.3366 and B, =0.0228, the second one,
— A, =-2.2602 and B, =1.4316, the third one, —
A, =2.3835 and B, =1.7456.

—(0,0)

Figure 3. — Exclusion of the zero-point

Thus, interval methodology of calculations
for the considered example turned out to be quite
workable, although noticeably slower, compared
with the multistart method. However, its undoubted
advantages include a comprehensive conclusion on
the number of roots, whereas when iterating the
initial conditions there are no such certainty.

Conclusion

In the paper there was illustrated the
possibility of using the interval approach to the
analysis of simple dynamical systems on the
example of Duffing equation in the zone of the
principal resonance. The results are quite
encouraging and indicate the desirability of further
research in this direction and subsequent transition
to the analysis of combinational resonances of the
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dynamical systems with one and several degrees of
freedom. And according to their results, we hope,
the role and place of the interval approach to the
problems of global analysis can be established more
specifically.
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benosoockuii B.H., Cmupnos A.H. «Memoo zapmonuueckozo Oananca u 2n00anvHulil aAHAIU3
ounamuueckux cucmemy». OOHOU U3 OCHOBGHBIX NPOOIEM NPU 2I0DATLHOM AHAAU3E KOJIeOAMENbHbIX CUCHEM
ABNIAEMCA 3A0a4aA HAXOHCOCHUSL 8CeX ee NePUOOUYECKUX PENCUMO8 NPU OAHHBIX COOMHOUWEHUAX NAPAMEmpos U
anpuopHuvle coodpadceHus 0am OCHOBAHUS NPEOnoLa2amy, Ymo 01 cucmem OugepeHyuanbHblX ypasHeHul
€ NOTUHOMUATLHOU HETUHEUHOCHbIO UCHOIb308AHUe Memoda eapmorudeckoeo oarauca (MI'B) ona smux yeneti
npeocmagisemcs 6ecoma npusiekamenvhvim. Jeiicmeumensvho, MI'B no3eonsiem ceecmu nouck cmayuoHapHbix
OBUIICEHUIl MAKUX CUCMEM K PEWeHUur0 CUucmem HOTUHOMUAIbHBIX VDAGHEHUU, YUCIO peuleHull KOMOpbIX,
NPEeOnONONCUMENbHO, MOJICem Obimb YCMAHOBIEHO ¢ UCNOIb308AHUEM Meopuu MHo2ozpanHukoé Helomona. A,
oanee, ¢ NOMOWDBIO UHMEPBATLHBIX NOOX0008 UIU MEMO0008 20MOMONUU, KOMOpble 6 HACmosujee 6pemsl
PA36UBAIOMCSL 8 PAMKAX MPONUYECKOU 2eOMEempUlU, ONpedeiums 6ce MHONCECMBO PEUWEeHUll NOTUHOMUATbHBIX
VpasHenuil u, mem CAMbIM, 6eCb CHEKMP OBUINCEHUL OUHAMUYECKOU CUCMEMbI.

B oannoii pabome sma eunomesa anpobupyemcs Ha OuphepenyuaibHoM YPasHeHuu ¢ Kyouueckou
HENUHEIIHOCMbIO U 2APMOHUYECKOU  @blHYJicoarouel  cunoll. Paccmampusaromes 0ge  eepcuu  memooa
2apMOHUYECcK020 banaumca, — MPUSOHOMEMpUYecKds U KOoMHAeKCHO-nokazamenvhas. Ha ux ocnose 0as
ougepenyuanviozo ypasHenus ¢ KyOuueckou HEIUHENHOCMbIO NPOBOOUMC NOCMPOEHUE NOTUHOMUATLHBIX
ypasHenull u, 6 COOmMEEmMcmeul ¢ meopemou bepHwmerina, NpeOnpUHUMAEmcss NONbIMKA OYEHUMb YUCILO
pewienutl NOIYYeHHbIX cucmem. 3amem, ¢ UCHONb308AHUEM UHMEPEATIbLHO20 Memooa OUCEKYUU Onpedensiomcs
peulenusi Cucmemvl NOTUHOMUATLHBIX VPAGHEHULl 6 3A0aHHOU Yacmu Gazo8020 NPOCMPAHCMEd, NPOGOOSMCS
OYEHKU CPAGHUMENbHOU MPYOOEMKOCMU PACCMAMPUBAEMBIX EPCULL 2APMOHUYECK020 OANanCd, OMMedaiomcs
docmouHcmea u He0oOCMamKy ONUCHIBAEMO20 N00X00d.

Knrouesvle cnosa: memoo zapmonuueckozo bananca, ouHamuueckas cucmemd, 2100anbHylii AHAAU3,
ypasuenue /lygppunza, mnozozpannux Holomona, unmepeanvhuiii memoo ducexkyuu.

Benosoocekuii B.M., Cmupnoe O.M. «Memoo zapMoniiinozo 6anancy ma 2100a1bHUll anaiz
ounamiynux cucmemy». OOHI€EI i3 OCHOGHUX NPOOIEM NPU 2N0OATLHOMY AHANIZT KOMUBANBHUX CUCEM € 3a0aud
3HAXOOMNHCEHHsL 8CIX IXHIX NEPIOOUUHUX PeNCUMIE NPU OAHUX CNIBBIOHOUEHHSX NAPAMEMPIE | anpiOpHi MIDKY68AHHS.
daroms niocmasu NpunycKkamu, wjo Oas cucmem OUPepeHyiliHuxX pPIGHAHb 3 NONIHOMIANLHOI HEeNIHIUHICMIO
BUKOPUCIAHHA MemOoOy 2apMOHitiHo2o banancy (MI'B) oaa yux yineil npedcmasisicmocs 8e1oMu NPUBAOTUBUM.
iticno, MI'F 0o38015€ 36ecmu ROULYK CIMAYIOHAPHUX PYXi8 MAKUX CUCHeM 00 DieHHs CUucmem NOAIHOMIANbHUX
PIBHAND, YUCTO piletb AKUX, IMOBIPHO, MOdice OYMuU 6CMAHOBIEHO 3 BUKOPUCIAHHAM Meopii 6azamospaHtuKie
Hvromona. A oani, 3a 0onomo2oro inmepearbHux nioxooie abo memooie 20MOMONii, AKi HUHI PO3BUBATOMBCSL 8
PamMKax mponiuHoi ceomempii, GU3HAUUMU 6CI0 MHOJICUHY DIlUeHb NONTHOMIAILHUX DIGHAHb, | MUM CAMUM, 6€Cb
CneKmp pyxie OUHAMIYHOL cucmemu.

B yiti pobomi ysa cinomesza anpobyemvcsi Ha OugpepeHyiiiHoMY PIGHAHHI [3 KVOIUHOIO HEeNIHIUHICMI0 ma
2aPMOHIYHOIO  3MYywyIouoio  cunolo. Posensidaromues 061 eepcii  memody eapmownitinoeo  banaucy, —
MPUCOHOMEMPUYHA MA KOMNIIEKCHO-nOKa306a. Ha ixnvboi ocrosi 015 ougepenyilinozo pisHsHHSA 3 KYOIUHOIO
HeNIHIUHICMIO NPo8OOUMbCL N0OY008a NONIHOMIANbHUX PIGHAHL I, 8I0N0BIOHO 00 meopemu bepHumeiina,
pobumvca cnpodba OYiHUMU YUCTO piuleHb OMPUMAHUX cucmem. [lani, 3 BUKOPUCTAHHAM [HMEPBAIbHO2O
Memooy OiceKkyill 3HAX00AMbCA PIUeHHs CUCMeMU NONTHOMIAIbHUX DPIBHAHbL 6 3a0aHill yacmuHi ¢hazoe020
NPOCMOpY, HABOOAMbCA OYIHKU NOPIGHANLHOI MPYOOMICHKOCMI PO32NAHYMUX 8epCill 2apMOHINIHO20 banaucy,
8I03HAUAOMbCA nepesazy ma HedoaiKu nioxXo0y, AKUL ONUCYEMbCA.

Knrowuosi cnosa: memood 2apmonininozo éanancy, ounamiuna cucmema, 2100aabHull aAHANi3, PIGHAHHA
Jyddhinza, 6azamozpannux Holomona, inmepeanbHuii Memoo dicexkuii.

Cmamus nocmynuna 6 peoaxyuio 24.06.2014
Pexomenoosana k nybnuxayuu o-pom mexu. nayx Agepurnvim I'.B.

Benosoackuii B.H., CmupHoB A.H.
[loHeLuKnn HaunoHanbHbIN TEXHNYECKUIA YHUBEPCUTET 47
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