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§1.1. MarpuuHbie 00bEKTHI

AHaAIMTHYECKOE ONMCAHNE T€OMETPHUECKUX (PUTYp M TEJI, paBHO KaK U ONEpanuii ¢ HUMH,
MOYET OBITh B OOJBIIOM YHCIIE CIYy4aeB YIPOIIEHO 3a CYET UCIIOIb30BaHUS CIIEUAIIEHOTO MaTeMa-
TUYECKOT0 00BEKTa, Ha3bIBAEMOT'O Mampuyel.

Onpenenenve  Mampuyeii pazmepa MxN HA3bIBAETCS YNOPSAAOUYEHHAS MPAMOYroibHas Tabuuia
1.1l (MM MaccuB) YKCeN, coAeprKaInasi M CTPOK U N CTONOIOB.

UYucna, BXOAAIME B ONKMCAHUE MATPHULIbl, Ha3bIBAEMbIE €€ dnemenmamu (W KOMNOHEH-
mamiu), XapaKTepU3yIOTCsl KAK CBOMM 3HaUY€HUEM, TaK 1 HOMEPAMU CTPOK U CTOJIOLOB. Y CIOBUMCS
o [, . 1
0003Ha4aTh 3JIEMEHT MaTPUIIbl, PACTIONIOKEHHBIH B i-ii CTpoKe U j-M cTONONE, Kak «;; ).

Onpenenenve  Ywmcma m, N 1 MxN HA3BIBAIOTCS pazmepamiy MaTPHUIIBL.

1.1.2.
Marpuiipl 0003HAYAIOTCS W 3alUCBHIBAIOTCS TEPEUYHCACHUEM HX 3JIeMeHTOB. Harmpumep,
KaK: mampuya ¢ snemenmanu ;1 =[L,m]; j=[1n], nnm sxe B passepuyroit popme
. Oy O3 2413 ;. Oy O3 2413 a0y Og3 241
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U3 KOTOPBIX MBI OyJEeM MCIOJIb30BaTh HocienHIow. Ecinu ke Ham notpelyercss nepaszeepHymoe

MMPEACTABIICHUEC MaTpPHUIIbl, TO MbI 6y,I[eM €€ 3allMChIBaTh B BUJIC H aij H HJIA IIPOCTO H A H .

Martpuiisl IpUHATO KIaCCUPUIIPOBATH IO KOJIUYECTBY UX CTPOK M CTOJIOLIOB.

Onpepenenue Ecimu m=n, To Marpuiia Ha3eIBaCTCs K8AOPAMHOU, NOPsLOKa N .
1.1.3.

Martpuna pa3mepa Mx1 Ha3bIBaeTCs M-MEPHBIM (MJIM M-KOMIIOHEHTHBIM) CMoa0-
yom. Martpuma pasmepa 1xN Ha3piBaeTcs N-MEpPHOM (WM N-KOMITOHEHTHOM)
CMPOKOI.

OTMeTI/IM, 4qTO, XOTA Q)OpMaHLHO JJIA 0003HaYEHHST CTPOK HJIN CTOJ'I6I_IOB CJICAYCT UCIIOJIb-

30BaTh JIByXMHJEKCHBIC 3aIIMCH H U j H 20 71 Hﬂil

, HCMCHAIOINECCA MHACKCHI IIPUHATO OITYCKAaTh, B

pe3ysbTaTe 4yero 0003HauYeHUs! CTPOK WM CTOJOLI0B IPUHUMAIOT BUJ H Q| H WJIM, COOTBETCTBEHHO,

Hﬂ' H . B atux ClIydadax, pa3yMeeTcH, HeO6XOI[I/IMO SIBHO YKa3bIBaTb, O YEM HUACT pCUb: O CTPOKE HIIN

0 cToJIOIE.

HGKOTOpBIe YaCTO HMCIIOJIB3YCMBIC MAaTpHUIIbI C 0COOBIMH 3HAYCHHUSIMU 9JICMCHTOB, UMCIOT
CIICIMaJIbHbIC Ha3BaHU U 0003HAYCHHS.

Onpepenenve  KBajnparHas marpuua, 1y KOTOpoH «;; =«;;, Vi, J=[1n], naseiBaercsa cum-

1.1.4. ) "
Mempu4ecKou.

Marpuia, Bce 3JIEMEHTBI KOTOPOH paBHBI HYJIIO, Ha3bIBaeTCs Hysnegol. HyneByro

Matpuily Oynem o003HauaTh H @ H

KBanpatnast MaTpuia mopsaka N Buaa

1 0 0 ... O
0O 1 0 .. O
0 0 1 0
0O 0 0 .. 1

Ha3bIBaeTCs eduHuyHot. EMTUHIYHYIO MaTpUIly IPUHITO 0003HAYATh H E H .



Onepauun ¢ maTpulamm

Onpegenexve
1.1.5.

Onpegenexve
1.1.6.

Onpegenexve
1.1.7.

JIBe MaTpHIbI H AH u H BH Ha3pIBAIOTCA pagnbimu (06o3Hauaercs: |A|=|B|

),

€CIM OHHM OJIMHAKOBBIX Pa3MEpPOB U €CIH HMX COOTBETCTBYIOIINE KOMITOHEHTHI
paBHBL, TO €cThb ; = A, Vi=[L, m], vj=[1,n].

Marpuna HCH Ha3bIBACTCSI CYMMOU Mampuy HAH u H BH (o0o3Hauaercs:

HCH ZH AH+H B‘ ), €CIIM MaTpHIIbI H AH, H B H, HC H OJMHAKOBBIX Pa3MEpOB U
Vij = %ij +:Bij , Vi=[Lm], Vj=[Ln], rae uucna Zij Vi=[Lm], Vj=[Ln] sB-

JIAIOTCA COOTBETCTBYOIIIMMH KOMIIOHCHTAMU MAaTpPHUIIbL H C H o

Marpuna H C H HA3BIBACTCS NPouU3seoeHuemM Yucia A Ha MaTPHILY H AH (00603Ha-
JaeTcs: H C H = /IH A‘
Yij = Aa

), €CIIM MaTPHIIBI H AH u HCH OJIMHAKOBBIX pa3MEpPOB U
Vi=[Lm], Vj=[Ln].

ij

OTMeTI/IM, 4YTO YMHOXATb Ha YHUCJIIO MOKHO MAaTpuny JIF000Tr0 pasMepa.

3ameyaHue:

Onpegenexve
1.1.8.

B KaUCCTBC BCCX MJIM HCKOTOPBIX 3JICMCHTOB MATPHIIbI BO3MOKXHO HCIIOJIB30Ba-
HHUC HC TOJIbKO YHUCCJI, HO U APYIrUX MATCMATHYCCKUX O6I>GKTOB, I KOTOPBIX
IIoAXO0 MM o6pa30M OMpCACIICHBI OIICpalli CPABHCHUA, CIOXCHUA U YMHO-
JKCHHU HAa YU CJI0, HAIIPUMEP, BCKTOPOB, (1)YHKLII/II>'I WK TCX K€ MaTpHUll.

Tpancnonuposanuem MaTpHUIlbl Ha3bIBA€TCS OIEpalus, B pe3yJbTaTe KOTOPOH
oOpa3yeTcss HOBask MaTpHIla, TJ€ CTPOKAMH CIY)KaT CTOJOLBI MCXOJHOM, 3amu-
CaHHBIE C COXPAHEHUEM IOPSIIKA UX CIEJOBaHMS.

ki ... |n=1in ﬁ TPaHCMOHMpOoBaHNe |‘ ‘ k ‘

Pucynox 1.1.1.



T
, 0003HaYaeTCs H AH ,

Marpuna, nojy4aromascs B pe3yabTaTe TPAHCIIOHUPOBAHUS MATPULIBI H A

pu 3ToM (cM. puc.1.1.1.)

T Q. Ay Am
Q. Qpp Qg3 ... Oy
Qp Oy oY)
Ay Qp Qyz ... Oy
= || 3 O3 Oms |,
aml amZ ams amn
Ay Qoy - O

TO €CTh JUIS 3JIEMEHTOB TPAHCIIOHUPOBAHHON MAaTpPHUIIBI HAHT npu Vi=[1Lm],Vj=[1Ln] BepHno

R
PaBEeHCTBO: | =,

Onepanus TpaHCIIOHUPOBAHUS, HAIIPUMEP, HE U3MEHSET CUMMETPUUYECKYIO MaTpHIly, HO
NEPEeBOJUT CTPOKY pasmepa 1xm B cronber pazmepa Mx1 1 HA060POT.

OetepmuHaHTbl (OnpegenuTenun) kBagpaTHbIX MaTpuy, 2-ro 1 3-ro nopsgka

JIJis KBaJIpaTHBIX MAaTpPHII CYIIECTBYET CIEIHAIbHAS YHCIIOBAsl XapaKTePUCTHKA, HAa3bIBaC-
1 .
Masi demepmunarnmom (WA onpedenumenem) U obo3HayaeMas kak det H AH ). I3yueHue cBoiicTB

ompeAenuTeNeld KBaapaTHBIX MaTpull N-ro mopsaka OyneT BBIMOIHEHO B pasfiene 6, 3/ech ke
OTPAHUYUMCSI PACCMOTPEHUEM ONPeIeNUTENeH KBaIPATHBIX MATPHUIL 2-TO U 3-TO MOPSAKOB.

Onpenenewne  Jlemepmunanmom (WM onpederumenem) KBaIpaTHOM MaTPHUIBI 2-TO TMOPSIKA
1.1.9.

oy Oy 0y O
HasbIBaeTcs gucio det =00y — OOy, -
Oy Qp Oy Qp

Onpenenenve  /lemepmunanmom (WIN onpedenumenem) KBAJAPaTHOM MaTpuilbl 3-ro MOpsIKa
1.1.10.

0y O Oy

O, Q, O, || Ha3BIBACTCS YHCIIO

Uy Ay O

1) HeTepMI/IHaHT KBallpaTHOI\/’I MaTpulbl TAKXKE 4acTO 0003Ha4aT IIpy IIOMOINH OAWHAPHBIX BEPTHUKAJIBHBIX OI'paHUYU-
Tenei |...|. Mbl He OyaeM MCTIoNIb30BaTh 3TOT BHJ 0003HAUYEHUs, YTOOB! N30ekKaTh KOHMIINKTA C MPECTaBIeHnEM abco-
JIFOTHBIX BCJINYWH, M0)1ynef/'1, JJIMH 1 HOPM.



Qy G Qg
det || @y Qg Qs || = QyQpOay + Qg gy + Oyl pgOtyy —
Q3 O3 O3

T O30y Uy — O pCly  Olzg — Oy 3z,

HNmeroT MecTo CICOYIOIINE TCOPEMBEIL:

Onpeneanresb MATPUIBI 3-T0 MOPSIAKA MOKeT ObITh BbIPA’KEeH Yepe3 omnpe-

Teopema
11.1. Jle/IATEIH 2-T0 MoPsAKa (OpMYJIol ciIedyIolero BHia:
Q. Gy Qg
det||a,, @, Oy
Ay O3 O3
Ay 23 2 O 21 Oy
=a,, det —a,, det +a,, det ,
Q3 Oz U3 O3 Q3 Qg
Ha3bIBAEMOIi pasiodcenuem onpeoeiumelis o HEPeoil CMpoKe.
JloKasaTenbsCTBo:

JlanHas Qopmyna mpoBepsieTcss HEeMOCpPeACTBEHHO Npu momoly omnpeaeneHuid 1.1.9. u

1.1.10.

3ameyaHus:

1°.  ®opmynsl, aHajIOrMYHbIE MpUBEAECHHONW B (hopmynupoBke Teopems! 1.1.1.,
MOTYT OBITh HOJTYYEHBI KakK JJIs KaKAO0H U3 OCTAJIbHBIX CTPOK MATPHIIbI, TaK

U IUIg 1F000r0 U3 ee CTOJIOLOB.

2°.  MHorpma mojicyeT 3HAYEHUs OIpENeNUTENss MaTpUIbl TPEThEro MOpsIKa
yJ100Hee BBIMOJIHUTS 110 CIEAYIOLIEMY NTPaBHITY:

Q.
fe)
o

Pucynox 1.1.2.




Kaxkgoe cinaraemoe B omnpeaenenun 1.1.10. ectb mpousBeneHre HEKOTOPOM
TPONKHM SIIEMEHTOB MAaTPHUIIbl, IPUYEM SJIEMEHTHI, BXOJAAIINE B MPOU3BEIE-
HUs, Oepymuecs: co 3HakoM "moc”, coennHeHsl Ha puc.l.1.2. cromHbMu
JMHUSAMH, 3JIEMEHTHI, BXOJSIINE B MPOU3BEACHHS, OepyIiuecs cCO 3HAKOM
"MuHyC", - IITPUXOBBIMU JTUHUSAMHU.

Hemnocpencrsennast mpoBepka nokasbIBaet, 4to u3 onpeaenenuii 1.1.9. u 1.1.10. BeiTekaer

Cnenctsue HpI/I TPAHCHIOHUPOBAHUU KBAAPATHBIX MAaTPUIl BTOPOI0 WJIM TPETHEIo NnMopsaa-
L1l Ka X onpeaejiuTe/]IM HE MECHAIOTCH.

B tepMmuHax ompenenuTenell MaTpPHIl BTOPOTO MOPSIKA JOCTATOUYHO YAOOHO (hopMyIupy-

€TCsl YCJIIOBHE OJHO3HAYHOW Pa3peIlMMOCTH CHCTEMBI JIBYX JIMHEMHBIX YPABHEHUMN C JBYMs HEH3-
BECTHBIMU.

. L ob tané, =B
TeopeMa I[.]]ﬂ TOIO “[TOﬁbl CUCTEMA JIUMHEHUHBIX ypaBHeHHH nMeJia

1.1.2. A& + 8, =
(Kpamepa)
Q. Qp
eIMHCTBEHHOE pelleHne, Heo0X0AMMO M J0CTATOYHO, YT00bI det #0.
@y Oy

[okasaTtenbCcTBO:

JloxaxxeM HEOOXOIUMOCTb.

HYCTB JlaHHasI CUCTEMa JIMHEHHBIX ypaBHeHI/II\/’I HMECT CAUHCTBCHHOC PCHICHUC - YIIOPALO-
YCHHYIO IIapy 4YHCCI {61'582}7 TOorga JOJIZKHBI OBITh CIIpaBCAJIMBBIMU CJIICAYIOIIHUE U3 €C
ypaBHeHPIfI COOTHOIICHMUA:

& (10009 —anp0001) = (Proas — Pooryn) 1 Ealon1ann —0n0001) = (Brog — Poor 1)

wim  SA=A; ; EA=A,, THE

a, o a a
A=det| BT M2 A et B oap|. A, = det | 11 B

QA1 Ay Ba az an P
p A=A, : &EA=A A0 N
aBeHcTBa A =A; ; &SA=A, He BepHbHI NpU A, %0 WM TIpU A,#0 pu

A=A, =A, =0 xo3hPuMeHTbl YpaBHEHUI UCXOAHON CUCTEMBI NPONOPYUOHATbHBL, U TO-
Ia y Hee mMeeTcs OecUnCIICHHOE MHOXKECTBO penreHuid - map uncen {&,<&} Takux, 4ro

o6 + a6, = B TlooToMy U3 yclnoBHs CyHIECTBOBaHMSA M €IMHCTBEHHOCTH PEILICHUS CIe-
nyet, uto A #0.



Jlokaxxem 10CTaTOYHOCTb.

Ecim A #0, To ucxonHas cucTeMa JIMHEWHBIX ypaBHeHHH umeer pemenue {&,<&,}, onHo-
3HAQYHO OMNPEAEIIEMOE 3HAYCHUSIMU IAPAMETPOB Q4 ;, Uy, Oy, Oy, [y, B, 1O (OpMyTIaM

Teopema gokasaHa.

§1.2.

HanpasJ/ieHHBbIE OTPe3KH

OnpegeneHue OTtpe3ok mpsiMOii, KOHIITaMH KOTOPOTO CIyXKaT Jexalue Ha Heil Touku A u B,

1.2.1.

Ha3bIBACTCA HAnNpAaeji1eHHbIM Ompe3KomM, €CIIN YKa3aHO, KaKasd U3 5TUX ABYX TOYCK
ABJICTCA Havdajiom U KaKas - KOHYyom OTPE3Ka.

HaHpaBJ’IeHHHfI OTPE30K, HAYAJIO U KOHECL] KOTOPOI'0 COBIIAAAOT, HA3BIBACTCSA HY-
Jle6blM HAIIPABJICHHBIM OTPC3KOM.

HaHpaBJ’IeHHHﬁ OTPE30K 6y,I[€M 1/1306pa>1<aTb cuMBoandecku AB , [1oJjiarasi, 4To TO4Ka A sBiseTcs
Ha4daJIOM OTpPC3Ka, a TOYKa B - ero koH1oM. MHorma HaHpaBJ’IeHHLIﬁ OTPE30K 0003HayaeTcs IIpoCTO

KaK a

. I[J'II/IHa OTPE3Ka 0003HayaeTCs KaK ‘ AB ‘ 50048 ‘ a ‘ COOTBCTCTBCHHO.

HencTtBusa ¢ HanpaBneHHbIMU OTpe3Kamm

Onpegpenexne  JIBa HeHyneBbIX HampaBieHHbIX oTpeska AB um CD mpu A= C HazbBaroTcs

1.2.2.

PABHbIMU, €CJI1 OHHU
- TeKaT Ha MapalIeTbHBIX MPSMBIX;
- Toukn B m D nexar mo oAHy CTOPOHY OT MPSIMOM, MPOXOJIS
ieit uepe3 Touku A u C;

- HUMCIOT PAaBHBLIC UIMHEIL, T.C. ‘ E ‘ = ‘ C_D ‘ 2).

Kpome Toro, Bce HyNeBbIe OTPE3KU CUMTAIOTCS PAaBHBIMH JAPYT APYTY, a B Cilydyae
A =C otpe3ku paBHbl, ecmiu U B=D .

B paMKax JaHHOT'O KypcCa IpearojaracTcsd 3HaKOMCTBO YUTATECIIA C OCHOBHBIMU HOHATUAMHA, aKCHUOMaMH U T€O-
peMamMu 3HeMeHTapHOﬁ réoMETpUHr, U IOTOMY OHHU 3I€CHh HE paCCMATPHUBAIOTCA.



3amMeTuM, 4TO B CHJTy onpezeneHus 1.2.2. nmapaiienbHblil IEpeHOC HAIPaBIEHHBIX OTPE3-
KOB UX HE MEHSET.

[TycTh naHbl 1Ba HaNPaBJICHHBIX OTpe3Ka a u b .

Onpepenexne  COBMECTUM Hayajo OTpeE3Ka b ¢ xoHuoOM a (TO ecTp moCTpOUM HaHpaBHeHHBII/I
1.2.3.
oTpe3ok b’ paBHbIi b, HAUATIO KOTOPOrO COBIAAET C KOHIIOM OTPE3Ka a) TO-
IJla HAIPABJICHHBI OTPE30K C, HAYATO KOTOPOTO COBIANAET C HAYaIOM & M KO-

HEII C KOHIIOM b Ha3bIBaCTCs CyMMOu HANpAaeleHHblX Onpe3Kkos a n b )

DTO omnpeneneHnue HHOTa Ha3bIBAIOT npasuiom mpeyzonvHuka. (Puc. 1.2.1.)

Pucynox 1.2.1.

OTMeTI/IM, 4UTO AJIA on€panuy CI0KCHUS HAIIPaBJIICHHBIX OTPC3KOB!:

1°. OG6obuieHue npaBuiIa TPEYroIbHIKA Ha JTFOO0E YKHCIIO CIaraeMbIX HOCUT Ha3BaHUE
npasuia 3amvlkaiouell, CMbICI KOTOPOro siceH u3 puc. 1.2.2.

Pucynox 1.2.2.

1 o . o
) Jli1st oniepanyy 3aMeHbI HAIIPaBIEHHOTO OTPE3Ka Ha PaBHBIN, HO HE COBIAAIONINN C HUM HANPaBIEHHBIA OTPE30K
OyzneM ynoTpeOssaTh TEPMUH “napaiienbHulii NepeHoC HAnpasieHHo20 ompesKa’.



2°.  Omepalus CIOKCHUS HAMIPABICHHBIX OTPE3KOB MOXKET OBITh BBIIOJIHCHA [0 1pPa-
BUJLY NApailenlocpamma, paBHoOCWIbHOMY onpenenenuto 1.2.3. (cMm. puc. 1.2.3.).

Pucynox 1.2.3.

30 PasHocThlO @-Db HampaBiieHHBIX OTpe3kOB & M D Ha3bIBaeTCs HANPABJICHHBIN
OTPE30K C, YIOBJICTBOPSIONIUI paBeHCTBY @ =b +C.

4°, JIro6oii HaHpaBHCHHBII;'I OTPE30K IIPHU CIIOKCHUHU C HYJICBBIM HC U3MCHSICTCS.

OnpepneneHxne HO,Z[ I’lpOu38€()€Hu€M Aa HanpaeleHHo20 ompe3Ka a Ha YUcio A IOHHMAIOT:
1.2.4.

mpu A =0
HYJIEBOW HaIIPaBJIEHHBIN OTPE30K,

mpu A #0
HampaBJIEHHBIA OTPE30K, AJIsi KOTOPOTo

JUTMHA PaBHA ‘/1‘ ‘a‘;
HanpapJIeHHE COBIAAET ¢ HalpaBJIeHueM a, ecimu A >0,

HaHpaBHeHI/Ie HpOTI/IBOHOHO)KHO HaHpaBJ'IeHI/IIO a, cClin
A<0.



§1.3. OnpeneneHue MHOKeCTBA BEKTOPOB

OnpepeneHune COBOKYHHOCTB BCCX HaAIIpPAaBJICHHBIX OTPC3KOB, AJII KOTOPLIX BBCACHBLI OIIMCAH-
L Hble B §1.2. onepanuu:

- cpaBHenus (ormp. 1.2.2.);

- cnoxkenus (omp. 1.2.3.);

- YMHOXKEHHS Ha BellecTBeHHOe uncio (omp. 1.2.4.),
HA3bIBACTCS MHONCECBOM BEKMOPO8.

KOHKpeTHBII 3JIEMEHT 3TOr0 MHOXKECTBA OyJeM Ha3bIBaTb 6eKmMopomM U 0003Ha-
-
4aThb CUMBOJIOM C BEpXHEH CTPEIIKOW, HallpuMep a .

N
HyneBoii BekTop 0003Ha4aeTCst CHMBOJIOM O .

Teopema Onepaulm CJIOKCHUS U YMHOKCHUS HA BCIICCTBEHHOEC YMUCJI0 HA MHOKECTBE
13.1. BEKTOpPOB OﬁﬂaHaIOT CBOMCTBaAMM:

1°. KomMmyTaTuBHOCTH
- 5> o5 o

a+b=b+a;

2°. AccouuaTuBHOCTH
g+ (B+g):(g+6) +Z;
Aua)=(Ap)a ;

3°. IucTpubyTHBHOCTH
A@+b)=Aa+Ab:

A+wpwa=21a+ua

> o -
JJ151 JTI00OBIX BEeKTOPOB a, b M C ¥ J1100bIX BeleCTBEHHBIX YHcea A U [L

JlaHHbIE CBOWCTBA CIEAYIOT U3 ONpeAeNeHUs] MHOXKECTBa BEKTOPOB U HYXKJAIOTCS B JIOKa-
3arenbCcTBe. B KauecTBe mpuMepa npuBeaeM



[oka3zaTtenbCTBO CBOMCTBA KOMMYTATUBHOCTU:

- -
HYCTB JaHbl IBa BEKTOpa d H b . CoBMecTnM Hayana 3TUX BCKTOPOB U IIOCTPOXMM HAa HUX

napayuesiorpamm ABDC. (Puc. 1.3.1.)

(SN

Pucynox 1.3.1.

ITockonbKy y mapajuieaorpaMmma MpOTHUBOJIEKAIINE CTOPOHBI MapajliebHbl U UMEIOT PaB-

— - - -

Hele umHbB, To CD=a ; BD=b, Ho Torma, no npaBuiy TpEyroJibHHKA, U3 TPEYroJib-
- - > - - > -> o 5 >

nukoB ACD u ABD cnenyer, uto AD=b+CD ; AD=a+BD,toecth a+b=Db+a.

CaoictBo 1° Teopemsbl 1.3.1. gokasaHo.

3amedaHus 06 onpegeneHun Bektopa

1°.

WHora BeKTOp onpeAesnstoT NpocTo Kak 00bEKT, XapaKTepHU3yeMblid UNCIOBOIN BETUYMHON
U HarpaBiieHHeM. XO0Ts (OpMajbHO TaKOW MOAXOA M AOMYCTUM, OH MOXKET OKa3aThCsl IPH-
YUHON HEKOTOPBIX MPOOJIEM, CYyTh KOTOPHIX UIUTIOCTPUPYETCS CIEAYIOIIUM IPUMEPOM.

[ToTox aBTOMOOWMIIEH HAa KOHKPETHOM TOpPOTE SIB- ~ 700 am/uac
nsieTcsi 00bEKTOM, JJI XapaKTEePUCTUKU KOTOPO-

ro HYXHO yKa3aTh BEIMYMHY (YHCIO MPOXOJsi-

IMX 3a eAWHMIYy BpeMeHu aBToMamnH) Hu 500 am/uac

HanpasiieHue. [Ipennonoxum, 4ro 3TOT OOBEKT
BEKTOpHBINH (B cMbicie ompexaeneHus 1.3.1.), u
paccMOTpUM MEPEKPECTOK TPEX JOpor, MOKa3aH-
HbIM Ha puc. 1.3.2., Ha KOTOPOM CIMBAIOTCS JABa
noTtoka aBromoOmiel mo 500 aBToMmamMH B yac
KaXbIi.

_——

500 am/uac
Ecam cymmupoBarh TOTOKHM Kak BEKTOPHI, TO
BMeCTO 04eBUIHOTO pe3ynbrara 1000 am./gac Mbl
nonydnM ( MO TpaBWly Mapajuiejorpamma )

Pucynox 1.3.2.



2°.

3°.

§1.4.

3aBeoMo OeccMmbicnennoe 3Hadenre 5004/2 ~ 700 am./gac. OTcrona cleayer, 4To XOTS 110-
TOK aBTOMAIIIMH XapaKTCpI/I3yeTC$I YHUCJIOBBIM 3HAYCHUCM U HaHpaBHeHI/ICM, HO, TEM HC MC-
Hee, BEKTOpOM (B cMbicie onpenenenus 1.3.1.) He siBasiercs.

C npyroit cTopoHbI, HEOOXOAMMO UMETH B BUY, YTO JAHHOE OIpPEACIICHHE MHOKECTBA BEK-
topoB 1.3.1. nomyckaeT ux nanpHeimryto, 0onee ToHKyto muddepennuanuto. Hampumep, B
HEKOTOPBIX (PU3MUECKUX M TEXHUUYECKUX MPUIIOKCHUAX PA3JINYaAIOT BEKTOPHI NOJAPHbIE U
axcuanvhvle. K IepBbIM OTHOCSTCS, HAIIPUMEP, BEKTOPBHI CKOPOCTH, CHUJIbI, HAIIPSHYKEHHOCTH
QJICKTPHUYCCKOI'0 IIOJIA; KO BTOPBIM - BCKTOPBI MOMCHTA CUJIbI, HAIPSAKCHHOCTH MAarHuTHOI'O
noist. Kpome Toro, B MexaHuKe BEKTOPBI MOJPA3JCISIOTCS HA C80000HbIE, CKONb3AUuUe U
3akpen/ieHHble, B 3aBUCUMOCTH OT TOH POJIM, KOTOPYIO UIPAeT TOUKA MX MPHIIOKCHHUS.

K 3akirodeHno 0 BEKTOPHOU MPHUPOJIC TeX WIIM UHBIX PU3NYCCKUX XAPAKTEPUCTHK MOMKHO
MPUNTH MYTEM PACCY>KJIEHUN, OCHOBAHHBIX Ha ompeaeneHuu 1.3.1. u 3KCrepuMEeHTAIbHBIX
JTAHHBIX.

Hamnpumep, nmycte HekoTOpasi MaTepHalibHas Touka A, UMEIOIasi JIEKTPUUECKUI 3apsij,
MEPEMEIIAETCA B MPOCTPAHCTBE IMOJ AECHCTBUEM AJIEKTPUUECKOro moJjs. Ilonoxenue 3toii
TOYKH B IIPOCTPAHCTBC B MOMCHT BPECMCHU Ty MOXKHO 3a4aThb HCXOJAIIUM U3 TOYKHU Ha0JII0-

- -
JEHHS ¥ HallpaBJICHHBIM B A BEKTOpOM I (7,), a B MOMEHT BPEMEHH 7 - BEKTOPOM I (7).

- -

[Tockoneky nepemenienue I (7)—r(z,) (kak pasHOCTh JBYX BEKTOPOB) SIBIISIETCS BEKTO-
POM, TO ¥ CKOPOCTh JBHIKEHHUSI MaT€PUAILHON TOUYKH OYIET BEKTOPOM B CHITY OIPE/IEIICHHS
1.3.1. Paccyxaass aHAJIOTMYHO, MOKHO TPUATH K 3aKIFOYCHHIO, YTO BEKTOPOM SIBJISETCS
Takke ¥ yckopenue. C JApyroii CTOPOHBI, COTIIaCHO BTOPOMY 3aKOHY HbIOTOHA, yCKOpeHHe
MaTepruabHON TOYKH IPOIOPIIMOHAIBHO JCHCTBYIOIIEH HA Hee CHJIE, M, CIICIOBATEIBHO, IO
onpexaenenuto 1.3.1. cuna ectb Bekrop. HakoHen, nmpuHMMas BO BHHMaHHE IMPOIOPLHO-
HAJILHOCTH CHJIBI, JEWCTBYIOIIEH Ha 3apsHKCHHOE TEJIO, U HANPSHKEHHOCTH DJIEKTPUIECKOTO
T0JIs1, 3AKJIF0YAEM, YTO ITOCIIEHSIS XapaKTEPUCTHKA TAKKe BEKTOPHASL.

JInHeiiHAs 3aBHCUMOCTH BEKTOPOB

Brauane BBCAEM YaCTO MHCIIOJIB3YEMLIC B IIPHUIIOXKCHUAX, MOHATHA KOJIUHeapHocmu W

KomnianaprHocmu BEKTOPOB.

Onpenenexve  J[Ba BEKTOpPA, MapauleIbHbIC OJHOW M TOW K€ MPSIMOM, Ha3bIBAIOTCS KOIUHEAD-

1.4.1.

HbIMU.
Tpu BexTOpa, napaienbHble OJHON U TOH Ke MIIOCKOCTH, HAa3bIBAKOTCS KOMNAA-
HAPHBIMU.



HyneBoit BEeKTOp cUMTAETCs KOJUTMHEAPHBIM JIF0OOOMY ApyroMy BekTopy. HymneBoii BekTop
CUMTAETCS] KOMILIAaHAPHBIM JII000 ape BEKTOPOB.

— — —
Onpenenexne  Bblpakenue Buma A, a,+4,a,+..+4,a,, rae 4 ;i=[Ln] - HekoTopsle uncna,

1.4.2.
- - -

Ha3bIBAETCS TUHEUHOU KOMOUHAYUell BEKTOPOB 8y, ay,..., 8y,

Ecmu 6ce uucna A, A,,...,A, paBHbI HYJII0 OJHOBPEMEHHO (YTO PABHOCHIIBHO

yermoBuio |4, |+

.|=0), To Takas nuHeiiHas KOMOHMHAIUS HA3bIBACTCS

MPUBUATILHOU.

Eciu xoms 6v1 oono w3 umucen A,A,,.,A, OTINYHO OT Hyna (TO e€cTh
4|+ 2, ... 4|4, > 0), TO naHHas muHElHHAsS KOMOMHAIMS HA3BIBACTCS Hempu-

BUATLHOIL.

CornalueHvne o cymMmpoBaHum

B Ttex ciydasx, Koria sBHas 3allMCh CyMMBI HEKOTOPOT'O YHCIIA CIAaraéMbIX HEIEeIeco00-
pa3Ha UM HEBO3MOKHA, HO U3BECTHO, KaK 3aBUCUT 3HAYEHHME Ka)KJIOTO U3 CJIaraéMbIX OT €ro HoMe-
pa, TO I0IYCKAeTCsl UCIOIb30BaHUE CIIELUAIbHON (POPMBI 3aIIMCH Ollepallii CyMMHUPOBAaHMUS:

N
F(N+F(M+D)+..+F(N)= > F(K),
k=n
(uurtaercs: "Cymma F(K) no kK om n 0o N ), rne K - uHIeKC CyMMUpPOBaHHs, N - MHHUMAIBHOE
3Ha4YeHUE MHJEKca cyMMHpoBaHus, N - MakcUMallbHOE 3HauU€HHE MHJIEKCa CYMMHMPOBAHUS U, HAKO-
Hen, F(K) - oOmmii Bu ciiaraemMoro.

e Io cornauresuio 0 CyMMUpOBaHUHU OyIyT CIPABETUBEI CIIE/YIOLINE PABCHCTBA
41, .
422+ +(N-D?+N2 = Yk? = N(N +1)(2N +1)
k=1 6
N
B2+ (N-D3 N3 = Y% = N ('\Lll+1) (ZJ)
i=1
1 1 ! N -1

it
12 23 (N-DN = k(k+1) N



Hcnone3ys JaHHOE COMIAIIEHME O CYMMHPOBAaHHM, JIMHEHHYIO KOMOWHALUIO
- - - n -
A+ Ay ay+...+ A, &, MOXKHO 3aIMCaTh B BUJIE Z/lk a .
k=1

[IpuBenem Teneps onpeesieHne BaKHOTO MOHITHS JUHEHOU 3a8UCUMOCU CUCTEMBI BEK-
TOPOB.

- - -

Onpepnenexve BGKTOpH al, a2,...,an Ha3bIBAIOTCS JIUHEUHO sasucumovimu, €CJIN CyHICCTBYCT UX
1.43.
n -

HETpHUBUANIbHAS JTMHEHHAs KOMOMHAIMS Zﬂk a, Takas, 4To
k=1
- >

n
Z/lkakzo.
k=1

- > -

OnpegeneHune Bekropel aj,8y,...,8, Ha3bIBAIOTCS JUHEUHO HE3AGUCUMBIMU, €CIU U3 YCIOBHS

1.4.4.
n - - n N

Zﬂk a = 0 cieayeT TPUBHAJIBHOCTh JIMHEHHONW KOMOWHAIMH z/lk a , TO
k=1 k=1
ecTh, UT0 4y =4y =...= 4, =0.

- > -
HNuaue TroBOpP:A, €CJIU BEKTOPLI al, a.2 yorey an JIMHENHO HE3aBUCHUMBI, €CJIN OJIA Jr000ro Habo-

n -
pa uucen A4, 4,,...,A,, He paBHbIX HYJIIO OJHOBPEMEHHO, JIUHEHHAs KOMOUHAIINSA Z/ik a, He Mo-
k=1
KET OBITh HYJIEBEIM BEKTOPOM.
CripaBelNTUBEI CIIEAYIONINE YTBEPKICHUS:
Teopema OauH BEKTOP JIMHEIHO 3aBMCUM TOI1a ¥ TOJbKO TOI/Ia, KOTIa OH HYJIEBOIi.
1.4.1.
Teopema /[Ba BeKTOpAa JMHEIHHO 3aBUCHMBbI TOT/1a M TOJBLKO TOTa, KOTAa OHH KOJLJIH-
14.2. HeapHBbI.
Teopema Tpu BekTOpa JMHEIHHO 3aBUCMMBI TOTa U TOJbKO TOI/a, KOIAa OHH KOM-
1.4.3. TUIAHAPHBIL.

Teopewmsr 1.4.1. n 1.4.2. npeqnararorcst 1y1si CaMOCTOSITENIBHOTO JOKA3aTEIbCTBA. 31ECh KE

MBI PaCCMOTPHUM MOJPOoOHO Teopemy 1.4.3., n0Ka3aB MpeaBAPUTEILHO CIIEAYIOIIEEe BCIIOMOTaTelb-
HOE YTBEpPXK/ICHUE:



- > -

Nemma Jist JIMHeHOM 3aBHCHMOCTH BEKTOPOB 3;,d,,...,d, , HEO0X0AMMO H J0CTa-
1.4.1. . . .
TOYHO, YTOOBI OMH U3 HUX OBLI JHHEHHO! KOMOUHAIIMEH 0CTAIbHbBIX.

[oka3aTenbCcTBo:

- > -
HokaxeMm HeoOxoaumocTb. IlycTh BeKTOpBl &y,as,...,d, JUHEHHO 3aBUCHUMBI, TOTJA CY-

LIECTBYIOT uucina Ay, Ay,...,A,, OJHOBPEMEHHO HE paBHbIE HYJIK, TakKue, YTo

n > >
Zﬂk a, = 0. Jlisd onpeaeneHHOCTH MOXKHO CUMTaTh, 4yTo A # 0, HO Toraa
k=1
- n lk -
a = (59,
k2 M
9TO M JJOKa3bIBAET HEOOXOAUMOCTb.
- n -
JlokaxxeM J10CTaTo4HOCThb. [lycTh, [UI1 ONPENEeNeHHOCTH, & = Zlk a, Torma
k=2
- n - -
Do+ Z/lk a =0, mpuueM |—1|+]| A, |+...+|A4,| > 0. To ectp HeTpHBHAIIbHAS JIU-
k=2
- o -

HeliHasi KoMOMHaLuUs BEKTOPOB 84,8, ,...,d8, PaBHA HYJIEBOMY BEKTODY.

Jlemma gokasaHa.

JlokaxxeM Tenepb Teopemy 1.4.3.

[oka3aTenbCcTBO:

JloxaxkeM HEOOXOIUMOCTb.
> > >
ITycts Tpu BexTOpa &y,8,,d3 JIMHEHHO 3aBHCHMBI, TO €CTh CYLIECTBYIOT TPH, OJHOBpE-
- - -> -
MEHHO HE PaBHBIX HYIIO, 4ucna Ay, A,, A3, Takux, 9ro A4 &+ A, ay+ Az a3 = 0. Torxa,
no jemme 1.4.1. onMH U3 BEKTOPOB €CTh JIMHEWHAsT KOMOWHAIIMS JBYX OCTaJIbHBIX H, 3HA-
YUT, TaHHBIE TPU BEKTOPA KOMIIJIaHAPHBI.

- -
ZIOKa)KeM A0CTAaTOYHOCTh B IPCANOIOXKCHUN, YTO BEKTOPBI al n a2 HCKOJUIMHCAPHBEI.

> o> o
ITycTh naHbl TpU KOMIUIAHApHBIX BEKTOpa @,,d,,a5 . [lepeHeceM 3T BEKTOpBI TaKUM 00-

pa3om, yTOOBI X Hayasa IIoaJli B OAHY TOYKY.



Pucynox 1.4.1.

Teopema gokasaHa.

CBoMcTBa NIMHENHO HE3aBUCUMbIX BEKTOpOB

5
Yepe3 KkoHel BeKTOpa a; IMPOBEAEM NpsAMBIE, Mapai-

- -
JeIbHbIE BEKTOpaM &; U a, . IIpu 3ToM mosryuum mapy
— - - - -
BeKTOpoB b, u b, Takumx, uyro a; =b,+b, . (Puc. 1.4.1)
- -
[TockonbKy BekTOp b, KoJIMHEapeH BEKTOpYy &, , a BEK-
- -
Top b, KomMHeapeH BeKTopy a, , o Teopeme 1.4.2. no-

— - — -
aydaem, uto b, =4 &, ; b, =4, a,, HO, ¢ Apyroi cTo-
- - - - > =

POHBI, UM€EM Az = 4 a;+ 4, @, , ¥ BEKTOPLI &y,8p,83 110
aemMe 1.4.1., TMHEHHO 3aBHCUMBI.

- -
Crnydail KOJUIMHEAapHBIX @; U @, PAaCCMOTPHUTE CaAMOCTO-

ATCIIBHO.

1°. OauH BeKTOp JMHEWHO HE3aBUCUM TOT/Ia U TOJIBKO TOT/Ia, KOTJIa OH HEHYJICBOM.

2°. I[Ba BCKTOpA JIMHEHHO HE3aBHCHUMBI TOTJa U TOJIBKO TOrJa, KOrjja OHM HECKOJUIMHEAP-

HBI.

3°. TpI/I BCKTOpA JIMHEHHO HE3aBHCHUMBI TOT1a MU TOJIBKO TOrJa, KOraa OHU HECKOMIIJIaHaAp-

HBI.
- - -
Teopema Ecau cpean BektopoB {a,,a,,...,8,} HMeeTcsl MOAMHOKEeCTBO JIMHEHHO 3a-
1.4.4. N
BHCHMBIX, TO H BCe BEKTOPbI {3;,38,,...,8, } JHHEIHO 3aBUCHMBI.
[oka3aTenbCcTBO:

B€3 Ol"paHI/I'-IeHI/IH O6HIHOCTI/I MOXHO CHUHUTaTh, UTO J'II/IHGI\/JIHO 3aBUCUMBI HCpBI)IC k <N BEK-
TOpOB (MHAYe, MPOCTO MEPEHYMEPYEM STH BEKTOPHI), TO €CTh CYIIECTBYIOT HE paBHBIC HY-
JII0 OJJHOBPEMEHHO, unucna 4, A,..., 4, Takue, 4To

k - -
Z/li a;=0.
i=1



- > -
[TocTpouM HETpPHUBHAIBHYIO JIMHEWHYI0 KOMOMHAIMIO BEKTOPOB {ay,8,,...,8,}, B34B B Ka-

gecTBe nepBbix K koaddunuentos uncna A, i =[1,K] u Hynu B kagecTBe octanbHbIX. To-
n i kK — n -S>
r7a MoJxy4uM, 4To z/li 3 =Zii a + ZO~ai =0.
i=1 i=1 i=k+1

Teopema gokasaHa.

-> > -

Ecau cpenu BektopoB {8;,8,,...,8,} MMeeTcsl XOTS ObI OMH HYJIEBOii, TO
- - -

BEeKTOpPHBI {3, 8,,...,8,} JUHEHHO 3aBHCHUMBI.

CnepcrtBue
1.4.1.

§1.5. ba3zuc. Koopannatsl BekTOpa B 0a3uce

Onpepenexne  baszucom Ha npsmotl HA3bIBACTCS JO00W HEHYJICBOW BEKTOp, MPUHAIICKAIIAN
Lol 9TOM MPSIMOM.

Baszucom na nnockocmu HaspiBaeTcs ar00ast YIIOPAAOYCHHAA Imapa JIMHEHHO He3a-
BHCHUMBIX BEKTOPOB, IPUHAAJICKAITHUX 9TOH INIOCKOCTH.

baszucom 6 npocmpancmee HazpIBaeTcs 00ast ynopsiioueHHas TpoiKa JTMHEHHO
HE3aBUCHUMBIX BEKTOPOB.

Onpenenexve  ba3uc HA3BIBACTCS OPMO2OHANLHBIM, €CIIH OOPa3yIOIIUE €ro BEKTOPHI MOMAPHO
Lo OpPTOTOHAJIbHBI (B3aMMHO MEPIIEHINKYIISPHBI).

Onpepenexne  OpTOroHadbHBIM 0a3UC HA3BIBAETCS OPMOHOPMUPOBAHHBIM, €CITU 00pa3yrolne
28 €ro BEKTOPBI UMEIOT EIUHUYHYIO JITTUHY.

[IpocTpancTBeHHBIM 0a3uC, COCTABICHHBIM W3 JIMHEWHO HE3aBUCHUMBIX BEKTOPOB
> > - - o> -

01,952,053, Oynmem obosHayath {J1,0,,03}. OpTOroHajbHBIA WIM OPTOHOPMHMPOBAHHBIN 0a3uc

- = >
yCIOBHMCS 0003HaUaTh Kak {€1,€,,e3}.

> o> o -

Teopema Iycrs pan 6a3uc {91,095, 03}, TOrAa J11060ii BEKTOP X B MPOCTPAHCTBE MO-
15.1.

JKeT OBITh npeacraBjieH, U NPUTOM €AHHCTBCHHBLIM 06p330M, B BH]E
- - - -

X=a0gi+ 9>+ 03, rae «, B, 7 - HEKOTOpbIE YUCJIA.



[okasaTenbCcTBO:

1°. HOKa)KeM BHa4YaJIC CYIICCTBOBAHUEC TaKUX YHCCIIL.

- - > > N
g3 CoBmecTuM Hagaa BceX BEKTOPOB §1,05,03 U X
5

B Touke O W mpoBemeM uepe3 KOHEI] BEKTopa X
- -

IUIOCKOCTb, MNapaienbHyto Imiockoctu O, 0,05 .

(Puc. 1.5.1.)

- -
HOCTpOI/IM HOBBIC BCKTOpbI Y H Z Tak, YTOOBI

g9, - o o - -
X=12+Y,a Z n §; ObUIM KOJJIMHEApHBI, TOrAA,

O - -
N B CUJIy KOJUIMHCAPHOCTH BEKTOpa Z BEKTOPY g3 )

O, - -

Z=y0;3.

N

x|

Pucynox 1.5.1.

N
HepeHecsl Ha4ajao BEKTOpa Y B TOYKY Om paccyxKaass KakK IIpu JO0Ka3aTCJIbCTBE TECOPC-

- - - - - - -
Mbl 1.4.3., nonyuum Yy =a gq+ g, H, cienoBarenbHo, X =a @i+ f9,+y0Js, uTo u

AOKa3bIBACT CYIICCTBOBAHUC PA3JIOKCHUSA.

2°. JlokakeM eIMHCTBEHHOCTD Pa3sioskeHus 1o 6asucy. [lycts Mbl nMeeM
- - -

5
X=a0,+f09,+7 03,
U TIPEATIONIOKUM, YTO CYIECTBYET Jpyrasi Tpoika uncen «', ',y Takux, 4To

- - - -
— ! ! 12

X=a'g+ ' 9,+7'93.

BrruuTas mousgeHHo 3TH PpaBCHCTBA, MOJIydacM
- - - -
A ! A

(@-a) o+ (B- )92+ (r-7)93=0,

rac, B CUIIy CACIIAHHOTO ITPEATIOIOKCHUA O HCCAMHCTBCHHOCTH PA3JI0OKCHU A,

’ [ 1
|a—a |+|,B—ﬂ |+|)/—7 >0
- o> o
Ho 510 03Ha4aer, uto BekTOps! {J1,0,, U3} TMHEHHO 3aBUCHMBI U, CIICOBATEIbHO, HE

MOTYT OBITH 0a3KCOM B CUITy OIIPCACIICHUSA 1.5.1. HonyquHoe IIPOTUBOPCUUC TOKA3bI-
BaCT CIMHCTBCHHOCTD PA3JIOKCHUA.

Teopema gokasaHa.



- - - -

Onpepenerve  Yucna a, B,y - KOOQOUUHUCHTHI B pasnokeHun X =a g1+ S Jy+y g3 Hasbl-

1.5.4.
> 5 o>

N
BAIOTCS KoopOounamamu (AN KomnoHenmamu) BeKTopa X B 6aszuce {gi,0,,03}-

- - - -
Jns 3anucu BekTopa X = Q1+ S 0o+ 03 B KOOPAUHATHOM IIPEJICTABICHUH UCIIONb3Y-

10TCSI JOPMBI:

1°. X(et. i) 2°. (e Bi7) .a B 7|
[04 o

4°, | B S° | B
V4 Y

H3 KOTOPLIX B NaJbHEUIIIEM MbI 6y,[[eM HCIIOJIB30BAaTh ITOCICOHIOIO.

- > 5 >
B obmem cirygae yrBepxxnenue "sekmop X 6 basuce {01,9,,0d3} umeem xoopounammuoe

a

—

npedocmasnenue || [ || " 3anuceIBaeTCS KaK | X

/4

= ﬂ , HO HHOraa, €CJIM 9TO HC IIPUBOAUT K HCO -

9

a

N
HO3HAYHOCTH TOJIKOBAHUs, MbI 6YZ[€M HMCIIOJIb30BAaTh M COKPALICHHYIO 3aIlMCh BHJa X = ﬂ

/4

- - >
Hakonen, ecnut Bektop X B 6asuce {Q;,J,} Ha IUIOCKOCTH MOXET OBITh ITPEICTABIEH KaK

- - -
X=a0,+ 9, , To ero KOOpJAUHATHAs 3alIUCh UMEET BUJ

N
X

(24

o I8

§1.6. /leiicTBus ¢ BeKTOPaMH B KOOPAMHATHOM IPEACTABJICHUMN

- o> o
[Tockonbky B KOHKpeTHOM Oasuce {01,0,, 03} KaXKIbI BEKTOp HAXOAMUTCS BO B3aUMHO

OJHO3HAa4YHOM COOTBETCTBHH C yHOpSII[O‘{CHHOf/'I TpOfIKOfI YucCll «, ﬂ, Y - CBOMM KOOPpIAWHATHBIM

MMpEaACTaBJICHUEM, TO €CTCCTBCHHBIM NPCACTABIIACTCA BOIIPOC O TOM, KaK BBIIIOJIHAIOTCS OIICpalliU C
BCKTOpaMU B KOOPAWMHATHOM HPCACTABJICHUH.



Oxa3pIBaeTcsi, YTO BO3MOYKHO HE TOJBKO 3alMChIBaTh BEKTOPHI MPH IMOMOIIM MaTpPHI]
(cTonO110B), HO M ONIEPUPOBATH C HUMH B MAaTPUYHOU (popMe, MOCKOIBKY MpaBHUiIa ACHCTBHHA C BEK-
TOpaMH B KOOPAWHATHOH (OpMe COBIAJAIOT C MPABUIAMU COOTBETCTBYIOIIMX ONEpAIMii ¢ MaTpH-
IaMu.

HNMmeeT mecto

Teopema B ROOpL[I/IHaTHOM leeJICTaB.JIeHI/II/I OlIepaIII/II/I [ BeKTOpaMI/I HMCHOT c.JIeL[leIIII/Iﬁ
1.6.1. .
BU/:
- - — —
1°. CpasHenue HBa BEKTOpa X= 51 0.+ §2 g,+ 53 03 "
6EKMOpos - — — —

Y =m 91+7 Uo+173 03 PaBHBI TOrAa M TOJbKO TOIAa, KO-

ria paBHbl UX KOOPAUHATHBLIC MPEACTABJICHUS

& =m
- -
X[ =y nwm <& =n,.
g g
&3 =114
2°. Cnoowcenue KoopaunatHoe mnpeacTraBjieHHe CYMMBI JBYX BEKTOPOB

- - - - - - - -
X=&01+8,0,+8303 M Y =1m01+7,0r+77303 paBHO
CyMMe KOOPIAHHATHBIX MPEeICTABJIEHHI CJ1araeMbIX.

6EKMOpo6

- >

X+Yy

—

X

-

y

+

g9 g g

3°. Vmnoowenue KoopamHaTHoe mpeacTaBieHUe IPOU3BEIEHUS BeKTOpa

6eKmopoe Ha - - -
YUCTO X=8&01+&,0o+5303 Ha 4ncea0 A paBHO NPOM3BENCHHIO
-
KOOPAMHATHOI0 NPEICTABJICHHS BEKTOPAa X HA 3TO YMCJIO A

N

Hﬂ ~al x

g g



[okasatenbCcTBO:

Jloka3aTesnbCcTBO BCEX TPEeX MYHKTOB aHAJIOTMYHO, MO3TOMY PACCMOTPUM JIMIIL IPABHIIO
CJIOKEHHSI BEKTOPOB B KOOPJIMHATHOM hopme.

[To cBolicTBaM omepanuii CIOKEHUS M YMHOXXCHHS Ha BEIICCTBEHHOE YHCJIO BEKTOPOB
(Teopema 1.3.1.) umeem

-> >
X+Yy

= H (£0,+&,0,+&0,)+(m,0,+7,9,+7, 05)
g g
&+m & T
= §2+772 = 52 17 ||=

&+, & 15

= H (& +m) 51“‘ (& +17,) g_)2+(§3 +17;) g_;

g

- - - - - - - -
= 51 gl+§2 gz+§3 Os|| H| WOt 0,10 =X t||Y
g g g g
Teopema gokasaHa.
- -
CnepcTane KoopanHaTbl JUHEiHO KOMOMHAIUM BEKTOPOB A X+ 4y SBJISAIOTCH TeMH
1.6.1. N

JKe JIMHEeHHBbIMHU KOMﬁI/IHaHI/IﬂMI/I COOTBETCTBYHOIIMX KOOPAMHAT BEKTOPOB X
N S T Ay + un,
ny: A& +un,| =48, +un,|.
&3 N3 |ASs+un,

PaCCMOTpI/IM TCIICPb BOIIPOC O TOM, KaK B KOOPAWUHATHOM IPEACTABIICHUHU 3alIMCBIBAIOTCS
YCJIOBUA JIMHENHOM 3aBUCUMOCTH U HE3aBUCUMOCTHU BCKTOPOB.

- & R R/A
Teopema Jast Toro 4ro0bl ABa BeKTOpa X = £ U y= HA MJIOCKOCTH ObLIN JIH-
1.6.2. 2 1,

HelHOo 3aBUCHUMBbI, H606XO)II/[MO H 10CTATOYHO, qTO0bI HX KOOpAMHATLI B HE-

KOTOpOM Da3uce yJ0BJeTBOpsijin yciaoBuio det 2:1 h_ 0.
2 M

[loka3aTenbCcTBO:

JloxakeM HEOOXOIUMOCTb.

- -
[IycTh BEKTOpPBI X M Y JMHEHHO 3aBUCUMBI, TOTJA B CHITy JIeMMbI 1.4.1. umeer mecto
NP y ¢1=4m
paBEeHCTBO X = A Y WIH, B KOOPAUHATHOU Gopme, . UcknrounB A u3 3tux

2 = Al



IBYX CKaJIIPHBIX COOTHOLIEHUH, moiayuuMm &7, —&o7m =0, HO 3TO M 03HAUYAET, YTO

& m
S2 Mo

det =0.

Z[OKa)KeM JOCTAaTOYHOCTB.

L =0, Torga uMeeM 4TO é = f_z

$r M mo 1

> o
OTBETCTBYIOIIME KOOPJAMHATHI BEKTOPOB X M Y HNPOINOPHMOHAJIBHBI, YTO U JOKa3bIBa-

€T JII/IHef/'IHy}O 3aBUCUMOCTD 3TUX BCKTOPOB.

[Tycts det npu 17y #0; 1, #0, TO ecTb co-

Cunygait myn, =0 npeanaraercs pacCMOTPETh CaMOCTOSTEIIBHO.

Teopema gokasaHa.

S Th Ky
- - -
Teopema s Toro 4ro0bl TpU BekTopa X =|&,|, Y=|7,| M Z =K, B NPOCTPAHCTBE
1.6.3.
S UK K3
ObLJIM JIMHEHHO 3aBHCHMbI, HEO0OX0AMMO M JOCTATOYHO, YTOOBI HX KO-
OPAMHATHI B HEKOTOPOM 6a3uce yA0BJIeTBOPS/IN YCJIOBHIO
I/ !
det|¢, n, k,/=0.
S My Ky
D,OKaSaTeJ'IbCTBOZ
ITpuBoautcs B pazaene “Cmewannoe npoussedenue eekmopos’” (cM. §2.6.).
£ n SomoK
1 1
Crencraue PaBenctBa det =0 u det|&, 7, k,|=0 coorBeTcTBEHHO SIBJISA-
1.6.2. & o,
S M3 K

I0TCS HE0OXOAUMBIMH M 10CTATOYHBIMM YCJIOBUAMM KOJJIMHEAPHOCTH NapbI
BEKTOPOB HAa IUIOCKOCTHM M KOMILIAHAPHOCTH TPOWKHM BEKTOPOB B INpO-
CTPAaHCTBE.



§1.7. lekapToBa cucreMa KOOPAMHAT

> o> o

Onpepenenve  CoBokymHOCTh 0azuca {0;,d,,ds;} ¥ Touku O , B KOTOpPYIO MOMEIEHBI Hayaja

1.7.1. o . .
BCEX 0a3HCHBIX BCKTOPOB, HA3bIBACTCA 06W€M ()eKapmoeou cucmemou Koopdu—

> 5 >
nam u obo3Hauaetcs {O, gy, 95,03}

- > >

Onpepenenne  Cucrema xoopaunat {O,eq,e,,e3}, mopoxaaemasi OpTOHOPMHUPOBAHHBIM 0a3u-

1.7.2. . ~ -
COM, Ha3bIBaC€TCA HOPMANbHOU NPAMOY20IbHOU (U OPMOHOPMUPOBAHHOU) CU-

CTEMOM KOOpJAMHAT.

-> o5 o
Ecnn 3agana cucrema koopaunar {0, 0,,0,,d,}, TO IPOU3BOIBHOI Touke M B pocTpaH-
-
CTBE MOYKHO IOCTaBUTh BO B3aMMHO OJHO3HAYHOE COOTBETCTBHE BEKTOP [, HAYajo KOTOPOTO

Haxomutcs B Touke O, a koHelr - B Touke M.

- -
Onpeaenexve  Bektop r =OM Ha3pIBaercs paduyc-eekmopom TOYKH M B cucTeMe KOOpIuHAT
1.7.3. NN

{0,01,92,93}-

Onpeaenerve  KoopauHaThl pajuyc-BeKTopa TOUKH M Ha3bIBArOTCS Koopournamamu mouku M B
1.7.4. NN
cucreme koopaunar {O,0;,0,,03}-

[TpommtocTprupyeM 0COOEHHOCTH UCTIOIB30BAHMS BEKTOPHOTO OMMCAHUS TEOMETPUUECKUX
00BEKTOB Ha MMPUMEPE PELIECHUS CIEAYIOUINX 3a/1a4:

- > >
3apava B nexomopoii obweti 0exapmoeoii cucmeme xoopounam {O,d;,d,,0z} 3a0aHsl
1.7.1.

KOOpOUHamul paouyc-eekmopos modex M u N, komopvle sa61a10mcsi Ha4aiom u

- -
xoHyom eekmopa MN . Tpebyemcs naiimu koopounamol éexkmopa MN .



Pewenne: Pemenue oueBngHO U3 puc. 1.7.1. u cBONCTB KOOpAMHAT

BEKTOPOB.
M
N 1 N T
N ITycte OM =|| &, 1 ON =| 77, (. Torna
g: ¢3 3
B OM+MN =ON ; MN =ON-OM
2
o) Y OKOHYATEIIbHO
q N =&
' MN =]l =&,
Pucynox 1.7.1. N3—¢3

11387&;\% B nexomopotii obweii oexapmosoii cucmeme koopounam {0O,0,,0,,09,} 3a0ane
o Koopounamul Hecosnadarouwux moyexk My u My, o5 komopwix coomseemcmeenno
N 51 N Ui
OM;=|&| u OMy=|n,|.
<3 73
Tpebyemcs navimu mouxky M maxyro, umo M;M =1 MM, .
PeLueHue: 3ameTuM, 4yTO A MOXKET NMPUHUMATh JIt000€ 3HAaYeHHEe, KpoMme -1, mpu KOTOpoM
touka M yxonut B 6eckoneunocts (Puc. 1.7.2.). Haiinem paanyc-BeKTOp TOUKH
M. U3 cootHomeHuii B Tpeyronsaukax OM;M u OMM, nonydaem
- - - - — -
OM;+ MM =0OM ; OM+ MM, =0M, ,
HO, Tak kKak M;M =4 MM, , 1o
M, OM-OM, = 1(OM, —OM)
0 S
- 1 - A -
u okoHuarenbHo, OM = ——OM;+ ——O0M, .
1+ 4 1+ 4

Pucynor 1.7.2.



c1+Am
1+4
2 +1

Paguyc-Bekrop Touku M pasen OM = 521_’_—/{72

Szt Ans

1+2

, B cuny caenctsus 1.6.1.

3amevaHue: K 3azaue 1.7.2. IMPUBOJUT PCIICHUEC 3aJa4i OTBICKaHHA LNCHTpPAa MacC CUCTEMBI MaTc-
pHUaIbHBIX TOYCK.



Pa3pen 2

NMPOU3BEOEHUA BEKTOPOB

§2.1. OpToronanbHoe NPOEKTHUPOBAHME

Onpepenenve  IIpsmyro |, ¢ pacmonoKeHHBIM Ha HEi
2.1.1.

N
HEHYJICBBIM BEKTOpoM b, Oynmem

HA3bIBaTh OCHIO.
—
Bekrop b wHaswBaercs wuanpasnsio-

wum BeKTopoM ocu .

Onpepnenenne [Tycts nana Touka M , He nexaias Ha
2.12. ocu | , Toraa ocHoBaHue mepreHaN-
KyJspa, omyiieHHoro u3 M Ha och | -
Touky M* OyneMm Ha3bIBaTh opmoco-
HanbHOU npoekyuel Touku M Ha ochb .

=

Pucynor 2.1.1.

HpHMGpOM OCH MOXKCET CITYKUTH OCb KOOp()Z/IHClm - IpsAMasd, npoxoJdaiias 4€pe3 Havyaao Ko-
OpAWHAT, HAIIPABJIAIOIIUM BEKTOPOM KOTOpOfI CJIY)KUT OJJUH U3 0a3UCHBIX BCKTOPOB.

A >

5
g’gp??ﬂe”eH”e OpToroHanbpHOW TpoeKIKei BekTopa & Ha ock | Ha3pIBaeTcs BekTop Prya, me-
o KaIMi Ha OCH |, Hauamo KOTOPOro €CTh OPTOTOHANBHAS MPOEKIMS Hadaaa BekK-

- -
1
TOopa @ Ha och |, a KoHeIll - OpTOroHa bHas MPOESKITHS KOHIIA BEKTOpa a °).

A
1 -~ o
) Bepxuuii cuMBOIT ~ Gy/IET HCIOJIB30BATHCS IS YCIOBHOTO 0003HAUCHHUs PA3IMYHOTO POJa OMepaluii, HalpuMep:

MIPOEKTHPOBAHUS, TOBOPOTA, OTPAXKEHNUS, TUPPEePESHINPOBAHNS U T. 1.



5
BbInmomHIM HOPMHUPOBKY HAIpaBIISIOIIETO BEKTOpa D, TO €CThb 3aMEHUM €ro Ha BEKTOD

o

@

H
U paccCMOTpUM HOopMHpoBaHHbIi 6a3uc {e} na ocu |. (Puc. 2.1.1.)

o

N
Onpepenenne Yucnennvlm 3HaveHuem OPTOTOHAIBHOW MPOSKIMH BEKTOpa @ Ha och | Ha3bIBa-
2.1.4.

A - -
eTcst KoopauHara BekTopa Pr; a B 6asuce {e}.

— —

Onpepenenne Venom Mexay HEHYIEBBIMH BEKTOpaMH & © D  Ha3bIBaeTcsl BEIMYHHA

2.1.5. HAaMMEHBIIETO U3 JIBYX YIJIOB, 00pa3yeMbIX STHMU BEKTOPAMHU MPU COBMELICHUU
HMX HaJall.

N
YucaeHHOE 3HAUYECHHE OPTOrOHAIBLHOW MPOEKIIMM BEKTOpa @ Ha och | 0003HA4YMM Kak

- -

5
- -
le a. W3 puc. 2.1.2. oueBuaHo, uto Ilp, a = ‘ a ‘COSgp , TJIE @ €CTh yroJl MeXIy a U € .

o

A >
Pr, a
Pucynox 2.1.2.
CBowicTBa OpTOroHanbHbIX NPOEKLUI

1.1°. Ilpoekuusi cyMMbl ABYX BEKTOPOB PaBHA CyMMe NPOeKIMii ITHX BEKTOPOB

A - > A - A -
Pr,(a;+a,)=Pr, a;+Pr, a, .

JlaHHOE CBOWMCTBO WILITIOCTpUpPYET puc. 2.1.3.

Pucynox 2.1.3.



1.2°. Ecau BEKTOP YMHOKMTH Ha BCHICCTBEHHOE€ YMCJI0, TO €0 NMPOCKIUA TAKMKE
YMHOKHUTCA HA 3TO YUCJI0

A - A -
Pr,(1a)=APr a.
3ametum, uto cBoiictBa 1.1° 1 1.2° MOKHO OOBETUHUTE B CIICAYIOIIEE YTBEPIKIACHHE:

IIpoexkuus JuHeHHO KOMOMHALIMY BEKTOPOB PABHA TOM ke JIMHEHHON KOM-
OMHALMY NPOEKIUH

A - - A - A -
Pro(4, a4+ 4 a,)=4 Prya;+ 4, Pr, a, .

CripaBesIuBOCTh CBOWCTB 1° M 2° BBITEKAET U3 ONPEIEIICHUS ONEpPAllMid OPTOrOHAIBHOTO
IIPOEKTUPOBAHMSI U ITPaBWJI JEHCTBUS C BEKTOPAMH.

CBOWCTBA YNCMNEHHbIX 3HAYEHUI OPTOTOHAMBHBIX MPOEKLNIA
- - - -
2.1°. Tlp,(a,; +a,) =Ilp, a, + Ip, &, ;

2.2°. Ilp, Aa=Allp, a.
Wnn, oobenunsg 2.1° u 2.2°,
Ip, (4, a,+ 4, a,)=A4,IIp, a,+ 4, IIp, a, .

OTMCTI/IM, YTO OTU paBCHCTBA CIICAYIOT H3 CBOICTB OpPTOTrOHAJIBHBIX HpOCKHI/Iﬁ U CBOMCTB
KOOpAUHAT BEKTOPOB.

§2.2. CkajsipHoe npou3BeleHHEe BEKTOPOB M €ro CBOMCTBA

- -
Onpepenenve  CransipHblM npousgedeHuem HEHYIEBBIX BEKTOpPOB @& M D Ha3bpIBaeTcs 4HCIIO,

2.2.1.
PaBHOC MPOU3BCACHUIO JJIMH 9TUX BCKTOPOB Ha KOCUHYC yI'Jla MCKIY HUMU.

B CJIyqac, Koraga XOTs ObI OJIMH M3 COMHOXHTEJIECH €CTh HyHCBOﬁ BCKTOp, CKa-
JIAPpHOC MPOU3BCACHUC CUUTACTCA PAaBHBIM HYIIIO.



- -

- >
CkansipHOe MPOM3BEICHUE BEKTOPOB @ W b oOo3Havaercs kak (a,b) . [o onpenesnenuto:

- > - o
(a,b)=|a||b|cose, rne ¢ - yrom Mexmy BEKTOpaMH-COMHOXHTEISIMH. [Ipu 3TOM, COIVIACHO

onpexaenenuto 2.1.5.,, 0<p<r.

> > - - g -
3aMeTHM Takxke, 9To, e b # 0, To cnpaBemBO paBeHcTBO (a,b) = | b | Ilp.a.
b

CeoicTBa CKandpHoro npounssegeHund

- - - - -

- > -
1°. (a,b)=0 mpu a=#0 u b # 0 ToOrma u ToNBLKO TOr/AA, Koraa a u b ezaummno op-

MO2OHA/IbHBL,

- > - >
20 (a,b) =(b,a) (kommymamusnocms). Caemyer u3 onpeaeaeHus: CKaIAIPHOTO MPo-
U3BEJICHHSI U CBOMCTB KOCHHYCA);

30 (E;;Jr az ,B) = (51,6) + (aT;,B) (Oucmpubymuenocmo).

D,OKaSaTeJ'IbCTBOZ
- > - >
Ecmu b = 0, o 3° oueBuano. [Tycts b # 0, Torma

e - - > - - - - - - >
(al+a2,b):|b|Hpg(a1+a2):|b|HpH al+|b|npH a, =(a,;,b) +(a,,h).
CBOICTBO JOKa3aHo.
4°. (1a,b) = A(a,b):

- - > - - - -
5° (a,a)=[a|">0 Va; |al=/(a,a);
- - - >
(3aMeTHM TaKxke, uto ycimous (a,2)=0 uW a =0 paBHOCWIbHBI),
- —
S o (a,b)

6°.Tlpu a0 ub+#0 cosp=-——.
|a] [b




§2.4. BekTopHoe nNpou3Be/ieHNEe BEKTOPOB M €ro CBOMCTBA

Onpegenexve
2.4.1.

Onpegenexve
2.4.2.

> o> o

VropsioueHHass TpolKa HEKOMIUIAHAPHBIX BEKTOpoB {a, b, €} Ha3pBaercs
-

npaeotl, eciy (MOociie COBMELEHNS UX Hayall) KpaT4yallluil IOBOPOT OT BEKTOpa a

- -
K BEKTOPY b BHIEH M3 KOHIIA BEKTOpa C COBEPINAIOIIUMCS MPOTHB YaCOBOM
CTpeNKHU. B mpOTUBHOM cilydae yrnopsiao4eHHas TPOMKa HEKOMIUJIAHAPHBIX BEKTO-
> 5 o
poB {a, b, ¢} nassiBaercs esoil.

- -
Bexmopnvim npouszeedenuem HEKOJIMHEAPHBIX BEKTOPOB a © D HaspiBaercs
-
BEKTOp C TaKOW, 4yTO
- - > - -
1°. |c|=|a]|b|sing, rae ¢ - yrom mexmy BekTropamu a u b .
- -

5
2°. BekTop C OpTOrOHAJCH BEKTOPY & | BEKTOpY b .
> o5 o

3°. Tpoiika BekTopoB {a, b, ¢ } npaBas.

B cnydae, korga COMHOKUTENH KOJUTMHEAPHBI (B TOM YHCIIE, KOT/Ia XOTs Obl OJMH
13 COMHOXXUTEJIEH €CTh HYJIEBOM BEKTOpP), BEKTOPHOE IMPOU3BEICHHE CUUTACTCS
PaBHBIM HYJIEBOMY BEKTODY.

- -

- >
BekropHoe npousBeicHHEe BEeKTOPOB @ M b o0o3Hawaercs kak [a,b]. U3 onpenenenus

2.4.2. cnenyer, 4TO



- -

- -
1°. [a,b]‘ paBEeH IUIOIIAAM MapajlieIorpaMMa, MOCTPOSHHOIO Ha BEeKTopax a u b .

- -
2°. JInsl KOJUTMHEAPHOCTH HEHYJICBBIX BEKTOPOB @ W D HE0OXOAMMO U JOCTaTOYHO, YTO-

OBl X BEKTOPHOE IIPOU3BEIEHNE ObUIO PAaBHO HYIIIO.

CeoicTBa BEKTOPHOro npoun3seneHunsa

- > - >
1°. [a,b]=—[b,a] (anTukomMmyTaTuBHOCTB, ClleayeT U3 omnpeneneHus 2.4.2. U HEYETHO-
ctu GyHKIMU Sin @ )
- - - -
2°. [Aa,b]=A1[a,b] (cneayer u3 onpesencHust BEKTOPHOTO MPOU3BEACHHS M TOTO (paKTa,
- > - -
4T0 BeKTOphl [Aa,b] u [a,b] opToroHanbHbI OfHOWM U TOW k€ IUIOCKOCTH MPH He-

- -
KoJutnHeapHbix @ u b u A #0).

3°. [g+ B, g] = [g, (_:)] + [B, (—:>] (TUCTPUOYTUBHOCTB ).

§2.6. CMenIaHHOe IpoU3BeIeHHE

- -
Onpepenenue Cmewannvim (ATH 6eKMOPHO-CKANISPHLIM) TIPOU3BEJICHUEM BEKTOpPOB a, b u
2.6.1. —> - > > - = -

C , obo3HavaembIM Kak (@ , b, ¢ ), HaseiBaetcs uucno ([a,b ], ¢).



CaolicTBa cMeLlaHHOro npoun3seneHnA

HJ’I?I CMCIIaHHOT'O HpOI/ISBeI[eHI/IH CHpaBeI[J'II/IBBI TOXICCTBA:
- > > - > >

° (a,b.c)=(c,a,b)=(b,c,a)=—(b,a,c)=—(c,b,a)=—(a,c,b) :

> > > > > >

2°. (Aa,b,c)=A(a,b,c) ;

> o o > > o >

°. (ay+a,,b,c)= (al,b c)+(a2,b c),

CIIPaBEUIMBOCTh KOTOPBIX CIAEAYET U3 ONPEIeNCHUs CMEIIAHHOTO TPOU3BEICHUS U TeOpeMbI 2.6.1.



OTmMeTuM, HaKOHEll, YTO CMEUIAHHOE MIPOU3BEJCHUE PABHO HYIIIO, €CIIU CPEAH COMHOXKH-
Tejel nMeeTcst XOTs Obl OJJHA M1apa KOJUIMHEAPHBIX BEKTOPOB.

§2.8. /[BoiiHOE BEeKTOPHOE NIPOU3BeAeHNE

-> > -
Onpepenerve  /[60liHbIM 6eKMOPHBIM NpoU3EedeHuem BEKTOpOB &, b u C
2.8.1. SN

[[a.[b,c]].

Jliig psifna 3a/1a4 OKa3bIBa€TCs MOJIE3HBIM IPUMEHEHHE (POPMYIIbI

Ha3bIBACTCA BEKTOP

[a.[b,c]]=b(a,c)— o(a,b),



Paspen 3

NMPAMAA U MIOCKOCTb

§3.1. llpsimasi Ha MJIOCKOCTH

- -
[Tyctp nana cucrema xoopaunar {O,d;,d,} Ha IIIOCKOCTH U npsiMas L , mpoxosmas de-
- -
pe3 TOUKY I, C JIeXkKalUM Ha HEW Hew)1e6biM BEKTOPOM a .

-

Onpegnenetue BekTop a HasbIBaeTcs Hanpasisiowum 6eKmopom npsaMon L .
3.1.1.

Teopema MHo:xkecTBO paaMyc-BeKTOPOB TOYeK Ha NMpsAMoii L mpeacraBuMo B Buje
3.1.1. N

I =ry+7a, rae 7- NPpOU3BOJbLHBIN BelIeCTBEHHbIH IapamMerp.



Teopema Besikoe ypaBuenmne Buga Ax+ By +C=0, ‘ A‘ +‘ B ‘ >0, B 110001 1exap-
3.1.3.
TOBOIi CHCTeMe KOOPAMHAT eCTh YPaBHEeHHe HEKOTOPOii MPSIMO.
,D,OKaSaTeJ'IbCTBO:

[Tycts nmaHo ypaBHeHue mepBoii crenenn AX+ By +C=0, ‘ A‘ +‘ B ‘ >0 . BriGepem
napy 4ucen X, u Y, Takux, uto AX; + By, +C =0 . Berunras nowieHHo /1Ba 3TH pa-
BEHCTBA, moiayunM A(X —Xy) + B(y —y,) =0.

Xo - H -B

N

Bo3spmeM TOUKY I = U BEKTOp a = A
- -

IpoxoJduias 4epe3 TOYKy [, B HANpaBICHUMM BEKTOpa a, MMEET ypaBHCHHME BHJA

H ITo Teopeme 3.1.2. umeem, 4to mpsmMas,
0

A(X—Xq) + B(y —Y,) =0. CiienoBatenbHo, HCXOJHOE ypaBHEHHE €CTh ypaBHEHHE IIpsi-
MOH.

Teopema gokasaHa.

§3.2. ®opmpbl 3a1aHUS IPAMOM HA MJIOCKOCTH

- -
B mpousBonsHO# nekaproBoii cucreme koopauHat {O,0;,0,} CYIIECTBYIOT pa3iUYHBIC

dbopMbI 3a1aHUsI PSIMOUN Ha MJIOCKOCTH. PaccMOTprM OCHOBHBIEC U3 HUX.

° > o o Xy X

1°.  Ypasnenue ITocKoNIbKY HANpPaBIIAIOLMN BEKTOP JaHHOM NPAMON a =l —1I; = , TO
npsimod, npo- Yo = V1
xoo0suwell  Ye-
pe3 dse He- o - = - =
coenada- €e ypaBHEHUE B BEKTOpHOW (opme Oynaer umers Bua I =1+ 7( I’Z—I’l) U
rowue moyku — — -
> %, r=>1-7)n+rzr, .

1
CoO0TBETCTBEHHO B KOOpJAMHATaX, UCKIIOYUB MapaMeTp 7, MOJIYyYUM OJHY U3 cie-

u
S %, ayrommx Gopmyi:
= X=X Y=Y

y = v (X =x)(Y, —y) =0
’ X2 =Xy Yo=Y 2 T2 '

Y=Y, VX, ecm Y, =Y,
X=X;; Vy, eum X, =X

3aMCTI/IM, 4TO OTH TpH ClIydasa MOT'YT OBITH OITMCAHBI YCJIOBHUEM

x y 1
det| x, vy, 1|[=0.
X, Y, 1

—

Onpenenenve  BekTop N HA3BIBACTCA HOPMANbHBIM BeKMOPOM TIPIMOH L .

3.2.1.



3°. HopmansHoe PacCMOTPUM CKaNsIPHOE YpaBHEHME TIPAMOH B OpPMOHOPMUDOSAHHOL CUCTEME
ypasHeHue

> o>
npamod KOOPJAWHAT {O, e, e2} AX + By +C=0 , ‘ A‘ + ‘ B ‘ >0 un npeo6pa3yeM €ro,

pasznenus o6e uactu Ha v A° + B? . IToacrasnss 0603HaueHus



B C

A
JAZ 4 B2 JAZ 4 B2 JAZ +BZ

HOJIYYUM TaK Ha3bIBAEMYIO HOpManbhylo GOPMY 3allCU YPaBHEHUS

Cosp = sing = =

Xcosp+ysing+ p=0.

['eomeTpryeckuii cMbICT MApaMETPOB P U @ SICEH U3 CIeAyIoLIero puc. 3.2.2.

y

A

N

| ol

\(0

Pucynox 3.2.2.

Pucynox 3.2.3.



§3.3. [1i10CKOCTH B MPOCTPAHCTBE

Teopema Besikasi IU10CKOCTH B JII0O00H 1eKAPTOBOM CHCTEME KOOPAUHAT MOKET ObITh
3.3.2. 3ajlaHa ypaBHeHHEM BHUIa

Ax+By+Cz+ D=0, ‘A‘+‘B‘+‘C‘>O.

[okasaTtenbCcTBO:

- o> -5 -
VYcnoBue KOMIUIAaHAPHOCTU BEKTOPOB I'— I, P U ( B KOOPAUHATHOW (OpME MMEET, B CH-

a1y Teopemsbl 1.6.3., BU1

X=Xo Y—=Yo Z-1

Otkyna A(X—Xy)+B(y—Yy,) +C(z—12,) =0, Wi, OKOHYATEeIbHO,
Ax+By+Cz+D =0, rne uncia A , B u C Haxoasarcs o teopeme 1.1.1. u paBHBI COOT-
BETCTBEHHO
py P Py P
A=det| ~ | B=—det‘ P P - C=det| =~ 7|,
y U x 4z x Qy




a D=-Ax,—-By,—Cz,, u Takum 00pa3oM, MblI MOJIYYWIH, YTO YPAaBHEHUE IIJIOCKOCTH
€CTb YPAaBHEHHE IIEPBOM CTEIICHHU.

VYciioBre HEBO3MOKHOCTH OJTHOBPEMEHHOTO paBeHCTBa HyMto yrcen A, B u C BeiTekaer u3
- -
HEKOJUIMHEApPHOCTH BEKTOPOB P U ( u cienctBus 2.5.1.

Teopema gokasaHa.

geaoge'v'a Bcesikoe ypaBHenne Buga AX+By+Cz+D=0, ‘ A‘ +‘ B ‘ +‘ C‘ >0 B J1000ii
o IeKAPTOBOii CHCTeMe KOOPAHHAT eCTh YPABHEHHe HEKOTOPOii MJI0CKOCTH.

- - o> >
Onpepenenve  BekTop N HasbIBaeTCs HOpMAnbHBIM 6eKkmopom mnockoctd (r—r,,n)=0.
3.3.2.

A
Onpegenenne Bexkrtop B Ha3bIBAETCS 2NIABHBbIM 8EKMOPOM IJIOCKOCTH
3.3.3.

C

Ax+By+Cz+ D=0, ‘A‘+‘B‘+‘C‘>O.

§3.4. ®opmbl 3a1aHUA IPAMOI B IPOCTPAHCTBE

Cy1ecTBYIOT pa3IMyHble CIOCOOBI 3a/1aHus IPSIMOM B IPOCTPAHCTBE B HEKOTOPOH JeKap-
> o o

toBoii cucreme xkoopaunat {0, 0,,d,,0,}.

X

-
1°. Ypaerenue nps-  []ycTh TOYKA C paJlyC-BEKTOPOM I =|| Y || JI©KHUT HA MPSIMOU B MPOCTPAHCTBE,
Mou e napamem-
pudeckoli hopme 7

a

X
N

HMMEIOIIECH HEHYJIEBOM HaIpaBIISIIOIIAN BEKTOp a = |a
a

y| ¥ mpoxonsiei depes

z

Xo
d - -

TOYKY ro = yO , TOTJIa U3 KOJUIMHCAPHOCTH BEKTOPOB a H r— I’o CJICOYCT, UYTO

Zy



> > -

YPaBHEHHE MPSIMOU B IIPOCTPAHCTBE JOKHO UMETh Bup I =+ 7a

2°. YpasHeHue
npsmoll 8 KaHo-
Huyeckol ¢hopme

> o -

Ecnu uckimounTh napameTp 7 U3 CKaJSIPHOM 3alMCH ypaBHeHus I =I,+7a

y:y0+raya
1=1,+7a,

TO MOJYYaCTCA TaK HAa3bIBACMOC KAHOHUYecKoe ypasHerue I’lp}lMOIZ

X—Xg :y_yo

a

a, a, '

X A

y

[Tonckasku juisi pean3alii MOAEINEH:

I'eomerpuueckoe ycioBue

Bo3mo:xHas BeKTOpHAasi (popMa nmpeacTaBIeHUs

KOJ'IJ'II/IHeapHOCTL IIPSAMBIX

- -
RN 1°. Cymectyer A # 0 Ttakoe, uto 8, =18,
- - -
2°. [a,a,]=0
- -
OpTOroHaNnbHOCTh NPAMBIX (a,a,)=0
- > - - > -
- - - - - -
Konnuueaprocts mpsambIX I =ry+7a | 1°. CymectByer A # 0 Takoe, uto a=A[n,n,].
- >
(nl’ r) = dl N -
-> - 2°. [a,[n,n]l=0
> - >
OpTOroHanbHOCTH NPAMBIX (a,n;, n,)=0
> >
— 1 1
r=rp+ramq '
(N, r)=d,
- -
CoBniajieHue IpsiMbIX 1°.  CymectBytor A #0 u u#0 Takue, uto a8, = 14,
- > - > o - NN N
r = I’01+ Tal unr= I’02+T8.2 u r‘01_r02 =/’lal
> o - S -
o — —
2°. [a;, a]=0 u [ry—ry,a]=0




I[TepeceueHue IpsAMBIX
e - - - - -

- - - -
[a;, a,]# 0 u (ry—

- = —

YcnoBue cKkpemyBaHus NPsIMbIX
- > - - > -

- - - -
[a;, a,]#0 u (ry—

> o >

lop,81,8,)#0.

Tabauya 3.5.1. OTHOCHUTEIBHAS OPUEHTAIUS MIPSAMBIX B IIPOCTPAHCTBE




I'eomerpuueckoe yciioBue

Bo3MmoskHast BeKTOpHAas (popMa npeacraBieHus

[TapaniaenbHOCTh IOCKOCTEM

- - - -
r=ry+ep+00, u
S - -

r=r,+@p,+0q,

1°. CymectByer A # 0 Takoe, uto [p,,q,]=A[p,,q,] u

(fo1— Top0 P1,0y) % 0.

- o >

2°. [[p1,01):[p2.0211=0 u (g =gz, P1,0;) #0.

CoBnaaeHue IIOCKOCTEN

- - — -
r=ry+ep+00, u
) - -

r=r,+@p,+0q,

1°. CymectByer A # 0 Takoe, 4To [pﬁ1 (i] = ﬂ[quz] "

(r01_ fo2) P1; ql) =0.

> o> -

N - -
2°. [[p1,9:1.[Po.05]1=0 u (ry;—rg,, P;,0;) =0.

OpTOroHaJIbHOCTH IIOCKOCTEN

" — —
r=ry+ep+00q, u
> - - -

I =r,+pp,+0d,

([P, @ 1.[P5. G5 1) = 0.

[TapannenbHOCTh IIOCKOCTEMN

F=r+optoqu (nr)=d

-> > >

(p,q,n) =0, npu ycnoBun (H,r_o));td,

CoBrageHne IIoCKOCTEN

F=r+optoqu (nr)=d

-> > >

(p,q,n) =0, npu ycnoBuu (H,r_o)):d,

OpTOroHaILHOCTH TIOCKOCTEN

F=r+optoqu (nr)=d

- > -
1°. CymectByer A # 0 takoe, uto [p,q]=A4n.

> o

2°. [[p.ql.n]=0.

Tabnuya 3.5.2. OTHOCUTENbHAS OPUEHTAIUS TUIOCKOCTEH B IPOCTPAHCTBE




I'eomeTpuueckoe ycioBue

Bo3moxxHasi BekTopHasi popMa npeacraBjieHus

[TapannensHOCTh NPSIMOiA

> -
r= r01+7,'a IIJIOCKOCTHU
- - -

r=rp+o I0+6’a

1°. CymectBytor A; u;

A |+ || >0 Taxwme, ato

- > >

a=Ap+uqu (rh,—ry p,q)=0.

- > o
20 (a, p! q)=0
! - - > > '
(rOj__ r02’ pv q)¢0

[IpuHaamexHOCTh NPSIMOU

> -
r= r01+2'a IIJIOCKOCTHU
- - -

r= roz+¢p+95

1°. CymectBytor A; u;

A |+ || >0 Taxwme, ato

- > >

a=Ap+uqu (rh,—ry p,d)=0.

- > >

(a, p,q)=0

- 2 o > '

(fog—TYo2» P, 4)=0

2°.

OpTOroHanbHOCTH NPSAMOI
- -

= I,,+7a IIOCKOCTH

=I,+ep+60q

- - >
1°. CymectByer A #0 Takoe,yro a =A[p, q].

- -

[TapamensHOCTB IPSIMOM

> >

- - -
Ir =r,+ra miockocru (n,r)=d

- -

(a, n)=0, mpu ycaoBuu (Nn,ry)=d.

- -
[MpuHaIeKHOCTD MPSIMOit (a,n)=0
- - - - - - - '
I =ry,+ra miockoctu (n,r)=d | |(r,, n)=d

OpToroHanbHOCTH NPSAMOI

> > -

I =r,,+78 K INIOCKOCTH

(n,r)=d

- -
1°. CymectByer A #0 Takoe,yro a=A4AnN.

> > o

2°. [a,n]=0.




OpTOTrOHATBHOCTH MPSMOI 1°. CymectBytor A; u;

A|+|u|>0 rakue, uto

(rll’i)zdl ¥ TIOCKOCTH n=An+un,.
(nz’r):dz

- > - -
(n,r)=d 2. [n,[ng,n;]=0.

Tabauya 3.5.3. OTHOCUTEIbHAS OPUEHTAITUS TPSIMOM M TNIOCKOCTH B IMPOCTPAHCTBE




Pa3pen 4

HENTMHEWHbIE OB bEKThI
HA NMIOCKOCTU U B NPOCTPAHCTBE

§4.4. /Ilunnu BTOPOro NOPsiAKAa HA MJIOCKOCTH

- >
[TycTh Ha MIIOCKOCTH JtaHa opmoHopmuposannas cuctema koopauHar {O,e;,e,} u Heko-
Topast iuHus L.

Onpegenenne B cootBerctBuu ¢ onpeaenenusivu 4.1.2. u 4.1.3. OyneM roBoputhb, 4To JuHUs L
4.4.1. SIBISIETCSL asleeOpauyeckoil TuHuell 6mopoco nopsoKka, €ciii €e ypaBHEHUE B JIaH-
HOM cHcTeMe KOOPJAWHAT UMEET BH/I:

Ax? +2Bxy + Cy? + 2Dx +2Ey + F =0 (4.4.1)

rae uncia A, Bu C He paBubl Hymo ogHoBpemenso (|A/+|B|+|C|>0),axuy

CYTb KOOPAWHATHI painyC-BCKTOPA TOUKH, ne;xameﬁ Ha MUHHH L .

[Tockonbky k03P duiueHTs ypapHenust 4.4.1. 3aBUCAT OT BbIOOpA CHCTEMBI KOOPIWHAT,
P UCCIIEIOBAaHUHM CBOMCTB JIMHUW BTOPOTO MOPSIIKA 11eIeCO00pa3HO MpeBAPUTEIBHO MEPEUTH K
TOM cucTeMe KOOPAMHAT, B KOTOPOH 3allKCh ypaBHEHUS JIMHUU OKa3bIBaeTCs HanboJee mpoCToi.

Ecnu BBecTn 0603HaueHune A = det = AC — B?, To GyzeT cipaBenuBa

B C
IIycmoie mHo- Touru Cosnaoato- | Hecosnaoatrowue Kpussie
amHcecmea wiue npsimvle npsimsle
x'2 )2 x'2 )2 29ﬂ/zun2c
A>0 2 +b2 =-1 _2+b_2=0 X' +y' 1
a a a2 b2
X2y T'unepbona
A<O - _Z  _ 0 X!2 yr2
a? b? —=—=1
2 2
a b
A=0 y!2 — _a2 ’ vx’ y!2 =0 ’ vx' y/2 — a2 ' vx/ Hapa60ﬂa
y12 =2 pxr




§4.5. IloBepXxHOCTH BTOPOIO NMOPSIAKA B POCTPAHCTBE
> o o
[Tycts nana opmonopmuposannas cuctema koopaunar {O,e,,e,,e,} B IpocTpaHCTBE.

OnpenereHve B cooTBeTcTBUU ¢ onpeaeneHusMu 4.2.2. u 4.2.3. OyaeM roBoputh, 4T0 NOBEPX-
4.5.1. HOCTb S SBJISIETCS aneebpauteckoli no8epxXHOCMbIO 6MOpo20 NopsaodKd, €CIU €e
YpaBHEHUE B JAHHOHM CHCTEME KOOPAUHAT UMEET BUJ

A X2+ A y? 4 Aggz? + 2ALXY + 2AXZ + 2 ApyZ + (451)
+2AX+2A,,y +2A52+ A, =0 o

rae yncaa Agp s Ay Ass s Ay Ajg s Ayg HE PaBHBI HyIIIO OJJHOBPEMEHHO, a X, Y H

Z CYyTb KOOpAXWHATHI pagnyC-BEKTOpPAa TOYKH, ne;xameﬁ Ha IMMOBCPXHOCTHU S.

Kak u B miiockom ciyyae, kodhdunnents ypaBHenus (4.5.1.) 3aBUCAT OT BRIOOpa CUCTEMBI
KOOPJIMHAT, TI03TOMY TIPU HCCIICIOBAaHUHU CBOWCTB MOBEPXHOCTEH BTOPOTO MOPsIKA IeJIECO00pa3HO
IpeBApUTEILHO MEPEUTH B Ty CUCTEMY KOOPJMHAT, JJIsi KOTOPOU 3alliCh YPaBHEHUS TOBEPXHOCTHU

OKa3bIBaeTCst Hauboee HpOCTOﬁ.

Ilycmuie
P —— Touxu, npsamvle u nIOCKOCMU Lununopul u koHycol
x'?2 y'2 12 HMzonuposannas mouxa Dnrunmuveckuil YyuruHop
a2 + b2 +b_2=_1 X!Z yrz Z!Z Xr2 y!2
>+ 5 +—5=0 >+ =1, VI
5 5 a b b a b
! !
X + y__ -1;, vz’ 2 y
a2  pz X2y T'unepbonuueckuit yurunop
Ilpamas —-+-—5-=0; V7' x'2 oy
2 _ 2. r oot a b - = 1 X VZ’
X“=-a"; Vy,z 32 b2 '
Ilapa nepecexarowuxcs nioc-
Kocmell Tapabonuueckuii yunuHop
2 2
LS P y'?=2px’'; vz’
2 "z T 0; vz
a
Ilapa napannenvHulx unu cos- Konye ) ) )
o ! ! ’
naoaiowux NI0CKOCmell X N y z 0
X12 :aZ Xr2 -0 \v/yl 7' a2 b2 C2 -
Heegvipoocoennvle nogepxnocmu




Danuncouodwt

Ilapabonouowt

Tunepbonouodwvt

X!Z

2

12

y

b?

Z!Z

c

=1

Dnnunmuyeckus napaboiouo
)4
X!Z 12
a

T'unepbonuueckuii napabonoud
12 12

Oonononocmuulil 2unepbo.10ud
2 12 12
X ye oz

a® b*> c?

Jeynonrocmuviii 2unepooiouo
12 12 12

X%y , X? y? oz
2 7 P
npuvyem a>0, b>0, ¢c>0, p>0.




§4.6. AlbTepHATHBHBIE CHCTEMbl KOOPAUHAT

B psine mpakTHUeCKUX MPHUIIOKEHHN OKa3bIBACTCS 1€IeCO00pa3HbIM HCIIOIB30BAaHUE CH-
CTEM KOOPJMHAT, OTJIIMYHBIX OT JEKapTOBOM.

HpI/IMepOM aHBTepHaTHBHOﬁ CUCTCMbI KOOPAWHAT Ha IIJIOCKOCTU SABJIACTCA NOJIAPHAA CU-
cmema KoopOuHam.

[Tono>keHne TOYKM Ha IUIOCKOCTH B ATOU
CHUCTEME KOOpAMHAT 3aJaeTcsi Mapoil yHnopsao4eH-

5
HBIX qHCell {p. ¢}, rie p=|0OM M(p,9)

=2 (O?\/I , SP) , YAOBIIETBOPAIOIINX OTPaHU- fo)
yeHussM p>0, 0<p<2rx.

Touka O nHazwiBaeTcs noatocom, a myd OP -
noAApHOU 0cblo. YTOI ¢ OTCUUTHIBACTCS MPOTUB Ya-
coBoi cTpenku (puc. 4.6.1.). Jlnsg momroca 3TOT yroi
HE OIpeeNseTcs.

@ Pucynox 4.6.1.
OpMyIIbl Iepexojia OT OPTOHOPMHUPOBAH-

HOU JI€KapTOBOM CUCTEMBI KOOPAUHAT K MOJSPHON U
00paTHO UMEIOT CIEAYIOUTNI BU:

_[,2 2
{X:pCOSq) )'(0_ x+y y
y=psing |COSQp=—F————, SiNp=———="
/X2+y2 /X2+y2

Hcnons3oBaHue HOJ'ISIpHOfI CUCTCMBbI KOOPAWHAT IMO3BOJIACT YIPOCTUTH OIMMCAHUC 00BEK-
TOB, O6J'I8.,Z[aIOI_HI/IX TOYEYHOM CHMMGTpHCfI.



CUCTEMbI NUHEWHbLIX YPABHEHUA

§5.1. Onpenenurenn

PaccMOTpUM MHOXECTBO, COCTOsIIIee M3 HAaTypalbHbIX uncen 1,2,3,...,Nn. bynem o6o3Ha-
4aTh NEpecmaHo6Ku STUX YHCel (TO eCTh NOCIEI0BATENbHYIO UX 3aIHCh B HEKOTOPOM ITOpsiaKe Oe3
nosropennit) kak {K;,K,,Ks,...,K,}. HamomMHuM, 4T0 monHOe YMCIO TaKUX pa3IM4HBIX HepecTa-

HOBOK paBHO N!.

Onpegenerve  Bynem rooputk, uto 4ucna K; m K; 00pasyloT B mepecTaHOBKe Hecnopsaook
6.1.1. .
(rapywienue nopsoka, wim uneepcuro), ecnm pu i < j umeer mecto K; > K; .

[Tomnoe umcno OecmopsinkoB B mepectanoBke  {K;,K,,Ks,...,K,} Oyzem o6o3nagatsh
b(ky,K,,Kg,...,K,) . Hanpumep, B(31,4,2) =3.

[TycTe maHa kBajpaTHas MaTpuia

a1 O q3 .. Qgp
Ay Qpp Q3 ... Oy

HAH= a3z Qzp Azz ... O3 =H0qj H I, j=[1,n].
n1 Qp2 Q3 .- Qpp

§5.2. CBoiicTBa onpeaeaunTeei

Teopema OnpeaeauTeb NPOU3BEIEHUsT MATPHI[ pazMepa NxN paBeH NMPOHU3BEICHHIO
5.2.4.
UX onmpeaeanTeseii, To ectb det (H AHH B H) =det H A H det H B H :



§6.3. Pa3ziio:keHue onpenenureJiei

BriGepem B keadpamuoti MaTpuiie H AH CTPOKH C HOMEpaMH |y, i,,...,I, ¥ CTOIOIBI C HO-

MEPAMH  Jq, Jo,evy Ji -

Onpenenexne  JI€TEpMHMHAHT KBaJpaTHOW MaTpHIBl HoOpsaka K, oOpa3oBaHHOW 3JIEMEHTaMH,
e CTOAIIMMH Ha MEPeCcedeHu! CTPOK iy,i,,...,I, ¥ CTOIOUOB |, J,,..., Ji » HA3BI-

BaeTCs MuHopom k-eo nopsioka u obosnagaercs M ijlizjz""i’kjk :
02400y

Onpeaenenve  JleTEpMUHAHT KBaJpaTHON MaTpuIlel mopsaka N—K , oOpa30BaHHON djeMeHTa-
6.3.2. MH, OCTAIOUIMMHCS IIOCIE BBIYCPKUBAHHUS CTPOK ijp,i,,...,I, M CTOJOIOB

Jiid2e Jk
i g i

Jis Josees Ji » HA3BIBACTCA MUHOPOM, OONOIHUMENbHBIM K Mutopy M

s Jo e

u obosnagaerca M, . “";
1,02 5l

Bribepem B maTpulie H A H I-10 CTPOKY | J-ii cToJ0eIl, Ha MePECeYCHUN KOTOPBIX PaCIIOIIO-

JKCH JJICMCHT aij . Yanum u3 H AH BbIﬁpaHHBIe CTPOKY U CTOJ'I6€I_[, paccMOTpUM KBaJApPaTHYIO MaT-

puILy H A" H pasmepa (n—1).(n-1).

gl;p;ﬂeﬂeHMe JleTepMUHAHT MaTpUIBI H A" H Ha3bIBAETCS OONOIHUMENbHLIM MUHOPOM M/

ajlemenma aij -

CrpynnupyeM B onpeneneHun 6.1.2. - neTepMHUHaHTa MaTpUIBI H AH Bce (n—1)! cmarae-

MBIX, COJACpIKAIIUX IJJICMCHT C(ij, U BBIHECEM €ro 3a CKOOKH. HOJ'IY‘{I/IM BBIPpAXXCHUC BUA

det| Al =e;D; +....

Onpepenenve  Yucno Dj; HasbIBaeTCs aneebpautieckum 0ononHeHuem dIEMEHTA ;.
6.3.4.

3ameTuM, 4To B CUIIy onpeneneHus 6.1.2. UMEeIoT MeCTO paBeHCTBa

n n
det|A[=> a;Dyj; Vi=[Ln] u det|A|=> Dy ; Vi=[Ln] (6.3.1)
j=1 k=1



Teopema CrnpaBenBo coorHomenne Dj; = (—1)'+1Mi‘ :

6.3.1.
g’;elFlCTB”e Pa3zno:kenue onpeeauTeNst no i-My CTOJIOIY nuMeerT BH]
det| A=Y (D" @ Mic mam det| A= (=D M M.
k=L k=L
§5.4. lIpaBuino Kpamepa

PaccmoTrpum cuctemMy N JIMHEMHBIX YPAaBHEHUM C N HEU3BECTHBIMU

&+ a8+t oy, =5

Ay &+, + a2y 6, =

17001 Zn:ajifi =g, 1=[Ln] (6.4.1.)

Wnu ke B Matpu4aHoil hopme H AH H X H = H b, roe kBagpaTHas marpuna H AH UMEET KOM-

ITIOHCHTHBI O{ji ,a CTOJ'I6I_IBI H X H u H b H = COOTBCTCTBCHHO KOMIIOHCHTBI é:i n IBJ .

Onpepenenve  YrmopsioueHHbIH Habop wncen {&;,&,,...,&n} Oyaem HaswIBaTh peuseHuem cu-
6.4.1.

cmembl JIUHEUHbIX ypaeﬂeﬂuz], €CJIN IIpHU NOJACTAHOBKE 3TUX YHCCI B KAXKIOC U3
ypaBHeHI/Iﬁ CUCTCEMBI MBI IOJIy9aceM TOXKIACCTBO.

HmMmeeT mecTo

Teopema Ecim A= det|| A|| #0, To cylmecTByeT €IUHCTBEHHOE pPellieHHe CHCTEMBbI JIN-
6.4.1.
(Mpasuno  Kpa-
mepa)

HeHHBbIX ypaBHeHHil 5.4.1., onpexensieMmoe popmyiamMmu



a1 a1 e ﬂl o O

Ao ay, o o a
G="Fii=12.,0 , e A =det 2l 2z % 2n
Ony Ong o P Qg
T
I—# cronberr

- ompeAeUTe]b MATPULBI, OJIy4aeMO U3 MATPHUIBI H AH, 3aMeHOii ee I-ro

CTO0JIOLA HA CTOJI0€eL] CBOOOTHBIX YJICHOB H b H
,D,OKa3aTeJ'IbCTBO(I'IpM ANCTaHUNOHHOM O6pa3OBaHVIVI MO>XHO I'IpOI'IyCTVITb)Z

1°. IlonmyuuM BHayasie YTBEp)KIEHUE TEOPEMBbI B MPEANOJIOKEHUHU, 4yTo cuctema (6.4.1.)

&1

2
HUMEET pCUICHUE || X ||= TO €CTh KOI'Jla BBIIIOJIHAKOTCSA paBCHCTBA
3

$n
D> aji&i =B i=Mn].
i-1

YMHOKUB TOCIIEIOBATENBHO s BceX | =[1,n] o0e yacTu 3TUX paBeHCTB Ha anreOpa-
MYECKOe NomonHeHne Dy ¥ mpocyMMHUpPOBaB pe3ynbTaThl yMHOKEHHUS 110 | , TIOIy-

UM

Zi:Djk(iajigi):Zi:ﬁijk , Vk=[Ln]

H3menum MOopAA0K CYMMUPOBAHUA (TO C€CTb BBIIIOJIHUM HNEPECrPyHIIMPOBKY cnaraeMbe)
B JIEBOI YacTH 3TOr0 paBCHCTBA:

n n n
> QO ajiDj)éi =D BiDik-
i=1 j=1 j=1
Ho BeIpaskeHHe B KpyIJIbIX CKOOKax paBHO A-J, (1o teopeme 6.3.2.), mo3TOMY, Y4H-

n n
ThIBasi, 4TO Z,Bj Djx =Ax 1 Az5ik§i =A¢&, ,momyqaem A&, =A, ,k=[Ln].
j=1 =

Ay

Wnu, okoHYaTenbHo, &), = X , k=[Ln].



Ao
JlokaxxeM Terepb, 4TO B YCIOBHUSX TeopeMbl Habop uncen { <&, :Xk ,i1=[Ln]} ectp

pellIeHre JaHHOW CUCTEMBbI JIMHEWHBIX YPaBHEHUN. Y OequmMcs B 3TOM, MOJCTaBUB 3Ha-
4yeHus &; B JIEBBIC YACTH UCXOJHOM CUCTEMBI TMHEWHBIX ypaBHEeHHH (6.4.1.).

n

z JIA Aza“(zﬂkal)_ Zﬂk(;alekl

i=1

1S Bdga=py . i=[Ln]
Ak=1

JIJis moTy9eHust TIOCTISTHETO PaBEHCTBA MBI CHOBA U3MEHUIIN TIOPSIOK CYyMMHUPOBAHUS
Y BOCITOJI30BAJIMCH TeOpeMoit 6.3.2.

Teopema gokasaHa.

§5.5. Panr maTpuubl

PaccmoTpum MaTpuity H AH pasmepa mxn. ITycte 1<k < min{m,n}. Beibepem K dpuxcu-

POBAaHHBIX CTOJ'I6I_IOB H CTPOK, Ha IICPECCYCHNUU KOTOPBIX CTOUT MATpUlla MUHOpPA IOpsAAKa k.

[Tycth npu ganHOM K Bce MUHOPBI K-ro mopsijika paBHBI HYIIO, TOra OY/yT paBHbI HYIIO H
BCE MHHOPBI MOPsIKA BhIIIE, YeM K, MOCKONbKY Kaxablii MuHOp (K + 1) -ro mopsijka npeactaBuMm B

BHUJIC IMHEHHON KOMOUHAIMKU MUHOPOB Topsiaka K. (CMm. cienacreue 6.3.1.)

Onpepenexve HawuBnicmmii n3 NMOPAAKOB, OTJIMYHBIX OT HYJII MHUHOPOB MaTpPHIIbI
6.5.1.

, Ha3pI-

BaCTCA paHeoOM MaTpULbl U 0003HayaeTcs rg H A H :

OnpepeneHune JIroOoi HCHyHeBOﬁ MHHOP MaTpHuIibl, IOPAAOK KOTOPOI'O0 paBE€H €€ paHry, Ha3bl-
sz, BACTCS OA3UCHBIM MUHOPOM.

OnpeneneHve  CTonOLBI (CTPOKK) MATPHIIBI, BXOASIINE B MaTpHUIly 0a3MCHOTO MMHOpA, Ha3bl-
6.5.3. BAIOTCA OA3UCHBIMU.



PaCCMOTpI/IM N M-KOMIIOHCHTHBIX CTOJI6I_[OB BUJaa:

a1 a2 p B 0

a a a 0
Jaul=| 2 : ool =] “22 .t Janl=| 2| weronsiu 5= 2] o) -

Am1 Am2 Amn B 0

[Tockonbky 11151 cTONONOB (KaK YaCTHOTO CIIy4yasi MaTpPHI]) ONpeesieHbl OTepaluu CI0XKe-

HUS 1 YMHOXKXCHHUA HA YHUCJIO, TO MOKHO I'OBOPHUTH, UYTO CTOJI6€I_I H b H €CTh JUHeluHas KOM6uHalﬂlfl

CTOJIOIIOB H a, H,Haz H,...,Han eciu  cymecTByoor uucna A, A,,.,A, Takue, 4TO

”b”:;ii”ai”'

§5.6. Cucrembl M JINHEHHBIX YPaBHEHHUH ¢ N HEM3BECTHBIMH

2

PaCCMOTpI/IM CUCTeMy M JIMHENHBIX ypaBHCHI/II‘/'I C N HEU3BECTHBIMU BH/JIa

&) + a8, ot a, S =By
Agy&) + Uppl, +ot A& = B,

amlél + O‘mzézz +"'+amn‘§n = ﬂm

cum Y &=, j=[Lm] (6.6.1)
i=1

, TIe MaTpula H AH pazMepa MxN uMeeT KOMIIOHEH-

WM 7K€, B MATPUYHOI opme H AHH X H = H b

Thl &, & CTOJIOLIBI H X H u Hb” COOTBETCTBEHHO KOMHOHEHTHI &, 1=[1,n], u ﬁJ , j=[1,m].

Onpeaenexne YnopsimoueHHBIN Ha0Op YHCen {510 , 520 yeeey §r? } Oynem Ha3bIBaTh wacmuwvim peuie-

6.6.1. o Y
Huem CHUCTEMbI JTMHEWHBIX ypaBHEHUH (6.6.1.), ecau mpu MoJCTaHOBKE 3THUX YH-

CCII B CUCTEMY MbI IIOJIy4a€M BCPHBIC PABCHCTBA. YacTtHoe peaicHrue CUCTEMBbI
JIMHEUHBIX ypaBHeHI/Iﬁ MOXKET Tak)ke OBITh 3alMcaHo B BUIC CTOJ'I6LI3.

&

0
H x° H = 52 . COBOKYITHOCTb 6Cex YaCTHBIX PEIICHUN CHUCTEMbI JTUHEHHBIX ypaB-

0
Sn
HeHui (6.6.1.) Ha3oBeM 0bwum peuteruem cuctemsl (6.6.1.)

OnpeperneHue Ecmm cuctema (6.6.1.) uMeeT XOTs1 ObI OJJTHO YaCTHOE PEIICHHE, TO OHA HA3hIBACT-
6.6.2. Csl co6MeCcmHOlL, B TIPOTUBHOM CITy4ae - HeCOBMEeCHMHOW CUCTEMOU ypaBHEHUH.



Onpegenexve
6.6.3.

Onpegenexve
6.6.4.

Teopema
5.6.1.
(KpoHekepa-
Kanennw)

Oy Oy e Oy
Oy Op o Gy . .
Marpuua || A|= HA3BIBACTCS OCHOGHOI MATPHIIEH CHCTe-
aml am2 amn
Ay Oy e Oy | By
o, O, .. Q&
21 22 2 &
MbI (6.6.1.), a maTpuma || A | b||: " - pacuupenHou
Ong Oy o Oy | By

MATPHUILIEN STON CUCTEMBI.

Cucrema (6.6.1.) naspiBaercst 0onopoonou, ecnim f; =0, Vj=[1l,m], B npo-
TUBHOM CITy4ae - HeOOHOPOOHOU CUCTEMON ypaBHEHUH.
Jast Toro 4rodnl cucrema (5.6.1.) ObLIa coBMecTHA, HEOOXOAUMO U JA0CTa-

TOYHO, YTOObI PAHI €e OCHOBHOW MATpHUIbI ObLJ PABE€H PaHry paclIMpeH-
HOM.

[Ipu pucrannMoHHOM 00pa30BaHUU MPUIMEM JAHHYIO TeopeMy Oe3 0Ka3aTesIbCTB.
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