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ON THE I'-COMPACTNESS OF INTEGRAL FUNCTIONALS WITH
DEGENERATE LOCALLY LIPSCHITZ INTEGRANDS
AND VARYING DOMAINS OF DEFINITION

In this Note, we announce a new I'-compactness result for a sequence of integral functionals defined
on varying weighted Sobolev spaces. The result concerns the case where the degenerate integrands of
the functionals satisfy a local Lipschitz condition but in general may not be convex with respect to the
variable corresponding to the gradient of functions from domains of definition of the functionals.
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1. Introduction. In this Note, we announce a I'-compactness theorem for a sequence
of integral functionals defined on varying weighted Sobolev spaces. The theorem concerns
the case where the degenerate integrands of the functionals satisfy a local Lipschitz
condition. The given result is a close analogue of the I'-compactness theorem obtained in
[4, 9] in the case where the integrands of integral functionals, defined on the same spaces,
are convex with respect to the variable corresponding to the gradient of functions from
domains of definition of the functionals.

In this connection we note that besides the mentioned works, the questions related
to the I'-convergence of integral functionals, defined on varying weighted Sobolev spaces,
and the convergence of minimizers of the corresponding variational problems were studied
in [5-8].

2. Preliminaries. Let n € N, n > 2, and let 2 be a bounded domain of R". Let
p € (1,n). Let v be a nonnegative function on Q with the properties: ¥ > 0 almost
everywhere in 2 and

1

1/(p—1)
Ve Llloc(Q)7 (V) € Llloc(Q)' (1)

We denote by LP(v,) the set of all measurable functions u : € — R such that the
function v|ulP is summable in Q. LP(v, ) is a Banach space with the norm

1/p
lll ) = ( / u|u|pczx) .

We observe that by virtue of Young’s inequlity and the second inclusion of (1) we have
LP(1,9) € L ().

We denote by W1P(v, Q) the set of all functions u € LP(v,Q) such that for every
i € {1,...,n} there exists the weak derivative D;u, D;u € LP(v,Q). WhP(v,Q) is a
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reflexive Banach space with the norm

n 1/p
el = ( [vpar+3 [ V|D¢u\pd:c> |
Q i=1 V%

Due to the first inclusion of (1) we have C§°(Q2) C WP(1, Q). We denote by I/?/l’p(u, Q)
the closure of the set C§°(Q) in WhP(v, Q).

Next, let {25} be a sequence of domains of R™ which are contained in €.

By analogy with the spaces introduced above we define the functional spaces corres-
ponding to the domains 2.

Let s € N. We denote by LP(v,€s) the set of all measurable functions u : 2, — R
such that the function v|ulP is summable in Q. LP(v,()) is a Banach space with the

norm
1/p
ull o = ( [ vl dx> .

By virtue of the second inclusion of (1) we have LP(v,€) C L (). We denote by
WLP(v, Q) the set of all functions u € LP(v,§),) such that for every i € {1,...,n} there
exists the weak derivative D;ju, Dyu € LP(v,$). WP (v, Q) is a Banach space with the

norm
n 1/p
||u|yl,p,m:</ V|u|de+Z/ V]Diu|pdx> :
Qs i—1 7 8s

We denote by 6’80(95) the set of all restrictions on € of functions from C§°(€2). Due to
the first inclusion of (1) we have C§°(2s) C WP (v, Q). We denote by I/Vol’p(y7 Q) the
closure of the set C5°(2s) in WP (v, Q).

Observe that if u € WHP(v,Q) and s € N, then ulg, € V[Nfol’p(u, Q).

DEFINITION 1. If s € N, then ¢s : WP (1, Q) — Wol’p(y, Q) is the mapping such that
for every function u € WP (v, Q), qsu = ulq,.

DEFINITION 2. Let for every s € N, I be a functional on Wol’p(l/, Q), and let I be a

o
functional on W1P(1, ). We say that the sequence {Is} T'-converges to the functional I
if the following conditions are satisfied:
[¢] —~
1) for every function u € WP (v, ) there exists a sequence ws € W& (v, Q) such
that lim [lws — gsulzr(v,0,) = 0 and lim Ig(ws) = I(u);
§—00 S§—00
2) for every function u € WP(v,Q) and for every sequence us € Wol’p(u, 5) such
that lim |lus — gsul|zr(,0,) = 0 we have liminf I5(us) > I(u).
S—00 §— 00

3. Statement of the main result. Let b € L'(Q), b > 0 in Q, and let {15} be a
sequence of functions satisfying the following conditions: for every s € N, 1), € L1(£2)
and 1 > 0 in Qy; for every open cube Q C R™ we have

limsup/ Psdr < / bdzx.
s—oo JQNQ QNQ
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Next, let ¢;, 1 = 1,...,4, be positive constants, and let f;: Qs x R" - R, s € N, be a
sequence of functions such that: for every s € N and for every £ € R™ the function fs(+,&)
is measurable in €g; for every s € N, for almost every x € €5 and for every £ € R™,

(@) [E)F — ¥s(x) < [, ) < cav(w)[€] + s(); (2)

for every s € N, for almost every z € Q4 and for every &, & € R?,

[fs(@, €)= fo(2, )] < eav(@) (L €[+ 1€ 1P HE =€ [+ ealv(@)] P [s (@) P~ VPlE=E]. (3)

Obviously, for every s € N, f; is a Carathéodory function, and if s € N and u €
WP (v, Qy), we have fq(z, Vu) € L*(€).

DerFINITION 3. If s € N, then J; is the functional on Wol’p(y, Q) such that for every
function u € Wol’p(y, Qy),

Js(u) = fs(z, Vu) dz.
Qs

We denote by Fi;p the set of all functions f : 2 x R" — R satisfying the following
conditions: for every £ € R™ the function f(-,€) is measurable in Q; for almost every
x € Q and for every & € R™,

—b(x) < f(x,€) < cav(@)[€]P + b(x);

there exist positive constants ¢ and ¢’ such that for almost every z € Q and for every
¢ eR™,

/(@ &) = f(a, &) < u(@) 1+ [€] + [€')PHE — €' + ()] VP b))~ D7Ple €.

[¢]
It is easy to see that for every f € Frip, and for every u € WP (v, Q) the function
f(z,Vu) is summable in .

o
DEFINITION 4. If f € FLp, then J7 is the functional on WP (1, Q) such that for every
[¢]
function u € WHP(v, ),

J (u) = /Qf(x,Vu) dx.

Theorem 1. Assume that v € LY(Q), and let gs : Qs x R® — R, s € N, be a sequence
of functions satisfying the following conditions: for every s € N and for every & € R™ the
function gs(-, &) is measurable in Qg; for every s € N and for almost every x € Qg the
function gs(x,-) is conver in R™; if € > 0, then there exists 0. > 0 such that for every
s € N, for almost every x € Qg and for every £ € R",

fs(@,8) — gs(2, ) < ev(@)|E + octps (). (4)

Nezxt, suppose that there exists a sequence of nonempty open sets Q%) of R™ such that:

a) for every k € N, Q) c Q-+ ¢
b) klim meas(Q \ Q*)) = 0;
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c) for every k € N the functions v and b are bounded in Q)

Then there exist an increasing sequence {s;} C N and a function f € Fri, such that
the sequence {Js;} T-converges to the functional J7.

The proof of the theorem will be published in a forthcoming authors’ article. We only
note that the proof is analogous to that of the I'-compactness result given in [4, 9] for the
case where the integrands of integral functionals defined on the spaces W()l P(v, Q) are
convex with respect to the variable corresponding to the gradient of functions in these
spaces. At the same time, some additional difficulties are connected exactly with the fact
that in the present article for the integrands fs conditions (3) and (4) are used instead of
the convexity of the functions fs(z,-) for every s € N and for almost every x € Qg which
was assumed in [4, 9].

We observe that some I'-compactness results for integral functionals with degenerate
integrands and an unvarying domain of definition were established in [1-3| for the case
where the integrands are convex with respect to the variable corresponding to the gradient
of functions from the domain of definition of the functionals.

4. An example. It is not difficult to verify that condition (2) along with the
additional requirement that

for every s € Nand for almost every x € Qg the function fs(z,-)is convex in R"  (5)

implies that conditions (3) and (4) are satisfied, and in this case the constants c3 and ¢4
depend only on p and cg, and for every s € N, g, = fs.

The following example shows that sequences of integrands satisfying conditions (2)—
(4) may not satisfy condition (5).

In fact, let p > 2, and let for every s € N and for every (z,¢) € Qs x R™,

fo(@,8) = v(@)[€PP — [v(x)] PPy (2)] /PPt

Then for every s € N, for every x € 4 and for every £ € R™ inequality (2) holds with
¢1 = 1/p and co = 1. Moreover, for every s € N, for every x € Q, and for every £, ¢ € R™
inequality (3) holds with ¢3 = 2(p — 1) and ¢4 = 1. Finally, defining for every s € N the
function g5 : Qs x R™ — R by gs(x,&) = v(2)|£[P, (z,§) € Qs x R™, we establish that the
following properties hold: for every s € N and for every £ € R™ the function gs(+, &) is
measurable in Qg; for every s € N and for every x € € the function gs(z,-) is convex in
R™; if £ > 0, then for every s € N, for every z € 5 and for every £ € R" inequality (4)
holds with o, = €77 . On the other hand, supposing that for every s € N, 95 > 0 a.e. in
Qs, we find that for every s € N and for almost every = € Q4 the function fs(x,-) is not
convex in R", and therefore, property (5) does not hold.
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A. A. KoBanesckwuii, O. A. Pymakosa
O I'-KOMIAKTHOCTHA MHTErPaJIbHBIX (PyHKIIMOHAJIOB C BbIPOYKJAIOIINMUCH JIOKAJILHO JIIIIIIT-

II€éBbIMU MHTErpaHTaMu U lepeMeHHbIMU obJjlacTaMu onpeneJsieHunsd.

B 3ameTrke anoHCHpOBaH HOBBIH pe3yJsIbTaT O ['-KOMITAKTHOCTH IIOCJIEI0BATEILHOCTH NHTETPAJIBHBIX (DYHK-
[IMOHAJIOB, OMPE/IEJIEHHBIX HA TIePEMEHHBIX BECOBBIX MpocTpaHcTBax CoboseBa. DTOT pe3yIbTaT OTHOCUT-
Cs K CJIy9alo, KOIJa BBIPOXKIAIONINECT MHTEIPAHTHI (DYHKIMOHAJIOB Y/IOBJIETBOPAIOT JIOKAJIBHOMY YCJIO-
uto Jlummuma, HO, BOOOIE TOBOPsi, MOT'YT He OBITh BBIMYKJIBIMA OTHOCHTEIHHO MEPEMEHHO, COOTBET-

CTBYyIOIIEll rpa/ineHTy MYHKIMI 13 obsacTeil onpe/iesieHns pyHKIMOHAIOB.

Karoueaswvie crosa: nepemennvie gecosvie npocmparcmea Cobosesa, unmezpasvhoill GyHKUUOHAAL, Gbi-

pooicdarouutica urnmezparnm, nepemernvie obaacmu, I'-cxodumocmo, I'-kKomnarmmrocmao.

0. A. KoBasnescbknuii, O. A. Pynakosa
IIpo I'-koMnakTHiCTH iHTEerpadbHNX PYHKIIOHAIIB 3 BUPOAHUMH JIOKAJIBHO JIMIIIIiBUMA iH-

TerpanTaMm i 3MiHHUMU 06JIaCTAMU BU3HAYEHHS.

B zamirmi anoncoBanuit HOBMiT pe3yabTaT TPo [-KOMIAKTHICTE MOCIIIOBHOCTI 1HTErPATBHUAX (DYHKITIO-
HaJIiB, BU3HAYEHUX Ha 3MIiHHUX Barosux mnpocropax Cobosesa. Lleit pesysbraT HaJIeKUTH BUIIAJKY, KOJIH
BUPO/IHI iHTerpaHTH (DYHKITIOHAIIB 33/ T0BOJIbHSIOTE JIOKAJbHY yMOBY Jlimmmina, axe, B3arai KaxKydu, MO-
KYTb He OYTH OIMYKJMMHU BiTHOCHO 3MIiHHOI, IO BiJIOBifa€ rpajiieHTy YHKIIIN 3 00/1acTeil BUBHAYEHHST
dyukionamis.

Karouwoei caosa: 3minni 6azosi npocmopu Coboaesa, inmeepasvhuli Gynkyionan, 8upodHud inme-

epanm, 3minni obaacmi, I'-36iotcnicms, I'-komnaxmmicms.
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