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Abstract 
This article is devoted to the design and analysis of the efficiency of parallel algorithms for embedded forms 

based on implicit block methods. The developed algorithms are implemented on parallel systems with distributed 
memory and the topology of the hypercube. The estimations of the runtime and exchanges, total overhead of parallel-
ism, speedup and efficiency of parallel solutions are defined. 
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Introduction 
Simulation of real economic, technological and other processes described by systems of 

ordinary differential equations (SODE) of high dimensionality is a wide class of tasks, which re-
quire the use of high performance computers. It is confirmed by the famous list of problems 
"Grand Challenges" where these tasks occupy one of the leading places [1].

The study of numerical methods for solving Cauchy problems for first order SODE with 
known initial conditions based on finite-difference schemes showed that the properties of respec-
tive parallel algorithms are largely determined by the type of underlying numerical scheme. The 
least complicated methods are explicit ones; however, these schemes have certain drawbacks (in 
particular conditional stability), which restrict their application. In this connection, implicit 
schemes are of great importance. Despite their high computational complexity such schemes have 
no alternative among one-step methods in solving stiff dynamic problems [2].  

Let us consider a Cauchy problem numerical solution associated with first order SODE 
with known initial conditions: 
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(1)

where F  (the right side of the system) is in general a nonlinear function describing the mapping 
.RRR:fF mm

Block multipoint methods for solving the initial value problem 
Block multipoint methods for solving Cauchy problem are of particular importance, be-

cause they agree well with parallel computer systems architecture and do not require calculations 
in intermediate points, so the counting becomes more efficient. Such methods are very stable; 
they are initially parallel as they can be used to find solutions for several points of an integration 
grid simultaneously.  

Let the set of points of a uniform grid :h M,1j,x j  be divided into N blocks. 

Each block contains k points, and MN . The total number of points for all units is: 
NkM . Within the block all the points are equidistant from each other: 

k,1i,ihxx o,ni,n , (2)
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where i  is the number of points in a block k,1i ; n  is the number of a block N,1n ; inx ,

is a point with number i  belonging to the block n ; 0,nx  is the starting point of the n th block; 

knx ,  is the end point of the n th block. 

Figure 1. Scheme of partitioning into blocks for one-step k -point method 

A set of points of the n th block of k  points is designated as )k(
nT . In this case 

0,1nk,n xx . Let 0,ny  be an approximate value of the Cauchy problem solution at the starting 

point of the processed block 0,nx .
The equations of one-step block difference methods applied to the ODE for the block of 

k points can be written as: 

N,1n;k,1i;FaFbihyy
k

1j
jn,ji,n,0in,0in, . (3)

Taylor series expansion for functions of defect shows that one-step k -point block method 
has the highest order of approximation, which equals 1k ; therefore, the local error in the nodes 
of the block is of the order )h(O 2k  [3-5]. Block parallel methods are implicit, so in order to 
calculate the approximate values of the Cauchy problem solution we need to solve a system of 
nonlinear equations. One way of obtaining the solution is the method of simple functional itera-
tion:

,1L,0l,)FaFb(ihyy

,N,...,2,1n,k,1i,ihFyy
k

1j
l,j,nj,i0,ni0,n1l,i,n

0,n0,n0,i,n

 (4) 

where i,ni,ni,n y,xfF , n  is the block number , N,...2,1n ; i  is the point num-

ber, k,1i ; l  is the number of current iteration, 1L,0l ; L  is the  maximum number of 
non-zero iterations. 

Potentially, the calculations for block multipoint methods contain two sources of internal 
parallelism: 

- parallelism across the system (limited by SODEdimension, m );
- parallelism across the block (limited by the number of points in the block, k ).
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In contrast to explicit methods of solving SODE, the implementation of alternative ap-
proaches to a posteriori local error estimation based on block methods is associated with the fol-
lowing:

1) There are no relevant coherent analogs, therefore it is necessary to develop and justify a 
method of estimating the local error. 

2) Varying the integration step is only possible after all the values in k  nodes of the cur-
rent n th block had been calculated.

3) In case if truncation error estimation is not satisfactory and it is necessary to change the 
step of integration, almost all the calculations for the points of the block will be in vain. 

Parallel realizations of embedded one-step block multipoint methods for solving the 
IVP

The idea of embedded forms proposed for the estimation of truncation error of ordinary 
differential equations numerical solution by means of Runge-Kutta methods can be used in one-
step block multipoint methods based on two different approaches:  

1) a combination of independent formulas of different orders of accuracy;
2) a combination of  selected formulas of different orders of accuracy. 
The first approach is the use of two different independent block methods of adjacent or-

ders of accuracy 1rr̂),r̂(r  on the same integration grid: h . In this case the first ap-
proach determines the solution approximation based on k -point one-step method, and the second 
approach involves k̂ -point one-step method. The second approximate solution in the respective 

nodes of the blocks )k(
i,nT  and )k̂(

j,nT  of the grid h  is used to estimate the a posteriori local er-
ror:

.N̂,1n;k̂,1i;)ŷ;f(xâ)ŷ;f(xb̂ihŷŷ

,N,1n;k,1i;)y;f(xa)y;f(xbihyy
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Suppose the block method of lower order of accuracy is the basic one; that is: 1kk̂ .
The local error of the approximate solution (for one-step k-point method) in the ith node of the 
block for a single equation is defined according to the following formula: 

k,1i);h(Oy)x(y 2kr
i,ni,n . For (k +1)-point method in the same node it is equal to: 

.k̂,1i);h(Oy)x(y 3kr̂
i,ni,n

From these relations it follows that the estimation of the local error of a formula of lower 
order of accuracy (k-point method) can be approximately calculated as follows: 

.k,1i;yy r̂
i,n

r
i,n  This approach to evaluating the local error is more effective than Runge 

rule, as it is rather simple and reduces computational efforts. For example, in order to apply the 
rule of step duplication we need to solve three systems of nonlinear algebraic equations of k  di-
mension, and for the application of the embedded method we should solve two systems: one of 
the same dimension and the other of )1k(  dimension. 

The second approach to the development of block embedded methods involves the idea of a 
sequentially increasing order of accuracy [2-3]. It is aimed at reducing computational efforts 
through a combination of selected formulas of different orders. Let the solution of Cauchy prob-
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lem for ODE at a certain interval of integration be performed using k -point one-step block 
method. The following quantity can be taken as an estimate of the local error in each node of the 
current n th  block: 

1,ll,k1,,iyyyŷd ln,i,ln,i,n,in,in,i
where l,i,ny  and l,i,ny  are the l th and l th approximations obtained by solving (3) using itera-
tive method (4).  

Let us assume the following designations: 
1) k,1i,y ]v[

i,n  is the value of the numerical solution in the i th node i,nx  of the n th

block calculated with local error )O(hv ;

2) ]v[
i,ni,n

]v[
i,n y,xfF  is the reference to the right side of the original differential 

equation calculated at the point ]v[
i,nin, y,x .

Let the approximate value of 0,ny  solution at the initial point of the n th block be calcu-

lated with some local error – )h(O v  providing sufficient accuracy for the giving task. The refer-
ence to the right side of the original differential equation can be calculated with the same er-
ror ]v[

0,nF . If we perform calculations for zero iteration using the first formula of the iterative 

method, we obtain ,k,1i,ihFóó ]v[
0,i,n

]v[
0,n

]2[
0,i,n as the local error of Euler formula is of 

the order )h(O 2 . Each subsequent calculation according to the second formula (4) gives a 
higher order of accuracy for the method of simple iterations: 

k1,i,FaFbihyy:0l
k

1j

]2[
0,j,nj,i

]v[
0,ni

]v[
0,n

]3[
1,i,n ,

,,1,:1
1

]3[
1,,,

][
0,

]v[
0,

]4[
2,, kiFaFbihyyl

k

j
jnji

v
ninin

k,1j,)y,x(fF ]v[
0,j,nj,n

]v[
0,j,n .

This process can not be continued indefinitely, if 1-kl we will obtain the results 
which correspond to the ultimate local accuracies of approximate formulas (4). Since the differ-
ence schemes corresponding to block one-step k -point methods approximate differential equa-
tion (1) of the order )h(O 1k , further iteration gives no result: 

k,1i,FaFbihyy:1-kl
k

1j

]1k[
1k,j,nj,i

]v[
0,ni

]v[
0,n

]2k[
k,i,n .

So, in order to estimate the local error we can chose two arbitrary successive approxima-
tions of the solution (accuracy must be taken into account). In the above described embedded 
block k -point method all the extra computational efforts (aimed at local error estimation) are 
confined to additional iteration (within limiting values) in the process of solving the systems of 
nonlinear algebraic equations of k dimension. The formulas for the n th block of embedded mul-
tipoint method 2 are: 
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.1ll,ll),FaFb(ihyŷ

,1l,0l,)FaFb(ihyy

,k,1i,ihFyy

k
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l,j,nj,i0,ni0,nl,i,n

k

1j
l,j,nj,i0,ni0,n1l,i,n

0,n0,n0,i,n

Let us compare two different embedded block methods (Figure 2). When a system of 
nonlinear algebraic equations is being solved convergence rate of the iterative process depends on 
the properties of a particular system, and, consequently, on the coefficients of the block method 
itself. That is why our comparison will be for the maximum possible number of iterations. Theo-
retical analysis and the experiment lead to the following conclusion: 

1) In both sequential and parallel implementations the first embedded block algorithm re-
quires more time than the second one: 2

1
1

1 TT  and 2
p

1
p TT . And for parallel algorithms this 

difference is greater. 
2) Speedup and efficiency coefficients of the first embedded block method are smaller 

than respective coefficients of the second method for different values of problem, method and 
parallel system parameters: 21 SS , 21 EE .

It should be mentioned that the complexity of the right side of the ODE is an important 
factor influencing the quality of parallelism. As a result, with the same values of communication 
constants and parameters that define a unique block method, speedup and efficiency are reduced 
almost by 2 times during the transition from the dominant to trivial right sides. The influence of 
communication constants is traditional for the given methods and exchange operations. 

The increase in the number of points in a block leads to the increase of speedup rate 
Sk  and the decrease of efficiency ratio Ek . This dependence is explained by the 

fact that the number of points in a block is associated with the number of the processors used. 

Figure 2. Efficiency of two embedded block one-step methods depending on the number of 
points in a unit and complexity of the right side of ODE 

Summarizing the results obtained we come to the conclusion that the second method has 
obvious advantages as compared to the first one. The developed computational schemes of paral-
lel block methods for a single differential equation can be generalized to a system of differential 
equations. And then it will be possible to use system parallelism. In the future we are planning to 
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carry out a comparative analysis with fully implicit methods (like Runge-Kutta), which have the 
same field of application, namely stiff problems.  

Conclusion
In this paper, which is the continuation of previously published works [6-10], we have 

analyzed the use of parallel methods for Cauchy problem numerical solution. The paper does not 
include the results for hybrid, multi-step and multi-stage Runge-Kutta methods and multistep Ad-
ams-Bachfort and Adams-Moulton methods. 
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