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ÎÁ ÎÄÍÎÉ ÒÅÎÐÅÌÅ ÑÌÈÒÀ È ÅÅ ÎÁÎÁÙÅÍÈßÕ

Èçó÷àþòñÿ âåêòîðíûå ïîëÿ â åâêëèäîâîì ïðîñòðàíñòâå ñ íóëåâûì ïîòîêîì ÷åðåç ñôåðû ôèêñè-
ðîâàííîãî ðàäèóñà. Ïîëó÷åíî îïèñàíèå òàêèõ ïîëåé â âèäå ðÿäîâ ïî ñïåöèàëüíûì ôóíêöèÿì.
Êëþ÷åâûå ñëîâà: âåêòîðíûå ïîëÿ, íóëåâûå ñôåðè÷åñêèå ñðåäíèå, ñôåðè÷åñêèå ãàðìîíèêè.

1. Ââåäåíèå. Ïóñòü P � ìíîæåñòâî ôóíêöèé f ∈ C1(R), óäîâëåòâîðÿþùèõ
óñëîâèþ ïåðèîäè÷íîñòè

f(x− 1)− f(x + 1) = 0, x ∈ R. (1)

Ñîãëàñíî òåîðèè ðÿäîâ Ôóðüå, f ìîæíî ðàçëîæèòü â ðàâíîìåðíî ñõîäÿùèéñÿ òðè-
ãîíîìåòðè÷åñêèé ðÿä

f(x) =
a0

2
+

∞∑

m=1

(am cosπmx + bm sinπmx), (2)

ò.å. ïðåäñòàâèòü f â âèäå ñóììû êîíñòàíòû a0
2 è ïîñëåäîâàòåëüíîñòè ôóíêöèé

{fm}∞m=1, ïðèíàäëåæàùèõ P è óäîâëåòâîðÿþùèõ äèôôåðåíöèàëüíûì óðàâíåíèÿì
f ′′m(x) + π2m2fm(x) = 0.

Åñëè ðàññìàòðèâàòü f êàê âåêòîðíîå ïîëå â R, òî óñëîâèå (1) îçíà÷àåò, ÷òî f
èìååò íóëåâîé ïîòîê ÷åðåç ëþáóþ íóëüìåðíóþ ñôåðó åäèíè÷íîãî ðàäèóñà. Òàêèì
îáðàçîì, ðàâåíñòâî (2) äàåò ïðåäñòàâëåíèå äëÿ ïîëåé ñ íóëåâûì ïîòîêîì ÷åðåç
âñå ñôåðû åäèíè÷íîãî ðàäèóñà. Ýòîò ôàêò äîïóñêàåò íåòðèâèàëüíîå îáîáùåíèå
íà âåêòîðíûå ïîëÿ â Rn. Ïðè ýòîì, êîíñòàíòà a0

2 èíòåðïðåòèðóåòñÿ êàê ñîëåíîè-
äàëüíîå âåêòîðíîå ïîëå, à {fm} çàìåíÿþòñÿ íà ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ,
óäîâëåòâîðÿþùèå óðàâíåíèþ äëÿ ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà ∇2.
Óêàçàííîå óòâåðæäåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñëåäóþùåãî ëîêàëüíîãî ðå-
çóëüòàòà Ä. Ñìèòà [1].

Òåîðåìà A. Ïóñòü A : BR+1 → Rn (1 < R ≤ ∞) � âåêòîðíîå ïîëå â Rn êëàññà
Cn+α (0 < α < 1), èìåþùåå íóëåâîé ïîòîê ÷åðåç ëþáóþ ñôåðó åäèíè÷íîãî ðàäèóñà,
ëåæàùóþ â BR+1. Òîãäà äëÿ x ∈ BR èìååò ìåñòî ðàâåíñòâî

A(x) = As(x) +
∞∑

m=1

Ap
m(x), (3)

â êîòîðîì ðÿä ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòàõ èç BR, As � ñîëåíîèäàëüíîå
âåêòîðíîå ïîëå êëàññà Cn+α è Ap

m � ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ, óäîâëåòâî-
ðÿþùèå óðàâíåíèþ (∇2 + ν2

m)Ap
m = 0, ãäå {νm}∞m=1 � ïîñëåäîâàòåëüíîñòü âñåõ
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ïîëîæèòåëüíûõ íóëåé ôóíêöèè Áåññåëÿ Jn/2, çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñ-
òàíèÿ. Óêàçàííîå ðàçëîæåíèå ÿâëÿåòñÿ åäèíñòâåííûì.

Ñèìâîë BR â òåîðåìå À è íèæå îáîçíà÷àåò îòêðûòûé øàð èç Rn ðàäèóñà R
ñ öåíòîì â íóëå. Êëàññ Cn+α îïðåäåëÿåòñÿ êàê êëàññ òàêèõ ôóíêöèé f ∈ Cn,
ó êîòîðûõ ÷àñòíûå ïðîèçâîäíûå ïîðÿäêà n óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà c
ïîêàçàòåëåì α.

Îäíèì èç ñóùåñòâåííûõ íåäîñòàòêîâ òåîðåìû À ÿâëÿåòñÿ îòñóòñòâèå ðàçëîæå-
íèÿ (3) íà âñåé îáëàñòè îïðåäåëåíèÿ. Â äàííîé ðàáîòå ïîëó÷åíî ïîëíîå îïèñàíèå
ïîëåé A : BR → Rn (0 < R ≤ ∞), èìåþùèõ íóëåâîé ïîòîê ÷åðåç âñå ñôåðû
ôèêñèðîâàííîãî ðàäèóñà r èç BR.

2. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà.
Ïóñòü r > 0 ôèêñèðîâàíî. Ïðè r < R ≤ ∞ îáîçíà÷èì Vr(BR) ìíîæåñòâî

íåïðåðûâíûõ âåêòîðíûõ ïîëåé A : BR → Rn, èìåþùèõ íóëåâîé ïîòîê ÷åðåç âñå
ñôåðû ðàäèóñà r, ëåæàùèå â BR.

Äàëåå, êàê îáû÷íî, Sn−1 � åäèíè÷íàÿ ñôåðà èç Rn ñ öåíòîì â íóëå, Hk � ïðî-
ñòðàíñòâî ñôåðè÷åñêèõ ãàðìîíèê ñòåïåíè k íà Sn−1. Ïðîñòðàíñòâî L2(Sn−1) ÿâ-
ëÿåòñÿ ïðÿìîé ñóììîé ïîïàðíî îðòîãîíàëüíûõ ïðîñòðàíñòâ Hk, k = 0, 1, . . . (ñì.,
íàïðèìåð, [2, ââåäåíèå, � 3]). Ïóñòü dk � ðàçìåðíîñòü Hk,

{
Y

(k)
l

}dk

l=1
� ôèêñèðîâàí-

íûé îðòîíîðìèðîâàííûé áàçèñ â Hk. Äëÿ òî÷êè x ∈ Rn ïîëîæèì ρ = |x|, à åñëè
x 6= 0, òî σ = x/|x|. Ôóíêöèÿ Y

(k)
l ïðîäîëæàåòñÿ äî îäíîðîäíîãî ãàðìîíè÷åñêî-

ãî ìíîãî÷ëåíà ñòåïåíè k â Rn ïî ôîðìóëå Y
(k)
l (x) = ρkY

(k)
l (σ). Âñÿêîé ôóíêöèè

f ∈ L1,loc(BR) ñîîòâåòñòâóåò ðÿä Ôóðüå

f(x) =
∞∑

k=0

dk∑

l=1

fk,l(ρ)Y (k)
l (σ), ρ ∈ (0, R),

ãäå
fk,l(ρ) =

∫

Sn−1

f(ρσ)Y (k)
l (σ)dσ.

Îáîçíà÷èì ÷åðåç 1F2(a1; b1, b2; t) ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ, îïðåäåëÿå-
ìóþ ðàâåíñòâîì

1F2(a1; b1, b2; z) =
∞∑

k=0

(a1)k

(b1)k(b2)k

zk

k!
, (4)

ãäå
(a)0 = 1, (a)k = a(a + 1) . . . (a + k − 1), k = 1, 2, . . .

(ñì., íàïðèìåð, [3, ãëàâà 4]).
Òåîðåìà 1. Ïóñòü A : BR → Rn � âåêòîðíîå ïîëå êëàññà C∞. Òîãäà A ïðè-

íàäëåæèò Vr(BR) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = As(x) + B(x)x, x ∈ BR, (5)
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ãäå As � ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞, B � ñêàëÿðíîå ïîëå, êîýôôè-
öèåíòû Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞∑

m=1

γm,k,lρ
k
1F2

(
n + k

2
;
n + k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

,

â êîòîðûõ êîíñòàíòû γm,k,l óáûâàþò áûñòðåå ëþáîé ñòåïåíè νm ïðè m →∞.
Òàêèì îáðàçîì, â îòëè÷èå îò òåîðåìû A, òåîðåìà 1 äàåò ðàçëîæåíèå äëÿ ïîëåé

A èç ðàññìàòðèâàåìîãî êëàññà íà âñåé îáëàñòè îïðåäåëåíèÿ. Îòìåòèì òàêæå, ÷òî
òåîðåìà 1 ÿâëÿåòñÿ ðàçâèòèåì ðåçóëüòàòîâ Â.Â. Âîë÷êîâà îá îïèñàíèè ôóíêöèé ñ
íóëåâûìè èíòåãðàëàìè ïî ñôåðàì ôèêñèðîâàííîãî ðàäèóñà íà ñëó÷àé âåêòîðíûõ
ïîëåé (ñì. [4], à òàêæå [5-7]).

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Ëåììà 1. Äëÿ ôóíêöèè h(t) = 1F2(α; α + 1, β; γt) èìååò ìåñòî ñîîòíîøåíèå

th′(t) + αh(t) = αΓ(β)
Jβ−1(2

√−γt)
√−γt

β−1

Äîêàçàòåëüñòâî. Èç (4) è îïðåäåëåíèÿ h èìååì

αh(t) =
∞∑

k=0

(α)kα

(α + 1)k(β)k

(γt)k

k!
, (6)

th′(t) =
∞∑

k=0

(α)k

(α + 1)k(β)k

k(γt)k

k!
. (7)

Ñêëàäûâàÿ (6) ñ (7) è ó÷èòûâàÿ, ÷òî

(α)k

(α + 1)k
(α + k) = α,

ïîëó÷àåì

th′(t) + αh(t) = α
∞∑

k=0

1
(β)k

(γt)k

k!
. (8)

Èñïîëüçóÿ (8) è ðàçëîæåíèå

Jν(z) =
1

Γ(ν + 1)

(z

2

)ν
∞∑

k=0

1
(ν + 1)k

(−z2/4)k

k!

(ñì. [3, ãëàâà 7]), ïðèõîäèì ê òðåáóåìîìó óòâåðæäåíèþ. ¤
Ëåììà 2. Ïóñòü bm,k,l(x) = ψm,k(ρ2)Y (k)

l (x)x, ãäå

ψm,k(ρ2) = 1F2

(
n + k

2
;
n + k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

.
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Òîãäà
div bm,k,l(x) = ζn,k In

2
+k−1

(νmρ

r

)
Y

(k)
l (x), (9)

ãäå
Iν(z) =

Jν(z)
zν

,

ζn,k = (n + k)Γ
(n

2
+ k

)
2

n
2
+k−1.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç bj
m,k,l(x) êîìïîíåíòû ïîëÿ bm,k,l(x).

Òîãäà
∂bj

m,k,l(x)

∂xj
= ψm,k(ρ2)Y (k)

l (x) + 2ψ′m,k(ρ
2)x2

jY
(k)
l (x)+

ψm,k(ρ2)xj
∂Y

(k)
l (x)
∂xj

.

Ñëåäîâàòåëüíî,

div bm,k,l(x) = nψm,k(ρ2)Y (k)
l (x) + 2ψ′m,k(ρ

2)ρ2Y
(k)
l (x)+

ψm,k(ρ2)
n∑

j=1

xj
∂Y

(k)
l (x)
∂xj

.

Îòñþäà ïî òåîðåìå Ýéëåðà îá îäíîðîäíûõ ôóíêöèÿõ

div bm,k,l(x) =
(
2ψ′m,k(ρ

2)ρ2 + (n + k)ψm,k(ρ2)
)
Y

(k)
l (x).

Ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì (9). ¤
4. Äîêàçàòåëüñòâî òåîðåìû 1.
Ïóñòü A ∈ Vr(BR) ∩ C∞(BR), Br(x) � çàìêíóòûé øàð ðàäèóñà r èç BR ñ

öåíòðîì â òî÷êå x. Îáîçíà÷èì ÷åðåç n åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê
ãðàíèöå øàðà Br(x). Ïî ôîðìóëå Ãàóññà-Îñòðîãðàäñêîãî èìååì

∫

Br(x)
div A(y) dy =

∫

∂Br(x)
A · n dσ = 0 äëÿ ëþáîãî x ∈ BR−r.

Îòñþäà (ñì. [4, òåîðåìà 3])

(div A)k,l(ρ) = ρ1−n
2

∞∑

m=1

cm,k,lJn
2
+k−1

(νmρ

r

)
, (10)

ãäå êîíñòàíòû cm,k,l óáûâàþò áûñòðåå ëþáîé ñòåïåíè νm ïðè m →∞. Ðàññìîòðèì
âåêòîðíîå ïîëå C(x) = B(x)x, ãäå

B(x) =
∫ 1

0
div A(tx)tn−1dt.
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Òîãäà

Bk,l(ρ) =
∫

Sn−1

B(ρσ)Y (k)
l (σ)dσ =

∫

Sn−1

(∫ 1

0
div A(tρσ)tn−1dt

)
Y

(k)
l (σ)dσ =

∫ 1

0

(∫

Sn−1

div A(tρσ)Y (k)
l (σ)dσ

)
tn−1dt =

∫ 1

0
(div A)k,l(tρ)tn−1dt.

Òåïåðü â ñîîòâåòñòâèè ñ (10),

Bk,l(ρ) =
∫ 1

0
ρ1−n

2

∞∑

m=1

cm,k,lJn
2
+k−1

(
tνmρ

r

)
t

n
2 dt.

Èñïîëüçóÿ ôîðìóëó
∫ 1

0
Jν(at)tλdt =

aν

2ν(λ + ν + 1)Γ(ν + 1)
×

1F2

(
λ + ν + 1

2
;
λ + ν + 3

2
, ν + 1;−a2

4

)
, Re(λ + ν) > −1

(ñì. [8, ïóíêò 1.9.1, ôîðìóëà 1]), ïîëó÷àåì

Bk,l(ρ) =
∞∑

m=1

γm,k,lρ
k
1F2

(
n + k

2
;
n + k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

, (11)

ãäå
γm,k,l =

cm,k,l

ζn,k

(νm

r

)n
2
+k−1

.

Äàëåå,
∂Cj(x)

∂xj
=

∫ 1

0
div A(tx)tn−1dt + xj

∫ 1

0

∂ (div A)
∂xj

(tx)tndt.

Ñëåäîâàòåëüíî,

div C(x) = n

∫ 1

0
div A

(
tx)tn−1dt +

∫ 1

0

d

dt
(div A

(
tx)

)
tndt.

Èíòåãðèðóÿ ïî ÷àñòÿì, íàõîäèì

div C = div A. (12)

Ïîëàãàÿ
As = A−C,

èç (11) è (12) ïîëó÷àåì ïðåäñòàâëåíèå (5).
Îáðàòíîå óòâåðæäåíèå òåîðåìû 1 ñëåäóåò èç ëåììû 2, ôîðìóëû Ãàóññà-Îñòðîãðàäñêîãî

è [4, òåîðåìà 3]. Òàêèì îáðàçîì, òåîðåìà 1 äîêàçàíà.
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N.P. Volchkova
On a theorem of Smith and its generalizations.
Vector �elds in Euclidean space which have zero �ux through every sphere of �xed radius are studied.
For �elds in such classes a description in the form of a series in special functions is obtained.
Keywords: vector �elds, zero spherical means, spherical harmonics..
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