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The paper suggests three types of the necessary tests for the convergence of numerical series with positive
terms. It s shown that these tests are consequences of the limit test of comparison with respect to the
standard series: harmonic and logarithmic ones. The new tests have different capabilities and can be applied
to almost any series, whose terms form a monotone sequence. The obtained necessary tests for the

convergence of numetical series have more opportunities, than the accepted standard one lim u,, = 0.
n—yo
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B pafote npeaioxeHbl TPH BHAA HEOGXOIHMEIX MPH3HAKOB CXOAHMOCTH YHCNOBLIX PANOB C NONOKUTENLHBIMH
ynenamH. [Tokazano. 4TO ITH NPHIHAKH ABITOTCA CACICTRHAMH MPHMEHEHMA MPEIeILHOND MPH3IAKa CPABHEHHA
K CTAHA2PTHBIM PA1AM: TAPMOHHUYECKOMY H TorapHdMiteckomMy. HoBble NPHIHAKH CXOIMMOCTH HMEIOT pavIHYHbIe
BOIMOXHOCTH H MOTYT [IPHMEHATHCA TPAKTHECCKH K BOGBLIM paiaM. YieHB! KOTOPBHIX 00pasyioT MOHOTOHHYIO
TOCNeA0BaTENbHOCTL. [loMyUeHHbe TIPHIHAKH HMERT Honee LIMPOKHE BO3MOXKHOCTH, UEM CTaHOAPTHBIH

HEo6X0aHMBIH NPHIHAK CXOAHMOCTY pAlos lim u, =0,
n—+x

Knawouenrie criopa: apene, Npasuae JlonuTaTA. CXOIMMOCTD. pacxoauMOoCTh, MPH3HaK CpaBHEHHA
PAZOB, rapMOBMHYECKHI PAJ, NorapHPMUUECKHA PAl, PAT TEOMETPHYECKOH NPOrpeccH.

Y poGoTi 3anponoHoBani TPH BHAK HeoOXiZHMX 03HAK 3GUAHOCTI YHC/IOBMX PAMLE 3 NONATHHMH 4NCHAMH.
MNoxazawo, WO Ui 03HAKH € HACAIIKAMH JACTOCYBAHHA MPAHHYHOIC OIHAKH MOPIBHANHA 31 CTAHIAPTHUMH pRAAMM;
FApMOHEUHMM Ta NoTapu(MiunuM, HoBsi o3Haku 3GIKHOCTI MarOTE Pi3HI MOXIHBOCTI | MOXYTE 3aCTOCOBYBATUCA
NPaKTHYHO A0 OyOb-AKHX PAJAX, YNEHH AKMX YTBOPIOKTL MOHOTOHHY NOCHiAOBHICTL. OTPUMAHI 03HAKH MAOTh

GinbL WPOK] MOKIMBOCTI, HiX CTAHAAPTHA HeolXinHa o3HaKa 36ikHoCT] pagie lim u, = 0.
H—=L

K.arowosi crosa: rpanun, npasuno Jlonitand, 361xHICTb, po3BixHICTh, 03HaKa NOPIBHAHHA pAaiE,
rapMOHI4HHH paa, AorapudMidHHIA paa, paA TCOMETPHYHOT NpoTpecii.
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Introduction

The necessary tests for the convergence of series play an important practical role in
the evaluation of the convergence and divergence of numerical series with non-negative
terms. It is believed that they are negative, because they can only define the divergence of
the series. If the necessary tests are vielated, we can definitely aftirm the divergence of the
series. If they are satisfied, the question of convergence can be finally resolved only by
sufficient tests for the convergence of series [1]. First of all. these are tests of comparison
with the standard series, such as the series of geometric progression, generalized harmonic
series and generalized logarithmic series {2].

In the theory of the numerical series the test of comparison of series with positive
terms commonly used in two forms - in the finite form and in the limit form {3]. In the first
case, the two serigs are compared. The first series is

u, u, 20 (1)

=) PO

and the second series iszr_] v,, v, 20. If there is a number 3/ >0 such that, starting from a

-]

certain number N , the inequality u, < M v, takes place and the series Z; v, converges, then

+ o0 . . o . . o
the series > u, converges too. But if the series >, diverges, then the series >~ v,

diverges also. [1]
In the limit test of comparison the expressionlimu, /v, is considered. If the series

K=y

> Va v, >0converges, and the limit value is equal to C <o orC' =0, then the series

]

Z:’lun converges also. If the series z diverges, and the size of the limit is equal to

n=| Va

C#0 orC=co , then the series =, diverges also [3], [4].

The series of comparison is usually taken from the three standard series: the harmonic
one with the general termv, =1/n, the generalized harmonic one with the general term

n

, =1/n and the series of geometric progression with the general termv, = ¢”.

1 The Necessary Test for the Convergence of Series
in the Classical Approach

Theorem. If the series (1) Z:;“n’ u, = 0 converges, then the limit of the general term of

the series 1s zero
lim %, =0. )

na

Proof. If the series (1) converges, then there is a finite limit of the sequence of partial
k . el .. .
sums s, =Z..=1 u, s wherellmsk = 5. The same limit is the limit of the sequence of partial

sums{s,_;} , wherelims, , = 5. Then we have lim u, ZJET:D(S” ~5,_1)=5-5=0.

=40

Consequence. The series Z; u,, u,20diverges at lim u, = 0.

H—po

Remark. The condition lim », =0 is not the sufficient condition for the convergence

H—%

of series (1), so it is usually used to establish the divergence of the series.
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Examples.
1. The series Z diverges, e T 2=t w50
T 2n+ n—w N+ 2

l
2. The senesz is given. The necessary test (2) of convergence is perfor-
+

n=| ‘-'

med, since lim =0, but the conclusion about the convergence of the series cannot

n> (25 +1)°
be done. It is necessary to use any sufficient test of convergence.
n-1

3. The serlesz is given. The necessary test (2) of convergence is
~2n+1)’In(n+1)
performed, since lim imd. =0. As in the previous example, the conclusion about

n>e (2n+1)° In(n+1)
the convergence of the series cannot be done.

2 The Necessary Test for the Convergence of Series
Compared with Divergent Series

1. The necessary test of convergence of the series in comparison with the harmonic
series. Let us write the limit test of comparison of any arbitrary series (1) with respect to

the harmonic smesz v, ¥ =1/n: llm 2 = llm-- -=limn-u,
=| n—sax v, Az l 'n n—sax
Consider all the possible values of this limit.
'TI,‘
lim== =limn-u, ={C#0 3)
A== p n—ex |
10

It is known that the harmonic series diverges. If this limit is equal to «orC # 0, then
the series (1) diverges. If the limit is equal to 0, then the series (1) either converges or
diverges. So the test of comparison of series in the limit form works. Let us change the
statement of the problem. Now assume that the series (1) converges. Then the first two
values of the limit (3) o orC # 0are not possible, because they disagree to the assumption
that the series (1) converges. So remains only the third option, which is equal to zero. This
case should be understood as the necessary test for convergence of the series (1).

limn-u, =0. (4)

m—eT

Thus, it has been established from the limit comparison test with respect to the
harmonic series, that the new necessary test for the convergence of the series in the form
(4) is much "stronger” than the standard one in the form (2).

Examples.

. w— n-1 . ..
2. The scrlesz o]y is given. The necessary test for the convergence of the series in
=1 n+l)y

; . g n-1 | . "

the form (4) is not performed, since lim»- Gnel) =—. Hence the series diverges. Above
L bn + -

in Example 2, when the necessary test (2) was applied to the same series, the conclusion of
convergence of the series was impossible.
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3. The series Z n-1

is given. The necessary test for the convergence of
& an+1) In(n+1) ¢ ary &

the series in the form (4) is performed, sincelimn n:‘ - 0, but the conclusion
e (2Zn+1) in(n+1)

of the convergence of this series cannot be done.

Remark. The necessary test (4) works only for series, whose terms form a monotone

sequence, i.e. u, >u,,, . Otherwise the limit (4) may not exist. For example, in the series
1/m* at n=m?

Z“’_ u, with the general term u, = ) the terms #, do not form a monotone
” 0at nem

sequence. For this series the limit (4) does not exist.
4. The necessary test of convergence of the series in comparison with the
logarithmic series. Let us write the limit test of comparison of any arbitrary series (1} with

respect to the logarithmic series Z:;l v, v, =1/nlnn:

fim e = lim—%— = limnlan-u,. (5)

naoy  asxl/plng noe
Repeat the same reasoning as for the harmonic series. It is known that this logarithmic
series diverges. Suppose that the series (1) converges. The values « or C 20 of the limit (5)
are not possible, since they contradict to the assumption of convergence of the series (1).
Remains only one option - the limit (5) is zero. The latter case is to be undersiood as the

necessary test for the convergence of the series (1):

limn-lnn-u, =0, {(6)

A=y
Thus, from the limit comparison test of series was established the second new necessary
test for the convergence of series in the form (6), which is “stronger”, than test (4).
Example.

5. The series n2—1 is given. The necessary test for the convergence of
& 2n + 1P In(n+1)

the series in the form (6) is not performed, sincelimnlnn n,_l = 1 . Hence the
n—zx 2n+1) In(n+1) 4

series diverges. Above, in Examples 2 and 5. the necessary tests (2) and (4) were applied,

but the concluston of the convergence of series couid not be done.

3 The Other Representations of Necessary Tests
for Convergence Of Series

Let us designate the series (1) thus z:_]—l—,w" =1/u, . Then the first necessary test
wﬂ

for the convergence of the series (2) will be:

lim-}-—=0 ; Himw, =, (N

A= Y H—pa
"

So the second necessary test for convergence of series {(4) will be lim—~ = 0. From

H— W
n
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L |

the necessary test (2) it follows w, — oo . Therefore, there is indeterminacy {cc/ 0}, which

r

will be disclosed by 1."Hospital’s rule lim - = lim—'—17=lim—l,—. As a result, we came to

h—o W n=sm 4 n—o YW
n n n

the modification of the second necessary test for convergence of series in the form:

liml—=0 win limw/ = oo, (8)

n=—sx 'H' n-=»x
n

ninn =0. From the

The third necessary test for convergence of series (4) will be lim
n—ax w
n

necessary test (2) it followsw, — o .Then there is indeterminacy {oc/ 0}, which can be

: . - . nlnn . (lnn T . 1
disclosed by L Hospital’s rule lim =lim nllm-(—)— =limnlim—-=lim—=0.Asa
n=—pat “‘.:; n—ra n—sx “;” n—sx n—x n“-’: n-»x “_I:“

result it is obtained that the third modified necessary test for convergence of series coin-
cides with the second modified necessary test for convergence of series (8). However, this
third necessary test for convergence of series can be expressed via the second derivative:

r
. nlnn_ . .oon bV . Inn . (lnn) . 1
lim =limlnnlim— =limlnalim—=lim—-= hm( ) =lim—;
n—sx “Jn n—sx n—sa0 “F“ n=bct n—sx wn n—»x “!" =4 w: H—Pﬂ' n“!n

As a result we came to the modification of the third necessary test for convergence of

- s . s ”
series in the form:lim— =0 orlimnw) = .

n—sx n}t'" n—ex

The obtained results can be tabulated (Table).

Table 1 - Classification of the necessary conditions for convergence of series
with positive terms

’ A comparison Necessary test Other forms of necessary test | Necessary test
; Rt = ‘ opportunities
| series) u, | an 1w,
| = ™ : Tre
! imu, =0 limw, = 1ght
| 2o e, el .
. Harmonic series | limnu_ =0 1 ' |
' n = e . r_ medium
| * 1/n n-sn Egn 7 =0 nm limw, =
£ “} n-»x
| n=1 n
| Logarithmic series | limnlnn-u =0 | .. 1 " £ =
‘ n lim— =0 wm lim— =0 strotg

= / =
Zm 1/ninn e Y nre pw) | |

In Table 1 the notions light, medium, strong are relative because intermediate
variants and the expansion of the table to the strongest notation are possible. For example,
the logarithmic series of the second order creates stronger necessary test for the conver-

gence of serieslimn-Inn-(Inlnn)-u, =0, than limn-Inn-u, =0.

Summarizing the results of this paper, it is possible to formulate the theorem on the
necessary condition for the convergence of numerical series with positive terms.

. £ = o0 =
Theorem. If the series z" U,. u, 20, u, >u, converges, and Z,Hv,,. v,>0 1s an
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arbitrary divergent series, then the condition lim-2 =0 is the necessary condition for the

R
vn

[ . o€
convergence of the initial series ZM -

If the general term of the series v, to take equal tol,l/norl/»nlnn it will give us the
necessary conditions for the convergence of the series presented in the table (Table 1).

Findings

This paper describes three types of the necessary tests of convergence of numerical
series with positive terms. Thus

1. It is shown that these tests are the consequences of the application of the limit test
of comparison to the standard series: geometric, harmonic and logarithmic ones.

2. These new necessary tests of the convergence of numerical series have different
capabilities and can be applied to almost any series with positive terms, whose terms form
a monotone sequence.

3. The obtained necessary tests have more opportunities than the accepted standard
necessary test of convergence of numerical series (2).

4. It is shown that the necessary test for the convergence of numerical series in the

standard form lim#, =0 can be successfully replaced by more powerful new necessary tests

H—ya0

for the convergence of numerical series, which are the next:limnu, =0, limninn-u, =0,

H=—m =40

limn-Inn-(Inlnn}-u, =0 etc.

5. These results can be transferred to the improper integrals.
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