
ÓÄÊ 517.5

Î ôóíêöèÿõ ñ çàäàííûìè èíòåãðàëüíûìè ñðåäíèìè

Í.Ï. Âîë÷êîâà

1. Ââåäåíèå.
Ïóñòü Rn � âåùåñòâåííîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n > 2 ñ åâêëèäîâîé

íîðìîé | · |, M(n) � ãðóïïà åâêëèäîâûõ äâèæåíèé Rn, F = {µi}k
i=1 � êîíå÷íîå ñåìåé-

ñòâî ðàñïðåäåëåíèé ñ êîìïàêòíûì íîñèòåëåì â Rn. Ïðè ôèêñèðîâàííîì g ∈ M(n)

ðàññìîòðèì ðàñïðåäåëåíèå gµi, äåéñòâóþùåå íà C∞(Rn) ïî ïðàâèëó

〈gµi, f〉 = 〈µi, f ◦ g−1〉, f ∈ C∞(Rn).

Ïðåîáðàçîâàíèå Ïîìïåéþ PF (ãëîáàëüíîå) îòîáðàæàåò C∞(Rn) â äåêàðòîâî ïðîèç-
âåäåíèå k ýêçåìïëÿðîâ C∞(M(n)) è îïðåäåëÿåòñÿ ðàâåíñòâîì

PF(f)(g) = (〈gµ1, f〉, . . . , 〈gµk, f〉) , g ∈ M(n). (1)

Àíàëîãè÷íî, äëÿ îòêðûòîãî ìíîæåñòâà U ⊂ Rn ëîêàëüíîå ïðåîáðàçîâàíèå Ïîìïåéþ
îòîáðàæàåò ïî ôîðìóëå (1) C∞(U) â äåêàðòîâî ïðîèçâåäåíèå C∞ (Λ(U , µ1)) × . . . ×
C∞ (Λ(U , µk)), ãäå Λ(U , µi) = {g ∈ M(n) : supp gµi ⊂ U}.

Äëÿ çàäàííûõ F è U âîçíèêàåò ïðîáëåìà.
Ïðîáëåìà [1] 1. Âûÿñíèòü, ÿâëÿåòñÿ ëè PF èíúåêòèâíûì è åñëè íå ÿâëÿåòñÿ, òî

îïèñàòü åãî ÿäðî.
2. Åñëè PF èíúåêòèâíî, òî íàéòè îáðàòíîå îòîáðàæåíèå.
Äëÿ íåêîòîðûõ F è U èíúåêòèâíîñòü ïðåîáðàçîâàíèÿ Ïîìïåéþ è áëèçêèå âîïðî-

ñû èçó÷àëèñü âî ìíîãèõ ðàáîòàõ (ñì. [1 � 3]). Îñîáûé èíòåðåñ ïðåäñòàâëÿåò ñëó÷àé,
êîãäà U = BR = {x ∈ Rn : |x| < R}, à F = {χE} � èíäèêàòîð êîìïàêòíîãî ìíîæåñòâà
E ⊂ BR ïîëîæèòåëüíîé ìåðû. Äëÿ ýòîãî ñåìåéñòâà F è øèðîêîãî êëàññà ìíîæåñòâ
E ïðåîáðàçîâàíèå PF èíúåêòèâíî ïî îòíîøåíèþ ê U , åñëè R áîëüøå äèàìåòðà d(E)

íàèìåíüøåãî çàìêíóòîãî øàðà, ñîäåðæàùåãî E (ñì. [4, 5]). Â [6] ïîëó÷åí ïîäîáíûé
ðåçóëüòàò äëÿ ïðîèçâîëüíîãî ìíîæåñòâà E ñ ãëîáàëüíûì ñâîéñòâîì Ïîìïåéþ. Óêà-
çàííàÿ îöåíêà ÿâëÿåòñÿ òî÷íîé íà êëàññå (ñì. òàêæå [3], ãäå äëÿ ìíîãèõ E íàéäåíî
ìèíèìàëüíîå çíà÷åíèå R, ïðè êîòîðîì PχE

èíúåêòèâíî). Äëÿ êëàññà ìíîæåñòâ E,
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ðàññìàòðèâàåìîãî â [4] è R > (3/2)d(E) â ðàáîòå [5] ïðèâåäåíà òàêæå ñõåìà îáðàùå-
íèÿ ïðåîáðàçîâàíèÿ PχE

. Êðîìå òîãî, äëÿ êâàäðàòà â [5] íàéäåíà êîíñòðóêöèÿ îáðà-
ùåíèÿ ïðåîáðàçîâàíèÿ Ïîìïåéþ è ïðè R > d(E). Â ñâÿçè ñ ýòèì ïðè ðåøåíèè ï.2
óêàçàííîé ïðîáëåìû áîëüøîé èíòåðåñ ïðåäñòàâëÿåò óñèëåíèå îöåíêè R > (3/2)d(E)

äëÿ äðóãèõ E. Â äàííîé ðàáîòå ïîëó÷åíî îáðàùåíèå ïðåîáðàçîâàíèÿ PχE
â ñëó÷àå,

êîãäà E ÿâëÿåòñÿ ðàâíîáåäðåííîé òðàïåöèåé è R > d(E).
2. Îñíîâíûå îáîçíà÷åíèÿ è ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà.
Ïóñòü, êàê îáû÷íî, D(Rn) � ïðîñòðàíñòâî ôèíèòíûõ áåñêîíå÷íî äèôôåðåíöèðó-

åìûõ ôóíêöèé íà Rn, D′(Rn) � ïðîñòðàíñòâî ðàñïðåäåëåíèé íà Rn, µ1 ∗ µ2 � ñâåðòêà
äâóõ ðàñïðåäåëåíèé, îäíî èç êîòîðûõ èìååò êîìïàêòíûé íîñèòåëü. Ðàäèàëèçàöèåé
ðàñïðåäåëåíèÿ µ ∈ D′(Rn) íàçûâàåòñÿ ðàäèàëüíîå ðàñïðåäåëåíèå Rµ, äåéñòâóþùåå
íà ôóíêöèþ ϕ ∈ D(Rn) ïî ôîðìóëå

〈Rµ, ϕ〉 =

〈
µ(x),

∫

SO(n)

ϕ(kx)dk

〉
,

ãäå SO(n) � ãðóïïà âðàùåíèé ïðîñòðàíñòâà Rn, dk � íîðìèðîâàííàÿ ìåðà Õààðà íà
ãðóïïå SO(n) [5]. Ðàäèàëüíîñòü Rµ îçíà÷àåò, ÷òî äëÿ ëþáîãî k ∈ SO(n)

〈Rµ(x), ϕ(kx)〉 = 〈Rµ(x), ϕ(x)〉 , ϕ ∈ D(Rn).

Áóäåì ðàññìàòðèâàòü M(n) êàê ãðóïïó ìàòðèö ïîðÿäêà (n+1)×(n+1) âèäà

∥∥∥∥∥∥
k x

0 1

∥∥∥∥∥∥
,

k ∈ SO(n), x ∈ Rn, è îòîæäåñòâëÿòü Rn ñ àôôèííûì ïîäïðîñòðàíñòâîì {xn+1 = 1}
â Rn+1.

Ïóñòü T � ðàâíîáåäðåííàÿ òðàïåöèÿ ñ âåðøèíàìè â òî÷êàõ z1 = eiα, z2 = −e−iα,
z3 = ei(α+2β), z4 = −e−i(α+2β), ãäå α, β ∈ (0, π/2), π < α + 2β < 3π/2. Îòîæäåñòâèì
òî÷êó (x, y) ∈ R2 ñ êîìïëåêñíûì ÷èñëîì z = x + iy. Îáîçíà÷èì

D1 =
∂

∂x
+ i

∂

∂y
, D2 =

∂

∂x
, D3 = −ctgβ

∂

∂x
+

∂

∂y
, D4 = ctgβ

∂

∂x
+

∂

∂y
.

Ïðè x ∈ BR−1 (R > 1) ðàññìîòðèì ôóíêöèè

fi(x) =

∫

SO(n)

〈
Aiδ(y), (PχT

f)




∥∥∥∥∥∥
k x + ky

0 1

∥∥∥∥∥∥

−1


〉
dk, i = 1, 2, 3,
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ãäå δ �äåëüòà-ðàñïðåäåëåíèå â íóëå ïðîñòðàíñòâà Rn,

A1 =





D1D2D3D4, β 6= π
3
,

D2
1D2D3D4, β = π

3
,

A2 =





D2
1D2D3D4, β 6= π

3
, α + β 6= 5π

6
,

D7
1D2D3D4, β 6= π

3
, α + β = 5π

6
, α 6= 7π

18
,

D13
1 D2D3D4, β 6= π

3
, α + β = 5π

6
, α = 7π

18
,

D5
1D2D3D4, β = π

3
, α 6= π

3
,

D8
1D2D3D4, α = β = π

3
,

A3 � òîæäåñòâåííûé îïåðàòîð. Ïîëîæèì L =





∆2, β 6= π
3
,

∆3, β = π
3
,

∆ � îïåðàòîð Ëàïëàñà.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü R > 2. Òîãäà äëÿ ëþáîãî k ∈ Z+, ρ ∈ (0, R) ñóùåñòâóþò ðàñïðå-
äåëåíèÿ Ul,i, (l ∈ N, i = 1, 2, 3, 4) ñî ñëåäóþùèìè ñâîéñòâàìè:

(1) suppUl,i ⊂ BR−1 (l ∈ N, i = 1, 2, 3), suppUl,4 ⊂ BR (l ∈ N);
(2) äëÿ ëþáîé ôóíêöèè f ∈ C∞(BR) èìåþò ìåñòî ðàâåíñòâà

1

2π

π∫

−π

(Lf)(ρeiϕ)e−ikϕdϕ = lim
l→∞

(〈Ul,1, f1〉+ 〈Ul,2, f2〉) , (2)

1

2π

π∫

−π

f(ρeiϕ)e−ikϕdϕ = lim
l→∞

(〈Ul,3, f3〉+ 〈Ul,4,Lf〉) . (3)

Îòìåòèì, ÷òî ñòðóêòóðà ðàñïðåäåëåíèé Ul,i âèäíà èç äîêàçàòåëüñòâà òåîðåìû 1,
êîòîðîå ïðèâîäèòñÿ â ï. 4 íèæå. Îòíîñèòåëüíî àíàëîãîâ òåîðåìû 1 äëÿ äðóãèõ êîì-
ïàêòîâ ñì. [7].

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Äëÿ ìóëüòèèíäåêñà κ = (κ1, . . . ,κn) ∈ Nn ïîëîæèì µ(κ) = R (D{χE), ãäå D{ =

∂{1+...+{n

∂x
{1
1 ...∂x{n

n
.

Ëåììà 1 ([5]). Ïóñòü E ⊂ Br è R > r. Òîãäà äëÿ ëþáîé f ∈ C∞(BR) è x ∈ BR−r

ñïðàâåäëèâî ðàâåíñòâî

(f ∗ µ(κ))(x) =

∫

SO(n)

〈
D{δ(y), (PχE

f)




∥∥∥∥∥∥
k x + ky

0 1

∥∥∥∥∥∥

−1


〉
dk.

Ëåììà 2. Äëÿ ëþáîé f ∈ C3(T ) èìååì
∫

T

(D2D3D4f)(x, y)dxdy = (D4f)(z1)− (D4f)(z4)− (D3f)(z2) + (D3f)(z3).
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Äîêàçàòåëüñòâî. Íàõîäèì

∫

T

(D2D3D4f)(x, y)dxdy =

sin α∫

sin(α+2β)

dy

−y ctgβ+sin α ctgβ+cos α∫

y ctgβ−sin α ctgβ−cos α

∂

∂x
(D3D4f)dx =

sin α∫

sin(α+2β)

[(D3D4f)(−y ctgβ + sin α ctgβ + cos α, y)− (4)

(D3D4f)(y ctgβ − sin α ctgβ − cos α, y)] dy.

Ó÷èòûâàÿ, ÷òî

(D3D4f)(−y ctgβ + sin α ctgβ + cos α, y) =
d

dy
((D4f)(−y ctgβ + sin α ctgβ + cos α, y)) ,

D3D4f)(y ctgβ − sin α ctgβ − cos α, y) =
d

dy
((D4f)(y ctgβ − sin α ctgβ − cos α, y)) ,

èç (4) ïîëó÷àåì óòâåðæäåíèå ëåììû 2.

Ñôåðè÷åñêîå ïðåîáðàçîâàíèå ðàäèàëüíîãî ðàñïðåäåëåíèÿ µ ñ êîìïàêòíûì íîñè-
òåëåì â Rn îïðåäåëÿåòñÿ ðàâåíñòâîì

µ̃(λ) =
〈
µ(x), jn−2

2
(λ|x|)

〉
, λ ∈ C, (5)

ãäå jq(z) = Jq(z)/zq, Jq � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà q.

Ëåììà 3. Ïóñòü ν = D4D3D2χT . Òîãäà äëÿ ëþáîãî k ∈ Z+ èìååò ìåñòî ðàâåíñòâî

R̃ (
Dk

1ν
)
(λ) = −λ2k

{
c1,kλ

2jk+1(λ) + c2,kjk(λ)
}

, (6)

ãäå
c1,k =

cos(α− β)

sin β

(
zk
2 − zk

1

)− cos(α + 3β)

sin β

(
zk
4 − zk

3

)
,

c2,k = k
(
ctgβ

(
zk−1
1 + zk−1

2 − zk−1
3 − zk−1

4

)
+ i

(
zk−1
1 − zk−1

2 + zk−1
3 − zk−1

4

))
.

Äîêàçàòåëüñòâî. Ïîñêîëüêó j′q(t) = −tjq+1(t) (ñì. [8]), èìååì

∂

∂x

(
zkjq(λ|z|)

)
= kzk−1jq(λ|x|)− λ2xzkjq+1(λ|z|), (7)

∂

∂y

(
zkjq(λ|z|)

)
= ikzk−1jq(λ|z|)− λ2yzkjq+1(λ|z|). (8)

Èç (7), (8) èíäóêöèåé ïî k íàõîäèì

(−1)kDk
1 (J0(λ|z|)) = λ2kzkjk(λ|z|)

4



è (ñì. (5))
R̃(Dk

1ν)(λ) = λ2k〈ν(z), zkjk(λ|z|)〉. (9)

Ïîëàãàÿ ψ(z) = zkjk(λ|z|) è èñïîëüçóÿ ëåììó 2, ïîëó÷àåì

〈ν(z), ψ(z)〉 = −(D4ψ)(z1) + (D4ψ)(z4) + (D3ψ)(z2)− (D3ψ)(z3).

Îòñþäà è èç (7) - (9) ñëåäóåò óòâåðæäåíèå ëåììû 3.

Ïîëîæèì â (6) k = 1, 2. Òîãäà c2,1 = c2,2 = 0,

R̃ (D1ν)(λ) = −λ4c1,1j2(λ), (10)

R̃ (D2
1ν)(λ) = −λ6c1,2j3(λ), (11)

ãäå c1,1, c1,2 6= 0, ïîñêîëüêó

c1,1 = −2 sin(2α + 2β) sin 3β

sin β
, c1,2 =

2i sin(4β) cos(3α + 3β)

sin β
.

Ïî òåîðåìå Âèíåðà - Ïýëè [9, òåîðåìà 7.3.1] ñóùåñòâóþò ðàäèàëüíûå ðàñïðåäåëåíèÿ
µ1 è µ2 ñ íîñèòåëÿìè â B1, äëÿ êîòîðûõ

µ̃1(λ) = −c1,1j2(λ), µ̃2(λ) = −c1,2λ
2j3(λ). (12)

Èç (10) - (12) íàõîäèì

∆2µ1 = R(D1ν), ∆2µ2 = R(D2
1ν). (13)

Äàëåå íàì ïîòðåáóåòñÿ îöåíêà ñíèçó ôóíêöèè µ̃1(λ)µ̃2(λ)jk(ελ), ãäå ε > 0.

Ëåììà 4. Ïóñòü a1, a2, a3 > 0, k ∈ Z+,

θ(λ) = j2(a1λ)j3(a2λ)jk(a3λ).

Òîãäà ñóùåñòâóþò êîíñòàíòû L1k, L2kòàêèå, ÷òî äëÿ ëþáîãî l > L1k ìîæíî âû-
áðàòü ρl ∈ (l, l + 1) ñ óñëîâèåì: åñëè |λ| = ρl èëè |Imλ| > 1 è |λ| > L1k, òî

|θ(λ)| > L2k

|λ|k+ 13
2

e(a1+a2+a3)|Imλ|.
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Äîêàçàòåëüñòâî. Â ñèëó ÷åòíîñòè θ(λ) ìîæíî ñ÷èòàòü, ÷òî Reλ > 0. Èç àñèìïòîòè-
÷åñêîãî ðàçëîæåíèÿ ôóíêöèè Áåññåëÿ (ñì. [10]) íàõîäèì

θ(λ) =

(
2

π

)3/2
(a1)

− 5
2 (a2)

− 7
2 (a3)

−k− 1
2

λk+ 13
2

cos

(
a1λ− 5π

4

)
×

× cos

(
a2λ− 7π

4

)
cos

(
a3λ− (2k + 1)

π

4

)
+ O

(
e(a1+a2+a3)|Imλ|

|λ|k+ 15
2

)
.

Ïî íåðàâåíñòâó Ëîÿñåâè÷ èìååì (ñì. [5])

| cos z| > 1

πe
d(z, V )e|Imz|, (14)

ãäå V = {(2l + 1)π/2, l ∈ Z}, d(z, V ) = min (1, dist(z, V )). Èñïîëüçóÿ (14) è ïîâòîðÿÿ
ðàññóæäåíèÿ èç äîêàçàòåëüñòâà ëåììû 7 ðàáîòû [5], ïîëó÷àåì óòâåðæäåíèå ëåììû 4.

Ïóñòü {εm}∞m=1 � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë
ñ ïðåäåëîì R

2
− 1, Rm = 2(1 + εm), m > 1, R0 = 0.

Ëåììà 5. Ïóñòü R > 2. Òîãäà äëÿ ëþáîãî k ∈ Z+, m ∈ N, t ∈ [Rm−1, Rm) ñó-
ùåñòâóþò äâå ïîñëåäîâàòåëüíîñòè ðàäèàëüíûõ ðàñïðåäåëåíèé µl,i (l > 1, i = 1, 2),
óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

(1) suppµl,i ⊂ BRm−1, i = 1, 2, l ∈ N,
(2) ñóùåñòâóþò êîíñòàíòû L = L(k, R, ε1), C = C(R, ε1) > 0, äëÿ êîòîðûõ ïðè

l > L èìååò ìåñòî íåðàâåíñòâî

|jk(tλ)− (µ̃1(λ)µ̃l,1(λ) + µ̃2(λ)µ̃l,2(λ))| 6

C(R, ε1)

l

‖λ‖4−k

tk
eRm|Imλ|, ‖λ‖ = max(1, |λ|).

Äëÿ äîêàçàòåëüñòâà ëåììû 5 äîñòàòî÷íî èñïîëüçîâàòü ëåììó 4 è ïîâòîðèòü ðàñ-
ñóæäåíèÿ èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 8 ðàáîòû [5].

4. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà
Äîêàæåì òåîðåìó äëÿ ñëó÷àÿ β 6= π

3
, α+β 6= 5π

6
. Â îñòàëüíûõ ñëó÷àÿõ ðàññóæäåíèÿ

ïðîâîäÿòñÿ àíàëîãè÷íî.
Èç ëåììû 5 ñëåäóåò (ñì. [5, äîêàçàòåëüñòâî òåîðåìû 9]), ÷òî äëÿ ëþáîãî m ∈ N,

t ∈ [Rm−1, Rm) ñóùåñòâóþò ðàñïðåäåëåíèÿ Ul,i (l ∈ N, i = 1, 2) ñ íîñèòåëÿìè â RR−1,
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äëÿ êîòîðûõ ïðè l > L(k, R, ε1) è ëþáîé ôóíêöèè f ∈ C∞(BR) ñïðàâåäëèâà îöåíêà
∣∣∣∣∣∣

1

2π

π∫

−π

f(ρeit)e−iktdt− 〈Ul,1, f ∗ µ1〉 − 〈Ul,2, f ∗ µ2〉
∣∣∣∣∣∣
6

c1

l
(R−Rm)−8 sup

|z|∈BR′m
|α|68

∣∣∣∣
∂α1+α2

∂xα1∂yα2
f(z)

∣∣∣∣ , (15)

ãäå R′
m = 2

3
R + 1

3
Rm è êîíñòàíòà c1 çàâèñèò îò R, ε1. Ïðèìåíÿÿ (15) ê Lf è ó÷è-

òûâàÿ (13), èç ëåììû 1 ïîëó÷àåì ðàâåíñòâî (2). Ïóñòü òåïåðü ν1 = RχT , ν2 = Lδ.

Òîãäà ν̃1(0) =
∫
T

dxdy 6= 0, ν̃2(λ) =





λ4, β 6= π
3
,

−λ6, β = π
3
,
, ò.å. ν̃1, ν̃2 íå èìåþò îáùèõ íóëåé.

Êðîìå òîãî, ν̃1 èìååò òàêîå æå àñèìïòîòè÷åñêîå ïîâåäåíèå, ÷òî è ôóíêöèÿ Áåññåëÿ
(ñì. [4, 5]). Ïîýòîìó ñóùåñòâóþò ðàñïðåäåëåíèÿ Ul,i (l ∈ N, i = 3, 4), äëÿ êîòîðûõ
âûïîëíåíî ðàâåíñòâî (3). Òåîðåìà äîêàçàíà.
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