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Iincwiena HeoOX1aHAa 03HAKA
301KHOCTI pARIB Ta HACHIAKH

In the paper an advanced necessary test for convergence of number series with non-negative terms is
formulated and proved. The test is written in the formlim s, = 0. This formula can be got by using

R—p

Dzeta—function and has more possibilities than the usual testlimu, =0. The new test gives new

L ]
representations of the necessary test for convergence of non-negative number series.
Keywords: series, convergence, divergence, comparison test, advanced necessary test, limit,
Cauchy’s integral test.

B paGote copmynuposan u nokazaH yewieHHsIH KeoGXoaHMbi NPH3HAK CXOIMMOCTH YHCROBEIX PANOB ¢
HeOTPHIATENLHBIMA wienamu B Buge limay, = 0. [pssak nomyyes Ha OCHOBE NPH3HAKA CPABHEMNS

=2
oboGiento rapmoHuueckiM panoM. TIpisHak sMeeT Gonee WHMPOKHE BOIMOXKHOCTH MO CPABHEHUIO C OOLMHBIM
HeoOXOIMMbIM TIPI3HAKOM cxomumocTi limu, = (. Tlpumenense ycuneHHoro #eoGXoAMMOro Mpu3Haka

[ G 4~
CXOAMMOCTH K RHTEerpambhoMmy nipiiHaxy Kown aaer nosnie dopMel MpefcTannei neobxoaumMoro mpusHaka
CXOAMMOCTH PASIOB C HEOTPHLATENLHBIMH WIEHAMH.
KmoueBbie ¢10Ba: pAd, CXOOHMOCTh, PACXOIHMOCTD, MPH3HAKH CPABHEHHA, YCHIEHHbIH HeoDXONHMBbIi
NPH3HAK, NPEACH, HHTErPATLHBIH Npu3HaK Ko,

V poGoTi ¢copMynboBana i JoBeleHA NOCANEHA HeobXinHa o3kaka 30DKHOCTI YHCEAbHKX PARIB 3 HEBil CMHMMH
wienamu y Biuai im nu, = 0. Lig popmyna orpyMana Ha HiACTaBi 03HAKH NOPIBHAHHA 3 FapMOHIHHHM DAZOM i
n=rm

Mae 3HagHO Ginbie MOXITMBOCTEN Y MOpIBHAHKI 3 TPanMIiHHOI HeoGXiHOW o3Hakoo 36bkwocti limu, =0,

A—»a0
Mocanena o3haka 3GIKHOCTI pasoM 3 HTEIPANBbHOK 03HAK0K Komi BiOKpHBAIOTL MOXUIHBICTE OTPMMATH LLTY
HH3KY HOBHX NPEACTABNCHD O3HAKH IGDKHOCTI PALIB 3 HEBIN eMHHMH WICHAMH,
Kmouosi caopa: paa, 300KHICTS, 03HAKa NOPIBHAHHA, NOCHNeHa HeoOximHa o3Haka, rpaHHLIA,
iHTerpansHa o3Haka Kotiri.
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Introduction

Let us recall the content of the necessary test for convergent number series with non-
negative terms. If the series )~ u,,(u, 20) converges, then the limit of its common term

tends to zero atn — 0, i.e. limu, = 0. Usually this test is used to determine the divergence

of series, because it is not sufficient criterion, but is the necessary one [1].
Among sufficient tests, perhaps, the most common is the comparison test, which is
usually used in two forms: in the limit form and in the finite form. In both cases, members

of the investigated series Z; u, are compared with members of the known series Z:::Vn ;

We are interested in the limit sufficient test, where lim—= is considered. If the series

n—sx@
vu

z:‘: v,, (v, >0) converges and the value of lim 2= is equal to C<w (in a particular

H=sx
VJ'I

case C =0) then the series ZL u, converges. If the series z:ﬂ v,, (v, >0)diverges and

the value of lim 22 is equal to C >0 then the series Z:du,, diverges also [1-2].

n—o V.n
There are three standard series, which are used in the comparison test. They are the
harmonic one with the common termv, =1/n, the generalized harmonic one (so called

; ; 1 i ; ;
zeta function) with the common term v, =—- and the geometric progression one with the
n

common term v, =q".

The limit comparison test with respect to the generalized harmonic series is
considered in the paper. This allows intensify the necessary test for convergent number
series with non-negative terms and expand significantly the possibilities of the usual
necessary test limu, =0.

n—=x

1 Deduction of the advanced necessary test
for convergent number series

Let us represent the generalized harmonic series in the form

i 1 |B >0~ for convergent series
n'*? | B<0- for divergent series,

where instead of the usual parameter « the new parameter fis used: a =1+ f, and

o0

apply the limit comparison test for an arbitrary number series: Zu-l u,, (u,20):
lim : fu"w =limn"” -u, . If there exists the finite value limit
n—=x n n—»o0

limn?*' .y, =C <o (1)

n—sm
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and >0, then the senes Z (u, 2 0)converges. In other cases at S<0the

=] Uy»
limit is equal to infinity ( or does not exist) the series 2:_1 u,, (u, >0)diverges {1-3].

The test (1) may be represented in the other form if it is applied by
L’Hospital’s rule. Indeed according to the necessary test for convergent number series

a1
u,—>0 at n >, Then u;' =— —>» at n - coand

ul
00 ) .o .o
limn? limn-u, = limn’ hm——l ={—} = lim #f lim — = lim—;
frpre n—sw ns® nsw IJ o0 n=—>n Hepets u_] e (u_!}
As the result the test (1) will get the form
. nf
lim——==C <0, 2

N—a -1
u

If the senies z:_lu,,, (u, > 0) converges then the equality (1) takes place at 5> 0.
The test (1) can be written in the form

timn”*'u, =limn® -nu, =lima? - limnu, = C <. )
Suppose that limnu, # 0. In this case the equality (3) will be correct, when lim#” is

equal to a number at 8 > 0. But there is no such 8 >0, because limn? = for any 8>0.

Thus, whenlimnu, # 0, then the series Z . diverges. So we have the new advanced
=0
necessary test for convergent number series with non-negative terms Z LM (1,20):
limnu, =0. @

L

By the same way the formula (2) is followed the another form of the new advanced

necessary test for convergent number series with non-negative terms z s (4, 20):
. 1
lim — =0, (3
A=z (u;l

These two forms of the new advanced necessary test for convergent number series
have more opportunities with respect to the casual necessary test for convergent number

series limu, =0. For example, for the number senesz By J_ the casual necessary test

1
(hmu = 0) gwes hmu =lim—==0. This means the series must converge, but it

o n

diverges. At the same time according to the formulae (4) and (5) the new advanced

necessary test gives: limnu, = lim——==co and lim——l-,— =1lim2y7n =co.It means the

N=ba3 e L] n . A=+ | R o]
n

. « 1 .
series Z"”T diverges.
n

«lTy4yHu#i iHTENEKT» 22013 129



5M Mironenko L.P., Petrenko L.V.

2 The new advanced necessary test for convergent number series is
applied to Cauchy’s integral test

According to Cauchy’s integral test if the function u(x) is nonnegative and

decreasing at x21 then the series Zu(n) converges if and only if the improper
el

integral ju (x)dx converges.
1

+

Let the series Zu(n) converges therefore the improper integral ju(x)dx converges
1

n=l

also. The last is integrated by parts:

J’u(x)dx = lim xu(x)-u(l) - jxu'(x)dx.
] 1
According to the new advanced necessary test for convergent number series (4)

lim xu{x) = 0. Since the left-hand side integral converges then the right-hand side integral

p B
Ixu'(x)dx must converge also and according to Cauchy’s integral test the series Z:Inu;
1

converges.
Take into account, that in this case the advanced necessary test (4) for convergent

number series Z;nu; takes the form:limn’u, =0. We see that convergence of the

n—s0

+ L] . . .y . X
series Z“  hu, is necessary and sufficient condition for convergence of the series ZM u,.

Indeed, let us assume that series Z::.”“; converges therefore the improper integral

Ixu'(x)dx converges also. The last is integrated by parts:

1
|3 (x)dx = tim xu(x)-u(l)~ fu(x)dx.
| 1

Since lim xu(x) =0 is necessary and sufficient condition for convergence of the

=3+

series Z; u, , then the series Z:.;“n converges. If the condition lim xu(x)=0 is not

X—p+a

satisfied then the series Z: U, diverges and the series Z;nu; diverges also.

Let us apply this reasoning to the series ) mu'(n), given that limn’u, =0 is
A=l e

[ -3
necessary and sufficient condition for convergence of the seriesZnu'(n). Let the series

=t

Znu'(n) converges therefore the improper integral Ixu'(x)dx converges also. The last is
1

nwl

integrated by parts:
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Ixu (x)dx = 2(llm xu'(x)—u (1))—% {[xzu"(x)dr.
Letlimn’u, = 0. Since the left-hand side integral converges then the right-hand side

n—sow

+a0

integral szu”(x)dr converges also and according to Cauchy’s integral test the series
1

€
anu'(n) converges. These arguments can be repeated k times. As result two important
n=l

statements are obtained.

l. In order to the series with non-negative terms Zu(n) converges it is necessary

=]

and sufficient, that the series Zn‘ ®(n) . (k=1.2,...) converges too.

n=1

2. The series with non-negative terms Zu(n) converges if and only if the advanced

n=|

necessary test in the form lim »**'u'"*'(n) =0, (k=12,...) takes place.

n=+x

These statements can be demonstrated by the example of the convergent

. If the common term is differentiated,

with the common term u,; =
“~ nin’ x nln” x

, —Inn-=2 1 -, 2In"n+6lnn+6 2
=T33 TTE 3 T 314 = TR T
n“Iln"n = niln°n nin'n n== 1" In“ n

The series Zn"u”‘"(n} (k =1,2) have the next forms:

n=|

L

i”u'(")zz —Inn- Z" ¥ (n)__zﬂln n+6lnn+6_
n=|

- nln pr = nin'n

For sufficiently large values of n the common term of each of the series behaves like

the common term of the initial series, namely u, ~ nu, ~ n° u — ]
H=»x n n n

Findings
1. An advanced necessary test for convergence of number series with non-negative
terms is formulated and proved. The test is much more powerful than the casual necessary test.
2. The advanced necessary test gives rich possibilities to get equivalent converged
series with respect to the given series. These series cannot be obtained by applying the
usual way in the series theory.
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