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Abstract—In the paper the use of a complex form of the
harmonic balance method for the analysis of the dynamic
systems with polynomial nonlinearities is described. Two
examples are considered, combination resonances are
investigated, bifurcation curves are constructed.
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|. INTRODUCTION

Yet 50-60 years ago harmonic balance method was one

of the main methods of investigation of nonlinegtems
[1, 2], but in recent decades more popular, perhagbe
method of the Poincare maps [3].And while not degyi

&)= ZN: c, e, (2

n=-N
where N is the number of harmonics taking out into
consideration. The expansion (2) is connected With

gonometric form f(T):iAk cosknr - g,) of the
k=0

solution in the following way:Aj = 21/Cj C and initial
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phase 4 — arccosti Sl OF 4 = —arccos oo, if
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(e, =0 00c, <0) O e, <0, ¢ 0[-m,m). Alter

substituting (2) into (1), performing the obvious

advantages of the latter we would like to note somgansformations and equating coefficients of equaters

attractive features of the first one that slightiyen the
door to the global analysis of dynamic systems. Anod
purpose here is to draw this to the attention & th
researchers. Really, the harmonic balance methad gin
opportunity to reduce analysis of the differenéigliations
to the solving of polynomial equations. Then, wide of
the Newton polyhedra theory [4] we can determine th

number of all solutions of the system of polynomial

equations and applying after it the interval apphas [5]
you may identify all solutions of polynomial equats
and perform, in such a way, global analysis of dyica
system essentially. The first step in this diractie the
reduction of differential equations to the systeofs
polynomial equations. For
polynomial nonlinearities this can been done sisfodyg
with use of the complex version of the harmonicahaé
method. Below we illustrate this fact by examplds o
analysis of two dynamic systems.

Il. ONE-MASSESV IBRATING SYSTEM

Here we consider the equation [6]

08 iy 1+BE ) S (1BE e = PeosT ()

which in dimensionless form describes the motiood-
masses vibrating machine with force or
excitation [7]. According to the harmonic balancethod
its solution we find in the view

dynamic systems with

of € you may get the system of polynomial equations

with respect teC,

(A+i gayn=n -n? %02) c, +
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where n n-k n-k-mO-N,N] and g is a control

parameter. Ifg =1 the system (3) describ&s= 2z / -
periodical regimes, that are basic and superhagmon
motions, if q=2,3,... subharmonic ones. Now
consistently changing one of the parameters andnspl
(3) you may construct bifurcations curves. Thiscpaure

is realized with the help of the original softwd83.The
points of bifurcation in it are found by controktlsign of
the system Jacobian , stability of the regimeshin first
approximation is studied with the help of the Flegu
Lyapunov theory, the finding of isolated branchéshe

(1+iuwo(n—k—m)§n):

kinematiddifurcation curves is realized by changing initial

conditions in the specified part of the phase spatteuse
of the quasi-random Sobol sequence [11]. BelowignlF
amplitude- and phase-frequency characteristics (AR
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PFC) are presented for certain parameters of thaehio
the zones of super-, principal and sub-resonaricis.
unstable regimes are indicated by the dash linée T
basins of attraction (BOA) are found by the scagnin

method [12].
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Fig. 1. AFC (a), PFC (b) and BOA (c) of (1) fowo= 0.1, = 0,

y=0.5, P =10, wherel\Em), @™ — are the amplitude and initial

phase of k-th harmonic of m-th regime

of the quasi-random Sobol sequence [11]. BelowignlF
the amplitude- and phase-frequency characterifie€

and PFC) are presented for certain parameters ef th
principal and sub-
resonances. The unstable regimes are indicatechdy t

model in the zones of super-,

dash lines. The basins of attraction (BOA) are tbby
the scanning method [12].

I1l. TWO-MASSESVIBRATING SYSTEM

Consider the principal schema of a vibrating maghin
(Fig.2) and dimensionless equations of its motidj |

&g, % ,
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PR=-R, &=x/0, &=xA, x=x-Xx, X -

displacement of framex, — displacement of a working
organ,4 = 10°m, my — unbalanced massy — mass of a
frame, m,— mass of a screen boky— stiffness of
isolators,ky, ks, ke— parameters of elastic ties akig k',,
k's — of dissipation,r — eccentricity of an excitens —
coefficient of dissipationy = w/w;, @ — frequency of an
vibroexciter, w; — the first natural frequency of a
vibromachine,t = wit. The exciter is supposed to be
ideal. Similarly (1), solutions of (4) are foundthre form

N
£(1) = ch) Imt f(r)= > c,e

n=-N n=-N

After substitution (5) into (4) and equating the
coefficients we get the system of polynomial ecprei

innr
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where n n—j,n—j—mO[-N, N]. Considering oscillations
in the frequency zone located between the natumek o
(Fig.3) and using the frequency ratio featuredtarature
[12] we changed initial conditions in the chosemt pd
the phase space and discovered pure resonancée of t
order 2:1, 3:1 and 1:3 with the help of the mudtist

method. In Figs.4, 5 and 6 there are presented the
corresponding AFC and PFC of the frame and screan b
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(The unstable regimes are not marked here)ig.4 the presence of opposite regimes is expdaivieen
Computations are fulfilled the superharmonic resonance 2:1 is excited becatige

even harmonic phase differencemoradians.

Xe=& A, X=Xo- X1, §=8& -
k= & 2= X1, §= 8- & IV. CONCLUSION

Screen box Of course on the way of the harmonic balance naetho

X1, e + Ko X + Ko X use for the global analysis of dynamic systemsethela
& 2k + ke X + ks X7) number of unresolved problems. Here we mention only
ms %Frame one of them. The matter is that for the motions of
1m y dynamic systems there correspond such solutiorteof
g S =2 Sk R polynomial systems (4) and (7) for whiaf) =¢C_,, but
P(t) = mo r w? cos(w t) ) _ "o
g e T i the Bernstein’s theorem [13] gives the total numifets
Fig. 2. Principal schema of the vibrating machine solutions. The following example shows how it is
for five harmonic components in (5), i.e. N=5r the important. For three harmonics taken out in cormsitign

vibrating machine having the following values &f ihain  in expansions (2) and the valye= 4.0 the number of all
parameters: g 650 kg, =550 kg, k=0.12-10N/m,  solutions of (3), determined with the help of thiegram

kl =55

16 N/m, my =50 kg, r = 0.088 my = 0.0008 sec. \ixedVol [14], which realizes the computation ofxed

It was supposed hetid =k;, k =k3=0. volumes of the Newton polyhedra, equals 414, wihi

Without dwelling on the results we only mentionttha
the analysis of PFC is quite useful here and higdsd

number of the ‘complex conjugate’ solutions, deieed
by the multistart method, proved equal to 6 only.

out certain peculiarities of the regimes. For exianip
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Fig. 3. AFC and PHC of linear system
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Frame Screen box
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Fig. 4. Superharmonic resonance 233/k;; =1
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Fig. 5. Superharmonic resonance 3:}/k;1 = 1
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