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Èçó÷àþòñÿ àñèìïòîòè÷åñêèå ñâîéñòâà ôóíêöèé Ëåæàíäðà P µ
λ (t) ïðè λ→∞. Ïîëó÷åí àíàëîã

àñèìïòîòè÷åñêîãî ðÿäà Áåññåëÿ äëÿ t ∈ (1;+∞).

Àñèìïòîòè÷åñêèå ñâîéñòâà ðàçëè÷íûõ ñïåöèàëüíûõ ôóíêöèé èãðàþò âàæ-
íóþ ðîëü â àíàëèçå è ïðèëîæåíèÿõ. Â íàñòîÿùåå âðåìÿ ðàçâèòû íåêîòîðûå
îáùèå ìåòîäû, ïîçâîëÿþùèå ñóùåñòâåííî ïðîäâèíóòüñÿ â ýòîì íàïðàâëåíèè
(ñì., íàïðèìåð, [1]). Âìåñòå ñ òåì, îñòàåòñÿ åùå ìíîãî âîïðîñîâ, òðåáóþùèõ
âûÿñíåíèÿ. Â ÷àñòíîñòè, â íåêîòîðûõ çàäà÷àõ èíòåãðàëüíîé ãåîìåòðèè âàæíîå
çíà÷åíèå èìååò íàõîæäåíèå àñèìïòîòè÷åñêèõ ðÿäîâ òèïà Áåññåëÿ äëÿ ôóíêöèé
Ëåæàíäðà P ν

µ , êîãäà t ∈ (−1; 1) èëè t ∈ (1;+∞) (ñì. [2, ÷àñòü 2]). Â ðàáîòå [3]
ïîñòðîåí òàêîé àñèìïòîòè÷åñêèé ðÿä äëÿ ôóíêöèé Ëåæàíäðà íà (−1; 1). Öåëü
äàííîé ðàáîòû � èçó÷åíèå ñëó÷àÿ t ∈ (1;+∞).

Äëÿ k ∈ Z+, p ∈ N, α ∈ C è r ∈ (0, π) ïîëîæèì
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1

k+1 , åñëè k ÷åòíî, k 6= 0,

0, åñëè k = 0,

A0 = (sh r)−µ− 1
2 ,

Ap = (sh r)−µ− 1
2

p∑
m=1

(−1)m
(

1
2 + µ

)
m

m!

∑
k1+...+km=p

p!
k1! . . . km!

dk1(r) . . . dkm(r),
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Γ(a) - ñèìâîë Ïîõãàììåðà. Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû

ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü ε ∈ (0, π). Òîãäà ïðè λ →∞, | arg λ| ≤ π−ε èìååò ìåñòî

àñèìïòîòè÷åñêîå ðàçëîæåíèå

Pµ

iλ− 1
2

(ch r) ∼ 2√
2πΓ(1

2 − µ)(sh r)−µ
×

(
cos
(
λr − π

4
(1− 2µ)

)
ei π

4
(1−2µ)

∞∑
ν=0

Γ
(
2ν − µ + 1

2

)
(2ν)!

A2ν

(iλ)2ν−µ+ 1
2

+ (2)

sin
(
λr − π

4
(1− 2µ)

)
ei π

4
(3−2µ)

∞∑
ν=0

Γ
(
2ν − µ + 3

2

)
(2ν + 1)!

A2ν+1

(iλ)2ν−µ+ 3
2

)
.

1



Í.Ï. Âîë÷êîâà

×àñòíûå ñëó÷àè òåîðåìû 1 áûëè èçâåñòíû ðàíåå. Íàïðèìåð, â [2, ÷àñòü 2,
ôîðìóëà (2.14)] áûëî âûïèñàíî äâà ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ (2).
Ýòîò ðåçóëüòàò çàòåì èñïîëüçîâàëñÿ äëÿ èçó÷åíèÿ íåêîòîðûõ âîïðîñîâ èíòå-
ãðàëüíîé ãåîìåòðèè íà ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå. Îòíîñèòåëüíî äðóãèõ
÷àñòíûõ ñëó÷àåâ òåîðåìû 1 è áëèçêèõ âîïðîñîâ ñì. [4, ÷àñòü 2], [5, ãëàâà 6,
� 3].

Äîêàçàòåëüñòâî òåîðåìû 1.

Ïóñòü ñíà÷àëà Reµ < 1
2 . Òîãäà ïî ôîðìóëå Ìåëåðà-Äèðèõëå (ñì. [6, 3.7 (27)])
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√
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Îáîçíà÷èì
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Èç àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ èíòåãðàëîâ Ôóðüå (ñì. [1, ãëàâà 2, � 10, ïóíêò 10.3,
òåîðåìà 10.2]) èìååì
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Âû÷èñëèì Ap. Ïî ôîðìóëå Òåéëîðà
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∞∑
k=0
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(k + 1)!
bk(r), (5)

ãäå

bk(r) =

{
− ch r, k − íå÷åòíî,

sh r, k − ÷åòíî, k = 0, 1, . . . .

Ïåðåïèøåì (5) â âèäå

ch r − ch(t− r)
t

= sh r

(
1 +

∞∑
k=1

tk

(k + 1)!
ck(r)

)
= sh r(1 + τ(t)), (6)

ãäå

τ(t) =
∞∑

k=1

tk

k!(k + 1)
ck(r), ck(r) =


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Ïîëîæèì F (x) = (1 + x)−µ− 1
2 . Òîãäà (ñì. (6))
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Èñïîëüçóåì ôîðìóëó
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m!

m∑
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m

k
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(ñì. [7, äîêàçàòåëüñòâî òåîðåìû 2.11]). Ïîñêîëüêó τ(0) = 0,

(F ◦ τ)(p) (0) =
p∑
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m!
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Ïîëîæèâ â ôîðìóëå
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∑
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3



Í.Ï. Âîë÷êîâà

Èç (7) è (8) íàõîäèì

(F ◦ τ)(p) (0) =
p∑
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m!
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Òàêèì îáðàçîì,

Ap = (sh r)−µ− 1
2

p∑
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∑
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Ó÷èòûâàÿ, ÷òî

F (m)(0) = (−1)m

(
1
2

+ µ
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m

è
τ (k)(0) =

1
k + 1

ck(r) = dk(r),

èç (3) è (4) ïîëó÷àåì (2) äëÿ Reµ < 1
2 . Îáùèé ñëó÷àé ñëåäóåò îòñþäà ñòàí-

äàðòíûì ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó (ñì. [6, 2.8 (30)] è [1, ãëàâà 2,
� 10, ïóíêò 10.3, äîêàçàòåëüñòâî ôîðìóëû (10.61)]). Òàêèì îáðàçîì, òåîðåìà 1
äîêàçàíà.
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An analog of the Bessel asymptotic expansion for the Ferrers functions

An analog of the Bessel asymptotic expansion for the Ferrers functions is obtained
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