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ÀÍÀËÎÃ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÃÎ ÐßÄÀ ÁÅÑÑÅËß
ÄËß ÔÓÍÊÖÈÉ ÔÅÐÐÅÐÑÀ

Ïîëó÷åí àíàëîã àñèìïòîòè÷åñêîãî ðÿäà Áåññåëÿ äëÿ ôóíêöèé Ôåððåðñà.

Õîðîøî èçâåñòíî [1, ãëàâà 2, � 29, (29.4)], ÷òî ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà
Jν(z) èìååò ïðè z →∞, | arg z| ≤ π − ε (ε ∈ (0, π)) àñèìïòîòè÷åñêîå ðàçëîæåíèå

Jν(z) ∼
√

2
πz

[
cos
(
z − νπ

2
− π

4

) ∞∑
k=0

(−1)k(ν, 2k)(2z)−2k −

sin
(
z − νπ

2
− π

4

) ∞∑
k=0

(−1)k(ν, 2k + 1)(2z)−2k−1

]
, (1)

ãäå

(ν,m) =
Γ
(

1
2 + ν + m

)
m!Γ

(
1
2 + ν −m

) , Γ − ãàììà-ôóíêöèÿ.

Öåëü äàííîé ðàáîòû � ïîëó÷èòü àíàëîã ðàçëîæåíèÿ (1) äëÿ ôóíêöèé Ôåððåðñà
(ñì. [2, ãëàâà 3, � 3, ï. 57]). Ôóíêöèè Ôåððåðñà Tµ

ν (x) (µ, ν ∈ C, x ∈ (−1, 1))
îïðåäåëÿþòñÿ ðàâåíñòâîì

Tµ
ν (x) =

eiπµ

Γ(1− µ)

(
1 + x

1− x

)µ
2

F

(
−ν, ν + 1; 1− µ;

1− x

2

)
,

ãäå F - ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ãàóññà. Îíè òåñíî ñâÿçàíû ñ ôóíêöèÿìè
Ëåæàíäðà ïåðâîãî ðîäà è èãðàþò âàæíóþ ðîëü â ðàçëè÷íûõ âîïðîñàõ àíàëèçà.
Â ÷àñòíîñòè, ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ, ôóíêöèÿ

(sin θ)1−
n
2 T

1−n
2

l+n
2
−1(cos θ), (l ∈ Z+, n ∈ N\{1})

ÿâëÿåòñÿ çîíàëüíîé ñôåðè÷åñêîé ôóíêöèåé íà ñòàíäàðòíîé n -ìåðíîé ñôåðå
Sn = {x ∈ Rn : |x| = 1}.

Äëÿ k ∈ Z+, p ∈ N, α ∈ C è r ∈ (0, π) ïîëîæèì

dk(r) =


(−1)[

k+1
2 ]

k+1 ctgr, åñëè k íå÷åòíî,

(−1)[
k+1
2 ]

k+1 , åñëè k ÷åòíî, k 6= 0,

0, åñëè k = 0,
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A0 = (sin r)α− 1
2 ,

Ap = (sin r)α− 1
2

p∑
m=1

(−1)m
(

1
2 − α

)
m

m!

∑
k1+...+km=p

p!
k1! . . . km!

dk1(r) . . . dkm(r),

ãäå (a)k = Γ(a+k)
Γ(a) - ñèìâîë Ïîõãàììåðà. Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû

ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü ε ∈ (0, π). Òîãäà ïðè λ →∞, | arg λ| ≤ π−ε èìååò ìåñòî

àñèìïòîòè÷åñêîå ðàçëîæåíèå

Tµ

λ− 1
2

(cos r) ∼ 2eiπµ

√
2πΓ(1

2 − µ)(sin r)−µ
×

(
cos
(
λr − π

4
(1− 2µ)

)
ei π

4
(1−2µ)

∞∑
ν=0

Γ
(
2ν − µ + 1

2

)
(2ν)!

A2ν

(iλ)2ν−µ+ 1
2

+ (2)

sin
(
λr − π

4
(1− 2µ)

)
ei π

4
(3−2µ)

∞∑
ν=0

Γ
(
2ν − µ + 3

2

)
(2ν + 1)!

A2ν+1

(iλ)2ν−µ+ 3
2

)
.

×àñòíûå ñëó÷àè òåîðåìû 1 áûëè èçâåñòíû ðàíåå. Íàïðèìåð, â [3, ëåììà 4.2]
áûëî ïîëó÷åíî äâà ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ (2). Ýòîò ðåçóëüòàò çà-
òåì èñïîëüçîâàëñÿ äëÿ èçó÷åíèÿ íåêîòîðûõ âîïðîñîâ èíòåãðàëüíîé ãåîìåòðèè
íà Sn. Îòíîñèòåëüíî äðóãèõ ÷àñòíûõ ñëó÷àåâ òåîðåìû 1 è áëèçêèõ âîïðîñîâ
ñì. [2, ãëàâà 6, � 3], [4, ÷àñòü 1], [5, ÷àñòü 2].

Äîêàçàòåëüñòâî òåîðåìû 1.

Ïóñòü ñíà÷àëà Reµ < 1
2 . Òîãäà ïî ôîðìóëå Ìåëåðà-Äèðèõëå (ñì. [6, 3.7 (27)])

Tµ

λ− 1
2

(cos r) =
eiπµ(sin r)µ

√
2πΓ(1

2 − µ)

∫ r

−r
eiλt(cos t− cos r)−µ− 1

2 dt. (3)

Îáîçíà÷èì

I(λ) =
∫ r

−r
eiλt(cos t− cos r)−µ− 1

2 dt.

Èç àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ èíòåãðàëîâ Ôóðüå (ñì. [7, ãëàâà 2, � 10, ïóíêò 10.3,
òåîðåìà 10.2]) èìååì

I(λ) ∼ ei(π( 1
2
−µ)−λr)

∞∑
p=0

(−1)p Γ
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2

)
p!

Ap
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2

+
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Γ
(
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2

)
p!
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2

,
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ãäå

Ap =
dp

dtp

((
cos(t− r)− cos r

t

)−µ− 1
2

)∣∣∣∣∣
t=0

, p ≥ 0.

Îòñþäà

I(λ) ∼ 2 cos
(
λr − π

4
(1− 2µ)

)
ei π

4
(1−2µ)
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ν=0

Γ
(
2ν − µ + 1

2

)
(2ν)!

A2ν

(iλ)2ν−µ+ 1
2

+

2 sin
(
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4
(1− 2µ)

)
ei π

4
(3−2µ)
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Γ
(
2ν − µ + 3

2

)
(2ν + 1)!

A2ν+1

(iλ)2ν−µ+ 3
2

. (4)

Âû÷èñëèì Ap. Ïî ôîðìóëå Òåéëîðà

cos(t− r)− cos r

t
=

(cos t− 1) cos r + sin t sin r

t
=

1
t

( ∞∑
k=1

(−1)k

(2k)!
t2k cos r +

∞∑
k=0

(−1)k

(2k + 1)!
t2k+1 sin r

)
=

∞∑
k=0

tk

(k + 1)!
(−1)[

k+1
2 ]bk(r), (5)

ãäå

bk(r) =

{
cos r, k − íå÷åòíî,

sin r, k − ÷åòíî, k = 0, 1, . . . .

Ïåðåïèøåì (5) â âèäå

cos(t− r)− cos r

t
= sin r

(
1 +

∞∑
k=1

tk

(k + 1)!
(−1)[

k+1
2 ]ck(r)

)
= sin r(1 + τ(t)), (6)

ãäå

τ(t) =
∞∑

k=1

tk

k!(k + 1)
(−1)[

k+1
2 ]ck(r), ck(r) =


ctg r, k − íå÷åòíî,

1, k − ÷åòíî, k 6= 0,

0, k = 0,

k = 0, 1, . . . .

Ïîëîæèì F (x) = (1 + x)−µ− 1
2 . Òîãäà (ñì. (6))

Ap = (sin r)−µ− 1
2

dp

dtp

(
(1 + τ(t))−µ− 1

2

)∣∣∣∣
t=0

= (sin r)−µ− 1
2

dp

dtp
(F (τ(t)))

∣∣∣∣
t=0

.
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Èñïîëüçóåì ôîðìóëó

(F (τ(t)))(p) =
p∑

m=0

F (m)(τ(t))
m!

m∑
k=0

(
m

k

)
(−1)k(τ(t))k(τm−k(t))(p), p ≥ 0

(ñì. [8, äîêàçàòåëüñòâî òåîðåìû 2.11]). Ïîñêîëüêó τ(0) = 0,

(F ◦ τ)(p) (0) =
p∑

m=1

F (m)(0)
m!

(τm)(p) (0), p ≥ 1. (7)

Ïîëîæèâ â ôîðìóëå

(f1 . . . fm)(p) =
∑

k1+···+km=p

p!
k1! . . . km!

f
(k1)
1 . . . f (km)

m

f1 = . . . = fm = τ , ïîëó÷èì

(τm)(p) =
∑

k1+···+km=p

p!
k1! . . . km!

τ (k1) . . . τ (km), m ≥ 1. (8)

Èç (7) è (8) íàõîäèì

(F ◦ τ)(p) (0) =
p∑

m=1

F (m)(0)
m!

∑
k1+···+km=p

p!
k1! . . . km!

τ (k1)(0) . . . τ (km)(0), p ≥ 1.

Òàêèì îáðàçîì,

Ap = (sin r)−µ− 1
2

p∑
m=1

F (m)(0)
m!

∑
k1+···+km=p

p!
k1! . . . km!

τ (k1)(0) . . . τ (km)(0), p ≥ 1.

Ó÷èòûâàÿ, ÷òî

F (m)(0) = (−1)m

(
1
2

+ µ

)
m

è

τ (k)(0) =
(−1)[

k+1
2 ]

k + 1
ck(r) = dk(r),

èç (3) è (4) ïîëó÷àåì (2) äëÿ Reµ < 1
2 . Îáùèé ñëó÷àé ñëåäóåò îòñþäà ñòàí-

äàðòíûì ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó (ñì. [6, 2.8 (30)] è [7, ãëàâà 2,
� 10, ïóíêò 10.3, äîêàçàòåëüñòâî ôîðìóëû (10.61)]). Òàêèì îáðàçîì, òåîðåìà 1
äîêàçàíà.
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Abstract
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An analog of the Bessel asymptotic expansion for the Ferrers functions

An analog of the Bessel asymptotic expansion for the Ferrers functions is obtained

Key words: the Legendre functions, the Ferrers functions, asymptotic expansion

7



Í.Ï. Âîë÷êîâà

Àíîòàöiÿ

Í.Ï. Âîë÷êîâà

Àíàëîã àñèìïòîòè÷íîãî ðÿäó Áåññåëÿ äëÿ ôóíêöié Ôåððåðñà

Îäåðæàíî àíàëîã àñèìïòîòè÷íîãî ðÿäó Áåññåëÿ äëÿ ôóíêöié Ôåððåðñà

Êëþ÷îâi ñëîâà: ôóíêöi¨ Ëåæàíäðà, ôóíêöi¨ Ôåððåðñà, àñèìïòîòè÷íèé ðÿä

8


