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SERIES 

LECTURE NO. 28. NUMERICAL SERIES 
 
POINT 1. CONVERGENCE AND DIVERGENCE OF NUMERICAL 

SERIES 

POINT 2. SUFFICIENT CONVERGENCE TESTS FOR NUMERICAL 

SERIES WITH POSITIVE TERMS 

POINT 3. NUMERICAL SERIES WITH ARBITRARY REAL TERMS. 

ABSOLUTE AND CONDITIONAL CONVERGENCE 

 

POINT 1. CONVERGENCE AND DIVERGENCE OF NUMERICAL SERIES 
 

Def. 1. A numerical series with terms ,...,...,,, 321 nuuuu  is called an expression 

(a symbol) 

                            




 ......... 2121

1
knnnn

n
n uuuuuuu                   ( 1 )  











111 nm

mn
nm

m

n

m
m uSuu  

Def. 2. The numerical nu  is called the general term of the series (1). 

Ex. 1. Find the general term of the series 
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The first and second factors in the denominators form the arithmetical prog-

ressions with the first terms 5,2 11  ba , arithmetical ratios [differences] ,31 d  

42 d  and the n-th terms 
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Therefore the general term in question equals 
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Def. 3. The sum of n first terms of the series (1), namely 

                                           n
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is called its n-th partial sum. 

For example, the first, second and third partial sums are equal to 

,...,, 321321211 uuuSuuSuS   

Def. 4. The series 
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is called the n-th remainder of the series (1). 

Def. 5. If there exists the limit of the n-th partial sum of the series (1) for 

n ,  
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SSnn
lim ,                                                ( 4 ) 

the series is called convergent one. The number S is called the sum of the series, and 

one can write 
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and tell that the series converges to S. 

Ex. 2. Investigate for convergence the series 
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Let's at first remark that 
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because of 
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Assigning successively the values 1, 2, 3,… to n we'll represent the n-th partial sum 

of the given series as follows 
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By the definition of convergence the given series converges to the sum S = 1/6.  

Ex. 3. Investigate for convergence the series 
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By analogy with preceding example we represent the general term as the diffe-

rence of two simple fractions 
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and then (taking successively n = 1, 2, 3,…) obtain the n-th partial sum and the sum 

of the series 
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Thus the given series converges and has the sum 3.0S  (it converges to 3.0 ). 

Ex. 4. Prove yourselves that the series 
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converges and has the sum 7.0S . 

Ex. 5. Find the sum of the series 
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Ex. 6. The geometric progression 

                                             ...... 12  naqaqaqa                                        ( 6 ) 

with the ratio q converges in the case 1q and has the sum 

q
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1

, 
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q
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Indeed, the n-th partial sum of the progression equals 
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n

n
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a

q
a
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and has the limit  qaS  1  for n , because of 0lim 


n

n
q  if 1q . 

Ex. 7. Test for convergence the series 
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on the base of the definition of convergence. 

Dividing termwise we represent the n-th partial sum of the series as follows 
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We obtain three geometric progressions with the first terms 

6
1,

10
1,

15
1

321  aaa  
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and the ratios 

6
1,

10
1,

15
1

321  qqq . 

Hence the n-th partial sum is 
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and the sum of the series equals 

16.0
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Def. 6. If 




nn
Slim  

or the limit 

nn
S


lim  

doesn't exist, the series is called divergent one. One can say that the series diverges. 

Ex. 8. The arithmetic progression 

......4321  n  

diverges, because of its n-th partial sum equals 

 
2

1...4321 


nnnSn  

and has the infinite limit for n . 

Ex. 9. The geometric progression (6) diverges for 1q  and 0a . 

■ a) If 1q  then nq  as n , and the limit of the n-th partial sum, 

nn
S


lim , is infinite or doesn't exist. 

b) If 1q , the progression takes on the form ......  aaaa , has the n-th 

partial sum anSn   whose limit equals    for 0a  and    for 0a . 

c) If 1q , the progression has the form 

        ......  aaaaaaaaaaaaaaaa , 
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its n-th partial sum equals 0 for even n and a for odd n. Therefore the limit nn

S


lim  

doesn't exist. 

Thus in all three cases a), b), c) the progression diverges.■  

Ex. 10. Harmonic series  

                                   ...1...
4
1

3
1

2
111

1





pppp

n
p nn

                                 ( 8 ) 

converges for 1p  and diverges for 1p . 

We'll prove this fact later. 

For example the series 

...1...
44

1
33

1
22

11...,1...
4
1

3
1

2
11 2222 
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converge ( 123,12  pp  respectively), and the series 

...1...
4

1
3

1
2

11...,1...
4
1

3
1

2
11

3333


nn
 

diverge ( 131,1  pp  respectively). 

Theorem 1. The necessary (but not sufficient) condition for convergence of  

the series (1) is the next:  

                                                         0lim 


nn
u .                                                      ( 9 ) 

Theorem 1 means that if a series (1) converges, then the limit of its general 

term nu , as n , must be equal to zero. 

■Let the series (1) converges to S . It means that 

SSSS nnnn
  1lim,lim . 

But  

1 nnn SSu , 

and so 

  0limlimlimlim 11  
SSSSSSu nnnnnnnnn

.■ 

Ex. 8. The series 
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a) ,
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

 1 23n
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n
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diverge, for 

a)  
  4

3
04
03

74
23lim
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23lim

74
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


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

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
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
 n

n
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n
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nnnnn
, 

b)  
 







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












 3

lim
23

lim
23

lim
23

limlim
x

x

x

x

x

x

n
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e

x

e
x
e

n
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and the necessary condition for convergence of the series isn't fulfilled. 

Ex. 11. The necessary condition for convergence is fulfilled for the next two 

se-ries 








 1
2

2
2 1

,
ln
1

nn n
n

nn
, 

but one can say nothing as to their convergence or divergence. Later we'll prove that 

the first series converges and the second diverges. 

Theorem 2. If the series (1) converges, then for any n its n-th remainder (3) 

converges. If for some n the n-th remainder (3) of the series (1) converges, then the 

series by itself converges. 

■We'll prove the first part of the theorem. Let the series (1) converges to S and 

k  is the k-th partial sum of the remainder (3), 

knnnk uuu   ...21 . 

It is obvious that 

nknk SS   , 

hence there exists the limit 

    nnknknknkkk
SSSSSS limlimlim . 

It means that the remainder (3) converges for each n.■ 

The meaning [essentiality, substance] of the theorem 2 consists in follows: 

convergence or divergence of a series doesn't change if one adds to it or rejects from 

it finite number of terms.  
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 Corollary 1. Let's denote by nR  the sum of the n-th remainder of a convergent 

series. From the proving of the theorem 2 we'll obtain  

nkkn SSR 

lim  

And therefore 

                                                          nn RSS  .                                                  ( 10 ) 

The formula (10) represents the sum S of a convergent series as the sum of its n-th 

partial sum nS  and the sum nR  of corresponding n-th remainder.                                                 

Corollary 2. The sum nR  of the n-th remainder of a convergent series goes to 

zero for n , 

                                                           0lim 
 nn

R                                                     ( 11 )  

■It follows from the formula (10) that 

  0limlimlim 


SSSSSSR nnnnnn
■ 

Corollary 3. For large n the sum S of a convergent series approximately equals 

                                                             nSS                                                           ( 12 ) 

with absolute error 

                                                            nR                                                        ( 13 ) 

which can be done however small for sufficiently large values of n. 

In practice it isn't necessary to investigate a series for convergence with the 

help of the definition 5, that is by seeking the limit of the n-th partial sum. Often it is 

sufficient to ascertain its convergence or divergence from the other considerations 

[arguments, reasons] and in the case of convergence to find the sum of the series ap-

proximately. 

There are many tests for convergence or divergence of series. We'll begin from 

stating without proof the next theorem.  

Theorem 3 (Cauchy necessary and sufficient condition for convergence of a 

numerical series). A numerical series (1) converges if and only if for any however 

small positive number   there exists a number N such that for any greater number n 

and for arbitrary number m the inequality 
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 nmn SS  

holds. Symbolically 

       (Series (1) converges)      nmn SSNnmnN :,,,0 .   ( 14 ) 

Theorem 4 (termwise linear operations on series). Let be given two series 

convergent to S and T respectively, 

TvvvvvSuuuuu
n

nn
n

nn  






 1
321

1
321 ......,...... .   

In this case for any number k 

            kSuuukukukukukuk n
n

n
n

nn  








............ 21
11

21        (15)    

(taking a constant factor k out of a convergent series), 

                 










 111
2211 ......

n
n

n
n

n
nnnn vuvuvuvuvu   

                             TSvvvuuu nn  ............ 2121                ( 16 ) 

(termwise addition or subtraction of two convergent series), and for any numbers k 

and l 

         










 111
2211 ......

n
n

n
n

n
nnnn vluklvuklvuklvuklvuk  

     lTkSvluklvlvlvukukuk
n

n
n

nnn  






 11
2121 ............  ( 17 ) 

(termwise linear combination of two convergent series, a corollary of the formulas 

(15), (16)). 

■Validity of the formula (15) follows from the equality which connects the  

n-th partial sums nn S,  of the series 

  






 11

,
n

n
n

n uuk . 

Namely, 

  nnnn kSuuuukukukukuk  ...... 321321  

and therefore for the sums S, of the series we get 
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  kSukSkkSuk
n

nnnnnnnn
n  








 11

limlimlim .■ 

The formulas (16), (17) prove yourselves. 

Ex. 12. The sum of the series 








1 30
532

n
n

nnn

 

(see Ex. 7) can be easy calculated with the help of the theorem 4 and the formula (7). 

Indeed, 













































































11111 6
1

10
1

15
1

6
1

10
1

15
1

30
532

n

n

n

n

n

n

n

nnn

n
n

nnn

 

16.0
630
101

5
1

9
1

14
1

611
61

1011
101

1511
151










 . 

 

POINT 2. SUFFICIENT CONVERGENCE TESTS FOR NUMERICAL 
SERIES WITH POSITIVE TERMS 

 

Cauchy theorem (theorem 3) on the necessary and sufficient condition for con-

vergence of a numerical series is of great theoretical importance but of hard practical 

applications. We as usually deal with some simple sufficient conditions (sufficient 

tests) for convergence. At first we'll study numerical series with positive terms 

[positive term series] . 

Let be given a numerical series with positive terms 

                                    0:...,...21
1





nn

n
n unuuuu .                             ( 18 )                

Its partial sums form the increasing number [numerical] sequence 

                                              ......321  nSSSS ,                                        ( 19 ) 

and on the base of the lecture No. 12 (point 3, general properties of limits of func-

tions, property 5) we obtain the next theorem which states a very general sufficient 
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condition for convergence. 

Theorem 5. For converges of a positive term series it's sufficient the sequence 

of its partial sums to be bounded above. 

In other words if it exists some number C such that for any n 

                                                          CSn  ,                                                        ( 20 ) 

then the series (18) converges. 

Let we have two series with positive terms, namely (18) and a series 

                                       0:...,...21
1





nn

n
n vnvvvv .                         ( 21 )  

Theorem 6 (the first comparing test for positive term series). Let (at least for 

sufficient great values of n) 

                                               nn vu   (in particular nn vu  ).                                ( 22 ) 

1) If the series (21) converges, then the series (18) also converges. 

2) If the series (18) diverges, then the series (21) also diverges. 

■Let for example the series (21) converges to some number T, namely there 

exists the limit of its n-th partial sum n , 

  Tvvv nnnn



...limlim 21 . 

It's obvious that 

Tn  . 

By virtue of the inequality (22) (which can be supposed to be fulfil for any n) we 

have for the n-th partial sum nS  of the series (18) 

TuuuuuuS nnnn  ...... 2121 , TSn  . 

Therefore the sequence of partial sums of the series (18) is bounded above by the 

number T, and by the theorem 5 the series converges.■ 

With the help of the theory of limits one can prove the next theorem. 

Theorem 7 (the second comparing test for series with positive terms). Let it 

exists the limit of the ratio of the general terms of the series (18) and (21), 
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                                                          k
v
u

n

n
n




lim .                                                    ( 23 ) 

If k is a finite positive number (  kk ,0 ), then both series (18), (21) con-

verge or diverge simultaneously. 

Remark 1. For limiting cases 0k  and k  we able to conclude as follows.  

If 0k , then the series (18) converges in the case of convergence of (21), and 

(21) diverges in the case of divergence of (18). 

If k , (18) diverges in the case of divergence of (21), and (21) converges in 

the case of convergence of (18). 

To apply comparing tests we must possess some series with known conver-

gence or divergence. One often uses various cases of the geometric progression (6) 

(see Ex. 6) and the harmonic series (8) (see Ex.10).  

Ex. 13. Test for convergence a series 

...
23

1
22

1
2
1

32 





 . 

Finding the general term of the series we can represent the latter as follows 

...
2

1...
23

1
22

1
21
1

321 









 nn

. 

Then we compare it with the convergent series 

...
2
1...

2
1

2
1

2
1

32  n  

(the geometric progression (6) with the ratio 10,21  qq ). The comparison 

gives 

nnn 2
1

2
1




 

for any 1n . On the base of the theorem 6 (case 1)) the given series converges. 

Ex. 14. Solve the same problem for the series 

...ln...
4
4ln

3
3ln

2
2lnln

2




 n
n

n
n

n

. 
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Observing that ...,1ln...,,13ln,13ln,12ln  n we compare the given 

series with the divergent series 

...1...
4
1

3
1

2
111

1




 nnn

 

(the harmonic series (7) with 1p ). The comparison gives 

nn
n 1ln
   

for 2n . By virtue of the theorem 6 (case 2)) the given series diverges. 

Ex. 15. To investigate the series for convergence 




 1
23 7342

1
n nnn

 

we'll take for comparison the convergent series 











1 2

3
1

3

11
nn nn

 

(the harmonic series (7) with 123 p ) and make use of the second comparison 

test (theorem 7). The limit of ratio of the general terms of these two series is 

2
1

7342

1lim
7342

lim1:
7342

1lim

3232
2
3

2
3

2
323





















 

nnnnnn
n

n

nnnn nnn

The limit 21k  is positive finite number, and so the given series converges simul-

taneously with the convergent harmonic series. 

Theorem 8 (D'Alembert1 test). If for a positive term series (18) there exists 

the limit 

                                                        l
u

u

n

n
n




1lim ,                                                   ( 24 ) 

then the series converges for 1l  and diverges for 1l . In the case 1l  one can't 

say anything about behavior of the series. 

■1. Let at first 

                                         
1 D’Alembert, J. (1717 - 1783), a French mathematician and philosopher 
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1lim 1 


l

u
u

n

n
n

. 

By the theory of limit for any 0  there exists a number N such that for any Nn   

the next inequalities hold: 

    nnn
n

n

n

n

n

n uluull
u

ull
u

ul
u

u
  


1

111 ,,, . 

Let   is so small that .1l  Taking successively ...,2,1,  NNNn  in the 

inequality 

  nn ulu 1 , 

we'll obtain 

  NN ulu 1 , 

    NNN ululu 2
12    , 

    NNN ululu 3
23    , 

………………………………. 

We see that for any 1 Nn  the terms of the given series are less than the corres-

ponding terms of the converging geometric progression with the ratio 1 lq . 

By the theorem 6 (case 1)) the given series is convergent one. 

2. Let now 

1lim 1 


l

u
u

n

n
n

. 

In this case for sufficiently large n we'll have  

...1 321
1  


nnnn
n

n uuuu
u

u , 

and the necessary condition for convergence of the series isn't fulfilled. The series 

diverges.■ 

Ex. 16. Investigate for convergence the series 




1

2

2n
n

n . 

Here 
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 
1

2

1

2

2
1,

2 


 nnnn

nunu , 

and 

 
 








 


















 

















 2

2
2

2

2

21

2

2

1

2

1

2

11
lim

22

112
lim

2
12lim

2

2
1

limlim
n

n
n

n
n

n

n
n

n

n

u
u

nn

n

nn

n

n

n

n

n
n

n

n
 

1
2
111lim

2
1 2







 

 nn
. 

By virtue of D'Alembert test the series converges. 

Ex. 17. Solve the same problem for the series 

...
1062
1074

62
74

2
1









  . 

The general term nu  and the next term 1nu  of the series are 

  
  

 
  ,24...1062

13...1074
142...1062
134...1074









n
n

n
nun  

    
    

   
   2424...1062

4313...1074
21424...1062
11313...1074

1 






 nn
nn

nn
nnun . 

Hence 

   
   

 
  



















 24...1062
13...1074:

2424...1062
4313...1074limlim 1

n
n

nn
nn

u
u

n
n

n
n

 

     
      .1

4
3

4
3lim

24
43lim

13...10742424...1062
24...10624313...1074lim 









 n

n
n
n

nnn
nnn

nnn
 

The series is convergent by D'Alembert test. 

Ex. 18. The same problem for the series 

 
 







1

3

!3
13!12

n n
nn . 

We have 

 
 

    
  

 
 

;
!33

23!32
!13

113!112,
!3

13!12 33

1

3











  n

nn
n

nnu
n

nnu nn  
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 
 

 
 

   
   













 









 3

333
1

13!12!33
23!3!32lim

!3
13!12:

!33
23!32limlim

nnn
nnn

n
nn

n
nn

u
u

nn
n

n
n

 

     
      












3

13
23lim

!12332313!3
!33222!12lim

n
n

nnnnn
nnnn

nn
 

  
   








 







 








3 13

23
lim

332313
3222lim

n
n

n
n

nnn
nn

nn
 

















 





 





 







 





 



n

nn

n

n

nnn
n

nn
n

3
3

2

13

23
lim

332313

3222
lim

10
27
401

332313

3222
lim1lim 







 





 





 







 





 




nnn

nn
n nn

. 

The series converges. 

Ex. 19. D'Alembert test isn't applicable to the series of Ex. 11 that is to 








 1
2

2
2 1

,
ln
1

nn n
n

nn
. 

■For the second series 

 
  
  1

221

1111
lim

22
11lim

1
:

11
1limlim

2
3

2
3

2

2

22
1 







 







 





 
























nn
n

nn
n

nnn
nn

n
n

n
n

u
u

nnn
n

n

n
. 

For the first series 

        
















 1ln1
lnlim

ln
1:

1ln1
1limlim 2

2

22
1

nn
nn

nnnnu
u

nn
n

n
n

 

 


























 








 

















2

2

11ln

lnlim
11

lim
1ln

lnlim
1

lim

n
n

n

n
n

n
n

n
n

n
nnnn
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
































 



























 







22

ln11ln1ln

lnlim
11lnln

lnlim11

1lim
n

n
n

n

n
n

n

n
nnn

 

1
01

1

ln11ln1

1lim
2

2




































 




n
n

n
.■ 

Ex. 20. Prove that for any positive number a 

.0
!

lim 
 n

an

n
 

■Let's introduce the numerical series with the general term !nan , namely 

...
!

...
!3!2!

32

1




 n
aaaa

n
a n

n

n

. 

It converges on the base of D'Alembert test (verify!). Therefore by virtue of the ne-

cessary condition for convergence of a series the limit of its general term equals zero 

if n .■ 

Theorem 9 (Cauchy1 radical test). If for a series (18) with positive terms 

there exists the limit 

                                                        lun
nn



lim ,                                                   ( 24 ) 

then for 1l  the series converges and for 1l  diverges. The case 1l , similarly to 

D'Alembert test, is doubtful one. 

Ex. 21. Prove convergence of the series 














 

1

2

11
n

n

n
. 

The general term of the series 
2

11
n

n n
u









  , 

                                         
1 Cauchy, A.L. (1780 - 1859), an eminent French mathematician 
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and 

.1111lim11limlim 1

2







 






  







 e
e

nn
u

n

n
n

n

n
n

nn
 

By Cauchy radical test the series converges. 

It is useful to observe that 

                                                          1lim 


n

n
n .                                                    ( 25 ) 

■With the help of L'Hospital rule 

 



n
nn

n
n

n
n

n

n
neenn

lnlimln11

limlimlim   101limlnlimlnlim 0 






e

xx
x

x
x

xxx
■ 

Prove yourselves that for any natural m 

                                                       1lim 


n

n
mn .                                                 ( 26 ) 

Ex. 22. The series 




1

2
n

n

n
 

diverges because of by (24) and (25) 

1212
lim

122lim2limlim 


 n

n

nn
n

n

n
n

nn nnn
u . 

Theorem 10 (Cauchy integral test). If we substitute n by x in the general term 

nu  of the series (18) (with positive terms), we'll obtain a function   xuxf  . If this 

function is positive continuous non-increasing on the interval ,1 , then the series 

(18) and the improper integral 

                                                            


1

dxxf                                                        ( 27 ) 

both (simultaneously) converge or diverge. 

■Let kxk 1 ; on the strength of non-increasing of the function   xuxf   

one gets successively 
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          ,,,1
1

1
11

1 





 
k

k
k

k

k

k

k
kkk dxudxxfdxuuxfukfxfkf  

                                                     1
1




  k

k

k
k udxxfu .                                            ( 28 ) 

Putting successively nk ...,,3,2  in (28) and adding termwise all the inequalities 

one obtains 

  121
1

32 ......   n

n

n uuudxxfuuu , 

or 

                                                  1
1

1   n

n

n SdxxfuS .                                        ( 29 ) 

1. If the integral (27) converges, then 

    




n

n
dxxfdxxf

11

lim . 

By positivity [positiveness] of the function  xf  the integral 

 
n

dxxf
1

 

increases with n, and so by (29) 

        ., 1
1

1
111

udxxfudxxfSdxxfdxxf
n

n

n

 


 

Thus, the sequence of partial sums of the series is bounded above, and the series (18) 

convergers by virtue of the theorem 5. 

2. If the series (18) converges, the inequality (29) permits to prove convergen-

ce of the integral (27).■ 

Ex. 23. Investigation of the harmonic series (8) on convergence. 

In this case the general term of the series is 

pn n
u 1

 , 

and corresponding function 
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  px x
uxf 1

 . 

It's known (see Lecture No. 23, Point 2, Ex. 2) that the improper integral 

  



11

px
dxdxxf  

converges for 1p  and diverges for 1p . Therefore the harmonic series (8) con-

verges for 1p  and diverges for 1p . 

Ex. 24. With the help of Cauchy integral test investigate for convergence the 

series 

a) 


2
2ln

1
n nn

;               b) 


 1
2 1n n
n . 

of Ex. 11. 

a) For the first series 

nn
un 2ln

1
 , 

and the corresponding function 

 
xx

xf 2ln
1

  

is positive continuous non-increasing on the interval  ,2 . The improper integral 

 
2ln

11
2ln

2
,

.ln

ln 2ln2ln
2

2
2

2












 yy
dy

y
x

dy
x

dx
yx

xx
dxdxxf  

converges and therefore the series a) also converges. 

b) The second series is divergent, because of 

 
1

,
1 22 





x

xxf
n

nun , 

and the improper integral 

   
 








1 1

2
2

1
2

1

1ln
2
1

1
2

2
1

1
x

x
xdx

x
xdxdxxf  

diverges. 
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Ex. 25. Apply Cauchy integral test to the series 




 1
2 186

1
n nn

. 

Corresponding improper integral 

  












 



4
2

22

2

1
2 94

1

9186,,3

,3,186
2
1

186 t
dt

t
x

txxdtdxtx

txtxx
xx

dx  







 






 





3
4arctan

23
1

3
4arctan

3
arctanlim

3
1

3
arctan

3
1

4

tt
t

 

is convergent, and therefore the series converges.  

 

POINT 3. NUMERICAL SERIES WITH ARBITRARY REAL TERMS. 
ABSOLUTE AND CONDITIONAL CONVERGENCE 

 

In the Point 2 we have dealt with numerical series with positive terms [with 

positive term series]. Now we consider series whose terms are arbitrary real numbers 

both positive and negative, so-called real term series. By virtue of the theorem 2 we'll 

suppose that series in question contain infinitely many positive and negative terms. 

As the first example of such the series we'll consider that alternating. 

Alternating series 
 

Def. 7. Alternating series is called that of the next form: 

                    ))0or0(:(...1 4321
1

1 





nn

n
n

n uunuuuuu ,                 ( 30 )   

where all numbers nu  have the same sign. In other words an alternating series is a 

series with terms of alternating signs. 

Theorem 11 (Leibniz1 test). If in an alternating series (30) 

                                         
1 Leibniz, G. (1646 – 1717), the great German philosopher and mathematician 
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a) the necessary condition of convergence 

                                                           0lim 


nn
u                                                    ( 31 )  

is fulfilled, 

b) the terms don't increase in modulus, 

then the series converges, and its sum S satisfies the inequality 

                                                             1uS  .                                                      ( 32 ) 

■Let for definiteness [to fix the idea] all numbers nu  are positive. 

1. At first we consider partial sums of the series (30) with even number of 

terms. Let's represent the 2m-th partial sum in two forms, namely 

a)        ;... 2126543212 mmm uuuuuuuuS    

b)       mmmm uuuuuuuuS 21222543212 ...   . 

If follows increasing of mS2  with m from the first representation and boundedness 

above of mS2 from the second. Therefore there exists the limit S of mS2  for m , 

SS mm


 2lim . 

2. To finish we must prove that the sequence of partial sums of the series (30) 

with odd number of terms converges to the same limit S. But by the condition (31) 

  SSuSuSS mmmmmmmmm



0limlimlimlim 222212 . 

We have proved that 

SSnn



lim  

for any n both even and odd, and so the series (30) converges. For the case of posi-

tiveness of all nu  we've obtained the inequality 1uS  . In general we'll come to the 

inequality (32).■ 

Ex. 26. The alternating series 

    ...11...
4
1

3
1

2
1111 1

1

1  




 nn
n

n

n  

satisfies both conditions of Leibniz test: 
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a) ...
4
1

3
1

2
11...,

4
1

3
1

2
11   ; b) 01lim 

 nn
. 

Therefore the series converges, and one has  

1S  

for its sum S. 

Ex. 27. Find approximate value of the sum S of the series 

 
 






















0
432 ...

94
1

74
1

54
1

34
11

124
1

n
n

n

n
. 

The series is alternating one, it satisfies the conditions of Leibniz test and the-

refore converges. By virtue of the formulas (12), (13) we have 

nSS   

with absolute error 

nR . 

1. Let 3n . Then  

...
94

1
74

1
433 





R  

is the sum of the convergent alternating series, and by (32)  

002.0...570022321428.0
74

1
33 


R . 

Further 

930.0013.0083.0000.1
54

1
34

11 23 





S ; 

932.0928.0,002.0930.0002.0930.0  SS , 

and 

9.0S ,  

where all digits are exact, or 
93.0S  

with the accuracy to 0.01. 

2. Let now 4n . In this case 
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000434.0
94

1...;
114

1
94

1
44544 








 RR , 











74

1
54

1
34

11 324S  

926935.0002232.0012500.0083333.01  , 

000434.0926935.0000434.0926935.0  S , 

927369.0926501.0  S , 

92.0S  with all exact digits or better 

927.0S  with an accuracy to 0.001. 

3. Let at last 5n . By the same way we find 

0001.0000089.0
114

1...;
134

1
114

1
55655 








 RR ; 













 0022.00125.00833.00000.1
94

1
74

1
54

1
34

11 4325S  

9274.00004.0  , 

0001.09274.00001.09274.0  S , 

9275.09273.0  S , 

927.0S , and all digits are exact. 

Ex. 28. The alternating series 

...
1

1
1

1...
13

1
13

1
12

1
12

1
1

1
1

1
2

































 nnnnn

 

is reduced to harmonic one with 1p  and therefore diverges. Indeed, 

   
   1

2
11
11

1
1

1
1











 nnn

nn
nn

, 

and 















 














 22

...1...
3
1

2
112

1
12

1
1

1
1

nn nnnn
. 

For the given series the necessary condition (32) of convergence is fulfilled, but the 

second condition of Leibniz test isn't fulfilled. Indeed, for every n 
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11
1

1
1




 nn
 (verify!). 

 

Absolutely and conditionally convergent series 
 

Let be given a numerical series with arbitrary real terms (it can be called as a 

real term series or a plus-and-minus series) 

                                          ......321
1





n

n
n uuuuu .                                   ( 33 ) 

We'll introduce the series of moduli of its terms, that is the series 

                                 ......321
1





n

n
n uuuuu                                 ( 34 ) 

Theorem 12. If the series (34) of moduli of terms of the series (33) converges, 

then the series (33) also converges. 

■Let 

nn uuuu  ...321  

is the n-th partial sum of the modulus series (34). By virtue of its convergence there is 

the limit 

nn



 lim , 

and  

 n  

for any n. Let's write the n-th partial sum nS  of the series (33) in the next form: 

  nnn SSS  

where 
nS  is the sum of all positive terms of the series (33) in nS  and 

nS  is the sum of 

moduli of all negative terms. It is obviously that 

  
nnnnnn SSSS ,, . 

It means that the sums 
nn SS ,  are bounded above by the number   and so have the 

limits  SS ,  for n  
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







  nnnn
SSSS lim,lim . 

Therefore there exists the limit S of the n-th partial sum nS  of the series (33), 

   










SSSSSSSS nnnnnnnnn

limlimlimlim , 

that is the series converges.■ 

Def. 8. If the series of moduli (or the modulus series) of a real term series (33) 

converges, then this latter is called absolutely convergent (one says that it absolutely 

converges). 

By virtue of this definition we can call the theorem 12 as that on absolute con-

vergence of a plus-and-minus series. 

Corollary. It follows from the proof of the theorem 12 that in absolutely con-

vergent series the series of positive and negative terms are convergent (correspon-

dingly to S and  S ). 

Ex. 29. The series 

    ...1...
4
1

3
1

2
111

2

1

222
1

2

1





 





 nn

n

n

n

 

absolutely converges because of the series of moduli of its terms 

...1...
4
1

3
1

2
111

2222
1

2 


 nnn

 

is the convergent harmonic series (8) with 12 p . 

Def. 9. If a real term series (33) converges, but the series of moduli its terms 

diverges, then the series (33) is called conditionally convergent (one says that it 

conditionally converges). 

Remark 2. On the base of the proof of the theorem 12 we can deduce that in a 

conditionally convergent series the series of its positive and negative terms are diver-

gent. 

Ex. 30. The series 

    ...11...
4
1

3
1

2
1111 1

1

1  




 nn
n

n

n  
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(see Ex. 26) conditionally converges for its modulus series 

    ...1...
4
1

3
1

2
1111111

11

1

1

1  















nnnn nn

n

n

n  

(the harmonic series with 1p ) diverges. 

Tests on absolute convergence 
 

To establish absolute convergence of a real term series (33) we can apply all 

sufficient tests of the Point 2. 

We'll give some examples. 

1. If there exists some convergent positive term series 

                                   ,0:...,...321  nn anaaaa                                ( 35 ) 

such that 

                                                            nn au                                                        ( 36 ) 

(at least for sufficiently large n), then the series (33) absolutely converges. 

Remark 3. If for some divergent positive term series 

,0:...,...321  nn bnbbbb  

the inequality 

nn bu   

holds (at least for sufficiently large n), then the series (33) can't absolutely converge. 

But it can converge conditionally. 

Ex. 31. The series  

...sin...
4

4sin
3

3sin
2

2sinsinsin
2222

1
2 



 n
nxxxxx

n
nx

n

 

absolutely converges for any x because of the series of moduli of its terms 

...
sin

...
4

4sin
3

3sin
2

2sin
sin

sin
2222

1
2 



 n
nxxxx

x
n

nx

n

 

converges for any x by the first comparison test: 
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for each n, and the positive term series 
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converges. 

2. If for a series with real terms (33) there exists the limit 
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1lim ,                                                   ( 37 ) 

then the series absolutely converges for 1l  and diverges for 1l . 

■The limit (37) states D'Alembert sufficient test for convergence of the modu-

lus series (34). In the case 1l  not only the series (34) diverges but also the series 

(33), for the necessary condition for convergence isn't fulfilled. See theorem 8.■ 

Ex. 32. Let be given a functional series  
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that is a series whose terms are functions. Investigate for which values of x it conver-

ges.  

Def. 9. The set of all values of x for which a functional series converges is cal-

led the domain of its convergence. 

By virtue of this definition we have to find the domain of convergence of the 

series of Ex. 32.  

The general term of the series is a function of x, which we'll denote as  xun , 

  nn nx
xu 1
 . 

For fixed x D'Alembert test for convergence of the modulus series gives 
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The series absolutely converges if the obtained limit is less than 1, 

    ,11,111
xx

x
; 

it diverges if 

 1,1111
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x
. 

It's remaining to investigate behavior of the series at two points 1,1  xx . 

At the point 1x  the series becomes 







1

...1...
3
1

2
111

n nn
 

and diverges as the harmonic series with 1p . At the point 1x  the series takes 

on the form 
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and converges by Leibniz test (see Ex. 26). 

Thus the given series converges for     ,11, x . In the other words its 

domain of convergence is the point set     ,11,   that is the union of two in-

tervals  1,   and  ,1 . 

Ex. 33. Prove yourselves that the domain of convergence of the functional se-

ries 
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is the next point set     ,13,  . 

Ex. 34. Find the domain of convergence of the series 
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The nth, (n + 1)th terms of the series and their moduli are respectively 
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On the base of D'Alembert test for the modulus series (for fixed x) 
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The series absolutely converges if 1x , that is if  1,1or ,11  xx . 

The series diverges if 1x , that is if     ,11,or  ,1or 1 xxx . 

It's necessary to study the case .1or  1  xx  

For 1x  we have the series 
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which converges by Leibniz test. 

For 1x  the corresponding series 
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converges as harmonic one with 12 p . 

Answer: the domain of convergence of the series is the segment  1,1 . 

Ex. 35. The same problem for the functional series 
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Answer:  1,1 . 

Ex. 36. Find the domain of convergence of the series 
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and for fixed x by D'Alembert test for the modulus series 
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The given series absolutely converges if 
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and diverges if 
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Thus we know behavior of the series for all values of x but 7,1  xx . 

For 1x  the series takes on the form 
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and converges as harmonic series (8) with 12 p . 

For 7x  the series becomes 
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and absolutely converges (its convergence follows also from Leibniz test, see theo-

rem 11). 

Therefore the domain of convergence of our series is the segment  7,1 . It has 

the length 8 and the center 30  xx  and can be written in the form  43,43  . 

Some properties of real term series  
 

Theorem 4 of the Point 1 states some "arithmetical" properties of series. They 

are similar to corresponding properties of finite sums. But series aren't finite sums, 

and there are some peculiarities in their properties. In particular it concerns associa-

tivity, commutativity and multiplication of series. 
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Theorem 13. One can parenthesize [put in parentheses] arbitrary groups of a 

convergent series. The sum of the series doesn't change. 

But it isn't permissible in general to remove parentheses in a convergent series. 

Ex. 37. The series         ...11...111111   converges to zero 

(why?). But removal of parentheses leads to the divergent series 

...11...1111  . 

Absolutely convergent series possess the commutative property.   

Theorem 14. One can interchange terms of absolute convergent series. Its sum 

doesn't change. 

For conditionally convergent series such the property isn't valid. That states the 

next theorem. 

Theorem 15 (Riemann1). Interchanging terms of conditionally convergent se-

ries we can obtain the convergent series with arbitrary sum and even the divergent se-

ries. 

Validity of the theorems 14, 15 is based on the fact that in an absolutely con-

vergent series the series of its positive and negative terms are convergent, but in a 

conditionally convergent one such the series simultaneously diverge. 

Theorem 16. The product of two absolutely convergent to S and T series abso-

lutely converges to the product S·T. 

Let for example 
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be mentioned absolutely convergent series. Theorem 16 means that  

    TSvvvvuuuuvu nn
n

n
n

n 








............ 321321
11

. 

By virtue of absolute convergence of the product of the series its terms can be 

arranged in different ways. We can in particular write 

     ............ 321321 nn vvvvuuuuTS  

                                         
1 Riemann G.F.B. (1826 - 1866), an eminent German mathematician 
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    ...132333323112222111  vuvuvuvuvuvuvuvuvu  

(see the table 1) or better 

         ...14233241132231122111  vuvuvuvuvuvuvuvuvuvuTS    ( 38 ) 

(see the table 2).    

The development (38) retains correct if only one of series absolutely converges 

and the other simply converges. 

                              Table 1                                  Table 2 

 

11vu  12vu  13vu  14vu  … 

21vu  22vu  23vu  24vu  … 

31vu  32vu  33vu  34vu  … 

41vu  42vu  43vu  44vu  … 

……………………...... 

Ex. 38. Find the product of series of the Ex. 34, 35 which both absolutely con-

verge on the interval  1,1 . 

By the theorem 16 the product in question absolutely converges on the interval 

 1,1 . We'll find four first its terms arranging them correspondent with the formula 

(38) (see the table 2) that is in ascending powers of x (see the table 3), 
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     
     
     

..........................................................................

...4443424

...3433323

...2423222

...432

2726254

2625243

2524232

242322





xxxx
xxxx
xxxx
xxxx

 

 

...........................

...

...

...

...

44434241

34333231

24232221

14131211

vuvuvuvu
vuvuvuvu
vuvuvuvu
vuvuvuvu



LECTURE NO. 29. POWER SERIES 
 
POINT 1. POWER SERIES AND PROPERTIES OF ITS SUM 

POINT 2. DEVELOPEMENT OF FUNCTIONS INTO POWER SERIES 

POINT 3. SOME APPLICATIONS OF POWER SERIES 

 

POINT 1. POWER SERIES AND PROPERTIES OF ITS SUM 

We've dealt with functional series in Lecture No. 28 (see examples 31 - 35).  

Def. 1. A power series is called a functional series of the form 
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where real numbers 

...,...,,,,, 3210 naaaaa  

are coefficients and  

...,...,,,,,1 3210 nxxxxxx   

power functions with integer non-negative indices [indexes]. 

Ex. 1. The series 
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which was considered in Ex. 34, 35 of the preceding Lecture are those power. 

One often considers a power series of more general form, namely 
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Ex. 2. The series 
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of Ex. 36 of the same Lecture No. 28 is a power one of the type (2). 
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The series (1) is a particular case of the series (2) for 00 x . On the other hand 

we can reduce the series (2) to the form (1) putting for example  

yxx  0  

whence 
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By this reason we can consider only the theory of the series (1). 

Radius and interval of convergence of a power series 
 
Def. 2. If a power series (1) converges at a point rx  , that is a numerical 

series 
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converges, then this point rx   is called a convergence point (or a point of conver-

gence) of the series. 

Such the definition is valid for any functional series. It follows that the domain 

of convergence of a functional series is the set of all its convergence points. 

Our óbject is the domain of convergence of a power series.  

The power series (1) always converges at the point 0x  because of it takes 

the form 
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for 0x . 

a) There are power series which converge only at the point 0x . 

Ex. 3. The power series 
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has unique convergence point 0x , for  
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and this limit is less than 1 (namely is equal to 0) only for 0x . 

b) There are power series the domain of convergence of which is the set of all 

real numbers. 

Ex. 4. The power series 
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absolutely converges at any point x, because of for any fixed x 
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c) There are power series whose domain of convergence is some part of the set 

of all reals. 

For example the series of Ex. 1 converge on the intervals    1,1,1,1   and 

diverge on the point sets         ,11,,,11,   respectively (see Ex. 34, 

35 of the lecture No. 28). 

Theorem 1 (Abel1 theorem). If a power series (1) converges at a point xx  , 

then it absolutely converges on the interval  xx  , . If it diverges at a point xx  , 

then it diverges outside the interval  xx  , . 

■Let for example the series (1) converges at a point xx   that is the numeri-

cal series 
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converges. By virtue of the necessary condition of convergence the general term of 
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this series (namely  nn xa  ) tends to zero with n . Therefore for sufficiently lar-

ge n (let for Nn   where N is some natural number) it is bounded: there is a number 

A such that 

  Axa n
n   

for Nn  . 

Let now x is an arbitrary point of the interval  xx  , , that is xx   and so 

1
x

x
. 

Is this case for the general term n
n xa  of the series (1) we have (if Nn  ) 
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It means that for Nn   the moduli of the terms of the series (1) are less then the cor-

responding terms of the convergent geometrical progression with the ratio 

1



x
xq . 

Therefore the series (1) absolutely converges on the interval  xx  , .■ 

It can be deduced from Abel theorem that for a power series (1) of the case c) 

(when it has as convergence as divergence points) there is a positive number R (con-

vergence radius or the radius of convergence) such that the series absolutely conver-

ges in the interval (convergence interval or the interval of convergence) 

 RR,  

and diverges outside the segment  RR, . 

Behavior of the series (1) at the end points R  of the convergence interval 

must be tested apárt (separately, singly, extra лат.). 

The convergence radius and convergence interval of the series of Ex. 1 are 

respectively  1,1,1 R . The first series converges at the end points 1x  of the 

                                                                                                                                       
1 Abel, N.H. (1802 - 1829), the famous Norwegian mathematician 
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convergence interval and the second one converges at the right end point 1x  and 

diverges at the left end point 1x . 

A general power series (2) always converges at the point 0x . Its convergence 

interval (in the case c) of existing convergence and divergence points) is of the form 

 RxRx  00 , . 

For example the convergence radius and convergence interval of the series in 

Ex. 2 are respectively      7,143,43,,4 00  RxRxR . The series con-

verges at both the end points 7,1  xx of the convergence interval (see Ex. 35 of 

preceding Lecture). 

If a power series ((1) or (2)) converges at unique point ( 1x  or 0xx   res-

pectively) we as usually say that 0R . 

For the series of Ex. 3 we 0R . 

In the case of convergence of the series at all points we say that R . 

We have R  in Ex. 4.  

We can seek a convergence radius R of a power series by the same way as in 

Ex. 34 - 36 that is with the help of D'Alembert test for the modulus series of the given 

series. In one particular case we can give a corresponding formula, namely 
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if the limit (3) exists (prove this fact yourselves!). 

Ex. 5. For the first series of Ex. 1 we have 
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Ex. 6. For a series of Ex. 2 
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Ex. 7. The formula (3) isn't applicable for the series 
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1,0,1,0 543210  aaaaaa ), and we apply D'Alem-

bert test. Namely for any fixed x 
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The series absolutely converges on the set of all reals, and we have R . 

Ex. 8. Prove that for the series 
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the convergence radius equals R . 

As conclusion we'll say that the domain of convergence of a power series can 

be: a) the unique point ( 0x  for the series (1) and 0xx   for (2)); b) the set of all 

real numbers; c) some finite interval (  RR,  for (1) and  RxRx  00 , for (2)) 

inclu-ding or excluding one or both of its end points. 

Properties of the sum of a power series 
 

Def. 3. Let a point set X is the domain of convergence of a power series. For 

any Xx  we denote by  xS  the sum of corresponding numerical series. The func-

tion  xS  with the domain of definition   XSD  is called the sum of a power series. 

Let for definiteness we consider a series (1), and so for any Xx we can write  
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                           ......3
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The sum of a power series possesses some important properties which we'll 

state without proving. 

 1. The sum  xS  of a power series is continuous in a convergence interval. 

Remark 1. If a power series converges at some end point of the convergence 

interval, then the sum  xS  is continuous and at this end point. 

Let the series (4) converges at the end point Rx  . The remark means that 
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2. The sum  xS  of a power series is integrable in a convergence interval and 

can be integrated by termwise integration of the series. 

For the case of the series (1) integration over an interval   Xx ,0 gives 
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The series (5) is a power one and has the same convergence radius R as the series (4). 

This last fact can be easy proved in condition of existing of the limit (3). In-

deed the convergence radius Rof the series (5) by the formula (3) equals 
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3. The sum  xS  of a power series is differentialbe in a convergence interval 

and can be differentiated by termwise differentiation of the series without changing 

the convergence radius R. 

For the series (4) the property means 
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The series (6) is a power one and has the same convergence radius R as the series (4). 

Its invàriabílity [inalterability] can be proved by the same way as in the property 2 (if 

the limit (3) exists). Do it yourselves. 
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3. Applying the property 3 infinitely many times we'll get 
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          …….…………………………………………………………………… 
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          ….…………………………………………………………………….. 

Putting 0x  in the formulas (4), (6.1), (6.2), (6.3), …, (6.n),… we'll find the 

coefficients ...,...,,,,, 3210 naaaaa  of the series (4), 
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Now the series (4) can be written as follows 
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or briefly 
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The series (7) is called Maclaurin1 series for a function  xS . 

Analogously if a function  xS  is a sum of a power series (2), 
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then 
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The series (9) is called Taylor1 series for a function  xS . 

                                         
1 Maclaurin, C. (1698 - 1746), a Scotch mathematician 
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Ex. 9. Find the sum of the series 
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If we termwise differentiate the series, we'll obtain the geometrical progression 

with the ratio 4xq  and the convergence radius 1R . Indeed, 
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By the formula (7) of the sum of a geometrical progression 
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On the base of the obvious condition   00 f  we find 0C  and get the sought sum 
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Ex. 10. By the same method seek the sum of the series 

    ...
12

1...
753

12
1

753









n
xxxxxxf

n
n . 

Ex. 11. Find the sum of the series 
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The problem is solved with the help of termwise integration. Namely 
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After differentiation 
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Ex. 12. Seek the sum of the series 

                                                                                                                                       
1 Taylor, B. (1685 - 1731), an English mathematician 
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POINT 2. DEVELOPEMENT OF FUNCTIONS INTO POWER SERIES 

 
Here we'll study developements of functions into Maclaurin power series. 

Let be given an infinitely differentiable function  xf . It can be assigned [it 

can be associated with] its Maclaurin series, namely 
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It is necessary to solve the next two problems: under which conditions the se-

ries (10) converges and has the sum  xf . In other words we find conditions of deve-

lopability of functions into Maclaurin series. 

The necessary and sufficient condition of developability gives us Maclaurin 

formula for a function  xf  (see Lecture No. 16, Point 4) 
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in which the polynomial coincides with the n-th partial sum of Maclaurin series (10) 

and  xrn  is the remainder [the remainder term, the residual member]. For example 

Lagrangian remainder form is 
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   xcx
n

cfxr n
n

n ,0,
!1

1
1




 


.                                   ( 12 ) 

Comparison the formulas (10) and (11) obviously leads to the nest theorem. 

Theorem 2. An infinitely differentiable function is developable into Maclaurin 

series (10) on some interval  aa, if and only if for n the remainder of its Mac-

laurin formula (11) goes to zero on  aa, , 

                                          0lim 


xrnn
   for    aax , 1.                                   ( 13 ) 

                                         
1 It's évident that the interval  aa,  must lie on the convergence interval of the series. 
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In the case when the condition (13) is fulfilled we can write the development of 

the function into Maclaurin series if we'll change the sign of correspondence  by the 

equality sign is (10), namely 

                   











0

32

!
0...

!
0...

!3
0

!2
000

n

n
n

n
n

x
n

fx
n

fxfxfxffxf ( 14 ) 

Theorem 3. If all derivatives of an infinitely differentiable function are boun-

ded by the same number on some interval  aa, , then the function is developable 

into Maclaurin series (10) on this interval. 

■Let there are an interval  aa,  and a number C such that 

   Cxf n   

for any n ( ,...3,2,1,0n ) and arbitrary  aax ,  (that is ax  ). With the help of 

Lagrangian remainder form (12) we have 

 
  
 

  
      0

!1!1!1!1

1
11

1
1

1






















n
a

Ca
n

Cx
n

cf
x

n
cfxr

n
nn

n
n

n

n  

by virtue of Ex. 20 of the Lecture 28. It's retains to apply the theorem 2.■ 

Ex. 13. The functions xx cos,sin  satisfy conditions of the theorem 3 on the set 

of all reals   , . The function xe satisfies them on arbitrary finite interval  aa,  

( aeC  ). Therefore we at once obtain their expandings into Maclaurin series from the 

results of the Lecture No. 16, Point 4, namely 

                                    ...
!

...
!4!3!2

1
432


n
xxxxxe

n
x ,                               ( 15 ) 

                              
 

...
!12

1...
!7!5!3

sin
12

1
753









n
xxxxxx

n
n ,                      ( 16 ) 

                                 
 

...
!2

1...
!6!4!2

1cos
2642


n

xxxxx
n

n .                        ( 17 ) 

All the series converge on   ,  (see Ex. 4, 7, 8), and so the formulas (15), (16), 

(17) are valid for any x. 

Remark 2. We can reduce the series (17) by termwise differentiation of the se-
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ries (16). 

Ex. 14 (the binomial series). Let's expand into Maclaurin series the next func-

tion 

                                               ,,1 mxxf m ,                                      ( 18 ) 

where m is some real (no natural) number. 

At first we find the derivatives of the function (18),  

               ,...,121,11,1 321   mmm xmmmxfxmmxfxmxf  

          ,...11...21 nmn xnmmmmxf  . 

Then we find the values of the function and its derivatives at the point x = 0, 

            210,10,0,10  mmmfmmfmff , 
                 ,1...210,1...210 1 nmnmmmmfnmmmmf nn   …. 

Now with the help of the formula (10) we obtain 

 mx1    

           ...
!

1...21...
!3

21
!2

11 32 








 nx
n

nmmmmxmmmxmmmx . 

The convergence radius of this last series 1R  because of by the formula (3) 

          
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It can be proved that on the convergence interval  1,1  the conditions of the 

theorem 2 are fulfilled, and so we get the next development (so-called binomial se-

ries) on this interval 

                  ...
!

1...21...
!2

111 2 





 nm x
n

nmmmmxmmmxx .    ( 19 ) 

The binomial series (19) is the source of many other developments. 
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Ex. 15. Putting 1m  in the binomial series (19) we'll have 

                






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 xxxxxx , 
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xxxxxx
x n

nnnn .         ( 20 ) 

Remark 3. The series (20) can be obtained at once as the sum of convergent 

geometrical progression (with the ratio 1if  xxqxq ). It diverges at the 

end points of the convergence interval  1,1 . 

Ex. 16. Integrating termwise the series (20) over the segment   ,1,,0 xx we 

obtain the expand of the natural logarithm. Indeed 

       111...1...
432

1ln
1

11
432
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n
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n .  ( 21 ) 

The series (21) converges at the end point 1x  (as alternating one by Leibniz test) 

and diverges at the point 1x  (why?). 

Ex. 17. Let's substitute x  by 2x  in the series (20), 

     11,11...1...1
1

1 2
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22642
2 
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xxxxxxx
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After termwise integration of this last series we'll obtain the arctangent development 

with the same convergence interval  1,1 , namely 
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The convergence domain of this series is the segment  1,1  because of it converges 

at both the end points of the convergence interval (verify with the help of Leibniz 

test!). 

Ex. 18. Let's take 21m  in the binomial series (19),  

             ...
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                        ...
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,                ( 23 )                  

and then substitute x by 2x  ( 122  xx , whence 11,1  xx ), 
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Termwise integration gives the arcsine development with the same convergence in-

terval  1,1  

              ...
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Remark 4. We often deal with developments of functions into Taylor series  

                       ...
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Corresponding theory is similar to that stated above for Maclaurin series. 

In Ex. 16 – 18 we've found developments of several functions knowing those 

of the others. Let's consider some additional examples. 

Ex. 19. Expand into Maclaurin series the function 

 215ln x . 

Using the standard development (21) we do as follows 

  
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The convergence interval  15,15  of the series is determined by the inequalities 

1515,15,15,1
1515

2
22

 xxxxx . 

The domain of convergence is the segment  15,15  (why?). 

Ex. 20. Taking into account that 
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             xxxxxxxx  4ln3ln43ln43ln127ln 2 , 

expand the function  127ln 2  xx  into Maclaurin series and find its domain of con-

vergence. 

Ex. 21. Expand into Maclaurin series the next function: 

 
x

xxxxf cossin 
 . 

We'll obtain the required development taking into account the standard expan-

sions (16), (17) of the sine and cosine and absolute convergence of both series. 
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The obtained expansion is valid for any 0x . 

 

POINT 3. SOME APPLICATIONS OF POWER SERIES 

 
Power series can be successively applied to integration of differential equa-

tions, evaluating integrals which aren't expressible in terms of elementary functions 

and to approximate calculations. 

1. Approximate integration of differential equations 

a) Method of Taylor (Maclaurin) series 

                                                
Let it's necessary to solve Cauchy problem 

                                               .,, 00 yxyyxfy                                          ( 26 ) 
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We seek the solution of the problem in the form of Taylor series               

                         ...
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1
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1 3
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2
00000  xxxyxxxyxxxyxyy ,     ( 27 ) 

in which we have to determine the values of the unknown function and its derivatives 

at the point 0x . By the initial condition and the given equation we have 

        .,,, 0000000 yxfxyxfxyyxy   

To find further values of the derivatives we successfully differentiate the given 

equation and equations obtained after differentiation, 

 ,,,1 yyxFy   where   yffyyxF yx ,,1  

     ,...,,,,,,,, 3
4

2 yyyyxFyyyyxFy   

and then put 0xx   in all these equations, 

           ,,,,,,, 00002000010 xyxyyxFxyxyyxFxy 
         ,...,,,, 0000030
4 xyxyxyyxFxy   

By this way we can find arbitrary number of terms of Taylor series. 

Ex. 22. Solve Cauchy problem 
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Corresponding Taylor series is 
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Acting by the theory we'll obtain 
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……………………………………………………………………………….. 
In this way we can write first five nonzero terms of the solution of the problem 
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

 

 xxxxy , 

...
224

5
26

1
22

21
432







 






 






 






 

 xxxxy . 

Ex. 23. The same problem for the second order differential equation  

    .10,10,sin2  yyxyxyxy  

Here 00 x , so we find the solution in the form of Maclaurin series  

              ...0
!5

10
!4

10
!3

10
!2

100 554432  xyxyxyxyxyyy . 

Initial conditions and the given equation give 

          00sin00000,10,10 2  yyyyy . 

After differentiation of the given equation and its corollaries 
  ,sin422,cos2 242 xyxyxyyxyyxyxxyyxyy   

    ,...cos662 245 xyxyxyxyyy   

we get the values of the derivatives 

        ,...50,20,00 54  yyy  

and first four nonzero terms of Maclaurin series for the unknown function 

...
120

5
12
11 54  xxxy  

b) Method of undetermined coefficients for linear equations 

We'll illustrate this method with the help of two examples 

Ex. 24. Solve the same Cauchy problem as in Ex. 23 

    .10,10,sin2  yyxyxyxy  

We seek the solution of the problem in the form of a power series with unde-

termined coefficients ,...,, 210 ccc .  

1...201262
...432

... 2

3
5

2
432

3
4

2
321

3
3

2
210

x
x

xcxcxccy
xcxcxccy

xcxcxccy






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The initial conditions give 

    1,110,10 1010  cccycy . 

Then we substitute the series in the left side of the given equation and take the 

series (16) instead xsin  in the right-hand member. We obtain the equality of two se-

ries 

      ...
!3

...20312262
3

3
531

2
420312 

xxxcccxcccxccc  

Equating coefficients of the same power of x leads us to a system of equations in the 

coefficients ,...,, 432 ccc .  

61203
0122
16
02

531

420

31

2

3

2

0






ccc
ccc

cc
c

x
x
x
x

     
 

 
  ,1205361201

,1212121
,0161

,0

315

024

13

2







ccc
ccc
cc

c

 

…………………………………………………………………….. 

First four nonzero terms of the series, which gives the solution of the problem, 

...
120

5
12
11 54  xxxy  

coincide with those obtained in Ex. 23. 

Ex. 25. Find the general solution of the differential equation 

02  yky . 

Acting by analogy with Ex. 24 we at first obtain 

1
0

...8776766544332!2
...98765432

... 2

7
8

6
7

5
6

6
7

5
6

3
5

2
432

8
9

7
8

6
7

5
6

4
5

3
4

2
321

8
8

7
7

6
6

5
5

4
4

3
3

2
210 k

xcxcxcxcxcxcxcxccy
xcxcxcxcxcxcxcxccy

xcxcxcxcxcxcxcxccy






         3
3

2
5

2
2

2
41

2
30

2
2 544332!2 xckcxckcxckcckc  

        0...98877665 6
8

2
9

5
6

2
8

4
5

2
7

3
4

2
6  xckcxckcxckcxckc . 

Then we equate all the coefficients of the left series to zero 

,065,054,043,032,0!2 4
2

63
2

52
2

41
2

30
2

2  ckcckcckcckcckc  

,...098,087,076 8
2

96
2

85
2

7  ckcckcckc  
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and express ,...,,, 8642 cccc through 0c , ,...,,, 9753 cccc through 1c .  

...,,
!8

,
!6

,
!4

,
!2 0

8

80

6

60

4

40

2

2 ckcckcckcckc   

...,
!9

,
!7

,
!5

,
!3 1

8

91

6

71

4

51

2

3 ckcckcakcckc   

There aren't initial conditions in our problem, therefore we must suppose the coef-

ficients 0c , 1c  to be arbitrary numbers. After some clear steps with taking into ac-

count the series (16), (17) we'll get the final result in the finite form 

 ...
!8!7!6!5!4!3!2

8
0

8
7

1

6
6

0

6
5

1

4
4

0

4
3

1

2
2

0

2

10 xckxckxckxckxckxckxckxccy  


















 ...

!9!7!5!3
...

!8!6!4!2
1 9

8
7

6
5

4
3

2

1
8

8
6

6
4

4
2

2

0 xkxkxkxkxcxkxkxkxkc

                ....
!9!7!5!3

...
!8!6!4!2

1
9753

1
8642

0 


















kxkxkxkxkx
k
ckxkxkxkxc  

kx
k
ckxcy sincos 1

0  . 

2. Calculation of integrals which can't be expressed in terms of elementary 

functions 

Here we'll confine ourselves to two interesting examples. 

Ex. 26. It's of very importance for the probability theory so-called Laplace 

function 

                                                   



x t

dtex
0

2

2

2
1


.                                              ( 28 ) 

The primitive of the integrant doesn't express through elementary functions. Never-

theless we can represent Laplace function by series. Substituting x by 22t  in the 

expansion (15) and termwise integrating the obtained series we'll get 

   
























0

22

5

10

4

8

3

6

2

42
2

!2
1...

!2
1...

!52!42!32!222
1

2

n
n

n
n

n

n
n

t

n
t

n
tttttte , 
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      




















 ...
!122

1...
!252!1322

1
2
1 12

2

53

0

2

2

nn
xxxxdtex n

n
n

x t


.(29) 

Ex. 27. With the help of the development (16) we find the series for so-called 

integral sine 

    










 




x n
n

x

dx
n
xxxxx

x
dx

x
xSix

0

12
1

753

0

...
!12

1...
!7!5!3

1sin  

    















x n
n dx

n
xxxx

0

22
1

542

...
!12

1...
!7!5!3

1 , 

             ...
!1212

1...
!77!55!33

sin 12
1

753

0
















 nn
xxxxxdx

x
xSix

n
n

x

.     ( 30 )   

3. Approximate calculations 

Let's limit ourselves to some examples. See also Ex. 27 which in detail was 

studied in the Lecture No. 28.  

Ex. 28. Find approximate value of 3 . 

We'll apply the binomial series (19) for 21m , that is (verify!) 

                   ...
!42
531

!32
31

!22
1

2
1111 4

4
3

3
2

2
2
1












 xxxxxx              ( 31 ) 

If we represent the number 3  as follows (with 8 decimal places) 

00237228.0173.1
9929.2
0071.0173.1

9929.2
0071.0173.10071.073.13 22 






 

we can apply the series (31) for 00237228.0x . Namely 

3  





















 ...

!42
00237228.0531

!32
00237228.031

!22
00237228.0

2
00237228.0173.1 4

4

3

3

2

2

 ...0000000014.000000122.000205202.073000000.1  

73205080.100000122.000205202.073000000.1   

with absolute error 

0000000014.0...0000000014.0   
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which isn't greater in modulus then 0.0000000014. Therefore we can assert that 

73205080.13  . 
with all exact digits. 

Ex. 29. Calculate approximate value of  . 

For this purpose we take into account that 

3
1arctan

6


  

and make use of the formula (22) for 
3

1
x  and (see Ex….) 732051.13  . 







 














 ...

3311
1

339
1

337
1

335
1

333
1

3
16

3
1arctan6

5432
  







 




















 ...

315
1

313
1

311
1

39
1

37
1

35
1

33
11

3
6

765432  







 


























 ...

319
1

317
1

315
1

313
1

311
1

39
1

37
1

35
1

33
1132 98765432        

 000367.0001296.0004753.0018329.0076980.0384900.0464102.3  

...000003.0141594.3...000003.0000010.0000031.0000104.0  . 

Thus, 

141594.3  

with absolute error 

000003.0...000003.0  . 

Therefore, 

141597.3141591.3,000003.0141594.3000003.0141594.3   , 

14159.3 , 

and all the digits are exact. More exact value of  is 1415926.3  

Ex. 30. Find approximate value of 3cos . 

Expressing the angle in radians and using the formula (17) we'll have 

 0523599.0cos
60

1415926.3cos
60

cos3cos   
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 ...
!6

0523599.0
!4

0523599.0
!2

0523599.00000000.1
642

 

...0000003.09986292.0...0000003.00013708.00000000.1   

Thus  

9986292.03cos   

with absolute error 

0000003.0...0000003.0  . 

Hence 

,0000003.09986292.03cos0000003.09986292.0   

,9986295.03cos9986289.0   

and 

998629.03cos   

within to 0.000001. 

Remark 5. In Ex. 28 - 30 and Ex. 27 of Lecture 28 we've dealt with alternating 

series when it's easy to estimate the error. In other cases Taylor formula can be more 

convenient. See Lecture No. 16. 

 
 
 
 
 
 
 
 
 
 
 



LECTURE NO. 30. FOURIER SERIES 
 

POINT 1. FOURIER SERIES BY ARBITRARY ORTHOGONAL 

FUNCTIONAL SYSTEM 

POINT 2. FOURIER SERIES BY TRIGONOMETRICAL SYSTEM 

 

POINT 1. FOURIER SERIES BY ARBITRARY ORTHOGONAL 
FUNCTIONAL SYSTEM 

Def. 1. Two non-zero functions    xgxf ,  are called orthogonal on some seg-

ment  ba,  if 

                                                        0
b

a

dxxgxf .                                             ( 1 ) 

Def. 2. A system of non-zero functions is called orthogonal on a segment  ba,  

if its functions are pairwise orthogonal on  ba, . 

Let  

                                                     ,...,...,,, 321 xxxx n                                      ( 2 )  

be a functional system which is orthogonal on a segment  ba, , namely 

                          0
b

a
ji dxxx   for ji   and   02 

b

a
i dxx  for ij  ,                 ( 3 ) 

and a function  xf  is expanded into a series in this system, that is 

                                   ......332211  xcxcxcxcxf nn .                     ( 4 ) 

It is necessary to determine the coefficients ,...,...,,, 321 ncccc  of this expansion. 

To find nc  we multiply both sides of (4) by  xn  and termwise integrate the 

result over  ba,  (if it's possible), 

                ......2211  xxcxxcxxcxxf nnnnnn   

              ...... 2
2211   dxxcdxxxcdxxxcdxxxf

b

a
nn

b

a
n

b

a
n

b

a
n  . 

By virtue of orthogonality of the system (2) all integrals from the right equal zero but 
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one, an so 

     dxxcdxxxf
b

a
nn

b

a
n   2 , 

                                           
 

   dxxxf
dxx

c
b

a
nb

a
n

n 


 
 2

1 .                                        ( 5 ) 

The series (4) with coefficients (5) is called Fourier series for a function  xf  

in the orthogonal functional system (3). The coefficients (5) are called Fourier coef-

ficients. 

We can write the series (4) and coefficients (5) for highly wide class of func-

tions and orthogonal functional systems but we can't in general assert the validity of 

the equality (5).  

By this reason one as usually writes 

                         xf           ......332211  xcxcxcxc nn                      ( 6 )      

and says that the series (6) corresponds to the function  xf .  

The problem is to find conditions to substitute the correspondence (6) by the 

exact equality (4). Such the problem is solved for trigonometric functional system 

which will be studied in the next point.  

POINT 2. FOURIER SERIES BY TRIGONOMETRICAL SYSTEM 

 
Let be given the next trigonometric system of functions 

                  ...,sin,cos...,,2sin,2cos,sin,cos,
2
1

l
xn

l
xn

l
x

l
x

l
x

l
x  .                ( 7 )  

All the functions of this system are periodic with a common period l2 . 

■If for example we take lx 2  instead x, we'll obtain 

 
l
xnn

l
xn

l
lnxn

l
lxn  cos2cos2cos2cos 






 




 . ■ 

Theorem 1. Trigonometric functional system is orthogonal one on the seg-

ment  ll,  (and on arbitrary segment of the length l2 ). 
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■It's enough to prove the theorem for the segment  ll, . It must be proved 

that 

0sin
2
1sin

2
1,0cos

2
1cos

2
1

 


l

l

l

l

l

l

l

l

dx
l
xndx

l
xndx

l
xndx

l
xn   for any n;   ( 8 ) 

       0sinsin,0coscos  


l

l

l

l

dx
l

xm
l
xndx

l
xm

l
xn   for any different m and n;  ( 9 ) 

                                0sincos 


l

l

dx
l

xm
l
xn   for any m and n,                            ( 10 )     

and in addition 

                         .sin,cos,
22

1 222

ldx
l
xnldx

l
xnldx

l

l

l

l
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from which one gets (8) and (after transformation the products of trigonometric func-

tions into algebraic sums) (9) - (10). The first of the formulas (11) is evident, to get 

the other it's well to apply power reduction formulas. For example 
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Let's now establish a correspondence between an arbitrary function  xf  and a 

series in the trigonometric system (7), namely 

                                xf   
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where on the base of the formulas (5) 
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and similarly 
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Finally Fourier coefficients of the trigonometric series (12) are given by the 

next formulas: 

                   

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l

l
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l

l
n

l
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dx
l
xnxf

l
bdx

l
xnxf

l
adxxf

l
a  sin1,cos1,1

0 .           ( 13 ) 

Remark 1. The sum of the series (12) is a periodic function with the period 2l 

(in other words it is a 2l-periodic function). Therefore a function  xf  which is de-

veloped in such the series on the set of all reals must be 2l-periodic.   

Def. 3. A function  xf  is called piecewise monotone on a segment  ba,  if 

the segment can be divided into finite number of parts (subintervals) such that the 

function is monotone on every of these parts.  

Theorem 2 (Dirichlet1 expansibility theorem). If a 2l-periodic function  xf  is 

bounded and piecewise monotone on the segment  ll, , then its Fourier series (12), 

(13) converges at each point x. The sum of the series equals the function 

                                                         xfxS                                                     ( 14 ) 

at every its continuity point x. If 0x  is a discontinuity point of the function, then the 

sum of Fourier series at 0x  equals the half sum of the left and right limits of the func-

tion at this point 

                                                
2

00 00
0




xfxfxS                                      ( 15 )  

where        xfxfxfxf
xxxx 0000

00

lim0,lim0


 . 

                                         
1 Dirichlet, Peter Gustav Lejeune (1805 - 1859), a German mathematician 
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As resume we can write 

 
   













 



 xxfxf
xxf

l
xnb

l
xnaa

n
nn point ity discontinua  in

2
00

,point  continuitya  in
sincos

2 1

0  (16)

(if the coefficients of the series are determined by the formula (13)). 

Remark 2. It can be proved that for even or odd functions the formula (13) for 

Fourier coefficients take on some other form. Namely for an even function  

                             0,cos2,2

00
0   n

l

n

l

bdx
l
xnxf

l
adxxf

l
a                           ( 17 ) 

and for an odd function 

                                       
l

nn dx
l
xnxf

l
baa

0
0 sin2,0,0  .                            ( 18 )  

Ex. 1. A function is given by the formula 

  2xxf   

on the segment  5,5 . Develop it into Fourier series. 

Let's consider the 10-periodic 

function  xf   which is determined 

by the given formula on the segment 

 5,5  (see fig. 1)1. It is associated 

with its Fourier series (12), (13) (for 

                              Fig. 1                                    the case 102 l  that is 5l ), namely 

 xf    









 

1

0

5
sin

5
cos

2 n
nn

xnbxnaa  . 

The function  xf   is even one, and so we take Fourier coefficients in the form (17), 

  ,0,
3

50
35

2
5
2

5
2

0

535

0

2
5

0
0   nbxdxxdxxfa  

                                         
1 Such the function  xf   is called a periodic continuation [periodic extension, periodic prolongation] of the given 

function  xf  from the segment  5,5  onto the whole set of reals. 
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The function  xf   satisfies the conditions of Dirichlet expansibility theorem: 

it's bounded and piecewise monotone on the segment  5,5  ( 250 2  x , 2x decrea-

ses on  0,5  and increases on  5,0 ). In addition it's continuous on the set of all re-

als and so its Fourier series converges to it at any points. In particular it converges to 

the function   2xxf   on the segment  5,5 . Therefore 

    .
5
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Ex. 2. A function is given by the formula 

  xxf
3
1

  

on the interval   , . Decompose it into Fourier series. 

Let's consider the 

2 -periodic function 

 xf   which is deter- 

                                          Fig. 2                                    mined by the given for-

mula on the interval   ,  (see fig. 2)1. It is assigned its Fourier series, namely 

                                         
1 A periodic continuation of the function   xxf 31  from the interval   ,  onto the set of all reals. 
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(for the case 22 l  that is l ) 

 xf     





1

0 sincos
2 n

nn nxbnxaa . 

The function  xf   is odd one, and so we take Fourier coefficients in the form (18), 
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The function  xf   satisfies all the conditions of Dirichlet theorem (it is boun-

ded by the numbers 3,3    and increases on the interval   , ) and is con-

tinuous on the set of all real numbers excepting the points Zkkx  ,2 . So its Fou-

rier series converges to  xf   at any point Zkkx  ,2 . In particular it converges 

to the function   xxf 31  on the interval   , , that is  
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The sum of Fourier series at the points  equals 0. For the point x we can 

reasen as follows: 
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by analogous way we get  
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          Ex. 3. Let be given a function 
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Expend it into Fourier series. 
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                                                     Fig. 3 

Let's consider the 2 -periodic function  xf   which is determined by the gi-

ven formula on the interval   ,  (fig. 3). It is assigned [it is associated with] its 

Fourier series (12), (13) (for the case 22 l  that is l ). Namely 
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The function  xf  is given by different formulas in two different intervals  0, , 

 ,0 , and therefore we take the integrals over   ,  as the sums of integrals over 

 0,  and  ,0 . 
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The function  xf   satisfies the conditions of Dirichlet theorem (it's bounded 

by the numbers -2 and 1, is constant on the interval  0,  and increases on the in-

terval   , ). In addition it's continuous on the set of all real numbers excepting the 

points Zkkx  ,2 . Its Fourier series converges to  xf  at any point Zkkx  ,2 .  

In particular it converges to the given function  xf  on the union of intervals  0,  

and  ,0 , that is 
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The value of the sum of Fourier series at the discontinuity point x=0  
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It doesn't coincide with the value   20 f  of the function  xf  at this point. 
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SERIES: main terms (RUEtr) 
 
1. Абсолютно схо-
дящийся ряд 

Абсолютно збіж-
ний ряд 

Ábsolutely convér-
gent séries  

´æbsǝlu:tlɪ, ´æb-
sǝlju:tlɪ, kǝn´vɜ:-
ʤǝnt, ´sɪǝrі:z 

2. Биномиальный 
ряд 

Біномний ряд Binómial séries baɪ´nǝʊmɪǝl, ´sɪǝ-
rі:z 

3. Гармонический 
ряд 

Гармонічний ряд Harmónic séries hɑ:´mɒnɪk,  ´sɪǝ-
rі:z 

4. Геометрическая 
прогрессия 

Геометрична проґ-
ресія  

Geométric(al) prog-
réssion  

ʤɪǝ´metrɪk(l), 
prǝʊ´greʃn [prǝ-
´gre ʃn] 

5. Достаточное ус-
ловие сходимости 
ряда 

Достатня ознака 
збіжності ряду 

Suffícient test [cri-
térion, pl critéria] 
for/of convérgence 
of a séries 

sǝ´fɪʃnt, test, kraɪ-
´tɪǝrɪǝn, kraɪ´tɪǝ-
rɪǝ, kǝn´vɜ:ʤǝns, 
´sɪǝrі:z 

6. Знакоположи-
тельный ряд, ряд с 
положительными 
членами 

Знакододатний 
ряд, ряд з додатни-
ми членами 

Séries with pósitive 
terms, pósitive term 
séries 

´sɪǝrі:z, ´pɒzǝtɪv, 
tɜ:m 

7. Знакочередую-
щийся ряд 

Знакопочережний 
[знакопереміжний, 
знакозмінний, аль-
тернуючий] ряд 

Álternating séries ´ɒltǝneɪtɪŋ, 
´sɪǝrі:z 

8. Знаменатель ге-
ометрической про-
грессии 
 

Знаменник геомет-
ричної проґресії 

Rátio common rá-
tio, quótient of a 
geométric(al) prog-
réssion 

´reɪʃɪǝʊ, ´kɒmǝn, 
´kwǝʊʃnt, ʤɪǝ-
´metrɪk(l), prǝʊ-
´greʃn       

9. Интегральный 
признак сходимос-
ти 

Інтеґральна ознака 
збіжності 

Íntegral test [crité-
rion, pl critéria] for 
convérgence 

´ɪntɪgrǝl, test, 
kraɪ´tɪǝrɪǝn, kraɪ-
´tɪǝrɪǝ, kǝn´vɜ:-
ʤǝns 

10. Интервал схо-
димости степенно-
го ряда 

Інтервал збіжності 
степеневого ряду 

Ínterval of convér-
gence of a pówer 
séries 

´ɪntǝvl, kǝn´vɜ:-
ʤǝns, ´paʊǝ, ´sɪǝ-
rі:z 

11. Исследовать 
ряд на (абсолют-
ную, условную) 
сходимость 

Дослідити ряд на 
(абсолютну, умов-
ну) збіжність  

Test [invéstigate, 
exámine] a séries 
for (ábsolute, condí-
tional) convérgence  

test, ɪn´vestɪgeɪt, 
ɪgˏzæmɪn, ´æbsǝ-
lu:t, kǝn´dɪʃǝnl, 
kǝn´vɜ:ʤǝns 
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12. Маклорена ряд Маклорена ряд Maclaurin(´s) séries ´sɪǝrі:z 
13. Необходимое 
условие сходимос-
ти ряда 

Необхідна ознака 
збіжності ряду 

Nécessary test [cri-
térion pl critéria] 
for/of convérgence 
of a séries 

´nesǝsrɪ, ´nesǝsǝ-
rɪ, test, kraɪ´tɪǝ-
rɪǝn,kraɪ´tɪǝrɪǝ, 
kǝn´vɜ:ʤǝns,´sɪǝ-
rі:z 

14. Область сходи-
мости 

Область збіжності Domáin of convér-
gence 

dǝ´meɪn,dǝʊ-
´meɪn, kǝn´vɜ:-
ʤǝns 

15. Общий член 
ряда 

Загальний член ря-
ду 

Géneral term of a 
séries 

´ʤenrǝl, tɜ:m, sɪǝ-
rі:z 

16. Остаток ряда 
(после n-го члена) 

Залишок ряду (піс-
ля n-го члена) 

Remáinder [n-th re-
máinder] of a séries 
(áfter the n-th term) 

rɪ´meɪndǝ, 
´sɪǝrі:z, ɑ:ftǝ, tɜ:m 

17. Признак Далам-
бера 

Ознака  Даламбера D´Alembert´s test 
[critérion] 

test, kraɪ´tɪǝrɪǝn 

18. Признак Лейб-
ница 

Ознака Лейбніца Leibniz  ́test [crité-
rion] 

test, kraɪ´tɪǝrɪǝn 

19. Признак срав-
нения (для рядов с 
положительными 
членами) 

Ознака порівняння 
(для рядів з додат-
ними членами) 

Compárison test 
[critérion, pl crité-
ria] (for séries with 
pósitive terms) 

kǝm´pærɪsn,test, 
kraɪ´tɪǝrɪǝn, kraɪ-
´tɪǝrɪǝ, ´sɪǝrі:z, 
´pɒzǝtɪv, tɜ:m 

20. Радиус сходи-
мости степенного 
ряда 

Радіус збіжності 
степеневого ряду 

Rádius of convér-
gence of a pówer 
séries 

´reɪdɪǝs, kǝn´vɜ:-
ʤǝns, ´paʊǝ, ´sɪǝ-
rі:z 

21. Разложение 
функции в ряд 

Розвинення функ-
ції в ряд  

Expánsion/devélop-
ment of a fúnction 
in/into a séries 

ɪk´spænʃn, dɪ´ve-
lǝpmǝnt, ´fʌŋkʃn, 
´sɪǝrі:z,  

22. Разложить фун-
кцию в ряд 

Розвинути функ-
цію в ряд 

Expánd/devélop a 
fúnction in/into a 
séries 

ɪk´spænd, dɪ´ve-
lǝp, ´fʌŋkʃn,´paʊǝ, 
´sɪǝrі:z 

23. Раскладываться 
в ряд 

Розвиватися [роз-
кладатися] в ряд 

Be expándable/de-
vélopable in/into  a 
séries  

ɪk´spændǝbl, dɪ-
´velǝpǝbl,´sɪǝrі:z 

24. Расходиться (о 
ряде) 

Розбігатися (про 
ряд) 

Divérge (about a sé-
ries) 

daɪ´vɜ:ʤ, ´sɪǝrі:z 

25. Расходящийся 
ряд 

Розбіжний ряд Divérgent séries daɪ´vɜ:ʤǝnt,´sɪǝ-
rі:z 

26. Ряд абсолют-
ных величин чле-

Ряд абсолютних 
величин членів 

Séries of móduli of 
terms of a séries 

´sɪǝrі:z, ´mɒdjʊlaɪ, 
tɜ:m,´ɑ:bɪtrǝrɪ,´rɪ-
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но ряда с произ-
вольными [вещест-
венными] членами  

ряду з довільними 
[дійсними] члена-
ми  

with árbitrary [réal] 
terms [of a plus-
and-mínus séries] 

ǝl, plʌs ænd (ǝnd, 
ǝn, n) ´maɪnǝs 

27. Степенной ряд Степеневий ряд Pówer séries ´paʊǝ, ´sɪǝrі:z 
28. Сумма ряда Сума ряду  Sum of a séries sʌm, ´sɪǝrі:z 
29. Сходимость ря-
да 

Збіжність ряду Convérgence of a 
séries 

kǝn´vɜ:ʤǝns,´sɪǝ-
rі:z 

30. Сходиться (аб-
солютно, условно) 
(о ряде) 

Збігатися  (абсо-
лютно, умовно) 
(про ряд) 

Convérge (ábslute-
ly, condítionly) 
(about a séries) 

kǝn´vɜ:ʤ, ´æbsǝ-
lu:tlɪ, ´æbsǝlju:tlɪ, 
kǝn´dɪʃǝnlɪ, ´sɪǝ-
rі:z 

31. Сходящийся 
ряд 

Збіжний ряд Convérgent séries kǝn´vɜ:ʤǝnt,´sɪǝ-
rі:z 

32. Тейлора ряд Тейлора ряд Taylor(´s) séries ´sɪǝrі:z 
33. Точка сходимо-
сти 

Точка збіжності  Póint of convérgen-
ce  

kǝn´vɜ:ʤǝns, 
´pɔɪnt 

34. Условно сходя-
щийся ряд 

Умовно збіжний 
ряд 

Condítionally con-
vérgent séries 

kǝn´dɪʃǝnlɪ, kǝn-
´vɜ:ʤǝnt, ´sɪǝrі:z 

35. Функциональ-
ный ряд 

Функціональний 
ряд 

Fúnction(al) séries, 
séries of fúnctions 

´fʌŋkʃn, ´fʌŋkʃǝnl, 
´fʌŋkʃnǝl, ´fʌŋkʃnl 

36. Фурье ряд Фур"є ряд Fourier('s) séries ´sɪǝrі:z 
37. Частичная сум-
ма ряда (первая, 
вторая, третья, n-
ая) 

Часткова сума  ря-
ду (перша, друга, 
третя, n-на) 

Pártial sum of a 
séries (first, second, 
third, n-th) 

pɑ:ʃl, sʌm, ´sɪǝrі:z, 
fɜ:st,´sekǝnd, θɜ:d,    

38. Числовой ряд Числовий ряд Nùmérical/númber 
séries 

njʊ´merɪkl, ´nʌm-
bǝ, ´sɪǝrі:z 



SERIES: main terms (EtrRU) 
 
1. Ábsolutely con-
vérgent séries  

´æbsǝlu:tlɪ,´æbsǝ-
lju:tlɪ, kǝn´vɜ:-
ʤǝnt, ´sɪǝrі:z 

Абсолютно сходя-
щийся ряд 

Абсолютно збіж-
ний ряд 

2. Álternating sé-
ries 

´ɒltǝneɪtɪŋ,´sɪǝrі:z Знакочередующий
ся ряд 

Знакопочережний 
[знакопереміжний, 
знакозмінний, аль-
тернуючий] ряд 

3. Be expándable/ 
devélopable in/into  
a séries  

ɪk´spændǝbl, dɪ-
´velǝpǝbl,´sɪǝrі:z 

Раскладываться в 
ряд 

Розвиватися [роз-
кладатися] в ряд 

4. Binómial séries baɪ´nǝʊmɪǝl, ´sɪǝ-
rі:z 

Биномиальный ряд Біномний ряд 

5. Compárison test 
[critérion, pl crité-
ria] (for séries with 
pósitive terms) 

kǝm´pærɪsn, test, 
kraɪ´tɪǝrɪǝn, kraɪ-
´tɪǝrɪǝ, ´sɪǝrі:z, 
´pɒzǝtɪv, tɜ:m 

Признак сравнения 
(для рядов с поло-
жительными чле-
нами) 

Ознака порівняння 
(для рядів з додат-
ними членами) 

6. Condítionally 
convérgent séries 

kǝn´dɪʃǝnlɪ, kǝn-
´vɜ:ʤǝnt, ´sɪǝrі:z 

Условно сходя-
щийся ряд 

Умовно збіжний 
ряд 

7. Convérge (ábslu-
tely, condítionly) 
(about a séries) 

kǝn´vɜ:ʤ, ´æbsǝ-
lu:tlɪ, ´æbsǝlju:tlɪ, 
kǝn´dɪʃǝnlɪ,  ´sɪǝ-
rі:z 

Сходиться (абсо-
лютно, условно) (о 
ряде) 

Збігатися  (абсо-
лютно, умовно) 
(про ряд) 

8. Convérgence of 
a séries 

kǝn´vɜ:ʤǝns,´sɪǝ-
rі:z 

Сходимость ряда Збіжність ряду 

9. Convérgent sé-
ries 

kǝn´vɜ:ʤǝnt,´sɪǝ-
rі:z 

Сходящийся ряд Збіжний ряд 

10. D´Alembert´s 
test [critérion] 

test, kraɪ´tɪǝrɪǝn Признак Даламбе-
ра 

Ознака  Даламбера 

11. Divérge (about a 
séries) 

daɪ´vɜ:ʤ, ´sɪǝrі:z Расходиться (о ря-
де) 

Розбігатися (про 
ряд) 

12. Divérgent séries daɪ´vɜ:ʤǝnt Расходящийся ряд Розбіжний ряд 
13. Domáin of con-
vérgence 

dǝ´meɪn,dǝʊ´meɪn
kǝn´vɜ:ʤǝns 

Область сходимо-
сти 

Область збіжності 

14. Expánd [devé- 
lop] a fúnction in/ 
into a séries 

ɪk´spænd, dɪ´ve-
lǝp, ´fʌŋkʃn,´paʊǝ, 
´sɪǝrі:z 

Разложить функ-
цию в ряд 

Розвинути функ-
цію в ряд 

15. Expánsion/devé- ɪk´spænʃn, dɪ´ve- Разложение функ- Розвинення функ-
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lopment of a fúnc-
tion in/into a séries 

lǝpmǝnt, ´fʌŋkʃn, 
´sɪǝrі:z,  

ции в ряд ції в ряд  

16. Fourier('s) séries ´sɪǝrі:z Фурье ряд Фур"є ряд 
17. Fúnction(al) sé-
ries, séries of fúnc-
tions 

´fʌŋkʃn, ´fʌŋkʃǝnl, 
´fʌŋkʃnǝl, ´fʌŋkʃnl 

Функциональный 
ряд 

Функціональний 
ряд 

18. Géneral term of 
a séries 

´ʤenrǝl, tɜ:m, 
´sɪǝrі:z 

Общий член ряда Загальний член ря-
ду 

19. Geométric(al) 
progréssion  

ʤɪǝ´metrɪk(l), 
prǝʊ´greʃn [prǝ-
´greʃn] 

Геометрическая 
прогрессия 

Геометрична проґ-
ресія  

20. Harmónic séries hɑ:´mɒnɪk,´sɪǝrі:z Гармонический 
ряд 

Гармонічний ряд 

21. Íntegral test [cri-
térion, pl critéria] 
for convérgence 

´ɪntɪgrǝl, test, 
kraɪ´tɪǝrɪǝn, kraɪ-
´tɪǝrɪǝ, kǝn´vɜ:-
ʤǝns 

Интегральный 
признак сходимо-
сти 

Інтеґральна ознака 
збіжності 

22. Ínterval of con-
vérgence of a pówer 
séries 

´ɪntǝvl, kǝn´vɜ:-
ʤǝns, ´paʊǝ, ´sɪǝ-
rі:z 

Интервал сходимо-
сти степенного ря-
да 

Інтервал збіжності 
степеневого ряду 

23. Leibniz  ́test 
[cri-térion] 

test, kraɪ´tɪǝrɪǝn Признак Лейбница Ознака Лейбніца 

24. Maclaurin(´s) sé-
ries 

´sɪǝrі:z Маклорена ряд Маклорена ряд 

25. Nécessary test 
[critérion pl critéria] 
for/of convérgence 
of a séries 

´nesǝsrɪ, ´nesǝsǝ-
rɪ, test, kraɪ´tɪǝ-
rɪǝn, kraɪ´tɪǝrɪǝ, 
kǝn´vɜ:ʤǝns, 
´sɪǝrі:z 

Необходимое ус-
ловие сходимости 
ряда 

Необхідна ознака 
збіжності ряду 

26. Nùmérical/núm-
ber séries 

njʊ´merɪkl, ´nʌm-
bǝ, ´sɪǝrі:z 

Числовой ряд Числовий ряд 

27. Pártial sum of a 
séries (first, second, 
third, n-th)  

fɜ:st, ´sekǝnd, 
θɜ:d,    pɑ: ʃl,  sʌm, 
´sɪǝrі:z 

Частичная сумма 
ряда (первая, вто-
рая, третья, n-ая) 

Часткова сума  ря-
ду (перша, друга, 
третя, n-на) 

28. Póint of convér-
gence  

kǝn´vɜ:ʤǝns, 
´pɔɪnt 

Точка сходимости Точка збіжності  

29. Pówer séries ´paʊǝ, ´sɪǝrі:z Степенной ряд Степеневий ряд 
30. Rádius of con-
vérgence of a pówer 
séries 

´reɪdɪǝs, kǝn´vɜ:-
ʤǝns, ´paʊǝ, ´sɪǝ-

Радиус сходимо-
сти степенного 
ряда 

Радіус збіжності 
степеневого ряду 
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rі:z 
31. Rátio common) 
rátio, quótient of a 
geométric(al) prog-
réssion 

´kɒmǝn, ´reɪʃɪǝʊ 
´kwǝʊʃnt, ʤɪǝ-
´metrɪk(l), prǝʊ-
´greʃn       

Знаменатель гео-
метрической прог-
рессии 
 

Знаменник геомет-
ричної проґресії 

32. Remáinder [n-th 
remáinder] of a séri-
es (áfter the n-th 
term) 

rɪ´meɪndǝ,´sɪǝrі:z, 
ɑ:ftǝ, tɜ:m 

Остаток ряда (по-
сле n-го члена) 

Залишок ряду (піс-
ля n-го члена) 

33. Séries of móduli 
of terms of a séries 
with árbitrary [réal] 
terms [of a plus-
and-mínus séries] 

´sɪǝrі:z, ´mɒdjʊlaɪ, 
´negǝtɪv, tɜ:m, 
´ɑ:bɪtrǝrɪ,´rɪǝl, 
plʌs ænd (ǝnd, ǝn, 
n) ´maɪnǝs 

Ряд абсолютных 
величин членов 
ряда с произволь-
ными [веществен-
ными] членами  

Ряд абсолютних 
величин членів 
ряду з довільними 
[дійсними] члена-
ми  

34. Séries with pósi-
tive terms, pósitive 
term séries 

´sɪǝrі:z, ´pɒzǝtɪv, 
tɜ:m 

Знакоположитель-
ный ряд, ряд с по-
ложительными 
членами 

Знакододатний 
ряд, ряд з додатни-
ми членами 

35. Suffícient test 
[critérion, pl crité-
ria] for/of convér-
gence of a séries 

sǝ´fɪʃnt, test, kraɪ-
´tɪǝrɪǝn, kraɪ´tɪǝ-
rɪǝ, kǝn´vɜ:ʤǝns, 
´sɪǝrі:z 

Достаточное усло-
вие сходимости 
ряда 

Достатня ознака 
збіжності ряду 

36. Sum of a séries sʌm, ´sɪǝrі:z Сумма ряда Сума ряду  
37. Taylor(´s) séries ´sɪǝrі:z Тейлора ряд Тейлора ряд 
38. Test [invéstigate, 
exámine] a séries 
for (ábsolute, condí-
tional) convérgence  

test, ɪn´vestɪgeɪt, 
ɪgˏzæmɪn,´sɪǝrі:z, 
´æbsǝlu:t, kǝn´dɪ-
ʃǝnl, kǝn´vɜ:ʤǝns 

Исследовать ряд 
на (абсолютную, 
условную) сходи-
мость 

Дослідити ряд на 
(абсолютну, умов-
ну) збіжність  



  CONTENTS 
SERIES...................................................................................................................... 3 
LECTURE NO. 28. NUMERICAL SERIES.............................................................. 3 

POINT 1. CONVERGENCE AND DIVERGENCE OF NUMERICAL SERIES .. 3 
POINT 2. SUFFICIENT CONVERGENCE TESTS FOR NUMERICAL SERIES 
WITH POSITIVE TERMS................................................................................... 12 
POINT 3. NUMERICAL SERIES WITH ARBITRARY REAL TERMS. 
ABSOLUTE AND CONDITIONAL CONVERGENCE...................................... 23 

Alternating series ............................................................................................. 23 
Absolutely and conditionally convergent series................................................ 27 
Tests on absolute convergence ......................................................................... 29 
Some properties of real term series................................................................... 33 

LECTURE NO. 29. POWER SERIES ..................................................................... 35 
POINT 1. POWER SERIES AND PROPERTIES OF ITS SUM.......................... 36 

Radius and interval of convergence of a power series ...................................... 37 
Properties of the sum of a power series ............................................................ 41 

POINT 2. DEVELOPEMENT OF FUNCTIONS INTO POWER SERIES .......... 45 
POINT 3. SOME APPLICATIONS OF POWER SERIES................................... 50 

1. Approximate integration of differential equations ................................... 50 
a) Method of Taylor (Maclaurin) series ....................................................... 50 
b) Method of undetermined coefficients for linear equations ............................ 52 
2. Calculation of integrals which can't be expressed in terms of elementary 
functions ........................................................................................................... 54 
3. Approximate calculations ............................................................................. 55 

LECTURE NO. 30. FOURIER SERIES .................................................................. 58 
POINT 1. FOURIER SERIES BY ARBITRARY ORTHOGONAL 
FUNCTIONAL SYSTEM.................................................................................... 58 
POINT 2. FOURIER SERIES BY TRIGONOMETRICAL SYSTEM ................. 59 

SERIES: main terms (RUEtr)................................................................................... 67 
SERIES: main terms (EtrRU)................................................................................... 70 
CONTENTS ............................................................................................................ 73 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Series (Ряди). 
Методичний посібник по вивченню розділу курсу вищої математики для 

студентів ДонНТУ (англійською мовою) 

 
 
 

УКЛАДАЧ:  Косолапов Юрій Федорович, кандидат фізико-математич-
них наук, професор 
 
 
 
 
 
 
           ФОРМАТ 60×84 

 .  
 
 
 Умовних друкарських аркушів 
 
 
 

83000, м. Донецьк, вул. Артема, 58, ДонНТУ 


